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Conformal currents and the entropy of negatively curved three-manifolds

FERNANDO C MARQUES AND ANDRÉ NEVES

We describe the intersection between geodesic and conformal currents on closed hyperbolic three-
manifolds.

We use this to prove some sharp bounds which involve the Liouville entropy of a negatively curved
metric, the minimal surface entropy, and the area ratio. Using these ideas we also give a new proof of the
Mostow rigidity theorem in the three-dimensional case.

1 Introduction
Let � be a group of isometries that acts properly discontinuously on hyperbolic space H3, so that
M DH3=� is a closed manifold.

In [6], Bonahon defined geodesic currents as �-invariant Radon measures on the space of hyperbolic
geodesics and, in the two-dimensional case, defined the intersection number of geodesic currents. These
concepts are essential tools in the study of geodesics on negatively curved surfaces. For instance, Otal [27]
used the intersection of geodesic currents to prove marked length spectrum rigidity for negatively curved
surfaces. In [23], Labourie defined conformal currents as �-invariant Radon measures on the space of
quasicircles of S2.

In this paper, we use the intersection number between conformal and geodesic currents to derive several
applications.

We now describe the main results. The precise definitions can be found in Sections 2 and 3. The
hyperbolic metric on M is denoted by Ng, and g denotes a metric of negative sectional curvature on M .

Geodesic currents, denoted by C.�/, are �-invariant Radon measures on the space of pairs of points in
S2 D @1H3. They are useful for compactifying the space of all closed geodesics on M . If Œ
 � denotes
the free homotopy class of a closed curve 
 , one obtains a geodesic current ıŒ
 � 2 C.�/ (defined in [6]).
For each metric g, lg.Œ
 �/ denotes the least length of curves in Œ
 �.

Conformal currents, denoted by C2.�/, are �-invariant Radon measures on the space of all quasicircles
in @1H3. They are useful for compactifying the space of essential minimal surfaces in M . If …
denotes the free homotopy class of an essential (quasi-Fuchsian) surface, one obtains a conformal current
ı… 2 C2.�/ (defined in [23, Section 5.2]). For each metric g, areag.…/ denotes the least area of surfaces
in ….

The intersection between geodesic and conformal currents can be defined, following [6], and it is a
bilinear map

I D I� W C2.�/�C.�/!RC:
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2566 Fernando C Marques and André Neves

This map was also used in [8] to approximate the action of � on hyperbolic space by geometric actions
of � on cube complexes.

The intersection form I is related to the geometric intersection number. For instance, I.ı…; ıŒ
 �/�

#.†\ ˛/, where † is any immersed surface in … and ˛ is any closed curve in Œ
 � that intersects †
transversely. If † 2… is a totally geodesic surface and ˛ 2 Œ
 � is a closed geodesic for the hyperbolic
metric, and if they intersect transversely, then I.ı…; ıŒ
 �/ D #.† \ ˛/. If † and ˛ are given by the
immersions i† W†!M and i˛ W S

1!M , then #.†\˛/ is the number of .x;y/ 2†�S1 such that
i†.x/D i˛.y/.

The next examples of currents are less obvious and are described in detail in Sections 2.3 and 3.2.
They are reminiscent of Crofton’s formula. There is a Radon measure N�, supported on the space of round
circles of S2, that is invariant under the group Möb.S2/ of Möbius transformations. These are the maps
induced on S2 by hyperbolic isometries, and hence N� 2 C2.�/. The negatively curved metric g induces a
Liouville current �g 2 C.�/. We prove:

Theorem 1.1 For a negatively curved metric .M;g/:

(i) I.ı…; �g/ � � areag.…/, and if equality holds then … contains a totally geodesic surface in the
metric g.

(ii) I. N�; �g/D 2�2 volg.M /i.g; Ng/, where i.g; Ng/ denotes the geodesic stretch of Ng with respect to g

and its Liouville measure.

The geodesic stretch was introduced by Croke and Fathi in [11], where it was called intersection.

1.1 Applications

We describe some consequences of Theorem 1.1. We say … 2 S�.M / if the asymptotic boundary of a
lift to H3 of a surface in … is a .1C�/-quasicircle.

Relative minimal surface entropy In [9], Calegari and the authors defined the minimal surface entropy
E.g/ of .M;g/ by

(1) E.g/D lim
�!0

lim inf
L!1

4�
ln #f… 2 S�.M / W areag.…/�Lg

L ln L
:

In Proposition 2.1, it is proved that formula (1) also holds with the lim sup in place of the lim inf.
For our purposes, it is useful to define a minimal surface entropy E�.g/ relative to a unit Radon measure

� on the Grassmannian Gr2.M / of M that is invariant under the homogeneous action of PSL.2;R/.
An example is E N�.g/, where N� denotes the normalized Liouville measure of the metric Ng on Gr2.M /.

In this case, E N�.g/ counts only those homotopy classes for which the area-minimizing surfaces in the
hyperbolic metric equidistribute in the Grassmannian Gr2.M / of M . Such sequences of homotopy
classes are constructed in [24, Proposition 6.1] using the work of Kahn and Marković [17] (see also [23,
Theorem 5.7]). In [18] there is a description of the general limiting measures.
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Before we present the definition of E�.g/, we note that the Ratner–Shah theory [29; 35] classifies
those invariant Radon measures on Gr2.M / as linear combinations of N� and measures supported on
closed totally geodesic surfaces. We will have E�.g/�E.g/, and if .M; Ng/ contains no compact totally
geodesic surfaces, then E N�.g/DE.g/ (Proposition 5.1). There are closed hyperbolic three-manifolds
with no compact totally geodesic surfaces [25].

The definition of E�.g/ is the following. Let � be a metric that induces the topology on the space
of unit Radon measures on Gr2.M /. There is Q� > 0 such that if … 2 S�.M /, 0 < � < Q�, then there
is a unique † 2 … such that area Ng.†/ D area Ng.…/ (combining [34] and [38, Theorem 3.3]). We set
†D†.…/ and define a unit measure on Gr2.M /:

�…. /D
1

area Ng.†.…//

Z
†.…/

 .x;Tx†.…// d†.…/ Ng.x/;

where  W Gr2.M /!R is a continuous function and Tx† denotes the tangent space to † at x.
We define the minimal surface entropy of .M;g/ relative to �, denoted by E�.g/, by

(2) E�.g/D lim
�!0

lim inf
L!1

4�
ln #f… 2 S�;�.M / W areag.…/�Lg

L ln L
;

where S�;�.M /D f… 2 S�.M / W �.�…; �/ < �g. Since the space of unit Radon measures on Gr2.M / is
compact, the definition of E�.g/ does not depend on the metric �. Notice that E�.g/�E.g/ for any �.

We use Theorem 1.1 to prove a sharp bound relating E N�.g/ and hL.g/, the Liouville entropy of the
geodesic flow of g.

Theorem 1.2 Suppose that g is a metric of negative sectional curvature on M . Then

E N�.g/hL.g/ volg.M /� 4 vol Ng.M /;

and if equality holds , the metric g has constant sectional curvature.

We briefly sketch the proof of the inequality in Theorem 1.2. We first show that there exists a sequence
…i 2 S1=i.M / such that

E N�.g/D 2 lim
i!1

area Ng.…i/

areag.…i/
and lim

i!1

1

area Ng.…i/
ı…i
D

1

2� vol Ng.M /
�:

Knieper [21, Theorem 1.1] showed that i.g; Ng/ � 1
2
hL.g/. The form I is continuous at .�; �/ for any

� 2 C.�/ by Proposition 3.7 (also [8]). Hence, by Theorem 1.1,

(3) volg.M /hL.g/� 2 volg.M /i.g; Ng/D
I.�; �g/

�2
D 2

vol Ng.M /

�
lim

i!1
I.

ı…i

area Ng.…i/
; �g/

� 2 vol Ng.M / lim
i!1

areag.…i/

area Ng.…i/
D 4

vol Ng.M /

E N�.g/
:

It is shown in [9] that E. Ng/D 2 and that, for a metric g with sectional curvature less than or equal to �1,
E.g/ � E. Ng/D 2 and equality implies that g is hyperbolic. The same proof as in [9] also shows that

Geometry & Topology, Volume 30 (2026)



2568 Fernando C Marques and André Neves

E N�.g/� 2, and equality holds if and only if g is hyperbolic. Since in this case, by Pesin’s formula [28],
hL.g/� 2, it follows from Theorem 1.2 that secg ��1 implies volg.M /� vol Ng.M /. This is known and
was proved in the general n-dimensional case in [5]. In [24] it is shown that E N�.g/� 2 for any metric g

with scalar curvature greater than or equal to �6, and equality implies that g is a hyperbolic metric.
The previous theorem implies the following corollary for the minimal surface entropy.

Corollary 1.3 We have

E.g/hL.g/ volg.M /� 4 vol Ng.M /

for any metric of negative sectional curvature g on M if and only if .M; Ng/ has no closed totally geodesic
surfaces. In this case , if equality holds , then the metric g has constant sectional curvature.

Indeed, if .M; Ng/ does not have compact totally geodesic surfaces, then E N�.g/ D E.g/ and so
Theorem 1.2 applies. If .M; Ng/ admits a closed totally geodesic surface, we prove in Proposition 5.2 that
the inequality in Corollary 1.3 fails for some perturbation of Ng.

Mostow rigidity theorem The Mostow rigidity theorem states that closed hyperbolic manifolds of
dimension greater than or equal to three that are homotopically equivalent are isometric. There are several
proofs of this theorem (e.g., [4; 13; 26]). In Section 6, we give a new proof in the three-dimensional case.

Our proof combines some generalizations of Theorem 1.1 for maps with minimal surface theory. We
sketch the argument in the following particular case. Suppose that N D H3=�N is diffeomorphic to
M DH3=�M via a map E WM !N . We want to show that E is homotopic to an isometry.

The map E induces a homeomorphism on the boundary at infinity zE W S2! S2. The strategy is to
show that zE maps round circles to round circles. If that is the case, then a theorem of Carathéodory [10]
implies that the map zE is a Möbius transformation, and so there is a unique I 2 Isom.H3/ such that
I jS2 D zE. Then standard arguments show that I induces an isometry between M and N .

Set g D E�. NgN / and, without loss of generality, assume that vol Ng.M / � volg.M /. Consider the
sequence …i 2 S1=i.M / used to deduce (3), and let Si 2…i denote the minimal surface with respect
to g for which areag.…i/D areag.Si/. From the volume inequality and hL.g/D 2, we see from (3) that

1� lim
i!1

areag.…i/

area Ng.…i/
:

We then use the Gauss–Bonnet theorem to show that

1

areag.Si/

Z
Si

jASi
j
2dAg! 0;

where ASi
denotes the second fundamental form of Si with respect to g.

In summary, we know that the area minimizer in …i for the metric Ng is becoming totally geodesic as
i !1 (from [34; 38]), and we have argued that the area minimizer in …i for the metric E�. NgN / is also
becoming totally geodesic as i !1. In Section 6 we show that it suffices to see that zE maps round
circles to round circles.
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2 Preliminaries

Let H3 be the three-dimensional hyperbolic space. We use the Poincaré unit ball model B3 � R3.
The compactification H3 of H3 becomes identified with B3, and the boundary at infinity @1H3 with
@B3 D S2. If X �H3, we denote by X �H3 its closure in the cone topology (the Euclidean topology
on B3) and set @1X DX\@1H3DX\S2. The group IsomC.H3/ of orientation-preserving isometries
of the three-dimensional hyperbolic space can be identified by restriction to the boundary with the group
of orientation-preserving conformal automorphisms of S2, denoted by Möb.S2/.

Let G be .S2 �S2 � f.x;x/ W x 2 S2g/=�, where .x;y/ � .y;x/, with the quotient topology. The
group Möb.S2/ acts diagonally on G. We denote by G.H3/ the space of unoriented complete geodesics
in H3 with the compact-open topology. If 
 2G.H3/, then @1
 consists of two points of S2. The map
@1 WG.H3/! G is a homeomorphism.

Let � � IsomC.H3/ be a discrete group of isometries such that M DH3=� is a closed manifold. Let
� WH3!H3=� be the canonical projection. A Riemannian metric g on M can be pulled back to a
metric on H3, also denoted by g. We will assume that g has negative sectional curvature, and we denote
by Ng the hyperbolic metric.

A geodesic 
 in the metric g in H3 defines a unique hyperbolic geodesic Q
 such that the Hausdorff
distance between 
 and Q
 is bounded. The geodesic 
 is determined by @1
 . Hence the boundary at
infinity of .H3;g/ is canonically identified with @1H3 D S2. With G.H3;g/ denoting the set of all
unoriented complete geodesics in .H3;g/ with the compact-open topology, the map @1 WG.H3;g/! G

is a homeomorphism and we denote the inverse map by u 2 G 7! 
g.u/ 2G.H3;g/.
The conjugacy class of ˛ 2 � and the free homotopy class of a curve � are denoted by Œ˛� and Œ� �,

respectively. These classes are in one-to-one correspondence with each other. Every homotopy class Œ� �
contains a unique closed geodesic 
 with respect to g, which is also the curve of least length in Œ� �. We
use lg.Œ
 �/ or lg.
 / to denote the length of 
 with respect to g.

Let T 1
g H3 and T 1

g M denote the unit tangent bundles of .H3;g/ and .M;g/. The Liouville measure
on either T 1

g H3 or T 1
g M is denoted by dVg and dVg.T

1
g M /D 4� volg.M /. If we do not specify the

Riemannian metric, it is because we are referring to the hyperbolic metric Ng on either M or H3.

2.1 Quasicircles

A simple closed curve � � S2 is called a .1C�/-quasicircle if there is a .1C�/-quasiconformal homeo-
morphism f W S2! S2 such that f .fz 2C W jzj D 1g/D � . Let QC� be the space of .1C�/-quasicircles
of S2 with the topology induced by the Hausdorff distance dH;S2 . Hence QC0 is the space of geodesic
circles in S2, which is homeomorphic to a punctured RP3. The group Möb.S2/ acts continuously on
QC� by taking the image � 7! �.�/, � 2Möb.S2/.

If a sequence of .1C�/-quasicircles f�ng is such that for distinct points x;y; z 2 S2, there exist points
xn;yn; zn 2 �n with xn! x, yn! y, and zn! z, then there is a subsequence f�j g � f�ng that converges
to a .1C�/-quasicircle � containing x;y; z. Hence, for any r > 0, the set Kr � QC� of quasicircles that
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2570 Fernando C Marques and André Neves

are not contained in a geodesic ball Br .x/� S2 is compact. The space QC� is then locally compact and
Hausdorff. If � < �0, then QC� is a closed subset of QC�0 . Also, QC� is a � -compact topological space,
since QC� D

S
n2N K1=n.

2.2 Convex hull

A set C �H3 is convex if the geodesic connecting any pair of points in C is contained in C . For a closed
set X � @1H3, its convex hull conv.X / � H3 is the intersection of all convex subsets of H3 which
contain X . If � 2 QC0, then conv.�/ is a totally geodesic disk D.�/ with @1D.�/D � .

The convex hull satisfies some continuity properties. Consider a sequence .�i ; @1
i/ in QC� � G

converging to .�; @1
 /, where 
i ; 
 2G.H3/, i 2N. Then [7, Theorem 1.4] implies that conv.�i/ and N
i

converge, respectively, in the Hausdorff distance of the Euclidean metric on B3, to conv.�/ and N
 .

2.3 Integral geometry

The Grassmannian of unoriented 2-planes in H3 is denoted by Gr2.H
3/. Given .x;P / 2 Gr2.H

3/, there
is a unique totally geodesic disk D.x;P /�H3 with x 2D.x;P / and TxD.x;P /D P . Thus we get a
continuous map � W Gr2.H

3/! QC0 defined by

(4) �.x;P /D @1D.x;P /:

Let dV be the natural volume measure on Gr2.H
3/. Santaló’s formula (see [30, Chapter 14]) gives a

Radon measure � on QC0 that is invariant under Möb.S2/, and such that for every region ��H3, every
surface S �H3, and every curve c �H3 we have, respectively,Z

QC0

area.D.�/\�/ d�.�/D 2� vol.�/;(5) Z
QC0

length.D.�/\S/ d�.�/D 1
2
�2 area.S/;(6) Z

QC0

#.D.�/\ c/ d�.�/D � length.c/:(7)

If  2 Cc.Gr2.H
3//, then

(8)
Z

Gr2.H3/

 dV D

Z
QC0

Z
D.�/

 .x;TxD.�// dA.x/ d�.�/:

The measure dV also induces a volume measure dV on Gr2.M /, the Grassmannian of unoriented
2-planes of M , whose total volume is 2� vol.M /.

For a negatively curved metric g on M , we consider the maps

p1 W T
1
g .H

3/!H3; p1.x; v/D x;(9)

p2 W T
1
g .H

3/! G; p2.x; v/D @1
g.x; v/;(10)
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where 
g.x; v/ is the unique geodesic in .H3;g/ determined by .x; v/ 2 T 1
g .H

3/. For each x 2H3, the
metric g induces a natural area measure !x on the fiber p�1

1
.x/ with area 4� .

In [30, IV.19.4], a measure �g on G (called the Liouville measure on G) is defined so that for every
surface †�H3 and every nonnegative measurable function F on G we have

(11)
Z

G
#.
g.u/\†/F.u/d�g.u/D

1

2

Z
†

Z
p�1

1
.x/

F ıp2.x; v/jhv;N†.x/ij d!x.v/ dAg.x/;

where N† is a unit normal to † for the metric g and 
g.u/ 2G.H3;g/ is the unique geodesic such that
@1
g.u/D u. In particular,

(12)
Z

G
#.
g.u/\†/d�g.u/D � areag.†/:

Also, if  2 Cc.Gr1.H
3// then

(13)
Z

Gr1.H3/

 dVg D

Z
G

Z

g.�/

 .x;Tx
g.�// dsg.x/ d�g.�/;

where dsg is arc length in the metric g and dVg is the natural volume measure on Gr1.H
3/ induced by g.

2.4 Geodesic stretch

Let .N;g1/ and .M;g2/ be compact manifolds with negative sectional curvature, and let F WN !M be
a continuous map. We denote by �.v/ the basepoint of a vector v. The geodesic flow with respect to the
metric g1 is denoted by gt

1
W T 1

g1
.N /! T 1

g1
.N /, or gt

1
W T 1

g1
.H3/! T 1

g1
.H3/, t 2R. For v 2 T 1

g1
.N /,

denote by a.t; v/ the minimum length, in the g2-metric, of paths in M that are homotopic with fixed
endpoints to the path

s 7! F.�.gs
1.v///; 0� s � t:

If 
 is a unit-speed geodesic in .H3;g1/ such that .
 .0/; 
 0.0// is mapped to v 2 T 1
g1
.N /, and if

F WH3!H3 denotes a lift of F WN !M , then a.t; v/D dg2
.F.
 .0//;F.
 .t///.

In [11], Croke and Fathi defined the geodesic stretch of g2 with respect to g1 under the map F as

(14) iF .g1;g2/D
1

volg1
.T 1

g1
N /

lim
t!1

Z
T 1

g1
.N /

a.t; v/

t
dVg1

.v/:

If F is the identity map, we denote iid.g1;g2/ by i.g1;g2/. The geodesic stretch is referred to as the
intersection of g1;g2 in [11].

2.5 Essential surfaces

A surface group is a subgroup G < � such that there is a closed surface † and an immersion i W†!M

that is �1-injective with i�.�1.†// D G. Such immersions are called essential surfaces. We denote
by … the conjugacy class of G in � . The set of conjugacy classes of surface groups is in one-to-one
correspondence with the set of free homotopy classes of essential surfaces. We denote † 2 … if the
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associated immersion i W†!M satisfies i�.�1.†// 2…. Hence, we refer to … as a homotopy class of
essential surfaces.

The immersion i W †!M lifts to a G-invariant immersion Qi W D!H3, where D is the universal
cover of †. Hence Qi.�.x//D i�.�/.Qi.x// for every x 2D and � 2 �1.†/. We will identify † and D

with their images in M and H3 under the immersions i and Qi , respectively, depending on the context. If
ƒ.G/� S2 denotes the limit set of G, defined as the set of accumulation points in H3 of an orbit Gx for
x 2H3, then @1D Dƒ.G/. The group G preserves ƒ.G/, and if H 2… is conjugate to G, then there
is � 2 � such that �.ƒ.H //Dƒ.G/. The group G is called quasi-Fuchsian if the limit set ƒ.G/ is a
Jordan curve, in which case it is a quasicircle (see [37, Proposition 8.7.2]). In this case, the surface †
is said to be quasi-Fuchsian. We define S�.M / to be the set of all conjugacy classes of quasi-Fuchsian
surface groups with limit set in QC�.

If g is a Riemannian metric on M , we denote the area of † 2… with respect to i�g by areag.†/. For
a homotopy class …, we define

(15) areag.…/D inffareag.†/ W† 2…g:

There exists an immersed minimal surface (with respect to g) z†2…with areag.z†/Dareag.…/ (e.g., [33]).
We set area.…/D area Ng.…/.

Each � 2 QC0 has a totally geodesic disk as the unique solution to the asymptotic Plateau problem.
A standard compactness argument shows the existence of Q� > 0 such that for any � 2 QC Q�, the area-
minimizing surface D � H3 with @1D D � produced in [2, Theorem 2.1] has principal curvatures
bounded from above by a constant � < 1. Uhlenbeck’s uniqueness argument [38] can be applied in this
setting [15, Lemma 2.2] to show that D is a disk and is unique, and we set D.�/DD (see also [14] for
other properties). Hence any … 2 S Q�.M / has a unique minimal surface † 2…, which we denote by
†.…/ [38].

2.6 Minimal surface entropy

In [9], Calegari and the authors of this paper defined the minimal surface entropy E.g/ of .M;g/. This
is the invariant

(16) E.g/D lim
�!0

lim inf
L!1

4�
ln #f… 2 S�.M / W areag.…/�Lg

L ln L
:

Let

(17) A.g; �/D inffareag.…/= area.…/ W… 2 S�.M /g;

and A.g/D lim�!0 A.g; �/.

Proposition 2.1 The minimal surface entropy satisfies

E.g/D lim
�!0

lim sup
L!1

4�
ln #f… 2 S�.M / W areag.…/�Lg

L ln L
D

2

A.g/
:
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Proof Let … 2 S�.M /. If † 2… is a minimal surface in the hyperbolic metric Ng, then by the Gauss–
Bonnet theorem

area.†/D 4�.g.…/� 1/�
1

2

Z
†

jA†j
2dA Ng;

where g.…/ is the genus of † and A† is its second fundamental form. By [34], jA†j � C ln.1C �/.
Hence,

lim
�!0

area.…/
4�.g.…/� 1/

D 1:

If areag.…/�L, then we have from (17) that area.…/A.g; �/�L. Hence, for any ˛ > 0, there exists
�0 > 0 such that if 0< � < �0 then

4�.g.…/� 1/� .1C˛/ area.…/� .1C˛/A.g; �/�1L:

In particular, g.…/� hD .4�/�1.1C˛/A.g; �/�1LC 1. Therefore,

#f… 2 S�.M / W areag.…/�Lg � #f… 2 S�.M / W g.…/� hg � .c2h/2h;

where we use the work of Kahn and Marković [16] in the last inequality. Since

4�
ln #f… 2 S�.M / W areag.…/�Lg

L ln L
� 4�

2h ln.h/C2h ln c2

L ln L

� 4�
2.L�1h/L ln.L/C2.L�1h/ ln.L�1h/LC.2L�1h ln c2/L

L ln L
;

it follows that

lim sup
L!1

4�
ln #f… 2 S�.M / W areag.…/�Lg

L ln L
� 8�.4�/�1.1C˛/A.g; �/�1:

Therefore, since ˛ > 0 is arbitrary,

(18) lim
�!0

lim sup
L!1

4�
ln #f… 2 S�.M / W areag.…/�Lg

L ln L
�

2

A.g/
:

Let …i 2 S1=i.M / be a sequence such that

A.g/D lim
i!1

areag.…i/

area.…i/
:

Denote by C.i; k/ the set of all index k subgroups of …i . The elements of C.i; k/ correspond to surface
subgroups obtained by taking a k-degree cover of an essential surface in …i . The essential surfaces
corresponding to an element of C.i; k/ have genus g.i; k/D k.g.…i/� 1/C 1.

If ƒ 2 C.i; k/, then ƒ 2 S1=i.M / and areag.ƒ/� k areag.…i/. Hence,

#f… 2 S1=i.M / W areag.…/� k areag.…i/g � #C.i; k/:

We use Müller–Puchta formula, as in the proof of [9, Theorem 4.2], to deduce the existence of a constant
ci > 0 such that #C.i; k/� .cig.i; k//

2g.i;k/.
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If L 2 Œk areag.…i/; .kC 1/ areag.…i//, then

ln #f… 2 S1=i.M / W areag.…/�Lg

L ln L
�

ln #f… 2 S1=i.M / W areag.…/� k areag.…i/g

.kC 1/ areag.…i/ ln..kC 1/ areag.…i//

�
ln #C.i; k/

.kC 1/ areag.…i/ ln..kC 1/ areag.…i//

�
2g.i; k/ ln.cig.i; k//

.kC 1/ areag.…i/ ln..kC 1/ areag.…i//

D
f2k.g.…i/� 1/C 2g.ln.k.g.…i/� 1/C 1/C ln.ci//

.kC 1/ areag.…i/.ln.kC 1/C ln areag.…i//
:

This implies

4� lim inf
L!1

ln #f… 2 S1=i.M / W areag.…/�Lg

L ln L
� 4�

2.g.…i/� 1/

areag.…i/
:

Therefore, letting i !1,

(19) lim
�!0

lim inf
L!1

4�
ln #f… 2 S�.M / W areag.…/�Lg

L ln L
�

2

A.g/
:

The proposition follows by combining (18) and (19).

If ƒ is a subgroup of … of finite index, with … 2 S�.M / and � < Q�, where Q� is as in the introduction,
then by uniqueness †.ƒ/ is a degree k cover of †.…/ and hence �ƒ D �…. This allows us to generalize
Proposition 2.1 to the entropies E�.g/ with the same proof. It follows that

(20) E�.g/D lim
�!0

lim sup
L!1

4�
ln #f… 2 S�;�.M / W areag.…/�Lg

L ln L
D

2

A�.g/
;

where A�.g/D lim�!0 inffareag.…/= area.…/ W… 2 S�;�.M /g. As a result, E�. Ng/D 2.

3 Conformal currents and the intersection form

Recall that � � IsomC.H3/ is a discrete group of isometries such that M DH3=� is a closed manifold.
In [6], Bonahon defined a geodesic current to be a �-invariant Radon measure on G. The space of geodesic
currents is denoted by C.�/. Labourie [23, Section 5.2] defined a conformal current to be a �-invariant
Radon measure on some QC�. Let us denote the space of conformal currents by C2.�/ (see [19] for a
definition based on closed sets).

The results of this section overlap with those of Brody and Reyes [8], which introduced the notion of
currents on systems of spheres generalizing conformal currents. The statements of this section and their
proofs were developed independently.

3.1 Intersection number

In [6], Bonahon defined the intersection number between geodesic currents. We will use an intersection
number between geodesic currents and conformal currents. Bonahon’s strategy in the case of surfaces
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was to consider intersecting pairs of geodesics. This is advantageous because the fundamental group
of a surface acts freely and properly discontinuously on this space (while it does not on the space of
geodesics). We follow the same idea and consider pairs of quasicircles linked to geodesics.

Given .�; fx;yg/2QC��G, its (unoriented) linking number lk.�; fx;yg/ is 1 if x;y belong to separate
connected components of S2�� and 0 otherwise. In particular, if lk.�; fx;yg/D 1 then � \fx;yg D¿.

Consider the open set

(21) X D f.�;u/ 2 QC� �G W lk.�;u/D 1g

in QC� �G. The space X is a locally compact Hausdorff space. It is also � -compact, since the set

f.�; fx;yg/ 2X W � 2Kr ; dS2.x;y/� r; dS2.x; �/� r; dS2.y; �/� rg

is compact, where Kr is as in Section 2.1.
The group � acts on X diagonally. In what follows we refer to the notation introduced in Section 2.2.

For every .�; @1
 / 2X , with 
 2G.H3/, the compact set conv.�/\ 
 is nonempty. This is because [2,
Theorem 4.1] produces a minimal disk D �H3 with @1D D � , which intersects 
 and is contained in
conv.�/.

Lemma 3.1 The group � acts freely and properly discontinuously on X . Hence X=� is a locally compact
Hausdorff space.

Proof Suppose � 2 � and .�; fx;yg/ 2X are such that �.�; fx;yg/D .�; fx;yg/, with � ¤ id. Then
� leaves fx;yg invariant. If �.x/D y then � sends the geodesic connecting x and y to itself with the
reverse orientation. This implies that � has a fixed point in H3 which is a contradiction. Hence �.x/D x

and �.y/ D y. Since � does not intersect fx;yg, it follows that �n.�/ converges to either x or y as
n!1. This is impossible because � fixes � . This proves that � acts freely.

To show that the action is properly discontinuous, we prove that for every compact set K�X , the set
f� 2 � W �.K/\K¤¿g is finite. Define K D

S
f.�;@1
/2Kgf
 \ conv.�/g.

Claim K �H3 is compact.

Let fxig �K be a sequence, with xi 2 
i \ conv.�i/ for some .�i ; @1
i/ 2 K. By compactness there
is fxj g � fxig with .�j ; @1
j /! .�; @1
 / 2 K. Theorem 1.4 in [7] implies that conv.�j /! conv.�/
and N
j ! N
 , both in the Hausdorff topology for the Euclidean metric. Hence there exists fxkg � fxj g that
converges in the Euclidean metric to a point p 2 N
 \ conv.�/. Since .�; @1
 / 2 K, the set N
 \ conv.�/
is compact in H3. Hence xk ! x 2K in the hyperbolic metric. This proves the claim.

If � 2 � and .�; @1
 / 2 K are such that .�.�/; �.@1
 // 2 K, then �.K/\K ¤¿. This is because
�.conv.Y //D conv.�.Y // for any Y . Since the group � acts properly discontinuously on H3, it follows
that the set f� 2 � W �.K/\K ¤¿g is finite, which finishes the proof.

Let P W X ! X=� denote the quotient map. Given f 2 Cc.X /, set f �.x/D
P
�2� f .�.x//. The

function f � is well defined due to Lemma 3.1. Since f � is �-invariant, there is Qf 2 Cc.X=�/ such that
f � D Qf ıP .
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For .�; �/ 2 C2.�/�C.�/, the �-invariant measure ��� induces a unique Radon measure Œ����
on the quotient space X=� such that

Œ����. Qf /D .���/.f /; f 2 Cc.X /:

Lemma 3.2 If .�; �/ 2 C2.�/�C.�/, then Œ����.X=�/ <1.

Proof For each compact set K �X , it holds that Œ����.P .K//� .���/.K/. This is because

.���/.K/D inf
f 2CK

.���/.f /;

where CK is the set of functions f 2 Cc.X / satisfying 0� f � 1 on X and f D 1 on K. We are using
that Qf D 1 on P .K/ for each f 2 CK .

Let ��H3 be a Dirichlet fundamental domain of M with closure � and set

(22) Y D f.�; @1
 / 2 QC� �G W conv.�/\ 
 \�¤¿g:

It follows from Sections 2.1 and 2.2 that Y is compact. For every z 2X , there is � 2� such that �.z/2Y .
Thus P .Y \X /DX=� .

We write X D
S

n2N Kn, where Kn �KnC1 and each Kn is a compact set. Hence Y \Kn �X is a
compact set. Therefore,

Œ����.P .Y \Kn//� .���/.Y \Kn/� .���/.Y / <1:

Since X=� D P .Y \X /D
S

n2N P .Y \Kn/, we get that Œ����.X=�/� .���/.Y /.

The intersection form between conformal currents and geodesic currents is the bilinear map

I D I� W C2.�/�C.�/!R

defined by
I.�; �/D Œ����.X=�/:

3.2 Examples of conformal currents and geodesic currents

Consider a homotopy class of quasi-Fuchsian surfaces … and G a surface group in …. Let �=G D

f�G W � 2 �g be the set of cosets and choose a representative Q� in each coset �G. Choose � > 0 so that
ƒ.G/ 2 QC�. We consider the �-invariant measure (see [23, Proposition 5.5.(ii)])

ı… D
X
Q�

ı Q�.ƒ.G//:

That ı… is a locally finite measure was proved in [23] under the condition that � < �1 for some �1 > 0.
To see that this holds for any �, and thus that ı… 2 C2.�/, we proceed as follows.

Let ıƒ.G/ be the Dirac delta supported on the set f�.ƒ.G// W � 2 �g and

H D f� 2 � W �.ƒ.G//Dƒ.G/g;
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so G<H . Since the quotient of conv.ƒ.G// by the action of G is compact, and H preserves conv.ƒ.G//,
it follows that jH W Gj <1. Then ı… D jH W Gj � ıƒ.G/. Suppose by contradiction that ıƒ.G/ is not
locally finite. Then one can find f�igi � � such that �i.ƒ.G//! C in the Hausdorff distance, with
�i.ƒ.G//¤ �j .ƒ.G// for every i ¤ j . Let p; q be in different connected components of S2 nC , and

 be the hyperbolic geodesic connecting p and q. Since we can find a converging sequence ffigi of
.1C�/-quasiconformal homeomorphisms of S2 with fi.S

1/D �i.ƒ.G//, it follows that for sufficiently
large i , p and q are in separate connected components of S2 n�i.ƒ.G//.

Let qi 2 conv.�i.ƒ.G///\
 . Notice that the sequence fqigi is contained in a compact set. Then p0i D

��1
i .qi/2 conv.ƒ.G//. Since conv.ƒ.G//=G is compact, we can find gi 2G such that fpi Dgi.p

0
i/gi is

in a compact set. Because the action of � on H3 is properly discontinuous, there is a sequence fkg � fig
such that there is 2� with gk�

�1
k
D for any k. Hence �kD 

�1gk , and so �k.ƒ.G//D 
�1.ƒ.G//

for any k. This contradicts the fact that �i.ƒ.G//¤ �j .ƒ.G// for any i ¤ j . Hence ı… is locally finite.
The Radon measure � defined in Section 2.3 with support the set QC0 is �-invariant and thus � 2C2.�/.
Let Œ
 � be a nontrivial homotopy class of continuous maps S1 !M . There is a closed geodesic

˛ 2ƒ which lifts to a geodesic Q̨ in H3 so that ˛ D Q̨=H for some group H < � isomorphic to Z. Let
�=H D f�H W � 2 �g be the set of cosets and pick a representative Q� in each coset �H . If fp; qg 2 G

denotes the endpoints of Q̨ , then we define the �-invariant measure

ıŒ
 � D
X
Q�

ı Q�.fp;qg/:

As for ı…, the measure ıŒ
 � is locally finite and hence ıŒ
 � 2 C.�/.
Let g be a metric of negative sectional curvature on M . The Liouville measure �g defined in Section 2.3

is �-invariant, locally finite, and thus �g 2 C.�/.

3.3 Convergence of currents

A sequence of homotopy classes of quasi-Fuchsian surfaces f…igi2N equidistributes if …i 2 S�i
.M /,

�i! 0, and for every  2 C.Gr2.M //,

(23) lim
i!1

Z
†.…i /

 .x;Tx†.…i//

area.†.…i//
dA.x/D

1

vol.Gr2.M //

Z
Gr2.M /

 dV:

Then

Proposition 3.3 Let f…igi2N be a sequence of homotopy classes of quasi-Fuchsian surfaces that equidis-
tributes. Then

1

area.†.…i//
ı…i
!

1

2� vol.M /
�

as i !1.

We will use the following proposition.
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Proposition 3.4 For every compact set K �QC Q�, there is a constant C > 0 (depending on � and K) such
that for every homotopy class of quasi-Fuchsian surfaces … such that � Dƒ.G/ 2K for some G 2…,
we have

#f�G 2 �=G W �.�/ 2Kg � C area.…/:

Proof Let K � QC Q� be a compact set, and … be a homotopy class of quasi-Fuchsian surfaces with
� Dƒ.G/ 2K for some G 2….

Claim There is a constant R> 0 depending on K such that if ˛ 2K and D �H3 is the minimal disk
with @1D D ˛, then D\BR.0/¤¿.

Suppose the claim is false. Then we can find a sequence f˛igi � K and minimal disks Di with
@1Di D ˛i such that the sequence fDig escapes any compact set of H3. We can suppose that f˛igi2N

converges in Hausdorff distance to an element ˛ 2K. Pick 
 2 G.H3/ such that lk.˛; @1
 /D 1. We
know that conv.˛/\
 is a nonempty compact set. Hence there is R> 0 such that conv.˛/\
 �BR=2.0/.

As discussed in Section 2.2, it follows from [7] that conv.˛i/ converges to conv.˛/ in H3 (with respect
to the Euclidean Hausdorff distance). Thus conv.˛i/\
 �BR.0/ for every i sufficiently large. Moreover,
as in Section 3.2, we have that lk.˛i ; @1
 /D 1 for every i sufficiently large and so Di intersects 
 for
any i sufficiently large. On the other hand we know that Di � conv.˛i/ and so Di \ 
 � BR.0/, which
contradicts the fact that Di \BRi

.0/D¿ for some sequence Ri!1. This proves the claim.
In each coset �G of �=G pick a representative Q�. In the remainder of the proof we denote also by

�=G the set whose elements are these representatives. Choose D� a G-invariant minimal disk in H3 so
that @1D� D � and D�=G D z†, where z† 2… is such that area.z†/D area.…/. By the claim, we have

(24) #f Q� 2 �=G W Q�.�/ 2Kg � #f Q� 2 �=G W Q�.D� /\BR.0/¤¿g:

Consider a Dirichlet fundamental domain ��H3 for M containing the origin in its interior. There is
a finite set � � � , depending only on R and � , so that BR.0/�[�2��.�/. Hence if

z� D f Q� 2 �=G W Q�.D� /\�¤¿g;
we have from (24) that

#f Q� 2 �=G W Q�.�/ 2Kg � #f Q� 2 �=G W Q�.D� /\BR.0/¤¿g � .#�/ � .#z�/:

In [9, Proposition 6.4(ii)], it is shown that there exists C > 0, depending on � , such that

#z� � C area.z†/:

Hence #f Q� 2 �=G W Q�.�/ 2Kg � C.#�/ area.…/, which proves the proposition.

Proof of Proposition 3.3 For i � Qi the support of ı…i
is in QC Q�. We define �i D area.†.…i//

�1ı…i
.

We describe the basic idea. The sequence f�ig subsequentially converges to a measure whose support
is contained in QC0. Thus it suffices to check that, for any continuous function f on QC0 whose support
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is small, we have �i.f /! .2� vol.M //�1�.f /. We achieve this by constructing  2 C.Gr2.H
3// so

that
R

D.�/  dAD f .�/ for all � 2 QC0, and then applying (23).
Let f 2 Cc.QC Q�/. If f D 0 on QC0, then �.f / D 0. Let U � QC Q� be an open set with compact

closure such that supp.f / � U . For any ı > 0 there is 0 < � < Q� such that sup�2QC�\U jf j.�/ < ı.
Notice that QC� contains the support of �i for any i sufficiently large. From Proposition 3.4, there exists
C1> 0 such that j�i.f /j �C1ı for any i sufficiently large. Hence �i.f /! 0. This proves the proposition
when f D 0 on QC0.

Let ˛ 2 QC0, y 2 D.˛/, and 
 2 G.H3/ be the geodesic passing through y orthogonally to D.˛/.
There is an open neighborhood U˛ � QC Q� of ˛, with compact closure, such that for every � 2 U˛ the
disk D.�/ intersects 
 at a unique point y.�/ and lk.�; @1
 /D 1. The map � 2 U˛ 7! y.�/ 2H3 is
continuous. We assume that its image is contained in a ball centered at y with radius less than half the
injectivity radius of M .

Lemma 3.5 For every f 2 Cc.U˛/, we have

�i.f /!
1

2� vol.M /
�.f /:

Proof Let f 2 Cc.U˛/. Recall the map � W Gr2.H
3/! QC0 defined in (4). With r > 0 and c constants

to be chosen later, consider the following function defined on ��1.U˛ \QC0/� Gr2.H
3/:

(25)  .x;P /D cf .�/.r � dist.x;y.�///C; � D �.x;P /:

Since f has compact support in U˛, the function  has compact support in ��1.U˛ \QC0/. Thus we
can extend  so that  D 0 in the complement of the set ��1.U˛ \QC0/. Hence  2 Cc.Gr2.H

3//.
We choose r sufficiently small so that if  .x;P /¤ 0, then x is in a ball centered at y with radius less

than the injectivity radius of M . Hence there is Q 2 C.Gr2.M // such that, if � W Gr2.H
3/! Gr2.M /

denotes the quotient map, then

(26) Q ı� D
X
�2�

 ı�:

Then choose c so that 2�c
R r

0 .r � s/ sinh s ds D 1. We have from (25) that for any � 2 QC0\U˛,

(27)
Z

D.�/

 .x;TxD.�// dAD cf .�/

Z
D.�/

.r � dist.x;y.�///C dAD f .�/:

Hence from (8) it follows thatZ
Gr2.H3/

 dV D c

Z
QC0

f .�/

Z
D.�/

.r � dist.x;y.�///C dA d�.�/D

Z
QC0

f .�/ d�.�/D �.f /:

This implies

�.f /D

Z
Gr2.M /

Q dV:
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Let V be an open set such that supp.f / � V � V � U˛. Then there is 0 < �1 < Q� such that if
� 2 QC�1

�V then  .x;TxD.�//D 0 for any x 2D.�/.
Let h 2 Cc.U˛/ be such that 0 � h � 1 and h D 1 on the compact set V . Consider the function
Qf 2 Cc.U˛/ defined by

Qf .�/D h.�/

Z
D.�/

 .x;TxD.�// dA:

If � 2QC0\U˛ then from (27) we have Qf .�/Dh.�/f .�/. Hence if � 2QC0\V , we have Qf .�/Df .�/.
If � 2QC0\.U˛�V /, then since  .x;TxD.�//D 0 for any x 2D.�/ it follows that Qf .�/D f .�/D 0.
Thus Qf �f D 0 on QC0 and so limi �i. Qf �f /D 0.

The support of �i is contained in QC�1
for sufficiently large i . We choose Gi 2 …i ; hence �i D

ƒ.Gi/ 2 QC�1
. Let f Q�g be a set of representatives of �=Gi . Using that if � 2 QC�1

\V then h.�/D 1,
and that if � 2 QC�1

�V then Qf .�/D 0, we deduce

�i. Qf /D
1

area.…i/

X
Q�

Qf . Q�.�i//D
1

area.…i/

X
Q�

Z
Q�.D.�i //

 .x;Tx
Q�.D.�i/// dA

D
1

area.…i/

X
Q�

Z
D.�i /

 ı Q�.x;TxD.�i// dA:

Let �i �D.�i/ be a Dirichlet fundamental domain for the covering D.�i/!D.�i/=Gi D†.…i/.
Then Z

†.…i /

Q .x;Tx†.…i// dAD

Z
�i

�X
�2�

 ı�

�
dA

D

Z
�i

�X
Q�

X
g2Gi

 ı Q�g

�
dA

D

X
Q�

Z
�i

� X
g2Gi

 ı Q�g

�
dAD

X
Q�

Z
D.�i /

 ı Q� dA:

Therefore, we have proved

�i. Qf /D
1

area.…i/

Z
†.…i /

Q .x;Tx†.…i// dA:

Thus we have from (23) that

lim
i!1

�i. Qf /D
1

vol.Gr2.M //

Z
Gr2.M /

Q dV:

Hence

lim
i!1

�i.f /D
1

2� vol.M /
�.f /:

Let f 2 Cc.QC Q�/. Consider K D supp.f / \ QC0. By compactness of K, we can find open
neighborhoods fU

j̨
g
q
jD1

and fV
j̨
g
q
jD1

, with V
j̨
� V

j̨
� U

j̨
, K � V D

Sq
jD1

V
j̨

and such that

Geometry & Topology, Volume 30 (2026)



Conformal currents and the entropy of negatively curved three-manifolds 2581

Lemma 3.5 holds for each U
j̨
. Notice that V � U D

Sq
jD1

U
j̨
. There exist nonnegative func-

tions f�1; : : : ; �qg � Cc.QC Q�/ and � 2 C.QC Q�/ such that � C
P

j �j D 1, V
j̨
� supp.�j / � U

j̨
, and

.QC Q� �V /� supp.�/� .QC Q� �K/.
Then f D �f C

Pq
jD1

�jf . Since �f D 0 on QC0, it follows that

�i.�f /!
1

2� vol.M /
�.�f /:

By Lemma 3.5,

�i.�jf /!
1

2� vol.M /
�.�jf /

for every 1 � j � q because �jf 2 Cc.U j̨
/. Since �i.f /D �i.�f /C

Pq
jD1

�i.�jf /, the proposition
follows.

A sequence of closed geodesics f
igi2N becomes equidistributed with respect to the metric g if for
any  2 C.T 1

g M /,

(28) lim
i!1

1

lg.
i/

Z lg.
i /

0

 .
i.t/; 

0
i .t// dt D

1

vol.T 1
g M /

Z
T 1

g M

 dVg:

The proof of Proposition 3.3 can be adapted to the case of geodesics in a metric of negative sectional
curvature:

Proposition 3.6 Suppose f
igi2N is a sequence of closed geodesics that is equidistributed with respect to
the metric g. If ƒi denotes the homotopy class of 
i , then

1

lg.
i/
ıƒi
!

1

2� volg.M /
�g

as i !1.

Recall the definition of X � QC� �G in (21), and that P WX !X=� denotes the quotient map.

Proposition 3.7 If � 2 C.�/, the map I is continuous at .�; �/.

Proof Let f�igi2N �C2.�/ and f�igi2N �C.�/ be sequences which converge as Radon measures to �
and �, respectively. It follows by Stone–Weierstrass that Œ�i��i �.f /! Œ����.f / for every f 2Cc.X=�/.
Hence

Œ� ���.X=�/� lim inf
i!1

Œ�i ��i �.X=�/:

Set �i D �i ��i and � D � �� as Radon measures on QC� �G. Consider

H 0 D f.�; fx;yg/ 2 QC� �G W x 2 � or y 2 �g

and notice that H 0 is invariant under the action of � . We will show that �.H 0/D 0. For each fx;yg 2 G,
the set

H 0
fx;yg D f� 2 QC� W .�; fx;yg/ 2H 0g
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satisfies �.H 0
fx;yg

/D �.H 0
fx;yg

\QC0/D 0. This follows from (7) and the invariance of � by Möb.S2/.
Then Fubini’s theorem implies that �.H 0/D 0.

Let Y D f.�; @1
 / 2 QC� � G W 
 2 G.H3/; conv.�/ \ 
 \ � ¤ ¿g as in (22) and recall that
P .Y \X /DX=� . The set H 0\Y is compact, and so given ı > 0 we can find an open neighborhood
O of H 0\Y with �.O/� ı. The set zO D P .O \X / is open in X=� . Since Œ�i �.P .O \X //� �i.O/,
it follows that lim supi!1Œ�i �.

zO/� ı. The closure of X in QC��G is contained in X [H 0 and thus the
set K D P .Y \X �O/ is compact in X=� . Therefore,

lim sup
i!1

Œ�i �.X=�/� lim sup
i!1

.Œ�i �.K/C Œ�i �. zO//� Œ��.K/C ı � Œ��.X=�/C ı:

Let Œ
 � be a homotopy class of closed curves. The next proposition follows from Santaló’s formula (7)
and the definition of intersection.

Proposition 3.8 I.�; ıŒ
 �/D �l Ng.Œ
 �/.

Proof Let ˛ be the closed geodesic in the homotopy class Œ
 �. Let Q̨ 2 G.H3/ be a lift of ˛ with
fp; qg D @1 Q̨ and ˛ D Q̨=H for some H < � . Consider a locally finite continuous partition of unity
ffigi2I of X=� . Then Œ� � ıŒ
 ��.X=�/D

P
i Œ� � ıŒ
 ��.fi/.

We can suppose that the support of fi is contained in an open set Ui �X=� such that there exists an
open set zUi with P W zUi! Ui a homeomorphism. Let Qfi be the function with support contained in zUi

such that Qfi D fi ıP . Then Œ� � ıŒ
 ��.fi/D .� � ıŒ
 �/. Qfi/.
Let J � Q̨ be a segment of the form Œ Q̨ .t/; Q̨ .t C s// which is a fundamental domain for the projection
Q̨ ! ˛. Let QC00 be the set of round circles � such that the totally geodesic disk D� with @D� D �

intersects J . Then the set of round circles � with lk.�; fp; qg/D 1 is the disjoint union
S

h2H hQC00.
It follows by using Fubini’s theorem that

X
i

Œ� � ıŒ
 ��.fi/D
X

i

.� � ıŒ
 �/. Qfi/D
X

i

�
� �

X
Q 

ı Q .fp;qg/

�
. Qfi/

D

X
i

Z
QC0

X
Q 

Qfi.�; Q .fp; qg// d�.�/:

Since � is a �-invariant measure,X
i

Œ� � ıŒ
 ��.fi/D
X

i

Z
QC0

X
Q 

Qfi. Q �; Q .fp; qg// d�.�/

D

X
i

Z
S

h2H hQC0
0

X
Q 

Qfi. Q �; Q .fp; qg// d�.�/

D

X
i

X
h2H

Z
hQC0

0

X
Q 

Qfi. Q �; Q .fp; qg// d�.�/
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D

X
i

X
h2H

Z
QC0

0

X
Q 

Qfi. Q h�; Q h.fp; qg// d�.�/

D

X
i

X
b2�

Z
QC0

0

Qfi.b�; �.fp; qg// d�.�/:

Hence, using (7) in the last equality,X
i

Œ� � ıŒ
 ��.fi/D
X

i

Z
QC0

0

fi.P .�; fp; qg// d�.�/D �.QC00/D �l.˛/;

and the result follows because I.�; ıŒ
 �/D
P

i Œ� � ıŒ
 ��.fi/.

The intersection form is also related to the geometric intersection.

Proposition 3.9 For a homotopy class of closed curves Œ
 � and a homotopy class of quasi-Fuchsian
surfaces …:

(i) I.ı…; ıŒ
 �/ � #.†\ ˛/, where † is any immersed surface in … and ˛ is any closed curve in Œ
 �
which intersects transversely.

(ii) I.ı…; ıŒ
 �/D #.†\˛/, if † 2… is a totally geodesic surface and ˛ 2 Œ
 � is a closed geodesic for
the hyperbolic metric which intersects transversely.

Proof Let Œ
 � be a homotopy class of closed curves, and … be a homotopy class of quasi-Fuchsian
surfaces. Let † 2… be a surface which induces the group G <� . Set � Dƒ.G/ 2QC� and let D �H3

be a G-invariant disk with @1D D � and † D D=G. Consider a curve ˛ in Œ
 � and let Q̨ 2 G.H3/

be a lift of ˛ with fp; qg D @1 Q̨ and ˛ D Q̨=H for some H < � . If i† and i˛ denote the immersions
i† W †!M and i˛ W S

1!M , which intersect transversally, the intersection number #.†\ ˛/ is the
number of elements in the set

Z D f.x;y/ 2†�S1
W i†.x/D i˛.y/g:

Recall that ı…D
P
Q�
ı Q�.�/ and ıŒ
 �D

P
Q 
ı Q .fp;qg/, where f Q�g is a set of representatives of the cosets

in �=G and f Q g is a set of representatives of the cosets in �=H . We consider the set W of pairs . Q�; Q /
such that lk. Q�.�/; Q .fp; qg//D 1. Then � acts on W by setting b �. Q�; Q /D . Q�0 2 Œb Q��; Q 0 2 Œb Q �/. Since
� acts freely on X , the same holds for the action of � on W . Hence Œı… � ıŒ
 ��.X=�/ is the number of
elements of W n� .

We define a map z W W n � ! Z. For each r 2 W n � , we choose an element . Q�.r/; Q .r// 2 r .
Since lk. Q�.r/.�/; Q .r/.fp; qg//D 1, we can choose a point Qz.r/ 2 Q�.r/.D/\ Q .r/. Q̨ /. Let Qx.r/ 2D

and Qy.r/ 2 Q̨ such that Q�.r/. Qx.r// D Q .r/. Qy.r// D Qz.r/. If �† W D! † and �˛ W Q̨ ! ˛ denote the
projections, define

z.r/D .x.r/;y.r//D .�†. Qx.r//; �˛. Qy.r/// 2Z:

We claim that the map z is injective. Suppose z.r1/D z.r2/, for r1; r2 2W n� . Then �†. Qx.r1//D

�†. Qx.r2// and �˛. Qy.r1//D �˛. Qy.r2//. Hence there exist g 2 G and h 2H such that Qx.r2/D g Qx.r1/
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and Qy.r2/ D h Qy.r1/. Denote by p D Qx.r1/ and q D Qy.r1/ as points in H3, and let Q�i D
Q�.ri/ and

Q i D
Q .ri/ for i D 1; 2. Then Q�1.p/D Q 1.q/ and Q�2g.p/D Q 2h.q/. Hence there is b 2 � such that

Q �1
1
Q�1 D h�1 Q �1

2
Q�2g D b. This implies

. Q�2g Q��1
1 / Q 1 D

Q�2gb�1
D Q 2h:

Thus . Q�2g Q��1
1
/ � . Q�1; Q 1/D . Q�2; Q 2/, which proves r1 D r2. Since z is an injective map, we have that

I.ı…; ıŒ
 �/D Œı… � ıŒ
 ��.X=�/D #.W n�/� #Z D #.†\˛/:

This proves (i).
Suppose that † is totally geodesic and ˛ is a closed geodesic for the hyperbolic metric. We claim that

the map z is surjective. Let z D .x;y/ 2W . Let p 2H3 such that �M .p/D i†.x/D i˛.y/. Consider
Qx 2D and Qy 2 Q̨ such that �†. Qx/D x and �˛. Qy/D y. Hence there exist �; 2 � such that �. Qx/D p

and  . Qy/ D p. We can choose Q� and Q such that � D Q�g and  D Q h for g 2 G, h 2 H . Then
Q�g. Qx/D Q h. Qy/Dp. Hence Q�.D/ intersects Q . Q̨ /. But a totally geodesic disk and a transversal geodesic
line in the hyperbolic space intersect if and only if the linking number of their boundaries is equal to
one. Therefore . Q�; Q / 2W . Let r D Œ. Q�; Q /� 2W n� . Since Œ. Q�.r/; Q .r//�D r , it follows that there are
b 2 � , g0 2G, and h0 2H , such that

b Q� D Q�.r/g0; b Q D Q .r/h0:

Recall that Qz.r/ is an element of the intersection Q�.r/.D/\ Q .r/. Q̨ /. Necessarily, b.p/ is also an element
of this intersection and, because the intersection is a single point, it follows that Qz.r/D b.p/. Notice
that Q�.r/g0g. Qx/ D Q .r/h0h. Qy/ D b.p/ D Qz.r/. Since D and Q̨ are embedded, Qx.r/ D g0g. Qx/ and
Qy.r/D h0h. Qy/. Hence

z.r/D
�
�†.g

0g. Qx//; �˛.h
0h. Qy//

�
D .x;y/:

This proves z is surjective, and hence by the previous argument z is a bijection. Thus

I.ı…; ıŒ
 �/D Œı… � ıŒ
 ��.X=�/D #.W n�/D #.†\˛/;

which proves (ii).

4 Proof of Theorem 1.1

We first prove Theorem 1.1(ii) because it is simpler. From [36, Theorem 1], there is a sequence f
igi2N

of closed geodesics of .M;g/ which becomes equidistributed with respect to the metric g (see (28)).
Thus by Propositions 3.6, 3.7 and 3.8,

.2� volg.M //�1I.�; �g/D lim
i!1

I.�; ıŒ
i �/

lg.
i/
D � lim

i!1

l.Œ
i �/

lg.
i/
:

By [31, Lemma 2.19], i.g; Ng/D limi!1 l.Œ
i �/=lg.
i/.
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Let g be a metric of negative sectional curvature on M . Let†2… be a surface which induces the group
G < � . The idea to prove Theorem 1.1(i) is the following. Morally, �g ' a�ı
 for some large closed
geodesic 
 . Using Santaló’s formula (12) we have that areag.†/' a#.†\ 
 /. From Proposition 3.9 we
have areag.†/& aI.ı…; ı
 /' I.ı…; �g/. In practice we do a slightly different argument so that we can
deduce the rigidity statement as well.

Set � Dƒ.G/2QC� and let D�H3 be a G-invariant disk with @1DD � and†DD=G. Let��D

be a fundamental domain for the projection D!†. Consider G0 the set of u 2 G such that lk.�;u/D 1

and the geodesic 
g.u/ intersects �. Then the set of elements u 2 G such that lk.�;u/D 1 is contained
in the union

S
g2G gG0. We can choose a partition of unity ffigi as in the proof of Proposition 3.8.

Then, using Fubini’s theorem as before and the �-invariance of �g,

Œı… ��g�.X=�/D
X

i

Œı… ��g�.fi/

D

X
i

.ı… ��g/. Qfi/

D

X
i

�X
Q�

ı Q�.�/ ��g

�
. Qfi/

D

X
i

Z
G

X
Q�

Qfi. Q�.�/;u/ d�g.u/

D

X
i

Z
G

X
Q�

Qfi. Q�.�/; Q�.u// d�g.u/:

Hence,

Œı… ��g�.X=�/�
X

i

Z
S

g2G gG0

X
Q�

Qfi. Q�.�/; Q�.u// d�g.u/

�

X
i

X
g2G

Z
gG0

X
Q�

Qfi. Q�.�/; Q�.u// d�g.u/

D

X
i

X
g2G

Z
G0

X
Q�

Qfi. Q�.g.�//; Q�.g.u/// d�g.u/

D

X
i

X
�2�

Z
G0

Qfi.�.�/; �.u// d�g.u/

D

X
i

Z
G0
fi.P .�;u// d�g.u/:

Therefore, using (12), we have

Œı… ��g�.X=�/D �g.G
0/�

Z
G

#.
g.u/\�/ d�g.u/D � areag.�/D � areag.†/:

Since this is for any † 2…, it follows that I.ı…; �g/� � areag.…/.
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Suppose I.ı…; �g/D � areag.…/, and choose † 2… such that areag.†/D areag.…/. Then

�g.G
0/D

Z
G

#.
g.u/\�/ d�g.u/;

which implies #.
g.u/\�/� 1 for �g-almost every u 2 G. If † is not totally geodesic for the metric g,
we can find a point p in the interior of � with a nonvanishing principal curvature. A local construction
gives a geodesic 
 in .H3;g/ so that, near p, 
 intersects � transversely in two points. Thus we can find
an open neighborhood V of @1
 in G such that for any v 2 V we have #.
g.v/\�/� 2. Since open
sets of G have positive �g measure, this is a contradiction. Hence † is totally geodesic, as claimed. This
proves (i).

5 Proof of Theorem 1.2 and Corollary 1.3

Proof of Theorem 1.2 From (20) with �D N�, there is a sequence …i 2S1=i.M / such that �…i
! N� and

E N�.g/D 2 lim
i

area.…i/

areag.…i/
:

It follows by Proposition 3.3 that area.…i/
�1ı…i

! .2� vol.M //�1�. Thus using Proposition 3.7 and
Theorem 1.1, we have

lim inf
i

areag.…i/

area.…i/
�

1

�
lim inf

i
I

�
ı…i

area.…i/
; �g

�
D

1

2�2 vol.M /
I.�; �g/�

volg.M /

vol.M /
i.g; Ng/:

We have h. Ng/D 2, and so i.g; Ng/� 1
2
hL.g/ by [21, Theorem 1.1]. Hence

E N�.g/hL.g/ volg.M /� 4 vol Ng.M /:

Suppose E N�.g/hL.g/ volg.M / D 4 vol Ng.M /. It suffices to show that Gr2.M / is foliated by totally
geodesic disks for the metric g, because in that case the Codazzi equations imply that g has constant
sectional curvature. We will achieve this by finding a minimal disk D in .H3;g/ such that D intersects
any given geodesic at most once. That will imply that D is totally geodesic. Moreover, D will have the
property that the �-orbit of @1D is dense in QC0. We use this to show that Gr2.M / is foliated by totally
geodesic disks for the metric g.

Let †i 2 … be a surface which induces the group Gi < � and such that areag.†i/ D areag.…i/.
Let Di �H3 be a Gi-invariant disk with †i DDi=Gi , and �i �Di be a fundamental domain for the
projection Di!†i .

We will use the notation introduced in Section 2.3. Consider the set Ti D fu 2 G W 
g.u/\�i ¤¿g,
and the function

Fi W G! Z; Fi.u/Dminf#.
g.u/\�i/� 1; 1g:
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Consider the Gi-invariant function fi on Di such that

fi.x/D
1

2

Z
p�1

1
.x/

Fi ıp2.x; v/jhv;N†i
.x/ij d!x.v/

for every x 2�i . Then fi � 0. Using (11) we have that

(29)
Z
�i

fi dAg D

Z
Ti

Fi.u/#.
g.u/\�i/ d�g.u/:

Since

lim
i

areag.…i/

area.…i/
D

1

�
lim

i
I

�
ı…i

area.…i/
; �g

�
;

the proof of Theorem 1.1(i) implies that

lim
i!1

�g.Ti/

areag.…i/
D lim

i!1

1

areag.…i/

Z
Ti

#.
g.u/\�i/ d�g.u/:

Hence

(30) lim
i!1

1

areag.…i/

Z
Ti

f#.
g.u/\�i/� 1g d�g.u/D 0:

For u 2 Ti , Fi.u/#.
g.u/\�i/� 2.#.
g.u/\�i/� 1/. Thus we deduce from (29) and (30) that

lim
i!1

1

areag.…i/

Z
�i

fi dAg D 0:

Since the sequence of homotopy groups f…igi2N becomes equidistributed, we proceed as in the proof of
Corollary 6.2 of [9] to obtain, after passing to a subsequence, �i 2 � such that

(a) ƒ.�iGi�
�1
i / converges in Hausdorff distance, as i !1, to � 2 QC0;

(b) f�.�/ W � 2 �g is dense in QC0;

(c) for any R> 0,

(31) lim
i!1

Z
�i .Di /\BR.0/

fi ı�
�1
i dAg D 0:

There is R> 0 such that conv.ƒ.�iGi�
�1
i // intersects BR.0/ for every i 2N. The surface †i is a stable

minimal surface for the metric g; hence the sequence �i.Di/ satisfies uniform curvature estimates [32].
Thus the continuity property of convex hulls discussed in Section 2.2 and [9, Theorem 3.1] gives the
existence of a minimal disk D in .H3;g/ such that @1D D � and �i.Di/ converges strongly to D, after
passing to a subsequence, on compact subsets of H3.

We argue that D is totally geodesic for the metric g. Suppose there exists y 2D such that the principal
curvatures of D at y are nontrivial. Then as before there is u2G such that 
g.u/ intersects D transversally
at both y and at y0, y0 ¤ y, nearby. By the smooth convergence there is an open set V � G with u 2 V

such that, for sufficiently large i , 
g.v/ intersects �i.Di/ transversally at points close to y and y0 for
every v 2 V . The injectivity radius of the surfaces †i is uniformly bounded from below. By choosing
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y and y0 sufficiently close to each other, one can choose s > 0 and the fundamental domains �i such
that #.
g.v/\�i.�i/\Bs.y//� 2 for every sufficiently large i and every v 2 V . By replacing Di for
�i.Di/ in the previous equalities we can suppose that �i is the identity map. Hence, by (11),Z

�i\Bs.y/

fi dAg D

Z
G

#.
g.u/\�i \Bs.y//Fi.u/ d�g.u/

�

Z
V

#.
g.u/\�i \Bs.y//Fi.u/ d�g.u/� 2�g.V /:

This contradicts (c), since �g.V / > 0. Therefore D is totally geodesic.
From (b), the orbit of � under � is dense in QC0. Thus by taking limits we obtain that for any � 2QC0

there is a totally geodesic disk D� in .H3;g/ with @1D� D � . A totally geodesic disk is uniquely
determined by its boundary at infinity. Hence D� depends continuously on � and �.D� /DD�.�/ for
every � 2 � .

The set f.�;x/ 2 QC0 �H3 W x 2D�g is a five-dimensional manifold and the map

ˆ W f.�;x/ 2 QC0 �H3
W x 2D�g ! Gr2.H

3/; ˆ.�;x/D .x;TxD� /

is continuous and �-equivariant. Hence it induces a continuous map

ˆ0 WR.�/! Gr2.M /;

where R.�/ D f.�;x/ 2 QC0 �H3 W x 2 D�g=� . The totally geodesic condition implies that ˆ0 is
injective. Since both R.�/ and Gr2.M / are compact five-dimensional manifolds, invariance of domain
implies that ˆ is a homeomorphism. Hence there is a totally geodesic surface tangent to any element in
Gr2.M /. This finishes the proof of Theorem 1.2.

Proof of Corollary 1.3 The next proposition, combined with Theorem 1.2, implies one direction of
Corollary 1.3.

Proposition 5.1 If .M; Ng/ does not have compact totally geodesic surfaces , then E N�.g/DE.g/ for any
metric g on M .

Proof Let …i 2 S1=i.M / be a sequence such that

A.g/D lim
i

areag.…i/

area.…i/
:

Let †i 2…i be such that area.†i/D area.…i/. We claim that the sequence f…igi2N becomes equidis-
tributed.

Let F.†/ denote the frame bundle of an orientable immersed surface†. The metric Ng induces a natural
measure d� on F.†/ of total measure 2� area.†/. Define the following measure on F.M /, the frame
bundle of M :

�i. /D
1

2� area.…i/

Z
F.†i /

 .x; fe1; e2; n.x/g/ d�.x; e1; e2/;
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where  W F.M /!R is a continuous function and n.x/ is the normal vector to †i at x. After passing
to a subsequence, we obtain that the sequence �i converges to a unit measure Q� on F.M / that is invariant
under the homogeneous PSL.2;R/-action (see [24, Lemma 3.2]). Using that M has no closed totally
geodesic surfaces, we obtain from Ratner’s classification theorem [29] that Q� is the homogeneous unit
measure on F.M /. Hence �…i

! N�, which implies that the sequence f…igi2N equidistributes. By (20)
and Proposition 2.1, E N�.g/�E.g/ and hence E N�.g/DE.g/.

The next proposition then finishes the proof of Corollary 1.3.

Proposition 5.2 Suppose .M; Ng/ has compact totally geodesic surfaces. Then there is a sequence of
metrics gi on M which converges to Ng smoothly and such that

E.gi/hL.gi/ volgi
.M / > 4 vol Ng.M /

for any i .

Proof Let i W †! .M; Ng/ be a compact totally geodesic surface inducing the surface group G < � ,
and let … be the conjugacy class of G. Then … 2 S0.M /, since the surface † lifts to a totally geodesic
disk in H3. Therefore, A.g/ � areag.…/=area.…/ for any metric g on M and so by Proposition 2.1,
E.g/� 2 area.…/=areag.…/ for any g.

Suppose by contradiction that the proposition is false. Then there is an open set V of Riemannian
metrics in the smooth topology with Ng 2 V such that E.g/hL.g/ volg.M /� 4 vol Ng.M / for any g 2 V.
Combining with E.g/� 2 area.…/=areag.…/ we have that

area.…/
areag.…/

hL.g/ volg.M /� 2 vol Ng.M /;

and so
area.…/

2 vol Ng.M /
hL.g/ volg.M /� areag.…/

for any g 2 V, with equality at g D Ng. Since hL.c
2g/D c�1hL.g/,

(32)
area.…/

2 vol Ng.M /2=3
hL

�
vol Ng.M /2=3

volg.M /2=3
g

�
volg.M /2=3 � areag.…/

for g 2 V, with equality at g D Ng.
Let U be an open set of M which is disjoint from †. Consider f WM ! R a smooth nonnegative

function with support contained in U such that f is positive somewhere. Define the variation of metrics
g.t/D .1C tf /2 Ng such that g.0/D Ng. Since † is the unique minimal surface in its homotopy class, it
follows that area.†/D area.…/. For t � 0, g.t/ � Ng on M . Since areag.t/.†/D area Ng.†/, it follows
that areag.t/.…/D area.†/ for t � 0. Therefore, by (32) with g D g.t/,

d

dt

ˇ̌̌
tD0

�
hL. Qg.t// volg.t/.M /2=3

�
� 0; where Qg.t/D

vol Ng.M /2=3

volg.t/.M /2=3
g.t/:
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Notice that vol. Qg.t// D vol. Ng/ for any t . This is a contradiction, since the hyperbolic metric is
a critical point of the Liouville entropy when restricted to metrics of the same volume [20], and
d
dt

ˇ̌
tD0

volg.t/.M / > 0.

6 Mostow rigidity theorem

In this section we prove:

Theorem 6.1 (Mostow rigidity) Consider two closed hyperbolic manifolds M D H3=�M and N D

H3=�N for which there is a homotopy equivalence F WN !M . Then F is homotopic to an isometry
G WN !M .

We first review some of the basic background used in the proof of Mostow rigidity. Let E WM !N

denote the homotopy inverse of F . The lifts F WH3!H3 and E WH3!H3 can be assumed to be C 1

and both maps are quasi-isometries (see [3, Chapter C] for instance). They induce homeomorphisms
on the boundary at infinity, zF W S2! S2 and zE W S2! S2, with zE ı zF D zF ı zE D idS2 . The maps
zE and zF are quasiconformal and thus map quasicircles to quasicircles. The maps F� W �N ! �M and
E� W�M!�N are inverses of each other. For � 2�N , we have F�.�/ıF DF ı� and F�.�/ı zF D zF ı�.
For  2 �M , E�. / ıE DE ı and E�. / ı zE D zE ı .

If …<�M is a homotopy class of essential surfaces and G 2…, then E�.G/ is a surface group of �N

whose conjugacy class coincides with E�.…/D fE�.G/ WG 2…g. If … is quasi-Fuchsian, then E�.…/

is also quasi-Fuchsian since zE is quasiconformal. The map zF induces a homeomorphism on the space
of all geodesics of H3. Hence if � 2 C.�N / is a geodesic current, then . zF /�� 2 C.�M /. Notice that if
…N < �N is a homotopy class of quasi-Fuchsian surfaces, then . zF /�ı…N

D ıF�.…N /.
To prove Theorem 6.1 we need the following extension of Theorem 1.1.

Proposition 6.2 Let g be a metric of negative sectional curvature on N and …< �M a quasi-Fuchsian
homotopy class. Then

I�M
.ı…; . zF /��g/� � areag.E�.…//;(33)

I�M
.�; . zF /��g/D 2�2 volg.N /iF .g; NgM /� �2 volg.N /hL.g/:(34)

The proposition would follow almost directly from Theorem 1.1 if F were a diffeomorphism. Because
F is only a homotopy equivalence, the extension requires some work, and we prove it in the appendix.

Proof of Theorem 6.1 Suppose that vol NgM
.M /� vol NgN

.N /. Consider a sequence f…i 2 S�i
.M /gi2N

of homotopy classes of quasi-Fuchsian surfaces in M , �i ! 0, which becomes equidistributed in
the sense described in (23). Such sequences can be constructed as in [24, Proposition 6.1]. Since
area NgM

.…i/
�1ı…i

! .2� vol NgM
.M //�1� by Proposition 3.3, it follows by (33) and Proposition 3.7 that

I�M
.�; . zF /�� NgN

/

2�2 vol NgM
.M /

D
1

�
lim

i
I�M

�
ı…i

area NgM
.…i/

; . zF /�� NgN

�
� lim inf

i

area NgN
.E�.…i//

area NgM
.…i/

:
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Since hL. NgN /D 2, by (34) it follows that I�M
.�; . zF /�� NgN

/� 2�2 vol NgN
.N / and hence

(35) 1�
vol NgN

.N /

vol NgM
.M /

� lim inf
i

area NgN
.E�.…i//

area NgM
.…i/

:

Let z†i 2E�.…i/ be such that area NgN
.z†i/D area NgN

.E�.…i//, and let gi be the genus of z†i . Then
as in the proof of Proposition 2.1,

(36)
1

area NgN
.z†i/

Z
z†i

jAz†i
j2

2
dA NgN

D
4�.gi � 1/

area NgN
.z†i/

� 1;

where Az†i
is the second fundamental form of z†i in the metric NgN . Let†i 2…i be such that area NgM

.†i/D

area NgM
.…i/. Since the genus of †i is gi ,

(37)
1

area NgM
.†i/

Z
†i

1
2
jA†i
j
2dA NgM

D
4�.gi � 1/

area NgM
.†i/

� 1;

where A†i
is the second fundamental form of †i in the metric NgM . By [34], jA†i

j � C ln.1C �i/.
Combining (35), (36) and (37),

(38) lim
i!1

1

area NgN
.z†i/

Z
z†i

jAz†i
j
2dA NgN

D 0:

We will use [9, Theorem 6.1], which relies on the Ratner–Shah [29; 35] classification theorem in
homogeneous dynamics, to prove the map zE sends round circles to round circles. Consider an E�.Gi/-
invariant minimal disk �i � H3 such that �i=E�.Gi/ D z†i , where Gi < �M is the group induced
by †i ! M . Since the sequence f…igi2N becomes equidistributed, we proceed as in the proof of
Corollary 6.2 of [9] to conclude the existence of �i 2 �M such that, after passing to a subsequence, it
follows that

(a) ƒ.�iGi�
�1
i / converges in Hausdorff distance, as i !1, to � 2 QC0;

(b) f�.�/ W � 2 �M g is dense in QC0;

(c) for any R> 0,

lim
i!1

Z
E�.�i /.�i /\BR.0/

jAj2dA NgN
D 0:

The sequence E�.�i/.�i/ has bounded curvature and hence converges on compact sets, after passing
to a subsequence, to a totally geodesic disk ��H3 such that @1�D zE.�/, where � is the round circle
of (a). Therefore zE.�/ is a round circle. Since zE ı � D E�.�/ ı zE for any � 2 �M , and E�.�/ acts
on S2 by a conformal transformation, it follows that zE.�.�// is a round circle for any � 2�M . Using (b)
it follows that zE maps any round circle to a round circle.

By Carathéodory [10], the map zE is a Möbius transformation. Hence zF is a Möbius transformation
and there is a unique G 2 Isom.H3/ so that GjS2 D zF . Therefore G ı� D F�.�/ ıG for every � 2 �N ,
and hence the map G induces a map G WN !M which is an isometry homotopic to F .
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We now argue using Mostow’s rigidity theorem that the entropies E and E N� of a Riemannian metric g

on M do not depend on the hyperbolic metric. Let Ng1 and Ng2 be hyperbolic metrics on M . Let
F W .M; Ng1/! .M; Ng2/ be an isometry that is homotopic to the identity map. If … is a homotopy class
of surfaces in M and † 2…, then this implies F.†/ 2…. Since area Ng2

.F.†//D area Ng1
.†/, it follows

that area Ng2
.…/D area Ng1

.…/.
The restriction zF W S2! S2 to S2 of the lift of F to H3 is a conformal map. Hence the homotopy

class … is .1C�/-quasi-Fuchsian for Ng1 if and only if it is .1C�/-quasi-Fuchsian for Ng2. Therefore, by
Proposition 2.1, E.g/ does not depend on whether the hyperbolic metric is Ng1 or Ng2. The Liouville
measures on Gr2.M / satisfy F�. N�1/ D N�2, where we are denoting by F also the induced action on
Gr2.M /. Hence by (20) this is true for E N�.g/.

Appendix Proof of Proposition 6.2

We start by proving (33) which is

I�M
.ı…; . zF /��g/� � areag.E�.…//:

Consider ffigi as the partition of unity of the proof of Proposition 3.8. Since ı…D . zF /�ıE�.…/, it follows
as in the proof of Theorem 1.1(i),

Œı… � . zF /��g�.X=�M /D
X

i

Œı… � . zF /��g�.fi/

D

X
i

.ı… � . zF /��g/. Qfi/

D

X
i

.. zF /�ıE�.…/ � .
zF /��g/. Qfi/

D

X
i

.ıE�.…/ ��g/. Qfi ı
zF /D ŒıE�.…/ ��g�.X=�N /:

Hence, I�M
.ı…; . zF /��g/D I�N

.ıE�.…/; �g/. Therefore (33) follows from Theorem 1.1(i).
To prove (34) we need some intermediate results first. The next proposition follows by adapting the

construction made in [22, Theorem 2.12] using Busemann functions instead of orthogonal projections. If
the map F is the identity, a map � can be constructed as in [31, Section 2.4]. Let us denote by fgtgt2R

the geodesic flow of a Riemannian metric g.

Proposition A.1 Consider two negatively curved metrics .N;g1/ and .M;g2/. There is a homeomor-
phism � W T 1

g1
.H3/! T 1

g2
.H3/ such that :

(i) F�.�/.�.v//D �.�.v// for any � 2 �N and hence � induces a homeomorphism

� W T 1
g1
.N /! T 1

g2
.M /:
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(ii) If 
v and ��.v/ are the unique unit speed geodesics generated by v and �.v/, then

zF .@1
v/D @1��.v/:

(iii) There is a Hölder continuous function T WR�T 1
g1
.H3/!R which is C 1 along the t -direction and

is such that g
T .t;v/
2

.�.v//D �.gt
1
.v// for any v 2 T 1

g1
.H3/, t 2R.

(iv) The function ‰.v/D d
dt

T .0; v/ > 0 is Hölder continuous.

(v) There is a constant C > 0 such that dg2
.�.�.v//;F.�.v///� C for any v 2 T 1

g1
.H3/, where �.v/

denotes the basepoint of v.

Proof Let B�.x;y/ denote the Busemann function for .H3;g2/, where � 2 S2 and x;y 2H3. For v 2
T 1

g1
.H3/, let 
v be the unit speed geodesic for .H3;g1/with .
v.0/; 
 0v.0//Dv. Let � be the unit speed ge-

odesic for .H3;g2/ with @1�D zF .@1
v/. There is a unique Qt such that B zF .
v.C1//
.F.�.v//; �.Qt//D0.

We define Q�.v/D .�.Qt/; � 0.Qt//. The map Q� is continuous, surjective, and satisfies Q� ı� D F�.�/ ı Q� for
any � 2 �N . Using that the Busemann function satisfies the cocycle condition

B�.x;y/D B�.x; z/CB�.z;y/;

the same argument as in the proof of [31, Lemma 2.12] shows that if we set

s.t; v/D B zF .
v.C1//
.F.
v.0//;F.
v.t///;

then Q�.gt
1
.v//D g

s.t;v/
2

. Q�.v// for every t 2 R and v 2 T 1
g1
.H3/. The function s is Hölder continuous,

differentiable along the t -direction, and v 7! @ts.t; v/ is Hölder continuous.
The map Q� may not be injective. Since F is a quasi-isometry, there is � > 0 such that s.�; v/ > 0 for

any v 2 T 1
g1
.H3/. Consider the function

r.v/D
1

�

Z �

0

s.t; v/ dt; v 2 T 1
g1
.H3/:

Following [22, Theorem 2.12], we define

� W T 1
g1
.H3/! T 1

g2
.H3/; �.v/D g

r.v/
2

. Q�.v//:

The fact that � is a homeomorphism follows just as in [22]. The function T can be defined by T .t; v/D

r.gt
1
.v//C s.t; v/� r.v/.

Statements (i)–(iv) of the proposition follow from the construction. We will denote by C a positive
constant independent of t and v that depends on the line. To check property (v), notice that since F is a
quasi-isometry we have

js.t; v/j � dg2
.F.
v.0//;F.
v.t///� C jt jCC:

Hence jr.v/j � C for every v 2 T 1
g1
.H3/ and it suffices to check (v) for the map Q�.
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In the definition of Q�, assume that Qt D 0 so Q�.v/D .�.0/; � 0.0//. From Morse’s lemma it follows that
the Hausdorff distance between F ı 
v and � is finite. Then dg2

.F.
v.0//; �.Nt//� C for some Nt 2R. If
� D zF .
v.C1//, then using that B�.�.0/;F.
v.0///D 0,

dg2
.�.0/;F.
v.0///� dg2

.�.0/; �.Nt//C dg2
.�.Nt/;F.
v.0///

� dg2
.�.0/; �.Nt//CC

D jB�.�.0/; �.Nt//jCC

� jB�.�.0/;F.
v.0///jC jB�.�.Nt/;F.
v.0///jCC

D jB�.�.Nt/;F.
v.0///jCC

� dg2
.F.
v.0//; �.Nt//CC

� 2C:

The geodesic stretch can be determined by the lengths of periodic orbits [31, Section 2]. The proof of
the next proposition is based on [12, Theorem 1.4].

Proposition A.2 Let .N;g1/ and .M;g2/ be negatively curved. Suppose f
igi2N is a sequence of closed
geodesics in .N;g1/ equidistributed for the metric g1. Then

iF .g1;g2/D lim
i!1

lg2
.F�Œ
i �/

lg1
.Œ
i �/

:

Proof Consider �, T and ‰ as in Proposition A.1. The functions T and ‰ are equivariant for the
isomorphism F� W �N ! �M , and hence induce functions T WR�T 1

g .N /!R and ‰ W T 1
g .N /!R.

Let �i be the closed geodesic of .M;g2/ in the conjugacy class F�Œ
i �. Let vi 2 T 1
g1
.H3/ such that

Q
i.t/D�.g
t
1
.vi// is a unit speed geodesic in .H3;g1/ that projects to 
i in N under the quotient map. Then

Q�i.s/D �.g
s
2
.�.vi/// is a unit speed geodesic that projects to �i in M . Since �.gt

1
.v//D gT .t;v/

2
.�.v//,

it follows that

(39) lg2
.�i/D

Z lg1
.
i /

0

ˇ̌̌
d

dt
Q�i.T .t; vi//

ˇ̌̌
dt D

Z lg1
.
i /

0

‰.
i.t/; 

0
i .t// dt:

Thus, from (28), we obtain that

(40) lim
i!1

lg2
.F�Œ
i �/

lg1
.Œ
i �/

D lim
i!1

1

lg1
.
i/

Z lg1
.
i /

0

‰.
i.t/; 

0
i .t// dt D

1

volg1
.T 1

g1
.N /

Z
T 1

g1
.N /

‰ dVg1
:

For v 2 T 1
g1
.N /, consider Qv 2 T 1

g1
.H3/ which projects to v. We have

a.t; v/D dg2

�
F.�.gt

1. Qv///;F.�. Qv//
�
;

and from Proposition A.1(iii),

T .t; v/D T .t; Qv/D dg2

�
�.�.gt

1. Qv///; �.�. Qv//
�
:
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From Proposition A.1(v), there is a positive constant C such that ja.t; v/�T .t; v/j � C for any t 2R

and v 2 T 1
g1
.N /. Hence

(41) iF .g1;g2/D
1

vol.T 1
g1
.N //

lim
t!1

Z
T 1

g1
.N /

T .t; v/

t
dVg1

.v/:

From Proposition A.1(iii),
T .t C s; v/D T .t;gs

1.v//CT .s; v/;

and hence d
dt

T .t; v/D‰.gt
1
.v//. Therefore,Z

T 1
g1
.N /

T .t; v/

t
dVg1

.v/D

Z
T 1

g1
.N /

1

t

Z t

0

‰.gs
1.v// ds dVg1

.v/D

Z
T 1

g1
.N /

‰ dVg1
;

where we used that dVg1
is invariant under the geodesic flow. The proposition follows by combining this

with (40) and (41).

The next proposition was proven in [21] when F is the identity map. The proof presented here uses
Abramov’s formula. This proves (34).

Proposition A.3 Let g be a metric of negative sectional curvature on N . Then

I�M
.�; . zF /��g/D 2�2 volg.N /iF .g; NgM /� �2 volg.N /hL.g/:

Proof Recall the homeomorphism � W T 1
g .H

3/ ! T 1.H3/ given by Proposition A.1 with g1 D g

and g2 D NgM . Consider the functions T and ‰ provided by that proposition. We denote the induced
homeomorphism on the quotients by � W T 1

g .N /! T 1
NgM
.M /. The functions T and ‰ are equivariant for

the isomorphism F� W �N ! �M , and hence induce functions T WR�T 1
g .N /!R and ‰ W T 1

g .N /!R.
From [36], there is a sequence f
igi2N of closed geodesics of .N;g/ which becomes equidistributed

for the metric g (see (28)). Proposition 3.6 implies that

1

lg.
i/
ıŒ
i �!

1

2� volg.N /
�g:

As in the case of surfaces, zF�.ıŒ
i �/D ıF�.Œ
i �/. Therefore,

1

lg.
i/
ıF�.Œ
i �/!

1

2� volg.N /
zF�.�g/;

and hence by Proposition 3.7,

.2� volg.N //�1I�M
.�; . zF /��g/D lim

i!1

I�M
.�; ıF�Œ
i �/

lg.
i/
:

By Propositions 3.8 and A.2,

.2� volg.N //�1I�M
.�; . zF /��g/D � lim

i!1

l NgM
.F�.Œ
i �//

lg.
i/
D � iF .g; NgM /:

This proves I�M
.�; . zF /��g/D 2�2 volg.N /iF .g; NgM /.
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Consider the flow fUsgs2R on T 1
g .N / defined by Us.v/ D �

�1. Ngs
M
.�.v///. This corresponds to a

reparametrization of the geodesic flow on T 1
g .N /. For a unit measure � on T 1

g .N / that is invariant under
the flow U D fUsgs2R, the entropy of U with respect to � is denoted by h�.U /. Let � WR�T 1

g .N /!R

be such that Us.v/D g�.s;v/.v/. Then

T .�.s; v/; v/D �.T .s; v/; v/

for every s 2R and v 2 T 1
g .N /. The function � is continuous and differentiable along the s-direction.

Define a unit measure �‰ on T 1
g .N / by

�‰. /D

R
T 1

g .N /
 ‰dVgR

T 1
g .N /

‰dVg
;  2 C.T 1

g .N //:

Since ‰.v/ d
ds
�.0; v/D 1 for v 2 T 1

g .N /, the measure �‰ is preserved by fUsgs2R. From Abramov’s
formula [1],

(42)
hL.g/

h�‰ .U /
D

1

vol.T 1
g .N //

Z
T 1

g .N /

‰ dVg:

Notice that it follows from the proof of Proposition A.2 that

(43) iF .g; NgM /D
1

vol.T 1
g .N //

Z
T 1

g .N /

‰ dVg:

Hence hL.g/D iF .g; NgM /h�‰ .U /. The flow U DfUsg is topologically conjugate to the geodesic flow of
NgM on M by the map �. Hence the topological entropy htop.U / of fUsgs2R is equal to 2. The variational
principle implies that h�‰ .U /� htop.U /D 2. Therefore hL.g/� 2iF .g; NgM /.
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