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The Weyl tube theorem for Kihler manifolds

ANDREAS BERNIG, JOSEPH H G Fu, GIL SOLANES AND THOMAS WANNERER

As sharpened in terms of Alesker’s theory of valuations on manifolds, a classic theorem of Weyl asserts
that the coefficients of the tube polynomial of an isometrically embedded riemannian manifold M — R”
constitute a canonical finite-dimensional subalgebra LC(M) of the algebra V(M) of all smooth valuations
on M, isomorphic to the algebra of valuations on euclidean space that are invariant under rigid motions.
We construct an analogous, larger, canonical subalgebra XL (M) C V(M) for Kéhler manifolds M : if
dim M = n, then CLK(M) ~ ValV®™  the algebra of valuations on C” invariant under the holomorphic
isometry group; and if M — M is a Kihler embedding, then the restriction map V(M ) = V(M)
induces a surjection ICLIC(Z\Z ) = KLK(M). This answers a question posed by Alesker in 2010 and gives
a structural explanation for some previously known, but mysterious phenomena in hermitian integral

geometry.
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1 Introduction
1.1 Lipschitz—Killing curvatures

Given a smooth compact submanifold M C R”, Weyl [1939] expressed the volume of a tubular neigh-
borhood about M of small radius r as a polynomial of degree n in r. Weyl’s deeper point, however,
was that the coefficients are given by integrals of invariants of the curvature tensor of M with respect
to the induced metric. These integrals, now known as total Lipschitz—Killing curvatures, are extensions
of the intrinsic volumes of convex geometry, the same quantities that arise in the kinematic formulas of
Blaschke and Chern, and of Santal6 [1976]. Examples of total Lipschitz—Killing curvatures are the Euler
characteristic, the total scalar curvature and the volume of M.

The (total) Lipschitz—Killing curvatures of riemannian manifolds appear in various contexts. Let us
mention just some of them. Cheeger, Miiller and Schrader proved that the Lipschitz—Killing curvatures of
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a riemannian manifold can be obtained as limits of the Lipschitz—Killing curvatures of a sequence of
piecewise linear manifolds converging to the manifold in an appropriate sense. The Lipschitz—Killing
curvatures of piecewise linear manifolds are of a more combinatorial nature, and have been used by
physicists in Regge calculus, an attempt to discretize important quantities in general relativity such as the
total scalar curvature.

Weyl’s tube formula was the main ingredient in the proof by Allendoerfer and Weil of the Chern—Gauss—
Bonnet theorem. The heat equation approach to the Chern—Gauss—Bonnet theorem by Atiyah, Patodi
and Singer is also related to Lipschitz—Killing curvatures. Recall that the short time asymptotics of the
heat kernel associated to the Laplacian acting on differential forms is given by complicated polynomials
in the curvature tensor and its derivatives. McKean and Singer conjectured that some particular linear
combination of these polynomials equals the integrand in the Chern—Gauss—Bonnet theorem. In particular,
this would imply a “fantastic cancellation” of all terms involving derivatives. The conjecture was shown
by Patodi and led to a heat equation proof of the Chern—Gauss—Bonnet theorem and of the more general
Atiyah-Singer index theorem [Atiyah et al. 1973]. Some years later, Donnelly [1975] observed that there
are other linear combinations of the heat kernel coefficients that do not contain derivatives of the curvature
tensor; and these combinations give precisely the Lipschitz—Killing curvatures. In particular, the total
Lipschitz—Killing curvatures are spectral invariants.

More recently, the theory of valuations, introduced by Alesker in the early 2000s, has enriched the
context for these classical facts: the functionals /LIM that yield the tube coefficients may be viewed as
smooth valuations — finitely additive measures — canonically associated to the riemannian structure of M.
They are called the intrinsic volumes on M. Remarkably, Chern’s most general version [1945] of the
Gauss—Bonnet theorem shows that [L(])VI = x is a smooth valuation (without using this terminology of
course).

A new and fascinating development is the extension of Lipschitz—Killing curvatures to Alexandrov
spaces. Alesker [2018] stated precise and far-reaching conjectures about the limits of the Lipschitz—Killing
curvatures of a sequence of manifolds with a uniform lower bound on the sectional curvature converging
to an Alexandrov space. Some special cases of the conjecture are known (roughly for volume and total
scalar curvature). For recent results in this direction we refer to [Alesker 2022; Alesker et al. 2023].

The main feature of the space V(M) of smooth valuations on M is the existence of a natural commu-
tative product. From the perspective of Alesker’s theory the intrinsic volumes are distinguished by two
properties: invariance under

(i) isometric embeddings, and
(i) the formation of Alesker products.

The resulting subalgebra LK (M) C V(M) is canonically isomorphic to R[¢]/(#*1), where n = dim M,
and is called the Lipschitz—Killing algebra. Up to scale, the powers ¢’ coincide with the intrinsic
volumes ulM . In the case M = R", this subalgebra coincides with the algebra Val®®™ of valuations
invariant under the euclidean group. In this context a natural grading exists, with deg? = 1.
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The Weyl tube theorem for Kdhler manifolds 2715

The existence of the product structure is related to the existence of kinematic formulas on isotropic
spaces. The algebras of isometry-invariant valuations on euclidean space, the euclidean sphere and
hyperbolic space coincide with the Lipschitz—Killing algebra and are thus mutually isomorphic. This can
be translated into the fact that the kinematic formulas on the real space forms are isomorphic.

Bernig, Faifman and Solanes [Bernig et al. 2022b; 2021; 2022a] have recently constructed intrinsic
volumes with analogous properties for pseudoriemannian manifolds.

1.2 The Kiihler case

A natural question is to what extent the above can be generalized in the complex setting. To be more
precise, at Oberwolfach in 2010, Alesker asked whether the classical picture admits a Kihler analogue: is
there a canonical subalgebra of valuations for Kihler manifolds M, analogous to the Lipschitz—Killing
algebra for the riemannian case?

Although tubes around complex submanifolds of flat hermitian space C” or of complex projective
space CP" do contain information about Chern classes [Shifrin 1981; Bernig et al. 2014], it is no surprise
that they do not reflect the complex geometry. We are therefore forced to look at this problem from the
valuations point of view.

In the flat hermitian case C”, we have a complete understanding of the space of invariant smooth
valuations. The entry point was the determination [Alesker 2003; Fu 2006] of the structure of the algebra
ValV®™ of smooth valuations on C” invariant under the group of holomorphic isometries: in this case

)] ValV® ~ Ris, 1]/ (fus1. fus2):

where deg s = 2 and the relations are homogeneous of degrees 7 + 1 and 7 + 2. Thus the monomials s7¢/
furnish a natural spanning set for Valv®. Up to a factor, ¢ corresponds to the first intrinsic volume, which
can be defined by averaging the Euler characteristic of intersections with real hyperplanes. The other
generator, s, is defined by averaging intersections with complex hyperplanes.

Another useful basis, more natural from a geometric viewpoint, consists of the hermitian intrinsic
volumes (1 , from [Bernig and Fu 2011]. The isomorphism (1) can be translated into explicit kinematic
formulas for the pair (C”, U(n) x C"); see [Bernig and Fu 2011].

On complex projective space CP", r may be defined as the first intrinsic volume (with respect to the
riemannian structure provided by the Fubini—Study metric), while s can be defined using intersections
with complex hyperplanes inside CP”. The algebra generated by these two valuations equals the algebra
of isometry-invariant valuations on CP". Surprisingly, and opposed to what happens in the real case,
the map ¢ +— ¢, s — s from ValV® to Y(CP*)m s not an isomorphism. Even more surprisingly,
as observed in [Bernig et al. 2014], there are nevertheless some isomorphisms between ValV® and
V(CP™)ls°m In particular, the kinematic formulas are isomorphic.

Previously, there was no satisfactory explanation of this phenomenon. Inspired by Weyl’s tube
approach and Alesker’s refinement in the riemannian setting, we clarify the situation by providing a vast
generalization of the notion of hermitian intrinsic volumes to Kihler manifolds.
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Our main result gives a positive answer to Alesker’s question.

Theorem A For any Kéhler manifold M of complex dimension n, there is a canonical subalgebra
KLK(M) C V(M), isomorphic to ValV® | with the property that if M’ < M is a Kéhler embedding
then the natural restriction map V(M) — V(M) restricts to a natural surjection KLK(M) — KLK(M')
such that the diagram

Valv® Valv@®")
KLIC(M) KLK(M')

commutes, where the upper horizontal map is the restriction map induced by the inclusion C " N,

In geometric terms, the isomorphism with \A maps the hermitian intrinsic volume py j, to the
hermitian intrinsic volume M%p that we will construct (cf Theorem 6.9 below).

Since the isometries of complex projective (or complex hyperbolic) space are Kihler embeddings, the
elements of LI (CP") are isometry invariant. Our main theorem thus provides a new perspective on
invariant valuations and integral geometry of CP".

Corollary 1.1 The algebras of isometry-invariant smooth valuations on n-dimensional complex projective
and on n-dimensional complex hyperbolic spaces are canonically isomorphic to Vallv®.

Several isomorphisms between these algebras, algebraically simple but geometrically unmotivated,
were previously discovered in [Bernig et al. 2014]. The isomorphism constructed in the present paper,
however, is canonical in the sense that it arises from the Kihler structures on the underlying spaces.
In terms of the valuations ¢ and s described above, the canonical isomorphism is given by ¢ — ¢ and
s+ 5/(1—A\s); see Proposition 7.2. This particular isomorphism was a key ingredient in the recent paper
[Bernig 2021].

1.3 Local setting

The kinematic formulas due to Chern, Blaschke and Santal6 were generalized by Federer in two directions.
First, instead of taking compact convex sets, he considered sets of positive reach. Note that compact
convex bodies as well as compact submanifolds, possibly with boundary, are sets of positive reach.
Secondly, he localized the kinematic formulas by looking at so called curvature measures, which are
localizations of the intrinsic volumes. In the euclidean case, there is a one-to-one correspondence between
intrinsic volumes and curvature measures. Consequently, Federer’s local kinematic formulas look formally
the same as the previously known global kinematic formulas. The same happens on other real space
forms, where each invariant valuation admits a unique localization. We thus find that on all real space
forms of the same dimension, the local kinematic formulas are isomorphic.

In [Fu and Wannerer 2019], a sequence of curvature measures naturally associated to riemannian
manifolds was constructed. The main observation was that the space of such curvature measures is a
universal module over the Lipschitz—Killing algebra, i.e., the structure coefficients do not depend on the
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riemannian manifold. In the case of real space forms, the module structure is related to a version of
kinematic formulas called semilocal kinematic formulas. Hence such formulas on all real space forms of
the same dimension are isomorphic.

In the complex case, it follows easily from Howard’s transfer principle (which applies more generally
to homogeneous manifolds [Howard 1993]) that local kinematic formulas on complex space forms of the
same dimension are formally identical. To write them down explicitly is highly nontrivial. The reason is
that, in contrast to the real case, the globalization map is not injective, so the local kinematic formulas
cannot be derived from the global ones. The problem was solved in [Bernig et al. 2014], see also [Bernig
et al. 2018] for a shorter way of describing such formulas.

In view of our first main Theorem A and of the results concerning riemannian curvature measures
mentioned above it is natural to ask for a Kdhler version. This is our second main theorem.

Theorem B For any Kahler manifold M of complex dimension n, there is a canonical KLIC(M )-module
KLK(M) C C(M), isomorphic to the ValV ™ -module CurvY ™, with the property that it M’ < M is
a Kihler embedding then the natural restriction map C(M) — C(M') restricts to a natural surjection
KLIK(M) — KLK(M') such that the diagram

CurvV® Curv?®)
KLIC(M) KLIKC(M)

commutes, where the upper horizontal map is the restriction map induced by the inclusion Cc" ™.
Applied to complex projective and complex hyperbolic space the theorem yields:

Corollary 1.2 There is a canonical module isomorphism between the modules of invariant curvature
measures on complex space forms of the same dimension, compatible with the canonical isomorphism
from Corollary 1.1.

This is a new insight in hermitian integral geometry and a nice extra property of the canonical valuation
isomorphism. It follows from these results that, quite unexpectedly, there are isomorphisms for all integral
geometric structures on complex space forms: global, semilocal and local kinematic formulas; algebra
structure on valuations, module structure on curvature measures.

1.4 Our approach

Our strategy for proving Theorems A and B is a hybrid of two different approaches to the construction of
the Lipschitz—Killing algebra in the riemannian case. In the first, the Nash theorem is used to embed a
given riemannian manifold M in some R”. The valuations giving the tube coefficients are then restrictions
of the intrinsic volumes j; of R, which by Weyl’s theorem depend only on the riemannian structure
of M. The resulting restrictions ,ulM € V(M) then span LK (M ): fundamental results of Alesker show
that this span is closed under Alesker multiplication.
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That approach has the advantage of being simple and direct. On the other hand, it fails to show how the
/LIM and their algebraic properties arise from the riemannian structure of M. A second approach, remedying
this defect, was given in [Fu and Wannerer 2019], in which the /L;-M are constructed from canonical
differential forms associated to the connection and the curvature tensor of M. Certain combinations of
these forms were shown to be subject to an algebraic model of the fundamental formula of [Alesker and
Bernig 2012] for the Alesker product. Using invariant theory, the possible outcomes were shown to be
highly constrained, so that the actual values could be computed from a few simple templates.

Attempting to extend these approaches to the Kéhler case we consider here, we meet two obstacles:

(i) There can be no Kéhler analogue of the Nash theorem, so the first approach is impossible.

(i) The relevant space of invariant differential forms is large and unwieldy, to the point where we were
unable to mimic the second approach above in the new setting.

Happily, however, we are able to combine weak versions of these two devices to bring the proof to
fruition. First, via the formalism of double forms we construct algebraic models for the differential forms
underlying the /L,JCV,IP. Although our understanding of the invariant theory is insufficient to conclude that
the Alesker product of two such valuations lies in their span, we are nonetheless able to deduce that the
underlying differential form of such a product depends polynomially on the curvature tensor R of M
(Proposition 4.7). Second, we point out (Theorem 4.12) that we do have an extremely weak Kéhler
isometric embedding theorem: for R lying in some open subset of the space of algebraic curvature tensors
at a single point x € M, there is a local embedding of M into some C¥ for which the curvature tensor at
x of the Kihler metric induced on M by that of C¥ is equal to R. Since the M}{V’Ip behave well under
restrictions (this will be shown in Section 4.5), the polynomial dependence on R of the Alesker product
of hermitian intrinsic volumes implies that the multiplicative structure is as claimed.

To conclude this introduction, let us point out the importance of the formalism of double forms —
introduced originally by de Rham [1984] and subsequently used to brilliant effect in Gray’s work [1969/70;
2004] on integral geometry — in this paper. Section 3 clarifies the construction of the canonical curvature
measures of [Fu and Wannerer 2019] in these terms. In fact they are polynomials in the canonical (1, 1)
forms g (the metric) and w (the connection), as well as the (2, 2)-form R representing curvature. Section 4
then constructs similar objects in the Kihler case, where the resulting algebraic structure is much richer,
due to the appearance of the canonical (2,2)-form G and the additional symmetries enjoyed by Kéhler
curvature tensors R. As in [Fu and Wannerer 2019], the fact (Proposition 4.6) that the Rumin differential
of these elements is again expressible in this language is key.

2 Background on valuations and curvature measures

In this section we give a brief account of the theory of valuations on smooth manifolds M, introduced
by Alesker [2006a; 2006b; 2007] and Alesker and Fu [2008], in the case (sufficient to the purposes of
the present paper) where M is an oriented riemannian manifold. Such valuations are functions defined
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for sufficiently smooth subsets A C M, determined by (pairs of) differential forms on the tangent sphere
bundle S M in two different ways. The first way is more direct and intuitive, as integrals over the normal
cycle of A4; the second way is more obscure but has the advantage of being unique. The two are formally
related via the Rumin differential, which will play a key role. The main technical point is Proposition 2.1,
which gives a universal formal model for the Alesker product of two valuations in the latter terms. After
that we recap some of the main features of invariant valuations on riemannian manifolds in general, and
complex space forms in particular.

2.1 Valuations on manifolds

Given an oriented riemannian manifold M of dimension n, we let SM be its sphere bundle. The contact
form on S M is denoted by «. A sufficiently regular set X' C M (e.g., a compact differentiable polyhedron
[Alesker 2010], or a compact subset with positive reach [Federer 1959], or a compact subanalytic set
[Fu 1994], or a compact WDC set [Pokorny and Rataj 2013; Fu et al. 2017]) determines a normal
cycle nc(X), which is a current in S M. The normal cycle is finitely additive for such subsets X,Y C M
in general position:

2 nc(XUY)=nc(X)+nc(¥Y)—nc(XNY).

A smooth valuation on M 1is a functional of the form

3) H(X) :/X‘“/M(X)‘“’

where ¢ € Q"(M) is the inner term and w € Q""1(SM) is the boundary term. We denote it by
w =[¢,w]. A smooth curvature measure on M is a functional of the form

4) @(X,B)z/ ¢+f w,
XNB nc(X)Nn—1B

for B C M a Borel subset. Such a curvature measure is written as [¢, w]. These objects inherit finite
additivity from (2).

The space of smooth valuations is denoted by V(M ), the space of smooth curvature measures by
C(M). The globalization map glob : C(M) — V(M) is the map given by glob(®) = [®] := D(e, M).
The space V(M) admits the structure of an algebra [Alesker and Bernig 2012; Alesker and Fu 2008],
while C(M) is a module over V(M) [Bernig et al. 2014]. If e : M C N is an embedding of riemannian
manifolds, there are obvious restriction maps e}, : V(N) — V(M) and ¢} : C(N) — C(M ) [Alesker 2010;
Bernig et al. 2014]. These maps respect the multiplicative structure:

eyp(u-v) =eppu-epy, egpu-ec®=el(n-P).

The kernel of the map (¢, w) — [¢, w] was described in [Bernig and Brocker 2007] as the space of all
pairs (¢, @) such that Dw + 7*¢ = 0 and 7@ = 0. Here D is the Rumin operator [1994] and 7 *, 7 are
pullback and pushforward of differential forms with respect to the projection r : SM — M. The kernel
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of the map (¢, w) — [¢, w] is given by the pairs (0, w) where w belongs to the ideal generated by « and
da; see [Bernig et al. 2021, Proposition 2.4]. Set

) (i=mweC®(M) and 7:=Dow+n*pc Q" (SM).

It is easy to check that e A7 =0, dt = 0 and w7 = d{. Conversely, if (¢, 7) is a pair with { € C*®° (M)
and 7 € Q"(SM) suchthata A7 =0, dt = 0 and 7«7 = d{, then there exist ¢ and w satisfying (5).
We may therefore describe smooth valuations on M uniquely by such pairs (¢, 7). In this case we write

(6) p=A{{ v}, where {={(n)and T = 7(u).

The product of smooth valuations admits a description in these terms [Alesker and Bernig 2012,
equations (48)—(49)], which for our purposes may be distilled as follows. Fix x € M. Then for each
& € Sx M, the Levi-Civita connection induces a decomposition

@) T%-SM=H§€BT$(SXM)

into horizontal and vertical subspaces, where the derivative of the projection map = : SM — M restricts
to an isomorphism Hg >~ Tx M. These decompositions in turn induce an isomorphism

(8) QUSM)|sg 2= NTy M ®Q*(SxM).
Similarly, for a fixed £ € Sy M,
©) NTESM ~ N (T M & 4%,

where T¢ (Sx M) ~ g1 C T\ M. Thus, distinguishing a unit vector ¢ € R”, and an isometry o : R” — T, M
with oey = £, yields isomorphisms

(10) T QUSM)|g p— NRH*@ Q% (S,

(11) o7 NTFSM — N (R" @ eg)*.

Proposition 2.1 For any isometry o : R” — Tx M with ceq = & as above, there exist bilinear maps
CARD*QQ (S H? - AN'(R" @ep)* and GT:QU(SM)?* — Q*(SM),

making the diagram

[Q*(SM)|g_p 2 —=

. |§ .
Q (SM)lg_ s NTFSM

crOdc* Eg‘

[/\'(Rn)* ® Q-(Sn—l)]2 /\'(Rn @ e(J)_)*
commutative and such that the following hold:
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1) If u; = {{¢i, ti}},i = 1,2 are smooth valuations, then juy - i, = {{¢, t}} with
(12) §=2¢1-0o,
(13) 1 =GT(t1,02) + 778 o+ %50 71
(ii) If = {{¢, t}} is a smooth valuation and [¢, w] is a curvature measure, then ji-[¢, w] = [¢’, w'] with
¢ =m(wAs*t)+-¢ and o =GT(w,7)+ 7% w,
where s : SM — SM denotes the antipodal map.

The notation refers to the fact that GT is a Gelfand transform with respect to a certain double fibration,
described in the proof below.

Proof We use the description of the Alesker—Bernig formula given in [Fu 2016, Theorem 5.2] together
with the notation introduced there. In particular, as in [Fu 2016, Section 5] consider the fiber bundle
> — M with the projections &,7,¢ : ¥ — SM given by

Yi={(En8) e SM? | n& =nn=nt, &+ +n,  lies in the open geodesic segment £}
At each point (&, n, ¢) of X, the Levi-Civita connection of M defines a splitting
(14) TS =HE @V

into horizontal and vertical tangent vectors, where H> ~ Tx M and x € M is the common projection of

&, n and ¢. The vertical subspace splits further as follows. First note that the riemannian metric of M

induces an inner product on V=. Let ¢ C E denote a fiber of { : & — SM. Thus VE = V'@ V", where

V" is the tangent space to the fiber X; and V' >~ T;(Sx M) is its orthogonal complement inside VE
Recall that also the tangent spaces to S M split into horizontal and vertical vectors,

TiSM=H®V.

Since the differential ¢4 : V= — V is onto with kernel V", {4 : V/ — V is an isomorphism.
Consider the model fiber

3o = {(¢0,10,%0) € (S”_l)3 | &0 # £no and ¢y lies in the open geodesic segment £y},

with the projections &y, 719 : £9 — S”!. Fixing {; = eo € R”, the tangent space to X splits as
Teono.e0 20 = V] @ V', where V] ~ e = Toy S"~! and V| = T, n, Zo,e,. mirroring the splitting above.
For any isometry o : R” — T M with oeg = {, we obtain from (14) induced isomorphisms

TineE=R"®T, So~R"@ey ®Vy and TeSM ~R"@T,-1.5"",

71530717176’0

both of which we denote by 0.

Geometry & Topology, Volume 30 (2026)



2722 Andreas Bernig, Joseph H G Fu, Gil Solanes and Thomas Wannerer

Consequently, the diagram

TEJI,;Z > Rn @ TO'_IE,O'_IU,EOZO
JS* Jian &0
TeSM — 2 R"®T, 15"

commutes, yielding a simple description of the differential &, in terms of the model space. Likewise, the
projection to top-degree forms on the fiber X¢ admits a description in terms of the model space

N ngn,CE B N (R" & Ta—lé,a—ln,eoEO)*
NHSV) @N'(V') ——— NR" ®eg)* @ N'T) 1, 1, Do

Combining these two operations with integration over the fiber we obtain the commutative diagram

(N R™)* ® Q*(S"71))®?

(Q*(SM)g_yp)®

5*/\77* (ian Xéo)*/\(ian Xno)*
Q3D NR"*® Q'(Eo)lgo_e0
NTESM @Q"(Se) N R ®ey)* @ Q"(So,e,)
V[Zé- ‘[20,60
NTFSM N R" @ ey )*

where the horizontal arrows are isomorphisms induced by 0. Composed with id ®s*, where s is the
antipodal map, the left column defines GT and the right column defines I'. |

2.1.1 Translation-invariant valuations If A is a finite-dimensional real vector space V, then any finite
union of compact convex bodies admits a normal cycle, and any two such finite unions X, Y satisfy (2).
We denote the space of translation-invariant smooth valuations on V' by Val = Val(V') C V(V). In fact it
is a graded algebra, with multiplication inherited from V(1) and grading

Val = @ Vals ,

k=0,...,n, e=+

where 7 = dim V' and where Valf, is the subspace of k-homogeneous valuations of parity €. (Note that
there exists a more primitive, and historically prior, notion of valuation in this context, in which the
smoothness condition is relaxed to continuity.)
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The Weyl tube theorem for Kdhler manifolds 2723

By Curv C C(V') we denote the space of smooth and translation invariant curvature measures (meaning
that ®(K + v, B +v) = ®(K, B) for all v € V). It admits a grading by degree

Curv = @ Curvy,
k=0,...,n

where deg ® = k if and only if ®(tK,tB) = tk®(K, B) for t > 0. Curv is a module over Val.

A famous theorem of Hadwiger implies that the vector space Valso® of SO(n)-invariant elements
in Val is spanned by the intrinsic volumes [, ..., iy; in fact, Hadwiger’s theorem yields the same
conclusion even in the broader context mentioned above, where smoothness is replaced by continuity.
More generally, if G C O(n) is a subgroup that acts transitively on the unit sphere S”~!, then the subspace
of G-invariant elements Val? is a finite-dimensional graded subalgebra of Val.

In the present paper, we are particularly interested in the case G = U(m) C O(2m). In this case
[Alesker 2003; Fu 2006]

Valv™ = R[t, 51/ (fs1. fnt2),

where log(1 4 tx +sx2) = S re Sx(t, $)x¥. The valuation 7 is (up to scale) the mean width, or the first
intrinsic volume, while s € Valj is (up to scale) the average area of the projections to complex lines. In
particular,

dim Val,tcj(m) =1+ min(L%kJ, L%(Zm —k)J).

The space of U(m)-invariant and translation-invariant curvature measures was studied in [Park 2002;
Bernig and Fu 2011; Bernig et al. 2014]. It admits a natural basis Ay 4, Ni 4, such that [Ag ] =
Mk,g+ [Nk gl = 0; and another natural basis By 4, I'x 4 with [By 4] = [['x 4] = (tk 4. The dimensions are

dim Curv}j(m) =min(k,2m—k—1) + 1.

2.2 Complex space forms

Let (CPY, Gy) denote the complex space form of complex dimension n and holomorphic curvature 4A
(depending on the sign of A this will be a rescaling of complex hyperbolic space, hermitian space, or
complex projective space); the group Gy, is the isometry group if A # 0, or the unitary isometry group
U(n) x C" if A = 0. The paper [Bernig et al. 2014] displayed several noncanonical isomorphisms

V(CP?)C* = valV®

for all A. The present paper gives a canonical one.

Relevant bases for V(C PX)G/\ are the monomials in certain canonical generators ¢, s, the valuations ,uﬁ,q,
and the valuations r]i"q. We refer to [Bernig et al. 2014] for the definitions.

Given a point x in a smooth manifold M, we can view (8) as an isomorphism

(15) T 1 QUSM)|g 3= NTEM @ QU (ST M) = Q* (ST M)T<M
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into the space of translation-invariant forms of the sphere bundle ST M. This induces the transfer map
[Bernig et al. 2014, Proposition 2.5]

(16) Tx :C(M) = Curv(Tx M), 1x([¢, 0]) = [¢x, Tx (@5, m)].

It follows from [Bernig et al. 2014, Proposition 2.22] that there is a canonical identification of
G -invariant smooth curvature measures on CPj and Curv/®_ In particular, the curvature measures
Ak.gs Nigs Bk g» Uk ¢ from the flat case induce curvature measures in the curved case, denoted by the
same letters. For future reference we note from [Bernig et al. 2014]

q+1

a7 [Bk,p]zﬂl)é,p and [Ak,q]:“}c,q_)‘ pn “£+2,q+1’
as well as

Lk/2] ;
(1) g = 2 (o)

i=q

A k k/2)—q,.4

19 =(1-AX Ty,
19 T =00 G e

where v :=12(1 — As), u := 45 — v and
nn/2

B F(in+1)
is the volume of the n-dimensional unit ball. We will also use the notation s, = (n + 1)w,+1 for the
volume of the n-dimensional unit sphere and the formulas

n 22n+1

T
(20) Wan =y and  wap41 =

7"n!
Cn+ D!
Recall also the recursion relation

(n)!

@ Ot = 2 =)k )

2.3 Riemannian valuations and curvature measures

Let us now summarize some results from [Fu and Wannerer 2019].

On a riemannian manifold M of dimension 7, certain natural smooth curvature measures Cy , for
0 <2p <k < n are constructed within Cartan’s calculus, i.e., using solder, connection and curvature
forms on the frame bundle. The Lipschitz—Killing curvature measures Ay for 0 < k < n are given as
special linear combinations of the Cy ,. We revisit these expressions below, using Gray’s notion of double
forms. The globalizations of the Lipschitz—Killing curvature measures yield the intrinsic volumes

k

=" A
a)kk![ Kl

Mk
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whose linear span constitutes an algebra under the Alesker product, called the Lipschitz—Killing algebra
LIC(M) = R[t]/("*1). The main point of this construction is invariance: the action of the Lipschitz—
Killing algebra on the curvature measures Cy , is the same for every riemannian manifold. Thus this
action may be computed from easy manifolds (like round spheres).

The Lipschitz—Killing curvature measures are characterized among all linear combinations of the
Ck,p by the property that for an isometric immersion ¢ : M — N of riemannian manifolds, we have
efAN =AM,

3 Double forms

In this section we describe the algebra of double forms on a smooth manifold M, focusing on the special
features that arise from a riemannian structure. The utility of this device in integral geometry was first
highlighted by Gray [2004].

A novel element of our treatment is our use of spherical double forms, which correspond to the
boundary terms of riemannian curvature measures and valuations. (These boundary terms do not appear
in the work of Gray.) Specifically, double forms furnish a convenient formalism for the construction of
frame-independent differential forms on M and on its sphere bundle S M, using as building blocks the
classical Cartan apparatus of forms associated to a choice of frame. This generalizes and streamlines the

classical constructions of [Chern 1945].

3.1 Double forms associated with a smooth map
Several of the constructions in this section are taken from [Gray 1969/70].

3.1.1 Double exterior algebras Given finite-dimensional real vector spaces V' and W, we consider the
bigraded double exterior algebra

AW V)= AW NV = PNW*) @ (NV*)
P4
with respect to the product

(01 Y1) A (02 @ Y2) := (01 AO2) ® (Y1 AYra).

The elements (double forms) of the summands are said to be of type (p, q). If w; is of type (p1,41)
and w, of type (p2, q2), then clearly

Wi Awy = (—1)P1P21T01924, A .
If w is of type (p,q) and X;,...,Xp, € W and Y,...Y, € V then we define the evaluation
o X1, ..., Xp: Y1, ... Yy) =w(X), ..., Xp)(Y7,... Yy €eR.
Given linear maps V — V' and W — W', there is a pullback map
AW V) = \(W, V).
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Given linear maps / : V. — W and m : W — V, there is an operation  — @’ of degree (1, —1),

APV, W) - NPTy, w),

p+1
@' (X1, Xpr1: YY) =) () e(Xy. X X i1 X Ya L Y)
j=1

and an operation @ — @ " from forms of type (p, ¢) to forms of type (¢, p):

NAWV, W) - NP (v, W),
wV(Xl,...,Xq;Yl,...,Yp)::w(mYl,...,mYp;le,...,qu).
In the case V = W we will use / = m = id, if not stated otherwise.

Clearly,
WAp) =0’ A+ (—DP 0 Ag’ and (@A) =0 AdY.

3.1.2 Double forms Let M, M, be smooth manifolds, and f : M; — M, a smooth map. Define the
algebra Q*°*( /) to be the space of smooth sections of the bundle A°T*M; ® f*(/\'T* M) over M,
i.e., with fibers

N (Tx M, Tf(x)Mz) for x € M;.
Given another smooth manifold M3 and a smooth map g : M3 — M1, there is a natural pullback map

gr Q™ (f) > Q" (fog)
given explicitly by

(€ 0)=(Z1. ... Zpi V... V) 1= 0 (dg(Z0). ... .dg(Zp): Vi Y))

forw € QNI(f), Z1,..., Zy € T M3 and Yy, ..., Y] € TrognyMa.
Suppose now that the bundle 7'M, is endowed with a connection V. Consider the pullback bundle
f*(TM,) over My, together with the pullback connection f*V, characterized by

(22) (*VIxSY = [*(Varx)Y) for X € Tx M,

for any vector field Y, considered as a section of 7M. Consider also the canonical extension of /*V to
S*(N'T*My) given by
k

(23) ((f*V)Xs)(Zl,...,Zk)=X(s(Zl,...,Zk))—Zs(Zl,...,(f*V)XZ~,...,Zk),
j=1

where s € Q9K (f) (i.e., s is a section of f*/\kT*Mz), and the Z; are smooth sections of f*TM,.
Thus we may consider

dys = (f*V)s for se Qo’k(f)
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to be an element of Q1K( ). Now define the exterior covariant derivative dy as the linear operator
Q> (f) — Q**(f) of degree (1,0) given by

(24) dv(w®s)=do®s+ (—1)Pw A (f*V)s,

where w € QP (M) and s is a section of f*/A\°T* M,. Explicitly, given 5 € Q#:4( f), and smooth vector
fields X, ..., X, on My,

(dvn)(Xo, ..., Xp)
D
=Y D'V XKoo Xi o X))+ Y (=D (X XL Xo. L XL XL ),
i=0 i<j
where we regard the various n(X;,,..., X, i,,) as smooth sections of f *NT*M 5, and the terms of the

first sum may be unpacked as in (23).
Lemma 3.1 (i) For double forms ¢ € QP4(f) and 0 € Q"5(f),
dv(@n0)=dye A0+ (—1)Pp Advy0.
(ii) If g : M3 — M, as above, then dyg*n = g*dvyn with respect to the pullback g* : Q**(f) —
Q**(go f).
(i) If M, is oriented riemannian and V is the Levi-Civita connection, then
dv(n®vol) =dn®vol forany ne Q°*(M;).

Proof Statement (i) is straightforward using

(f*V)(s1 As2) = (f*Vis1) Asa+s1A(f*Vs2).

Statement (ii) follows at once from the definitions, and the corresponding property of the usual exterior
derivative.
Statement (iii) is immediate since the volume form vol = volyy, is parallel. O

Remark The derivative dy is denoted by D in [Gray 1969/70], a symbol we reserve for the Rumin
differential.

3.2 Double forms on a riemannian manifold

We specialize to the case where M, = M is a smooth oriented riemannian manifold of dimension # with
Levi-Civita connection V, My := SM is its unit tangent bundle, and f is the projection 7 : SM — M.
A spherical double form on M is an element of

QY (SM, M) = Q> ().
Define similarly the space of double forms on M,
Q> (M) := Q> (idpyy).
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The pullback 7* embeds the latter space into the former. Using the maps / = dnw : TeSM — Ty M and
the horizontal lift m = (dn |Hs)_1 : Tx M — T S M, we define the operations " and ¥ on Q**(SM, M).

The riemannian metric of M is a double form g € Q"I (M), with g’ = 0. The curvature tensor
R =RM € Q%2(M), where as usual

RW,.X:Y,Z)=g(Viw.x1¥Y —VwVxY + VxVp Y. Z).
The first Bianchi identity may be stated as
R'=0.
Given X € T¢SM, let
X=x"4+Xx”

be its decomposition into horizontal and vertical components with respect to the Levi-Civita connection.
Identifying XV € Te(Syg M) with the corresponding vector in T ¢ M, we define the connection double
form @ € QU1 (SM, M) by

0(X;Y)=g(X";Y) =g((x*V)x£: V),

where in the last expression & denotes the tautological section of the bundle 7 * T M.
Similarly, the canonical contact form

a(X)=gX;¢)

defines an element in Q1-0(SM, M).
We also define spherical double forms Ry and R, of respective types (2, 1) and (2, 2), by

(25) (Ro)e(X1,X2;Y)=Ry(dmnX1,dnX5:Y,£) and R=R+a" ARy.
In particular, ﬁg( -,-:-,8) = 0. Tt is easily checked that

(26) @) =a. R,=0, R=aAR,,

27) RY) =Ry .

We will make frequent use of the natural identification
Q' (SM)~Q*°(SM, M) via ¢<-¢Q1.

Prominently, @« may be thought of as an element of either space.

It will be useful also to identify Q°*"(SM, M) with the space of differential forms on SM with
values in the orientation line bundle 2" (/). In the main thrust of the present paper, M will be a Kéhler
manifold, hence endowed with a canonical volume form, so that

(28) QU (SM) ~Q*"(SM) via ¢ < d®voly .

Typically we will make this identification only after the formal calculations in the algebra of double forms
have taken place, and we will alert the reader on these occasions in order to minimize confusion. We
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remark, however, that integration over the normal cycle nc(A) of a subset A C M, which will be a central
construction for us, has the following property: if M is riemannian, but not oriented (or even orientable),
one may pair nc(A4) with elements of 7~ 1"(S M) but not with elements of Q"~1(SM).

Of course all of the above canonical double forms may be expressed in terms of the classical language
of moving frames. For 7 lying in an open set U C SM, leteg =1, ..., e,—1 be a orthonormal frame
for Ty M. In particular, each e; defines a section of 7*7TM, which we suppose smooth. Define
Qi,w,-,j S QI(U) and Qi,j S 92(U) by

(29) 0;(X) :=glei:dnX),
(30) i, j (X) 1= glei; (7" V)xej),
3D Q;j(X,Y):=R(ej,ej;dnX,dnY)

for X,Y € TS M. The corresponding structure equations are then

n—1
(32) d@,‘:—z wj, /\Qj, wj,i = —wjj,
=0
n—1
(33) dwijj=—3 ojf Aok j+Quj, Qji=—Ri;
k=0
n—1
(34) dQij= 3 (g ANog,j—0ix AL, j)-
k=0

Note that the 6; may also be viewed as local sections of 7*7* M. In these terms,

n—1 n—1
g= ) 0;®0;, w=) wo®b, a=60Q1,
i=0 i=0
1 n—1 n—1 ~ 1 n—1
R=3 Qi ® Ui ANOj), Ro= ) Qio®0b;, R=3 Qi,j ® (6 AOj).
i,j=0 i=0 ij=1

3.3 Contractions

Gray [2004] introduced a contraction operator C on the space of double forms,

n
C(ﬂ)(Xl, e aXp—l; Yl, ey Yq—l) = Z ﬂ(Xl, e ,Xp_l,ei; Y], ey Yq_l,ei)
i=1
for 5 of type (p, q) on a euclidean space V, where eq, ..., ¢, is any orthonormal basis of V. We need the
following simple lemma.

Lemma 3.2 If 3 is a double form of type (p, p) on a euclidean space V of dimension n, then

(n—p)! _
Tcp(ﬂ)=(ﬂAgn PY(er,....enie1,... en)
for any orthonormal basis ey, ...,e, of V.
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Proof From the definition of the wedge product of double forms it follows that

(”Agn_p)(el»---»enQela---aen)
= > epean(epy,....€p,ilos. .1 €0,) 8" F(epyyis--rCppiCoyin---sCay)s
0;0€Sp n—p

where €, is the sign of the permutation p and S, ,,— , denotes the set of (p, n— p) shuffles, i.e., permutations

of {1,...,n} that are monotonically increasing on {1,..., ptandon {p 4+ 1,...,n}. Now
— (l’l—p)' lf{,O +1""’/0n}:{0 +1,---’(7n}’
=P (e S ....€p € 5 ) = p p
g e Pr> =Op+1 on) {0 otherwise.
Hence
(mAg" P)ey,....enieq,....en) =(n—p)! > n(eiy.... €, e, ... ei,)
1<ij<-<ip=<n
(mn—p! &
= ; Y nei.....eiiei,....e0,)
P iip=1
_(n=p)! (). -
p!

3.4 Exterior derivatives of riemannian double forms

Lemma 3.3 Let 0; and w;,; be defined by (29) and (30). Then

n—1
(35) dV(1®9i):_Z a)i,j®9j.
j=0

Proof From the defining relations (24), (23) and (30),
dy(1®0;)(X:Y) = (7" V)x0;(Y) = X(0;(Y)) = 6: (7" V)x Y)
= X(0;(Y)) - Z 0 (X (0;(Y))ej 4+ 6;(Y)(n*V)xe;) = Z 0; (Y)wi,j(X),

as stated. O

Proposition 3.4 The exterior derivatives of g, R € Q**(M) and ¥ ,w € Q**(SM, M) are
(36) dyvg=0, dyR=0, dva=e', dva'=w, dyw=Ry.

Proof Straightforward. Let us prove for instance the last one:

n—1
dvew = ) dw;o® 0; —wjo ANdv(1 ® ;)
i=0
n—1
=— 2 w0i,j A0 Q0+ Z Qio®0;i + Z (wi,0 N wi,j) ® O
i,j=0 i=0 i,j=0

n—1

=) Qio0®6 =Ro. O
i=0
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3.5 Lipschitz—Killing curvature measures

Let us now express in terms of double forms the Lipschitz—Killing curvature measures A defined in
[Fu and Wannerer 2019; Bernig et al. 2014]. Recall that these objects associate elements AIICM eC(M)
to any smooth riemannian manifold M, with the property that if N C M is a smooth submanifold of
dimension k then A]]c” (N, -) = the restriction of k-dimensional volume to N.

Given a riemannian manifold M, define elements of Q" *k~1n=k=1(§Ar M) by

Vo1 =0=9y_4,
L4 (n—k—1)]
Vnd—1= D dyps R Ao 27K
=0
L4 (n—k—1)]
V1= D (n=21—k)dyp R A0 27*71 for k=0,....n—1,
=0
where
37 P mk 1 (Tk+1 k421
37) mhkl = (k+1)!wk?( I )nk+21(n—2l—k)!a)n_2l_k

=[Cm) 1 (k + D)V (n =21 — k) wp_aj—i] "

These constants will be taken to be zero whenever any index n, k, [ is a half-integer.
The spherical double form ¥,,_;_; will be used later in Section 4. For later use we record the relation

(38) (n—=21—k— 1)dn,k,l =+ 1)dn,k,l—l—ls

and its immediate consequence

P G e 1
mkL = =20 —k — !

dp gy and dygo=((k+ D=k w,4)7",

where as usual n!! = n(n—2)!!, (—1)!! =1 and O!! = 1.
Also for m < n,

1 Worp—oj—i(2n =21 —k)! [+e
39) d —d
(39 dan g (270)%¢! Wym—21—2e—t (2m —21 —2¢ — k) “2mkilte

Qn—20—k) 215, o,
Cm=2l—k+1)!  wym—2i—k+1

’

40) dapky

ok 1 1 (m—%k)
~ (e Dlon (Jh)Mm— k) =g 1)

Let
1

L,
ki =1 k(3 —k) @m)zn=R)
0 otherwise.

Rz (=K A gk if n—k is even,
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Lemma 3.5 The Lipschitz—Killing curvature measures are given by
AR =Dk, (k4 DY A g A1)
Ly
= (k+ Dldy g 1ioy RZO™ N " 0¥ AgE AYgi]
fork =0, ...,n, under the identifications
QUMM M)~ Q"(M) and QU V(SM, M)~Q"1(SM)
of (28).
Proof This is a direct translation of the Definitions 3.1 and 3.10 from [Fu and Wannerer 2019]. O
The following computation will be useful in Section 4.
Al
Lemma 3.6 dv(aYAY,_j—1)= dn,k,%(n—k—z)“v ARZ(=k=2) ARy 4 > dussR Ao 2k,
As usual, constants with half-integer indices are taken to be zero.
Proof Applying Proposition 3.4, we compute
dy (@Y AR A@™ 217571 = (dyaV ) AR A" 2K (n—21—k —1)a¥ AR! Adyw A" 2 7K2
=R A" 2K L (n—21—k—1D)aV AR ARg A2 TH2,

By (25), the first term may be expressed as

R A" 2 = R—a¥ AR A" 2 * =R A" 2k _ gV ARy AR p@" 2.

Thus,
L(n—k—1)/2]
dv(@ Ay ) =dv Y dpgga’ AR A@" 2R
=0
Ln—k—1)/2] N
— Z dn,k,lR /\wn—Zl—k
=0
l(n—k—1)/2]—1
+ > [m=2—k=1)dpje;—(+Ddy 41l ARy AR n@" 2 K2
=0
+dn,k,%(n—k—2)“v ARZITRD) ARy,
Now (38) yields the result. O

4 Hermitian double forms

In the present section we study the additional double forms that arise as we specialize from the riemannian
to the hermitian case. After introducing several new generators — chief among them the Gray double
form G, to be studied in greater depth in Section 5— we explore the algebraic and differential relations
among them, resulting in the canonical Kéhler curvature measures I'x , and f‘k’ p- In Proposition 4.7 we

Geometry & Topology, Volume 30 (2026)



The Weyl tube theorem for Kdhler manifolds 2733

combine these relations with the general product formula of Proposition 2.1 to show that products of the
globalizations of I, and fk, p on any Kéhler manifold admit an unspecified universal expression in terms
of its curvature tensor. We show also, in Theorem 4.9, that they behave well under Kihler embeddings.

The third and last main result of the present section is Theorem 4.12, which is needed to address
a dilemma discussed in Section 1.4: we wish to evaluate precisely the products of certain valuations
expressed in the terms above, but the fiber integrals of Proposition 2.1 are too complicated to evaluate
beyond the vague characterization of Proposition 4.7. We can resolve the corresponding issue in the
riemannian case by applying Nash embedding, together with the known structure of the algebra of
euclidean-invariant valuations. We know the hermitian analogue of the latter [Fu 2006], but there is
no Nash theorem for Kdhler embeddings, so on the face of it this strategy appears hopeless. However,
Theorem 4.12 provides a way out: the curvature tensors of embeddable Kéhler manifolds form a full-
dimensional cone in the space of all curvature tensors that can occur on Kéhler manifolds, so we can
draw the desired conclusion by uniqueness of the continuation.

4.1 Algebraic curvature tensors

An algebraic curvature tensor on a real vector space V is a symmetric double form R =RY € /\2’2(V, V)
that satisfies the Bianchi identity
R'=0.

Denote the space of all algebraic curvature tensors by R = R(V'). Denote by K = IC(C") the subspace of
R(C™) C /\2’2(6”, C™) consisting of all algebraic curvature tensors that satisfy the additional condition

41) RUX,JY; Z, W)=RX,Y;JZ,JW)=R(X,Y;Z, W),

where JX = v—1-X. We refer to K as the space of algebraic Kdhler curvature tensors, since the
curvature tensor of a Kéhler manifold satisfies (41); see, e.g., [Kobayashi and Nomizu 1996, page 165].
4.2 Double forms on Kihler manifolds

Let M be an n-dimensional Kihler manifold, with riemannian metric g € Q1! (M), complex structure J

and Kihler form F € Q2 (M) related by
F(X,Y)=g(JX:Y).

Let B € Q1(SM, M) be given by
Be(X) =g(J§:dnX).
Note that (BY)" = B.
Define the Gray double form G € Q%2(M) by
(42) GW, XY, Z):=g(W:;Y)g(X:Z)—g(W:2)g(X:;Y)+g(JW:Y)g(JX: Z)
—g(JW:Z2)g(JX:Y)+2g(JW:; X)g(JY; Z).
If M is a space of constant holomorphic sectional curvature 4A, then R = A G [Gray 2004, Lemma 6.9].
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Definition 4.1 For k <2n and 0 < 2p < k, define the elements
(43) Vip =o' NG AT APy g,
(44) Pep =0 ABABY AGY NG TP APy
of Q2"=L2n(SM, M) ~ Q?"~1(SM), and put Y2n,p = Van,p = 0. Let also
Pkp =y u 1 GP AT ARITIR in Q2121 (M) > Q2(M).
Define the curvature measures

(45) Fk,p = [‘pk,p’ )’k,p] and I:k,p =0, ?k,p]’
where we identify these double forms with ordinary forms via (28).

Remark 4.2 The I’y , are not the curvature measures denoted by this symbol in [Bernig and Fu 2011;
Bernig et al. 2014].

As we will see below, the I'y ,, f‘k’ p represent Kiahler curvature measures that behave well with
respect to Kihler inclusions, and (in the case of 'y ,) with respect to Alesker multiplication. This is

essentially guaranteed by the particular linear combinations of canonical double forms that constitute
the ¥, ¥;. Our ultimate objects of interest, however, will be the curvature measures A]]{M ,BM —
0’ Tk,p

linear combinations of the Iy ,, f‘k, p» Tespectively, that carry special geometric significance — and the
valuations jiy , that are their common globalizations.
4.3 More relations among hermitian double forms
As in (25), let Gy € Q21 (SM, M) be given by
(Go)g (X1, X2:Y) = Gx(dn Xy, dwX5: Y. §).
Since G{) =0and (GB’)’ = Gp on complex space forms by (26) and (27), the same holds on any Kéhler

manifold M.
We will need another operator on double forms on a Kéihler manifold.

Proposition 4.3 Let ¢ be a spherical double form of type (p, q) on a Kihler manifold M. Define a new
spherical double form of the same type by

d . .
J(O(Xl,...,Xp;Yl,...,Yq) ::E tzo(p(Xl,...,Xp;eltYl,...,elth)

for X1,...,Xp € TeSM and Yy, ..., Yy € Tr¢ M, where on the right-hand side we use the given complex
structure on TM. Then J is a derivation, i.e., for double forms ¢ and @ we have

Jorn0)=JoA0+oAJE,
and J commutes with the exterior derivative,
dyoJ =Jody.
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Moreover we have, forR € K,

(46) Ja¥' =—-BY, JBY=a", JR=0,
(47) G=1(gAg+JgnJg+4F AFY).
Proof Straightforward. O

Proposition 4.4 On Q**(SM, M), we have the ditferential identities

(48) dyFY =0, dyG=0, dvp’'=-Jw,
(49) dv(Go)Y =—wArg—Jo AJg—2dvB AF.
Proof If the orthonormal frame ey, ..., €3, is hermitian (i.e., ep;4+1 = Jey;), we have

JA®6b)=—1®604+1, J(1®6britr1)=1R ;.

Moreover, since M is Kihler we have VJ = 0, which translates into

Wi2j = W2i+1,2j+1> W2i2j+1 = —W2i+1,2j-
Since
n—1
F= 2921' Abriy1 and B =0,
i=0

using these relations and (35), the first and last identity in (48) are straightforward. As for dyG = 0, it
follows immediately from (47) since d F = 0 on Kihler manifolds.
The identity (49) then follows from

Gy =—a'Ag+BYAJg—2B ANF". m|
Given a complex linear isometry ¢ : C" — T M, the isomorphism (10)
T* QN (SM)|g p— N(CH* QS ~ Q*(SC")l gy s2n-1
extends to an algebra isomorphism
(50) a* QY (SM, M)ls p— Qe (sct, Cn)l{o}xSZn—l

given by
¥ (w®s)=0"(w) ®d*(s),

where 0 € Q*(SM)[g /. s is a map SxM — N TFM, and 6*(s) : S"~1 — A*(C")* is the corre-
sponding map.

Lemma 4.5 The images of e, det, B,dB, g, J g, ®, Jw, G and Gy under c* do not depend on M, x oro.
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Proof Let us check the statement for w, the other cases being similar. Given X = (X7, X5) € C* @ vl ~
T(0,,)SC" and Y € C", one has

(51) c*w(X:;Y)=g(0X5;0Y) = (X5,Y),

where ( , ) is the R-valued euclidean inner product. a

4.4 The Rumin differential

The product of valuations is given by the formula of [Alesker and Bernig 2012], which involves the
Rumin differential D of the boundary term. In this section (Proposition 4.7) we show that the product of
any two valuations glob(I" ]i\j[p) on a Kéhler manifold M may be expressed in terms of differential forms
canonically constructed from the forms defining the two factors. Thus the key point is that the Rumin
differential of the boundary term py_, is canonical in the model algebra.

We extend the definition of the Rumin differential to double forms @ = w @volys € Q2" =124 (SM, M)
on an n-dimensional Kdhler manifold M by

(52) Dw := (Dw) ® volys .
Recalling Lemma 3.1, this operation may be defined directly by
(53) Do =dv(w +ani),

where & € Q2"=2:2"(S M, M) is uniquely determined, modulo a, by the condition that the expression
(53) is a multiple of e. Recall also that X(C") denotes the space of algebraic Kihler curvature tensors
and that (6) defines amap 7 : V(M) — Q2*(SM).

Proposition 4.6 There exist polynomial maps
Py j. P j i K(C™) — N(C)* @ (s>
such that, for any Kahler manifold M of dimension n, any point x € M, and any complex linear isometry
o:C" — T, M, we have
(54) Dyllsoar = @) P j(0* R,
(55) (@lob T ) g pr = @)™ Prj (0™ RY).
Proof Taking @ = yi ; in (53) above, we will show that we may take
£:=—jaV AGTTVAGY A T A iy

Since the l]; ; are polynomial in R, in view of Lemma 3.1, Propositions 3.4 and 4.4, and Lemma 4.5, we have
that 0*(dvyk,;) and 0* (dv&) depend polynomially on o*(RM), which will yield (54). Recalling (5),
since 6 * (1 * @y, ) is polynomial in 0*(R§CW), this will give (55).
Let us write, as in (25)
g=arna’ +8,
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and put G = G +a" A Gg. Therefore,
G/ AgEF ™ = — oY AGITTI A Gy AgE Y t(k —2j ) A AGI AghkT2IT 4 GT Ak

By Lemma 3.6 and (25),

dyyrj =dv(@ "G AgE™H A1) = dv(@Y AYan_ k1) AGI AghTP

=—a’ A Z Jdan k.1 G/ TV AGy A g2 AR p 272K
120 . .
tana’ A (k—2j)danps R AGH Agh 21 A@2n=21K
120 ' |
+ Z don g R A @227k N GI A k=2

>0
t g pe kg’ ARTETIAR A G A g

=—a’A Z Jdon k.1 G/ AGyA gk_Zj AR A0 27F mod a @ 1.
>0
Note that the last term in the next-to-last line is a multiple of vol ® vol, hence = 0 mod o ® 1. As for the

sum in the previous line, it vanishes as
Re(+, 5+, 8) =Ge(+,3-,6) =0 and ge(-; &) =we(+; &) =0.

A double form of type (p,2n + 1) necessarily vanishes. Using Proposition 3.4 and (27) we thus find

/
0= (ozv AGITVAGY Agh=2 A ZdZn,k,l R /\wZn—zl—k)
>0

=aAGITIAGY AghT2I A Z dop i RN 2172k

=0
—aVAGI TV AGo AT A Z dyn i RN A2 72k
=0
+aV AGTTIAGY AT A Z(Zn — 20 —k)dayy g1 R AR A dga,
=0
It follows that
dvyk,j =—dva ANE mod a,
as claimed. a

The next statement, a direct consequence of Propositions 2.1 and 4.6, implies that the multiplication
tables for these families of valuations and curvature measures are universal across Kéhler manifolds M.
Here 1 refers to the expression (13) in Proposition 2.1. Put W = C" & eOL, where L refers to the
R-valued euclidean inner product.

Proposition 4.7 There exist polynomial maps
P piq K(CY) = N"We
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such that, for any Kahler manifold M of dimension n, any £ € SM, x = w(§), and any complex linear
isometry o : C" — Txy M withoeg =&,

(56) 7 (glob(TY!) - glob(T'/)) §= @) P piglo” RM).

Moreover, there exist polynomial maps Ry p.1.4. Ek,p,l,q CK(Ch) — A2 W¢ such that, for any
Kahler manifold M of dimension n, any & € SM with x = n(), and any complex linear isometry
0:C" > Ty M withoeyg =&,

@) Rip1q(0*RY) and  (G7) " Ry pyq(c* RY)
give the boundary terms of glob(F%D) . F% and glob(Flﬁ)) . f% at &, respectively.
The following identity is a special case of Proposition 6.12 below.

Proposition 4.8 For every Kihler manifold M ,

globys (T'y0) = globy, (T 0).

Proof Put
Yoz =Y (2n—2—=2dyy 1 R Ae0® 273 and g=a" ABY A¥2u3AJTg.
=0

Recalling Definition 4.1, we claim that
(57) dn=¥y10—vi,0 moda, dao.

Since exact forms and multiples of &, da induce curvature measures that lie in the kernel of the global-
ization map, this will imply the statement.
By Lemma 3.1, (36) and (48),

(58) dvn=w ABY AYapn_sAJg—a” AJw Aap3sAJg+a’ ABY Ady¥an_3AJg.
Note that J¥,—» = J& A Y2,z and also that J(p ® vol) = 0 for any form p € Q°(SM). Therefore
0=J@  AYan2AJg)=—B AV AT g+a’ Ao AY2u_3 AT g—0" AYau s Ag,
whence
(59) dyn=—B" A @ AVon—3+V¥on2+a¥ Adv¥on3) AT g—a¥ APau_z Ag.
By (36) and (38) we get

dv¥on—3 = Z(l +1)2n =21 =3)dap 1,141 R A Ro A 2n—2—4
1
S 2 1y R AR et
1
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Using the decomposition R = Ry Aat™ + R, we rewrite

")/\V72n—3 = 2(211—21—2)512”’1’[ R ag2t—2-2
[

= Zl(zn_zl_z)dZn,l,l RO /\(XV/\RI_I /\wzn—ZZ—Z_{_Z(zn_zl_z)dzn’lJ’F\El/\wZ}’l—Zl—Z’
! I

and similarly,

I . 2n—2l-2
Von2=Y dan1 R re?"
l

= ldyp1 1 Rone” AR A2 224 N "y, R A @222
! /
It follows that

(60) ® AVan3 + Yoz e’ Ady¥anz =) (2n—21—Ddpy 1 R A0 272,
/

Combining (59) and (60), and using the identity
Jg=a"AB+ j\g,
where (j\g)g(- ; &) = 0, we conclude that

dyn=—BY A (2n—2—Ddyy 1 R N0 22 AT g—a Aan_g Ag
l

=—BYA Z(Z” 20 =Dy RN H 2N (@ AB+Tg)—a¥ A¥an o Ag
1

=" ABABY AVan—2—a¥ A¥aua Ag,

which is our claim (57). O
4.5 Restrictions
The main result of this subsection is
Theorem 4.9 If M C M is an inclusion of Kéhler manifolds, then
(61) oI =1,
(62) T v = T2,

We will prove this theorem by relating the double formi y,?ip , }7,?’41), (p%p defining the curvature
measures on M to the corresponding forms y]?”fp, )"/']?j[p for M. Denote the complex dimensions of M

and M by m and n, respectively. The case m = n is trivial so we assume d :=n—m > 0. Since a subset
A C M has empty interior as a subset of M, the interior term (p,](”p is irrelevant.
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This task reduces to expressing the normal cycle nc(A4, M ) of A, considered as a subset of M, in terms
of its normal cycle nc(A4, M) as a subset of M. Since the statement is local, we may fix a hermitian
orthonormal local frame

bom,....bap—1, with Jby, =bopyq,
of the normal bundle NM of M in M. Denote the normal space to M at a point x by Ny M C Ty M.
For (x, y) € M x 24~ with y = (Vams - - -+ Van—1), put

2n—1

b= Z Vrbr(x)

r=2m
lying in the unit sphere in the normal fiber Ny M at x, and define similarly Y'b for Y € 7, S 2d-1 ¢4
Consider the maps

F:SM x (0, %n) x S24=1 S, (x,v,0,y) = (x,cos(0)v + sin(8) yb),

Fo: M xS* ' > NM cSM, (x.y) = (x,yb),
together with the projections

P:SMx (0, 7)x 8271 > SM and Py: M xS*7' — M.

It then holds for every A € P(M) that

(63) nc(A C M) = (Fo)« ([A] x [S**7']) + Fa(nc(A) x [0, $7] x [S*71]),

where the double brackets mean that we consider the corresponding oriented manifold as a current. In
other words, if [¢, w] € C (M ), then

(64) (¢, 0]l py=[Pox Fyw, P« F*w] € C(M),

where Py, and P denote fiber integration with respect to Py and P. (Since the codimension d > 0, any
restriction [, 0]| ,,= 0.) _ _

We will apply (64) to the forms w representing the boundary terms of F]]c\,lp’ f/?,lp . Formally, these are
double forms y,?”[p, )7]??[1) € QZ”_I’Z”(SM, ]\2), which we identify with elements of Q2"~! (S]\z) under
the convention (28).

Following the usual formalism of double forms, the pullback and pushforward operations above
are applied to the first factor. This will result in elements of Q2= 12"(j o 7r) and Q2"2"(i), where
i : M — M denotes the inclusion map and 7 : SM — M is the projection. Denote by volyas € Q04 (@)
the section consisting of the volume forms of the normal fibers Ny M. Pulling it back in the obvious way,
we obtain injections

QU (SM, M) Q" (ox) and Q**(M)— Q>*t4(i)
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given by y = y A volyjs. In these terms, Theorem 4.9 will follow from the identities

(65) PPyt =y Avolya,
(66) Pos Fyvit, = o, Avolwu,
(67) PP, =5 Avoly,
(68) P FFt =o.

4.6 Some identities for pullbacks of double forms

Let us first compute the pullbacks of o, @, BV, @ under F and Fy, which live in the spaces Q*°*(r o F)
and Q°*°(w o Fy), respectively. We may consider Q°**(;r o Fjy) to be a subspace of Q**(w o F) via
pullback under the projection map SM x [O, %T[] x §24=1 5 M x §24-1 Denote by K the subspace
of QU1(r o Fy) (or of Q11 (7 o F)) consisting of sections of the bundle with fibers TIM @ N:M.
Define
7= Fra¥ € Q%! (n o Fy),

and observe that

(69) F*a =cos(f)a, F*a¥ =cos(f)a +sin(d),
(70) F*B =cos(9)B, F*BY =cos(9)BY —sin(0) Jt.
Define also

H.,o e Q" (0 Fy)
by taking for (x, y) € M x 2@~ and for X € Ty M, Y € T,S?4~' and Z € Ty M,
H(x,p)(X.Y): Z) =g, (Vx(yb): ZT),

where Z=ZT+ZL e T M ® N M, a pullback of the second fundamental form of M in M at the
normal vector yb € Ny M, and
o(X,Y), Z):=g(Yb;Z).
We claim that

1) FloM =H +06 mod K.

Indeed, let X = x'(0) € Ty M and Y = y/(0) € T,,S??~! for some smooth curve in M x 291, The
tautological section & along the curve Fo(x(¢), y(¢)) is given by Y y,(£)b,(x(¢)). Set V := dFy(X,Y),
and use (22) to get
(*V)vE =D 7 (Obr + yr () V)yn*by = Yb + Vy yb.
r

Equation (71) then follows easily.
Define volg € Q247195 o Fy) to be the volume form of the S24~! factor, and observe that

(72) TAg2dl = (2d — 1)! volg A volyas.
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Finally, we observe that similarly to (71) we have

(73) F*oM = cos(9)o™ +sin(0)(H + ¢) + (d(6) ® 1) A (cos(8)T —sin(f)a”) mod K.

4.6.1 The Weyl lemma Consider the second fundamental forms associated to the b, as the double
forms

L, eQVY (M) forr=2m,....2n—1, L (X:Y):=g(Vyb,,Y) for X,Y € Tx M.
Thus
Hx,y)=y-(I,.... L) =yl
Define also the complex-valued version
As(X:Y) = Lo(X:Y) 4+ V=1l 1 (X:Y) for s=m,....n—1,

and observe that at each point x € M the value (A5)x is a symmetric bilinear form over the complex
vector space Tx M.

Given a double form C € Q°*° (M ), the pullback i * C by the inclusion map i consists of sections of
the bundle over M with fibers A™*(Tx M, Tx M) over x € M. Denote by

Clp€ Q7" (M)

the image of i * C under the pullback \"*(Tx M, T M )— A\"*(Tx M, T M) induced by i on the second
factor.

Lemma 4.10 (Weyl lemma) For even exponents 2e we have for each x € M
26+1S2d 2e—1 ~
(74) [y H O dy = =22 Y R e,
2d—1 S2e
while the integral vanishes for odd exponents.
Proof If the exponent is odd then the integrand is odd in y. If the exponent is even, apply [Bernig 2006,
Proposition Al] and use the Gauss equation

n—1 2n—1 _
(75) D odsakeg= > IF=2RM-rM|, ). O
sS=m

r=2m

Proof Qf (61) This amounts to proving (65) and (66). Since g and G, are horizontal, with gﬂ | M= gM
and GM | M= GM | referring to (45) it is enough to show that

6 PF* @Y Ay y=aV Ay, | Avolyu,
M M\m—Lk
Since the curvature double form RM is horizontal, we observe that

Py F*(@V A (@M)2 A (RMYDY = (¥ RMYE A P, F* (0¥ A (@M)%).
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Since the double forms appearing in (76) are sums of terms of this form, we first evaluate the
expressions Py F*(a¥ A (0™ )?). Expanding this using (73), it is clear from (72) that any terms that are
not multiples of

F*a¥ A(d@@l)A(coth—sm@av)/\a =dix®)AaY AT AG24T!
map to 0 under P,. Modulo these irrelevant terms we compute

F*(OLV/\(O)M)‘I)

Eocv/\z

al
(a—k—=2d) k! (2d—1)!

(cos 0)2k—2d ya—k=2d (gin gyk+2d—1 gk A (o @ 1) AT AG 247!

al
=a’'AY m(eos 0)*k=2d (5in g)k+2d—1ya—k=2d \ gk A (4O ®1) Avolg A volnas .

Recalling the identity

/2 b+2
(77) /ﬂ cos? 0 sin? 0 4o = Satdt+l _ (a+b+2)wg4p+2
0 SasSh (a+1)(b+1)a)a+1a)b+1

and invoking (20) and Lemma 4.10, integration yields
P.F*(a¥ A@?)
=a’ A Z

Setting a = 2n — 2/ — k — 1, recalling that n —d = m, and applying (39),

wa+1(a+1)!

wa—26—2d/\ RM_RM e A vol ‘
2enee'a)a re—2d+1(a—2e—2d +1)! ( Im) NM

P*F*(dzn k. laV /\w2n—21—k—1)

Y /\Z dan k.1 Wap_21— (2n =21 —k)!
2¢mlel Wym—ni—2e—k(Cm—21 —2e —k)!

[+e ol e—k— v
— aV A Z d2m,k,l+e( . ) 'me 2l—2e—k—1 A (RM _ RMlM)e A VOINM .
e

L2 T2ek=l N RM_RM L € A vol g

Thus,

(78) PuF*@ Ay, )

=2 d2n,k,l(RM|M)l A Py F*(a¥ A @2t~ 2—k=T)
I

=aV Avolyas A ; Ay . @22 771 A Z(?) ARM| )T A RM —RM |, )¢
e

=a’ A d2m,k,fw2m_2f_k_l ARMY A volyay
S

=a’ A 1/ré‘;[n_k_1 AVolyar,
which is the first relation of (76).
We next consider the interior terms for Iy ,.
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Since Fy oV = 1, we conclude that, modulo the kernel of the fiber integral map,
Fg(av /\wa) = (2da_ l)r A Ha—2d+1 /\O_Zd—l
= (—1)272d+1 (2d“ I)H"_Zd“(Zd —1)!volg |, A volyas -

By Lemma 4.10, the fiber integral vanishes if @ is even, hence PO*F(’)" Vi,p =0if k is odd. If a is odd,
we use Lemma 4.10 to compute

al 23 (@+D)—d+1

N (a=2d+ 1! Sg—2d+1

Sa

PoxFi(@” A% (RM _RM| )3@=2d+1) \ yolp

We thus have for even k, using (40),

PO*Fg(“V/\'/’%_k_l)

220 —k—1)1 2"k i y
= s ) 22K RM ) ARM = RM )2 Avolyg
l

(2m—21-k)! S2m—21—k
k
b 1 1 1
= Rk Avolyar,
(k+ D6y (1k)! (m—1Lk)1om=2k zm
which is the second relation of (76). O

Proof of (62) Recalling (70), and the identity

Sa+2 _a—2e—2d+1 s,
Sa—2e—2d+2 a+1 Sa—2e—2d
an argument as above shows that
P F*(Bra” ABY Aw?)
1 a—2e-2d+1 Sqa! V. a—2e—2d v oM o
= a’ Aw ABABYARRY —R ¢ Avol
; 2¢mee! a+1 Sg—2e—a2d(a—2e—2d)! BrBTA ) NM

and therefore, using (39),
P F*((2n =21 = k)dop 1B Ae” ABY AR

I+ Y
=> ( e) Qm—21—2e—k)dam i 1reB Aa¥ ABY A@PMTHT2eh=1 N (RM _RM | )¢ Avolyay .
e
e

As above, we conclude that
PuF*(BnaY ABY AT, Y= B na¥ ABY ATM | Avolyas,

which yields (67).
To prove (68), observe that y , is divisible by B, and that Fj8 = 0. |
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4.7 Embedded Kihler curvature tensors
It is convenient to record here the following fundamental fact.

Definition 4.11 An algebraic Kéhler curvature tensor R € IC(C™) is called embedded if there exists a
complex submanifold M™ C C"*™ apoint p € M, and a J-linear isometry f : C™ — T, M such that
R= f*RM.

Theorem 4.12 (pointwise embedding lemma) The set of embedded algebraic Kahler curvature tensors is
a full-dimensional convex cone in K(C™).

Proof Setting RM = 0 since M = C™, the relation (75) characterizes this set explicitly. Let B be
the complex vector space of symmetric complex-bilinear forms on C”. Note that any finite collection
Am,...,Ay—1 € B occurs as second fundamental forms as above, e.g., for

M ={(Z 3Am(Z.2),....30,21(Z. D)) | 2= (20, ... Zm—1) €C™"} C C".
Polarizing, in order to prove the theorem it is enough to show that the map
AQRUHAARL+ AN

constitutes a surjective map B Qg B — K(C™).
By [Sitaramayya 1973, Theorem 3.6],

1 2
dimg KC(C™) = (m+ ) :

2
so it is enough to show that the dimension of the image is at least this large. Selecting a basis ey, ..., en
of C™, let 61,..., 0, be the corresponding dual basis, and observe that the images of

0:00)®B:00), Biod)ROO0), (V—16;060)® 6 06),

withi < j, k </, and (i, j) < (k,[) with respect to the lexicographic order, are linearly independent, as
the reader can readily confirm by evaluating them on 4-tuples of vectors selected from e;, ¢, ek, ¢; and
their images under J. Therefore the dimension of the image of B ® g B under the map above is greater

GO RN

as claimed. O

than or equal to

4.8 Angularity of the I lﬁ”p

Recall that among all curvature measures, the ones called angular are distinguished for enjoying the
simplest possible behavior on polytopes. More precisely, in R” a translation-invariant curvature measure W

Geometry & Topology, Volume 30 (2026)



2746 Andreas Bernig, Joseph H G Fu, Gil Solanes and Thomas Wannerer

is called angular [Bernig et al. 2014; Wannerer 2022] if there exist functions f; on the Grassman-
nian Gry (R”) of k-dimensional linear subspaces of R” such that

n

VP.U)=D Y fuF)y(F. P)vol(FNU)

k=0dim F=Fk
for every polytope P C R” and Borel set U C R”. Here the inner sum is over all k-dimensional faces
of P, F is the linear subspace parallel to the affine hull of F, and y (F, P) denotes the external angle of
P at F. On a riemannian manifold M a smooth curvature measure W is called angular if 7, ¥ is angular
for all x € M, where 1 is the transfer map (16).

Proposition 4.13 The curvature measures I' 1?/[1; are angular.
Proof It suffices to show that the curvature measures defined by the (2n—1)-forms
(79) Vipti=a¥ AGP A7 AR A" K71 for [ p>0and 2p +21 <k

are angular.
Fix a point x € M and a k-dimensional linear subspace E C Tx M. Let £ € Sy M be perpendicular
to . Let
Tt QU(SM. M)|g_p— QU (ST M, T M)TM

be the natural extension of (15) to double forms. At a point (v,§) € ST M, the restriction of Ty yy s to
E® (LN EL) CTog ST M is given by

i Tx(GP AgEH72P AR E A (1@ volg 1) A (volg(p iy e ® 1) = c(E) A (volgg 1y e ® 1),

where ¢, i is a constant and ¢(E) € /\kE* ® /\2"T;‘M does not depend on £ € E-. This shows that
TxVk,p,l defines an angular translation-invariant curvature measure on 7x M and concludes the proof. O

S The Gray algebra

The existence of linear dependencies among the double forms yx , and ¥ , is not evident from their
definition. To address this issue, we determine the structure of the Gray algebra, defined below, in
Theorem 5.5. The principal consequences that we will carry forward to the concluding discussion in
Section 6 are Propositions 5.11 and 5.12.

5.1 Canonical elements of G(n)

Definition 5.1 The Gray algebra of degree n is the complex subalgebra G(n) C A\”*(C",C") g C
generated by g and G. Clearly

2n
G(n) = P Gk (m),
k=0

is a graded commutative algebra over C, where Gy (1) denotes the subspace of elements of type (k, k).
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The elements
(80) Skp = Chp; G Ag"H =g ,(G.g) € Gi(n) with 2p <k
Jj=0
will play an important role, where

ghp(s.0) 1= )¢k p s’ " € Cls. 1]
j=0

P k+1 p+I\(p+!
Ck’p’j:=(_1)p+]212(2p+2l+1)( ; )( i)
=0
An alternative description of the constants in terms of generating functions is as follows.
Lemma3.2  G(x,y,2):=) 4 , i>o ck,p,jxjypzk =[(1-2)2 =1 —=2x)(1—y)z?]".

Proof Using the binomial series
k

n n X
2 (k)x e

n>k

we compute

_ . k+1 p+HI\(p+I\_;
TPk — —1)PtipJ Ty
Z Ch,p,j X" V72 Z =D ;(Zp—l—ﬂ-i-l)( ) )( J )x nE

k,p,j=0 k,p,j=0
o , 2p+21
B NI (ol () WIS
Lo ] J (1 _ Z)2p+21+2
I
— e (P syt 20T
2r
—(1_-"2 RN _ ror=l__ %
== ¥ (l)a 2y
=2 (1-2x)(1—y»)z27"
=(1-2) Z[ (1-2)2
r=0
=[1-2? -1 -2x)(1-»2]". O

Lemma 5.3 The generating function G yields the following relations among the gy p:
(81) (k +2)tgr,p(s,0) = 2(p + Dght1,p+105, 1) + (k =2p + Dghy1,p(5, 1),
82) (4 Dek,p,j+1+ (k=2])ck,p,j = (k+1)ck—1,p,j-

Proof Note that

s
Z gk’p(s,l)ypzk = G([—z,y,tz), where go,, =0, p>0.
k,p=0
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Thus the relations (81) are equivalent to the functional identity

d 21—y) 0 ad s
2 — 2 = —+ =G| =5.y.tz),
( l—l—lZaZ)G(S/l Y, tz) ( . 8y+8z 201z

which is easily checked.

Relations (82) follow by equating coefficients in the identity
0G G
(1-2x)— =z(z—1)— +2zG. |
ax 0z

The Gray algebra interacts nicely with Kdhler curvature tensors:

Theorem 5.4 Suppose R € K(C"). Then, for p+¢q <n,

GP ARI A g2(m—P=0) =P Cn—p—g R A g2,
n—q
(2n)!
where C,, = ————— denotes the n-th Catalan number.
n!(n+1)!
Proof By Lemma 3.2,
q! d?
(p+ @) dArir=0
—(—1)? q'2n—2p—2q)! d? ‘
P+ 2p+29)drr

Given R € KC(C"), the total Chern form y € /\'(C")* of R is defined by

1
:=det| I — g,
’ ( 2w /-1 )
where E;; € N (C™)* is defined (see [Gray 2004, page 88]) by

GP ARY A g2t=P=0) = (_1)P (R—A G)PTYI A g2(n—P=0)

C2(p+q)((R - G)p+11).
A=0

[1]

ij :=R(-.-;ezi,e2;) —vV—1R(-,1e3;,e3j41) fori,j=0,....,n—1.
Denote the degree-2k component of y by yj. According to [Gray 2004, Lemma 7.11] we have

(n—p—q)!
(P+9!'2p+29)!
where, by [Gray 2004, Lemma 7.15],

n +q—k

- n—k+1 Ao\
:E ——F A V-
Yp+a k=0(p+q—k)( n) Vi

C2PHD(R-AG)PH) = Q) (Fpig A F" PN (er. .. o).

Therefore,
q'2n—2p—2q)! d?
m—p—q) drr
_ 2p_,_q”qq!(2n—2p—2q)! n—q+ 1)!(
m=—p—@)tn—p—q+1)

GP ARI Ag2=P=0) = (—1)P (27r) P4 (Fptq A F'P ) ey, ..., e)
A=0 pTq

Yg AN F""1)(eq, ... ea).
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Since
_ (n—q)! (n—q)! 2(n—
2m) (y, A F"4 =~ PRy =1 RIpG2D)
2m)* (vq ) (e €2n) 120! (R 21 2n—2)] g
by [Gray 2004, Lemma 7.6] and Lemma 3.2, the claim follows. O

5.2 Structure of the algebra G(n)

We will need to determine the structure of the Gray algebra. For every finite-dimensional real vector
space U, denote by K?(U) the intersection of Sym?(/\P U*) with the kernel of the linear map

NPPUU) - NP7 N, u), a- A

defined in Section 3. Thus K2(U) = R(U). Put K&(U) := KP(U) ®gr C.

Put
ink—i (K =1\ i k—2i
(83) gr(s.1) = gro(s, 1) = Y (—1)2 ( ; )S AR
i=0
(84) > grls.0)xF = (1—20x 4+ 25x) 7

k>0
These identities follow by setting x = s/¢2, y = 0 and z = ¢x in Lemma 5.2. The polynomials gj satisfy
go=1 g1=2,
and the relation
(85) 25gk —2tgk+1+ &k+2 =0 for k>0.
Theorem 5.5 Let p=0,1,...,2n.

(a) The component G,(n) of the Gray algebra coincides with the subspace of U(n)-invariant elements
ofK{CJ (C"), with

(86) dimG,(n) = 1+ | $ min(p,2n—p) .

(b) The multiplication pairing P : Gp(n) X Gop— p(n) — G, (n) >~ C is perfect.

(¢) Consider the graded polynomial algebra C|s,t], where degt = 1 and degs = 2. Then the map
@ : C[s,t] = G(n) of graded algebras given by

p(h(s.1)) = h(G.g)

covers an isomorphism

Cls. 1]/ (gn+1.&n+2) = G(n).
The rest of this section is devoted to the proof.
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Remark 5.6 It follows from (c) above that the Gray algebra G(n) is isomorphic to the cohomology
algebra of the Grassmann manifold Gr, (C”"*2): by [Fulton 1997, page 152; 1998] the cohomology
algebra of Gr,(C"*?2) is isomorphic to C[o2,01]/(8nt1, Ent2), Where

~ 1
ng(02,01)xk =

l—x01 + x20y
k>0 1+ X°0)

1

Hence 7 — %01, § > 502 covers an isomorphism G(n) — H*(Grp(C"12)).

Let SO(n, F) and SL(n, F) denote the orthogonal and special linear groups over a field F. Recall that
the finite-dimensional representations of SO(n, R) and SL(#n, R) are in bijection with the finite-dimensional
analytic representations of SO(n, C) and SL(n, C), since the latter groups are the complexifications of the
former; see, e.g., [Bump 2013, Chapter 24]. In the following we denote by @, for p =0,1,...,n—1,
the fundamental weights of SL(n, C), i.e.,, the highest weights of the irreducible representations NP Cn,

Lemma5.7 Forp=1,...,n—1, Ké (R™) is irreducible as a representation of SL(n, C), and has highest
weight 2wy, p.

Proof Fix a basis eq,...,e, of W =R” g C and let «y, . ..a, denote the dual basis. Consider the

diagram /
/\Pw* ®/\Pw* /\P+lw* ®/\P_lw*

lfo lfl

oy CUTTE —p+1
NwW* e NPw NT W@ NPT w

where the vertical arrows are induced by the SL(7, C)-equivariant isomorphisms /\kW* =~ /\"_kW and

LE®xX) =) (ai AE)® (e AX),

i=1
analogous to multiplication by the symplectic form. We claim that the above diagram is commutative.
Letp @y € NPW* @ APW*. A direct computation shows that

(87) @RY) =) (@A) ® (1, V).

i=1
LetI =(iy,...,ip)and J =(j1,..., jp) be p-tuples with 1 <i; <---<ip<mand1=<j; <---<jp,<n,
and let us write oy for aj; A--- Aa;,. We denote by J the complement of J, ordered in such a way that
(J, J€) is an even permutation. Then

n n
fillr ®@ay)) =) fileinar @gar) = (=DPF Y "ainar@e; nee

i=1 i=1
= (D" L ®eje) = (=DPT L(fo(ar ® ay)).

This proves that the diagram is commutative.
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By symplectic linear algebra, the map L is surjective. As SL(n, C)-representations, the spaces
NW*@NPW and N?T'Ww* @ N" P! W differ by precisely one irreducible representation, namely
the one with highest weight 2w, ,; see, e.g., [Wannerer 2022, Lemma 2.9] for a proof. It follows that
the kernel of L coincides with this irreducible subrepresentation. The commutativity of the diagram now
implies that the kernel of the map ’ : A" W* @ A?W* — AX?T1w* @ A?'W* is irreducible. Since
Ké (R™) is an invariant subspace, they must coincide. O

Remark 5.8 The proof of the lemma shows that if a double form w € /A\P-? (R”, R") satisfies o’ = 0, then
it is also symmetric, i.e., " = w. For a different proof of this fact see [Gray 1969/70, Proposition 2.3].

Lemmas5.9 Forp=1,...,n—1, Ké (R") and K('é_p (R™) are isomorphic as representations of SO(n, C).

Proof Fix a basis e;,...,e, of W = R” ®gr C and let «q,...a, denote the dual basis. Denote the
Hodge star operator by * : /\kW* — /\"_kW*, normalized so that ¢ A xy = (¢, ) vol. Moreover, let
Lip: N'W*® Nw* - New* @ AW be the map that interchanges the first and second factor. Since

k(P Aa) =tg;x¢p and  x (lg,Y) = (=D sy A,
a comparison with (87) shows that the diagram

4

/\P-H W* ® /\P—l W*

(*®*)01p'p (_In—p—l.n—p+1)°(*®*)

/\n—p W*® /\n—pW* /\”_1’+1W* ® /\n—p—l W*

commutes. Hence (x ® x) o Ip p : Ké (R") — Ké_p (R™) is an isomorphism intertwining the action of
SO(n, C). |

5.3 Proof of Theorem 5.5

Proof of Theorem 5.5, items (a) and (b) Let Resgg((';’%)) denote the restriction of representations

functor. We denote by I, the irreducible representation with highest weight v. It is well-known (see, e.g.,
[Wannerer 2022, Lemma 2.10]) that, whenever p < %n,

SL(n,C) _
Ressom,c) Vamp = @ T,
w
where the sum is over all highest weights of SO(n, C) of the form

(88) nw=02,...,2,0,...,0), with 0<k <p.
k times
Using Lemma 5.9, we conclude that K é (R™) decomposes as a representation of SO(7, C) into irreducible

representations of weight (88), with 0 < k < min(p,n — p).
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Next we recall the fact that the SO(2n, R)-representation I', contains a nonzero vector that is fixed
under the action of the unitary group U(n) C SO(2n, R) if and only if k is even. This can be deduced
from the Cartan—Helgason theorem for the symmetric pair (SO(2n, R), U(n)) or from the branching rule
for this pair. We refer the reader to [Alesker 2001, page 269] or [Bordczky et al. 2021, Section 2] for
further discussion and earlier applications of this fact to valuation theory.

Combining the above two facts we can thus conclude that

dim KZ(C")Y™ =1+ | L min(p,2n— p)]|.

Since G, (n) C K(’é (CMUM a5 G’ =0, g’ = 0, we obtain that the right-hand side of (86) is an upper
bound on the dimension of G, (n).
Assume first that p = 2m < n, and consider the pairing matrix for the elements

amem almmem=lg2 L g?™ e Gym(n),

pm—n Gn—m om+1-—n cn—m—1 gz, e, Gn—2m g2m € Gap—am(n),
Viz.,
CO Cl - Cm
C_l C C Cm+1

n . .o .
Cm Cu+1 -+ Com
by the case ¢ = 0 of Theorem 5.4. This matrix is nonsingular; in fact, dropping the factor C, 1 it is well
known to have determinant 1 [Aigner 1999]. The perfectness assertion (b) and the linear independence of

the considered elements of G, (n) follows.
The case of odd p is treated in the same way using the identity

C, C - Cp
G G oo Gyt
det| . . =1. O
Cm Cm+1 -+ Com—
To complete the proof of Theorem 5.5, item (c), we will need the following combinatorial identity.
Lemma 5.10 For all nonnegative integers k, n,
(n+1—i _ k

S (" T G = k()

, I n—k

i=0

In particular, the left-hand side is zero if n > 2k.

Proof In terms of generating functions, we wish to show that

-1’ Cpjix" = —— .
Z (=D ( ; ) n—k—iX") —xy(l—x)

n,k,i=0
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Indeed, using that
1-v1-dx 1—4x
Z Cyx" =

2x

- A

n=0

the left-hand side may be expressed as

n—i+1 omAk+1 .
Z (_1)l< ; )Cn—k—ixnyk — Z (_1)1( . )mem+k+lyk
n,k,i=0 m,k,i=0

=(1—x) Z C(1 _x)m—i-kxm-i-kyk
m,k>0
1= y/I—4x(1—Xx)
— 2x(1=xy(1—x))
Cl—xy(1-x)"
Proof of Theorem 5.5, item (c¢) Let us first show that g,11(G, g) = g,+2(G,g) = 0in G(n). By (83),
Theorem 5.4, and Lemma 5.10 we have

n+1 Y ; Y

P(Gk n—2k— lagn+1(G g))_2n+12( 2)~ ( )P(Gkgn 2k el gn+1 21)
i>0

2n+k+1

(Z( 1) (n+1 )Cn—k—i) g?" =0 for n>2k.

Since the pairing is perfect and the double forms Gk gn—2k—1

with 0 <2k < n span G,_1(n), the relation
gn+1(G, g) = 0 follows. The same argument shows g, 42(G,g) = 0.
Since t - gy4+1 # gn+2, repeating the argument of [Fu 2006, Lemma 3.7] shows that the ideal of

relations in G(n) is generated by g,+1(G, g) and g,+2(G, g). |
Theorem 5.5 has the following crucial consequences.

Proposition 5.11 If k — p > n then, as an element of G(n),

Ok,p =0.

Proof Relation (85) and part (c) of Theorem 5.5 imply the statement for p = 0. The case p > 0 is
proved by induction. Assume p > 0 and k — p > n and that the proposition has been proved for p — 1.
Relation (81) and the inductive assumption imply
k+1 k—2p+2
= Gg)=— 1,.1(G g —————
Pr.p = 8k,p(G.8) 3y B8k—1p 1(G. g) 2
Proposition 5.12 Let R € K(C"). Then, for even k,

b, ARTKIZ = Qp+DR'"™PAg?? ifk =2p,
“r 0 ifk>2p.
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Proof By Theorem 5.4,
k/2

(89) Dr.p A R—k/2 _ S Chop G/ /\gk—zj ARMK/2
j=0
k/2 Cyin s
(90) - ( Y oy 20 K2 ) gk ARMKI2.
Jj=0 Ck/z

The numerical factor in the last line is independent of 7. Denote it by Ay ,. We claim that 4y , = 0 if

k>2pand =2p+1if k =2p. To prove this it is enough to consider the case n = % so that the final
expression above is Ay, g?", where g2" # 0.
If k > 2 p then Proposition 5.11 implies that then ¢4 , = 0 as an element of G(n), so Ay, , = 0.

For the case k = 2p = 2n we recall that ¢, , , = 0 for ¢ < p by Proposition 5.11. Since

0 if j >0,
91 —
on 2. Chps {k+1 if j =0,
by Lemma 5.2, we conclude
p p i) )
D2pp =2 P2pg= 2 C2pqj G AT =Q2p+Deg™. o
q=0 q,j=0

6 The Kihler-Lipschitz—Killing algebra

We assemble the ingredients above to prove Theorems A and B by giving the claimed isomorphisms in
explicit terms, using the general hermitian intrinsic volumes /,L]](V,I » defined in (95) below. Theorem A is a
direct consequence of Proposition 6.2 and Theorem 6.9. Theorem B follows from Proposition 6.2 and the
results of Section 6.4.

6.1 The Kéhler-Lipschitz—Killing curvature measures and the hermitian intrinsic volumes

Definition 6.1 Given a Kihler manifold M we define the Kdhler-Lipschitz—Killing curvature measures
on M by

A,ICV’IP =2 Ch,p,jlh,j =Kk p. @k, p] for 0< p <1k <n,
J
k+1 < ~
Bl]c\,lp = ch—l,p,jﬁrk,j = [O,(z)k,p] for 0 < p < %k <n,
F p
where
92) Wkp =0 APp p AVon_f—1.
~ k+1 ~
(93) Of p = m“v ABABY APr—1,p ANVon—k—1.
%94) Ki,p = dankn—k/29k,p N RT/2 = Sk,2p Kk

by Proposition 5.12.
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Define also the hermitian intrinsic volumes on M to be the valuations
(95) up, =AY 1€ V(M).

We denote by LK (M) C V(M) the vector space spanned by the M}c"[p, and by KL (M) C C(M) the
space spanned by the A]]("p and the B,JCVIP.

Theorem 4.9 implies that the A , and By, are invariant under restriction.

Proposition 6.2 Let M C M be an isometric holomorphic embedding of Kéhler manifolds. Then
M M M M
Ak,p|M: Ak,p and Bk,p|M:Bk,p

We will see (Proposition 6.12) that [Bllc\j[p] = [Aljgp] = /,L]]gp, and (Theorem 6.9) that ICLIC(M ) is closed
with respect to Alesker multiplication. The resulting subalgebra of V(M) is the Kdhler—Lipschitz—Killing
algebra of M.

These curvature measures fit the previously developed schema from [Bernig and Fu 2011; Bernig et al.
2014]:

Proposition 6.3 Taking M = C",
AL =M, and BL = By,

where the right-hand sides are the curvature measures of Curv,lcj(n) as defined in [Bernig and Fu 2011;
Bernig et al. 2014].

Proof We show first that Ay , = Ag;. Consider in complex projective space (CPiV of constant

U(n)

holomorphic curvature 4A # 0 the image of Ay , € Curv under the transfer map, which we denote

again by Ay ,. By [Fu and Wannerer 2019, equations (75) and (82)] we have

_ el k21 k+1 PHIN(PHIN 3 =ien
Ag,p = (=D)P(37) (k+1)!!j12>:0(2p+21+1 ! j (A C

k

T .
=N, Q) TICE
(k+ 1)!wk; 2y k,j

where, under the identification (28),
Wi

cr. =|o,
k. [ 7k (2n— k) wyp—g

A W2n i 2n—j
ch, = [ﬁ(zx Gy A g2 J,o].

aV A (A G)/ /\gk_zj /\wz"_k_li| for k < 2n,

Hence, for k < 2n, and recalling (80),

_ 1 \YZ 2n—k—1
(96) Ag,p = (k+ ) 2n—k)way & 0,a” ANpgp N@ ],
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while
97) Aoy = (o 0] = 222" g
n,p (2 + 1)' n,p» (2 )' )
by Proposition 5.12.
On the other hand, since RCPL = G, we have
8 )

(2 )!
1

@k,p = (k+ 1) Q2n—k) wyp_i

@V Adr, AR L o).

It follows for all k and p that
Apor = Agp+ O,

To prove that Ay , = Acn it suffices to prove this identity inside the unit ball of C”, where we may
approximate the flat metrlc by a family of metrics g compatlble with the complex structure and with
constant holomorphlc curvature 4A. Letting A — 0 we have A }; — AC , which yields the claim.

Now we prove Bk = = By, p for 2p <k < 2n. Consider on SC" = C” S21=1 the horizontal vector
field X defined by X g) = (J§,0). Recall that By ,, Ay , € Curv’® are given by (cf [Bernig et al.
2014, Section 3.1])

1
By p= [0, .Bk,p] and Ak,p = m(z(n —k + p)Io, )’k,p] + (k —2p)[0, ﬂk,p])a

where By , is a multiple of B and ¢y yx, , = 0 modulo a. Comparing with (96) it follows that, under the
identification (28)
1

O Ik Dlam® " Pher AT =20kt Py £ (K= 2)B £ 5.

where p € Q271 (S(C”)(m is in the ideal / generated by & and de. Since

tyo. =0 and (yda=-w;o=:—yp,
we see that
BA(xp)=BAy AT modl,
where T belongs to the space of translation-invariant U (n)-invariant elements of 2”3 (SC"). Since this

space is generated by «, 8, y and four forms of degree 2, while (27— 3) is odd, we deduce B A (txp) € 1.
By (47) we have

ixg=p", xG=B"Arg 1xw=0,
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modulo «, V. Hence,

xPkp = Chp (B NG AT Lk —2/)BY AGI A gk
j

- Z((j + Dk, p i1+ (k—2))ck, p. ) )BY A G Agh2i-1
J

=(k+1)> ck—1,p,;BY NG AgtT2!
j

=(k+1DBY Apr—1,p
where the third equality follows from (82).
Applying B A tx () to both sides of (98), and using the previous relation, yields By , = B,i”p. |

6.2 Basic properties of the Kihler-Lipschitz—Killing curvature measures

The two localizations A;{‘i[ » and B,ZXI » of the hermitian intrinsic volumes have different, particularly
desirable properties with respect to the Alesker product. As will be proved in Proposition 6.11 below, mul-
tiplication by the first intrinsic volume ¢t = (2/7) V“i\j[o stabilizes the family of A]]X[ » while multiplication
by o = (1/271)(#%0 + 2,u§”[1) stabilizes the B,?jlp.

Initially defined for all 2p <k <2n and 2p < k < 2n, respectively, as a consequence of the relations
in the Gray algebra, some of the curvature measures A,]c",’p and B%p are actually trivial.

Proposition 6.4 On an n-dimensional Kéihler manifold M,
A%p =0 and B,]gp =0
whenever k — p > n.

Proof Since ¢y , = gk, (G, g) = 0 whenever k — p > n by Proposition 5.11, the first assertion is clear
from the definition of A]](W > To prove the second assertion, observe that

an(a ABABY Apr_1,p) =(@rna”)ABABY A(Pk—1,plH) =0,

where H C Tx M denotes the complex hyperplane ker a Nker 8. Thus ¥ AB ABY Ady_y,, is divisible
by the contact form « and consequently B,Jc”p =0. a

We may now clarify the relation between the A,]CWP and the Lipschitz—Killing curvature measures A 2’[

of Lemma 3.5.
Lk/2]

Proposition 6.5 Z Afcwp = A,](V[ .
p=0

Proof By (91), for k < 2n,

a’ A Z ¢k,p N ¢2n—k—1 = (k + l)av N gk /\'pZn—k—l s
p

which is the boundary term of A,]:’I from Lemma 3.5. Comparison of the interior terms is trivial. O
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6.3 Structure of ICLIC(M)
In this section we prove our main result, Theorem 6.9. The following will be helpful.

Lemma 6.6 Given x € M, let ty : C(M') — Curv(Tx M )~ Curv(C") denote the transter map (16). Let
7y : Curv — Curvy be the projection onto the k -th degree component. Then, for 0,k —n < p < %k <mn,

meotx(AY ) =AMk, and mpoti(BY) = By,

Proof Let us first treat the case k = 2n. By (94), A% n is the riemannian volume measure on M, and
thus 7x(A2u,n) = A2y u. Since B%’n = 0, this ﬁnishes’the case k = 2n.

Let us now assume k < 2. In this case 7x(Ag, p) = [(kk, p)x. Tx (@k, p)], Where Ty is the composition
of (50) with the identification Q%*(SC", C")|(gy5 5211 = Q%*(SC",C™)C".

By (51) we have that Ty (@) is the connection double form on C”. Likewise, T (g), Tx(G) are the
metric and the Gray double forms on C". By Proposition 6.3, it follows that Ay , € Curvy is represented

by dyk.0Tx (@Y Ak, p A@2"*71) Therefore, since [0, Ty (¥ A g, AR A@?"~2=k=1)] € Curvy 4,
T o T (AR) = [0, dp je,oTu (@ A g p A0 F D] = Ay .
The proof of the second stated equality is completely analogous. |
In the following we consider the linear map
rag : Valv’® Ko (M)

given by rar (g, p) = /L;{V’[p. In Theorem 6.9 we will see that rps is an isomorphism of algebras. A first
step is the following.

Proposition 6.7 The map rps is a bijection.

Proof Surjectivity of ras follows from the definition of LK (M ). To prove that rps is injective, suppose

2n
DD dhakryg =0

k=l 4

with / maximal and 0,k —n < g < %k. With respect to the filtration Wy D Wy D --- D W,, of V(M)
introduced in [Alesker 2006b], we have ,u}c"[p € Wy by [Alesker 2006a, Proposition 5.2.5]. By Lemma 6.6
and [Solanes and Wannerer 2021, Corollary 3.6], the projection W; — W; /W41 = Val;(T' M) maps

U(n)
ll

M%I > 47,4, While u}c\/[p — 0 for k > [. We deduce that Zq ajgitrg =0in Va , and thus all a; 4

vanish, contradicting the maximality of /. m|
As a second step toward Theorem 6.9, we prove it for Kihler submanifolds of CV.

Proposition 6.8 (algebra structure for embedded Kihler manifolds) Let M C C¥ be a Kihler sub-
manifold of complex dimension n. Then KLK(M) C V(M) is a subalgebra, and the linear map
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rag : Valv® — KLK(M) defined by rps(pg,q) = /Llqu, is an isomorphism of algebras. Moreover,

restriction of valuations on CN to M factors as
Valv®)

o

rm

\A KLK(M)

Proof For p >k —n, we have i plcn = jik, p, and fig plyr= p,,]gp by Proposition 6.2. For p <k —n,
both g, plcr and pug ply, = M}I{VI » vanish by Proposition 6.4. Hence the previous diagram commutes.
Since restriction and Alesker product commute, the diagonal maps in the previous diagram are algebra

morphisms. Since the restriction ValVY™) 5 va U™ g surjective, it follows that rps is also a morphism

V)

of algebras. Indeed, given ¢, v € Va we have

M (@lcn -vien) =rm (@ -v)|cn) = (@ -v) I = @lpvipe= rm(@len) -t (vien).
Together with Proposition 6.7, this concludes the proof. |

The pointwise embedding lemma (Theorem 4.12) implies that this is enough to prove Theorem 6.9 in
full generality.

Theorem 6.9 (structure of the Kéhler—Lipschitz—Killing algebra) Given any Kihler manifold M of
dimension n, the subspace KLK (M) C V(M) is a subalgebra, and the map ryy : Vall®™ _, KLK(M),
given by
(k) = iy

is an isomorphism of algebras.
Proof Let R € K(C”") be an embedded curvature tensor, and take a complex submanifold S ¢ C such
that R = o* RS for some x € S and some linear isometry o : C" — Ty.S.

By Proposition 6.8, if a; are constants such that

hopllg = Y iflkil.i
i
in ValV™ _ then also
S S _ S
Hip g = D Wil
i
Recalling that Ag , = >; ¢k p,j Tk, j» put

Okip =D kpiPrp a0 Qiepig =D ChpiCla, Preil,j:
J i
where Py, are the polynomials given in Proposition 4.6, and Py, ; , are those from Proposition 4.7. By
these propositions, at £ = o (eg), we have

@) Qo pag O R =g - 1i e =Y ait(ug e = Y ai@) ™" Qr1(0* RY)e,
i i
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where 7 is given by (5). Hence

Qkeopt g (R = ai Qser1,i R,

By Theorem 4.12, the previous relation holds for all R € K. In particular, again by Propositions 4.7
and 4.6, for every n-dimensional Kéhler manifold M,

(gt k) =D @ittt ).
i
Since E(M%p -M%)x does not depend on RQ’[ by (12), we have
Sty 1) = Do ait iy ).
i

and thus ,u}c\’[p . “%, = aiu%_l ;- This shows that XLIC(M) is a subalgebra of V(M) and rps is an
algebra morphism. By Proposition 6.7 it is an isomorphism. |

6.4 Structure of ICLIKC as a ICLIC-module

Recall that LLIC(M) C C(M) is the vector space spanned by the curvature measures A;{VIq, Bllc\/{] . In the

present section we show that I/CTlé(M ) is a module over KLK (M), canonically isomorphic to CurvV®

with respect to the isomorphism Vall® ~ KLK(M).

Proposition 6.10 The linear map Rys : Curv?® /ICTIé(M) defined by Rpr(Ag,p) = A}c\’[p and
Ry (By,p) = B}{V[p is a bijection.
Proof The surjectivity of Ry is clear by the definition of LIC(M).

Let Cy, C --- C Cy be the filtration of C(M ) introduced in [Solanes and Wannerer 2021, Section 3].
By [loc. cit., Propositions 3.2 and 3.5] and Lemma 6.6, there is an isomorphism Cy /C41 — Curvg

which maps A}(”p = Ay, p and B,]("[p > By p. The injectivity of Rps follows easily, as in the proof of
Proposition 6.8. m|

Proposition 6.11 There is a LK (M )-module structure on KCLK (M) such that the diagram
ValV®™ @ Curv?® Curv?/®

J{rM@RM J{RM

KLK(M) ® KLK(M) KLIC(M)
V(M) ®C(M) c(M)

commutes, where the horizontal maps are the module structures. Explicitly,
(99) Rar(u-®) = rag () - Rpyg(®)  forall p e Valv™ and all @ € Curv?®
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The structure of KCLIC(M') as a module over KLIC(M) is thus explicitly determined by Propositions 5.7
and 5.10 of [Bernig et al. 2014].

Proof For M C C¥, the relation (99) follows from Propositions 6.3 and 6.2, and the compatibility of the
module product with restrictions [Bernig et al. 2014, Propositions 2.3 and 2.4]. The general case follows
by polynomiality, similarly to the proof of Theorem 6.9, using Proposition 2.1 and Theorem 4.12. O

We will denote by glob,, : C(M') — V(M) and glob, : Curv?/® — valV® the respective globalization
maps of M and C”. The following proposition shows that Rz is an isomorphism of modules lifting the

algebra isomorphism rpy.

Proposition 6.12 The diagram Rvy  —
CurvV®W ——— kLK (M)

igl"bo iglobM
r
vall® —2 jeric(M)
commutes. In particular, globy, (B]?’[q) = glob,, (A,]C\’Iq).

Proof By the definitions, globy, (Ras(Ag 4)) = /L,]C‘/Iq = rpr(globy Ay ;). For a general ® € CuryY®

we have by [Bernig et al. 2014, Theorem 5.13]
Q=pu-Ago+¢-Nio

for some w, ¢ € ValV®™ and N 1,0 = Aq,0— Bj,0. By (99) and the compatibility of module product and
globalization we get

globyy (Rag (®)) = rag (1) + rag (¢) - globyy (AY — BM),
whereas

rp (globg () = rag ().

The proof is completed by noting that glob M(A{WO) = glob M(Bfwo) by Proposition 4.8, since A{”o =
2r'M and BM =2TM O

7 Integral geometry of complex space forms

In this section we specialize our results to the complex space forms M = C P}’ with metric of constant
holomorphic curvature 4A, viz. the complex projective space for A > 0, the flat euclidean space for A = 0,
and the complex hyperbolic space when A < 0. For A # 0 we let G, be the isometry group of C P},
while G will be the group generated by U(n) and the translations of C”. We abbreviate

ry, = r(cpf, Ry = R(CP{’-

The algebra KL (M) coincides with the algebra of G -invariant valuations which we denote by Vy'.
Indeed, the former is clearly included in the latter, and by Theorem 6.9 they have the same dimension.
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Similarly, the module I/CTE(M ) equals the module of G -invariant curvature measures C}, which can be
identified with Curv’® via the transfer map, as in [Bernig et al. 2014].

A curious feature of hermitian integral geometry is the existence of multiple automorphisms of
the relevant spaces of valuations and curvature measures. Section 7.2 presents a new instance of this

phenomenon.

7.1 The isomorphisms r;, and R,

The algebra Vf is generated by two elements ¢, s [Bernig et al. 2014, equation (3.1)], which we do not
distinguish notationally from the generators ¢, s of ValV®  Let us put

oy =rp(s).

Our first goal is to describe the algebra isomorphism r; in these terms.

Let Beta” C CurvV/® ~ C; denote the span of the curvature measures By ,, and denote Betaj =
Beta” NCurvy. Equivalently, Beta” is the space of curvature measures represented by invariant differential
forms divisible by 8.

Recall the first variation map 6 : V(N) — C(NV) defined for a riemannian manifold N by 6(u) =
[0, 7 (z ()], where T is the Reeb vector field of SN, and t(u) is the m-form associated to u by (5).

Lemma 7.1 Let ¢ € Vy. Then §¢ € Beta” if and only if ¢ is a polynomial in s.

Proof That §¢ € Beta” if ¢ is a polynomial in s was proved in [Abardia et al. 2012, Corollary 4.5]. To
prove the converse, we proceed as follows. By [Bernig and Fu 2011, Proposition 4.6] the composition

U(n)

U(rn) ][c](nl) — Curv k1

8
p:Val " — Curv, ” /Betay_,
is surjective. Since

dimValg(") = |_% min(k, 2n —k)J +1,
dim Curvgfnl) /Betaj | = L% min(k,2n—k)—1] +1,

it follows that p is injective for odd k& and has one-dimensional kernel if k is even. By [Abardia et al.
2012, Corollary 4.5] this kernel is spanned by sk/2,
Suppose ¢ € Wy, and let ¢q € ValV™ pe its image under the projection Wy — Wg /Wi 41 = Valg(").
Modulo ;- Curvf](") one has §¢ = ¢y, e.g., by [Abardia et al. 2012, Proposition 3.7]. Hence
k/2

8¢ € Betaj_,, by the assumption. It follows from the previous paragraph that gy = as”/= for some

k/2

a € R if k is even and hence ¢ —as™/ < € Wy in this case. If k is odd, then ¢y = 0 and hence ¢ € Wy ;.

In either case we can proceed by induction. |

Proposition 7.2 The algebra isomorphism r), : Vall® Vi is given by

rn(t) =t,

n
R R i—1 i
(100) n@)=o == > oA

i=1
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Proof By [Bernig and Fu 2011, Proposition 4.6], on C we have §s € Beta”. This means that
t7t(s) = B A n modulo the ideal (a, der) for some n € Q2™~2(SC™). Therefore

) =anirt(s) =aABAn+andanp forsome pe Q2" 3(SC™).

Let now M C C™ be a complex submanifold, and put oas = ras(s) = s[;,. By [Alesker 2010,
equation (3.5.4)], and using the notation of Section 4.5, we have

t(op) = PuF*(t(s)) = P« F* (@ AB AN+ aAndaAp).
Since
F*B =cos(9)B, F*a=cos(f)a, F*da =cos(d)da—sin(0)ddna

(see (69) and (70)), we deduce that t(ops) belongs to the ideal / = (¢ A B, Ada).
Let now M be an arbitrary K&dhler manifold M and again put

1
opm =rpm(s) = E(M%o —|—2,U,§/’[1).

By Proposition 4.6, the form t (o) depends polynomially on RM, By Theorem 4.12, and the previous
paragraph, this form vanishes modulo 7 for all M. It follows that i (t (o)) is a multiple of 8 modulo
the ideal (a, da). Taking M = C P} it follows that §o), € Beta”.

We can therefore apply the previous lemma to deduce that

n
(101) o) = Zaisi, where a; € R.

i=1

Since 0 and s* are invariant under totally geodesic embeddings C P! —C Pf+d, the coefficients a; are
independent of 7.
Assume A > 0. Since 113 o has zero interior term, we have ,uéwo (M) = 0. Recalling that

2

1 2
o) = E(Mg,lo +2uy7,) and %= E(M% 3,

we deduce | |
aCPh=12cphy = ("1,
A 2
by Corollary 2.34 of [Bernig et al. 2014]. On the other hand we have [Bernig et al. 2014, equation (3.2)]
. —i+1
s'(CPY) = % for 0 <i <n.

Plugging these values into (101) gives
1(n+1 " on—i+1
x( 2 ) =2 4
i=1
Induction on 1 yields ¢; = A’~!. This proves the statement for A > 0.
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Since the curvature tensor of C P}’ is R = A G, every curvature measure A;{”p yields an element of

CurvVY® depending polynomially on A. In particular,
I M M
o) = glob(E(Az,O +2A57 )

is the globalization of a polynomial in A with values in Curv/®. By [Bernig et al. 2014, Lemma 5.4],
also the right-hand side of (100) is the globalization of a polynomial family in Curv’® 1t follows from
[loc. cit., Lemma 2.7] that (100) holds for all A. O

Remark 7.3 It is amusing to compare Proposition 7.2 with a surprisingly similar fundamental relation
arising in spherical integral geometry. Let Sy’ be the n-dimensional sphere of curvature 4\ and define

¢ x(eNgSI1dg,

1
B VA Jsom+1)

where S)’L’_1 is a totally geodesic subsphere, and dg is the Haar probability measure. Then the algebra of
SO(n+1)-invariant valuations on Sy is generated by ¢. At the same time this algebra is generated by the
first Lipschitz—Killing valuation ¢. The relation between these two generators is

b
Vv

Next we express r), in terms of the bases 7 ., ‘C]i“ » of ValU(”), Vi’ introduced in [Bernig and Fu 2011;
Bernig et al. 2014] respectively.

=

Proposition 7.4 Given k, putr = I_%kj, and set € = 0 for k even and € = 1 for k odd. Define the function

Zkq(&. 1) = %(;) (%) £r=4(1 _g)q—r—e—énq(l _ n)—q—%‘

Then
A i+j 8i+jgk 4 N
(102) " (Th,q) = Z(;) FEra §=n=0T2i+2j+e,j'
i,Jj
Proof Let 5 )
4o —t
v=1*(1—As) = and u:4s—v:0)‘—.
1+ Aoy, 1+ Aoy,
By [Bernig and Fu 2011, Proposition 3.7], and reading /v as t+/1 — As,
m* k-2 2
(103) VA(Tk, )= T q(40’)h—l )q
T ok —29)! 2g)!
k
b4 k—2g k
(104) = v 2 ul(14xroy)2
wg(k —29)! (29)!
k _
(105) - a (1= )~ 50" 2,

wi (k —2q)! (2¢9)!
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Consider now the operator O : R[£, n] — R[v, u] given by

m+p)

(’)( cm,pE™ NP Cm,p o vV u? .
o omr )- 2 em

By [Bernig et al. 2014, Lemma 3.16] we have

i i
O(g2i,0) = (21')'(71) i(l—v:u) )

Using
q q i i
82rq = i ; ) ——82r—2g0 and Oo 778— = (ui? J¢
4 » ) e o 7 't Bu
yields
r! 7\" —r—1
=— (=) ut (11 .
Oleara) (2r—2q>!<2q)!()») AT er)
By (19),
— o= —A z+j rq S A Sy |
: j(n) T S T Akl D NG TR

1o ]ng,q (l+])
=(1—-A1s) Z ilj! 0gidn ’$=77=0 (21)(] ) (Av)* ()\.u)]

=(1 _)‘-S)O(ng,q)()‘va Au)
r!

L E— e FE P e
(2r—2q)!(2q)!n utvT 5)

since § = %(u + v). Comparing with (105), this proves the proposition for k = 2r. For odd k, the proof
is similar using the operator P of [Bernig et al. 2014, Lemma 3.16]. |

Proposition 7.5 Given/, putr = |_%l J, and sete = 0 for [ even and € = 1 for ! odd. Define the function

fl,q(g n = l'(q) (%) %—r—qnq(l _ (é: + n))—r—e—%—i-q(l . n)—r—%.

Then
A i+j 3i+jfl » .
10102 ) G et
L,j
Proof Recalling that
= (1)a
7 P
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(see [Bernig and Fu 2011, (39)]) we consider

Z( 1)”*"( )gzq(s m = ( ) Z< 1)p+q( )(;)gr—q(l_g)q—e 391yt

(Y _, el _1 a\(T
= L&) ea—ortampter D (1))

q
where we have put

(1=

§(1—mn)

Using the identity
S (D))= () )a+or.
7 \P/\4 p

which can be proved expanding (1 4+ x + y)" in two different ways, and using also

E—n

l+x= ,
§(1—m)

we get

+q(P IR I .2 Y £ VR S
S0t (Daaen==(5) (D)a-or < tramn -

q
= Jfi,pE—n,m).

The trivial identity

oitJ , gitJj
gl )E zof(é—n,n) Z(_ ) ( )W =Of(§,n)
combined with (18) thus gives
A

A i+
rk(ﬂl,p)=2(;) Z( 1)p+q( ) gzagnlj’q

iij
-y (% ’*’alﬂﬁ,p(&—n,n) 2
B i b4 aEion/ gmpmo 2iT2it6]

_ Z( A )"“ I fi,pE 1) )

Deln] lg=nmol 2it2teS

£=n=0 21+2]+e]

i! j
as stated. O

We next establish an analogue of Proposition 7.5 for the Kéhler—Lipschitz—Killing curvature measures.

Theorem 7.6 Define the function

hl’q = Tnﬁ’q'
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Then
a\etPaktry,
(106) A=Y (—) o Ask+2pte,p
a Komo T 0ExInP lg=n=0
A k+p8k+p(nh1 )
M _ -~ »q
(107 Nig= 2. (n) dgkonp ‘E=n=0A2k+2p+€’p
I,p=0
N ()\’)k+178k+p((1_n)hl,q)‘ N
- k o' 2k+2pte,p-
kp=0 T aExon? §=n=0

Proof By Proposition 4.13, A%I €span{Ag ,}k,p C CurvV/®_ Let ®; , be the right-hand side of (106).
By (17),
A k+p 8k+p .
globy (@) = 3 (—) S €N =]y

T
k,p=0

Since hy 4(§,n)(1 —n) = f1,4(§, 1), we deduce with Proposition 7.5 that

globy (®;,4) = ra(uy,q) = globy (Ry (A7 4)).

Since glob, is injective on span{A ,}x , C CurvV® | the relation (106) follows.
Let ¥, , be the right-hand side of (107). Since By, , = Ay , — Ni,, we have that R (B ,) =
Ry (Ar,p— Ny,p) and

MNP AP (1 =)k )
ch,q_\I’l,q = Z (_) A BZk+2p+e,p-

k o
o\ ek anp §=n=0

Proposition 7.5 and (17) yield

glob, (&7, — ¥, 4) = 12 (11,4) = glob, (Ry (B p))-

Since R) (B p) € Beta” and glob, is injective on Beta”, it follows that R (B p) = &7, — ¥; ,. We
conclude that, as stated,

Ry .(N1,p) = Ru(Ap,p) — Ru(B1,p) = Yy 4. o
7.2 Isomorphisms intertwining the kinematic operators

Recall that the kinematic formulas in CP} are encoded by a coalgebra structure k, : Vi=>Vi eV
[Bernig et al. 2014, Section 2.3.3]. Let pd, : Vi — (V)* be the Alesker—Poincaré duality [Bernig et al.
2014, Definition 2.14]. As in [Bernig et al. 2014, equation (3.45)], r), being an isomorphism implies that

Jp, = pd; ' o(r;1)* o pd, : Valv® %4
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is an isomorphism of coalgebras. This means in particular that Jj intertwines the kinematic operators of
C" and CPj:

k
VallV® —— s U g g U )
I l l I ®J)
k.
V)'L’ V}'f ® Vf

Since J) admits a simple explicit description, we obtain a corresponding relation Between the flat and
the curved kinematic operator.

Proposition 7.7  J; = (1 —X1s)"* 1, and k) (r(¢)) = (r ® 1) oko((1 + As)_(”+1)¢).

Proof As in [Bernig et al. 2014, Proposition 3.18], to completely determine Jj it is enough to show
Jy.(x) = (1 — As)*T1. This boils down to checking that

(108) (pdy, (1 =25)"1), ) = (pdg (), 73" (¢))

for all ¢ = s/¢2% with i, j > 0. Using

j .
1\ s 2 1(J =11\ 14j 2
5y (90)—(—1_’_“) ! I—Xl:(—)\) ( / )s Jp=t

and [Bernig et al. 2014, (3.48)], the relation (108) translates into the identity
Z(_l)k(n + 1) (n —].' —k+ 1) (i (n —{' — 1)
. k i+1 n—i—j

which follows from [Graham et al. 1994, (5.25)]. The second statement follows immediately from [Bernig
et al. 2014, Theorem 2.19] and

(109) (1=28)" () = (14 200) " T Vra(g) = ra (1 4+ As)~ T D), O

A similar relation between kg, k; was given in [Bernig et al. 2014]: For the linear isomorphism
Fy Vg = Vi Fa(igg) = :““2 7 equation (3.50) of [Bernig et al. 2014] shows that

kx(Fy.(¢)) = (F). ® Fy) o ko((1 = As5)).

Also the local kinematic operators of C” and CP} are isomorphic; in fact, as was shown in [Bernig et al.
2014, Theorem 2.23], the transfer map 7 : Cy — CurvY® ig an isomorphism of co-algebras. However,
no relation between the semilocal kinematic operators kg, k), (see [Bernig et al. 2014, Section 2.3.3]) was
previously known. As a consequence of Proposition 6.11, we obtain that also these kinematic operators
are isomorphic.
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Theorem 7.8 The diagram

Curv¥/® Curv?/® @ va V™
R J J R)®J)
k>,
e eV

commutes. As a consequence, the semilocal kinematic operators are related through
k3 (R (®)) = (R ® 1) o ko ((1 + As) """ T D ),

Proof Let m; € Hom(V} ® Curv?®  Curv?™) = Hom(Curv¥®, Curv¥™ ®(V})*) correspond to

U(n)

the module structure. Given ¢ € V}' and ® € Curv~"", we have

(M3, (R, @), ¢) = ¢ Ry, @ = Ry (17 (9) - @) = ((R), ®id) 0 7719(®), ;' ()
= (R, ® (r;. ")) o ig(®), ).
Therefore,
myoR); =(R,® (V{l)*) omy.

By [Bernig et al. 2014, Corollary 2.20], this gives
ky o R = (id®pd; ') oy o Ry = (id®@pdy ") o (Ry ® (r;1)*) o (id ® pdy) 0 ko = (Ry, ® J;.) o ko.

The second statement follows immediately from [Bernig et al. 2014, Theorem 2.19] and (109). a

8 Open problems

(i) Motivated by the results in [Fu and Wannerer 2019], it seems a promising task to study the space of
valuations of the form [0, w], where w is a differential form built from coframe, connection and curvature
forms on a Kéhler manifold such that the result does not depend on the choice of frame and such that
dw is vertical. With respect to the Alesker product, they form a canonical algebra associated to a Kihler
manifold. We conjecture that it equals the Kidhler—Lipschitz—Killing algebra. Even for low-dimensional
Kihler manifolds, it is difficult to prove or disprove the conjecture, since the space of invariant differential
forms is of large dimension.

(i1) A natural question is whether the main results of this paper remain valid in the quaternionic Kéhler
case. It turns out that the analogue of Theorem 4.12 is not true in the quaternionic Kihler case. If M is
a quaternionic Kéhler manifold of real dimension 4n which is embedded in some quaternionic vector
space H"T™  then each complex structure I of M is parallel. It follows that R}’,"[ IX, 1Y, Z, W) =
RII,V[ (X, Y, Z,W)forall X, Y, Z, W € V. The curvature tensor of a general quaternionic Kéhler manifold
does not have this symmetry, as can be seen in the case of quaternionic projective space. Hence the set of
embedded algebraic quaternionic K#hler curvature tensors spans a subspace of positive codimension in
the space of all algebraic quaternionic Kihler curvature tensors. Nevertheless, it could still be true that
there is a canonical algebra of valuations associated to each quaternionic Kéhler manifold. This would
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imply that the algebras of smooth isometry-invariant valuations on quaternionic projective space HP”
and the algebra of continuous, Sp(n) - Sp(1) and translation-invariant valuations on H” are isomorphic. It
is not known, even in small dimensions, if this is true.

(iii) More generally, can we associate a canonical algebra of valuations to each manifold with a (sufficiently
flat) G-structure? An additional hint in this direction is provided by the recent results in [Solanes and
Wannerer 2021], where it is shown that the algebras of valuations on the isotropic spaces (S°, G,) and
(C3,SU(3)) are isomorphic, as well as on the isotropic spaces (S, G») and (R7, G»).
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