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The Weyl tube theorem for Kihler manifolds

ANDREAS BERNIG, JOSEPH H G Fu, GIL SOLANES AND THOMAS WANNERER

As sharpened in terms of Alesker’s theory of valuations on manifolds, a classic theorem of Weyl asserts
that the coefficients of the tube polynomial of an isometrically embedded riemannian manifold M — R”
constitute a canonical finite-dimensional subalgebra LIC(M') of the algebra V(M) of all smooth valuations
on M, isomorphic to the algebra of valuations on euclidean space that are invariant under rigid motions.
We construct an analogous, larger, canonical subalgebra XL (M) C V(M) for Kihler manifolds M : if
dim M = n, then KLK(M) ~ ValV™ _ the algebra of valuations on C” invariant under the holomorphlc
isometry group; and if M <— M is a Kihler embedding, then the restriction map V(M ) —> V(M)
induces a surjection LK (M ) — KLK(M). This answers a question posed by Alesker in 2010 and gives
a structural explanation for some previously known, but mysterious phenomena in hermitian integral

geometry.
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1 Introduction
1.1 Lipschitz—Killing curvatures

Given a smooth compact submanifold M C R”, Weyl [1939] expressed the volume of a tubular neigh-
borhood about M of small radius r as a polynomial of degree n in r. Weyl’s deeper point, however,
was that the coefficients are given by integrals of invariants of the curvature tensor of M with respect
to the induced metric. These integrals, now known as fotal Lipschitz—Killing curvatures, are extensions
of the intrinsic volumes of convex geometry, the same quantities that arise in the kinematic formulas of
Blaschke and Chern, and of Santal6 [1976]. Examples of total Lipschitz—Killing curvatures are the Euler
characteristic, the total scalar curvature and the volume of M.

The (total) Lipschitz—Killing curvatures of riemannian manifolds appear in various contexts. Let us
mention just some of them. Cheeger, Miiller and Schrader proved that the Lipschitz—Killing curvatures of
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a riemannian manifold can be obtained as limits of the Lipschitz—Killing curvatures of a sequence of
piecewise linear manifolds converging to the manifold in an appropriate sense. The Lipschitz—Killing
curvatures of piecewise linear manifolds are of a more combinatorial nature, and have been used by
physicists in Regge calculus, an attempt to discretize important quantities in general relativity such as the
total scalar curvature.

Weyl’s tube formula was the main ingredient in the proof by Allendoerfer and Weil of the Chern—Gauss—
Bonnet theorem. The heat equation approach to the Chern—Gauss—Bonnet theorem by Atiyah, Patodi
and Singer is also related to Lipschitz—Killing curvatures. Recall that the short time asymptotics of the
heat kernel associated to the Laplacian acting on differential forms is given by complicated polynomials
in the curvature tensor and its derivatives. McKean and Singer conjectured that some particular linear
combination of these polynomials equals the integrand in the Chern—Gauss—Bonnet theorem. In particular,
this would imply a “fantastic cancellation” of all terms involving derivatives. The conjecture was shown
by Patodi and led to a heat equation proof of the Chern—Gauss—Bonnet theorem and of the more general
Atiyah—Singer index theorem [Atiyah et al. 1973]. Some years later, Donnelly [1975] observed that there
are other linear combinations of the heat kernel coefficients that do not contain derivatives of the curvature
tensor; and these combinations give precisely the Lipschitz—Killing curvatures. In particular, the total
Lipschitz—Killing curvatures are spectral invariants.

More recently, the theory of valuations, introduced by Alesker in the early 2000s, has enriched the
context for these classical facts: the functionals /,LIM that yield the tube coefficients may be viewed as
smooth valuations — finitely additive measures — canonically associated to the riemannian structure of M.
They are called the intrinsic volumes on M. Remarkably, Chern’s most general version [1945] of the
Gauss—Bonnet theorem shows that u{)” = x is a smooth valuation (without using this terminology of
course).

A new and fascinating development is the extension of Lipschitz—Killing curvatures to Alexandrov
spaces. Alesker [2018] stated precise and far-reaching conjectures about the limits of the Lipschitz—Killing
curvatures of a sequence of manifolds with a uniform lower bound on the sectional curvature converging
to an Alexandrov space. Some special cases of the conjecture are known (roughly for volume and total
scalar curvature). For recent results in this direction we refer to [Alesker 2022; Alesker et al. 2023].

The main feature of the space V(M) of smooth valuations on M is the existence of a natural commu-
tative product. From the perspective of Alesker’s theory the intrinsic volumes are distinguished by two
properties: invariance under

(i) isometric embeddings, and

(i1) the formation of Alesker products.
The resulting subalgebra £IC(M) C V(M) is canonically isomorphic to R[¢]/(¢"+1), where n = dim M,
and is called the Lipschitz—Killing algebra. Up to scale, the powers ¢’ coincide with the intrinsic

volumes ,ulM . In the case M = R", this subalgebra coincides with the algebra Val®®™ of valuations
invariant under the euclidean group. In this context a natural grading exists, with deg? = 1.
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The existence of the product structure is related to the existence of kinematic formulas on isotropic
spaces. The algebras of isometry-invariant valuations on euclidean space, the euclidean sphere and
hyperbolic space coincide with the Lipschitz—Killing algebra and are thus mutually isomorphic. This can
be translated into the fact that the kinematic formulas on the real space forms are isomorphic.

Bernig, Faifman and Solanes [Bernig et al. 2022b; 2021; 2022a] have recently constructed intrinsic
volumes with analogous properties for pseudoriemannian manifolds.

1.2 The Kihler case

A natural question is to what extent the above can be generalized in the complex setting. To be more
precise, at Oberwolfach in 2010, Alesker asked whether the classical picture admits a Kahler analogue: is
there a canonical subalgebra of valuations for Kihler manifolds A, analogous to the Lipschitz—Killing
algebra for the riemannian case?

Although tubes around complex submanifolds of flat hermitian space C” or of complex projective
space CP" do contain information about Chern classes [Shifrin 1981; Bernig et al. 2014], it is no surprise
that they do not reflect the complex geometry. We are therefore forced to look at this problem from the
valuations point of view.

In the flat hermitian case C”, we have a complete understanding of the space of invariant smooth
valuations. The entry point was the determination [Alesker 2003; Fu 2006] of the structure of the algebra
ValV® of smooth valuations on C” invariant under the group of holomorphic isometries: in this case

(1) ValV® ~ R[s, 6]/ (fus1. fut2),

where deg s = 2 and the relations are homogeneous of degrees 7 + 1 and 7 + 2. Thus the monomials s¢/
furnish a natural spanning set for Valv® Up to a factor, ¢ corresponds to the first intrinsic volume, which
can be defined by averaging the Euler characteristic of intersections with real hyperplanes. The other
generator, s, is defined by averaging intersections with complex hyperplanes.

Another useful basis, more natural from a geometric viewpoint, consists of the hermitian intrinsic
volumes iy , from [Bernig and Fu 2011]. The isomorphism (1) can be translated into explicit kinematic
formulas for the pair (C”, U(n) x C"); see [Bernig and Fu 2011].

On complex projective space CP", r may be defined as the first intrinsic volume (with respect to the
riemannian structure provided by the Fubini—Study metric), while s can be defined using intersections
with complex hyperplanes inside CP". The algebra generated by these two valuations equals the algebra
of isometry-invariant valuations on CP". Surprisingly, and opposed to what happens in the real case,
the map ¢ — ¢, s = s from ValV® o Y(CP™")Bom s not an isomorphism. Even more surprisingly,
as observed in [Bernig et al. 2014], there are nevertheless some isomorphisms between ValV™ and
V(CP™)s°m In particular, the kinematic formulas are isomorphic.

Previously, there was no satisfactory explanation of this phenomenon. Inspired by Weyl’s tube
approach and Alesker’s refinement in the riemannian setting, we clarify the situation by providing a vast
generalization of the notion of hermitian intrinsic volumes to Kéihler manifolds.
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Our main result gives a positive answer to Alesker’s question.

Theorem A For any Kihler manifold M of complex dimension n, there is a canonical subalgebra
KLIC(M) C V(M), isomorphic to Val’® | with the property that if M' < M is a Kihler embedding
then the natural restriction map V(M) — V(M) restricts to a natural surjection KLIC(M ) — KLK(M”)
such that the diagram

ValV® ValV)
KLK(M) KLK(M')

commutes, where the upper horizontal map is the restriction map induced by the inclusion C " Cn,

In geometric terms, the isomorphism with \A A maps the hermitian intrinsic volume g , to the
hermitian intrinsic volume Mljcv,[p that we will construct (cf Theorem 6.9 below).

Since the isometries of complex projective (or complex hyperbolic) space are Kihler embeddings, the
elements of XL (CP") are isometry invariant. Our main theorem thus provides a new perspective on
invariant valuations and integral geometry of CP”".

Corollary 1.1 The algebras of isometry-invariant smooth valuations on n-dimensional complex projective
and on n-dimensional complex hyperbolic spaces are canonically isomorphic to Valv® .

Several isomorphisms between these algebras, algebraically simple but geometrically unmotivated,
were previously discovered in [Bernig et al. 2014]. The isomorphism constructed in the present paper,
however, is canonical in the sense that it arises from the Kihler structures on the underlying spaces.
In terms of the valuations ¢ and s described above, the canonical isomorphism is given by ¢ — ¢ and
s+ 5/(1 —As); see Proposition 7.2. This particular isomorphism was a key ingredient in the recent paper
[Bernig 2021].

1.3 Local setting

The kinematic formulas due to Chern, Blaschke and Santalé were generalized by Federer in two directions.
First, instead of taking compact convex sets, he considered sets of positive reach. Note that compact
convex bodies as well as compact submanifolds, possibly with boundary, are sets of positive reach.
Secondly, he localized the kinematic formulas by looking at so called curvature measures, which are
localizations of the intrinsic volumes. In the euclidean case, there is a one-to-one correspondence between
intrinsic volumes and curvature measures. Consequently, Federer’s local kinematic formulas look formally
the same as the previously known global kinematic formulas. The same happens on other real space
forms, where each invariant valuation admits a unique localization. We thus find that on all real space
forms of the same dimension, the local kinematic formulas are isomorphic.

In [Fu and Wannerer 2019], a sequence of curvature measures naturally associated to riemannian
manifolds was constructed. The main observation was that the space of such curvature measures is a
universal module over the Lipschitz—Killing algebra, i.e., the structure coefficients do not depend on the
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riemannian manifold. In the case of real space forms, the module structure is related to a version of
kinematic formulas called semilocal kinematic formulas. Hence such formulas on all real space forms of
the same dimension are isomorphic.

In the complex case, it follows easily from Howard’s transfer principle (which applies more generally
to homogeneous manifolds [Howard 1993]) that local kinematic formulas on complex space forms of the
same dimension are formally identical. To write them down explicitly is highly nontrivial. The reason is
that, in contrast to the real case, the globalization map is not injective, so the local kinematic formulas
cannot be derived from the global ones. The problem was solved in [Bernig et al. 2014], see also [Bernig
et al. 2018] for a shorter way of describing such formulas.

In view of our first main Theorem A and of the results concerning riemannian curvature measures
mentioned above it is natural to ask for a Kihler version. This is our second main theorem.

Theorem B For any Kahler manifold M of complex dimension n, there is a canonical KX.LK (M )-module
KLK(M) C C(M), isomorphic to the ValV™ -module CurvY"™ | with the property that if M’ < M is
a Kihler embedding then the natural restriction map C(M) — C(M') restricts to a natural surjection
KLK(M) — KLK(M') such that the diagram

CurvV®™ Curv?®")
KLK(M) KLK(M)

commutes, where the upper horizontal map is the restriction map induced by the inclusion Cc" — ™.
Applied to complex projective and complex hyperbolic space the theorem yields:

Corollary 1.2 There is a canonical module isomorphism between the modules of invariant curvature
measures on complex space forms of the same dimension, compatible with the canonical isomorphism
from Corollary 1.1.

This is a new insight in hermitian integral geometry and a nice extra property of the canonical valuation
isomorphism. It follows from these results that, quite unexpectedly, there are isomorphisms for all integral
geometric structures on complex space forms: global, semilocal and local kinematic formulas; algebra
structure on valuations, module structure on curvature measures.

1.4 Our approach

Our strategy for proving Theorems A and B is a hybrid of two different approaches to the construction of
the Lipschitz—Killing algebra in the riemannian case. In the first, the Nash theorem is used to embed a
given riemannian manifold M in some R¥. The valuations giving the tube coefficients are then restrictions
of the intrinsic volumes j; of R, which by Weyl’s theorem depend only on the riemannian structure
of M. The resulting restrictions MIM € V(M) then span LK (M ): fundamental results of Alesker show
that this span is closed under Alesker multiplication.
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That approach has the advantage of being simple and direct. On the other hand, it fails to show how the
MzM and their algebraic properties arise from the riemannian structure of M. A second approach, remedying
this defect, was given in [Fu and Wannerer 2019], in which the ulM are constructed from canonical
differential forms associated to the connection and the curvature tensor of M. Certain combinations of
these forms were shown to be subject to an algebraic model of the fundamental formula of [Alesker and
Bernig 2012] for the Alesker product. Using invariant theory, the possible outcomes were shown to be
highly constrained, so that the actual values could be computed from a few simple templates.

Attempting to extend these approaches to the Kéhler case we consider here, we meet two obstacles:

(i) There can be no Kéhler analogue of the Nash theorem, so the first approach is impossible.

(i1) The relevant space of invariant differential forms is large and unwieldy, to the point where we were
unable to mimic the second approach above in the new setting.

Happily, however, we are able to combine weak versions of these two devices to bring the proof to
fruition. First, via the formalism of double forms we construct algebraic models for the differential forms
underlying the ,u]]c\/,[ > Although our understanding of the invariant theory is insufficient to conclude that
the Alesker product of two such valuations lies in their span, we are nonetheless able to deduce that the
underlying differential form of such a product depends polynomially on the curvature tensor R of M
(Proposition 4.7). Second, we point out (Theorem 4.12) that we do have an extremely weak Kéhler
isometric embedding theorem: for R lying in some open subset of the space of algebraic curvature tensors
at a single point x € M, there is a local embedding of M into some C¥ for which the curvature tensor at
x of the Kihler metric induced on M by that of C is equal to R. Since the /L%p behave well under
restrictions (this will be shown in Section 4.5), the polynomial dependence on R of the Alesker product
of hermitian intrinsic volumes implies that the multiplicative structure is as claimed.

To conclude this introduction, let us point out the importance of the formalism of double forms —
introduced originally by de Rham [1984] and subsequently used to brilliant effect in Gray’s work [1969/70;
2004] on integral geometry — in this paper. Section 3 clarifies the construction of the canonical curvature
measures of [Fu and Wannerer 2019] in these terms. In fact they are polynomials in the canonical (1, 1)
forms g (the metric) and @ (the connection), as well as the (2, 2)-form R representing curvature. Section 4
then constructs similar objects in the Kihler case, where the resulting algebraic structure is much richer,
due to the appearance of the canonical (2,2)-form G and the additional symmetries enjoyed by Kéahler
curvature tensors R. As in [Fu and Wannerer 2019], the fact (Proposition 4.6) that the Rumin differential
of these elements is again expressible in this language is key.

2 Background on valuations and curvature measures

In this section we give a brief account of the theory of valuations on smooth manifolds M, introduced
by Alesker [2006a; 2006b; 2007] and Alesker and Fu [2008], in the case (sufficient to the purposes of
the present paper) where M is an oriented riemannian manifold. Such valuations are functions defined
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for sufficiently smooth subsets A C M, determined by (pairs of) differential forms on the tangent sphere
bundle SM in two different ways. The first way is more direct and intuitive, as integrals over the normal
cycle of A4; the second way is more obscure but has the advantage of being unique. The two are formally
related via the Rumin differential, which will play a key role. The main technical point is Proposition 2.1,
which gives a universal formal model for the Alesker product of two valuations in the latter terms. After
that we recap some of the main features of invariant valuations on riemannian manifolds in general, and
complex space forms in particular.

2.1 Valuations on manifolds

Given an oriented riemannian manifold M of dimension n, we let SM be its sphere bundle. The contact
form on S M is denoted by «. A sufficiently regular set X C M (e.g., a compact differentiable polyhedron
[Alesker 2010], or a compact subset with positive reach [Federer 1959], or a compact subanalytic set
[Fu 1994], or a compact WDC set [Pokorny and Rataj 2013; Fu et al. 2017]) determines a normal
cycle nc(X), which is a current in S M. The normal cycle is finitely additive for such subsets X,Y C M
in general position:

(2) nc(XUY)=nc(X)+nc(Y)—nc(XNY).

A smooth valuation on M 1is a functional of the form

3) H(x) = /X b+ / o

where ¢ € Q"(M) is the inner term and w € Q"1 (SM) is the boundary term. We denote it by
u = [¢,w]. A smooth curvature measure on M is a functional of the form

(4) d(X, B) =/ ¢+/ w,

XNB ne(X)Nn—1B
for B C M a Borel subset. Such a curvature measure is written as [¢, w]. These objects inherit finite
additivity from (2).

The space of smooth valuations is denoted by V(M ), the space of smooth curvature measures by
C(M). The globalization map glob : C(M) — V(M) is the map given by glob(®) = [D] := D(e, M).
The space V(M) admits the structure of an algebra [Alesker and Bernig 2012; Alesker and Fu 2008],
while C(M) is a module over V(M) [Bernig et al. 2014]. If e : M C N is an embedding of riemannian
manifolds, there are obvious restriction maps e, : V(N) — V(M) and e : C(N) — C(M) [Alesker 2010;
Bernig et al. 2014]. These maps respect the multiplicative structure:

ep(pu-v) =espu-epv, epp-er® =er(u- ).

The kernel of the map (¢, w) — [¢, w] was described in [Bernig and Brocker 2007] as the space of all
pairs (¢, @) such that Dw + 7*¢ = 0 and @ = 0. Here D is the Rumin operator [1994] and 7 *, 7, are
pullback and pushforward of differential forms with respect to the projection 7 : SM — M. The kernel
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of the map (¢, w) — [¢, ] is given by the pairs (0, w) where @ belongs to the ideal generated by « and
da; see [Bernig et al. 2021, Proposition 2.4]. Set

35) (=m0 eC®(M) and 1:=Dow+rn*¢peQ"(SM).

It is easy to check that AT = 0, d7 = 0 and 4«7 = d{. Conversely, if (¢, t) is a pair with { € C*°(M)
and 7 € Q"(SM) suchthat e A7 =0, dt = 0 and 74«7 = d{, then there exist ¢ and w satisfying (5).
We may therefore describe smooth valuations on M uniquely by such pairs (£, 7). In this case we write

(6) p=1{8 v}, where £ ={(n) and = 7(p).

The product of smooth valuations admits a description in these terms [Alesker and Bernig 2012,
equations (48)—(49)], which for our purposes may be distilled as follows. Fix x € M. Then for each
& € Sx M, the Levi-Civita connection induces a decomposition

@) TgSM =H§@T§(SXM)

into horizontal and vertical subspaces, where the derivative of the projection map 7 : SM — M restricts
to an isomorphism Hg =~ T M. These decompositions in turn induce an isomorphism

(8) QUSM)|g 2= N'Ty M ®Q*(SxM).
Similarly, for a fixed & € Sx M,
9) NTESM ~ N (TeM & EH)*,

where Tg(Sx M) >~ g1 C Ty M. Thus, distinguishing a unit vector ¢ € R”, and an isometry ¢ : R” — Ty, M
with oey = £, yields isomorphisms

(10) T* QN (SM)|g y— NRD* @Q(S"H,

(11) Gy NTESM — N (R" @ eg)*.

Proposition 2.1 For any isometry o : R" — Tx M with ceq = £ as above, there exist bilinear maps
T A RH*QQ(S" HP? > AN (R" @ep)* and GT:Q(SM)? — Q*(SM),

making the diagram

[Q(SM)|g 52 —=

o |g L]
Q(SM)lg NTFSM

oc*®o* E;‘

[/\'(R”)*@Q'(S”_l)]z /\.(Rn@eé')*
commutative and such that the following hold:
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(1) If wi = {{¢i, ti}}, i = 1,2 are smooth valuations, then 1 - o = {{¢, t}} with
(12) §=281-82,
(13) t=GCT(t1, 1) + 77 2 + 7780 1y
(i) If = {{¢, t}} is a smooth valuation and [¢, w] is a curvature measure, then i -[¢, w] = [¢’, w’] with
¢ =mi(wAs*t)+¢-¢p and o =GT(w,7)+7%¢ v,
where s : SM — SM denotes the antipodal map.

The notation refers to the fact that GT is a Gelfand transform with respect to a certain double fibration,
described in the proof below.

Proof We use the description of the Alesker—Bernig formula given in [Fu 2016, Theorem 5.2] together
with the notation introduced there. In particular, as in [Fu 2016, Section 5] consider the fiber bundle
> — M with the projections &, 71,¢ : ¥ — SM given by

Yi={En.0) e SM3 | & =nn=mni &+# +n, ¢ lies in the open geodesic segment £7}.
At each point (€, 7, ) of X, the Levi-Civita connection of M defines a splitting
(14) TeneE=H"®VE

into horizontal and vertical tangent vectors, where H> ~ Tx M and x € M is the common projection of

&, n and ¢. The vertical subspace splits further as follows. First note that the riemannian metric of M

induces an inner product on V=. Let £¢ C X denote a fiber of { : & — SM. Thus VE = V'@ V", where

V" is the tangent space to the fiber X; and V' >~ T;(Sx M) is its orthogonal complement inside VE.
Recall that also the tangent spaces to S M split into horizontal and vertical vectors,

T,SM=H@&YV.

Since the differential ¢4 : V= — V is onto with kernel V", {4 : V/ — V is an isomorphism.
Consider the model fiber

o = {(£0. 10, &o) € (S™1)3 | €9 # £np and & lies in the open geodesic segment £y7g},

with the projections &y, 79 : o — S”!. Fixing {; = ey € R”, the tangent space to X splits as
Tey.n0.00 20 = Vo @V, where Vj ~ e(J)- = Te, S" ! and V' = Tg, 4, Zo,e,» mirroring the splitting above.
For any isometry o : R” — Tx M with aey = ¢, we obtain from (14) induced isomorphisms

Ty peX >~ R" @ Ta—lé’a—ln’eozo ~R"® eoL @® V(;’ and TeSM ~ R" @ Ta_lsS”_l,
both of which we denote by 0.

Geometry & Topology, Volume 30 (2026)



2722 Andreas Bernig, Joseph H G Fu, Gil Solanes and Thomas Wannerer

Consequently, the diagram

Te 2 - R" & To—15,0-11,60 20
£ lidw ®ox
T:SM — 2 R"®T, 15"

commutes, yielding a simple description of the differential &« in terms of the model space. Likewise, the
projection to top-degree forms on the fiber 3¢ admits a description in terms of the model space

/\'T;:n,ZZ = NR" & To-18,6-15,e0 Zo)*
NHSV* @ NV —"— NR" @) @N' T, 1 Toe

Combining these two operations with integration over the fiber we obtain the commutative diagram

(A" (R")* ® Q°(S"~1))®?

(Q(SM)| 552

g*/\Tf(< (lan Xéo)*/\(ian Xno)*
Q.(ENEE /\.(Rn)* ® Q.(20)|Eo.e()
NTESM @ Q" (5y) AR @ eg)* ® Q"(So.e,)
fEé— fzo.eo
NI SM NR" ®ep)”

where the horizontal arrows are isomorphisms induced by . Composed with id ®s*, where s is the
antipodal map, the left column defines GT and the right column defines I'. |

2.1.1 Translation-invariant valuations If A/ is a finite-dimensional real vector space V, then any finite
union of compact convex bodies admits a normal cycle, and any two such finite unions X, Y satisfy (2).
We denote the space of translation-invariant smooth valuations on V by Val = Val(V') C V(V). In fact it
is a graded algebra, with multiplication inherited from V(1') and grading

Val = @ Val§,,

k=0,....,n, e==%

where 7 = dim V' and where Valf, is the subspace of k-homogeneous valuations of parity €. (Note that
there exists a more primitive, and historically prior, notion of valuation in this context, in which the
smoothness condition is relaxed to continuity.)
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The Weyl tube theorem for Kdhler manifolds 2723

By Curv C C(V') we denote the space of smooth and translation invariant curvature measures (meaning
that ®(K 4+ v, B+ v) = ®(K, B) for all v € V). It admits a grading by degree

Curv = @ Curvy,
k=0,...,n

where deg ® = k if and only if ®(¢K,¢B) = t*®(K, B) for t > 0. Curv is a module over Val.

A famous theorem of Hadwiger implies that the vector space ValSo® of SO(n)-invariant elements
in Val is spanned by the intrinsic volumes po, ..., iy; in fact, Hadwiger’s theorem yields the same
conclusion even in the broader context mentioned above, where smoothness is replaced by continuity.
More generally, if G C O(n) is a subgroup that acts transitively on the unit sphere S”~!, then the subspace
of G-invariant elements Val® is a finite-dimensional graded subalgebra of Val.

In the present paper, we are particularly interested in the case G = U(m) C O(2m). In this case
[Alesker 2003; Fu 2006]

ValVom ~ Rz, s1/(fm+1> fm+2)s

where log(1 +2x +sx2) =Y 72, fr(t, 5)xk. The valuation  is (up to scale) the mean width, or the first
intrinsic volume, while s € Val, is (up to scale) the average area of the projections to complex lines. In
particular,

dim Va1l = 1 + min(| 1k |, [ L @m —k)]).

The space of U(m)-invariant and translation-invariant curvature measures was studied in [Park 2002;
Bernig and Fu 2011; Bernig et al. 2014]. It admits a natural basis Ay ,, Ni , such that [Ag /] =
Mk,g> [Nk gl = 0; and another natural basis By 4. I'x 4 with [By 4] = [['k 4] = ptk 4. The dimensions are

dim Curv}(j(m) = min(k,2m —k—1) + 1.

2.2 Complex space forms

Let (CPY, Gy) denote the complex space form of complex dimension # and holomorphic curvature 4A
(depending on the sign of A this will be a rescaling of complex hyperbolic space, hermitian space, or
complex projective space); the group G, is the isometry group if A # 0, or the unitary isometry group
U(n) x C" if A = 0. The paper [Bernig et al. 2014] displayed several noncanonical isomorphisms

V(CP})% = valV™

for all A. The present paper gives a canonical one.

Relevant bases for V(C PK)G* are the monomials in certain canonical generators ¢, s, the valuations ,ui’q,
and the valuations Tlé,q' We refer to [Bernig et al. 2014] for the definitions.

Given a point x in a smooth manifold M, we can view (8) as an isomorphism

(15) T 1 QUSM)|g 3= NTEM @ QU (ST M) = Q* (ST M)
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into the space of translation-invariant forms of the sphere bundle ST M. This induces the transfer map
[Bernig et al. 2014, Proposition 2.5]

(16) Tx :C(M) — Curv(Tx M), 1x([¢,w]) = [¢x. ?x(wleM)]-

It follows from [Bernig et al. 2014, Proposition 2.22] that there is a canonical identification of
G).-invariant smooth curvature measures on CP} and Curv?/® . In particular, the curvature measures
Ak.g» Ni,g» Bk g- Tk 4 from the flat case induce curvature measures in the curved case, denoted by the
same letters. For future reference we note from [Bernig et al. 2014]

q+1
(7 [Bepl=ti, and [Digl= iy =h—fiiagir
as well as
L
(18) g = 2 ()
i=q
7.[k
(19) 7, =(1—Ls) v&/D=ayq,

wi (k —2¢)! (29)!

where v :=r2(1 — As), u :=4s — v and

ﬂn/Z

T(in+1)

is the volume of the n-dimensional unit ball. We will also use the notation s, = (n + 1)w, 4+ for the

volume of the n-dimensional unit sphere and the formulas

n 22n+1

T
(20) Wan =y and wyp41 =

7" n!
Cnt+ D!
Recall also the recursion relation

(n)!

@1) Cn = a2 —2) (4 2) "

2.3 Riemannian valuations and curvature measures

Let us now summarize some results from [Fu and Wannerer 2019].
On a riemannian manifold M of dimension 7, certain natural smooth curvature measures Cy , for
0 <2p <k < n are constructed within Cartan’s calculus, i.e., using solder, connection and curvature
forms on the frame bundle. The Lipschitz—Killing curvature measures Ay for 0 < k < n are given as
special linear combinations of the Cy ,. We revisit these expressions below, using Gray’s notion of double
forms. The globalizations of the Lipschitz—Killing curvature measures yield the intrinsic volumes
JTk

=" A
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whose linear span constitutes an algebra under the Alesker product, called the Lipschitz—Killing algebra
LIC(M) = R[t]/("*1!). The main point of this construction is invariance: the action of the Lipschitz—
Killing algebra on the curvature measures Cy , is the same for every riemannian manifold. Thus this
action may be computed from easy manifolds (like round spheres).

The Lipschitz—Killing curvature measures are characterized among all linear combinations of the
Ck,p by the property that for an isometric immersion ¢ : M — N of riemannian manifolds, we have
el AN =AM,

3 Double forms

In this section we describe the algebra of double forms on a smooth manifold M, focusing on the special
features that arise from a riemannian structure. The utility of this device in integral geometry was first
highlighted by Gray [2004].

A novel element of our treatment is our use of spherical double forms, which correspond to the
boundary terms of riemannian curvature measures and valuations. (These boundary terms do not appear
in the work of Gray.) Specifically, double forms furnish a convenient formalism for the construction of
frame-independent differential forms on M and on its sphere bundle S M, using as building blocks the
classical Cartan apparatus of forms associated to a choice of frame. This generalizes and streamlines the
classical constructions of [Chern 1945].

3.1 Double forms associated with a smooth map
Several of the constructions in this section are taken from [Gray 1969/70].

3.1.1 Double exterior algebras Given finite-dimensional real vector spaces V' and W, we consider the
bigraded double exterior algebra

AW V)= NWEe NV = PN W) e (N'V?)
P4
with respect to the product

01 @Y1 A (2@ Y2) := (01 AO2) @ (Y1 AY2).

The elements (double forms) of the summands are said to be of type (p, ¢). If w; is of type (p1,q1)
and @, of type (p2, q2), then clearly

Wi Awy = (—1)P1P21 0246, A,
If w is of type (p,g) and X;,..., Xp € W and Y7,...Y, € V then we define the evaluation
o(X1,....Xp: Y1, Y =e(X,... . Xp)(Y1,... Yy €R.
Given linear maps V — V' and W — W', there is a pullback map
AW V) = N\(W, V).
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Given linear maps / : V. — W and m : W — V/, there is an operation @ — @’ of degree (1, —1),

NPV, W) - NPy, w,

p+1
®' (X1, Xpr1: Yo Y= ) (Do X X1 1X Yo Yy)
j=1

and an operation @ — @ " from forms of type (p, ¢) to forms of type (¢, p):

NAWV, W) - NPV, W),
wV(Xl,...,Xq;Yl,...,Yp) ::w(mYl,...,mYp;le,...,qu).
In the case V = W we will use / = m = id, if not stated otherwise.

Clearly,
@A) =0’ AP+ (—1)?T0oAgd’ and (wA@) =0  AdY.

3.1.2 Double forms Let M, M, be smooth manifolds, and f : M; — M, a smooth map. Define the
algebra Q**( /) to be the space of smooth sections of the bundle A\°T*M; ® f*(/\"T*M,) over M,
i.e., with fibers

/\.’.(TXMI, Tf(x)Mz) for x € M.
Given another smooth manifold M3 and a smooth map g : M3 — My, there is a natural pullback map

gr i (f) > Q" (fog)
given explicitly by

(€ 0)(Z1,.... Zi: Y1, ... Y)) 1= wg()(dg(Zy), . ... dg(Zy); Y1, ..., ¥])

forw e QKI(f), Zy,..., Zx e T;M3 and Yy, ..., Y] € Tog(z) Ma.
Suppose now that the bundle 7'M, is endowed with a connection V. Consider the pullback bundle
f*(TMy) over M, together with the pullback connection f*V, characterized by

(22) (*Vx f*Y = f*(Vapx)Y) for X € Ty M;,

for any vector field Y, considered as a section of 7M. Consider also the canonical extension of /*V to
/*(N'T*My) given by
k

23)  (f*VI)xs)(Zy,.... Zk) :X(s(Zl,...,Zk))—ZS(ZI,...,(f*V)XZ~,...,Zk),
j=1

where s € QoK (f) (i.e., s is a section of f*/\kT*Mz), and the Z; are smooth sections of f*TM,.
Thus we may consider

dys = (f*V)s for se Qo’k(f)
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to be an element of Q¥( /). Now define the exterior covariant derivative dy as the linear operator
Q**(f) — Q**(f) of degree (1, 0) given by

(24) dv(w®s)=do®s+ (1) oA (f*V)s,

where w € QP (M) and s is a section of f*/\"T* M,. Explicitly, given 5 € Q#°4( f), and smooth vector
fields Xo, ..., X, on My,

(dvn)(Xo, ..., Xp)
p
=Y DV, (Xo. . Xiv L X)) + D (D (X X Xo L XL XL X)),
i=0 i<j
where we regard the various 5(Xj,, ..., X, ,-p) as smooth sections of f* /\qT*Mz, and the terms of the
first sum may be unpacked as in (23).

Lemma 3.1 (i) For double forms ¢ € QP-4(f) and 6 € Q"5(f),
dv(@An0)=dye A0 + (—1)Pp Ady0.
(ii) If g : M3 — M, as above, then dyg*n = g*dvn with respect to the pullback g* : Q**(f) —
Q**(go f).
(iii) If M, is oriented riemannian and V is the Levi-Civita connection, then
dv(n®vol) =dn®vol forany ne Q°*(M).

Proof Statement (i) is straightforward using

(S*V)(s1 As2) = (f*Vs1) Asy 451 A (fVs2).

Statement (ii) follows at once from the definitions, and the corresponding property of the usual exterior
derivative.
Statement (ii1) is immediate since the volume form vol = volyy, is parallel. O

Remark The derivative dy is denoted by D in [Gray 1969/70], a symbol we reserve for the Rumin
differential.

3.2 Double forms on a riemannian manifold

We specialize to the case where M, = M is a smooth oriented riemannian manifold of dimension n with
Levi-Civita connection V, My := SM is its unit tangent bundle, and f is the projection 7 : SM — M.
A spherical double form on M is an element of

QY (SM, M) = Q> ().
Define similarly the space of double forms on M,
QO (M) := Q> (idpy).
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The pullback 7* embeds the latter space into the former. Using the maps / = dnw : TeSM — Tx M and
the horizontal lift m = (d7T|HE)_1 : Tx M — T S M, we define the operations " and ¥ on Q**(SM, M).

The riemannian metric of M is a double form g € Q"I (M), with g = 0. The curvature tensor
R=RM c Q22(M), where as usual

RW.X.Y,Z)=g(Viw.x1Y —VwVxY +VxVyY: Z).
The first Bianchi identity may be stated as
R'=0.
Given X € TeSM, let
X=x"4x”

be its decomposition into horizontal and vertical components with respect to the Levi-Civita connection.
Identifying XV € T; £(Syg M) with the corresponding vector in T ¢ M, we define the connection double
form @ € QU1 (SM, M) by

0(X;Y)=g(X";Y) =g((n*V)x&; Y),

where in the last expression & denotes the tautological section of the bundle 7 *T M.
Similarly, the canonical contact form

a(X)=gX:¢)

defines an element in Q1-0(SM, M).
We also define spherical double forms Ry and R, of respective types (2, 1) and (2, 2), by

(25) (Ro)e(X1, X2:Y) =Ry(dn X1,dn X2;Y,E) and R=R+a” ARp.
In particular, ﬁg(- ,+7+,&) =0. It is easily checked that

(26) @) =a. R,=0, R=aAR,,

(27) (Rg) =Ro.

We will make frequent use of the natural identification
QU (SM)~Q*°(SM, M) via ¢ < ¢QI1.

Prominently, & may be thought of as an element of either space.

It will be useful also to identify Q*"(SM, M) with the space of differential forms on SM with
values in the orientation line bundle 2" (/). In the main thrust of the present paper, M will be a Kéhler
manifold, hence endowed with a canonical volume form, so that

(28) QY (SM) = Q*"(SM) via ¢ < ¢dRvolys.

Typically we will make this identification only after the formal calculations in the algebra of double forms
have taken place, and we will alert the reader on these occasions in order to minimize confusion. We
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remark, however, that integration over the normal cycle nc(A) of a subset A C M, which will be a central
construction for us, has the following property: if M is riemannian, but not oriented (or even orientable),
one may pair nc(A4) with elements of Q7~1*(S M) but not with elements of Q"= 1(SM).

Of course all of the above canonical double forms may be expressed in terms of the classical language
of moving frames. For n lying in an open set U C SM, leteqg =1, ..., e,—1 be a orthonormal frame
for Ty M. In particular, each e; defines a section of 7*7M, which we suppose smooth. Define
Qi,w,”j S QI(U) and Qi,j S QZ(U) by

(29) 0i (X) :=gleisdnX),
(30) wi,j (X) = gleis (7" V)xej),
(3D Q;j(X.Y):=R(ej,ej;dnX,dnY)

for X,Y € T, SM. The corresponding structure equations are then

n—1

(32) do; = — Z Wi j A 91', wj i =—wjj,
=0

n—1

(33) dwij == ojf Nogj+Qj, Qji=—Q;
k=0

n—1
(34) d%,j =Y (Qr Aok j— ik AL j)
k=0

Note that the 6; may also be viewed as local sections of 7*7* M. In these terms,

- n—1
Z i ® 05, =) w®b, a=0R1,
= i=0
n—1 n—1 N —
5 Z Qij®O:inbj), Ro=) Qio®6;, R= 5 Z Qi,j ® (0: NOj).

3.3 Contractions

Gray [2004] introduced a contraction operator C on the space of double forms,

C(ﬂ)(X],...,Xp_l;Yl,... q— 1)— Zﬂ(X], p 1, €Z,Y1,...,Yq_1,€i)
i=1

for 5 of type (p, q) on a euclidean space V, where eq, ..., e, is any orthonormal basis of V. We need the
following simple lemma.

Lemma 3.2 If y is a double form of type (p, p) on a euclidean space V of dimension n, then

PRy = g e enier. o)

for any orthonormal basis ey, ..., e, of V.
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Proof From the definition of the wedge product of double forms it follows that

("Agn_p)(el,---,enlel,---,en)

_ . n—p .
= ) epegn(epl,...,epp,eol,...,egp)g (epp+l,...,epn,eap+l,...,egn),
P,0ESp.n—p

where €, is the sign of the permutation p and Sp, ,,— , denotes the set of (p, n— p) shuffles, i.e., permutations

of {1,...,n} that are monotonically increasing on {1, ..., p}andon {p+1,...,n}. Now
= (n=p)! if{ppy1,..o pny ={0pt15.... 00,
S (P R P P
g (o P> =0p+1 on) {O otherwise.

Hence

(mAg" P)ey,...,enie1,....en) = (n—p)! » n(eiy,....ei, e, ....e,)

1<ij<-<ip=<n

(n—pt &
= y Z 7](81'1,...,eip;ejl,...,eip)
P iyip=1

(n—p)

———C?(y). m|

3.4 Exterior derivatives of riemannian double forms

Lemma 3.3 Let 0; and w;,;j be defined by (29) and (30). Then

n—1
(35) dv(1®6;)=—3 w;;®0;.
j=0

Proof From the defining relations (24), (23) and (30),
dy(1®0;)(X;Y) = (*V)x8;(Y) = X(6:(Y)) - 0:(x*V)xY)
= X(6;(Y)) - 29 (X0 (Y))ej +6;(Y)(w*V)xe;) = 29 (Y)wi,j (X),

as stated. O

Proposition 3.4 The exterior derivatives of g,R € Q**(M) and ¥, € Q**(SM, M) are
(36) dyg=0, dyR=0, dva=e', dva'=w, dyw=Rg.

Proof Straightforward. Let us prove for instance the last one:

n—1
dvw =) dw;o® 0 —wjoANdv(lQ 0;)
i=0
n—1 n—1 n—1
=— ) Wi Awjo®0i+ Y Qo®bi+ Y (wioAwij)®0b;
i,j=0 i=0 i,j=0
n—1
IZQ,"()@Q,':RO. O
i=0
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3.5 Lipschitz-Killing curvature measures

Let us now express in terms of double forms the Lipschitz—Killing curvature measures Ay defined in
[Fu and Wannerer 2019; Bernig et al. 2014]. Recall that these objects associate elements A]]cw eC(M)
to any smooth riemannian manifold M, with the property that if N C M is a smooth submanifold of
dimension k then A£4 (N, -) = the restriction of k-dimensional volume to .

Given a riemannian manifold M", define elements of Q" K=Ln=k=1(S A1 M) by

Yo1:=0=:9y_,
[3(n—k—1)]
Ynk—1= D dygi R A" 2R
1=0
[3(n—k—1)]
Vnk—1= »  (=20—k)dyp R A0 27F71 for k=0,... .n—1,
1=0
where
nk 1 (141 1)
(37) dn g = ——(2 ) kral
KT e+ Do 20\ 1 ) 7k 2 (0 =20 — k) w1

=[Cm) 1Nk + 1) (n =21 — k) \wp_nj—i] "

These constants will be taken to be zero whenever any index 7, k, / is a half-integer.
The spherical double form J,,_k_l will be used later in Section 4. For later use we record the relation

(38) (n—=21 =k = Ddy ;0 =+ Dy 141

and its immediate consequence

(n—k — 1 _
ket = 0y 3~ ko 4 duko = (K + D= K)oy ),

where as usual n!! =n(n—2)!!, (=1)!! =1 and O!! = 1.
Also form < n,

1 Wop_oi—1(2n =21 —k)! [+e
2m,k,l+e

39) d —d
G dankl ety — 20 —2¢ — k)]

Qn—20—k) 25t oy
2m—2l —k + 1)' Woam—21—k+1

’

40)  dapi, (

B T 1 1 (m— %k)
W o (Gt 30 T\ 1)

Let
1

ke =1 k(L —k))! @m)2 R
0 otherwise.

Rz (1=K A gk ifn—k is even,
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Lemma 3.5 The Lipschitz—Killing curvature measures are given by
AR" =l (k + De¥ Agh Ay 1]
= (k + Dl g 3ty R2Z"0 ngF @V A gk A 4]
fork =0, ...,n, under the identifications
QU(M, M)~ Q"(M) and Q" VN(SM,M)~Q" Y(SM)

of (28).
Proof This is a direct translation of the Definitions 3.1 and 3.10 from [Fu and Wannerer 2019]. O

The following computation will be useful in Section 4.
Lemma3.6 dv(e AV,_j_1) = dn,k,%(n—k—Z)av ARZ(1=k=2) A\ Ry & > dn,k,lﬁl A2k,

As usual, constants with half-integer indices are taken to be zero.
Proof Applying Proposition 3.4, we compute

dy(@” AR A" 7F 1) = (dya ) AR n@" 2 KT 4 (n—21—k — DY AR Adyw A" TR
=R nw" 2K 4 (n—2]—k—1)aY AR ARy A" 2 7K=2,

By (25), the first term may be expressed as

~l

Rl A" 2% = R—a¥ ARo) A" 2% =& A" 2% _ oY ARy ARIT! e 27K,

Thus,
L(n—k—1)/2]
dv(@ ' AYj—)) =dv Y dygge’ AR Ae" 2R
=0
L(n—k—1)/2] N
= Z dn’k’]R /\wn—Zl—k
=0
L(n—k—1)/2]-1
+ > [m=20—k=1)dyp1—(+Ddy 41l ARy AR A" 72 7K2
=0
+dn,k,%(n—k—2)°‘v/\R%(n_k_z) ARo.
Now (38) yields the result. O

4 Hermitian double forms

In the present section we study the additional double forms that arise as we specialize from the riemannian
to the hermitian case. After introducing several new generators — chief among them the Gray double
form G, to be studied in greater depth in Section 5— we explore the algebraic and differential relations
among them, resulting in the canonical Kéahler curvature measures I'x , and f‘k, p- In Proposition 4.7 we
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combine these relations with the general product formula of Proposition 2.1 to show that products of the
globalizations of I'y_, and f‘k, p on any Kéhler manifold admit an unspecified universal expression in terms
of its curvature tensor. We show also, in Theorem 4.9, that they behave well under Kihler embeddings.

The third and last main result of the present section is Theorem 4.12, which is needed to address
a dilemma discussed in Section 1.4: we wish to evaluate precisely the products of certain valuations
expressed in the terms above, but the fiber integrals of Proposition 2.1 are too complicated to evaluate
beyond the vague characterization of Proposition 4.7. We can resolve the corresponding issue in the
riemannian case by applying Nash embedding, together with the known structure of the algebra of
euclidean-invariant valuations. We know the hermitian analogue of the latter [Fu 2006], but there is
no Nash theorem for Kihler embeddings, so on the face of it this strategy appears hopeless. However,
Theorem 4.12 provides a way out: the curvature tensors of embeddable Kéhler manifolds form a full-
dimensional cone in the space of all curvature tensors that can occur on Kihler manifolds, so we can
draw the desired conclusion by uniqueness of the continuation.

4.1 Algebraic curvature tensors

An algebraic curvature tensor on a real vector space V is a symmetric double form R=RY € /\Z’Z(V, V)
that satisfies the Bianchi identity
R =0.

Denote the space of all algebraic curvature tensors by R = R(V'). Denote by K = IC(C") the subspace of
R(C™") C /\2’2((3 " C™) consisting of all algebraic curvature tensors that satisfy the additional condition

41 RJX,JY; Z,W)=RX,Y;JZ,JW)=RX,Y;Z, W),

where JX = +/—1-X. We refer to K as the space of algebraic Kihler curvature tensors, since the
curvature tensor of a Kdhler manifold satisfies (41); see, e.g., [Kobayashi and Nomizu 1996, page 165].
4.2 Double forms on Kéhler manifolds

Let M be an n-dimensional Kihler manifold, with riemannian metric g € Q1! (M), complex structure J

and Kihler form F € Q2(M) related by
F(X,Y)=g(JX:Y).

Let B € Q1-0(SM, M) be given by
Bs(X) =g(J§:dnX).
Note that (8Y)" = B.
Define the Gray double form G € Q%2(M) by
42) W, X:Y,Z2):=g(W;Y)eg(X;:Z2) —g(W; 2)g(X:Y) +e(JW:Y)g(JX; Z)
—eg(JW; 2)g(JX;Y)+2g(JW; X)g(JY; Z).
If M is a space of constant holomorphic sectional curvature 41, then R = A G [Gray 2004, Lemma 6.9].
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Definition 4.1 For k < 2n and 0 <2p < k, define the elements
(43) Yip =o' AGP AT APy g,
(44) Pip =o' ABABY NG AT APy
of Q2"=L2n(SM, M) ~ Q"= 1(SM), and put Yan,p = Van,p = 0. Let also
Okp =g 15 G” AT ARTTEE in Q212(M) >~ Q21(M).
Define the curvature measures

(45) Fk,p = [‘Pk,pa yk,p] and fk,p = [0, 7k,p]v
where we identify these double forms with ordinary forms via (28).

Remark 4.2 The 'y , are not the curvature measures denoted by this symbol in [Bernig and Fu 2011;
Bernig et al. 2014].

As we will see below, the I’ ,, f‘k, p represent Kéhler curvature measures that behave well with
respect to Kéhler inclusions, and (in the case of 'y ,) with respect to Alesker multiplication. This is
essentially guaranteed by the particular linear combinations of canonical double forms that constitute
the ¥, w j. Our ultimate obJects of interest, however, will be the curvature measures AM Bk i
linear combinations of the I' ,, Fk ,p» Tespectively, that carry special geometric 31gn1ﬁcance—and the
valuations ju , that are their common globalizations.

4.3 More relations among hermitian double forms
As in (25), let Gy € Q%1 (SM, M) be given by
(GO)E(XI» Xz; Y) = Gx(dJTXl, dJTXz; Y, g)

Since G6 =0and (G(\)/)’ = Gg on complex space forms by (26) and (27), the same holds on any K#hler
manifold M.
We will need another operator on double forms on a Kéhler manifold.

Proposition 4.3 Let ¢ be a spherical double form of type (p, ¢) on a Kéhler manifold M. Define a new
spherical double form of the same type by

d . .
Jo( X1, ..., Xp; Y1,....Yy) = Til_ (o(Xl,...,Xp;e”Yl,...,e”Yq)

for X1,...,Xp € T¢eSM and Yy, ..., Y, € Tre M, where on the right-hand side we use the given complex
structure on T M. Then J is a derivation, i.e., for double forms ¢ and @ we have

JANO)=JoA0+oAJO,
and J commutes with the exterior derivative,
dyoJ =Jody.
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Moreover we have, forR € IC,

(46) Ja¥ =—BY, JBY=aY, JR=0,
(47) G=1(gAg+JgnJg+4F AFY).
Proof Straightforward. |

Proposition 4.4 On Q**(SM, M), we have the differential identities

(48) dyFY =0, dyG=0, dv,sz—Ja),
(49) dv(Go)Y =—wArg—JoAJg—2dvB AFY.
Proof If the orthonormal frame ey, . .., e3,41 is hermitian (i.e., e5;41 = Jey;), we have

JA®02)=—1®bit1, J1®b0ryt1)=1R 0.

Moreover, since M is Kihler we have VJ = 0, which translates into

W2j2j = W2i+1,2j+1> W2i2j4+1 = —W2i+1,2j-
Since
n—1
F= E 0hi AOziy1 and B =0,
i=0

using these relations and (35), the first and last identity in (48) are straightforward. As for dyG = 0, it
follows immediately from (47) since d F = 0 on Kihler manifolds.
The identity (49) then follows from

Gy =—a'Ag+BYANJg—2BAF". i
Given a complex linear isometry ¢ : C" — T M, the isomorphism (10)
7" QUSM)|g g N (C) @ QS T!) = Q°(SC™)| gy, g2n1
extends to an algebra isomorphism
(50) o* QY (SM, M)ls p— Q> (sc, (Cn)|{o}xs2n—l

given by
0 (w®s)=0"(@)®d*(s),

where 0 € Q*(SM)[g /. s is amap SxM — N TFM, and o*(s) : S>"~1 — A*(C™)* is the corre-

sponding map.
Lemma 4.5 The images of o, det, B,dB, g, J g, w, Jw, G and Gy under c* do not depend on M, x oro.
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Proof Let us check the statement for w, the other cases being similar. Given X = (X7, X5) e C" @ vl ~
T0,,)SC" and Y € C", one has

(51) 0w (X:Y) =gloX2:0Y) = (X5, Y),
where ( , ) is the R-valued euclidean inner product. m|

4.4 The Rumin differential

The product of valuations is given by the formula of [Alesker and Bernig 2012], which involves the
Rumin differential D of the boundary term. In this section (Proposition 4.7) we show that the product of
any two valuations glob(l"l?’lp ) on a Kihler manifold M may be expressed in terms of differential forms
canonically constructed from the forms defining the two factors. Thus the key point is that the Rumin
differential of the boundary term py_, is canonical in the model algebra.

We extend the definition of the Rumin differential to double forms @ = w @volas € Q2" 127 (SM, M)
on an n-dimensional Kdhler manifold M by

(52) Dw := (Dw) ® volpys .
Recalling Lemma 3.1, this operation may be defined directly by
(53) Dw =dv(w +ané),

where & € Q2"=2:2"(S M, M) is uniquely determined, modulo e, by the condition that the expression
(53) is a multiple of . Recall also that X(C") denotes the space of algebraic Kihler curvature tensors
and that (6) defines a map 7 : V(M) — Q2" (SM).

Proposition 4.6 There exist polynomial maps
Py j. Prj  K(C") — N (C")* @ Q°(SP")
such that, for any Kahler manifold M of dimension n, any point x € M, and any complex linear isometry
o:C" - T, M, we have
(54) Dylilsoar = @) P j (0 RYD,
(55) T(glob T s pr = @)™ Prj (0™ RY).
Proof Taking w = yy ; in (53) above, we will show that we may take
£i=—jaY AGITVAGY A T AV iy

Since the % are polynomial in R, in view of Lemma 3.1, Propositions 3.4 and 4.4, and Lemma 4.5, we have
that 5*(dvyk, ;) and 0*(dv&) depend polynomially on 0*(RXM ), which will yield (54). Recalling (5),
since 6 * (1 * @k, ) is polynomial in o*(RM), this will give (55).
Let us write, as in (25)
g=anra’ +g,
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and put G = G +a" A Gg. Therefore,
G/ Aghk 2 = —jaY AGI TV AGoAgE T2 (k=2 e naY AGI AgkT2ITT L GT AT

By Lemma 3.6 and (25),

dvyrj =dv(@ NG A AYa 1) = dv(@” AYon_ k1) AGI AghT2

=0V AY  jdanpy G AGy AgFTH AR N TR
1>0 . .
toanay AY (k=2j)danics R NG Agh271 A2 727K
120 . .
+ Z don i RN @272k NG A gh2i
1>0
2j

1 .
tdy g 1p 0 ARTZFTI ARG A G AR

-3
=—a’A Z Jdan ki G/ AGy A Y AR A0 27K mod e ® 1.
]
Note that the last term in the next-to-last line is a multiple of vol ® vol, hence = 0 mod o ® 1. As for the
sum in the previous line, it vanishes as

Re(+,5+,8) =Ge(+,3-,6) =0 and ge(-; &) =we(+; &) =0.

A double form of type (p,2n + 1) necessarily vanishes. Using Proposition 3.4 and (27) we thus find

/
0= (av AGITVAGY Agh=2 A Z don i R! /\wzn_”_k)
>0

=a AGITVAGY Agh=2 A Z dyp iy R no?1 2k

=0
—a” AGTT NGO A T ANy iy R AR
1>0
+aY AGITIAGY AghTP A Z(zn — 20 —k)dan g RY A" 27K A dya.

>0
It follows that

dvyk,j =—dva AE mod a,

as claimed. O

The next statement, a direct consequence of Propositions 2.1 and 4.6, implies that the multiplication
tables for these families of valuations and curvature measures are universal across Kidhler manifolds M.
Here t refers to the expression (13) in Proposition 2.1. Put Wg = C" @ e(J)-, where | refers to the
R-valued euclidean inner product.

Proposition 4.7 There exist polynomial maps
Prpq K(C") — A" we
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such that, for any Kédhler manifold M of dimension n, any & € SM, x = n(€), and any complex linear
isometry o : C" — T\ M withoey =&,

(56) 7(glob(I',) - glob(I'1)) £ = @) P piglo” RM).

Moreover, there exist polynomial maps Ry p.1.4- ﬁk,p,l,q K€y —> AT W¢ such that, for any
Kéhler manifold M of dimension n, any £ € SM with x = n(£), and any complex linear isometry
0:C" —> Ty M withoey =&,

@) Rip1q(@*RY) and  (67)7" Ry p1q(0* RY)
give the boundary terms of glob(F,?:[p) . Fl{‘g and glob(F,ﬁ"/[p) . f% at &, respectively.
The following identity is a special case of Proposition 6.12 below.

Proposition 4.8 For every Kihler manifold M ,

glObM(Flyo) = g]ObM (fl ,()).

Proof Put
Vonz =Y (2n—2—=2)dyy 1 R A0® 273 and g=a " ABY AY2u3ATg.
=0

Recalling Definition 4.1, we claim that
(57) dn=y1,0—vi,0 moda,da.

Since exact forms and multiples of &, da induce curvature measures that lie in the kernel of the global-
ization map, this will imply the statement.
By Lemma 3.1, (36) and (48),

(58) dvp =0 ABY AVon3snJg—a’ AJw AV¥a—3 AT g+a ABY Ady¥an—3AJg.
Note that J¥2,—» = J® A Y3,z and also that J(p ® vol) = 0 for any form p € Q*(SM). Therefore
0=J@ " AYap2AJg)=—BY A¥ouanJg+a’ AJw A3 AT g~ AYaps Ag,
whence
(59) dyn=—BY A (@ AV2n—3 + Va2 +a’ Ady¥an—3) AJ g—a’ APz Ag.
By (36) and (38) we get

dv¥on—3 =Y (I +1)2n—2—3)dsn 1141 RN ARy Aw?1 724
l

=Y 1@2n =21 = D)dap,1 ;R ARy A0 7272,
/
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Using the decomposition R = Ry Aet™ + R, we rewrite

OAVan—3 = Y (2n—2-)dsy 11 R A"~ 2
/

= 21(2”_21—2)612”,1,1 Ro AaY AR /\co2”_21_2+Z(2n—2l—2)d2n’1’1ﬁl/\wzn_y_z,
! !

and similarly,

I, 2n—20-2
VYon—2 = ZdZn,l,l R Aw®"
l

= Z ldp1,1 Ro AaY ARITT A@2n 272 4 Z d2n’1,l|?{l Aw@2n2=2
! [
It follows that

(60) O AVan3+ Va2t AdyPoans =Y (2n—2—Ddyy 1 R @72
1

Combining (59) and (60), and using the identity
Jg=a" AB + j\g,
where (.f\g)g( -; &) = 0, we conclude that

dyn=—BYAY @n—2—dyy 1 R AN@® 22N T g—a¥ AYon_z A
/

—BY /\Z(zn 20 =)y RN @P H 2N (@ AB+Tg)—a¥ A¥anaAg
!

=" ABABY AVan—2—a¥ AYaua Ag,
which is our claim (57). O
4.5 Restrictions
The main result of this subsection is
Theorem 4.9 If M C M is an inclusion of Kéhler manifolds, then
61) F,i‘{,|M -,
(62) Fk p|M = Fk,p

We will prove this theorem by relating the double forms yk o yk e oM k.p defining the curvature
measures on M to the corresponding forms yk e yM k.p for M. Denote the complex dimensions of M
and M by m and n, respectively. The case m = n is trivial so we assume d :=n —m > 0. Since a subset
A C M has empty interior as a subset of M, the interior term oM k.p is irrelevant.
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This task reduces to expressing the normal cycle nc(A4, M ) of A, considered as a subset of M, in terms
of its normal cycle nc(A4, M) as a subset of M. Since the statement is local, we may fix a hermitian
orthonormal local frame

bams .. ban—1, Wwith Jby, = bapiq,
of the normal bundle NM of M in M. Denote the normal space to M at a point x by NyM C Ty M.
For (x, y) € M x S294=1 with y = (Vams - - -+ Van—1), put
2n—1

yb = Z Vrbr(x)

r=2m

lying in the unit sphere in the normal fiber Nx M at x, and define similarly Y'b for Y € T}, S 2d-1 - 4

Consider the maps
F:SMx(0,1n)x 8271 5 SM, (x,v,6,y) > (x,cos(8)v +sin(0) yb),
Fo: M xS%*~' 5 NM c SM, (x, ) > (x, yb),
together with the projections
P:SMx (0, n)x 8?71 > SM and Po: M xS - M.
It then holds for every A € P(M) that
(63) nc(A C M) = (Fo)«[AT x [S?? '] + Fu(nc(4) x [0, 27] x [S2471]),

where the double brackets mean that we consider the corresponding oriented manifold as a current. In
other words, if [¢, w] € C(M), then

(64) [6, ]| 3= [Pos Fiw, P« F*w] € C(M),

where Py, and P, denote fiber integration with respect to Py and P. (Since the codimension d > 0, any
restriction [¢, 0]| ,,= 0.) ~ ~

We will apply (64) to the forms w representing the boundary terms of F,?’lp , I:,?’Ip. Formally, these are
double forms y]?,/lp, )7,?:[1) e Q2n—l.2n (SM, ]\2), which we identify with elements of Q27! (SM) under
the convention (28).

Following the usual formalism of double forms, the pullback and pushforward operations above
are applied to the first factor. This will result in elements of Q2" 1:2%(j o ) and Q22" (i), where
i : M — M denotes the inclusion map and 7 : SM — M is the projection. Denote by volyas € Q0.4 (i)
the section consisting of the volume forms of the normal fibers N, M. Pulling it back in the obvious way,

we obtain injections
QY (SM. M) — Q> (iox) and QM) Q"*t()
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given by y — y Avolyps. In these terms, Theorem 4.9 will follow from the identities

(65) PeF* =y Avolyas.
(66) Pox Fyvit, = o}, Avolas.
(67) PP = 5 Avolyas.
(68) P F3FM = 0.

4.6 Some identities for pullbacks of double forms

Let us first compute the pullbacks of &, ", BV, @ under F and Fy, which live in the spaces Q**(w o F)
and Q°*°*(w o Fyp), respectively. We may consider Q°*°*(;r o Fjy) to be a subspace of Q**(;wr o F) via
pullback under the projection map SM X [O, %n] x §24=1 5 M x §24=1 Denote by K the subspace
of QU1 (r o Fy) (or of Q11 (7 o F)) consisting of sections of the bundle with fibers 7¥ M ® N M.
Define
7:=Fa¥ € Q% (no Fy),

and observe that

(69) F*a =cos(f)a, F*a¥ =cos(d)a” +sin(d)t,
(70) F*B =cos(0)B, F*BY =cos(9)BY —sin() Jr.
Define also

H.o € Qb0 Fy)
by taking for (x, y) € M x S24~! and for X e TyM, Y € TySZ“’_1 and Z € Ty M,
H(x, »)(X,Y); Z) =g (Vx (30); ZT),

where Z=ZT+2Z1eT *M & Ny M, a pullback of the second fundamental form of M in M at the
normal vector yb € Ny M, and
o((X.Y): Z) :=g(Yb; Z).
We claim that

1) FloM =H +6 mod K.

Indeed, let X = x’(0) € TxyM and Y = )’ (0) € TySz"l_1 for some smooth curve in M x S24=1_ The
tautological section & along the curve Fo(x(¢), y(¢)) is given by Y v, (£)b,(x(¢)). Set V :=dFy(X,Y),
and use (22) to get

(T*V)pE =)y (Obr +yr(O)(r*V)yn*by = Yb + Vy yb.
r

Equation (71) then follows easily.
Define volg € Q2471:0(5r o Fy) to be the volume form of the S24~! factor, and observe that

(72) TAG2dTl = (2d — 1)!volg A volnps.
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Finally, we observe that similarly to (71) we have

(73) F*oM = cos(9)o™ +sin(0)(H + o) + (d(0) ® 1) A (cos(8)t —sin(@)a¥) mod K.

4.6.1 The Weyl lemma Consider the second fundamental forms associated to the b, as the double
forms

L eQVY (M) forr=2m,....2n—1, L (X:Y):=g(Vyb,,Y) for X,Y € Tx M.
Thus
H(x,p)=y-(1,.... 1), =yl
Define also the complex-valued version
As(X;Y) :=I2S(X;Y)+«/—_llzs+1(X;Y) for s=m,...,n—1,

and observe that at each point x € M the value (Ay)x is a symmetric bilinear form over the complex
vector space T M.

Given a double form C € Q"'(M ), the pullback i * C by the inclusion map i consists of sections of
the bundle over M with fibers A\™*(Tx M, Ty M ) over x € M. Denote by

Clpp€ Q% (M)
the image of i * C under the pullback \**(Tx M, TXM) — A\"*(Tx M, Ty M) induced by i on the second
factor.

Lemma 4.10 (Weyl lemma) For even exponents 2e we have for each x € M

getlg d _ ~
(74) / H(x,y)¥dy = = 2482 L RM _ M| e
SZd—l S2e

while the integral vanishes for odd exponents.

Proof If the exponent is odd then the integrand is odd in y. If the exponent is even, apply [Bernig 2006,
Proposition Al] and use the Gauss equation

n—1 2n—1 _
(75) D ohsake= > 1F=2RM-rM|,)). O
s=m r=2m

Proof gf (61) This amounts to proving (65) and (66). Since g and G, are horizontal, with gﬂ | M= gM
and GM | M= GM | referring to (45) it is enough to show that
6 PiF* @Y AyM Y=Y AyM | Avolya,
7 _1
Por Fg (@ A3 g 1) = oy ey RM)" 2 Avolyag

Since the curvature double form RM is horizontal, we observe that
PuF* @V A (@)% A RMYE) = (¥ RMYE A P, F* (0¥ A (@M)%).
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Since the double forms appearing in (76) are sums of terms of this form, we first evaluate the
expressions Py F*(aV A (w™)%). Expanding this using (73), it is clear from (72) that any terms that are
not multiples of

Fa /\(d9®1)/\(cosér—sm9a\/)/\a =dd@)raY AT AG? 2d-1

map to 0 under P,. Modulo these irrelevant terms we compute
F*(aVA(wM)a)

al
= AZ(a k—2d) k! 2d—1)!

al

_ VvV
=AY T

(cos )¢ *—2d ya—k=2d (sjn g)k+2d—1 gk A (@O @ 1) AT NG 2DT]

(cos 0)2k=2d (gin gyk+2d—1 ya—k=2d \ gk A (40 ®1) Avolg A volns -

Recalling the identity

/2 b+2
(77) f cos? Osin® § do = Satdrl _ (a+b+2)wg4p12
0 SasSp (a+1)(b+1)wa+1wb+l

and invoking (20) and Lemma 4.10, integration yields
P F* (¥ A @)
=a’ A Z

Setting a = 2n — 2/ — k — 1, recalling that n —d = m, and applying (39),

Wa1(a+1)!
2w ee'a)a 2e—2d+1(@—2e—2d +1)!

726724 N (RM _RM | )¢ Avolyyy .

2nkl Woyp—2]— k(2n—21—k)' dm—2l—2e—k—1 M i .
=i ‘@ AR™ =R A vol
Z e'me 2]—2e— k(Zm 21—2€—k)' ( |M) NM
l+e a1 ~
:“v/\zdzm,k,He( J )_me 21—2e—k 1A(RM_RM|M)e/\V01NM~
e

Thus,

(78)  Py«F*(a’ A 'ﬁ%—k—l)
=Y doni s RM |yl A P F¥ (@ A @272k
!

= e’ ol A S da 0" S(4) AR A RM R )¢
e

=a'AY dZm,k,fwzm_zf_k_l ARMY Avolyag
S

=av A wé\rln—k—l Avolyar,
which is the first relation of (76).
We next consider the interior terms for Iy ,.

Geometry & Topology, Volume 30 (2026)



2744 Andreas Bernig, Joseph H G Fu, Gil Solanes and Thomas Wannerer

Since Fg‘ a" = 7, we conclude that, modulo the kernel of the fiber integral map,

I CANCRES ( )rAHa_2d+1 Ag2dl

a
2d —1
= (—e2d+1( D ) ga2d+ 104 1yivolg |, Avolya -

2d —1
By Lemma 4.10, the fiber integral vanishes if a is even, hence PO*F(’)k Vi,p =0if k is odd. If a is odd,

we use Lemma 4.10 to compute

1
a! 2§(a+1)—d+ls ~ 1
Pos F (@Y A@%) = TRM _RM | )2@=2d+D) \ yolnay .
0x Fo ( ) @201 Saadms ( |p) volym

We thus have for even k, using (40),

PO*F(;R(“V/\w%_k_l)

220 —k—1)1 2k g,y i
= Y ot ) B2k (@) A RM R )" H vl
/

(2m—21—k)! S2m—21—k
k
b4 1 1 1
= R 2k A volnars,
(k+ D!k (3k)! (m—2Lk) om=2k zm
which is the second relation of (76). O
Proof of (62) Recalling (70), and the identity
Sa+2 _a—2e—2d+1 Sa
Sa—2e—2d+2 a+1 Sa—2e—2d
an argument as above shows that
P.F*(BraY ABY Aw?)
1 —2e—-2d+1 ! 7
=) a—ile—Zd+ Sad aV A0 26724 \B ARV ARM —RM |, )¢ Avolyas
- 2¢mee! a+1 Sg—ne—ad(a—2e—2d)!

and therefore, using (39),
P F*(2n =21 —k)dap g B AaV ABY Aw?n—2I=k=Ty

I +e 7
= E ( )(2m—21—2e—k)d2m’k’l+e,3 AV ABY A@2mT2m2emk=1  (RM _RM | )¢ Avolyay .
e
e

As above, we conclude that
PoF*(Bra¥ ABY AN, Y= B na¥ ABY ATM | Avolyas,

which yields (67).
To prove (68), observe that p , is divisible by B, and that FJB = 0. m|
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4.7 Embedded Kihler curvature tensors
It is convenient to record here the following fundamental fact.

Definition 4.11 An algebraic Kéhler curvature tensor R € I(C™) is called embedded if there exists a
complex submanifold M™ C C"*™ a point p € M, and a J-linear isometry f : C"™ — T, M such that
R= f*R}.

Theorem 4.12 (pointwise embedding lemma) The set of embedded algebraic Kahler curvature tensors is
a full-dimensional convex cone in KC(C™).

Proof Setting RM = 0 since M = C™, the relation (75) characterizes this set explicitly. Let B be
the complex vector space of symmetric complex-bilinear forms on C”. Note that any finite collection
Am,...,Ap—1 € B occurs as second fundamental forms as above, e.g., for

M ={(Z 3Am(Z.2).....32,1(Z.2)) | 2= (20, ... Zm—1) €C™} C C".
Polarizing, in order to prove the theorem it is enough to show that the map
AQRUHAAR +RAX

constitutes a surjective map B ®g B — K(C™).
By [Sitaramayya 1973, Theorem 3.6],

1 2
dimg K(C™) = (m + ) :

2
so it is enough to show that the dimension of the image is at least this large. Selecting a basis eq, ..., e
of C™, let 04,..., 0, be the corresponding dual basis, and observe that the images of

0:00)®B:00;), B:o0)S OO0, (V-16;060)® 608,

withi < j, k </, and (i, j) < (k,[) with respect to the lexicographic order, are linearly independent, as
the reader can readily confirm by evaluating them on 4-tuples of vectors selected from e;, ¢, ek, ¢ and
their images under J. Therefore the dimension of the image of B @ g B under the map above is greater

()00

as claimed. O

than or equal to

4.8 Angularity of the I ,ﬁ”p

Recall that among all curvature measures, the ones called angular are distinguished for enjoying the
simplest possible behavior on polytopes. More precisely, in R” a translation-invariant curvature measure W
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is called angular [Bernig et al. 2014; Wannerer 2022] if there exist functions f; on the Grassman-
nian Gry (R"”) of k-dimensional linear subspaces of R” such that

n

VP.U)=D Y fulF)y(F. P)vol(FNU)

k=0dim F=k
for every polytope P C R” and Borel set U C R”. Here the inner sum is over all k-dimensional faces
of P, F is the linear subspace parallel to the affine hull of F, and y(F, P) denotes the external angle of
P at F. On a riemannian manifold M a smooth curvature measure W is called angular if 7, W is angular
for all x € M, where t is the transfer map (16).

Proposition 4.13 The curvature measures I ]?’IP are angular.
Proof It suffices to show that the curvature measures defined by the (2n—1)-forms
(79) Yipi:=0a AGPA k=22 AR A@?"7K=1 for [, p>0and2p +2/ <k

are angular.
Fix a point x € M and a k-dimensional linear subspace £ C Tx M. Let £ € Sx M be perpendicular
to E. Let
T 1 QU (SM. M)|g_p— QU (ST M, T M)T<M

be the natural extension of (15) to double forms. At a point (v, §) € STx M, the restriction of Tx pg, , s to
E®(ELNEL) C Tg ST M is given by

Cn i Tx(GP AgF272P AR E A (1@ volp 1) A (volgpiy le ® 1) = c(E) A (volg(g 1) e ® 1),

where ¢, x is a constant and ¢(E) € /\kE *@ N'T =M does not depend on & € E L. This shows that
Tx Yk, p,l defines an angular translation-invariant curvature measure on 7x M and concludes the proof. O

5 The Gray algebra

The existence of linear dependencies among the double forms yy , and ¥ , is not evident from their
definition. To address this issue, we determine the structure of the Gray algebra, defined below, in
Theorem 5.5. The principal consequences that we will carry forward to the concluding discussion in
Section 6 are Propositions 5.11 and 5.12.

5.1 Canonical elements of G(n)

Definition 5.1 The Gray algebra of degree n is the complex subalgebra G(n) C A\”*(C",C") g C
generated by g and G. Clearly

2n
G(n) = P G (n),
k=0

is a graded commutative algebra over C, where Gy (n) denotes the subspace of elements of type (k, k).
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The elements
(80) Dip =Y Chp; G Ag"TH =g p(G.g) €Gr(n) with 2p <k
j=0

will play an important role, where

Shp(5.1) =Y cp p 87t e Cls. 1],
Jj=0

o k+1 p+l\(p+!
Ck,p.j = (=1) Z(2p+2l+l)( l )( J )

>0

An alternative description of the constants in terms of generating functions is as follows.
Lemma52  G(x.p.2) 1= Y4 , is0Chk,p X yP25 =[(1-2)* = (1 —2x)(1 - p)z47".

Proof Using the binomial series

k
n n X
Ej(k)x B GE

n>k
we compute
Z Ck -xjypzk= Z (—1)p+j2jZ k1 pEN(PH! xjypzk
- 0P , 2p+20+1 i j
k,p,j=0 k,p,j=0 [>0
2p+21
_ Z (_1)p+12](p+l) p+l xjyp z2p+
e / j (1 _Z)2p+21+2
2p+21
_ (PN et ETTT
2r
— 1_ -2 _1 r—l r 1_2 r r—l z
(-7 Y (1) (J( e
r,>0
[ =201 = )2
=(1-2)"2
(=2 23[ 1-22
r=0
=[1-2)>—(1—=2x)(1— )z L. o

Lemma 5.3 The generating function G yields the following relations among the gy ,:
(81) (k+2)tgp,p(s,1) =2(p + Dgry1,p+105,0) + (k=2p + 1) gri1,p(s,0),
82 (J+ Deg,p,j+1+ (k=2))ck,p,j = (k + 1)ck—1,p,;-

Proof Note that

S
Z gk,p(s,t)ypzk = G(l—z,y,tz), where g9, =0, p>0.
k,p>0
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Thus the relations (81) are equivalent to the functional identity

ad 2(1—yp) 0 ad s
2 — 2 =27 " 4 -~
( t+tzaz)G(s/t , Y, 12) ( - oy + 82)G(z2’y’t2)’

which is easily checked.
Relations (82) follow by equating coefficients in the identity

G G
(1-2x)— =z(z—1)— +2zG. ad
0x dz
The Gray algebra interacts nicely with Kidhler curvature tensors:
Theorem 5.4 Suppose R € K(C"). Then, for p+q <n,

GP ARY A g2(m—P=0) = P Cn—p—q RZ A g2(n=a)
n—q
(2n)!
nl(n+1)!

Proof By Lemma 3.2,

where C,, = denotes the n-th Catalan number.

q!
(p—l—q)!m A=0
p» 4'(2n—2p—2q)! dF ’
(p+q¢)!Q2p+2¢)drP Ir=0

Given R € K(C"), the total Chern form y € /\'(C")* of R is defined by

1
i=det| I — B,
Y ( 2n/—1 )
where E;j € N (C™)* is defined (see [Gray 2004, page 88]) by

GP ARY A g2=P=9) = (_1)P (R=A G)PTI A g?n=P=0)

=(-1) C2(p+q)((R —1 G)PH9),

(1]

ij =R(-,-1e2i,e2;) —vV—=1R(-, 1e2;,€2j41) fori,j=0,....,n—1.
Denote the degree-2k component of y by yj. According to [Gray 2004, Lemma 7.11] we have

(n—p—q)!
(P +9)!2p+29)!
where, by [Gray 2004, Lemma 7.15],

n +q—k

- n—k+1 Ao\
:E ——F A Vk-
Vp+q k=0(p+q—k)( n) Vi

C2(P+¢1)((R_)L G)P+q) — (27.[)P+61(J’7p+q ANF"P (e, ..., ea),

Therefore,

GP ARY A g2(=P=0) — (_1)P (27)PF4 q!

(2n—2p—2¢q)! d? _ -
(n—p—q)! dkp‘x=o(”1’+qAF" P~ (ey, ..., ean)

12n—2p—2¢)! (n—q +1)!
:2p+qnqq @n=2p=2¢)t(n=g+1) (g AF" 1) (e, ..., e2n).
m—p—q@)(n—p—q+1)!
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Since
_ (n—q)! (n—q)! 2(n—
2m)4 (y, A F"4 =~ 1PclqRrey= 1 RIp G209
Cr) (g AF" )1, vean) = o SCHRY = DR Ag
by [Gray 2004, Lemma 7.6] and Lemma 3.2, the claim follows. O

5.2 Structure of the algebra G(n)

We will need to determine the structure of the Gray algebra. For every finite-dimensional real vector
space U, denote by K”(U) the intersection of Sym? (/A U*) with the kernel of the linear map

NPUU) - NPT U, U), A A

defined in Section 3. Thus K2(U) = R(U). Put K&(U) := KP(U) ®gr C.

Put
ink—i (K =1 i k—2i
(83) grls, 1) = grols,0) =y (=12 ( i )s k=2
iz0
(84) Z gk (s, 0)x% = (1 —21x +25xH) 7.

k=0
These identities follow by setting x = s/¢2, y = 0 and z = ¢x in Lemma 5.2. The polynomials g satisfy
g=1 g1=2,
and the relation
(85) 2sgk —2tgk 41+ 8k+2 =0 for k£ >0.
Theorem 5.5 Let p=0,1,...,2n.

(a) The component G,(n) of the Gray algebra coincides with the subspace of U(n)-invariant elements
ofKé (C™), with

(86) dimG,(n) = 1+ | 3 min(p,2n—p) .

(b) The multiplication pairing P : Gp(n) X Gop—p(n) — G, (n) =~ C is perfect.

(¢) Consider the graded polynomial algebra C|s,t], where degt = 1 and degs = 2. Then the map
@ : C[s,t] = G(n) of graded algebras given by

@(h(s,1)) = h(G,g)
covers an isomorphism

Cls. 11/ (gn+1. &n+2) = G(n).
The rest of this section is devoted to the proof.
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Remark 5.6 It follows from (c) above that the Gray algebra G(n) is isomorphic to the cohomology
algebra of the Grassmann manifold Gr,(C”*2): by [Fulton 1997, page 152; 1998] the cohomology
algebra of Gr, (C"*2) is isomorphic to C[o3,01]/(Zns1. 8nt2), Where

~ 1
ng(ﬁz,ﬂl)xk =

1 —xo01 +x20y
k>0 1+ X502

Hence ¢ — %01, s> %02 covers an isomorphism G(n) — H*(Gr,(C"*2)).

Let SO(n, F) and SL(n, F) denote the orthogonal and special linear groups over a field F. Recall that
the finite-dimensional representations of SO(n, R) and SL(#, R) are in bijection with the finite-dimensional
analytic representations of SO(#, C) and SL(n, C), since the latter groups are the complexifications of the
former; see, e.g., [Bump 2013, Chapter 24]. In the following we denote by @), for p =0,1,...,n—1,
the fundamental weights of SL(n, C), i.e.,, the highest weights of the irreducible representations NPCn.

LemmaS5.7 Forp=1,...,n—1, Ké (R™) is irreducible as a representation of SL(n, C), and has highest
weight 2wy, p.

Proof Fix a basis eq,...,e, of W =R"” @ C and let «q, . ..a, denote the dual basis. Consider the
diagram

/\Pw* ® /\Pw* /\P""lw* ®/\P_lw*

lfo lfl

n— 0Py n—p+1
/\Pw*®/\ PW /\P W*®/\ P w

where the vertical arrows are induced by the SL(7, C)-equivariant isomorphisms /\k W* ~ /\n_k W and

LE®X) =) (i A ® (e AX),

i=1
analogous to multiplication by the symplectic form. We claim that the above diagram is commutative.
Letp @y € N°PW* @ APW*. A direct computation shows that

(87) PRV =) (@A) ® (e, V).

i=1
LetI =(iy,...,ip)and J =(j1,..., jp) be p-tupleswith 1 <i; <---<ip<mand 1< j; <---<jp <n,
and let us write oy for aj; A--- Aa;,. We denote by J the complement of J, ordered in such a way that
(J, J€) is an even permutation. Then

n n
Nillar®ay)) =" filei Aay ®igay) = (=DP Y o nap @ei Aeye

i=1 i=1
= (=D Les ® eye) = ()P L(folas @ ).

This proves that the diagram is commutative.
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By symplectic linear algebra, the map L is surjective. As SL(n, C)-representations, the spaces
NW*@NPW and NPT W* @ NP W differ by precisely one irreducible representation, namely
the one with highest weight 2w, ,; see, e.g., [Wannerer 2022, Lemma 2.9] for a proof. It follows that
the kernel of L coincides with this irreducible subrepresentation. The commutativity of the diagram now
implies that the kernel of the map ' : A W* @ A’ W* — NPT Ww* @ A" W* is irreducible. Since
K(IC’ (R™) is an invariant subspace, they must coincide. O

Remark 5.8 The proof of the lemma shows that if a double form w € /\P-? (R”, R") satisfies w’ = 0, then
it is also symmetric, i.e., @ = w. For a different proof of this fact see [Gray 1969/70, Proposition 2.3].

Lemmas.9 Forp=1,...,n—1, Ké (R™) and Ké_p (R™) are isomorphic as representations of SO(n, C).

Proof Fix a basis eq,...,e, of W = R" ®gr C and let «q, ..., denote the dual basis. Denote the
Hodge star operator by x : /\kW* — /\"_k W*, normalized so that ¢ A xy = (¢, ¥) vol. Moreover, let
Lip : N'W*® Nw* - New* @ AW be the map that interchanges the first and second factor. Since

$(PA®) =tex¢  and  * (1o, V) = (=) 'k Ay,
a comparison with (87) shows that the diagram

/\Pw* ® /\Pw*

/\p+1 wW* ® /\p—l W

(*®@x*)olp p (=In—p—1.n—p+1)o(x®%)

/\n—pW* ®/\n—pW* /\n—p+1W* ®/\n—p—1W*

commutes. Hence (x ® *) o I, , : KL (R") — K¢ P (R") is an isomorphism intertwining the action of
S0(n. ©). O

5.3 Proof of Theorem 5.5

Proof of Theorem 5.5, items (a) and (b) Let Resglc‘)((':l’%)) denote the restriction of representations

functor. We denote by I',, the irreducible representation with highest weight v. It is well-known (see, e.g.,
[Wannerer 2022, Lemma 2.10]) that, whenever p < %n,

SL(n,C) _
Ressom,c) 2wy = @ Tu,
w
where the sum is over all highest weights of SO(n, C) of the form

(88) L=(2,...,2,0,...,0), with 0<k < p.
——
k times

Using Lemma 5.9, we conclude that K| é (R™) decomposes as a representation of SO(#, C) into irreducible
representations of weight (88), with 0 < k < min(p,n — p).
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Next we recall the fact that the SO(2n, R)-representation I';, contains a nonzero vector that is fixed
under the action of the unitary group U(n) C SO(2n, R) if and only if k is even. This can be deduced
from the Cartan—Helgason theorem for the symmetric pair (SO(2n, R), U(n)) or from the branching rule
for this pair. We refer the reader to [Alesker 2001, page 269] or [Boroczky et al. 2021, Section 2] for
further discussion and earlier applications of this fact to valuation theory.

Combining the above two facts we can thus conclude that

dim K2(CMY® =1+ | I min(p,2n— p)|.

Since G, (n) C K{C’ (CMU™M a5 G' = 0, g’ = 0, we obtain that the right-hand side of (86) is an upper
bound on the dimension of G, (n).
Assume first that p = 2m < n, and consider the pairing matrix for the elements

amGm 2l el g2 e e Go(n),

2m—n Gn—m’ 2m+1—n Gn—m—l gz’ e Gn—Zm g2m c g2n—2m(n)»
Viz.,
Co C; - Cn
o1 Ci G v Gy

n . DR .
Cm Cmt1 -+ Com
by the case ¢ = 0 of Theorem 5.4. This matrix is nonsingular; in fact, dropping the factor C, !, it is well
known to have determinant 1 [Aigner 1999]. The perfectness assertion (b) and the linear independence of

the considered elements of G, (1) follows.
The case of odd p is treated in the same way using the identity

C, Cy -+ Gy
G G o Gy
det| . ] =1. O
Cm Cm—H T C2m—1
To complete the proof of Theorem 5.5, item (c), we will need the following combinatorial identity.
Lemma 5.10 For all nonnegative integers k, n,
n+1-— _ k
> (- 1)( )Cn_k_,- =(-1)" "( )
, n—k
i=0
In particular, the left-hand side is zero if n > 2k.
Proof In terms of generating functions, we wish to show that

l’l+1 n. k _ 1
> e (" T et = s

n,k,i>=0
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Indeed, using that

- A~

ZCX «/1—4x
n

2x

the left-hand side may be expressed as

=i+ 1 mtk+1 -
Z (_l)l ( ; )Cn—k—ixnyk — Z (_l)l ( ; )mem+k+lyk
nk,i>0 m,k,i>0

=(1-x) Z C (1 _x)m+kxm+kyk
m,k>0
= y/1-4x(1—x)
- 2x(1—xy(1—=x))
S l—xy(l—x)’
Proof of Theorem 5.5, item (c) Let us first show that g,+1(G, g) = g4+2(G,g) = 0in G(n). By (83),
Theorem 5.4, and Lemma 5.10 we have

n+1 Y : Py
P(Gk n—2k—1  gns1(G, g))_2n+1z( 2)~ ( )P(Gkg” 2k e gn+1 21)
i=0

2n+k+1

- (Z(—l)i(”+l.1_’ )Cn_k_i) ¢ =0 for n> 2k,
" i>0

Since the pairing is perfect and the double forms Gk g" k=1 with 0 <2k <n span G,_1(n), the relation
gn+1(G, g) = 0 follows. The same argument shows g,42(G, g) = 0.

Since ¢ - g,+1 # gn+2, repeating the argument of [Fu 2006, Lemma 3.7] shows that the ideal of
relations in G(n) is generated by g,+1(G, g) and g,+2(G, g). |

Theorem 5.5 has the following crucial consequences.

Proposition 5.11 If k — p > n then, as an element of G(n),

Ok,p =0.

Proof Relation (85) and part (c) of Theorem 5.5 imply the statement for p = 0. The case p > 0 is
proved by induction. Assume p > 0 and k — p > n and that the proposition has been proved for p — 1.
Relation (81) and the inductive assumption imply

k—2p+2

~1(G,g) =0. O
2p 8k,p 1( g)

k+1
Di,p = 8k,p(G,g) = TS g8k—1,p-1(G, g) —

Proposition 5.12 Let R € K(C"). Then, for even k,

br, ARIK/2 = [GPHDREE ng?? ifk=2p,
“or 0 itk >2p.
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Proof By Theorem 5.4,

k/2 . .
(89) Dr.p A R—k/2 _ Y cp, G /\gk—2] A RK/2
Jj=0
k/2 No T
(90) — ( S cp 2! é/z J)gk ARnK/2
j=0 k/2

The numerical factor in the last line is independent of n. Denote it by Ay ,. We claim that A; , = 0 if
k>2pand =2p+1if k =2p. To prove this it is enough to consider the case n = % so that the final
expression above is Ag , g?", where g2" # 0.

If & > 2 p then Proposition 5.11 implies that then ¢4 , = 0 as an element of G(n), so Ay, , = 0.

For the case k = 2p = 2n we recall that ¢, , , = 0 for ¢ < p by Proposition 5.11. Since

0 if j >0,
91 C s =
. %’w {k+1 if j =0,
by Lemma 5.2, we conclude
p p i) 5
P2pp= 2 P2pg= 2 C2pqj G AT =Q2p+Dg”. o
q=0 q,j=0

6 The Kihler-Lipschitz—Killing algebra

We assemble the ingredients above to prove Theorems A and B by giving the claimed isomorphisms in
explicit terms, using the general hermitian intrinsic volumes ,u;(‘/,[ » defined in (95) below. Theorem A is a
direct consequence of Proposition 6.2 and Theorem 6.9. Theorem B follows from Proposition 6.2 and the
results of Section 6.4.

6.1 The Kihler-Lipschitz-Killing curvature measures and the hermitian intrinsic volumes

Definition 6.1 Given a Kihler manifold M we define the Kdhler—Lipschitz—Killing curvature measures
on M by

A,]cv,[p ::ch,p,ij,j:[lck,p,wk’p] for Ofpf%kfn,
j
B,]c‘:[p = ch—1,p,j:_%fk,j =[0,@k,,] for 0<p<ik<n,
where !
92) Okp = APk p ANVan—k—1-
(93) Brk.p = kkalav ABABY APk—1.p AV2n—k—1,
(94) Kkp = annt)2®k,p AR =8 5p i,

by Proposition 5.12.
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Define also the hermitian intrinsic volumes on M to be the valuations
(95) up, =AY ] € V(M).

We denote by KLLK(M) C V(M) the vector space spanned by the ;L]]c”p, and by KLK(M) C C(M) the
space spanned by the A;{M » and the B,iw >

Theorem 4.9 implies that the A , and By, are invariant under restriction.

Proposition 6.2 Let M C M be an isometric holomorphic embedding of Kihler manifolds. Then
M M M M
Akpl= B, and B, ly= Bip-

We will see (Proposition 6.12) that [B,Qf 1= [A,Q{ 1= M,Q{ ,» and (Theorem 6.9) that KLKC(M) is closed
with respect to Alesker multiplication. The resulting subalgebra of V(M) is the Kdhler—Lipschitz—Killing
algebra of M.

These curvature measures fit the previously developed schema from [Bernig and Fu 2011; Bernig et al.
20147]:

Proposition 6.3 Taking M = C”",
AL, =Mk, and BL =By,

where the right-hand sides are the curvature measures of Curvg(") as defined in [Bernig and Fu 2011;
Bernig et al. 2014].

Proof We show first that Ay , = A}?n . Consider in complex projective space (CP)]LV of constant
g Ny

U(n)

holomorphic curvature 4A # 0 the image of Ay , € Curv under the transfer map, which we denote

again by Ay ,. By [Fu and Wannerer 2019, equations (75) and (82)] we have

1 k+1 p+I\(p+! i
Ay = ()?(Em®T__L_ 3 ik
kp = (D7) (k+ Dt 4= \2p+20+1)\ 1 j )M Gk

7k

— i A
- Ck,p,j (2)\) jCk .
+ 1)! 5]

(k 1).a)k 720

where, under the identification (28),
W
cr.=1o,
oo [ k(2 — k) @i

A W2n j 2n—j
Ch, = LM A G)/ A g2" 1,0}.

oV AQLG) Agh—2i /\wzn_k_l] for k < 2n,

Hence, for k < 2n, and recalling (80),

1
6 A — 0 \Y 2n—k—1
(9 ) k,p (k+1)'(2n—k)h)2n_k[ , 0 /\¢k,p/\w ]’
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while
©7) Bomp = [P . 0] = 2" [g2" 0]
2P = QI T ® T
by Proposition 5.12.
On the other hand, since RCPL = G, we have
5 Ok,

(2 )!
1

Wi,p = (k+1D)!'Q2n—k)' wyp_i

@V Aprp A@TKTT L o).

It follows for all k and p that
CP}
Moy =Dyt 00,
To prove that Ay , = A}?’;, it suffices to prove this identity inside the unit ball of C”, where we may
approximate the flat metric by a family of metrics g compatlble with the complex structure and with

CP}
constant holomorphic curvature 41. Letting A — 0 we have A} A

— AL, which yields the claim.
Now we prove B(C = By, p for 2p < k < 2n. Consider on S C” C" x S?"~1 the horizontal vector
field X defined by X (x,£) = (J&,0). Recall that By ,, Ay p € CurvY™ are given by (cf [Bernig et al.

2014, Section 3.1])

1
Bk,p [0, Bk p] and Ak,p = m(z(n —k + p)Io, yk,p] + (k —=2p)[0, .Bk,p]),

where By ,, is a multiple of B and ¢y yx, , = 0 modulo &. Comparing with (96) it follows that, under the
identification (28)
1

N T AL L X @M =2k Yy k=2t

where p € Q27! (S(C”)[T”) is in the ideal I generated by & and de. Since

tya« =0 and (xydoa =—-w;o=:—y,
we see that

BA(xp)=BAyAT modl,

where T belongs to the space of translation-invariant U (n)-invariant elements of 2”~3(SC"). Since this
space is generated by o, 8, ¥ and four forms of degree 2, while (2 — 3) is odd, we deduce B A (txp) € 1.
By (47) we have

ixg=B". xG=B'Ag 1xw=0,
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modulo &, aV. Hence,

xkp = Chp (B NG AFTHT Lk —2/)BY AGI AghT2TT)
j

=D (G +Dekpjr1+ k=2))ex p )BY NG Agh>!
j

=(k+1)> cxo1,pBY NG AgtT2!
j

=(k+DBY Apr—1.p,
where the third equality follows from (82).
Applying B A tx (-) to both sides of (98), and using the previous relation, yields By , = B}{VIP. O

6.2 Basic properties of the Kihler-Lipschitz—Killing curvature measures

The two localizations Aljgp and B,?’lp of the hermitian intrinsic volumes have different, particularly
desirable properties with respect to the Alesker product. As will be proved in Proposition 6.11 below, mul-
tiplication by the first intrinsic volume ¢ = (2/7) M{\:Io stabilizes the family of AIZXI » while multiplication
by oapr 1= (1/2JT)(M§’40 + 2/1%) stabilizes the B]](\:[p.

Initially defined for all 2p <k <2n and 2p < k < 2n, respectively, as a consequence of the relations
in the Gray algebra, some of the curvature measures A,]X[p and B,]c‘:[p are actually trivial.

Proposition 6.4 On an n-dimensional Kéhler manifold M,
M M
Ak’pzo aﬂd Bk’p:()
whenever k — p > n.

Proof Since ¢y , = gk, ,(G.g) = 0 whenever k — p > n by Proposition 5.11, the first assertion is clear
from the definition of A,JCVIP. To prove the second assertion, observe that

oA (ocv/\ﬂ /\BV/\q)k_l,p) =(@ra’)AB /\ﬁv/\(‘ﬁk—l,p|H) =0,

where H C Tx M denotes the complex hyperplane ker a Nker 8. Thus ¥ A B ABY Adpg_1, p is divisible
by the contact form & and consequently B ]]yp =0. O

We may now clarify the relation between the A,]{”p and the Lipschitz—Killing curvature measures A,]c”

of Lemma 3.5.
Lk/2]

Proposition 6.5 Z A,iwp = A,ICV[ .
p=0

Proof By (91), for k < 2n,

av N Z¢k,p N '/’Zn—k—l = (k + l)av /\gk /\WZn—k—l:
y4

which is the boundary term of A IIC\’I from Lemma 3.5. Comparison of the interior terms is trivial. O
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6.3 Structure of ICLIC(M)
In this section we prove our main result, Theorem 6.9. The following will be helpful.

Lemma 6.6 Given x € M, let ty : C(M) — Curv(Ty M )~ Curv(C") denote the transfer map (16). Let
7y : Curv — Curvy, be the projection onto the k -th degree component. Then, for 0,k —n < p < %k <mn,

meotx(AY ) =AMy and mpoti(BY) = By p.

Proof Let us first treat the case k = 2n. By (94), A% ,, 18 the riemannian volume measure on M, and
thus tx(A2,.n) = A2y p. Since B%’n = 0, this ﬁnishes’the case k = 2n.

Let us now assume k < 2. In this case 7x(Ag, p) = [(Kk,p)x, Tx (@k, p)], Where Ty is the composition
of (50) with the identification Q**(SC", C")|(gy5 g20—1 = Q**(SC",C™")C".

By (51) we have that Ty (@) is the connection double form on C”. Likewise, Ty (g), Tx(G) are the
metric and the Gray double forms on C". By Proposition 6.3, it follows that Ay , € Curvy is represented
by dy k,0Tx (@ AP p A w2"—k=1) Therefore, since [0, Tx (¥ A Sk p A R! Aw2"2I=k=1)] ¢ Curvy 1y,

2n—k—1)] — Ak,p'

), © rx(A]]cV,Ip) =[0,dp k,0Tx (¥ A Ok ph®
The proof of the second stated equality is completely analogous. |

In the following we consider the linear map
rag : Valv® e (M)

given by ras (pg,p) = ;L]]CVIP. In Theorem 6.9 we will see that rjs is an isomorphism of algebras. A first
step is the following.

Proposition 6.7 The map rps is a bijection.

Proof Surjectivity of ras follows from the definition of LKC(M ). To prove that rps is injective, suppose

2n
D2 dhatryg =0

k=l ¢4

with / maximal and 0,k —n < ¢ < %k. With respect to the filtration Wy D Wy D -+ D W,,, of V(M)
introduced in [Alesker 2006b], we have M%p € Wy by [Alesker 2006a, Proposition 5.2.5]. By Lemma 6.6
and [Solanes and Wannerer 2021, Corollary 3.6], the projection W; — W; /W, = Val;(T M) maps
M;\:{I > g4, While M%p + 0 for k£ > /. We deduce that Zq ajgiyg =0in VallU(n), and thus all a; 4
vanish, contradicting the maximality of /. O

As a second step toward Theorem 6.9, we prove it for Kiihler submanifolds of CV.

Proposition 6.8 (algebra structure for embedded Kihler manifolds) Let M C CN be a Kihler sub-
manifold of complex dimension n. Then KLK(M) C V(M) is a subalgebra, and the linear map
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rar - Valv™ s iCLk(M) defined by ry(pg,q) = ;Lli",[q, is an isomorphism of algebras. Moreover,

restriction of valuations on CN to M factors as
Valvy®™)

s

M

ValV® KLIC(M)

Proof For p >k —n, we have g plcn = ik, p, and pig plyr= ,u,]c"’[p by Proposition 6.2. For p < k —n,

both g, plcr and pug ply, = M;JCMP vanish by Proposition 6.4. Hence the previous diagram commutes.
Since restriction and Alesker product commute, the diagonal maps in the previous diagram are algebra

morphisms. Since the restriction ValVY™N) s vall® g surjective, it follows that rps is also a morphism

lU(N)

of algebras. Indeed, given ¢, v € Va we have

v (@len -vien) =rm((@-v)lcn) = (@ -v)m = SlpvIpy=rm(@lcn) - ra(vicn).
Together with Proposition 6.7, this concludes the proof. a

The pointwise embedding lemma (Theorem 4.12) implies that this is enough to prove Theorem 6.9 in
full generality.

Theorem 6.9 (structure of the Kéhler—Lipschitz—Killing algebra) Given any Kihler manifold M of
dimension n, the subspace KL (M) C V(M) is a subalgebra, and the map s : Valv® _, KLK(M),
given by
(k) = My

is an isomorphism of algebras.
Proof Let R € K(C") be an embedded curvature tensor, and take a complex submanifold S ¢ CV such
that R = o* RS for some x € S and some linear isometry o : C" — Ty.S.

By Proposition 6.8, if a; are constants such that

Hiep Mg = D Qi+l

1
in ValV™ _ then also

S S _ S
Hp Mg = D ity 1,
i
Recalling that Ag , =3 ; ¢k p, ik, j, put

Okip =D kpjPrp ad Qipig =)D ChipiClig,Prilj-
J i,j
where Py, are the polynomials given in Proposition 4.6, and Py ,; , are those from Proposition 4.7. By
these propositions, at £ = o (eq), we have

@) Quopag O R =g - 1i e =Y ait(ugy e = Y ai@) ™" Qryri(@* RY)e,
i i
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where 7 is given by (5). Hence

Qkoptg(R) =D ai Qicr1,i R, -

By Theorem 4.12, the previous relation holds for all R € K. In particular, again by Propositions 4.7
and 4.6, for every n-dimensional Kéhler manifold M,

Tty ) =D ait(uph ).
i
Since C(,U,]](\/’[p -,u%])x does not depend on Rfy by (12), we have
ety mig) = D ail(uehy ).
i

and thus /,L]](Mp -,u%] =Y aiu%_l ;- This shows that KLIC(M ) is a subalgebra of V(M) and rpy is an
algebra morphism. By Proposition 6.7 it is an isomorphism. a

6.4 Structure of ICLIC as a }CLIC-module

Recall that CLK(M) C C(M) is the vector space spanned by the curvature measures A,i”q, B,]c”q . In the
present section we show that I/CTIé(M ) is a module over KL (M), canonically isomorphic to CurvV/®

with respect to the isomorphism ValV® ~ KLK(M).

Proposition 6.10 The linear map Ryy : Curv/™ — KLK(M) defined by Rar(Ay. ) = AY and
Ry (By,p) = B,]C"Ip is a bijection.
Proof The surjectivity of Rz is clear by the definition of KXLIC(M).

Let Cy,, C -+ C Cy be the filtration of C(M) introduced in [Solanes and Wannerer 2021, Section 3].
By [loc.cit., Propositions 3.2 and 3.5] and Lemma 6.6, there is an isomorphism Cy /Cx+1 — Curvy

which maps AIJC"IP = Ay, p and B,]c”p > By, p. The injectivity of Rps follows easily, as in the proof of
Proposition 6.8. |

Proposition 6.11 There is a LK (M )-module structure on KCLK (M) such that the diagram
ValV®™ @ Curv?V™ CurvV/®

J,rM@RM J{RM

KLK(M) @ KLK(M) KLK(M)
V(M) ®C(M) C(M)

commutes, where the horizontal maps are the module structures. Explicitly,
(99) Rar(-®) = rag () - Rag(®)  forall p e ValV™ and all @ € Curv?® |
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The structure of KLIC(M') as a module over KL (M) is thus explicitly determined by Propositions 5.7
and 5.10 of [Bernig et al. 2014].

Proof For M C CV, the relation (99) follows from Propositions 6.3 and 6.2, and the compatibility of the
module product with restrictions [Bernig et al. 2014, Propositions 2.3 and 2.4]. The general case follows
by polynomiality, similarly to the proof of Theorem 6.9, using Proposition 2.1 and Theorem 4.12. O

We will denote by glob,, : C(M') — V(M) and glob,, : CurvV/® — valV®™ the respective globalization
maps of M and C”. The following proposition shows that Rz is an isomorphism of modules lifting the
algebra isomorphism rpy.

Proposition 6.12 The diagram Ry —
CurvV/® ———— KLK(M)

igl(’bo iglobM
r
vall® —2 . eric(M)
commutes. In particular, globM(B]?’Iq ) = glob,, (A,]c”q).

Proof By the definitions, globy, (Rps(Ag 4)) = u]]:’[q = rpr(globy Ay 4). For a general ® € Curv¥/®

we have by [Bernig et al. 2014, Theorem 5.13]
P =p-Ag,o+¢-Nio

for some w, ¢ € ValV™ and N 1,0 = A1,0— B1,0. By (99) and the compatibility of module product and
globalization we get

globyy (Rar (@) = rag (1) + rar (9) - globpy (AN — BM),
whereas
'y (globg (®)) = rag ().

The proof is completed by noting that glob,, (A{”O) = glob,, (Bf”o) by Proposition 4.8, since A% =
2T'M and BM =2TM O

7 Integral geometry of complex space forms

In this section we specialize our results to the complex space forms M = C P}’ with metric of constant
holomorphic curvature 4A, viz. the complex projective space for A > 0, the flat euclidean space for A = 0,
and the complex hyperbolic space when A < 0. For A # 0 we let G, be the isometry group of C P},
while Gy will be the group generated by U(n) and the translations of C”. We abbreviate

ry = r(CP)’f? R)\ = R(CPIIC.

The algebra KL (M) coincides with the algebra of G -invariant valuations which we denote by Vy.
Indeed, the former is clearly included in the latter, and by Theorem 6.9 they have the same dimension.
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Similarly, the module I/CTE(M ) equals the module of G -invariant curvature measures Cy', which can be
identified with Curv?® via the transfer map, as in [Bernig et al. 2014].

A curious feature of hermitian integral geometry is the existence of multiple automorphisms of
the relevant spaces of valuations and curvature measures. Section 7.2 presents a new instance of this
phenomenon.

7.1 The isomorphisms r;, and R,

The algebra V] is generated by two elements 7, s [Bernig et al. 2014, equation (3.1)], which we do not
distinguish notationally from the generators ¢, s of ValV®  Let us put

oy = r(8).

Our first goal is to describe the algebra isomorphism r, in these terms.

Let Beta” C Curv/® ~ C} denote the span of the curvature measures By, ,, and denote Betaj =
Beta” NCurvy. Equivalently, Beta” is the space of curvature measures represented by invariant differential
forms divisible by .

Recall the first variation map 6 : V(N) — C(N) defined for a riemannian manifold N by 6(u) =
[0, 7 (z())], where T is the Reeb vector field of SN, and t() is the m-form associated to p by (5).

Lemma 7.1 Let ¢ € Vy. Then d¢ € Beta” if and only if ¢ is a polynomial in s.

Proof That 6¢ € Beta” if ¢ is a polynomial in s was proved in [Abardia et al. 2012, Corollary 4.5]. To
prove the converse, we proceed as follows. By [Bernig and Fu 2011, Proposition 4.6] the composition

U S U(n)

p:Val_ "’ — Curv, ) — CurvU(") /Betay_,

is surjective. Since
dim Val!® = | L min(k,2n — k)| + 1,
dlmCurvk /Betak = |gmintk,2n—k)—1] +1,

it follows that p is injective for odd k and has one-dimensional kernel if k£ is even. By [Abardia et al.
2012, Corollary 4.5] this kernel is spanned by sk/2,

Suppose ¢ € Wy, and let ¢q € ValV™ be its image under the projection Wy — Wi /Wy 41 = Val,
Modulo ;> CurvU( ")

8¢ € Betaj_,, by the assumption. It follows from the previous paragraph that ¢y = as*/? for some
k/2

Um)
one has ¢ = §¢g, e.g., by [Abardia et al. 2012, Proposition 3.7]. Hence

a € R if k is even and hence ¢ —as*/ < € Wy 4 in this case. If k is odd, then ¢o = 0 and hence ¢ € Wy 4.

In either case we can proceed by induction. |

Proposition 7.2 The algebra isomorphism r), : Valv® Vil is given by

() =t,

_ s i—1 i
(100) r;‘(s)—o;h—l_)\s—Z)u st
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Proof By [Bernig and Fu 2011, Proposition 4.6], on C™ we have ds € Beta™. This means that
t7t(s) = B A1 modulo the ideal (e, da) for some 1 € Q2™~2(SC™). Therefore

) =aAirt(s) =aABAn+andanp forsome peQ3(SC™M).

Let now M C C™ be a complex submanifold, and put opas = ras(s) = s[,,. By [Alesker 2010,
equation (3.5.4)], and using the notation of Section 4.5, we have

t(op) = PoF*(t(s)) = Px F*(a AB AN+ a Ada A p).
Since
F*B =cos(9)B, F*a=cos(@)a, F*da=cos(f)do—sin(6)do A«

(see (69) and (70)), we deduce that (o) belongs to the ideal I = (¢ A B, Ada).
Let now M be an arbitrary Kéhler manifold M and again put

1
oM =rm(s) = 513 +2121)-

By Proposition 4.6, the form (o) depends polynomially on RM. By Theorem 4.12, and the previous
paragraph, this form vanishes modulo 7 for all M. It follows that i7(z (o)) is a multiple of 8 modulo
the ideal (a, da). Taking M = C P}! it follows that §o), € Beta”.

We can therefore apply the previous lemma to deduce that

n
(101) o) = Zaisi, where a; € R.
i=1
Since o3, and s are invariant under totally geodesic embeddings C P —C Pf+d, the coefficients a; are
independent of 7.
Assume A > 0. Since j3 o has zero interior term, we have /Lé”o (M) = 0. Recalling that

2
2= ;(Mé\/fo + :Ué\/,[])»

0, (CP!) = L2(CPY) = %(”;1)

1 M M
E(M2’0+2M2’1) and 1

we deduce

by Corollary 2.34 of [Bernig et al. 2014]. On the other hand we have [Bernig et al. 2014, equation (3.2)]

. 1
s'(CPY )—)i—+ for 0<i <n.

Plugging these values into (101) gives

n

(n+1) Zaz —l+1

i=1
Induction on 7 yields @; = A’~!. This proves the statement for A > 0.
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Since the curvature tensor of C Py’ is R = A G, every curvature measure A]]C"[p yields an element of

Curv¥/® depending polynomially on A. In particular,
N M
o), = gIOb(E(AZ,O + 2A2’1 )

is the globalization of a polynomial in A with values in CurvV®, By [Bernig et al. 2014, Lemma 5.4],
also the right-hand side of (100) is the globalization of a polynomial family in CurvY®™ _ 1t follows from
[loc. cit., Lemma 2.7] that (100) holds for all A. O

Remark 7.3 It is amusing to compare Proposition 7.2 with a surprisingly similar fundamental relation
arising in spherical integral geometry. Let Sy’ be the n-dimensional sphere of curvature 41 and define

) x(eNgSi1)dg,

1
IV SO(n+1)

where S )’"_1 is a totally geodesic subsphere, and dg is the Haar probability measure. Then the algebra of
SO(n+1)-invariant valuations on Sy’ is generated by ¢. At the same time this algebra is generated by the
first Lipschitz—Killing valuation ¢. The relation between these two generators is

o
V1—1¢?

Next we express r), in terms of the bases 7 ,, r]i‘ » of ValU("), V;f introduced in [Bernig and Fu 2011;

[ =

Bernig et al. 2014] respectively.

Proposition 7.4 Givenk, putr = L%kj ,and sete =0 for k even and € = 1 for k odd. Define the function

8kq(&. ) = %(;) (%) £779(1 —é)q_’—f_%nq(l _ n)—q—%.

Then
A i+j 3i+jgkq N
(102) (T q) = 12]:(;) W‘E=n=ofzi+zj+e,j-
Proof Let 5 5
t 40y —t
v=13(1—-Ls) = and u:4s—v:G)“—.
1+ Aoy, 1+ Aoy,

By [Bernig and Fu 2011, Proposition 3.7], and reading /v as 1+/1 — As,

k
T
(103) I (Thg) = =24 40y —12)
T ok —29)! (29)!
k
T k—2q k
(104) = v 2 ul(l1+Aoy)2
i (k—2q)! (2¢)!
k _
(105) - i (1—ns)~ 50" 2000,

wi (k —29)! (29)!

Geometry & Topology, Volume 30 (2026)



The Weyl tube theorem for Kdhler manifolds 2765

Consider now the operator O : R[£, n] — R[v, u] given by

m+p)

O(Zcm,pémn‘p) Cm,p 2m 2p "ub.
mp )G

By [Bernig et al. 2014, Lemma 3.16] we have

TS 2\ v+ u —1—i
0(g2i,0) = Qi )'( ) ’(1— 1 ) .
Using
47\? 1 q 09 ; ai az
g2r,q - T (Z_q)!n Wgzr_Zq’O and OO T] a—nl = au OO
yields
r! 7\" _ -
O(g2r,q) = m(x) ufv” q(l—%(u—{—v))
By (19),
AN 0 g2y g C+0)
— = —A )Ll‘i‘] rq IS DA
~ (n) 9Eian) le=n=0 21+2J = S)Z 3ETan) ‘E=n=0 (21.)!(2],)!1) u
3 garg ()
=(1-A A )
= S)ZI'J' & o/ ‘s n= 0(21)(1)( v ()

= (1-25)O(g2r,9)(Av, Au)
r!

= gyt i1 —=As),
ar e VY U

since s = %(u + v). Comparing with (105), this proves the proposition for k = 2r. For odd k, the proof
is similar using the operator P of [Bernig et al. 2014, Lemma 3.16]. O

Proposition 7.5 Given [/, putr = I_%l J, and set e = 0 for [ even and € = 1 for ! odd. Define the function

Jiq(E.m) = %(;) (%) ETN (= (6 + )T T -y,

Then

n(,p) = Z(;) WL:’?:OHQF{-Z]-{-EJ'

ij
Proof Recalling that

q
Miep =Y _(=1)TFP (p) Tkq
q
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(see [Bernig and Fu 2011, (39)]) we consider

Z(—l)l’*q( )gzq(s 0 = ( ) 30 1)"*‘1( )(;)S'—m—e)q—e—’—inm—n)—q—i
q

1 () ., el -1 a\(r
~L(E)ra-orramn e 2 (1) ()

q
where we have put

(-9
§(1—n)
Using the identity
2 (q) (F)xq—f’ = (r)(l +x)" 7P,
7 \P/\4 p
which can be proved expanding (1 4+ x + »)” in two different ways, and using also
§—n
l+x= ,
(1 —n)

we get

+q(P L A Y W S s Ry
S 1(Meraen=15(3) ()a-ortwa-nr e

= f1,p6—n,n).

The trivial identity
gitJ

=3 )’( )W

gitJ
aéianj‘g

&

combined with (18) thus gives

A i+
VA(Ml,p)=Z(;) Z( 1)p+q( ) aé,ag;]lj’q‘g n=0 %z+2]+e,]

¥
_Z(ﬁ)lﬂ 3'+Jfl,p(§—77ﬂ7) A

8&'187}] §=77=0T2i+2j+€’j

i’j
( A )”” Ot fipE ) A

ignj ol 2i42j+e,j
Iy 0&tan E=n=0
as stated. O

We next establish an analogue of Proposition 7.5 for the Kihler—Lipschitz—Killing curvature measures.

Theorem 7.6 Define the function

/M¢=szﬁm
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Then
A k+p 8k+phl
106 A R
e kp>()(”) 351‘31717 £=n=0 2k+2p+e,p
107 TP (nhyg) ‘
( | lp>0(n) 35"8;711 £=n=0 2k+2p+e,p
A k+p 8k+1’((1_n)hl q)
+ - , ‘ N |
kp>0( ) aSkanP E=n=0 2k+2p+e,p

Proof By Proposition 4.13, Aqu € span{Ag ik, p C Curv/® Let ®; 4 be the right-hand side of (106).
By (17),

sonioi= 2 (1) i

g€ =0|,__ wheiapie,
k,p=0 -

Since /1y 4(§.7)(1 —n) = f;,4(§.7n), we deduce with Proposition 7.5 that

glob, (®;.4) = 1y (g,4) = glob, (R (A 4))-

Since glob, is injective on span{A ,}x , C CurvY® | the relation (106) follows.
Let W, , be the right-hand side of (107). Since By , = Ay , — Ni,, we have that Ry (B ;) =
Ry (Ay,p — Ny, p) and

MNP AREP (1 =)y )
k,p=0

Proposition 7.5 and (17) yield

globy (P74 — W1,9) = 12.(1t1,4) = glob, (Ry(By,p)).

Since R (By,,) € Beta” and glob, is injective on Beta”, it follows that Ry (B; ) = ®;, — ¥ ,. We
conclude that, as stated,

Ry.(Ni,p) = Ru(Ap,p) — Ra(By,p) =V 4. O
7.2 Isomorphisms intertwining the kinematic operators

Recall that the kinematic formulas in CP} are encoded by a coalgebra structure k : VE=>Vie V)
[Bernig et al. 2014, Section 2.3.3]. Let pd, : Vi — (V})* be the Alesker—Poincaré duality [Bernig et al.
2014, Definition 2.14]. As in [Bernig et al. 2014, equation (3.45)], r; being an isomorphism implies that

Jy =pd; o(r; ) opdy Vall®™ _, Vi
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is an isomorphism of coalgebras. This means in particular that J; intertwines the kinematic operators of
C" and CPj:

k
ValV® : Vall® & va Ve
I J J L ®J)
k;,
%8 ViV

Since J, admits a simple explicit description, we obtain a corresponding relation Between the flat and
the curved kinematic operator.

Proposition 7.7 J; = (1—1s)"*1ry  and k; (ry(¢)) = (1 @ 13) o ko((1 + As)~"T D).

Proof As in [Bernig et al. 2014, Proposition 3.18], to completely determine Jj, it is enough to show
J5.(x) = (1 — As)"T1. This boils down to checking that

(108) (pdy, (1 =28)"*1), ) = (pdo(x). 77" (#))

for all ¢ = s/¢2% with i, j > 0. Using

j .
1N s 2% _ 1(J =11\ 14 2
0= () =D (1))

and [Bernig et al. 2014, (3.48)], the relation (108) translates into the identity

(n+ 1\ (n—j—k+1\_ i (n—i—1
;(_1) ( k )( i+1 )_( v (n—z’—j)’

which follows from [Graham et al. 1994, (5.25)]. The second statement follows immediately from [Bernig
et al. 2014, Theorem 2.19] and

(109) (1=25)"T () = (1 4+ A03) " Dr () = 1 (1 + 1s)~ D). O

A similar relation between kg, k) was given in [Bernig et al. 2014]: For the linear isomorphism
Fy V5 =V Fa(igg) = “2 - equation (3.50) of [Bernig et al. 2014] shows that

ky(F.(¢)) = (£, ® Fy) o ko((1 = As5)9).

Also the local kinematic operators of C” and CP} are isomorphic; in fact, as was shown in [Bernig et al.
2014, Theorem 2.23], the transfer map 7 : Cj — CurvY/® is an isomorphism of co-algebras. However,
no relation between the semilocal kinematic operators kg, kj (see [Bernig et al. 2014, Section 2.3.3]) was
previously known. As a consequence of Proposition 6.11, we obtain that also these kinematic operators
are isomorphic.

Geometry & Topology, Volume 30 (2026)



The Weyl tube theorem for Kdhler manifolds 2769

Theorem 7.8 The diagram

0

CurvV/® CurvV™ g valv®™
R; l l Ry ®J)
ks
c RV

commutes. As a consequence, the semilocal kinematic operators are related through
ky, (R (®)) = (Ry, ®r3,) 0 ko (1 + As) "D @),

Proof Let m) € Hom(V} ® Curv?®  CurvY™) = Hom(Curv¥Y™, Curv?® ®(V})*) correspond to

U(n)

the module structure. Given ¢ € V;' and ® € Curv-""", we have

(M. (R @), 0) = ¢+ Ry ® = Ry, (r; ' (¢) - ®) = ((R), ®id) 0o (®), ;' ()
= ((R), ® (r;1)*) 0 itig (@), ).
Therefore,
iy o Ry = (R ® (r;1)*) oimo.

By [Bernig et al. 2014, Corollary 2.20], this gives
kyo Ry = (id®pd; ') o o Ry = (id®@pd; ") o (Ry ® (r;")*) 0 (id ® pdg) o ko = (Ry ® J;.) o ko.

The second statement follows immediately from [Bernig et al. 2014, Theorem 2.19] and (109). |

8 Open problems

(i) Motivated by the results in [Fu and Wannerer 2019], it seems a promising task to study the space of
valuations of the form [0, @], where w is a differential form built from coframe, connection and curvature
forms on a Kidhler manifold such that the result does not depend on the choice of frame and such that
dw is vertical. With respect to the Alesker product, they form a canonical algebra associated to a Kihler
manifold. We conjecture that it equals the Kihler—Lipschitz—Killing algebra. Even for low-dimensional
Kihler manifolds, it is difficult to prove or disprove the conjecture, since the space of invariant differential
forms is of large dimension.

(i) A natural question is whether the main results of this paper remain valid in the quaternionic Kéhler
case. It turns out that the analogue of Theorem 4.12 is not true in the quaternionic Kdhler case. If M is
a quaternionic Kihler manifold of real dimension 4n which is embedded in some quaternionic vector
space H”+™ then each complex structure I of M is parallel. It follows that RII,VI UX,1Y,Z, W) =
Rg” (X,Y,Z,W)forall X,Y, Z, W € V. The curvature tensor of a general quaternionic Kihler manifold
does not have this symmetry, as can be seen in the case of quaternionic projective space. Hence the set of
embedded algebraic quaternionic Kéhler curvature tensors spans a subspace of positive codimension in
the space of all algebraic quaternionic Kéhler curvature tensors. Nevertheless, it could still be true that
there is a canonical algebra of valuations associated to each quaternionic Kéhler manifold. This would
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imply that the algebras of smooth isometry-invariant valuations on quaternionic projective space HP"
and the algebra of continuous, Sp(n) - Sp(1) and translation-invariant valuations on H" are isomorphic. It
is not known, even in small dimensions, if this is true.

(iii) More generally, can we associate a canonical algebra of valuations to each manifold with a (sufficiently
flat) G-structure? An additional hint in this direction is provided by the recent results in [Solanes and
Wannerer 2021], where it is shown that the algebras of valuations on the isotropic spaces (S, G,) and
(C3,SU(3)) are isomorphic, as well as on the isotropic spaces (S”, G») and (R7, G»).
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