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We construct an open enumerative theory for the Landau–Ginzburg (LG) model .C2; �r ��s; x
r Cys/.

The invariants are defined as integrals of multisections of a Witten bundle with descendents over a moduli
space that is a real orbifold with corners. In turn, a generating function for these open invariants yields
the mirror LG model and a versal deformation of it with flat coordinates. After establishing an open
topological recursion result, we prove an LG/LG open mirror symmetry theorem in dimension two with
all descendents. The open invariants we define are not unique but depend on boundary conditions that,
when altered, exhibit wall-crossing phenomena for the invariants. We describe an LG wall-crossing group
classifying the wall-crossing transformations that can occur.
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Introduction

In a sequence of papers, Abramovich, Chiodo, Jarvis, Kimura and Vaintrob developed an enumerative
theory for the moduli space of r-spin curves, that is, stable curves with an r-th root of the canonical
bundle [Witten 1993; Abramovich and Jarvis 2003; Jarvis 1998; 2000; Jarvis et al. 2001b; Chiodo 2008].
The intersection numbers of this moduli space can be encapsulated in a generating function related to the
Gelfand–Dickey hierarchies. This is predicted by the r-spin version of Witten’s conjecture, generalizing
the original proof of Witten’s conjecture by Kontsevich [1992]. Nowadays, their theory can be seen as a
special case of FJRW theory, an enumerative theory for a Landau–Ginzburg A-model introduced by Fan,
Jarvis and Ruan [Fan et al. 2007; 2008; 2013]. FJRW theory introduces an A-model enumerative invariant
associated to the Landau–Ginzburg model .W;G/ where W W Ca ! C is a weighted homogeneous
polynomial and G is a subgroup of the automorphism group of W . FJRW theory is equivalent to r-spin
theory when considering the case .xr ; �r/ [Fan et al. 2011].

Here, there should be a form of mirror symmetry between Landau–Ginzburg models

.W;G/$ . LW ; LG/:

One such example, which shall be explored in this paper, is the mirror pair

(0-1) .x
r1
1 C � � �C x

ra
a ; �r1 � � � � ��ra/$ .x

r1
1 C � � �C x

ra
a ; 1/:

This mirror pair at its onset was predicted as a case of Berglund–Hübsch duality [1993], a combinatorial
mirror construction that provides mirror pairs of Landau–Ginzburg models. We consider the left-hand side
as the A-model and the right-hand side as the B-model. Many aspects of mirror symmetry for this mirror
pair are understood. For example it is known that their corresponding Frobenius algebras are isomorphic
[Krawitz 2009] and the (closed) FJRW theory of .xr11 C � � � C x

ra
a ; �r1 � � � � ��ra/ corresponds to the

(closed) Saito–Givental theory of .xr11 C � � �C x
ra
a ; 1/ [He et al. 2022].

The closed A-model on the left of (0-1) involves moduli spaces of pointed stable orbicurves

.C; z1; : : : ; zn/;
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Open FJRW theory and mirror symmetry 2781

where z1; : : : ; zn are marked points with nontrivial stabilizer, and the only other points onC with nontrivial
stabilizer are nodes, satisfying the so-called balancing condition. Further, one also includes data of spin
bundles S1; : : : ; Sa on C , with the data of an isomorphism S

˝ri
i Š!C;log, the logarithmic dualizing sheaf.

Such a curve is called a W -spin curve. In this particular (closed) case, the genus-zero FJRW invariants
we are interested in are defined relatively easily from the top Chern class of the Witten bundle on the
moduli space, whose fiber at a point in moduli space is

L
i H

1.C; Si /
_. In more general situations,

such as higher-genus or more complex potentials, the definition of FJRW invariants is considerably more
difficult, as one might have H 0.C; Si /¤ 0. Those cases may require either a more in-depth study of
analytic properties of the Witten equation as carried out in [Fan et al. 2007] or the more recent approaches
[Fan et al. 2018; Ciocan-Fontanine et al. 2023; Favero and Kim 2020] for general algebraic enumerative
theories for gauged linear sigma models. Thus we avoid such situations in this paper.

The closed B-model side of the story, at least for the right-hand side of the correspondence (0-1), was
clarified by Li, Li, Saito and Shen [Li et al. 2017], with mirror symmetry for closed invariants being
established in [Fan et al. 2013; He et al. 2022; Milanov and Shen 2016]. The B-model side is a Saito–
Givental theory, which, put as simply as possible, involves calculating oscillatory integrals of the form

(0-2)
Z
�
eWt=„f .x1; : : : ; xa; t/ dx1^ � � � ^ dxa:

Here x1; : : : ; xa are coordinates on Ca, „ is a coordinate on an auxiliary C�, f is a carefully chosen
complex-valued regular function, and t Dfti1���ia j 1� ij � rj �2g is a set of coordinates on the parameter
space for a universal unfolding Wt of W . Finally � runs over some suitable noncompact cycles in Ca.
The requirement on f is that the form fdx1^ � � � ^ dxa is a so-called primitive form in the sense of
Saito–Givental theory.

While Saito–Givental theory in general gives a Frobenius manifold structure on the parametrizing
space of a universal unfolding ofW , determining this structure can be quite difficult. However, experience
with mirror symmetry for toric Fano varieties [Cho and Oh 2006; Gross 2010; Fukaya et al. 2010]
suggests that mirror symmetry becomes much more transparent when a specific perturbation Wt of
the original potential is used. In particular, in the Fano case, the mirror Landau–Ginzburg model Wt

should be taken to be a generating function for certain open Gromov–Witten invariants. Slightly more
precisely, one considers a Lagrangian torus fiber F of an SYZ fibration on a given Fano manifold and
counts holomorphic disks with interior marked points realizing some set of constraints and with boundary
lying on F . The correct choice of Wt is then a generating function for these counts. Importantly, these
open invariants are not well defined. However, the oscillatory integrals analogous to (0-2) are well
defined, and furthermore, if properly set up, the function f becomes identically 1 and the analogous
coordinates t become the so-called flat coordinates of Saito–Givental theory. As a consequence, the
entirely well-defined closed Gromov–Witten invariants can be immediately read off from the oscillatory
integrals. Unfortunately, an enumerative theory for a Landau–Ginzburg model does not have a target
space, and hence there is no associated SYZ fibration. Therefore, a new approach is needed to create
an analogous story.

Geometry & Topology, Volume 30 (2026)



2782 Mark Gross, Tyler L. Kelly and Ran J. Tessler

We take this as motivation for providing an open enumerative theory for the Landau–Ginzburg model
.x
r1
1 C x

r2
2 ; �r1 ��r2/. We now summarize the key points of the paper:

� We define open FJRW invariants as integrals of multisections of (descendent) Witten bundles over
moduli spaces which are real orbifolds with corners.

� These open invariants depend on choices of boundary conditions for sections of the (descendent) Witten
bundles on the boundaries of moduli spaces. However, such choices may be made (Theorem 0.1).

� Some boundary conditions can be fixed via a geometrically natural positivity condition. However, there
are degrees of freedom in the choice of boundary conditions which cannot be constrained. This leads to
the first example of wall-crossing for an open enumerative theory for a Landau–Ginzburg model.

� If the boundary conditions not determined by positivity are chosen with an inductive structure, certain
combinations of open FJRW invariants satisfy a form of topological recursion; see Theorem 0.5. This type
of topological recursion is new in a sense as we can only establish recursions between certain polynomials
of invariants rather than a single invariant due to the wall-crossing phenomenon.

� Given a system of open FJRW invariants determined by a family of boundary conditions satisfying this
inductive structure, we construct a perturbation of W as a generating function for these open invariants.
The oscillatory integrals (0-2) then become generating functions for closed extended FJRW invariants;
see Theorem 0.3. Besides proving mirror symmetry at genus zero, we can construct the mirror entirely in
terms of the original open A-model, as opposed to relying on previous combinatorial constructions such
as Berglund–Hübsch.

� We then show there is a wall-crossing group which acts faithfully and transitively on

(i) the collection of all possible systems of open FJRW invariants; and

(ii) the set of all perturbations of the potential W satisfying certain homogeneity constraints for which
Theorem 0.3 holds.

Thus our method of choosing boundary conditions is geometrically natural, allowing us to match the
A- and B-models for FJRW theory on the nose. See Theorem 0.7.

We now give more details of different aspects of this.

0.1 The open A-model invariants

Our construction of the open A-model invariants generalizes the construction of open r-spin invariants of
Buryak, Clader and Tessler [Buryak et al. 2022a; 2024]. This in turn builds to a certain extent on the
open descendent theory of Pandharipande, Solomon and Tessler [Pandharipande et al. 2024].

Given a potential W D
Pa
iD1 x

ri
i , we review in Section 1 the notion of a stable (twisted) W -spin curve

and give the definition of a stable (twisted) W -spin disk. In slightly more detail, a W -spin curve involves
data .C; fzig; S1; : : : ; Sa; �1; : : : ; �a/. Here C is a stable marked orbicurve, with all marked points and
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Open FJRW theory and mirror symmetry 2783

nodes having the same stabilizer group �d , where d is the least common multiple of the ri . Further, �i is
an isomorphism

�i W S
˝ri
i ! !C;log

�
�

X
i2I0

rizi

�
;

where I0 is a subset of indices of the marked points. It is this twist by zi which leads to the phrase
“twisted”, and only Ramond points are allowed to be twisted. Each marked point comes with twists twi for
1� i � a, where twi 2 f�1; : : : ; ri � 1g records the action of the stabilizer group of the marked point on
the fiber of the twisted spin bundle Si . See Section 1.1 for details on our conventions for these twists. The
case of twi D�1 or ri �1 corresponds to the Ramond case (where the action of the stabilizer on the fiber
of Si is trivial), with the two possibilities corresponding to the cases that i … I0 or i 2 I0, respectively.

To have a compact moduli space of W -spin curves, we must consider W -spin curves whose underlying
orbicurves C have nodal singularities. If C has a nodal point n, then take a partial normalization � W zC!C

at the node n. This yields two half-nodes on zC , the inverse image of n, which we call z1, z2. These
half-nodes will have twists, with the standard balancing condition at nodes dictated by (1-1) and (1-2)
implying that these twists satisfy

twi .z1/C twi .z2/� ri � 2 mod ri :

Closed FJRW invariants, in this setup, may be defined from the Euler class of the Witten bundle on
the moduli space of twisted W -spin curves when the underlying curves have genus zero and, for each
1 � i � n, there is at most one marked point with twi D �1; otherwise the spin bundle Si may have
sections and defining FJRW invariants becomes more complicated. In the r-spin case, such invariants
were introduced in [Jarvis et al. 2001b], and are called closed extended FJRW invariants. See Section 3.3.1
for details. They were often not studied in the subsequent literature as the twi D�1 case is not directly
involved in statements of closed mirror symmetry; however, the extended theory is required to establish a
natural relationship between open and closed extended invariants through open topological recursion as
seen here and in [Buryak et al. 2019; 2022a; 2024].

A W -spin disk is a genus-zero W -spin curve

.C; fzigi2I ; fNzigi2I ; fxigi2B ; S1; : : : ; Sa; �1; : : : ; �a/

equipped with the additional data of an antiholomorphic involution � W C ! C along with liftings of � to
involutions of Si ; see Section 1.2 for details and more precise notation. We usually write † for a choice
of fundamental domain of the antiholomorphic involution �, so that C D†[�.†/ and @†D†\�.†/.
The marked points zi are interior marked points indexed by a set I , i.e., zi 2 † n @† for i 2 I , with
complex conjugate marked points Nzi D �.zi /. The marked points xi are boundary marked points indexed
by a set B , i.e., xi 2 @† for i 2 B . While the twists of internal marked points are unrestricted, we place
the restriction on boundary marked points that twi 2 f0; ri � 2g (see Remark 1.30 for discussion). We
further exclude the possibility that twi D 0 for all i : these are in fact points which may be forgotten;
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forgetting such points will play an important role. As in [Buryak et al. 2022a; 2024], we also require
some additional choice of data called a grading involving the restriction of the spin bundles to @†. While
this is technical and we omit further mention of this data in the introduction, gradings are crucial for
imposing the necessary boundary conditions to define open invariants. W -spin disks with this additional
data and constraints on boundary twists are called graded W -spin disks.

In Section 1, we give the definition of (closed)W -spin curves, followed byW -spin disks. This definition
is a slight generalization of the definitions of the corresponding r-spin curves and disks of [Buryak et al.
2022a; 2024]. We then introduce a language of dual intersection graphs to describe various ways that
graded W -spin curves or disks may degenerate. Unfortunately, there are a large number of ways W -spin
disks may degenerate, and this is where combinatorial complexities appear. However, these generate
interesting features. We define the notion of a gradedW -spin graph, which records the combinatorial data
of a stable graded W -spin curve or disk. This data consists essentially of its dual intersection graph, the
twists of marked points and nodes, and the ordering (or collection of orderings) of boundary marked points.

In Section 2 we commence a study of moduli spaces of stable graded W -spin disks. In Proposition 2.4
we construct a compact moduli space MW

� where � denotes a gradedW -spin graph as above corresponding
to a smooth disk with specified numbers of boundary and internal marked points along with their twists.
This compact moduli space includes all degenerations of smooth disks described by the graph � .

Having constructed these moduli spaces, we may define the Witten and descendent bundles on these
moduli spaces. This is carried out as in [Buryak et al. 2022a; 2024]. For 1� i � a, there is a bundle Wi

on MW
� whose fiber at a point corresponding to a W -spin curve C with antiholomorphic involution � is

the eigenspace of the action of � on H 1.C; Si /
_ with eigenvalue �1. Further, for each internal marked

point there is a descendent bundle Li , a rank-one complex vector bundle, whose fiber is the cotangent
space at the i-th marked point. If � is a W -spin graph corresponding to a smooth disk with internal
marked points indexed by a set J , then we may consider a descendent vector d D .dj /j2J 2 ZJ

�0. We
then obtain a real vector bundle

E�.d/ WD

aM
iD1

Wi ˚

M
j2J

L
˚dj
j ;

the descendent Witten bundle. We say � is balanced for d if

dimMW
� D rankE�.d/:

It is precisely this case where we will extract invariants.
The very first step in defining invariants is to orient the moduli spaces and the descendent Witten

bundles. This is carried out in Section 2.5 using results of [Pandharipande et al. 2024; Buryak et al.
2022a]. It is here where for the first time we restrict to the rank-two case. There is little to say here about
this process, other than that it is a necessary but unpleasant step. Because we are restricting to rank two,
we now change notation and write

W D xr Cys:
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Since now a marked point or half-node has two twists tw1, tw2, we typically write the twist as a
pair .tw1; tw2/.

The second step in defining invariants is to have a suitable set of boundary conditions. Because MW
�

is an orbifold with corners, one does not define the invariants simply by integrating Euler classes of the
vector bundle E�.d/. Rather, one has to impose boundary conditions.

The general setup is as follows; see Section 2.2.3 for a brief but more detailed review of these notions.
If given a compact orbifold with corners M of dimension n and a rank-n orbibundle E on M , along
with a nowhere vanishing multisection s of Ej@M , the signed number of zeroes of any extension of s
to a transverse multisection Qs of E over all of M is well defined; see [Pandharipande et al. 2024,
Theorem A.14]. This is the relative Euler class of E with respect to M and we write this asZ

M
e.EI s/D #Z.Qs/:

In [Buryak et al. 2024, Appendix A], a variant of this is given, where M need not be compact. Rather, one
assumes given an open subset U �M such thatM nU is compact, and a nowhere vanishing multisection s
of EjU[@M . Then, the signed number of zeroes of any transverse extension of s is well defined, again
giving the relative Euler class. We still write this using the notation above.

Thus, to define open invariants, we need to make a choice of boundary conditions for the descendent
Witten bundle for every balanced � . To be of any use and to have any hope of proving relationships
between the different invariants, such as open topological recursion, there has to be some inductive
structure to this choice of boundary conditions. Here, the approach to such an inductive structure follows
the approach of [Buryak et al. 2022a; 2024; Pandharipande et al. 2024].

We now give an impressionistic description of how this is done. The reader should be aware that the
definitions given here in the introduction aren’t precisely correct, and should refer to the main text for the
complete definitions.1 Consider a W -spin graph � corresponding to a smooth W -spin disk, thus giving a
moduli space MW

� of such disks and their degenerations. The boundary of this moduli space is a union of
codimension-one strata, which arise in several different ways. See Figure 3 for a pictorial description of
the various degenerations possible. We note that strata depicted in Figure 3, left, have codimension two,
so such strata are not on the boundary @MW

� . Thus we now focus on the cases in Figure 3, middle and
right. We broadly distinguish here between three types of boundary strata:

(1) There are strata where the corresponding stable disk has a contracted boundary node, i.e., C has a
node which is a fixed point of the antiholomorphic involution.

(2) There are strata with a boundary node where the corresponding stable disk is a union of two disks,
with the resulting half-nodes having twists .a; b/, .r�a�2; s�b�2/, with either a 2 f1; : : : ; r�3g
or b 2 f1; : : : ; s� 3g. Such a stratum is called positive.

(3) We have a similar degeneration to two disks with a boundary node, but this time a 2 f0; r � 2g and
b 2 f0; s� 2g. We call such a stratum relevant.

1For example, we elide the notion of alternating for boundary marked points and nodes, see Definition 1.23.
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For case (1), we impose a boundary condition on multisections of the Witten bundle along boundary
strata arising from contracted boundary nodes. This is done via a positivity condition and guarantees
nonvanishing of these multisections along such boundary strata.

For case (2), we deal with the positive strata by removing them and imposing conditions near such
strata. We define a new moduli space PM� obtained from MW

� by deleting the positive boundary
strata. If V �MW

� is a suitably small open neighborhood of the union of positive boundary strata, we
take U D V \PM� . We then only consider multisections of E�.d/ which satisfy a certain positivity
condition on U . These sections are then nonvanishing on U , by definition.

A key point in the construction of the boundary conditions is to define the positivity boundary conditions
in a consistent way. A more naive strategy is consistent only in low-codimension strata and requires
modifications (see Remark 3.19). We continue to use the modification used by Buryak, Clader and Tessler
in [Buryak et al. 2022a; 2024], where PM� is introduced to construct an open r-spin intersection theory.
The crucial point is that the zero locus of the section of Witten’s bundle avoids nodal strata with certain
twists at so-called nonalternating marked points in PM� (see Definition 1.23).

We call those multisections of E�.d/ on PM� which satisfy these positivity conditions at contracted
boundary node strata and near positive strata strongly positive multisections; see Definition 3.18. We
note that the notion of grading, brushed over earlier in this introduction, is necessary to define positivity.
Given such a section s� , we are then able to define the open W -spin invariantD Q

i2I.�/

�
.ai ;bi /

di
�
k1.�/
1 �

k2.�/
2 �

k12.�/
12

Es� ;o
WD

Z
PM�

e.EI s� jU[@PM�
/D #Z.s�/ 2Q:

Here I.�/ denotes the set of tails of � corresponding to internal marked points of the corresponding disk,
with .ai ; bi / denoting the twist at the internal point labeled by i and di the component of the descendent
vector. On the other hand, k1.�/, k2.�/ and k12.�/ denote the number of boundary points with twists
.r � 2; 0/, .0; s� 2/ and .r � 2; s� 2/, respectively. We note that we do not label the boundary points,
but the invariants may depend on the labels of the internal points and not just their twists.

This construction has now produced a single invariant associated to a W -spin graph � corresponding to
a smooth W -spin disk and a descendent vector d D .di /i2I.�/ 2 ZI.�/

�0 . However, the range of boundary
conditions allowed by strong positivity is still too flexible to provide meaningful systems of invariants.

The key punchline here is that, in case (3) above, there is an inductive structure for the relevant strata.
Here, the normalization of a stable disk in the interior of a relevant stratum is a disjoint union of two disks,
each of which only have boundary points with twists .0; 0/, .r�2; 0/, .0; s�2/ or .r�2; s�2/. However,
after forgetting those boundary points of twist .0; 0/, these are precisely the types of boundary twists
we allow in graded W -spin disks. We call points with twist .r � 2; 0/ r-points, .0; s� 2/ s-points, and
.r � 2; s� 2/ fully twisted points. In particular, if M denotes such a boundary stratum and M1, M2 are
the moduli spaces of the corresponding normalized disks (with boundary points of twist .0; 0/ forgotten),
we have a natural map M!M1 �M2. We will call this moduli M1 �M2 the base of the stratum M,
and it will be a central object for this paper. Further, it follows from gluing properties of the Witten
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bundle (see Proposition 2.14) that E�.d/jM is the pull-back of a corresponding descendent Witten
bundle on M1 �M2, a sum E1�E2 of the pull-backs of descendent Witten bundles Ei on Mi . As a
consequence, if we have already fixed multisections of E1 and E2, we obtain via pull-back under the
map M!M1 �M2 a multisection of E�.d/jM. This allows us to inductively determine boundary
conditions along relevant strata.

To be useful, and to take into account inductively defined boundary conditions, we organize this data
as follows. We will fix the set2 N D f1; 2; : : : g to be the set of all possible labels of interior marked
points, so that every W -spin graph � comes with an injective marking function mI W I.�/!N. We also
fix a twist function

tw WN! f0; : : : ; r � 1g � f0; : : : ; s� 1g

with the property that tw�1.a; b/ is an infinite set for any .a; b/ 2 f0; : : : ; r � 1g � f0; : : : ; s � 1g. We
often write tw.i/D .ai ; bi / for i 2N. We will thus always assume that an internal marked point labeled
by i has twist .ai ; bi /. We typically will further fix a finite subset I �N of possible labels and focus
attention on those graphs � with I.�/� I . This will help deal with a number of convergence issues in
formal power series rings when we define various potentials later.

Given the above data, we define the notion of a family of canonical multisections bounded by I (see
Definition 3.22). This consists of a choice of multisection s� of E�.d/ for each graph � associated to a
smooth graded W -spin disk and descendent vector d 2ZI.�/

�0 , with I.�/� I . Further, these multisections
satisfy the inductive boundary conditions described above. Note these sections must be defined even in
the nonbalanced case to be useful; indeed, in general boundary strata involved in the inductive definition
of canonical families involve moduli spaces which are not balanced.

Given such a family, we may now assemble a system of invariants. Let J � I and d 2 ZJ
�0. Denote

by Balanced.J;d/ the set of graded W -spin graphs � with I.�/D J which are balanced for d . Then
define

(0-3) Q-Bal.I /D
Q
J�I

Q
d2ZJ

�0

QBalanced.J;d/:

A family s of canonical multisections bounded by I then produces an element � of Q-Bal.I / whose
entry corresponding to a graph � balanced for d is

(0-4) �s
�;d D

D Q
i2I.�/

�
.ai ;bi /

di
�
k1.�/
1 �

k2.�/
2 �

k12.�/
12

Es;o
:

We remark here that we do not assume our canonical multisections are invariant under a twist-preserving
change of labels of internal marked points. This will make many arguments easier, and we may, if we
wish, pass to symmetric families by an averaging process; see Section 3.5. We say a family s of canonical
multisections (bounded by I ) is symmetric if it is invariant under the natural lift of a twist-preserving
bijection on I to the level of moduli (see Section 3.5 for a more precise treatment). Analogously, we

2This is a slight simplification of what is necessary in the main text.
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call an element � 2Q-Bal.I / symmetric if � is invariant under all twist-preserving automorphisms of
the set I . Explicitly, let � W I ! I be a permutation with tw ı � D tw, and for a graph � with internal
tails labeled by elements of a set J � I , let �.�/ denote the same graph with an internal label i replaced
by �.i/. Then � is symmetric if

��;.dj /j2J D ��.�/;.d�.j//j2J

for all such � . We let Q-Balsym.I / � Q-Bal.I / denote the subset of symmetric elements. With
these definitions in hand, we can state our first theorem, which is a combination of Theorem 3.29
and Observation 3.44.

Theorem 0.1 Open FJRW invariants for the LG model .xrCys; �r ��s/ exist. That is , we can construct
a family (bounded by I ) of canonical transverse multisections. Moreover , one can construct a family
(bounded by I ) of symmetric canonical transverse multisections.

We now describe the systems of open FJRW invariants for the LG model .xr Cys; �r ��s/. Define

�r;s.I /D f�
s
j s a family of canonical multisections bounded by I g �Q-Bal.I /

to be the set of all systems of open FJRW invariants arising from families of canonical multisections. We
also define

�
sym
r;s .I /D�r;s.I /\Q-Balsym.I /�Q-Balsym.I /;

which we will see consists of systems of open FJRW invariants arising from symmetric families of
canonical multisections. A priori, Theorem 0.1 only shows the nonemptiness �r;s.I / and �sym

r;s .I /. Thus
the real task is to understand the structure of the sets �r;s.I / and �sym

r;s .I /.
Unlike the r-spin case of [Buryak et al. 2022a; 2024], it is very important to keep in mind that these open

W -spin invariants depend on boundary conditions. It is precisely this dependence which we will explore
in more detail below in Section 0.5. In general, given two families of canonical multisections s0 and s1,
one can construct homotopies between them, and the change of open invariants is then seen by counting
zeroes escaping off the boundary of moduli space, or coming in from the boundary of moduli space. In
other words, what matters is the number of zeros of these homotopies restricted to the boundary of the
various moduli spaces. To harness this, we define families of canonical homotopies in Definition 3.36. It is
important for the homotopies to have a rich structure for us to control their contributions to the invariants.
In particular, they must be strongly positive and be pulled back from the base when restricted to relevant
boundary strata. In Lemma 3.40, we show that we can construct families of canonical homotopies in
such a way that we can control their nonvanishing on various boundary strata.

We then are able to provide a structure theorem for the sets�r;s.I / and�sym
r;s .I / after taking inspiration

from the structure of the B-model.

0.2 The B-model

In Section 4 we study the period integrals which yield the B-model side of our story. We refer the reader
to Section 4.1 and [Gross et al. 2024] for more details of these period integrals. The key point is to

Geometry & Topology, Volume 30 (2026)



Open FJRW theory and mirror symmetry 2789

study integrals of the form (0-2) where � runs over a so-called good basis of cycles „� of unbounded
a-dimensional cycles in Ca with the property that Re.W=„/ tends to �1 in the unbounded directions.
Here, � runs over tuples .�1; : : : ; �a/ with 0� �i � ri � 2. This basis is described explicitly in [Gross
et al. 2024]. These cycles have a multivalued dependence on „, and hence exhibit monodromy as „ varies
in C�. The good basis is determined by the requirement thatZ

„�

x�
0

eW=„ dx1 ^ � � � ^ dxa D ı��0 ;

where ı��0 is the Kronecker delta function, x�
0

denotes the monomial
Q
i x
�0
i

i , and W D
P
i x
ri
i .

While the full B-model description gives a semi-infinite variation of Hodge structure and a Frobenius
manifold, we will ignore this structure, other than making a connection between the description of this
B-model data in [Li et al. 2017; He et al. 2022] and the explicit period integrals we consider here. We
briefly review the setup in terms of period integrals, and send the reader to Section 4.1 for more details.

One considers a universal unfolding Wy of W , where y denotes a set of coordinates fy�g on the
universal unfolding parameter space. One then would like to identify a primitive form in the sense of
Saito, i.e., a form f .x1; : : : ; xa;y/dx1^ � � � ^ dxa with the property thatZ

„�

eWy=„f dx1^ � � � ^ dxa D ı�0C t�.y/„
�1
CO.„�2/

for some collection of functions t�. These functions then form a system of coordinates on the universal
unfolding moduli space known as flat coordinates. Once the above integrals are written in terms of these
flat coordinates, they become generating functions for closed FJRW invariants. The precise form of this
generating function may be found in the statement of Theorem 0.3.

To be explicit, we now return to the rank-two case with W D xr C ys . Fix I � N a finite set of
allowable markings as in the previous subsection, and recall the twist function tw assigning a specific
twist to each label in I . Consider the ring

AI;sym WDQŒt˛;ˇ;d j 0� ˛ � r � 2; 0� ˇ � s� 2; d 2 Z�0�=Ideal.I /;

where Ideal.I / is the ideal generated by monomials of the formY
d

t
nd
˛;ˇ;d

such that
P
nd > j.tw jI /�1.˛; ˇ/j. Note that the definition of Ideal.I / is designed so that in the potential

defined below, we only consider graphs with at most j.tw jI /�1.˛; ˇ/j internal marked points with
twist .˛; ˇ/.

Given a symmetric element � D .��;d / 2Q-Balsym.I /, we may then define the potential of � to be

W �;sym
D

X
k1;k2�0
l�0

X
ADf.˛i ;ˇi ;di /g2Al

.�1/l�1
��0;k1;k2;1;f.˛i ;ˇi /g;d

jAut.A/j

� lY
iD1

t˛i ;ˇi ;di

�
xk1yk2 2 AI;symŒŒx; y��:
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Here

� Al denotes the set of cardinality l multisets of tuples .˛; ˇ; d/ with 0� ˛� r�2, 0� ˇ� s�2, d � 0;

� �0;k1;k2;1;f.˛i ;ˇi /g denotes the graph corresponding to a smooth disk with:

– k1 boundary r-points,

– k2 boundary s-points,

– 1 boundary point that is fully twisted, and

– l internal marked points with twists .˛i ; ˇi /, 1� i � l ;

� Aut.A/ denotes the automorphism group of the multiset A, i.e., permutations � on l letters such that
.˛�.i/; ˇ�.i/; d�.i//D .˛i ; ˇi ; di / for 1� i � l ; and

� d D .di /1�i�l denotes the descendent vector.

We take the number ��;d to be zero if � is not balanced for d .
We make three remarks about this potential, assuming that � D �s, i.e., � is enumerative, arising from

a symmetric canonical family of multisections s via (0-4). First, we will show (see Theorem 5.1) that

(0-5) W �;sym
� xr CysC

X
0�˛�r�2
0�ˇ�s�2

t˛;ˇ;0x
˛yˇ

modulo all monomials quadratic in the variables t˛;ˇ;0 or linear in t˛;ˇ;d for d > 0. This agrees with
a natural choice of universal unfolding of W D xr C ys . However, in general there will be a possibly
infinite number of additional terms which are higher order in the coordinates t˛;ˇ;d .

Second, the condition that a graph � must be balanced with respect to d to contribute to the potential
makes W �;sym homogeneous of degree rs with respect to an Euler vector field

(0-6) E WD sx@xC ry@y �
X

0�˛�r�2
0�ˇ�s�2
d�0

.sˇC r˛C rs.d � 1//t˛;ˇ;d@t˛;ˇ;d :

In other words,

E.W �;sym/D rsW �;sym:

Third, integrality considerations for degrees of spin bundle show that W �;sym is invariant under the
action x 7! �rx, y 7! �sy, ta;b;d 7! ��ar ��bs ta;b;d , where �r , �s are primitive r-th and s-th roots of unity,
respectively.

The following theorem, which is Corollary 4.16, is fairly straightforward via integration by parts:

Theorem 0.2 Fix � 2Q-Balsym.I / such that

W �;sym
� xr Cys mod ht˛;ˇ;d j 0� ˛ � r � 2; 0� ˇ � s� 2; 0� d i:
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For a multiset A 2
S
l Al , A D f.˛i ; ˇi ; di /g, define r.A/ to be the unique element of f0; : : : ; r � 1g

congruent to
Pl
iD1 ˛i modulo r , and similarly s.A/ the unique element of f0; : : : ; s � 1g congruent toPl

iD1 ˇi modulo s. Finally, let

d.A/D
sr.A/C rs.A/�

Pl
iD1.s˛i C rˇi C rs.di � 1//

rs
� 2:

Then

(0-7)
Z
„.a;b/

eW
�;sym=„ dx^ dy

D ıa;0ıb;0C
X
l�1

X
ADf.˛i ;ˇi ;di /g2Al

.�1/l.�„/�d.A/�2A.A; �/ır.A/;aıs.A/;b
�Ql

jD1 t j̨ ; ǰ ;dj

jAut.A/j

�
:

Here A.A; �/ 2Q is defined in Notation 3.42 and Definition 4.11.

We do not repeat the definition of A.A; �/ in the introduction as it is slightly involved, but it involves
a sum over products of the ��;d and is obtained quite naturally from evaluating the integral by integration
by parts after a power series expansion of e.W

�;sym�xr�ys/=„. Nevertheless, these invariants play a crucial
role in the paper, with our form of open topological recursion being a recursion involving a combination
of these A.A; �/ and closed extended FJRW invariants.

0.3 The mirror theorem and open topological recursion

The key mirror symmetry result in our paper is the following. A priori, if we choose a deformed
potential W �;sym with coefficients determined by an arbitrary � 2 Q-Balsym.I /, we can compute the
oscillatory integrals in Theorem 0.2, but the quantities A.A; �/ in (0-7) contain no enumerative meaning.
However, when we use a system of open FJRW invariants for � to construct W �;sym, the variables ta;b;0
are flat coordinates for the underlying Frobenius manifold and the oscillatory integrals are then generating
functions for all closed extended FJRW invariants with descendents with internal markings bounded by I .
Moreover, this only happens when � is enumerative, that is, a system of open FJRW invariants.

We can state this precisely as follows. We continue with a choice of finite set I �N. The following is
Corollary 5.12.

Theorem 0.3 (open mirror symmetry for two-dimensional Fermat polynomials) Let � 2�sym
r;s .I /. ThenZ

„a;b

eW
�;sym=„ dx^ dy D ıa;0ıb;0C

X
d�0

ta;b;d„
d�1
C

X
l�2

X
A2Al
d.A/�0

.�1/l.�„/�d.A/�2
ır.A/;aıs.A/;b

jAut.A/j

�

�
�
.r�r.A/�2;s�s.A/�2/

d.A/

Y
.˛i ;ˇi ;di /2A

�
.˛i ;ˇi /

di

�ext Y
.˛i ;ˇi ;di /2A

t
j̨ ; ǰ ;dj :

Here r.A/ and s.A/ are as defined in Theorem 0.2 and h � iext denotes the closed extended FJRW invariants ,
as r � r.A/� 2 or s� s.A/� 2 may be �1.
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In fact , if one removes the descendent part of the potential W �;sym by working modulo the ideal
ht˛;ˇ;d j 0 � ˛ � r � 2; 0 � ˇ � s � 2; 0 < d i, then dx^ dy is a primitive form and the ta;b;0 are flat
coordinates.

Remark 0.4 (1) The above theorem matches with the philosophy of the open Gromov–Witten framework
for Fano manifolds. For example, in [Cho and Oh 2006; Gross 2010; Fukaya et al. 2010] it is shown how
counts of Maslov index-two disks with boundaries on Lagrangian tori naturally give rise to the correct
mirror potentials. Our framework then provides an analog of Maslov index-two disks in FJRW theory.

(2) When working modulo the ideal ht˛;ˇ;d j 0� ˛ � r �2; 0� ˇ � s�2; 0 < d i, we are in the setting
of standard Saito–Givental theory. Here we recover the (closed) mirror symmetry results of [Li et al. 2017;
He et al. 2022] in the case of W D xr Cys . The proofs are fundamentally different. There, the authors
consider the integrand eW

�;sym
fdx ^ dy where W �;sym is the versal deformation given by (0-5) and

perturbatively correct the coordinates through the function f [Li et al. 2017, Theorem 3.7] up to quadratic
terms and then use reconstruction arguments. Our approach finds a precise versal deformation W �;sym

using open FJRW invariants so that f D 1 and the coordinates for the versal deformation are already flat.

(3) In the context of open mirror symmetry for Fano manifolds, Overholser [2016] generalized the
oscillatory integral framework to include open descendent invariants for P2. Theorem 0.3 creates a
similar framework for Landau–Ginzburg mirror symmetry, deducing all genus-zero FJRW invariants with
descendents from the oscillatory integrals.

In light of Theorem 0.2, the proof of Theorem 0.3 follows from a calculation of the complicated
invariants A.A; �/, which are shown in Theorem 5.4 to be independent of the choice of � 2 �sym

r;s .I /.
It also provides a large amount of structure for the open FJRW invariants due to the sheer number of
constraints given by the relations in Theorem 0.3. This is summarized in Corollary 5.11.

The key tool for calculating these quantities is open topological recursion. To express it, we consider
the case where the open FJRW invariants are defined using a family of canonical multisections bounded
by I that need not be symmetric. If � 2Q-Bal.I /, we have an expression A.I;d ; �/ similar to A.A; �/
given by the oscillatory integrals, as defined in Notation 3.42. In Theorem 5.4, we show that the expression
A.I;d ; �/ is independent of � whenever � 2�r;s.I /. For this reason, we write A.I;d/ WD A.I;d ; �/
for � 2�r;s.I /. We are now ready to state open topological recursion:

Theorem 0.5 (open topological recursion for two-dimensional Fermat polynomials) Given J � I

nonempty, choose j1 2 J and d 2 ZJ
�0. Denote by e1 2 ZJ

�0 the vector whose entry corresponding to j1
is 1 and all other entries zero.

(1) If jJ j � 1, then

(0-8) A.J;d C e1/DX
a2f�1;:::;r�2g
b2f�1;:::;s�2g

X
AqBDJnfj1g

A¤¿

�
�
.a;b/
0 �

.a1;b1/

dj1

Y
i2A

�
.ai ;bi /

di

�ext

0

A.B [fza;bg;d/�A.J;d/:
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Here za;b is an additional internal marking with twist .r � 2� a; s� 2� b/, with dza;b D 0.

(2) If jJ j � 2, let j2 2 J n fj1g. Then

(0-9) A.J;d C e1/D
X

a2f�1;:::;r�2g
b2f�1;:::;s�2g

X
AqBDJnfj1g

j22B
A¤¿

�
�
.a;b/
0 �

.a1;b1/

dj1

Y
i2A

�
.ai ;bi /

di

�ext

0

A.B [fza;bg;d/;

where za;b and dza;b are as in (1).

The proof of open topological recursion occupies Section 6 and is the heart of the paper. The proof
works by choosing a suitable multisection of Lj1 whose vanishing locus consists of strata in which closed
spheres bubble off from disks. Most importantly this vanishing locus is easy to describe. However, this
multisection does not belong to a family of canonical multisections, and hence a detailed study of zeroes
arising in homotoping this multisection to a canonical multisection is required. This is the hardest part of
the proof.

Another key difference in the open topological recursion relations in our paper and the previous ones
found in the literature is that there does not exist an open topological recursion relation for a single open
invariant. Rather one must use the polynomial A.J;d C e1; �/ in open invariants in order to obtain a
topological recursion relation. This is unlike what is found in the open r-spin case in [Buryak et al. 2024]
and the topological recursion structures found by higher Airy structures (see, e.g., [Borot et al. 2024, §6]).

Furthermore, the quantities A.I;d/ are familiar. We can crucially use Theorem 0.5 to establish in
Corollary 5.11(3) an open-closed correspondence that links polynomials of open invariants to closed
extended invariants.

Corollary 0.6 (open-closed correspondence) Let J � I be nonempty and d 2 ZJ
�0. Suppose jJ j � 2.

Let d.J;d/ be as defined in Definition 4.8. Then

A.J;d/D
�

0 if d.J;d/ < 0;
.�1/d.J;d/�1

˝
�
.r�r.I /�2;s�s.I /�2/

d.J;d/

Q
i2J �

.ai ;bi /

di

˛ext if d.J;d/� 0:

0.4 Wall-crossing formulae

The remaining question is to understand the subset �sym
r;s .I / giving all possible sets of symmetric

open W -spin invariants. As mentioned earlier in this introduction, given two families of canonical
multisections s0 and s1, there exists a canonical family of homotopiesH� between them, and the change of
invariants associated to aW -spin graph � requires understanding the number of zeros #Z.H jŒ0;1��@PMW

�
/.

Crucially, these zeros will occur on boundary strata corresponding to W -spin graphs ƒ representing stable
W -spin disks which are unions of two disks. These disks meet at a node with the twists at the half-nodes
satisfying certain constraints. Further, we have the relation

dimMW
ƒ D rankE�.d/� 1
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so thatH� j
Œ0;1��PMW

ƒ

will have a well-defined number of zeroes. Such boundary strata are called critical
boundaries, and are responsible for wall-crossing phenomena. Given a graph ƒ, we denote by ƒv the
subgraph consisting of all half-edges adjacent to the vertex v in ƒ. A graph ƒ corresponding to a critical
boundary will have a vertex v such that the subgraph ƒv will be graded, have no fully twisted boundary
marked points, and

dimMW
ƒv
D rankEƒv .d/� 1:

We will call such a (connected) subgraph ƒv critical for d ; see Definition 2.33(1).
We define the Landau–Ginzburg wall-crossing group (see Definition 4.19 below) to be the subgroup

GAI;sym � AutAI;sym.AI;symŒŒx; y��/ of the group of continuous automorphisms of AI;symŒŒx; y�� as an
AI;sym-algebra consisting of elements that

(1) are the identity modulo the ideal generated by the t˛;ˇ;d ;

(2) preserve dx^ dy;

(3) preserve the ideal generated by xy.

These properties are natural for our framework. The first property arises as all critical boundaries involve
disks with internal marked points. The second property ensures that, if g 2 GAI;sym , then replacing a
potential W �;sym with g.W �;sym/ does not change the result of the period integrals. Finally, the third
condition is more subtle, but reflects that for certain boundary strata, we are able to define positivity of
multisections of the Witten bundle to guarantee that zeroes never occur on these boundary strata. This
issue arises in Definitions 1.57(3) and 3.18(3).

It turns out that the wall-crossing is governed by a Lie subgroup

G
r;s
AI;sym

�GAI;sym ;

which is specified via its corresponding Lie algebra gr;sAI;sym
. This Lie algebra is a subalgebra of the Lie

algebra gAI;sym of GAI;sym consisting of vector fields on which ŒE; � � acts by multiplication by rs, where E
is as in (0-6), and are invariant under the action x 7! �rx, y 7! �s; y, ta;b;d 7! ��ar ��bs ta;b;d , where �r , �s
are primitive r-th and s-th roots of unity, respectively.

The underlying vector space of the Lie algebra is a direct sum of one-dimensional Q-vector spaces
indexed by all critical graphs.

Theorem 4.27 shows that the group Gr;sAI;sym
acts on Q-Balsym.I / via its action on potentials: for

g 2G
r;s
AI;sym

and � 2Q-Balsym.I /, we define g.�/ by

W g.�/;sym
D g.W �;sym/:

The main wall-crossing theorem (see Corollary 5.14) then states:

Theorem 0.7 The group Gr;sAI;sym
acts faithfully and transitively on the set �sym

r;s .I /. Furthermore ,
�

sym
r;s .I /�Q-Balsym.I / is characterized as the subset of those � 2Q-Balsym.I / satisfying the following

conditions:
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(1) If J � I and � 2 Balanced.J; 0/, then ��;0 D 1 if jJ j D 1 and ��;0 D�1 if jJ j D 0.

(2) For I 0 � I with jI 0j D 1, d D .d/ 2 ZI
0

�0, we have

A.I 0;d ; �/D .�1/d :

(3) For any J � I , d 2 ZJ
�0 with d.J;d/ < 0, we have A.J;d ; �/D 0.

In fact, the three conditions in the theorem characterizing �sym
r;s .I / are precisely the conditions

guaranteeing that the oscillatory integral
R
eW

�;sym=„� of Theorem 0.3 takes the form given there up to
terms of the form „�n, n� 2.

Remark 0.8 The Landau–Ginzburg wall crossing group is very similar in spirit to the tropical vertex
group, a group of automorphisms of a two-dimensional algebraic torus preserving dx

x
^
dy
y

introduced in
[Kontsevich and Soibelman 2006] and given an enumerative interpretation for Fano manifolds in [Gross
et al. 2010]. Generalizations of the tropical vertex group have been used extensively in the literature in a
large number of wall-crossing situations. For Fano manifolds, elements of the wall-crossing group for a
Fano manifold correspond to Maslov index-zero disks. In our case, a Q-summand of automorphisms
in Gr;sAI;sym

corresponds to a critical graph, which is crucial in the proof of Theorem 0.7.

Remark 0.9 For pairs .r; s/ 2 f.n; 2/; .2; n/; .3; 3/; .3; 4/; .4; 3/ j n 2Z�2g, the potentials W D xr Cys

are simple singularities An�1, E6, and E8. Here, there are no critical graphs with respect to descendent
vector d D 0, and thus the open FJRW invariants with no descendents are well defined. The fact
that the primitive form is unique in these cases is well established [Saito 1983b; Noumi and Yamada
1998]. However, in these cases there are indeed critical graphs for nontrivial d and wall-crossing for the
theory with descendents. We predict that the only open FJRW invariants that do not enjoy wall-crossing
phenomena will be the simple singularities when considered with no descendents.

0.5 Context and comparison to existing literature

Mirror symmetry for open Gromov Witten (OGW) theories with Landau–Ginzburg (LG) mirrors were
first considered for Fano manifolds in [Cho and Oh 2006; Gross 2010; Fukaya et al. 2010]. Here, the open
Gromov–Witten invariants corresponded to compact toric manifolds paired with a Lagrangian torus T n.
The toric nD 1 case generalizes nicely to some more complicated Lagrangians, essentially to Lagrangians
whose rational cohomology is spanned by the unit and the point class, and certain generalizations of this
case (see, for example, [Solomon and Tukachinsky 2021]). It turns out that such OGW theories [Solomon
and Tukachinsky 2021; Netser Zernik 2017a; Buryak et al. 2022b] give rise to intersection numbers
which are independent of choices and are governed by a universal recursion, the open WDVV (OWDVV)
equation [Solomon � 2026; Solomon and Tukachinsky 2024, Theorem 3]. Moreover, they satisfy other
interesting properties such as an extension of the quantum cohomology to relative quantum cohomology,
a correspondence between open invariants with a certain internal relative constraint, and open invariants in
which this constraint is replaced by a boundary constraint [Solomon and Tukachinsky 2024, Theorem 6].
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In the case of the target pair .CP1;RP1/ the OWDVV extends also to descendent theory [Buryak et al.
2022b], and such an extension is expected to hold more generally.

The OGW theory in the case n�2 is less understood. Here, Gross [2010] and Overholser [2016] studied
the tropical open CP2 case with descendents, while Fukaya, Oh, Ohta, and Ono [Fukaya et al. 2010]
studied the case n� 2 without descendents in detail and obtained mirror symmetry for nD 2 and under
additional assumptions also for n > 2 targets. In the general case where n� 2, invariants are defined only
up to wall crossings. These wall crossings are conjectured to be governed by the Kontsevich–Soibelman
wall crossing group [2006], and this conjecture is proven in some tropical or symplectic cases [Gross
2010; Overholser 2016; Lin 2017; 2021].

Open FJRW theory (OFJRW) is a theory which is still under development. The first construction of
an OFJRW theory, the open r-spin theories, appeared in [Buryak et al. 2022a; 2024], where the main
difficulty was identifying a natural choice of boundary conditions to the open Witten bundle. These
boundary conditions rely on a hidden notion of positivity in this theory. The open r-spin theory is precisely
the OFJRW analog of the nD 1 OGW case described above. As such they have well defined invariants
[Buryak et al. 2024, Theorem 3.17], satisfy the OWDVV equations [Buryak et al. 2024, Section 4],
involve an extension of the closed state space (where the Ramond states play the role of relative classes)
[Buryak et al. 2019] and a correspondence between open and closed extended intersection numbers.

This work addresses the construction and calculation of the OFJRW analog of the nD 2 OGW case.
The first sections of the paper up to Section 2.4 provide a geometric construction of the open moduli spaces
in all dimensions; however, we specialize to the dimension nD 2 case exactly when the theory diverges
from the situations found in n < 2 and n > 2. We then geometrically construct the rank-two theory,
including descendents, characterize all invariant quantities, which this time do not satisfy the OWDVV
equations, but a different universal recursion. We then identify the wall crossing group and realize it
geometrically. Our geometric construction involves the boundary conditions found in [Buryak et al. 2024].
Interestingly, there are certain boundaries for which the boundary conditions are not specified. They turn
out to be exactly the source for the wall crossing. The calculation of invariants and geometric realization
of the wall crossings involve new ideas which are then used to establish mirror symmetry in this case.

1 GradedW -spin surfaces
1.1 Closed gradedW -structures

We first define closed W -spin Riemann surfaces. These are needed for two reasons. First, an open W -spin
surface is a closed surface equipped with additional structure, including an antiholomorphic involution.
Second, even in the study of open surfaces, disks may bubble off spheres on the boundary of moduli
space. Hence moduli of closed W -spin surfaces naturally occur in the boundary of open W -spin surfaces.
We first consider the special case of an r-spin surface, reviewing terminology from [Buryak et al. 2022a].

A closed marked genus-zero orbifold Riemann surface C is a proper, one-dimensional Deligne–
Mumford stack whose coarse space jC j is a genus-zero Riemann surface with at worst nodal singularities,
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and such that the morphism � W C ! jC j is an isomorphism away from the finitely many marked points
and nodes. We often allow disconnected surfaces, in which case it must be a disjoint union of such
genus-zero surfaces. We collectively call these marked points and nodes the special points. Any special
point may have a nontrivial stabilizer which is required to be a finite cyclic group. Any node must be
balanced, i.e., the local picture at any node is

(1-1) fxy D 0g=�d ;

where �d is the group of d -th roots of unity, and the generator � acts by

(1-2) � � .x; y/D .�x; ��1y/:

The curve C is d -stable if all special points have isotropy group �d .
As in [Buryak et al. 2022a], we introduce a set for markings: Let � denote the set of all finite subsets

of NDf1; 2; 3; : : : g. We identify the element fig 2� with i for i 2N. A marking of a set A is a function

m W A!�;

such that whenever a, a0 are distinct elements of Anm�1.¿/, we havem.a/\m.a0/D¿. Such functions
are used in what follows to label the marked points on the curve. The possibility of marking some points
by ¿ or with a set is needed for two reasons. First, we use marking by ¿ to handle boundary marked
points, whose cyclic order will often serve as a substitute for their markings. Second, we use ¿ and
subsets of N in a consistent way to mark new internal marked points that arise via normalization of a
nodal curve, see Definitions 1.3 and 1.17. An element of A which is mapped to ¿ will sometimes be
referred to as unlabeled.

Explicitly, the markings on the curve C are indexed by a set I and are labeled by a marking function
mI W I !�. We denote the marked points of C by zi for i 2 I . There is another distinction we have for
marked points:

Definition 1.1 (anchors) We consider a subset of the marked points of C to be anchors. We allow at most
one anchor in each connected component of C and require that this point be labeled ¿. A connected
component of C is anchored if it contains an anchor.

Remark 1.2 The anchor will serve as a book-keeping mechanism to deal with closed W -spin surfaces
which arise as a connected component in a partial normalization of an open surface. The anchor should
be thought of as the marked point in a closed connected component which, before normalization, was a
half-node of an open surface. In this context, such a half-node connected the closed part to the open part
or is a contracted boundary half-node. As we only consider genus zero, the anchor must be unique.

We define the slightly complicated labeling above in order to keep track of this information and to
avoid adding symmetries when we normalize. Intersection theory on moduli spaces of r-spin Riemann
surfaces without boundary is, of course, not affected by the anchor, and is equivalent to the classical one
defined in [Witten 1993]. The same comment holds for closed W -spin surfaces, to be defined below.
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��1q .q/

�q

q

Figure 1: The normalization �q W C 0! C of the connected component C1 at a node q. Anchors
are color-coded as blue (gray).

This yoga of anchors thus requires some care in defining the normalization of a curve.

Definition 1.3 Let q be a node of C . The normalization of C at q is the usual normalization at q,
�q W C

0 ! C , with additional care concerning anchors. Both points of the preimage of q become
marked points. Suppose a connected component C1 of C containing q is separated into two connected
components C 01, C 001 by the normalization. If C1 is anchored and C 01 does not contain the anchor, we
define the preimage of q in C 01 as its anchor and label it ¿ (see Figure 1). The other preimage of q will
be labeled by the union of labels of the other marked points of C 01. In all other cases, the preimages of q
are labeled ¿. Observe that the resulting labeling is still a marking. We denote by

� W �C ! C

the result of the normalization at all nodes.
A half-node is a point of the normalization �C mapping to a node q in C . We often refer to a half-node

also as a node q 2 C along with a choice of branch of C at q.

Suppose that C is d -stable and r divides d . An r-spin structure on C is an orbifold line bundle L!C ,
called the r-spin bundle, together with an isomorphism

(1-3) � W L˝r ! !C;log:

The local structure of L at a marked point p looks like the quotient stack ŒC2=�d � where the generator
� D e2�i=d 2 �d acts by

(1-4) � � .X; T /D .e2�i=dX; em.2�i=d/T /:

Here X is a local coordinate on the curve, T a coordinate on the fibers of L, and the multiplicity (of L) is
some integer mDmultp.L/ modulo d . We impose here that multp.L/ 2 f0; : : : ; d �1g. Moreover, since
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the multiplicity of !C;log at any point is 0, for each marking p it must hold that

multp.L/
d=r

2 Z:

A twisted r-spin structure on a closed marked genus-zero orbifold Riemann surface C is an orbifold
bundle of the form

(1-5) S D L˝O
�
�

X
i2I0

Œzi �

�
;

where L is an r-spin bundle and I0 is a subset of the markings of L-multiplicity zero which contains
every marking whose L-multiplicity is 0, except, possibly, anchors. Note that a priori the subset I0 is a
choice and part of the data of the r-spin structure, but we will see below that there is a standard choice
of I0 determined by the rest of the r-spin structure. Here, the twist O.Œzi �/ is the orbifold line bundle
associated to the degree-one divisor Œzi �, i.e., O.Œzi �/ is the pull-back of a line bundle on the coarse moduli
space. The twist of the i -th marking (with respect to S ) is defined to be

li � 1C r1i2I0 ;

where li is the unique solution of

multzi .L/D
�
d

r

�
li ; li 2 f0; : : : ; r � 1g;

and 1i2I0 denotes the characteristic function of I0. Thus, in particular,

(1-6) if a marked point has twist �1, it is an anchor.

Using (1-3), note that there is an isomorphism � so that

(1-7) � W S˝r ' !C;log

�
�

X
i2I0

rŒzi �

�
:

Definition 1.4 A closed twisted genus-zero r-spin surface is a closed genus-zero d -stable surface together
with a twisted r-spin structure. The notion of isomorphism is the standard one.

Given the normalization � W �C ! C , the orbifold line bundle ��L! �C is automatically an r-spin
bundle. However, ��S need not be a twisted r-spin bundle. Instead, if we take

(1-8) �S D ��S ˝O
�
�

X
q2R

Œq�

�
;

where

(1-9) R WD fq a half-node of �C which is of multiplicity zero but not an anchorg;

then �S is a twisted r-spin bundle, with the set of marked points where the spin structure is twisted being

yI0 D I0[R:
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The twists of the half-nodes of �C are defined to be the twists of �S at these points. We often use this notion
for the twist of a half-node viewed as a nodal point in C along with a choice of branch of C through
this node.

Note in analogy with (1-6),

(1-10) the only half-nodes of .�C ; �S/ of twist �1 are anchors.

For twisted r-spin structures, we will impose that I0 consists of all markings of L-multiplicity zero except
anchors.3

Definition 1.5 A special point whose twist is �1 mod r is called Ramond, while the other markings are
called Neveu–Schwarz (with respect to S ).

Consider the coarsification map � WC!jC j and the pushforward ��L. Here, we can see that locally at
the marked point p, the sections of this sheaf will be given by �d -invariant sections of OC with respect to
the action in (1-4). The generator acts locally on a section f by taking � �.X; f .X//D .�X; �mf .X//. For
invariance, we need that �mf .X/Df .�X/, which implies that f .X/DXmg.Xd / for some polynomial g.
Note that there is a local coordinate x on jC j with ��.x/DXd , hence ��L is a line bundle. We then
have that .��L/˝d near p is generated by Xmd D xm, which is used to prove the following proposition:

Proposition 1.6 For any connected component Cl of j�C j, with markings also denoted by fzigi2Il and
half-nodes fphgh2Nl , it holds that j�S j is a line bundle and

(1-11) .j�S jjCl /˝r Š !jCl j˝O
�
�

X
i2Il

ai Œzi ��
X
h2Nl

chŒph�

�
; ai ; ch 2 f�1; 0; : : : ; r � 1g;

where ai , ch are the twists.

Proof The corresponding claim for j��Lj is well known and can be seen through the argument in the
preceding paragraph. Since �S differs from ��L by twisting down at a divisor pulled back from the coarse
curve, the twisting and coarsening commute which allows us to deduce the claim.

We can also define the orbifold line bundle

J WD !C ˝S
_

on C , which has a natural pairing with S given by

(1-12) h�;�i W S ˝J ! !C :

We now require the notion of a grading.

3Moving forward, we require a rule for twisted r-spin structures in the open case. Here, closed r-spin curves are connected
components of the normalization of some stable marked genus-zero orbifold Riemann surfaces with boundary. We exclude
from I0 the anchors that come from a contracted boundary (see Definition 1.16).
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Definition 1.7 (grading) A grading of a twisted closed genus-zero r-spin surface .C; S/ consists of the
following additional structure at each anchor zj with twist r � 1. Recall that we have a map � 0 defined as
the composition

� 0 W
�
S ˝O.Œzj �/

�˝r
jzj ! !C;logjzj !C;

where the second map is an isomorphism given by the residue map. Then the data of a grading at zj is,
first, the choice of an R-linear involution z� on the fiber

�
S ˝O.Œzj �/

�
zj

which is required to satisfy two
properties:

(1) For all v 2
�
S ˝ O.Œzj �/

�
zj

, we have � 0.z�.v/˝r/ D �� 0.v˝r/ where w 7! xw is the standard
conjugation.

(2) We have f� 0.v˝r/ j v 2
�
S ˝O.Œzj �/

�z�
zj
g � iRC, where i is the root of �1 in the upper half-plane.

Second, we choose a nonzero vector vj in the fiber .S ˝ O.Œzj �//
z�
zj so that � 0.v˝rj / 2 iRC. Two

gradings fvj g, fv0j g are equivalent if vj D �j v0j for some collection of positive real numbers �j .
We call the connected component of

�
S ˝O.Œzj �/

�z�
zj
n f0g containing vj the positive direction on�

S ˝O.Œzj �/
�z�
zj

and call any v in that connected component positive. If v is positive then � 0.v˝r/2 iRC.

Since
Jzj ˝

�
S ˝O.Œzj �/

�
zj
' !C;logjzj ;

z� induces a conjugation on the fiber Jzj , also denoted by z�, by the requirement that under the identification
of !C;logjzj with C, we have

hz�.w/; z�.v/i D �hw; vi

for w 2 Jzj and v 2
�
S˝O.Œzj �/

�
zj

. Similarly, using the positive direction on
�
S˝O.Œzj �/

�z�
zj

, we define
a positive direction on J

z�
zj in the following way. We say that w 2 Jzj is positive if, for any positive

v 2
�
S ˝O.Œzj �/

�
zj

, it holds that
hw; vi 2 iRC:

Remark 1.8 Gradings arise naturally from the open r-spin disk case. Indeed, as we shall see, such disks
may acquire contracted boundary nodes, i.e., nodes obtained by shrinking the boundary to a point; see
Figure 3. The stalk of the spin bundle at these points then naturally carry an involution z� and the grading
can be seen as the limiting data of a lifting on the open disks in the sense of Definition 1.21(2).

Definition 1.9 A closed genus-zero graded r-spin surface is a twisted closed genus-zero r-spin surface
all of whose connected components are anchored, together with a choice of grading, up to equivalence.
An isomorphism of closed genus-zero graded r-spin surfaces is an isomorphism of closed genus-zero
twisted r-spin surfaces that preserves the anchors and, in the case where an anchor has twist r � 1, also
the involution z� and the positive direction.

Remark 1.10 As already mentioned in Remark 1.2, once we start to normalize open r-spin surfaces,
the anchor of a sphere component should be thought of as the half-node at which the component met
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a disk component, or met a simple path of sphere components connecting it to a disk component. The
additional data in the grading in the case of a twist r � 1 anchor arises as in Remark 1.8.

The properties of the twists and grading can be summarized in the following well-known observation
below.

Observation 1.11 It follows immediately from Proposition 1.6 that if C is a smooth r-spin curve, then
the degree of the line bundle jS j ! jC j is

(1-13)
�2�

P
ai

r
2 Z;

where ai are the twists. This number must be an integer. Thus, also

(1-14)
P
ai � .r � 2/

r
2 Z:

If C is a d -stable r-spin curve and p and p0 are the two branches of a node, then

(1-15) cpC cp0 � r � 2 mod r:

Moreover, in the notation of (1-11), for any component Cl of j�C j with markings also denoted by fzigi2Il
and half-nodes fphgh2Nl , we have

r j
X
i2Il

ai C
X
h2Nl

chC 2� r:

When (1-14) holds, there is, up to isomorphism, a unique graded structure on C with the given twists.

Remark 1.12 The only automorphisms of genus-zero graded r-spin surfaces with injective marking m
are the ghost automorphisms. There are two types of such automorphisms:

(i) scaling fiberwise the bundle S and

(ii) “rotating” C at a node.

In type (i), we scale the bundle S fiberwise by an r-th root of unity. Note that we can do this independently
on each of the connected components; however, as explained in Proposition 2.15 of [Buryak et al. 2022a],
the extra data of a grading at anchors of twist r �1 eliminates the automorphism given by scaling the spin
bundle by an r-th root of unity on the connected component of C containing the anchor. This provides a
factor of r j�0.C/j�A to the group of ghost automorphisms, where j�0.C /j is the number of connected
components of C and A is the number of anchors whose twist is r�1. In type (ii), recall that the stabilizer
group is �d at a node, so this contributes a factor of �d to the automorphism group of C . In terms of the
local picture (1-1), the action of �d is given by

� � .x; y/D .�x; y/; � is a d -th root of unity.
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One can check as in [Chiodo and Zvonkine 2009] that the pull back of the spin bundle S via this
automorphism gives an isomorphic spin structure, and hence induces an automorphism. See also [Buryak
et al. 2022a, Remark 2.12 and Proposition 2.15]. However, in that reference, d D r . Consequently,
we obtain a factor of dN where N is the number of nodes. Putting these together, the group of ghost
automorphisms is of order r j�0.C/j�AdN .

We now generalize to the W -spin case. Let W be any Fermat polynomial in a variables,

(1-16) W.x1; : : : ; xa/D

aX
iD1

x
ri
i ;

and let d D lcm.r1; : : : ; ra/.

Definition 1.13 A closed graded genus-zero W -spin Riemann surface is a tuple

.C; S1; : : : ; SaI �1; : : : ; �a/;

where C is d -stable marked genus-zero orbifold Riemann surface, all of whose components are anchored,
and for all i 2 Œa� WD f1; : : : ; ag, .Si ; �i / is a graded twisted ri -spin structure on C .

The twist of a marking or a half-node is the a-tuple of its twists with respect to each Si . We write
tw.q/ for the twist of q, and twi .q/ for its i-th component, i 2 Œa�. A special point q is broad if it is
Ramond with respect to one of the bundles Si , otherwise q is narrow.

Remark 1.14 Recall from (1-10) that the only half-nodes of twist �1 are anchors. In (closed) genus-zero
W -spin theory, it is possible to allow at most one marked point with twist �1 for each ri -spin bundle,
i D 1; : : : ; a. This is observed in [Jarvis et al. 2001a], and studied in detail in [Buryak et al. 2019] for
a single spin bundle. So long as all other marked points have nonnegative twist, the degree of the spin
bundle is negative, which implies that the Witten bundle defined in Section 2.2.1 is indeed a bundle.

Observation 1.15 The number of automorphisms is dN
Qa
iD1 r

j�0.C/j�Ai
i , where Ai is the number of

anchors at which the bundle Si has twist ri � 1 and N is the number of nodes.

1.2 Open r-spin structures

Definition 1.16 (1) A connected marked genus-zero orbifold Riemann surface with boundary or disk is a
tuple

.C; �;†; fzigi2I ; fxj gj2B ; m
I ; mB/;

in which:

(i) C is a connected genus-zero orbifold Riemann surface.

(ii) � W C ! C is an antiholomorphic involution (conjugation).

(iii) † is a fundamental domain for the induced conjugation on jC j. We also write � W jC j ! jC j for this
induced conjugation. Here † is a Riemann surface, usually, but not always, with boundary.
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C

@†

� z1

� Nz1

�
x1

†

�
z2

�

Nz2

Figure 2: A smooth connected marked genus-zero orbifold Riemann surface with boundary with
two internal markings z1, z2 and a boundary marking x1.

(iv) zi 2 C are a collection of distinct points (the internal marked points) labeled by the set I , whose
images in jC j lie in † n @†, with conjugate marked points Nzi WD �.zi /.

(v) xj 2 Fix.�/ are a collection of distinct points (the boundary marked points) labeled by the set B ,
whose images in jC j lie in @†.

(vi) mI W I !� and mB W B!� are markings.

A typical such surface with the various marked points labeled can be seen in Figure 2. We shall often
denote the object only by C or by the preferred half †.

Note there can be at most one isolated �-invariant point. If it exists, it is called a contracted boundary
node and it is regarded as an anchor. In this case, † has no boundary. In all other cases, † is a nodal
marked disk and has no anchor. Those �-invariant nodes which are not a contracted boundary are called
boundary nodes. The remaining nodes whose image under the coarsification map falls in the interior of †
are the internal nodes. Their conjugate points are the conjugate nodes. We call @† the boundary of the
open surface. It is oriented as the boundary of †. See Figure 3.

(2) A marked genus-zero orbifold Riemann surface with boundary is a finite union of connected marked
genus-zero orbifold Riemann surfaces with boundary and connected marked genus-zero orbifold Riemann
surfaces without boundary. It is smooth if there are no nodes. See Figure 2.

Figure 3: The closed curve jC j, with the nodal disk † shaded. Left: Internal node. Middle:
Boundary node. Right: Contracted boundary.
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(3) A marked genus-zero orbifold Riemann surface C (with or without boundary) is stable if each
connected component of the normalization has at least three marked points. We say that C is partially
stable if C is connected and open, and either

(i) jI j D 1 and jBj D 0, or

(ii) jI j D 0 and jBj D 2.

(4) We usually suppress � from the notation and write xw for �.w/ when w lies in the preimage of †
in C . In what follows we usually identify a special point with its image in †.

(5) An isomorphism of marked orbifold Riemann surfaces with boundary

.C1; �1; †1; fz1;igi2I1 ; fx1;j gj2B1 ; m
I1
1 ; m

B1
1 /Š .C2; �2; †2; fz2;igi2I2 ; fx2;j gj2B2 ; m

I2
2 ; m

B2
2 /

consists of an isomorphism s W C1! C2 and bijections f I W I1! I2 and f B W B1! B2 such that

(i) s ı�1 D �2 ı s,

(ii) s.†1/D†2,

(iii) s.x1;j /D x2;f B.j / for all j 2 B1 and s.z1;i /D z2;f I .i/ for all i 2 I1, and

(iv) mI11 Dm
I2
2 ıf

I and mB11 Dm
B2
2 ıf

B .

Note that one can write
jC j D

�
†q@††

�
=�CB ;

where † is obtained from † by reversing the complex structure, and �CB is the equivalence relation on
†[@†† defined by x �CB y precisely if x D �.y/ and one of them is a contracted boundary node.

We next take care in defining normalization of open spin surfaces. As already mentioned in Remarks 1.2
and 1.10, anchors play a key role in bookkeeping in the normalization process. Precisely:

Definition 1.17 Let .C; �;†; fzigi2I ; fxj gj2B ; mI ; mB/ be a marked genus-zero orbifold Riemann
surface with boundary. The partial normalization �q WC 0!C at the node q is defined by taking the usual
partial normalization �q W C 00! C at q and its conjugate node �.q/ and then taking C 0 � C 00 to be the
union of connected components whose image in jC j intersects † in more than one point. For example, in
the examples in Figure 3, left and right, the light gray spheres are discarded, if the normalization occurs
at the internal node and the contracted boundary node, respectively. However, nothing is discarded if one
normalizes Figure 3, middle, at the boundary node.

We then define �q W C 0! C to be �qjC 0 . In the normalization, we label the resulting half-nodes and
choose anchors, generalizing Definition 1.3, as follows:

(1) If q is an internal node, suppose without loss of generality that its image in jC j belongs to †. In this
case C 0 will have two connected components: one component will be closed and one component will be
open or have a contracted boundary node. The preimage qc of q in the closed component is declared to
be the anchor, and is marked by ¿ 2�. The other half-node is marked by the union of the labels of the
remaining points in the component of qc .
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(2) If q is a boundary node, then we label each of its half-nodes by ¿ 2�. Note that both connected
components after the partial normalization are still nodal marked disks and consequently do not have
anchors.

(3) If q is a contracted boundary node, we declare its preimage in C 0 to be an anchor, and we mark it
by ¿ 2�.

The normalization � W �C ! C for a marked genus-zero orbifold Riemann surface with boundary C is
similarly defined by iterating the partial normalization definition over all nodes.

Definition 1.18 Let C be a d -stable marked genus-zero orbifold Riemann surface with boundary. Let r
divide d . An r-spin (resp. twisted r-spin) structure on C is an r-spin structure L (resp. twisted r-spin
structure S ) on C together with an involution z� on L (resp. S ) lifting � and such that z�˝r agrees under �
with the involution of !C;log induced by �.

Multiplicities of marked points and half-nodes, as well as twists of marked points, are defined as in the
closed case. Note that this implies that, for any r-spin structure on a d -stable marked genus-zero orbifold
Riemann surface with boundary, the multiplicities and twists at an internal marked point zi (called the
internal twist ai ) must be the same at its conjugate marked point Nzi . We note that we analogously call the
twist bi at a boundary special point the boundary twist.

Observation 1.19 There is a constraint on the allowable twists of the marked points, arising from
Observation 1.11. Indeed, let S be a twisted r-spin structure with internal twists ai and boundary
twists bj . Then

(1-17)
2
P
i2I ai C

P
j2B bj � .r � 2/

r
2 Z:

As in the closed case, ��L! �C is itself an r-spin structure. We define the twisted r-spin structure�S ! �C as

(1-18) �S D ��S ˝O
�
�

X
q2R

Œq�

�
:

Here

(1-19) R WD fq is a contracted boundary node of multiplicity zerog

[ fq is a half-node of �C which is of multiplicity zero but not an anchorg:

We recall that O.Œq�/ denotes the pull-back of the corresponding line bundle from j�C j. The twists of
half-nodes with respect to S are defined as the twists of the corresponding half-nodes with respect to �S .
The notions of Ramond and Neveu–Schwarz points are as in the closed case.

We remark that (1-17) also induces constraints on the twists of half-nodes. Indeed, when applied to a
connected component of the normalization �C , one must sum over twists of the half-nodes as well as the
twists of the marked points. Note that the definition of R determines the twists of all half-nodes.
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Remark 1.20 In the course of the proof of Proposition 2.15 in [Buryak et al. 2022a], it is shown that
every contracted boundary node is Ramond.

1.2.1 Lifting and alternations

Definition 1.21 Let S be a twisted r-spin structure on a connected marked genus-zero orbifold Riemann
surface with boundary C .

(1) Suppose that C has no contracted boundary node. Let A be the complement in C � of the set of
special points. In this case a lifting of S is a choice (if it exists) of an orientation for the real line bundle

S
z�
! A

satisfying the following property. If we take any vector v 2 S
z�
a at any a 2 A such that v is positive with

respect to the orientation specified by the choice of lifting, then its image under the map v 7! �.v˝r/

is positive with respect to the natural orientation of !�C jA. Two sections v and v0 of S jA are equivalent
if v D cv0 for a continuous function c W A!RC. We write Œv� for the equivalence class of v. When a
section v is positive with respect to the lifting, we denote a lifting of S over A by Œv�.

A lifting of J over A is an orientation of the real line bundle

J
z�
! A

satisfying the following property. If we take any vector w 2 J
z�
a at any a 2 A such that w is positive with

respect to the orientation, then there exists a vector v 2 S
z�
a with �.v˝r/ and hw; vi positive with respect

to the natural orientation of !�C jA, where h�;�i is as in (1-12). We similarly define an equivalence
class Œw� for sections of J over A as above.

(2) Suppose that C has a contracted boundary node q. In this case a lifting of S is a choice (if it exists)
of an orientation for the real line .Sq/

z� satisfying a different set of properties as follows. The fiber !C;q
is canonically identified with C via the residue, and the involution � is sent, under this identification, to
the involution z!�Nz, whose fixed points are the purely imaginary numbers.4 The choice of orientation
must satisfy that for any vector v 2 S

z�
q positive with respect to the orientation, the image of v˝r under

the map

S˝rq ! !C;q

is positive imaginary, meaning that it lies in iRC. We then write a lifting of S at q as an equivalence
class Œv� of such positive elements v under the equivalence relation of multiplication by a positive real
number. In the contracted boundary case, there always exists a z�-invariant w 2 J jq such that hw; vi is
positive imaginary, and we refer to such w as a grading at q.

4The residue of a conjugation invariant form � can be calculated as 1=.2�i/
H
L � where L�† is a small loop surrounding q

whose orientation is such that q is to the left of L. The behavior under conjugation shows that the residue of an invariant section
is purely imaginary.
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We say that a twisted r-spin structure S on a marked genus-zero orbifold Riemann surface with
boundary C is compatible if each connected component of C has a lifting. A lifting on C is a choice of
lifting on each connected component.

Remark 1.22 Consider the case where C has a contracted boundary node. Recall by Remark 1.20 that q
is Ramond and by Observation 1.19 that the twist at q on the partial normalization at q will be r�1. Then
the choice of a lifting q will induce a grading (Definition 1.7) on the closed genus-zero r-spin surface
given by the partial normalization at q, as q will become the anchor (Definition 1.17(3)).

In the case where there are no contracted boundaries, observe that a twisted r-spin structure admits a
lifting of S over A precisely if it admits a lifting of J over A. Moreover, there is a bijection between
equivalence classes of liftings of S and of J , in which Œv� corresponds to Œw� if hw; vi is everywhere
positive for all representatives v and w of Œv� and Œw�.

Now, a lifting of J induces a lifting of yJ WD !�C ˝ �S_. Take q to be a boundary marked point
or boundary half-node of �C . Then let Uq be some neighborhood of j��1.q/j in @�†, where �† is the
normalization of †. The lifting of J induces an orientation for the real line bundle j yJ jz� jUqnj��1.q/j. Here,
we use the notation z� also for the involutions on yJ and its coarsening j yJ j.

Definition 1.23 (alternating nodes or marked boundary points) Let S be a compatible twisted r-spin
structure on a connected marked genus-zero orbifold Riemann surface with boundary. Suppose further
that C has no contracted boundary node. Take q to be a boundary marked point or boundary half-node
of �C and take Uq to be some neighborhood of j��1.q/j as above. We say that the lifting alternates in q
and that q is alternating with respect to the lifting if the orientation cannot be extended to an orientation
of j yJ jz� jUq . Otherwise the lifting does not alternate or is nonalternating and q is nonalternating.

We write alt.q/D 1 if the lifting alternates in q and alt.q/D 0 if it does not alternate.

Remark 1.24 In [Buryak et al. 2022a], the terms legal and illegal are used instead of alternating and
nonalternating, respectively.

We summarize the properties of r-spin structures with a lifting in the following propositions. We start
with Proposition 2.5 of [Buryak et al. 2022a]:

Proposition 1.25 Suppose that .C; S/ is a smooth connected genus-zero twisted r-spin Riemann surface
with boundary.

(1) When r is odd , any twisted r-spin structure is compatible , and there is a unique equivalence class of
liftings.

(2) When r is even , the boundary twists bj in a compatible twisted r-spin structure must be even.
Whenever the boundary twists are even , either the r-spin structure is compatible or it becomes compatible
after replacing z� by � ı z� ı ��1 for � an r-th root of �1, which yields an isomorphic r-spin structure.

(3) Suppose r is odd and v is a lifting. Then xj is alternating if and only if its twist is odd.
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(4) Suppose r is even. If a lifting alternates precisely at a subset D � fxj gj2B , then

(1-20)
2
P
ai C

P
bj C 2

r
� jDj mod 2:

If (1-20) holds , then there exist exactly two liftings up to equivalence , one the negative of the other , which
alternate precisely at D � fxj gj2B .

In particular, in the nodal case the analogous claims hold for the connected components of .�C ; �S/.
The following is a combination of Propositions 2.11 and 2.15 in [Buryak et al. 2022a], with a slight

change to the number of automorphisms as indicated in Remark 1.12.

Proposition 1.26 Suppose .C;�;†;fz1; : : : ; zlg;fx1; : : : ;xkg/ is a connected genus-zero marked orbifold
Riemann surface with boundary, and

a1; : : : ; al 2 f0; 1; : : : ; r � 1g; b1; : : : ; bk 2 f0; 1; : : : ; r � 2g

are such that (1-17) holds. If r is even , suppose the bi are even for all i and let D � Œk� be an arbitrary
set for which (1-20) holds. If r is odd , let D D fi 2 Œk� j 2−big. Then , up to isomorphism , there exists
a unique twisted r-spin structure with a lifting on this disk with internal twists given by the integers ai ,
boundary twists by the integers bj , and D being the set of alternating boundary marked points. The
automorphism group of the r-spin disk with lifting is of size dN , where N is the number of internal nodes.

Remark 1.27 If r is even, the two choices of liftings in Proposition 1.25 are related by an isomorphism
which is the identity on the underlying Riemann surface and rescales the spin bundle by �1.

Definition 1.28 Consider a Fermat polynomial W as in (1-16), with d D lcm.r1; : : : ; ra/. A W -spin
Riemann surface with boundary is a tuple

.C; S1; : : : ; SaI �1; : : : ; �aI�1; : : : ; �a/

where

(1) C is an orbifold marked Riemann surface with boundary such that:

(a) all of the special points of C have isotropy group �d ;

(b) all the closed connected components of C are anchored;

(2) each .Si ; �i ; �i / are twisted ri -spin structures.

The W -spin structure on C is compatible if each ri -spin structure is.
A lifting for a W -spin Riemann surface with boundary is an a-tuple .Œv1�; : : : ; Œva�/ of liftings for each

Ji D !C ˝S
_
i (or equivalently liftings of Si ). For any boundary special marking or half-node q we write

alt.q/ for the a-tuple whose i -th component is alti .q/, the alternation with respect to the i -th lifting.

We now consider restrictions on the behavior of boundary marked points. The kinds of open surfaces
considered below will be the ones for which we define open W -spin invariants, as Euler classes of certain
bundles on their moduli spaces:
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Definition 1.29 (1) A connected pregraded open W -spin surface is a connected, compatible, W -spin
Riemann surface with boundary, together with a lifting which satisfies

(a) For any boundary marking p and any i 2 Œa�, either

twi .p/D ri � 2; alti .p/D 1 or twi .p/D alti .p/D 0:

(b) If q is a boundary node and i 2 Œa� where q is Neveu–Schwarz with respect to Si , then the lifting
alternates at precisely one of the half-nodes of q.

We call the lifting the grading.

(2) A connected graded W -spin surface is a connected pregraded W -spin surface such that in addition
there is no boundary marking p with tw.p/ D alt.p/ D E0. For T � Œa� denote by kT the number of
boundary points p with

.twi .p/; alti .p//D .ri � 2; 1/ () i 2 T:

We denote kfj g by kj also.

(3) A boundary marked point p of a graded connected W -spin surface is singly twisted if there exists an
i 2 Œa� such that twj .p/D .rj � 2/ıij . In this case p is alternating only for the i -th bundle.

(4) A rooted connected W -spin surface is a graded connected W -spin surface such that all boundary
marked points but one are singly twisted, and the remaining point, called the root, is fully twisted, i.e.,
tw.p/D .r1� 2; : : : ; ra � 2/.

Remark 1.30 The imposition of the twists and alternation dictated in Definition 1.29 is required to define
open W -spin invariants in the way we do below. The existence of a lifting was used in [Buryak et al.
2022a] to define canonical relative orientation for the Witten bundle. It was used further in [Buryak et al.
2024] to define the notion of positivity for boundary conditions of the Witten bundle, which is a crucial
condition in their open r-spin construction (and our generalization); see Section 3.1.2. It is nontrivial to
ensure that multisections which satisfy the positivity boundary conditions even exist. For this one needs
in the r-spin case the boundary twists to be r � 2; see [Buryak et al. 2024, Proposition 3.20].

Moreover, by ensuring positivity, the graphs that will be important to define open W -spin intersection
numbers will be precisely the pregraded ones and their degenerations. The boundary strata of the moduli
space corresponding to relevant graphs (see Definition 1.57) will correspond to pregraded open W -spin
surfaces, after normalization. Here, we will be able to forget the (untwisted) boundary markings p with
tw.p/D alt.p/D E0, and build boundary conditions recursively from lower-dimensional graded W -spin
surfaces, whose boundary twists are again as above. This is used to establish open topological recursion
[Buryak et al. 2024, Theorem 4.1], which can be thought of as an open r-spin descendent analog of
Solomon’s open WDVV [� 2026].

Algebraically, the enumerative results from imposing the choice of boundary twist being r � 2 and the
modulo 2 condition fit naturally into other enumerative structures, including the nonzero coefficients of
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the Gelfand–Dickey wave function [Buryak et al. 2024] or of the perturbation of the mirror superpotential
[Gross et al. 2024].

Tessler and Zhao [2023; 2026] constructed a new collection of open r-spin theories which still require
a lifting, but allow more general boundary twists. It is not yet known how these theories are related to
mirror symmetry.

Remark 1.31 The grading at a contracted boundary, defined in Definition 1.21, is a limit case of the
grading in Definition 1.29 that is obtained when there are no boundary markings or nodes and the boundary
itself contracts.

Remark 1.32 In order to obtain compact moduli spaces of connected pregraded openW -spin surfaces, we
need to know that given a degeneration of a smooth connected pregraded W -spin surface, condition (1)(b)
in the above definition holds for the degenerate surface. When r is odd, it follows immediately from (1-15)
and Proposition 1.25(3) that condition (1)(b) holds for any compatible W -spin surface with boundary. For
r even, a priori we have that

�
2
P
i ai C

P
j bj C 2

�
=r � jDj .mod 2/ as in Proposition 1.25(4). When

we degenerate, we obtain twists t1 and t2 at a newly acquired boundary node. If we normalize at the
node, the corresponding half-nodes lie in different connected components of the normalization. Then the
internal and boundary marked points are partitioned into the two different components. Thus we have
partitions I D I1 t I2 and B D B1 tB2. We then have

2
P
i2I1

ai C
P
j2B1

bj C t1C 2

r
C
2
P
i2I2

ai C
P
j2B2

bj C t2C 2

r

D
2
P
i2I ai C

P
j2B bj C 2C t1C t2C 2

r
� jDjC 1 .mod 2/;

as t1C t2 � r � 2 .mod 2/. Thus, if the two half-nodes are either both nonalternating or both alternating,
we will obtain a contradiction. Hence one must be alternating and the other nonalternating.

In the disconnected case, we define:

Definition 1.33 A pregraded genus-zero W -spin surface is the disjoint union of several closed graded
and open connected pregraded W -spin surfaces. It is graded/open/smooth/rooted if all components are.

Remark 1.34 In [Solomon and Tessler � 2026] the case of graded 2-spin surfaces is considered. There,
another equivalent definition of open graded surfaces is given purely in terms of the half †, considered as
an orbifold surface with corners. This definition is shown to be equivalent to the definition in terms of the
doubled surface C . We shall not take this path, but we should note that the definition in the language of
orbifold surfaces with corners can be generalized to the general r-spin, or even W -spin case.

By combining Observation 1.19 and Proposition 1.25, we obtain the following.

Observation 1.35 Suppose we are given a smooth pregradedW -spin genus-zero marked orbifold Riemann
surface with boundary with

� internal marked points z1; : : : ; zl with twist Eaj D .aj;1; : : : ; aj;a/, j 2 Œl �;

� the numbers kT , T � Œa� governing the twists of the boundary points.
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Figure 4: Two graded genus-zero W -spin surfaces C and C 0 where C �Exchange C
0. Only the

fundamental domains† and†0 are drawn. Left: Fundamental domain ofC withC1 the irreducible
component on the left. Right: Fundamental domain of C 0 with C 01 the irreducible component on
the left.

Then

ei WD
2
P
j aj;i C

�
�1C

P
T Wi2T kT

�
.ri � 2/

ri
2 Z; i D 1; : : : ; a;(1-21)

ei � � 1C
X
T Wi2T

kT .mod 2/:(1-22)

Here (1-22) follows from (1-21) if ri is odd and from (1-20) if ri is even.

We now define an equivalence relation on graded genus-zero W -spin surfaces which will simplify
some definitions and computations in what follows.

Definition 1.36 Let C be a graded genus-zero W -spin surface. Suppose C1; : : : ; Cm are a collection of
irreducible components of C such that each Ci is a disk with three special points, namely a boundary
half-node and two boundary marked points xi , x0i , with

twk.xi /D .rk � 2/1k2Ti ; altk.xi /D 1k2Ti ; twk.x
0
i /D .rk � 2/1k2T 0i ; altk.x

0
i /D 1k2T 0

i

for some arbitrary disjoint sets Ti ; T 0i � Œa�. We obtain a new graded W -spin curve C 0 by replacing Ci
with the disk C 0i which simply transposes xi and x0i in the cyclic order (see Figure 4). In this case, we
write C �Exchange C

0, and this is an equivalence relation on graded genus-zero W -spin disks.
Intuitively, equivalence classes of this relation can be thought of as graded genus-zero W -spin surfaces

whose representatives share pairs of boundary points which have collided. Equivalently, C 0 is being
obtained from C by replacing each Ci with its complex conjugate, thus reversing the boundary orientation.
We then use Proposition 1.25 to possibly modify the involution on the spin bundles to obtain a grading.

1.3 Graded and rooted graphs

Here we consider the combinatorial data which will be used to keep track of boundary strata of moduli
spaces of graded W -spin disks. Of course, there is a standard dual graph construction associated to a
stable curve with marked points. In our case, we have more structure which we encode in decorated dual
graphs. Our graphs generalize the r-spin graphs of [Buryak et al. 2022a], with one difference: our graphs
will also carry a collection of cyclic orders of boundary tails.

Geometry & Topology, Volume 30 (2026)



Open FJRW theory and mirror symmetry 2813

Definition 1.37 A genus-zero, anchored, prestable dual graph is a tuple

� D .V;H; �0;�; �…;HCB ; T anch; m/;

in which:

(i) V is a finite set (the vertices) equipped with a decomposition V D V O tV C into open and closed
vertices.

(ii) H is a finite set (the half-edges) equipped with a decomposition H DHB [H I into boundary and
internal half-edges.

(iii) �0 WH ! V is a function, viewed as associating to each half-edge the vertex from which it emanates.

(iv) � is an equivalence relation on H , which decomposes as a pair of equivalence relations �B on HB

and �I on H I . The equivalence classes are required to be of size 1 or 2, and those of size 1 are
referred to as tails. We denote by T B �HB and T I �H I the sets of equivalence classes of size 1
in HB and H I , respectively.

(v) �…D .�…v/v2VO , where �…v is a collection of cyclic orders on ��10 .v/\HB .

(vi) HCB � T anch � T I . Here HCB is the set of contracted boundary tails and T anch is the set of
anchors.

(vii) m is a function given by

mDmB tmI W T B t .T I nHCB/!�;

where mB and mI (the boundary and internal markings) satisfy the definition of a marking when
restricted to any connected component of � .

Note that .V;H; �0;�/ defines a graph, and that we do not require this graph to be connected; denote its
connected components by f�ig. We require the above data to satisfy the following conditions:

(1) For each boundary half-edge h 2HB , we have �0.h/ 2 V O .

(2) For each �i , the obvious topological realization of the graph �i has first Betti number 0.

(3) Each open component �i (a component which has open vertices) has no half-edge in T anch. Any
closed component (V O.�i /D¿) contains exactly one half-edge in T anch.

(4) For each �i , the subgraph formed by its open vertices (if any exist) and their incident boundary
edges is connected.

Example 1.38 In Figure 5, we provide a graded W -spin graph and its corresponding dual graph � . Here,
V O D fv1; v2g, V C D fv3g, HB contains all the xi and the two half-edges corresponding to the edge q2,
and H I contains all the half-edges zi and the two half-edges corresponding to the edge q1.

Notation 1.39 (1) We refer to elements of T B as boundary tails and elements of T I nHCB as internal
tails, and we define

T WD T I tT B :
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Figure 5: A graded W -spin disk and its corresponding dual graph � . Left: Graded W -spin disk.
Right: Dual graph � .

Note that � induces a fixed-point-free involution on H nT , which we denote by �1. We define

EB WD .HB
nT B/=�B ; EI WD .H I

nT I /=�I

and refer to these as boundary edges and internal edges. The set of edges is

E WDEB tEI :

Denote by �B0 the restriction of �0 to HB , and similarly for �I0 .
For each vertex v, set

k.v/ WD j.�B0 /
�1.v/j; B.v/DmB.T B \ .�B0 /

�1.v//:

Analogously, set

l.v/ WD j.�I0 /
�1.v/j; I.v/DmI ..T I nHCB/\ .�I0 /

�1.v//:

We say that an open vertex v 2 V O is stable if k.v/C 2l.v/ > 2, and we say that a closed vertex v 2 V C

is stable if l.v/ > 2. An open vertex is partially stable if k.v/D 0; l.v/D 1 or k.v/D 2; l.v/D 0, i.e.,
k.v/C 2l.v/D 2.

(2) A genus-zero prestable dual graph is said to be connected if it is connected as a graph, and we write
Conn.�/ for the set of connected components of � . The graph is said to be stable (partially stable) if all
of its vertices are stable (stable or partially stable), and it is said to be closed if V O D¿. The graph is
smooth if there are no edges or contracted boundary tails. An isomorphism of genus-zero prestable dual
graphs is a graph isomorphism which respects all additional structure. We denote by Aut.�/ the group of
automorphisms of � .

(3) When each set �…v is a singleton fy�vg, we denote �…, �…v by y� , y�v , respectively. When �… is omitted
from the notation we mean that for all v 2 V O , �…v consists of all possible cyclic orders of the boundary
half-edges of v.

Observe that �… induces a set of cyclic orders of the boundary tails of each connected componentƒ of �
obtained as follows. For each vertex v of ƒ, choose y�v 2 �…v. We may then follow the boundary tails
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of ƒ in the unique cyclic way compatible with y�v . We denote the set of all cyclic orders of the boundary
tails of � obtained in this way by �…� , or, in case of a singleton, y�� . The data of �…� and �… is equivalent
and will be referred to as the cyclic orderings of � .

While prestable dual graphs encode the discrete data of an anchored orbifold Riemann surface with
boundary, the following decorated version encodes the additional data of a graded W -spin structure. We
require many properties of the data, but they all arise from corresponding properties of surfaces. For each
condition, we will indicate the corresponding property of surfaces to motivate the definition.

Definition 1.40 A genus-zero W -spin dual graph with a lifting is a genus-zero prestable anchored dual
graph � as above, together with two a-tuples of maps,

twD .twi /i2Œa�; twi WH ! f�1; 0; 1; : : : ; ri � 1g;

(the twist) and
altD .alti /i2Œa�; alti WHB

! Z=2Z;

satisfying the following conditions:

(i) Any connected component of � is either stable, i.e., all vertices are stable, or consists of a single
partially stable vertex.

(ii) All tails t with twi .t/D�1 for some i belong to T anch: this arises from (1-6). RecallingHCB �T anch,
any element of T anch nHCB is marked ¿ and is the only tail marked ¿ in its connected component: this
condition arises from the behavior of labeling of anchors under normalization, Definition 1.17.

(iii) For any vertex v, there exists at most one incident half-edge hwith either h2T anch or twi .h/D�1 for
some i . Note that the latter case only consists of half-edges that, after normalization, will become an anchor.

(iv) For any contracted boundary tail t 2HCB , we have tw.t/D .r1 � 1; : : : ; ra � 1/. This condition
arises from Remark 1.20.

(v) For any open vertex v 2 V O , i 2 Œa�,

2
X

h2.�I0 /
�1.v/

twi .h/C
X

h2.�B0 /
�1.v/

twi .h/� ri � 2 mod ri

and
2
P
h2.�I0 /

�1.v/ twi .h/C
P
h2.�B0 /

�1.v/ twi .h/C 2

ri
�

X
h2.�B0 /

�1.v/

alti .h/ mod 2:

These conditions arise from (1-17) and Proposition 1.25(3)–(4), respectively.

(vi) For any closed vertex v 2 V C , i 2 Œa�,X
h2��10 .v/

twi .h/� ri � 2 mod ri :

This condition arises from (1-14).
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(vii) (a) For any half-edge h 2H nT , i 2 Œa�, we have

twi .h/C twi .�1.h//� ri � 2 mod ri ;

and at most one of twi .h/ and twi .�1.h// equals �1. This condition arises from (1-15)
and (1-10).

(b) No boundary half-edge h satisfies twi .h/D�1, as all anchors are internal.

(c) In case h 2H I n T I satisfies twi .h/� �1 mod ri , then twi .h/D ri � 1 precisely when the
corresponding half-node does not become an anchor in the partial normalization following
the rules given in Definition 1.17. More precisely, in terms of graphs, this can be determined
algorithmically as follows. Remove the edge of � determined by h and replace it with two
tails, h and �.h/, to obtain a graph � 0 with one more connected component than � .5 Note that
one of these connected components can be viewed as containing h. Then either h belongs to a
connected component of � 0 containing an anchor of � , or h belongs to a connected component
of � 0 containing an open vertex.

(viii) For any boundary half-edge h 2HB nT B , if twi .h/¤ ri � 1 we have

alti .h/C alti .�1.h//D 1

and if twi .h/D ri � 1 we have
alti .h/D alti .�1.h//D 0:

The first condition arises from Definition 1.29(1)(b), and the second from Proposition 1.25(2) and (3).
Note that this proposition also implies that the second case only occurs for odd r .

(ix) If ri is odd, then for any h 2HB ,

alti .h/� twi .h/ mod 2;

and if ri is even, then for any h 2HB ,
2 j twi .h/:

These conditions arise from Proposition 1.25(3) and (2), respectively.

We define forspin.�/ to be the dual graph obtained from � by forgetting the additional data tw, alt. We
similarly define forspin¤i .�/ to be the Wi -dual graph with a lifting obtained by forgetting all twj , altj
for j ¤ i , where Wi D x

ri
i .

A genus-zero W -spin surface with boundary and lifting † induces a genus-zero W -spin dual graph
with a lifting, denoted by �.†/, in the standard way; see Figure 6.

In what follows we shall be interested only in pregraded, graded and rooted graphs analogous to
Definition 1.29, which we now define. More general graphs with a lifting will appear only as boundary
strata of graded graphs.

5This will be called the detaching of � at e; see Definition 1.52.
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Figure 6: Smoothings and detachings of the dual graph � from Figure 5. Top left: graded W -spin
disk corresponding to smeq1

� . Top right: smoothing smeq1
� of � at eq1 . Bottom left: graded

W -spin disk corresponding to detacheq1 � . Bottom right: detaching detacheq1 � of � at eq1 .

Definition 1.41 (1) A pregraded W -spin graph is a genus-zero W -spin dual graph with a lifting, with
these additional requirements:

(a) For any boundary marking p, and any i 2 Œa�, either

twi .p/D ri � 2; alti .p/D 1 or twi .p/D alti .p/D 0:

(b) If e is a boundary edge with half-edges h, h0 and i 2 Œa� with twi .h/2 f0; : : : ; ri �2g, then the lifting
alternates at precisely one of h, h0.

(2) A graded W -spin graph is a pregraded W -spin graph, such that in addition there is no boundary tail t
with tw.t/D alt.t/D E0.

(3) A rooted W -spin graph is a graded W -spin graph such that for every open connected component all
boundary tails are singly twisted, i.e., there exists an i 2 Œa� such that twj .p/D .rj � 2/ıij , except for
one which has twist .r1� 2; : : : ; ra � 2/.

Definition 1.42 Let � be a genus-zero W -spin dual graph with a lifting.

(1) Boundary half-edges h with alti .h/ D 1 are called alternating for the i-th bundle, and those with
alti .h/D 0 are called nonalternating for the i -th bundle.
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(2) Half-edges h with twi .h/ 2 f�1; ri � 1g are called Ramond for the i-th bundle, and those with
twi .h/ 2 f0; : : : ; ri � 2g are called Neveu–Schwarz for the i-th bundle. An edge is Ramond or Neveu–
Schwarz with respect to the i -th bundle if its half-edges are.6

(3) A half-edge h is singly twisted if there exists an i 2 Œa� such that twj .h/D .rj � 2/ıij for all j 2 Œa�.

Definition 1.43 We say that a genus-zero pregraded W -spin graph is stable if the underlying dual graph
is stable, in the sense specified above. An isomorphism between pregraded W -spin dual graphs with
liftings consists of an isomorphism as dual graphs that respects tw, alt.

In the special case W D xr we call the (pre)graded W -spin graph a (pre)graded r-spin graph.

Notation 1.44 When � D �.†/, we write nh D nh.†/ for the half-node in the normalization of † that
corresponds to the half-edge h 2 .H nT /[HCB . We write ne for the node in † that corresponds to the
edge e. When h is an internal half-edge or a contracted boundary tail, we sometimes write zh instead
of nh. When h is a boundary half-edge, we sometimes write xh instead of nh.

We end this subsection by providing notation for some special graphs that will appear throughout the
remainder of the paper.

Notation 1.45 We denote by �0;B;I the genus-zero, anchored, prestable dual graph

�0;B;I D .V;H; �0;�; �…;HCB ; T anch; m/;

where

� V consists of a single open vertex v;

� H is a finite set of half-edges H DB tI , where HB DB are the boundary half-edges and H I D I

are the interior half-edges;

� �0 WH ! V is the constant map to v;

� � is the trivial equivalence relation;

� �…D �…v is the collection of all possible cyclic orders of the set of boundary half-edges B;

� HCB D T anch D¿;

� the marking function mDmB tmI WB tI !� is defined in such a way so that mB is the constant
map mapping all elements to ¿ 2� and mI is a bijection with f1; : : : ; jI jg ��.

Note that all half-edges in �0;B;I are also tails. We write � labeled
0;B;I for the same graph, except we replace

mB with a marking function mB;labeled that is a bijection with f1; : : : ; jBjg ��. In the special case where
B D Œk� we write �0;k;I . If we further have that I D Œl �, we write �0;k;l . In the labeled version, we write
� labeled
0;k;I

and � labeled
0;k;l

for the graphs with the same alteration of the marking function.7

6We note that if a half-edge is Ramond for some i 2 Œa�, it is standard in the literature to refer to this as a broad half-edge,
and otherwise it is called narrow. The same terminology holds for edges.

7Frequently we want to choose some master index set I ��, typically I D Œl �, and then consider graphs whose internal tails
are marked by subsets J � I . The choice of index set is chosen depending on what marking is natural in the context.
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We also write �W
0;fBJ gJ�Œa�;fEaj gj2Œl�

for the (smooth, connected) pregraded W -spin graph given by
taking � D �0;B;I where B D

F
J�Œa�BJ and I D Œl � with the a-tuples of maps tw and alt defined as

follows. For the internal tails, enumerated from 1 to l , the j -th internal tail point has twist Eaj . For the set
of unlabeled boundary tails tj in the set BJ for some J � Œa�, we have that

.twi .tj /; alti .tj //D
�
.ri � 2; 1/ if i 2 J ,
.0; 0/ if i … J .

We write �W;labeled
0;fBJ gJ�Œa�;fEaj gj2Œl�

for the labeled analog with the aforementioned change to the marking
function. For the case BJ D ŒkJ �, we write �W

0;fkJ gJ�Œa�;fEaj gj2Œl�
, noting that B is the disjoint union of

the sets BJ .
Note that when B¿ D¿, the graph is graded. In this case, we omit B¿ from the notation.

Example 1.46 The dual graph to the smooth connected marked genus-zero Riemann surface with k
boundary markings and l internal markings is �0;k;l .

Definition 1.47 Let � D .V;H; �0;�; �…;HCB ; T anch; m/ be a genus-zero, anchored, prestable dual
graph. Take another genus-zero, anchored, prestable dual graph ƒ. We say that ƒ� � modulo cyclic
orders if ƒ can be written in the form

ƒD .V;H; �0;�; �…ƒ;HCB ; T anch; m/

for some new set of cyclic orders �…ƒ. If, moreover, we have the inclusion �…ƒ � �… then we say ƒ is a
subordinate graph of � and denote this relation by ƒ� � .

Remark 1.48 Geometrically, the relation ƒ� � will later mean the moduli space of disks corresponding
to ƒ consists of certain connected components of the moduli space of disks corresponding to � .

1.4 Graphs associated to nonsmooth graded disks

Several graph operations play a role in what follows.

Definition 1.49 Let � be a pregraded W -spin graph.

(1) Suppose � has an edge e connecting vertices v1 and v2. The smoothing of � along e is the graph sme �
obtained by contracting e and replacing the two vertices v1 and v2 with a single vertex v12. This vertex
is closed if and only if both v1 and v2 are closed. If v1, v2 are both open, we obtain a collection of cyclic
orderings for v12 as follows. Take any y�v1 2 �…v1 , y�v2 2 �…v2 . Let eDfh1; h2g where hi is attached to vi .
Construct the ordering induced by the cyclic ordering y�v2 j��10 .v2/\HBnfh2g

, obtained by starting at the
half-edge that directly follows h2. When one reaches h2 again, we now concatenate with the analogous
ordering induced from the cyclic ordering y�v1 j��10 .v1/\HBnfh1g

. The set �…v12 is the collection of cyclic
orders that can be obtained this way.

(2) Suppose � has a contracted boundary tail h 2HCB . The smoothing of � along h is the graph smh �
obtained by erasing h and moving the vertex v D ��10 .h/ from V C to V O .
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(3) For a set F of edges and contracted boundary tails, one can perform a sequence of smoothings, and
the graph obtained is independent of the order in which those smoothings are performed; denote the result
by smF � . Write also sm� for the smooth graph smE.�/[HCB.�/ � which we will call the smoothing
of � .

(4) We say a pregraded W -spin graph ƒ is a degeneration of � if both of the following hold:

(a) smF ƒ� � for some set F of edges and contracted boundary tails of ƒ.

(b) If ƒ�ƒ0 and smF ƒ0 � � , then ƒDƒ0, i.e., ƒ is maximal among orderings satisfying (a).

Example 1.50 In Figure 6, we take the smoothing at one of the edges eq1 in the dual graph � in Figure 5.
This graded W -spin disk corresponding to smeq1� has two open irreducible components. We shall see in
the next section that the moduli of graded W -spin disks with dual graph � will be a boundary component
for the moduli space of graded W -spin disks with dual graph smeq1� . For this reason, we call � a
degeneration of smeq1� .

Definition 1.51 We set

(1-23) @Š� D fƒ jƒ is a degeneration of �g; @� D @Š� n f�g:

Here @Š� is the set of all graphs that are degenerations of � and @� is the set of all graphs that are
nontrivial degenerations of � .

Definition 1.52 Let � be a genus-zero pregraded W -spin graph, and let e be an edge of � or a contracted
boundary tail. Then the detaching of � at e is the graph detache.�/D �.†n/ where † is any pregraded
W -spin disk with � D �.†/ and †n is the partial normalization of † at the node n corresponding to e.8

There is a canonical identification of E.�/ n feg with the edges of detache.�/ when e is an edge of � .
Similarly there is a canonical identification of E.�/ with the edges of detacht .�/ when t is a contracted
boundary tail. As the set of boundary half-edges incident to any vertex v remains unchanged, the detaching
does not change the set �… of cyclic orderings. One can also iterate this detaching process. For any subset
N � E.�/[HCB.�/, we denote by detachN .�/ the graph obtained by performing detachf for each
element f 2N ; the result is independent of the order in which the detachings are performed. When we
write detach.�/ without any subscript, we mean detachE.�/.�/.

Definition 1.53 Let � be a genus-zero pregraded W -spin graph with a lifting. A boundary half-edge h
with alti .h/D 0; twi .h/ > 0 for i 2 Œa� will be called positive for the i -th grading. A boundary half-edge
which is positive for one of the gradings is called positive. Write HCi .�/ for the set of half-edges h of
the graph � such that either h or �1.h/ is positive for the i -th grading. We set

HC.�/D
[
i2Œa�

HCi .�/:

8The detaching operation can also be stated purely in terms of graphs, in the expected way. For example, when e is an edge,
the graph detache.�/ is obtained from � by cutting e into the two half-edges which form it, and then updating both � and the
marking data. Note that the half-edges that were originally in the edge e are now tails.
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A half-node in a stable pregraded W -spin surface with a lifting which corresponds to a positive half-edge
will be called positive as well.

Definition 1.54 Let � be a pregraded W -spin graph. Let @C� be the subset of @Š� with at least one
positive half-edge. Write @exchange� for the subset of @� n@C� made of graphs ƒ such that ƒ has at least
one boundary half-edge h with the following property. Let „ be the subgraph of detachedge.h/ƒ which
contains h. Then „ is the graph with precisely one vertex and three boundary tails t , t 0, and h, such that

twk.t/D .rk � 2/1k2I ; twk.t
0/D .rk � 2/1k2J ; twk.h/D .rk � 2/1k…I[J

for some arbitrary disjoint sets I; J � Œa�. We call such graphs exchangeable, and if v 2 V O is the vertex
which after detaching forms the graph „, then v is called an exchangeable vertex.

Define the equivalence relation�exchange on @� n@C� by saying thatƒ�exchangeƒ
0 if V O.ƒ/ contains

exchangeable vertices v1; : : : ; vm whose sets of cyclic orders are singletons, y�v1 ; : : : ; y�vm , such that
the graph obtained by reversing those cyclic orders is isomorphic to ƒ0. If � is an exchangeable graph
and v an exchangeable vertex, we denote by exchangev.�/ the graph obtained from � by replacing the
cyclic orders in �…v with their opposite cyclic orders. If � has a single exchangeable vertex v we write
exchange.�/ for exchangev.�/. This arises from Definition 1.36.

Remark 1.55 In rank aD 2, a graph in @� n @C� will be exchangeable if there exist h, „, t , t 0 as in the
previous definition such that either

(i) one of t , t 0 has .tw; alt/D .E0; E0/, or

(ii) both are singly twisted and one of them has .tw1; alt1/D .0; 0/ and the other has .tw2; alt2/D .0; 0/.

Note that if the graph is graded, case (i) does not occur.

Definition 1.56 Let @0� be the subset of all graphs ƒ 2 @� n .@C� [ @exchange�/ satisfying one of the
following:

(1) ƒ contains a contracted boundary half-edge.

(2) ƒ contains a boundary edge.

The motivation for these definitions and the upcoming definition of irrelevant graphs is as follows.
The reader may skip this upon first reading if they do not enjoy spoilers. In Section 2, we will define a
moduli space MW

� compactifying the moduli space MW
� parameterizing all open W -spin curves with

dual graph � (Definition 2.6). Graphs ƒ2 @� parameterize strata of MW
� . At the same time, MW

� carries
the Witten bundle W arising from the spin structure, also defined in Section 2.

The open FJRW invariants we define here will be counts of zeroes of sections of W satisfying certain
boundary conditions. How these conditions are treated depends on the type of boundary stratum. Strata
corresponding toƒ2@C� are simply removed from MW

� , giving a partial compactification PM� �MW
� .

On the other hand, the graphs of @0� [ @exchange� precisely correspond to strata of @PM� ; see the
discussion following Definition 3.2. Among these graphs, boundary components labeled by graphs
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Figure 7: Graphs from Example 1.58. Top left: the W -spin graph � . Top right: exchangeable
graphƒ1 2 @exchange� . Bottom left: positive graphƒ2 2 @C� . Bottom right: relevant graphƒ3 2
@0� .

that are �exchange-equivalent but distinct will have similar boundary conditions; however, an analysis of
orientations will show the contribution of such boundary strata to the zero count cancels. One can think
of this as if we were gluing exchangeable boundaries of PM� , and counting the number of zeroes in the
glued space. This is indeed possible, and equivalent to the approach we take.

The irrelevant graphs ƒ defined below are called irrelevant as they are irrelevant to the wall-crossing
and enumerative invariants in the following sense. We will require (Definition 3.18) that all sections of
the Witten bundle we consider satisfy a notion of positivity either on or near the strata corresponding to
irrelevant graphs. Hence as we vary sections, zeroes cannot escape off of MW

� through these boundary
strata. The sections of W we consider must satisfy an inductive boundary condition over the remaining
strata indexed by elements of @0� which are relevant. This is encoded in the notion of a family of
canonical multisections; see Definition 3.22.

Definition 1.57 Let � be a pregraded W -spin graph. It is irrelevant if one of the following holds:

(1) HCB.�/¤¿;

(2) � has a positive boundary half-edge;

(3) � has a vertex v such that there exists an i 2 Œa� such that, for any boundary half-edge h attached to
the vertex v, one has that

twi .h/D alti .h/D 0:

Otherwise the graph is relevant.

Example 1.58 We give two examples to help the reader understand positive graphs and exchangeable
graphs. Consider the LG model .x41 Cx

5
2 ; �4 ��5/. We consider the smooth connected W -spin graph �

depicted in Figure 7, top left, with three internal tails tz1 , tz2 , tz3 and three boundary tails tx1 , tx2 , tx3
adjacent to an open vertex v. We will assume that tx1 is singly twisted with respect to 1, tx2 is singly
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twisted with respect to 2, and tx3 is a root (i.e., fully twisted). We suppose that the twist vectors for tz1 , tz2 ,
and tz3 are .1; 1/, .2; 2/, and .2; 3/, respectively. One can check that � is a graded W -spin graph as in
Definition 1.41(2).

One can then see in Figure 7, top right, an example of an exchangeable graph ƒ1 2 @exchange� . Lastly,
one can check in Figure 7, bottom left, thatƒ2 2@C� by computing .tw.qi /; alt.qi // at the two half-nodes,
as required in Definition 1.40 to ensure that ƒ2 is a genus-zero W -spin dual graph with a lifting. Indeed,
the half-node q1 adjacent to v1 has tw.q1/ D .0; 2/ and alt.q1/ D .1; 0/ and q2 adjacent to v2 has
tw.q2/D .2; 1/ and alt.q2/D .0; 1/. Thus, from Definition 1.53, we see that q1 is positive for the second
grading and q2 is positive for the first grading.

Lastly, we have in Figure 7, bottom right, an example of a relevant graph ƒ3 2 @0� . One can check,
in similar notation above that the half-node q1 adjacent to v1 has tw.q1/D .0; 3/ and alt.q1/D .0; 1/
and q2 adjacent to v2 has tw.q2/D .2; 0/ and alt.q2/D .1; 0/.

2 Moduli, bundles and orientation
2.1 The moduli

This subsection follows [Buryak et al. 2022a, §3.2].
Fan, Jarvis, and Ruan constructed a moduli space MFJR;W

g;n consisting of compact stable W -spin
orbicurves, for which they then provide an enumerative theory. This moduli space does not precisely
coincide with our moduli space MW

g;n of closed W -spin curves. This is due to the treatment of anchors
and gradings which rigidify the curves, as well as choice of stabilizer group at orbifold points (see below).
The following theorem is essentially carrying out the proof of Theorem 2.2.6 of [Fan et al. 2013] in our
context of W D

Pn
iD1 x

ri
i with the maximal symmetry group, with some slight differences which arise,

for the most part, because of different automorphism groups.

Theorem 2.1 MW
g;n is a smooth Deligne–Mumford stack with projective coarse moduli. Moreover , if we

let st WMW
g;n!Mg;n be the morphism given by forgetting the spin bundles and orbifold structure , then

st is a flat , proper , and quasifinite (but not representable) morphism.

We point out the differences between our moduli space and the one outlined in [Fan et al. 2013].
First, with our definitions, stabilizer groups of special points are always �d , while Fan, Jarvis and Ruan
choose a stabilizer group �e at a special point x so that the representation of �e on the direct sum of
the fibers of the spin bundles at x is faithful. This changes the universal curve over MW

g;n. In addition,
it changes automorphism groups of nodal curves which lie at the boundary of the moduli space (see
Observation 1.15), so that our moduli space is a root stack over the moduli space of [Fan et al. 2013].

However, there is a further distinction arising from twisted spin structures. Our universal twisted spin
bundles are twists of the universal spin bundles of [Fan et al. 2013]. Further, there may be an additional
change in automorphism group arising due to the notion of grading (Definition 1.7) at anchors with
twist r � 1, as the data of a grading partially rigidifies the curve. In this case, our moduli space is an
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unramified r-fold cover in the orbifold sense (but does not change the coarse moduli spaces) of the moduli
space of [Fan et al. 2013], at least away from the boundary.

By stratifying the moduli space MW
g;n by twists in the spin structure, it decomposes into open and

closed substacks,

(2-1) MW
g;n D

G
..b11;:::;b1a/;:::;.bn1;:::;bna//

MW
g;..b11;:::;b1a/;:::;.bn1;:::;bna//

;

where bij 2 f�1; 0; : : : ; rj � 1g for each i , j and MW
g;..b11;:::;b1a/;:::;.bn1;:::;bna//

denotes the substack of
graded closed genus-g W -spin curves withW -spin structures having twist .bi1; : : : ; bia/ at the i -th marked
point for all i . For any choice of f.bi1; : : : ; bia/gi2Œn� such that (1-14) holds for all j 2 Œa�, we know that
the moduli space of compact stable genus-zero W -spin orbicurves MW

0;..b11;:::;b1a/;:::;.bn1;:::;bna//
with the

corresponding prescribed twists is nonempty, by the results mentioned in Proposition 1.26. Moreover,
in this case, the moduli space has coarse moduli isomorphic to M0;n and generic additional isotropyQ
i2Œa�Z=riZ. The isomorphism of coarse moduli is given by the smooth map Forspin that forgets the

spin structures.
To generalize the construction of the moduli space to the open setting, we introduce some new notation.

Definition 2.2 For a genus-zero, anchored, prestable, smooth dual graph � , we denote by M� the set of
isomorphism classes of smooth marked disks whose dual graph � 0 after smoothing gives � . We denote
by MW

� the set of all isomorphism classes of pregraded W -spin disks whose corresponding dual graph � 0

satisfies sm.forspin.�
0//D � . For a smooth pregraded W -spin dual graph � we denote by MW

� the set of
all isomorphism classes of graded W -spin disks whose corresponding graph, after smoothing, is � .

For some common cases, we introduce special notation. Recall Notation 1.45. We write

M0;B;I DM�0;B;I ; MW
0;B;I DMW

�0;B;I
; Mlabeled

0;B;I DM� labeled
0;B;I

; MW;labeled
0;B;I DMW

� labeled
0;B;I

:

As before, we add the superscript “labeled” since in most of the article we shall assume that the boundary
points are marked by ¿, but it is sometimes more convenient to assume that they are marked bijectively
by Œk� ��. As in Notation 1.45, when B D Œk�; I D Œl � we similarly define M0;k;l , Mlabeled

0;k;l
, MW

0;k;l
,

and MW;labeled
0;k;l

. We also write

MW
0;fBJ gJ�Œa�;fEaj gj2Œl�

; MW
0;fkJ gJ�Œa�;fEaj gj2Œl�

for MW
�W
0;fBJ gJ�Œa�;fEaj gj2Œl�

, MW
�W
0;fkJ gJ�Œa�;fEaj gj2Œl�

, respectively, and

MW;labeled
0;fBJ gJ�Œa�;fEaj gj2Œl�

; MW;labeled
0;fkJ gJ�Œa�;fEaj gj2Œl�

for their labeled versions. When W D xr we write the superscript “1=r” instead of “W .” When B¿ D¿
or k¿ D 0, we omit it from the notation.

Remark 2.3 The labeled versions of the moduli spaces will only be used in this section, mainly in
Proposition 2.4 and in Section 2.5 to create a consistent family of orientations on our moduli space.

Geometry & Topology, Volume 30 (2026)



Open FJRW theory and mirror symmetry 2825

The moduli space Mlabeled
0;k;l

of stable marked disks is considered in [Pandharipande et al. 2024]. It is a
smooth orientable manifold with corners in the sense of [Joyce 2012], and its dimension is

(2-2) dimR.Mlabeled
0;k;l /D dimR.M0;k;l/D kC 2l � 3:

There is a set-theoretic decomposition analogous to (2-1),

(2-3) MW;labeled
0;k;l

D

G
fEaj gj2Œl�
fkJ gJ�Œa�P
J�Œa� kJDk

MW;labeled
0;fkJ gJ�Œa�;fEaj gj2Œl�

:

If we set k D
P
kJ , then there is a forgetful map

Forspin WMW;labeled
0;fkJ gJ�Œa�;.Eaj /j2Œl�

!Mlabeled
0;k;l ;

or more generally
Forspin WMW

� !Mforspin.�/;

which forgets the spin structures and removes the orbifold structure at the special points. By Proposition 1.26,
if the domain is nonempty, this map is a bijection at the level of sets. We use these bijections to give the
coarse moduli space of MW;labeled

0;k;l
the structure of a manifold with corners.

This describes the underlying coarse moduli space of MW
� . We now explain a procedure that defines

an orbifold with corners structure on MW
� , in the sense of [Netser Zernik 2017b, Section 3].

Proposition 2.4 Let � be a smooth pregraded W -spin graph. There exists a compact moduli space MW
�

of stable pregraded W -spin disks whose dual graph smooths to � . It is a smooth orbifold with corners of
real dimension jT B.�/jC2jT I .�/j�3jConn.�/j. Its universal bundle admits a universal ri -spin grading
for each i 2 Œa�.

Proof We first establish the result in the case of MW;labeled
0;k;l

. What we do is completely analogous to
[Buryak et al. 2022a, §3.2] (which, in turn, follows the procedure performed in [Netser Zernik 2017b,
Section 2], and sketched also in Section 1 of that reference). We have the sequence of maps

(2-4)
MW;labeled
0;k;l

�MW;labeled
0;k;l

�MW;labeled
0;k;l

�MW;Z2;labeled
0;k;l MW;Z2;labeled

0;kC2l
M
0W;labeled
0;kC2l

MW
0;k;l

.E/

.F /

.D/ .C/ .B/ .A/

where the arrows are labeled by the step in which they are defined below. Let us now define the moduli
spaces appearing in (2-4). We will go through them in reverse order.

Step (A) (the morphism MW;Z2;labeled
0;kC2l

!M
0W;labeled
0;kC2l

) The target space M
0W;labeled
0;kC2l

is the suborbifold
of MW

0;kC2l
given by the conditions

(1) The first k markings, w1; : : : ; wk , have twists which satisfy

twi .wj / 2 f0; ri � 2g for all j 2 Œk�; i 2 Œa�:
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(2) For every i 2 Œa� P
j2ŒkC2l� twi .wj /� .ri � 2/

ri
��1C

X
T Wi2T

kT mod 2:

The latter condition comes from (1-22). Inside this space, MW;Z2;labeled
0;kC2l

is the fixed locus of the involution
defined by

.C Iw1; : : : ; wkC2l ; fSig/ 7! .C Iw1; : : : ; wk; wkClC1; : : : ; wkC2l ; wkC1; : : : ; wkCl ; fS ig/;

where C , S i , i 2 Œa� are the same as C , Si , i 2 Œa�, respectively, but with the conjugate complex structure.
As the moduli space MW;Z2;labeled

0;kC2l
is the fixed locus of the above antiholomorphic involution, it has the

structure of a real orbifold. A point in the fixed locus comes equipped with an involution � WC !C given
by conjugation which is covered by involutions z�i W Si ! Si for all i . This moduli space parameterizes
isomorphism types of marked spin spheres with a real structure, involutions �, z�i , i 2 Œa�, and the
prescribed twists. The moduli space MW;Z2;labeled

0;kC2l
then maps to M

0W;labeled
0;kC2l

, so it inherits a universal
curve via pull-back. Note that in general the moduli space MW;Z2;labeled

0;kC2l
is not a suborbifold of M

0W;labeled
0;kC2l

as isotropy is lost: we now cannot scale the r-spin structure by an arbitrary r-th root of unity as its action
must be the same under conjugation. This means that the only scaling that can happen is by ˙1 in the
case where r is even.

Step (B) (the morphism �MW;Z2;labeled
0;k;l !MW;Z2;labeled

0;kC2l
) TakeN ,!MW;Z2;labeled

0;kC2l
to be the real simple

normal crossing divisor consisting of curves with at least one boundary node. Via the real hyperplane
blowup of [Netser Zernik 2017b], we cut the space MW;Z2;labeled

0;kC2l
along N , yielding an orbifold with

corners �MW;Z2;labeled
0;k;l . The morphism in this step is then constructed by gluing the cuts described here.

Step (C) (the morphism �MW;labeled
0;k;l ! �MW;Z2;labeled

0;k;l ) From here, we define �MW;labeled
0;k;l to be the

disconnected two-to-one cover of the moduli space �MW;Z2;labeled
0;k;l . The generic point of the moduli

space �MW;labeled
0;k;l corresponds to a smooth marked real spin sphere with a choice of a distinguished

connected disk component of C nC � . Equivalently, in the generic (smooth) situation, we are choosing
an orientation for C � . It is important to note, however, that this choice can be uniquely continuously
extended to nodal points, see [Netser Zernik 2017b, §2.6], as opposed to being chosen independently for
each boundary component.

Step (D) (the morphism �MW;labeled
0;k;l ,! �MW;labeled

0;k;l ) Inside �MW;labeled
0;k;l , we denote by �MW;labeled

0;k;l the
union of connected components such that the marked points wkC1; : : : ; wkCl lie in the distinguished
stable disk and, for even ri , the i-th spin structure is compatible in the sense of Definition 1.21. The
morphism here is inclusion.

Step (E) (the morphism MW;labeled
0;k;l

! �MW;labeled
0;k;l ) Here, MW;labeled

0;k;l
is the cover of �MW;labeled

0;k;l given by
a choice of lifting. By Proposition 1.25, the cover is of degree 2e , where e is the number of even ri . Thus
we have given the moduli space MW;labeled

0;k;l
defined in Definition 2.2 the structure of an orbifold with
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corners. The proof of this fact is similar to the proof of the analogous claim, Theorem 2 in [Netser Zernik
2017b], and will be omitted.

Over MW;labeled
0;k;l

, there is a universal curve whose fibers are compatible stable W -spin disks. Take a
component from the decomposition given in (2-3), say MW;labeled

0;fkJ gJ�Œa�;fEaj gj2Œl�
. It has forgetful maps, for

each i 2 Œa�,

(2-5) Forspin¤i WMW;labeled
0;fkJ gJ�Œa�;fEaj gj2Œl�

!M1=ri ;labeled
0;
P
J ji2J kJ ;faj;i gj2Œl�

;

which forget all spin structures but the i -th one, while also forgetting the consequently untwisted boundary
points. We define the ri -spin lifting for i 2 Œa� on MW;labeled

0;k;l
as the pull-backs with respect to these maps

of the lifting on M1=ri ;labeled
0;
P
J ji2J kJ ;faj;i gj2Œl�

, as in [Buryak et al. 2022a, Theorem 3.4].

Step (F) (the morphism MW;labeled
0;k;l

!MW
0;k;l

) For any smooth pregraded W -spin graph � , let � 0 be
the graph obtained from � by allowing all possible cyclic orders at open vertices, and let �� be the graph
obtained from � 0 by replacing the marking functions by injective marking functions. Then MW�� is the
product of moduli spaces of the form MW;labeled

0;k;l
. Finally, the moduli space MW

� is isomorphic to the
union of those connected components of MW�� =Aut.� 0/ whose boundary cyclic orders correspond to
those in � . The universal bundles and gradings are defined by pulling back from MW�� =Aut.� 0/.

Remark 2.5 Henceforth, we usually denote a pregraded or graded W -spin disk simply by †, meaning
the preferred half along with the spin structure and marked points, suppressing most of the notation. We
will write † 2MW

0;k;l
for the point † represents in MW

0;k;l
.

2.1.1 Moduli associated to dual graphs We also want moduli spaces associated to dual graphs in
which we keep track of cyclic orders on boundary marked points. We define them as follows.

Given a connected stable genus-zero twistedW -spin pregraded dual graph � , recall the smoothing sm�

of � defined in Definition 1.49. As sm� is a smooth connected graph with one vertex, it is associated to
a moduli space MW

sm� as in Proposition 2.4.

Definition 2.6 Given a connected stable genus-zero twisted W -spin pregraded dual graph � , there is a
closed embedding

(2-6) �� WMW
� ,!MW

sm� ;

where the general point † of MW
� is a graded open W -spin surface with dual graph � D �.†/. If � is

disconnected, then MW
� is defined as the product of the moduli spaces MW

�i
associated to its connected

components �i .

We have that MW
� is a closed suborbifold with corners of MW

sm� , of (real) codimension

(2-7) 2jEI .�/jC jEB.�/jC jHCB.�/j:

Take MW
� to be the open subspace of MW

� consisting of graded W -spin disks whose dual graph is � .
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Figure 8: Moduli space of stable disks with three boundary markings and one internal marking.

Example 2.7 Consider the moduli space of disks with one internal point z1 and three marked boundary
points x1, x2, x3. By (2-2), we know that the real dimension of M0;3;1 and Mlabeled

0;3;1 is 2. The labeled
moduli has two connected components, depending on the cyclic order of the boundary marked points. Each
connected component is a hexagon and has six codimension-one boundary strata and six codimension-two
boundary strata. We can see that there is no way to have a contracted boundary or internal node in
this case. The dimension of each stratum, computed using (2-7), is 3 minus the number of irreducible
components. We draw one of the connected components of the labeled moduli space in Figure 8. In this
figure, each stratum is accompanied by a depiction of a representative stable marked disk †. Note the
unlabeled moduli space is a quotient of the labeled moduli space by the symmetric group on three letters.
This identifies the two hexagons and further quotients to produce a bigon. We suppress twists in the
example, but they must satisfy the conditions outlined in Definition 1.40 and satisfy (1-21) and (1-22).
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There are forgetful maps between some of the MW
� . Indeed, we note that marked points can only be

forgotten if all their twists are zero, since (1-17) must be preserved. Moreover, boundary marked points
can only be forgotten if they are in addition nonalternating, since the grading must descend to the moduli
space with fewer marked points. With this in mind, we define:

Definition 2.8 Given a (not necessarily connected) stable genus-zero twisted W -spin pregraded dual
graph, we define

Fornonalt WMW
� !MW

� 0

by forgetting all nonalternating boundary marked points with twD E0. However, this may create unstable
irreducible components. We repeatedly contract any unstable irreducible component which is not partially
stable with an internal marked point. This process might create new boundary marked points which were
formerly boundary half-nodes. These new boundary marked points may be nonalternating with twD E0.
In this case, we repeat the process. If the process ends with some unstable connected components which
are not partially stable, then we remove them. We update the cyclic orders data in the natural way.

In the case where the graph � 0 is partially stable, we define its moduli to be the moduli of the graph
obtained by removing the partially stable irreducible components. If the resulting graph is empty, we take
the moduli space to be a point. If � is a twisted W -spin dual graph with a lifting, we analogously define
the graph � 0 D fornonalt.�/ (which, again, may include partially stable components).

Definition 2.9 Let � be a pregraded W -spin graph. The graded ri -spin graph forspin¤i� is an ri -spin
graph with a lifting obtained from � by forgetting the additional twj , altj data for j ¤ i and from
forgetting all tails t with .twi .t/; alti .t//D .0; 0/. We obtain a map

Forspin¤i WMW
� !M1=ri

forspin¤i�

induced by the map (2-5).

2.2 The bundles

2.2.1 The Witten bundles and their properties For graded closed � and i 2 Œa�, we define the Witten
bundle

Wi DWi;� D .R
1��Si /_;

where � W C!MW
0;n is the universal family and Si ! C are the universal twisted spin bundles.

Observation 2.10 As stated in Remark 1.14, we can have at most one marked point with twist �1 with
respect to each ri -spin structure, and as a consequence the degree of each Si is negative. ThusR0��Si D0,
and hence .R1��Si /_ is a bundle. This observation, which is crucial for the normalization operation
defined below, explains our choice of allowable twist in conditions (iii) and (vii) of Definition 1.40. We
note that if such a point exists, it must be the anchor, and whether or not the point has twist �1 for the
i -th spin bundle will depend on i .
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These are complex vector bundles with fibers

H 1.C; Si /
_
ŠH 0.C; Ji /;

of complex ranks

(2-8)

P
j2I twi .zj /� .ri � 2/

ri
:

Equivalently, the bundle Wi can be constructed by pulling back the Witten bundle with respect to the
ri -spin structure via the map Forspin¤i from Definition 2.9. Write

W DW� D

M
i2Œa�

Wi;� :

Following [Buryak et al. 2022a], we now define the open Witten bundles. First, recalling the sequence
of maps in (2-4), we can construct the corresponding unlabeled versions by quotienting by the appropriate
automorphisms, as dictated in Step (F) of Proposition 2.4:

(2-9)

MW;labeled
0;k;l

�MW;labeled
0;k;l

�MW;labeled
0;k;l

�MW;Z2;labeled
0;k;l MW;Z2;labeled

0;kC2l
M
0W;labeled
0;kC2l

MW
0;k;l

�MW

0;k;l
�MW

0;k;l
�MW;Z2
0;k;l MW;Z2

0;kC2l
M0W
0;kC2l

We denote by $ WMW
0;k;l
!MW;Z2

0;kC2l
the map given by composing the appropriate maps in (2-9).

Abusing notation somewhat, denote by � W C!MW;Z2
0;kC2l

the universal curve over the moduli space of
real spin spheres defined above (after setting the markings of the first k points to ¿), and by Si ! C,
i 2 Œa�, the universal spin bundles. There are universal involutions

� W C! C and z�i W Si ! Si ;

which induce an involution on R1��Si . Set Ji WD S_i ˝!� . Define

Wpre
i WD .R

0��Ji /C D .R1��Si /_�

to be the real vector bundle of z�i -invariant sections of Ji . Note here the second equality uses Serre duality,
under which invariant sections become anti-invariant. The real rank of Wpre

i is seen in equation (4.2) of
[Buryak et al. 2022a] to be

(2-10)

P2l
jD1 twi .zj /C

�
�1C

P
T Wi2T kT

�
.ri � 2/

ri
:

Definition 2.11 The open Witten bundles are defined on MW
0;k;l

by Wi D$
�Wpre

i . For an open � , let
�� WM� !Msm� be the embedding as described in Definition 2.6. We write Wi;� D �

�
�Wi;sm� and

W� D

M
i2Œa�

Wi;� :
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Let � be a pregradedW -spin graph. There is an identification of Witten bundles under the map Fornonalt

that forgets all nonalternating boundary marked points with twD E0. We will use the following observation
extensively:

Observation 2.12 If � 0 is obtained from � by forgetting all tails t with .tw.t/; alt.t//D .E0; E0/, then

(2-11) For�nonalt.W� 0/wW� ;

where Fornonalt WMW
� !MW

� 0 is defined in Definition 2.8. See [Buryak et al. 2022a, (4.3)].
Applying this in the ri -spin case, we thus have a canonical isomorphism

For�spin¤i .Wi;forspin¤i�/wWi;� ;

where Forspin¤i is defined in Definition 2.9. Here, the graph forspin¤i� is the graded ri -spin graph
obtained from � by first forgetting the data twj , altj for j ¤ i , and second forgetting the boundary tails h
with twi .h/D alti .h/D 0.

Another important property is the behavior of the Witten bundles under restriction to strata. We follow
[Buryak et al. 2022a, §4.2 ] (although these properties are well known already from [Witten 1993]).

Let � be a pregraded W -spin graph, and let �� D detachN .�/ for some set N �E.�/[HCB.�/ of
edges and contracted boundary tails; see Definition 1.52. Unlike the moduli space of disks, the moduli
space of W -spin disks does not always have a gluing map MW�� !MW

0;k;l
, because there is no canonical

way to glue the fibers of Si , i 2 Œa�, at the internal nodes. Instead, we consider the diagram

(2-12)

Mforspin.��/ �Mforspin.�/
MW
� MW

� MW
0;k;l

MW��
q

� ��

of morphisms. Here, Mforspin.�/ �M0;k;l is the moduli space of marked disks with dual graph � , and
Mforspin.��/ is analogously defined. Recalling (1-18), we can define the morphism q to send the spin
structure Sj , j 2 Œa�, to

(2-13) �Sj D ��Sj ˝O
�
�

X
p2Rj

Œp�

�
;

where � W �C ! C is the normalization map and Rj is the subset of all half-nodes p of multiplicity zero
with respect to the rj -spin structure which are not anchors in the normalization. Note that �Sj then has
the correct twists for MW�� . In particular, it has twj D rj � 1 at the Ramond half-nodes corresponding to
half-edges in Rj and twj D�1 at the other Ramond half-nodes.

Since the map Mforspin.��/!Mforspin.�/ is an isomorphism, the projection map � is an isomorphism.
We will distinguish however between the domain and codomain of � because they have different
universal objects. We note that q is not an isomorphism, in general. Indeed, the automorphism groups
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of MW
� and MW�� differ when one computes using Observation 1.15. However, in the strata of M� where

� has no internal edges, we have that q is an isomorphism when restricted to the strata (see [Buryak et al.
2022a, Remark 4.5]). It may be of some comfort to the reader that this is an isomorphism on the level of
coarse moduli spaces.

Notation 2.13 For � , N as above, we denote the map q ı ��1 WMW
� !MW�� by DetachN . When

N D feg is a singleton, we denote this map by Detache.

There are two natural universal curves over the fiber product Mforspin.��/ �Mforspin.�/
MW
� : we define

C� by the fiber diagram
C� C

Mforspin.��/ �Mforspin.�/
MW
� MW

0;k;l

�

��ı�

and C�� by the fiber diagram

C�� bC
Mforspin.��/ �Mforspin.�/

MW
� MW��

y�

q

in whichbC is the universal curve over MW�� . There are universal bundles Sj andbSj , j 2 Œa�, on these two
universal curves, and a universal normalization morphism

� W C�� ! C�

relating them via (1-8). Let Ji be the universal twisted spin bundle corresponding to the twisted spin
bundle Ji for i 2 Œa�.

We can now state the decomposition properties of the Witten bundle. We state the properties in the
case where N D feg for a single edge e, but all can be readily generalized to the setting where more than
one edge is detached.

Proposition 2.14 Let � be a pregraded W -spin graph. Suppose that � has a single edge e, so the
general point of MW

� is a stable W -spin disk with two components C1 and C2 meeting at a node p.
Let �� D detache.�/. Let Wi and bW i denote the i-th Witten bundle summand on MW

0;k;l
and MW�� ,

respectively.
The Witten bundle decomposes as follows along the node p:

(i) If e is Neveu–Schwarz for the i -th bundle Si , then �����Wi D q
�bW i .

(ii) If e is a Ramond boundary edge for the i -th bundle Si , then there is an exact sequence

(2-14) 0! �����Wi ! q�bW i ! TC! 0;

where TC is a trivial real line bundle.
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(iii) If e is a Ramond internal edge for the i-th bundle Si , then it connects two vertices corresponding
to components C1 and C2. Either both components are closed or exactly one is open. Without loss of
generality, let C1 be the component which is open or the closed component containing the anchor of � .
Write q�bW i D bW1

i � bW2
i , where bW1

i is the i -th Witten summand on the component C1, defined using the
spin bundlebSi jC1 , and bW2

i is the i -th Witten summand on the component C2. Then:

(a) There is an exact sequence

(2-15) 0! bW2
i ! �����Wi ! bW1

i ! 0:

(b) If �� 0 is defined to agree with �� except that the twist at each tail which corresponds to a half-edge
of e is ri � 1, and q0 WMforspin.��/ �Mforspin.�/

MW
� !MW�� 0 is defined analogously to q, then there is

an exact sequence

(2-16) 0! �����Wi ! .q0/�bW 0i ! T ! 0;

where bW 0i is the i-th Witten bundle associated to �� 0 and T is a line bundle whose r-th power is
trivial.

(iv) Suppose that � has a single vertex , no edges , and a contracted boundary tail t , and let��Ddetacht .�/.
If Wi and bW i denote the i-th Witten summands on MW

0;k;l
and MW�� , respectively, then the sequence

(2-14) also holds in this case.

This is Proposition 4.7 in [Buryak et al. 2022a]. It should be stressed that in the presence of internal
edges these decomposition properties do not respect the automorphism group actions on the Witten bundles.
Despite this subtlety, a multisection on bW canonically induces a multisection of W; see Remark 2.7 in
[Buryak et al. 2024].

2.2.2 The tautological lines and direct sums of bundles For each i 2 I , a cotangent line bundle Li
is defined on the moduli space of stable marked disks as the line bundle whose fiber over the (stable)
marked disk .C; �;†; fzig; fxj g; mI ; mB/ is the cotangent line T �zi† at the interior marked point zi . We
define cotangent line bundles Li on MW

0;k;l
by pull-back under the morphism forgetting the graded spin

structure, and, for any graded graph � , we let L�i be the pull-back of Li to M� .
The following important observations are discussed further in [Pandharipande et al. 2024, Section 3.5]:

Observation 2.15 Let � be a pregraded W -spin graph.

(i) If i is a marking of an internal tail of ƒ 2 Conn.detach.�//,

L�i D �
�Lƒi ;

where � WMW
� !MW

ƒ is the composition of the map DetachE.�/ WMW
� !MW

detach.�/ of Notation 2.13
with the projection to the factor MW

ƒ .

(ii) If � 0 D fornonalt.�/, then there exists a canonical morphism

t� W For�nonaltL
� 0

i ! L�i :
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This morphism vanishes identically on the strata where the component containing zi is contracted by the
forgetful map. Away from these strata, this morphism is an isomorphism. See Observations 3.31 and 3.32
of [Pandharipande et al. 2024].

(iii) L�i is canonically oriented as a complex orbifold line bundle.

Definition 2.16 Let d D .di /i2I 2 ZI
�0 be a vector labeled by a set I �� and let � be a graded graph

with I.�/� I . We write

E�.d/ WDW� ˚

M
i2I.�/

L˚dii :

We call this the descendent-Witten bundle with respect to d . We omit � from the notation if it is clear
from context. We call the Wi;� the Witten bundle components, while the other summands are called the
tautological line components.9

The decomposition properties of the bundles E�.d/ are easily deduced from the decomposition
properties of the Witten bundles and of the tautological line given in Proposition 2.14 and Observation 2.15.

2.2.3 Multisections and the relative Euler class We start by recalling some notation involving multi-
sections of orbifold bundles. Let E be an orbifold vector bundle over an orbifold with corners M . We
refer the reader to Appendix A of [Buryak et al. 2024] for more details.

Definition 2.17 (Definition A.1 of [Buryak et al. 2024]) A multisection of E!M is a function

s WE!Q�0

that satisfies the following:

(1) The function s is well defined with respect to the orbifold structure on E.

(2) For each x 2M , there is an (étale) open neighborhood U , a nonempty finite set of smooth local
sections si WU !E, i D 1; : : : ; N , and a collection of positive rational numbers �1; : : : ; �N so that
for all y 2 U , X

v2Ey

s.y; v/D 1;

and for all v 2Ey ,

s.y; v/D
X

i;si .y/Dv

�i :

We call si the local branches and �i the weights.

Note that in a chart where N D 1, the weight is �1 D 1 and the support of s.y; v/ is the graph of the
local branch s1 as a section in E.

9We remark that d contains data which may be irrelevant for the definition of E� .d/, i.e., di for i 2 I n I.�/. However, this
will prove to be convenient to avoid even heavier notation in proofs.
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Notation 2.18 Given E and M as above, we denote by C1m .M;E/ the space of smooth multisections.
When the base space M is understood from the context, we will drop it and write C1m .E/. If U �M ,
we will abuse notation and write C1m .U;E/ or C1m .EjU /, rather than a pull-back. In words, when we
discuss a multisection on a subspace of the base then we mean the total space of the bundle restricted to
the subspace of the base. When we do this, the bundle should be obvious from the context. For example,
if we have a multisection s 2 C1m .M;E/ and U �M , we will write sjU for sjE jU to compress notation.

There are natural operations for addition of multisections and a multiplication of a multisection by a
function. Let � 2 C1.M;R/ be a real-valued smooth function and s; s0 2 C1m .M;E/ be multisections
given locally by .si ; �i /NiD1, .s0i ; �

0
i /
N 0

iD1, respectively. The multisection �s is obtained from s by replacing
each si with �si , and keeping �i the same. The multisection sC s0 is given locally by the collection
of smooth local sections Qsij D si C s0j and Q�ij D �i�j (see [Pandharipande et al. 2024, Definition A.9;
Buryak et al. 2024, Appendix A]).

Definition 2.19 Let s1; : : : ; sm be multisections of an orbifold bundle E!M and take positive integers
a1; : : : ; am 2 Z>0. Define the multisection

Um
iD1 aisi .x; v/ by

m]
iD1

aisi .x; v/D
1Pm
iD1 ai

X
aisi .x; v/:

We note that the support of
Um
iD1 si .x/ is the properly weighted union of the supports of si . Observe

(or recall from Equation (A.2) of [Buryak et al. 2024]) that

(2-17)
m]
iD1

sD s:

Let p 2M and consider the smooth local sections si of s near p. If p 2Z.si / for some i , then we say
that s vanishes at p. Otherwise, we say s is nonvanishing at p. Given a multisection s the zero locus is
defined to be

Z.s/ WD fp 2M j s vanishes at pg:

A multisection s is transverse to zero if, for any point x in the zero locus of s, there is a neighborhood U
so that every local branch si of s in U is transverse to the zero section, denoted by s t 0.

Given a global multisection s of E on M with isolated zeros, one can define the weighted cardinality
of its zero set as follows. In a neighborhood of a point p 2 M , consider the local branches si with
weights �i for i D 1; : : : ; N of the multisection s. Let degp.si / be the degree of vanishing of si at p (see
Appendix A of [Buryak et al. 2024] for a precise definition). Note that this is zero if si .p/¤ 0. We then
can say the weight of s at p is given by

(2-18) �p WD
1

jGj

NX
iD1

�i degp.si /;
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where G is the isotropy group of the orbifold at p. Then we can define the weighted cardinality of the
zero locus #Z.s/ of s to be

(2-19) #Z.s/D
X
p2M

�p:

We emphasize that both the zero locus (and the weighted cardinality of the zero locus) are (weighted)
subsets of the base space M .

We now define the relative Euler class as constructed in Appendix A and Notation 3.2 of [Pandharipande
et al. 2024]. By Theorem A.14 of [Pandharipande et al. 2024], if

(i) dimM D rankE,

(ii) s a nowhere vanishing multisection of Ej@M , and

(iii) Qs 2 C1m .E/ is a transverse extension of s to all of M ,

then the weighted cardinality of the zero set #Z.Qs/ depends only on s and not on the choice of Qs. For this
reason, we will often conflate notation and denote a choice of extension Qs just by s. Moreover, this means
that the homology class ŒZ.Qs/� 2H0.M;Q/ only depends on E and s. Note that this can be extended
to a special case of noncompact orbifolds M in the sense that one can replace @M with U [ @M where
M n .U [ @M/ is compact (see Appendix A of [Buryak et al. 2024]).

Definition 2.20 Let E be an orbifold vector bundle over an orbifold with corners M . Take an open
suborbifold U �M such that M nU is a compact orbifold with corners. Given a nowhere vanishing
smooth multisection s 2 C1m .Ej@M[U /, we denote by e.EI s/ 2H�.M; @M [U/ the Poincaré dual of
the zero locus ŒZ.Qs/� 2H0.M/ of a transverse extension Qs of s to M . We call e.EI s/ the relative Euler
class of E and s.

Notation 2.21 Suppose we are given a covering map F WM!M 0 of orbifolds with corners with (positive)
finite degree degF . Suppose also given orbifold vector bundles E, E 0 on M and M 0, respectively, with
E D F �E 0. Then for a multisection s 2 C1m .E/, we may define a multisection F�s given by

.F�s/.x
0; v0/D

1

degF

X
x2F�1.x0/

s.x; vx/;

where vx 2 Ex is the point of the fiber Ex mapping to v0 2 E 0x0 . Note this needs to be interpreted in
an orbifold sense. For example, if M !M 0 is a quotient by a finite group G acting trivially on M but
possibly nontrivially on E, then F�s coincides with

U
g2G g

�s.
If s is transverse to the zero-section of E, then it is easy to see that F�s is transverse to the zero-section

of E 0, and if s has a finite number of zeros,

(2-20) #Z.F�s/D
1

degF
#Z.s/; #Z.F �F�s/D #Z.s/:

Here, the pull-back of a multisection is given by the standard notion of pull-back of sections of vector
bundles.
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We finish this subsection with the following useful tool.

Lemma 2.22 Let E ! M be an orbifold vector bundle over an orbifold with corners , such that
rank.E/ D dim.M/, and let U �M be an open set with M nU compact. Let s0 and s1 be nowhere-
vanishing smooth multisections on U [ @M . Denote by p W Œ0; 1��M !M the projection , and let

H 2 C1m .Œ0; 1�� .U [ @M/; p�E/;

where U �M is an open set with M nU compact. Suppose H jfig�E D si , H t 0 and H is nowhere
vanishing in Œ0; 1��U . ThenZ

M

e.EI s1/�

Z
M

e.EI s0/D #Z.H/D #Z.H jŒ0;1��@M /:

This lemma is the noncompact orbifold analog of [Pandharipande et al. 2024, Lemma 3.55] and the
proof is verbatim.

Remark 2.23 We orient Œ0; 1� by its natural orientation and the boundary of M by its induced orientation.
We write the unit interval first to denote that its orientation is first in the appropriate ordering of the
orientations of the product. This will become important in Section 2.5 (see, e.g., Observation 2.41).

2.3 Coherent multisections and their assembling

This subsection is technical and a reader trying to understand only the main thrust of the paper may
skip it. As indicated in the introduction, the boundary conditions of interest will be inductively defined,
and lead to the definition of canonical families of multisections. However, the key topological recursion
result of the paper, Theorem 5.10, requires understanding the vanishing of certain sections along strata of
the moduli spaces where the disks have one internal node. Such strata are not actually contained in the
topological boundary of the moduli space, so the behavior of canonical sections along these strata is not
particularly controlled. Thus it will be important in the proof of open topological recursion to choose
canonical multisections also satisfying an inductive structure along these strata: these sections will be
called special canonical multisections; see Definition 3.23. Ideally one would like to specify an element
of the fiber of the Witten bundle at a point of the moduli space corresponding to a disk with an internal
node by gluing sections of yJ1, yJ2 on the two curves obtained by normalizing the internal node. However,
in the case of Ramond nodes, the gluing properties of the Witten bundle as stated in Proposition 2.14 are
subtle. This leads to the technical complication addressed in this subsection.

In fact this notion of special canonical only plays a role in the proof of Lemma 6.4, whose proof follows
the proof of the analogous result in [Buryak et al. 2024]. However, there are some slight complications in
the generalization of the definitions of coherent multisections from [Buryak et al. 2024], and hence we
must devote some space to this concept here, even though the use of this concept will be largely invisible
for the remainder of the paper.
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2.3.1 Coherent multisections Consider a (possibly disconnected) stable graded W -spin dual graph � .
For any twisted ri -spin structure on a W -spin surface with dual graph � , we set

J 0i WD Ji ˝O
�X

t

Œzt �

�
;

where the sum is over all anchors t with twist twi .t/D�1. Effectively, we are changing the twists of the
anchors to r � 1, as described in Proposition 2.14(iii)(b).

Similarly, on the universal curve over MW
� , we take a modified universal line bundle

J 0i WD Ji ˝O
�X

t

�zt

�
;

where �zt is the divisor in the universal curve corresponding to zt . Define an orbifold vector bundle R�
on MW

� by

R� D
aM
iD1

M
anchors t

twi .t/D�1

��ztJ
0
i ;

where �zt is the corresponding section of the universal curve. The second summation only runs over
anchors t that have twi .t/D�1 for the given i .10 We use the notation R� both for the bundle and for its
total space, and we denote by

proj WR� !MW
�

the projection. For any degeneration � 0 2 @� of the graph � , there is a map R� 0 !R� between total
spaces, which is an embedding on the underlying coarse level.

We denote by W 0i the bundle
W 0i D .R0��J 0i /C

on MW
� , and by W 0

i the pull-back of the bundle .R0��J 0i /C to R� via proj.

Definition 2.24 Let � be a connected graded W -spin dual graph, and let s be a multisection of W 0
i over

a subset U �R� for i 2 Œa�. We say that s is coherent if either:

(1) the anchor of � does not have twi D�1; or

(2) take any point � D .†; Eu/ 2 U . This consists of data of a graded W -spin surface † with bundles J 0i
for each i and an element Eu of the fiber of R� over the corresponding point of MW

� . The choice of Eu is
equivalent to the data Eut 2

L
i j twi .zt /D�1.J

0
i /zt for each anchor t which has twist �1 for some i . Then,

for any local branch sj of the multisection s, the element sj .�/ 2H 0.†; J 0i / satisfies

evzt sj .�/D .ut /i :

10Consider the special case that all anchors are either (1) tails which are Neveu–Schwarz for all i 2 Œa� or (2) contracted
boundary tails. Then R� is the rank-0 vector bundle on MW

�
. If � is connected, then R� contains at most one summand for

each i . Throughout what follows (except in the current subsection), the notation R� will not be used for graphs that are not
closed, to avoid confusion.
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Here evzt denotes the value of a section of the bundle J 0i at the point zt , and .ut /i denotes the component
of Eut which corresponds to the i -th bundle.

A coherent multisection of W 0 WD
La
iD1W

0
i is a direct sum of coherent multisections of W 0

i ,
i D 1; : : : ; a.

If � is instead a disconnected graded W -spin graph, we say that a multisection s of W 0
i or W 0 over

U �R� is coherent if it can be written as the restriction to U of

�
ƒ2Conn.�/

sƒ;

where each sƒ is a coherent multisection of .W 0
i /ƒ ! Uƒ or W 0

ƒ ! Uƒ, respectively, for some
Uƒ �Rƒ.

Note that, if s is a coherent multisection of W 0
i ! R� and � D .†; E0/ 2 R� , the multisection s.�/

of J 0i vanishes at each anchor zt with twist �1, and thus it is induced by a multisection of Ji . In other
words, the restriction of a coherent multisection s to MW

� is canonically identified with a multisection
of Wi !MW

� , which we will call s. If the graded W -spin dual graph � has no anchor zt with twist
twi .t/D�1 for some i 2 Œa�, then sD s.

We note, also, that a multisection of proj�.W!MW
� / induces a multisection of W 0!R� which

vanishes along the zt . Adding this multisection to a coherent multisection of W 0 ! R� thus yields
another coherent multisection.

2.3.2 The assembling operation In [Buryak et al. 2024, §4.1.3], the authors define the assembling
operation . In the r-spin case, if E 0 is a subset of internal edges of � , the assembling operation takes a
coherent multisection s of W 0 on RdetachE0 � and yields a coherent multisection �;E 0.s/ of W 0 on R� .

In our situation, this operation generalizes to coherent multisections of W 0 with an analogous
construction. We refer the reader to [Buryak et al. 2024, §4.1.3] for details, only sketching the construction
and the slight differences needed to generalize from the r-spin to the W -spin case, and then mentioning
the relevant properties for this paper.

We first discuss the assembling operation when � is a connected graded W -spin graph and E 0 D feg a
single internal edge. Let sD

L
i2Œa� si be a coherent multisection of W 0!Rdetache � , with si a coherent

multisection of W 0
i . Let �1 and �2 be the connected components of detache � , with half-edges h1 and h2

respectively corresponding to the edge e of � . Without loss of generality, we choose �1 so that it contains
the open vertices or the anchor of � . Thus �2 will contain an additional anchor, the half-edge h2.

A point of R� consists of aW -spin surface † with dual graph lying in @Š� along with a choice of some
additional data Eut at the anchor t of †, if it has one, indexed by the tail t . We obtain a corresponding
normalization �†D†1t†2. Then .†1; Eut / determines a point of R�1 and†2 determines a point of MW

�2
.

In particular, there is a natural morphism R� !R�1 �MW
�2

.
Let z1, z2 be the half-nodes of†1[†2 corresponding to the half-edges h1, h2 of � . For each i such that

twi .h2/D�1, we choose an identification �i of .J 01;i /z1 and .J 02;i /z2 ; there are ri possible choices which
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differ by ri -th roots of unity.11 In any event, we may write si D s1i � s
2
i , where s1i and s2i are coherent

multisections over R�1 and R�2 . This allows us to lift the morphism R� !R�1 �MW
�2

to a morphism
Detache WR� !R�1 �R�2 by taking .†; Eut / to the pair

�
.†1; Eut /;

�
†2;

�
�i .s

1
i .z1//

�
i j twi .z2/D�1

��
.

The i-th component of the multisection �;e.s/ is constructed in the following way. We have two
cases:

� The edge e is Neveu–Schwarz for the i -th Witten bundle summand. We can use the identification of
the Witten bundle given in Proposition 2.14(i). The i-th component of the multisection �;e.s/ is
then, under this identification, the pull-back Detach�e .s

1
i � s

2
i /.

� The edge e is Ramond for the i -th Witten bundle summand. This is the case of Proposition 2.14(iii).
In this case Detach�e .s

1
i �s

2
i / still defines a multisection of W i using Proposition 2.14(iii)(b), which

follows from the fact that J 0i is obtained by gluing J 01;i and J 02;i via the identification �i . In particular,
s1i .†1; Eut / and s2i

�
†2;

�
�i .s

1
i .z1//

�
i j twi .z2/D�1

�
glue at the node to give a section of J 0i . This gives

the i -th component of the multisection �;e.s/.

In the Ramond case, �;e.s/ has the property that when it is projected to W 0
i !R�1 via the exact

sequence (2-15), one obtains s1. In the locus where s1 D 0, the multisection �;e.s/ is the image of s2
via the inclusion given by the exact sequence.

It is also worth mentioning that using the assembling operation is associative (see Observation 4.3 of
[Buryak et al. 2024]). That is, let � be a graded W -spin dual graph. Let E1 and E2 be disjoint sets of
edges in � . Take �i be the graph obtained from detaching edges Ei from � and �12 be the graph from
detaching E1[E2. If s is a coherent multisection of W 0!R�12 , then

�;E1. �1;E2.s//D �;E1[E2.s/:

2.4 Rank two

In the special case W D xrCys , we call a W -spin disk an .r; s/-disk and a W -spin graph an .r; s/-graph.
In this case, we write the twist vector as .a; b/ instead of .a1; a2/.

Recall that we have the set � used to mark points, containing a copy of N. We will, from now on,
assume given a function

tw WN! f0; : : : ; r � 1g � f0; : : : ; s� 1g

associating to each i 2 N � � a fixed choice of twist .ai ; bi /. We assume that for each element
.a; b/ 2 f0; : : : ; r � 1g � f0; : : : ; s� 1g, the inverse image tw�1.a; b/ is infinite.

For a pregraded .r; s/-disk, we call a boundary marked point with tw D .r � 2; 0/, alt D .1; 0/ an
r-point. We similarly define an s-point. The r-points and s-points are the two types of singly twisted
(see Definition 1.29) points on a pregraded .r; s/-spin disk. We shall denote the r-points by xi and the

11One can see this choice does not affect the result, as the different choices of identification are related by automorphisms of
the W -spin curve †2 given by rescaling the spin bundles; see Remark 1.12.
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s-points by yj . We use the same terminology for boundary tails or boundary half-nodes (r-tails et cetera),
or conflate the terminology.

As in Definition 1.29(2), we write for a pregraded open .r; s/-spin surface:

� k1 D kf1g, the number of .r�2; 0/-twisted boundary points,

� k2 D kf2g, the number of .0; s�2/-twisted boundary points, and

� k12 D kf1;2g, the number of .r�2; s�2/-twisted points.

Observation 2.25 It follows from (1-14) that the twists .ai ; bi / for a twisted .r; s/-spin structure on a
closed, smooth marked genus-zero orbifold Riemann surface satisfy

(2-21) e1 D

P
ai � .r � 2/

r
2 Z; e2 D

P
bi � .s� 2/

s
2 Z:

We have that the complex ranks of the two Witten bundle components in the closed case are e1, e2.

Similarly, Observation 1.35 gives the following:

Observation 2.26 The internal twists .ai ; bi / for a pregraded .r; s/-spin structure on a smooth genus-zero
marked orbifold Riemann surface with boundary satisfy

e1 D
2
P
ai C .k1C k12� 1/.r � 2/

r
2 Z; e2 D

2
P
bi C .k2C k12� 1/.s� 2/

s
2 Z;(2-22)

e1 � k1C k12� 1 .mod 2/; e2 � k2C k12� 1 .mod 2/:(2-23)

Here, e1, e2 are the ranks of the real Witten bundles; see (2-10).

For the benefit of the reader we now specialize Notation 1.45 and Definition 2.2 to the rank-two case.

Notation 2.27 For a finite set I �N ��, write � D �W
0;k1;k2;k12;f.ai ;bi /gi2I

for the graded graph with

� one vertex v;

� jI j internal tails marked bijectively to I , with the i -th tail having twist twD .ai ; bi /;

� k1 boundary r-tails and k2 boundary s-tails marked by ¿ (that is, unlabeled);

� k12 boundary tails with twD .r � 2; s� 2/ and altD .1; 1/ marked by ¿;

� …D .…v/ consisting of all possible cyclic orders for boundary tails.

We define MW
0;k1;k2;k12;f.ai ;bi /gi2I

WDMW
� , and MW;labeled

0;k1;k2;k12;f.ai ;bi /gi2I
for its labeled version.

Remark 2.28 There is an important difference between the conventions for our moduli and those of
[Pandharipande et al. 2024; Buryak et al. 2022a; 2024]. In those references, boundary markings are
labeled; however, we do not label them. This corresponds to taking some quotients in the moduli defined
in those papers; see Step (F) of the proof of Proposition 2.4.

In the case where k12 D 1, the labeled moduli space MW;labeled
0;k1;k2;k12;f.ai ;bi /gi2I

has .k1Ck2/Š connected
components. This can be understood by computing the number of cyclic orders of k1Ck2Ck12 boundary
markings. However, in the unlabeled case, there are additional automorphisms of the disks which permute
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the boundary markings that preserve the twists. Without loss of generality, we can view any cyclic
ordering as an ordering that starts at the root. There are

�
k1Ck2
k1

�
orderings starting with the root that

preserve the relative ordering of r-points and s-points. Each of these orderings corresponds to a connected
component of the moduli MW

0;k1;k2;k12;f.ai ;bi /gi2I
.

Example 2.29 Consider Example 2.7 where we have one internal marked point and three boundary
marked points. Suppose further that the boundary marked points consist of one root, one r-point, and
one s-point. Here, the moduli MW

0;1;1;1;f.1;1/g
has two connected components, depending on the cyclic

orderings of the three boundary markings.
On the other hand, if we suppose that the boundary marked points consist of one root and two r-points,

then the moduli MW
0;2;0;1;f.2;0/g

has only one connected component. Indeed, the two r-points will become
indistinguishable and there will exist an isomorphism for the W -spin disks that will identify the two
hexagons. This can be viewed as quotienting the labeled moduli space MW;labeled

0;2;0;1;f.2;0/g
(consisting of two

connected components) by this extra involution, so the moduli MW
0;2;0;1;f.2;0/g

is the hexagon in Figure 8.

Notation 2.30 Let I index a set of internal markings with twists .ai ; bi / and d D .di /i2I be a vector
of descendents at each internal marking. Write r.I / 2 f0; : : : ; r � 1g and s.I / 2 f0; : : : ; s � 1g for the
unique numbers so that

(2-24) r.I /�
X
j2I

aj .mod r/; s.I /�
X
j2I

bj .mod s/:

We define

(2-25) m.I;d/ WD rsC
X
j2I

.saj C rbj C rs.dj � 1//:

If J � I , we write m.J;d/ WDm.J;d jJ /.

Proposition 2.31 Consider a smooth rooted connected .r; s/-graph � WD �0;k1;k2;1;f.ai ;bi /gi2I with a set
of internal tails I .

(a) k1 � r.I / .mod r/ and k2 � s.I / .mod s/ if and only if the space MW
� is nonempty.

(b) Assume that the space MW
� is nonempty. The equation sk1C rk2 Dm.I;d/ holds if and only if

(2-26) rank.E�.d//D dimMW
� :

Proof (a) The backwards implication is immediate from (2-22) and (2-23). Since k12.�/D 1,

e1 D k1C
2
�P

ai � k1
�

r
2 Z; e1 � k1 .mod 2/:

This implies that
2.
P
ai � k1/

r
2 2Z;

which requires that r divides
�P

ai � k1
�
. The analog for the s.I / follows similarly. The forward

implication follows from Proposition 1.26.
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(b) We start by noting that (2-26) is equivalent to

(2-27)
X
i2I

2di C
2
P
i2I.�/ ai C .k1.�/C k12.�/� 1/.r � 2/

r

C
2
P
i2I.�/ bi C .k2.�/C k12.�/� 1/.s� 2/

s
D 2jI jC k1.�/C k2.�/C k12.�/� 3:

By multiplying by rs, using that k12.�/D 1, and subtracting rs.k1.�/C k2.�// from both sides, we
have that the above equation is equivalent to

(2-28)
X
i2I

2rsdi C 2
X
i2I

sai � 2sk1.�/C 2
X
i2I

rbi � 2rk2.�/D 2rsjI j � 2rs:

We then can divide by two and isolate sk1.�/C rk2.�/ on one side of the equation to see

(2-29) sk1.�/C rk2.�/D
X
i2I

rsdi C
X
i2I

sai C
X
i2I

rbi � rsjI jC rs

D rsC
X
i2I

.rs.di � 1/C sai C rbi /

Dm.I;d/:

Proposition 2.31(b) provides a combinatorial description on the level of graphs for when (2-26) holds,
and we will consequently have nontrivial enumerative invariants. We give the following definition for
such graphs:

Definition 2.32 Let I be a set of markings with twists .ai ; bi /, i 2 I , and d D .di /i2I 2ZI
�0 a vector of

descendents. A smooth rooted connected graded .r; s/-graph � with I.�/� I is balanced for d if MW
�

is nonempty and
rankE�.d/D dimMW

� :

For J � I , denote by Balanced.J;d/ the collection of connected rooted graphs with internal markings J
that are balanced for d . If instead � is a disconnected smooth rooted .r; s/-graph, it is balanced for d if
all its connected components are balanced for d .

We also can define critical graphs, which will correspond to irreducible components of a codimension-
one boundary stratum of MW

0;k1;k2;1;f.ai ;bi /g
that yield wall-crossing (see Theorem 5.9 and Section 5.3).

Recall the definition of a relevant graph given in Definition 1.57.

Definition 2.33 Let I be a set of internal markings and d D .di /i2I 2 ZI
�0.

(1) A smooth connected relevant graded .r; s/-graph � with I.�/� I and without fully twisted boundary
tails is critical for d if

(2-30) rank.E�.d//D dimMW
� C 1:

For J � I , we denote by Crit.J;d/ the collection of critical graphs for d with internal markings J .
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(2) A (connected) graded graph ƒ 2 @� , for � 2 Balanced.J;d/, is a critical boundary graph if it has
a unique edge which is a boundary edge and after detaching this edge the graph is separated into two
vertices v0, v1 such that v0 2 Crit.I.v0/;d/ and v1 2 Balanced.I.v1/;d/.

(3) A graded graph ƒ2 @� where � is balanced is a critical boundary graph if one connected component
is a critical boundary graph and the remaining components are balanced.

(4) If � is balanced, a graph ƒ 2 @� is an exchangeable critical boundary if ƒ 2 @exchange� and ƒ is a
critical boundary graph.

Notation 2.34 When d is the zero vector we do not add the phrase “for d” and omit d from the notation
of Crit and Balanced. We write

Crit.¨ I;d/D
[
J¨I

Crit.J;d/; Crit.� I;d/D Crit.¨ I;d/[Crit.I;d/;

and similarly for Balanced.¨ I;d/ and Balanced.� I;d/.

Definition 2.35 A stratum Mƒ in the moduli space M� is relevant, critical etc. if the corresponding
graph ƒ 2 @� is.

Definition 2.36 With the same notation as in Definition 2.33(2), a top boundary for � 2 Balanced.I;d/
is a critical boundary of � such that I.v1/D¿.

Remark 2.37 We can rewrite (2-30) as an equation analogous to (2-27) in Proposition 2.31(b) asX
i2I

2di C
2
P
i2I.�/ ai C .k1.�/� 1/.r � 2/

r
C
2
P
i2I.�/ bi C .k2.�/� 1/.s� 2/

s

D 2jI jC k1.�/C k2.�/� 2:

Example 2.38 Consider the LG model .x4Cy5; �4 ��5/. We consider the smooth connected rooted
gradedW -spin graph �1 with 4 r-tails and two internal tails tz1 and tz2 with twist vectors .2; 2/ and .2; 3/.
Then one can check that �1 is balanced for d D 0. See Figure 9, top left, where � denotes a root and r
denotes a (boundary) r-tail. Consider the boundary graph ƒ1 as seen in Figure 9, top right. One can see
that the vertex v1 is balanced and v2 is critical, so ƒ1 is a critical boundary graph. Moreover, it is a top
boundary for �1.

Secondly, one can consider the smooth connected rooted graded W -spin graph �2 in Figure 9, bottom
left, with five s-tails and two internal tails tz1 and tz2 with twist vectors .2; 2/ and .2; 3/. Then one can
check that �2 is balanced for d D 0. Moreover, the graph ƒ2 as seen in Figure 9, bottom right, is top
boundary for �2 in a similar way. One can notice that these are two instances where the same critical
graph appears in two distinct critical boundaries.

Indeed, the vertex v2 has an r-point and an s-point. In ƒ1, the s-point is a boundary half-edge that
corresponds to a half-node in the correspondingW -spin disk. Meanwhile the roles of the boundary special
points reverse for ƒ2.
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Figure 9: Balanced and critical boundary graphs from Example 2.38. Top left: the balanced
W -spin graph �1. Top right: critical boundary graph ƒ1. Bottom left: balanced W -spin graph �2.
Bottom right: critical boundary graph ƒ2.

Proposition 2.39 Let � D �0;k1C1;k2C1;0;f.ai ;bi /gi2I be a smooth , connected graph. Then:

(a) k1 � r.I / .mod r/ and k2 � s.I / .mod s/ if and only if the space MW
� is nonempty.

(b) Assume that the space MW
� is nonempty. The equation sk1C rk2 Dm.I;d/� rs holds if and only

if � is critical for d .

Proof This proof follows the same computations as in Proposition 2.31.

Lastly, we can classify all balanced and critical graphs with a fixed set of internal markings J � I :

Notation 2.40 Suppose � 2 Balanced.J;d/. Using Notation 2.30, we have thatX
i2J

ai D r.J /C `1r and
X
i2J

bi D s.J /C `2s

for some `1; `2 2 Z�0. Since � is a smooth rooted graded graph � with I.�/D J and balanced with
respect to d 2 ZJ

�0, one can compute using Proposition 2.31(b), that

(2-31) k1.�/D r.J /Cpr and k2.�/D s.J /C

�
`1C `2� jJ jC 1C

X
j2J

dj �p

�
s

for some 0 � p � `1C `2 � jJ j C 1C
P
j2J dj . Taking N WD `1C `2 � jJ j C 1C

P
j2J dj , we can

enumerate

Balanced.J;d/D f�J;0; : : : ; �J;p; : : : ; �J;N g;

where �J;p is the unique balanced graph above that has internal markings J and k1.�J;p/D r.J /Cpr .
Similarly, suppose ƒ 2 Crit.J;d/. We can also compute using Proposition 2.39 that

(2-32) k1.�/D r.J /C .p� 1/r C 1 and k2.�/D s.J /C

�
`1C `2� jJ j �pC 1C

X
j2J

dj

�
sC 1
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for some 1� p �N . Enumerate the set of critical graphs

Crit.J;d/D fƒJ;1; : : : ; ƒJ;N g;

with the same N as above, where ƒJ;p is the unique critical graph above with internal markings J and
k1.ƒJ;p/D r.J /C .p� 1/r C 1.

2.5 Orientation

In this subsection, we describe the canonical relative orientation of the Witten bundle W over the various
moduli spaces considered here, as well as the properties of these orientations. For that, we need some
notation and background. We start by recalling the following.

Observation 2.41 If 0! A
f
�! B ! C ! 0 is an exact sequence of vector bundles, then there is a

canonical isomorphism

(2-33) det.A/˝ det.C /' det.B/

given by

.a1 ^ � � � ^ an/˝ .c1 ^ � � � ^ cm/ 7!

n̂

iD1

f .ai /^

m̂

iD1

c0i ;

where faig are n WD dim.A/ elements of A, fcig are m WD dim.C / elements of C , and c0i is an arbitrary
element of B mapped to ci . This isomorphism induces, by writing the elements of C first, an isomorphism

(2-34) det.C /˝ det.A/' det.B/:

We will often use this observation in order to decompose orientations using a fibration structure. We
provide a few examples now:

Example 2.42 Let � 2 @�W;labeled
0;k1;k2;1;f.ai ;bi /gi2Œl�

be a labeled .r; s/-graph consisting of two vertices v1
and v2 connected by a single edge e. Let N be the normal bundle of the inclusion �� W MW

� ,!

MW;labeled
0;k1;k2;1;f.ai ;bi /gi2Œl�

. We then have, using (2-34), the isomorphism of line bundles

(2-35) ��� det.TMW;labeled
0;k1;k2;1;f.ai ;bi /gi2Œl�

/Š det.N /˝ det.TMW
detache.�/

/;

where �� is the inclusion map defined in (2-6).
Consider a point in the moduli space corresponding to †D†1[q †2, with †i corresponding to the

vertex vi . Let Tq†i be the tangent line at the node q. The fiber of the normal line bundle N at † can
be identified with the tensor product Tq†1˝ Tq†2. These two tangent lines are canonically oriented
complex lines when e is internal, and are orientable real lines invariant under complex conjugation when e
is boundary. In both cases, N carries a canonical orientation, where in the second case we use the
convention of orienting N by the outward-pointing normal.
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�
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Figure 10: An example of a graph � with two open vertices sharing a boundary edge (left) and
its corresponding nodal disk from Notation 2.44 (right). The arrow on the left corresponds to
the unique ordering � of boundary markings by just following the arrow around (that is, � is the
ordering .tx1 ! tx2 ! tx3 ! tx4 ! tx5/).

Example 2.43 Consider the forgetful map For¿;lC1 WMlabeled
0;k;lC1

!Mlabeled
0;k;l

that forgets the .lC1/-st
internal marked point. Its fiber is a disk with l punctures, which carries a canonical (complex) orientation.
For k � 1, we can also consider the forgetful map ForkC1;¿ WMlabeled

0;kC1;l
!Mlabeled

0;k;l
, which has a fiber

that is a union of open intervals, canonically oriented as a boundary of an oriented disk. We will denote
these canonical orientations by oFor�1¿;lC1.†/

and oFor�1
kC1;¿.†/

, respectively. Note that by Observation 2.41
this gives two potential decompositions of the orientation Mlabeled

0;k;l
via the two different forgetful maps.

2.5.1 Background in rank one In [Buryak et al. 2022a], the authors constructed families of orientations
for the moduli space M0;B;I of marked disks and the Witten bundles over the r-spin moduli space
M1=r;labeled
0;B;fai gi2I

. In this subsection, we will recall their results and the properties of these orientations.
We note that our orientations will depend on the cyclic ordering of the boundary markings, and hence

we will have to discuss each connected component of the moduli spaces individually. To do so, we
introduce the following notation. Let � be a genus-zero, anchored, prestable dual graph. This comes
with the set �… of cyclic orders. We denote by Mlabeled;y�

� the connected component whose disks have
cyclic order y� 2 �…. Similarly, if � is a (pre)graded W -spin graph, then we will denote by MW;labeled;y�

�

the connected component associated to the cyclic order y� . Note that if we want to consider the unlabeled
case, then there is a set of cyclic orderings that corresponds to the same connected component. Here, we
will continue to use the notation My�

� and MW;y�
� for the corresponding connected component (which

may be represented by multiple y� 2 �…).
Crucially, the families of orientations also must extend over the boundary in a way that is compatible

with the lower dimensional moduli spaces. One key case for this is when one has exactly one boundary
edge. We will now give the notation for this key case.

Notation 2.44 Let � be a graph with two open vertices v1 and v2, connected by an edge e. Suppose that
each vertex vi has internal tails Ii , boundary tails Bi , and a unique boundary half-edge hi which is part
of the edge e. Take B D B1 tB2 and I D I1 t I2 and assume that the marking functions mI and mB

are injective. See Figure 10.
We will also denote by vi the graph �vi given by taking the subgraph of detache � which is the

connected component containing the vertex vi . We write v0i for the graph Forhi .vi /.
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We can construct an ordering � on B from the orderings �i on the two vertices v1 and v2 in a unique
way. Intuitively, this is done by starting at h1 and following the arrow in Figure 10, left. Algorithmically,
it is done as follows.

For any † 2M� , with normalization †1t†2 (where †i corresponds to vi ), we have an ordering y�vi
on the boundary half-edges, induced by the natural orientation on @†i . Using y�v1 we can define an
ordering �1 on the half-edges of v1 by starting after the half-edge h1 and following the natural orientation
on @†1, keeping h1 at the end of the ordering. Similarly, we denote by �2 the ordering on the half-edges
of v2 given by starting at h2 and following the natural orientation. We can restrict the orderings �i to the
boundary tails by omitting the half-edges; in this case, we will still denote this ordering by �i .

Lastly, we will denote by � the unique ordering of B such that, for any † 2M� as above,

� under � , the marked points of †1 appear before those of †2;

� when � is restricted to the marked points of †i , it agrees with the ordering �i on the boundary tails.

Denote by y� a cyclic ordering on B induced by � .

We now define and then construct families of orientations fQo�0;B;I g and fo�
0;B;fai gi2I

g on the moduli
spaces Mlabeled;y�

0;B;I and the Witten bundle over M1=r;labeled;y�
0;B;fai gi2I

, respectively.

Definition 2.45 (i) A family of orientations fQo�0;B;I g on the moduli spaces Mlabeled;y�
0;B;I consists of the

data of an orientation Qo�0;B;I on Mlabeled;y�
0;B;I for each tuple .B; I; �; y�/ where jBjC 2jI j � 3. Here, each

tuple .B; I; �; y�/ consists of B a set of boundary marked points, I a set of internal marked points, y� a
cyclic ordering of B , and � an ordering of B that induces y� .

(ii) A family of orientations fo�
0;B;fai gi2I

g on the Witten bundles W!M1=r;labeled;y�
0;B;fai gi2I

over the moduli
space of r-spin disks consists of the data of an orientation o�

0;B;fai gi2I
on the Witten bundle over the

moduli space M1=r;labeled;y�
0;B;fai gi2I

of r-spin disks, for each tuple .B; faigi2I ; �; y�/ where jBjC2jI j � 3. Here,
each tuple .B; faigi2I ; �; y�/ consists of B the set of boundary marked points, faig the set of twists on
the jI j internal marked points, y� a cyclic ordering of the boundary marked points, and � an ordering
of B that induces y� .

Lemma 2.46 There exists a unique family of orientations fQo�0;B;I g for the spaces Mlabeled;y�
0;B;I with the

following properties:

(1) In the zero-dimensional case where kD l D 1, the orientation is positive , while when kD 3 and l D 0,
the orientations are negative.

(2) If f B WB!B 0 and f I W I ! I 0 are bijections and F WMlabeled
0;B;I !Mlabeled

0;B 0;I 0 is the induced map , then
Qo�0;B;I D F

� Qo
f Bı�
0;B 0;I 0 . In particular , the action of any g 2 Sym.I / preserves the orientation on Mlabeled

0;B;I .

(3) Fix an integer h, and let � be an order of B , g 2 Sym.B/ be such that g sends x�.i/ to x�.iCh/
cyclically. Then g preserves the orientation of Mlabeled;y�

0;B;I if and only if h.jBj � 1/ is even.

(4) The orientation Qo�
0;k;lC1

agrees with the orientation induced from Qo�
0;k;l

by the fibration For¿;lC1 W

Mlabeled
0;k;lC1

!Mlabeled
0;k;l

and the complex orientation on the fiber. (See Example 2.43 for the forgetful map.)
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(5) On Mlabeled;.1!2!���!kC1!1/
0;kC1;l

, we have Qo.1!2!���!kC1/
0;kC1;l

D oFor�1
kC1;¿.†/

˝For�
kC1;¿

Qo
.1!2!���!k/

0;k;l
.

(6) Let � be a graph with injective boundary marking , two open vertices , v1 and v2, connected by an
edge e, as in Notation 2.44. We have

det.TMlabeled;y�
0;B;I /jM�

D det.N /˝ det.Tfh1/˝ .det.TMv01
/� det.TMv2//;

where N is the normal bundle and Tfh1 is the tangent bundle of the fiber of the map which forgets the
tail h1 (see Example 2.42). If we write oN for the canonical orientation of N and oh1 for the canonical
orientation of Tfh1 described above , then

��� Qo
�
D .�1/.jB1j�1/jB2joN ˝ oh1 ˝ .Qo

�1
0;B1;I1

� Qo�2
0;fh2g[B2;I2

/:

Moreover , using Item (5), this equation can also be written as

��� Qo
�
D .�1/.jB1j�1/jB2joN ˝ .Qo

�1
0;B1[fh1g;I1

� Qo�2
0;fh2g[B2;I2

/:

(7) Let � be a connected graph with injective boundary marking , two vertices , an open vertex vo and a
closed vertex vc . We have

det.TM�/D det.N /˝ .det.TMvc /� det.TMvo//;

where N is again the normal bundle. Then , for any order � ,

(2-36) ��� Qo
�
D oN ˝ .Qo

�
vo � Qovc /;

where oN and Qovc are the canonical complex orientations.

Proof Parts (1), (3), (4), (5) are parts (1), (2), (3), and (4) of Proposition 3.12 of [Buryak et al. 2022a]. Part
(2) corresponds to the covariant property (Definition 3.11 of loc. cit.) for the unique family of orientations
constructed there. Lastly, parts (6) and (7) are Lemma 3.15(1) and (2) of loc. cit., respectively.

Remark 2.47 To clean up notation, we will often instead use restriction notation jM�
to denote pulling

back under an inclusion map �� , viewing the moduli space M� as a boundary strata of Msm� . For
example, in (2-36) above, we write Qo� jM�

instead of ��� Qo
� .

We now turn to the family of orientations of the Witten bundles.

Lemma 2.48 There exists a family of orientations o�
0;B;fai gi2I

for the Witten bundles W!M1=r;labeled;y�
0;B;fai gi2I

with the following properties:

(1) The orientation is positive if the rank is 0 and I is nonempty (jBj D jI j D 1, ai D 0).

(2) Assume f B W B! B 0 and f I W I ! I 0 are bijections and

F W .W!M1=r;labeled
0;B;I /! .W!M1=r;labeled

0;B 0;I 0 /

is the induced map , lifted to the Witten bundle. Then o�
0;B;fai gi2I

D F �o
f Bı�

0;B 0;fai gi2I 0
. In particular , the

action of any element g 2 Sym.I / permuting the internal marked points is orientation preserving for
W!M1=r;labeled

0;B;I .

Geometry & Topology, Volume 30 (2026)



2850 Mark Gross, Tyler L. Kelly and Ran J. Tessler

(3) Fix an integer h. Let � be an order of B . Take g 2 Sym.B/ so that g sends x�.i/ to x�.iCh/ cyclically.
The action of g on the Witten bundle preserves the orientation o�

0;B;fai gi2I
of W!M1=r;labeled;y�

0;B;I if and
only if h.jBj � 1/ is even.

(4) Let � be a graded r-spin graph , whose underlying prestable dual graph is that in Notation 2.44.
Assume that tw.h1/D alt.h1/D 0 and recall that v01 is the vertex obtained when one takes v1 and forgets
the half-edge h1. Then o� agrees with o�10;B1;I1 � o�2

0;fh2g[B2;I2
under the isomorphism

det.W�/D det.Wv1/� det.Wv2/D For�h1 det.Wv01
/� det.Wv2/:

(5) Let � be a connected graph with injective boundary markings , two vertices , an open vertex vo, whose
tails are cyclically ordered by � , and a closed vertex vc . Then for any order � whose induced cyclic order
is y� , the pull-back orientation ���o

� on the Witten bundle agrees with o�vo � ovc under the isomorphism

det.W�/Š Detach�.det.Wvo/� det.Wvc //:

Proof Item (1) is induced by the choice given in Definition 5.10 in [Buryak et al. 2022a]. Item (2) is
Theorem 5.2(i) of loc. cit. Item (3) is Lemma 5.6 of loc. cit. Item (4) is Lemma 5.13 and the discussion
above it in loc. cit. Lastly, Item (5) is Lemma 5.14 of loc. cit. Here, in Item (5), we note that we have
used Observation 2.41: in case e is Neveu–Schwarz, the Witten bundle decomposes as a direct sum by
Proposition 2.14(i), but when e is Ramond, we use Proposition 2.14(iii) along with Observation 2.41 in
order to write ���o

� D o�vo � ovc .

Remark 2.49 In fact, there are precisely two families fo�
0;B;fai gi2I

g, fo
0�
0;B;fai gi2I

g of orientations of
the Witten bundle which satisfy Lemma 2.48. They are related by .�1/jBj�1o�

0;B;fai gi2I
D o

0�
0;B;fai gi2I

.
In [Buryak et al. 2022a, Section 5], the family of orientations o� under which h�10�

2i1=r;o D 1 was
chosen, and we continue with this choice.

We require another useful result concerning the induced orientations on the boundary that involves
changing the cyclic ordering of the boundary marked points.

Corollary 2.50 Suppose � is an r-spin boundary graph as described in Notation 2.44, using the unique
ordering � stated there. Assume further that tw.h1/D alt.hi /D 0. Let � 0 be a different ordering given by
shifting � by m steps , i.e., � 0.i/D �.mC i .mod jBj//.

(1) If 0�m< jB1j, then

Qo�
0

jM�
D .�1/.jB1j�1/jB2jCmjB2joN ˝ oh1 ˝ .Qo

� 01
0;B1;I1

� Qo�
0
2

0;fh2g[B2;I2
/;(2-37)

Qo�
0

jM�
D .�1/.jB1j�1/jB2jCm.jB2j�1/oN ˝ .Qo

� 01
0;fh1g[B1;I1

� Qo�
0
2

0;fh2g[B2;I2
/;(2-38)

o�
0

D .�1/mjB2jo
� 01
0;B1;I1

� o
� 02
0;fh2g[B2;I2

:(2-39)

(2) If jB1j �m< jBj, then

o�
0

D .�1/m.jB1j�1/o
� 02
0;fh2g[B2;I2

� o
� 01
0;B1;I1

:
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Moreover , if mD jB1j so � 002 is the cyclic order that takes h2 to be the last tail , then

(2-40) o�
0

D o
� 002
0;B2[fh2g;I2

� o
� 01
0;B1;I1

:

Proof First, we consider the case where 0 � m < jB1j. We define � 01 as the order of B1 induced by
restricting � 0, meaning � 01.i/D�1.mCi .mod jB1j//. Note that the order of B2 induced by restricting � 0

stays the same, i.e., � 02 D �2. By applying Lemma 2.46(3) and (6),

(2-41) Qo�
0

jM�
D .�1/m.jBj�1/ Qo� jM�

D .�1/m.jBj�1/..�1/.jB1j�1/jB2joN ˝ oh1 ˝ .Qo
�1
0;B1;I1

� Qo�2
0;fh2g[B2;I2

//

D .�1/.jB1j�1/jB2jCmjB2joN ˝ oh1 ˝ .Qo
� 01
0;B1;I1

� Qo�
0
2

0;fh2g[B2;I2
/:

If we want to instead replace oh1 ˝ Qo
� 01
0;B1;I1

with Qo
� 01
0;fh1g[B1;I1

, we have the analogous computation but
using the last line of Lemma 2.46(6) and the fact that Qo�1

0;B1[fh1g;I1
D .�1/mjB1j Qo

� 01
0;B1[fh1g;I1

. In this
fashion, we obtain (2-38). Similarly, we apply Lemma 2.48(3) and (4) to obtain the equation

o�
0

D .�1/mjB2jo
� 01
0;B1;I1

� o
� 02
0;fh2g[B2;I2

:

Next, we consider the case jB1j � m < jBj. Here, we can see that the induced order on B1 is the
same, i.e., � 01 D �1; however, we compute that � 02.i/ D �2.i CmC 1 � jB1j .mod jB2j C 1//. By
Lemma 2.48(3), we then have, using the new orderings,

o�
0

D .�1/m.jBj�1/o� I o�
0
2 D .�1/.1CmCjB1j/jB2jo�2 :

Recall that, by using Observation 2.26, we can see that the parities of the rank of the bundles Wv01
and Wv2

are jB1j � 1 and jB2j, respectively. We then can see that, by using Lemma 2.48(4),

(2-42) o�
0

D .�1/m.jBj�1/o�

D .�1/m.jBj�1/o�10;B1;I1 � o�2
0;fh2g[B2;I2

D .�1/m.jBj�1/C.1CmCjB1j/jB2jo
� 01
0;B1;I1

� o
� 02
0;fh2g[B2;I2

D .�1/m.jB1j�1/o
� 02
0;fh2g[B2;I2

� o
� 01
0;B1;I1

:

2.5.2 Orientations in rank two We now turn to the rank-two case to develop a family of orientations
on MW

� for graded graphs � and W D xr Cys .

Notation 2.51 Let� be an ordering of the boundary markingsBDB1tB2tB12, whereB1 (resp.B2,B12)
is the set of boundary r-tails (resp. boundary s-tails, fully twisted tails). Write y� for the induced cyclic
order. We write x1; : : : ; xk1 and y1; : : : ; yk2 for the boundary marked points on a disk with twists
.r � 2; 0/ and .0; s� 2/, respectively. Let

N.�/D #f.xi ; yj / j the s-point yj precedes the r-point xi in the �-orderg:

Denote by �jr the restriction of � to B1 tB12, and by �js the restriction to B2 tB12.
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Given a rooted connected smooth graded graph � and a cyclic ordering y� 2 �…� , let �std be the unique
ordering of boundary tails which starts from the root and induces y� . Equivalently, on the level of a disk
in the moduli space, this is the order of markings along the orientation of the boundary, starting from the
root.

Definition 2.52 Given a smooth graded graph � with bijective boundary marking, a cyclic order y� 2 �…� ,
and an order � which induces the cyclic order y� , we define the orientation

Oo�� D .�1/
N.�/
Qo� ;

on the underlying moduli space of disks Mlabeled;y�
� , where N.�/ is defined in Notation 2.51. Recall that,

by Observation 2.12, we have an isomorphism of vector bundles, over MW
� ,

W1 ' For�spin¤1.W1/;

where Forspin¤1 WMW
� !M1=r

�r
is as defined in Definition 2.9, with the graph �r D forspin¤1.�/.

The ordering given by the restriction of � to unforgotten tails, denoted by �jr as seen in Notation 2.51,
induces an orientation o

�jr
�r

on W1!M1=r
�r

given in Lemma 2.48. We then use the isomorphism of vector
bundles under Forspin¤1 to pull back this orientation to obtain the orientation on the bundle W1!MW

� ,
which we will denote by o

�jr
r D o

�jr
r;� . Define o

�js
s D o

�js
s;� similarly for W2. Finally, we can combine

these three orientations to obtain a relative orientation

o�� WD Oo
�
� ˝ o�jrr ˝ o�jss ;

of the full Witten bundle W , or equivalently an orientation on the total space of W!MW
� .

When � D � labeled
0;k1;k2;1;f.ai ;bi /gi2I

, we write

Oo0;k1;k2;1;f.ai ;bi /gi2I D Oo
�std

� ; o0;k1;k2;1;f.ai ;bi /gi2I D o
�std

� ;

where, on each connected component of the moduli, �std is the order of markings along the orientation of
the boundary, starting from the root as defined in Notation 2.51. When � D � labeled

0;k1C1;k2C1;0;f.ai ;bi /gi2I
,

we write

Oo0;k1C1;k2C1;0;f.ai ;bi /gi2I D Oo
�
� ; o0;k1C1;k2C1;0;f.ai ;bi /gi2I D o

�
� ;

where � is an arbitrary order which agrees with the cyclic order of the points.

This latter orientation a priori depends on the choice of � , but we have the following proposition.

Proposition 2.53 Suppose � is a graph that can be written either in the form � labeled
0;k1;k2;1;f.ai ;bi /gi2I

or � labeled
0;k1C1;k2C1;0;f.ai ;bi /gi2I

.

(1) The relative orientation o0;k1C1;k2C1;0;f.ai ;bi /gi2I is independent of the choice of � .

(2) If we change the roles of the r- and s-bundles in the definitions of Oo and o then the orientations
o0;k1C1;k2C1;0;f.ai ;bi /gi2I changes by .�1/k1Ck2C1 while o0;k1;k2;1;f.ai ;bi /gi2I does not change.
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(3) The relative orientations

o0;k1;k2;1;f.ai ;bi /gi2I and o0;k1C1;k2C1;0;f.ai ;bi /gi2I

descend to relative orientations of the Witten bundles over the unlabeled moduli spaces

MW
0;k1;k2;1;f.ai ;bi /gi2I

and MW
0;k1C1;k2C1;0;f.ai ;bi /gi2I

:

(4) The orientation Oo0;k1;k2;1;f.ai ;bi /gi2I descends to an orientation of MW
0;k1;k2;1;f.ai ;bi /gi2I

.

Proof (1) Consider the case �D� y�
0;k1C1;k2C1;0;f.ai ;bi /gi2I

. Change � to the ordering � 0 which induces
the same cyclic order but moves the first point of � to the end. Then, if the first point is an r-point, we
have the following changes: Qo changes by .�1/k1Ck2C1 by Lemma 2.46(3), N.� 0/D N.�/C k2C 1,
and o�

0jr D .�1/k1o�jr and o�
0js D o�js , by Lemma 2.48(3). Thus, o does not change. Similar analysis

shows it does not change if the �-first point is an s-point.

(2) Changing the roles of r and s changes N.�/ to .k1C 1/.k2C 1/�N.�/ and we can compute that
swapping Wr , Ws adds a sign of k1k2 as well using (2-23). Thus, we have that the relative orientation
changes by .�1/.k1C1/.k2C1/Ck1k2 D .�1/k1Ck2C1.

In the case where � D � y�
0;k1;k2;1;f.ai ;bi /gi2I

, exchanging the roles of r and s changes N.�/ to
k1k2 �N.�/ and swapping Wr , Ws adds a sign of k1k2 as well. Thus, the total expression does not
change.

(3) and (4) Let G be the group of automorphisms of the boundary labelings B which preserve twists.
Then from Lemmas 2.46(2) and 2.48(2), it follows that G preserves the orientations on the bundles
W ! MW;labeled

0;k1;k2;1;f.ai ;bi /gi2I
and W ! MW;labeled

0;k1C1;k2C1;0;f.ai ;bi /gi2I
, and also on the moduli space

MW;labeled
0;k1;k2;1;f.ai ;bi /gi2I

. Thus, the orientations descend to the quotients by G.

In light of the previous proposition, we may define:

Definition 2.54 We will denote by o0;k1;k2;1;f.ai ;bi /gi2I and o0;k1C1;k2C1;0;f.ai ;bi /gi2I the relative ori-
entations induced on the Witten bundles over the unlabeled moduli spaces MW

0;k1;k2;1;f.ai ;bi /gi2I
and

MW
0;k1C1;k2C1;0;f.ai ;bi /gi2I

respectively and call them the canonical relative orientations. Denote by
Oo0;k1;k2;1;f.ai ;bi /gi2I also the induced orientation on MW

0;k1;k2;1;f.ai ;bi /gi2I
and call it the canonical

orientation of MW
0;k1;k2;1;f.ai ;bi /gi2I

. If � is a smooth rooted graded .r; s/-graph, or a smooth graded
.r; s/-graph with at most one unrooted component we define the canonical relative orientation

o� D�ƒ2Conn.�/oƒ:

Observe that o� is well defined with respect to the order of connected components. Indeed, we can
compute that the dimension of the total space of the Witten bundle over a smooth rooted graded W -spin
disk is even by using (2-23) and the fact that the moduli space has dimension k1Ck2Ck12C1 .mod 2/.

The key point of this definition is that it constructs relative orientations for moduli spaces associated to
balanced graphs and to critical graphs.
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2.5.3 Behavior of the canonical orientations at the boundary strata Consider a graded W -spin graph
that can be written in the form �W

0;k1;k2;1;f.ai ;bi /gi2I
. We now describe the behavior of the canonical

relative orientations for the following degenerations of the smooth graph:

� The graphs ƒ 2 @�W
0;k1;k2;1;f.ai ;bi /gi2I

with two vertices and a single internal edge.

� The graphs ƒ 2 @exchange�W
0;k1;k2;1;f.ai ;bi /gi2I

with two vertices.

� The graphs ƒ 2 @0�W
0;k1;k2;1;f.ai ;bi /gi2I

with two vertices and a single boundary edge, where the
half-node h that is adjacent to the rooted vertex is not fully twisted.

Understanding the orientation at these boundaries will be necessary to prove the subsequent results for
topological recursion and wall-crossing for open FJRW invariants.

First, consider the boundary graphs that have a single internal edge and no boundary edges.

Corollary 2.55 Let ƒ 2 @�W
0;k1;k2;1;f.ai ;bi /gi2I

be a graded .r; s/-graph with two vertices , v1 and v2.
Assume that v1 is open and v2 is closed. Then , under the identification

��ƒ det.TMW
0;k1;k2;1;f.ai ;bi /gi2I

/D det.N /˝ .det.TMW
v1
/� det.TMW

v2
//;

we have

(2-43) ��ƒo0;k1;k2;1;f.ai ;bi /gi2I D oN ˝ .ov1 � ov2/;

where ov1 , ov2 are the orientations on the total space associated to the two vertices , ov2 is the standard
complex one.

Proof This is a direct consequence of the behavior under internal degenerations of Qo, or , os described in
Lemmas 2.46(7) and 2.48(5).

Next, we consider the case where ƒ 2 @exchange� is a graded W -spin graph. We will use the setup
where the underlying dual graph of ƒ is that of � as described in Notation 2.44. Assume further that
the vertex v2 is the exchangeable vertex. Recall from Definition 1.54 that there exists another graph
ƒ0 WD exchange.ƒ/ 2 @exchange� , found by swapping the r- and s-points adjacent to v2.

Moreover, for any W -spin curve C representing a point in MW
ƒ there exists a W -spin curve C 0

representing a point in MW
ƒ0 so that C �Exchange C

0 where �Exchange is as defined in Definition 1.36.
Hence we can define the map

(2-44) Exchangev WMW
ƒ !MW

ƒ0

given by taking the point represented by C to the point represented by C 0.

Proposition 2.56 Suppose � is a graph that can be written as �W;labeled
0;k1;k2;1;f.ai ;bi /gi2I

. Letƒ;ƒ0 2@exchange�

so thatƒ�Exchangeƒ
0 and both have exactly one boundary edge. Then Exchangev WMW

ƒ !MW
ƒ0 reverses

the orientation o� when restricted to the boundary strata MW
ƒ and MW

ƒ0 , i.e.,

��ƒo� D�Exchange�v �
�
ƒ0o� :

This orientation reversing isomorphism descends to the unlabeled moduli spaces.
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Proof Without loss of generality, we may assume that ƒ has a single cyclic order y� of its vertices.
Let y� 0 be the corresponding cyclic order on the boundary tails of ƒ0. Recall the definition of standard
orderings from Notation 2.51 and let �std and .�std/0 be the standard orderings of boundary tails which
lift the cyclic orderings y� and y� 0. Note that, just like everything else in this case, these orderings differ
by transposing an r-tail and an s-tail.

Note that the orientations induced by Qo�
std

, Qo.�
std/0 on the boundary components MW

ƒ , MW
ƒ0 are the

same, by applying Lemma 2.46(6) and then using 2.46(1) in either case. Moreover, the orientations
of the r-spin and s-spin Witten bundles ignore the relative order of the r-points and s-points as they
forget one or the other. As N.�std/ D N..�std/0/C 1 .mod 2/, the identification Exchangev takes the
orientation Oo�

std
to �Oo.�

std/0 , implying the result. The descent to the unlabeled moduli space follows from
Proposition 2.53(3).

Lastly, consider the boundary graphs that have no internal edges and a single boundary edge.

Notation 2.57 For an open vertex v in a graded graph � , we write

K1.v/D k1.v/C k12.v/� 1; K2.v/D k2.v/C k12.v/� 1:

Note that K1.v/ and K2.v/ include half-nodes.

Theorem 2.58 Let ƒ 2 @�W;labeled
0;k1;k2;1;f.ai ;bi /gi2I

be a graded .r; s/-graph where the underlying dual graph
is as in Notation 2.44. Suppose that the vertex v1 contains the root and that the sets �…vi contain all cyclic
orderings for both vertices vi . Take �ƒ as in Definition 2.6.

(1) Suppose that h2 is fully twisted and consequently tw.h1/D alt.h1/D .0; 0/. Then

��ƒo0;k1;k2;1;f.ai ;bi /gi2I D oN ˝ oh1 ˝F
�
� .ov01

� ov2/;

where

Fƒ WMW
� !MW

v1
�MW

v2
!MW

v01
�MW

v2

is the composed map Fƒ WD Forh1ıDetache and oN and oh1 are the orientations of the bundles N
and Tfh1 , respectively, as in Lemma 2.46(6).

(2) Suppose that h2 is singly twisted (and consequently so is h1).

(a) If h1 is an r-point , then

(2-45) ��ƒo0;k1;k2;1;f.ai ;bi /gi2I D .�1/
K2.v2/oN ˝ .ov1 � ov2/:

(b) If h1 is an s-point , then

(2-46) ��ƒo0;k1;k2;1;f.ai ;bi /gi2I D .�1/
K2.v2/C1oN ˝ .ov1 � ov2/:

We note that in the statement of this theorem, we use the identification

(2-47) ��ƒW D F �ƒ.Wv01
�Wv2/:
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Proof For the proofs below, we use some new notation. First, recall Definition 2.52. For any ƒ, we write

o�r;s;ƒ D o
�jr
r;ƒ˝ o

�js
s;ƒ:

We have (suppressing the subscript � everywhere)

o� D Oo� ˝ o�r;s D .�1/
N.�/
Qo� ˝ o�r;s:

Proof of (1) Consider first the connected component M of MW
ƒ with the property that for any†2M, the

root directly follows the node xh1 with respect to the cyclic order of boundary points on its v1-component.
In this case, the ordering �std from Notation 2.51 coincides with the ordering � given in Notation 2.44.

By Lemma 2.48(4) applied to the two Witten bundles separately, (noting that the cyclic order in that
lemma coincides with the one used here because of the location of the root), we have

o�
stdjr
r D o

�std
1 jr
r � o�2jrr ; o�

stdjs
s D o

�std
1 js
s � o�2jss ;

where �std
1 is the restriction of �std to the tails of v01 as in Lemma 2.48 and �2 is the restriction of �std to the

tails of v2 and extending by adding h2 in the beginning. We denote by o
�std
1 jr
r the orientation of the r-Witten

bundle over MW
v1

which corresponds to the order �std
1 and denote the other orientations similarly. Thus

o�r;s D o
�std
1 jr
r � o�2jrr � o

�std
1 js
s � o�2jss D .�1/ao

�std
1 jr
r � o

�std
1 js
s � o�2jrr � o�2jss D .�1/ao

�std
1

r;s;v01
� o�2r;s;v2 ;

where aD rank.Wv2;r/ rank.Wv1;s/DK1.v2/K2.v1/ .mod 2/.
Similarly, by Lemma 2.46(6),

Qo�
std
jM D .�1/

boN ˝ oh1 ˝ .Qo
�std
1

v01
� Qo�2v2 /; b D .K1.v1/CK2.v1//.K1.v2/CK2.v2//;

where �std
1 is the standard order for the vertex v01 and �2 is the induced order of boundary markings on

the vertex v2, as in Notation 2.44, starting from h2. We remark that �2 D �std
2 , as h2 is a root for v2 in

the detaching in this case.
In addition,

N.�std/DN.�std
1 /CN.�2/C c; c DK1.v2/K2.v1/:

In this special case, c � a mod 2. We then see that on the Witten bundle over M the orientation is

o� D .�1/N.�
std/
Qo� ˝ o�r;s

D .�1/N.�
std/CaCb.oN ˝ oh1 ˝ Qo

�std
1

v01
� Qo�2v2 /˝ .o

�std
1

r;s;v01
� o�2r;s;v2/

D .�1/N.�
std/CaCbCboN ˝ oh1 ˝ .Qo

�std
1

v01
˝ o

�std
1

r;s;v01
/� .Qo�2v2 ˝ o�2r;s;v2/

D .�1/.N.�
std
1 /CN.�2/Ca/CaoN ˝ oh1 ˝ .Qo

�std
1

v01
˝ o

�std
1

r;s;v01
/� .Qo�2v2 ˝ o�2r;s;v2/

D oN ˝ oh1 ˝ ..�1/
N.�std

1 / Qo
�std
1

v01
˝ o

�std
1

r;s;v01
/� ..�1/N.�2/ Qo�2v2 ˝ o�2r;s;v2/

D oN ˝ oh1 ˝ o
�std
1

v01
� o�2v2 :

Note the additional .�1/b in the third line came from swapping Qo�2v2 and o
�std
1

r;s;v01
.
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We now tackle the general case. Consider a component M of MW
ƒ where, for any †2M, if we follow

the cyclic order of the boundary points on its v1-component from the node xh1 to the root, then we pass
through m1 boundary points of twist .r � 2; 0/ and m2 of twist .0; s� 2/.12 Now use Corollary 2.50(1)
to compute how a and b change with respect to this new ordering. Here, we see that a changes by
K1.v2/m1CK2.v2/m2 by (2-39), after applying it to both spin bundles. The value of b changes by
.m1Cm2/.K1.v2/CK2.v2// by (2-37). Finally, c changes by m2K1.v2/Cm1K2.v2/ by examining
N.�std/ with the shifted position of the root. Combining these alterations of the constants, we see that
there is no change of sign.

Proof of (2a) As before, consider first the component M of MW
ƒ with the property that, for any

† 2M, the root directly follows the node xh1 with respect to the cyclic order of boundary points on its
v1-component. Again, the standard ordering �std coincides with the ordering � given in Notation 2.44.
We write �std

1 for the standard ordering on the half-edges of v1, starting from the root, and �2 for the
ordering of the half-edges of v2 which extends the orientation on tails by putting h2 first.

For the orientation o
�stdjr
r , we apply Lemma 2.48(4) in order to decompose the orientation into a tensor

product of the orientations o
�std
1
r;v1 and o�2r;v2 ; however, to apply the lemma, we must swap the roles of v1

and v2 since the twist at h2 is .0; s � 2/, requiring some care with the cyclic orderings. By (2-40) in
Corollary 2.50(2), we get that

o�
stdjr
r D o

�std
1 jr
r � o�2jrr :

We can directly apply Lemma 2.48(4) for the s-spin Witten bundles, which gives the decomposition
o
�stdjs
s D o

�std
1 js
s � o

�2js
s . Putting this all together, we obtain

(2-48) o�
std

r;s D o
�std
1 jr
r � o�2jrr � o

�std
1 js
s � o�2jss D .�1/ao

�std
1 jr
r � o

�std
1 js
s � o�2jrr � o�2jss ;

where a WDK1.v2/K2.v1/.
Secondly, by Lemma 2.46(6), we have that

(2-49) Qo�
std
jM D .�1/

boN ˝ .Qo
�std
1
v1 � Qo

�2
v2
/; b D .K1.v1/CK2.v1/C 1/.K1.v2/CK2.v2/C 1/:

We remark that we include the half-edge h2 in the countK2.v2/, and the half-edge h1 inK1.v1/; however,
the sets B1 and B2 in the statement of the lemma do not include half-edges.

Thirdly, we decompose N.�std/ into summands again:

N.�std/DN.�std
1 /CN.�2/C c; c WDK1.v2/.K2.v1/� 1/� 1:

Indeed, we find c in the following way. Note that the r-point h1 added at the end of �std
1 adds K2.v1/

such pairs in the vertex v1, the s-point h2 at the beginning of �2 adds k1.v2/DK1.v2/C1 such pairs in
the vertex v2 and that there are K2.v1/.K1.v2/C 1/ pairs where the s-point is in v1 and the r-point is
in v2. Putting together, we compute c D�K2.v1/�K1.v2/� 1CK2.v1/.K1.v2/C 1/.

12For our hypothesis in this case to continue to hold, the root must stay in vertex v1.
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Finally, we obtain that

o� D .�1/N.�
std/
Qo�

std
˝ o�

std

r;s

D .�1/N.�
std/CaCb.oN ˝ Qo

�std
1
v1 � Qo

�2
v2
/˝ .o

�std
1
r;s;v1 � o�2r;s;v2/

D .�1/N.�
std/CaCbC.K1.v1/CK2.v1//.K1.v2/CK2.v2/C1/oN ˝ .Qo

�std
1
v1 ˝ o

�std
1
r;s;v1/� .Qo

�2
v2
˝ o�2r;s;v2/

D .�1/.N.�
std
1 /CN.�2/Cc/CaCbC.K1.v1/CK2.v1//.K1.v2/CK2.v2/C1/oN

˝ .Qo
�std
1
v1 ˝ o

�std
1
r;s;v1/� .Qo

�2
v2
˝ o�2r;s;v2/

D .�1/aCbCcC.K1.v1/CK2.v1//.K1.v2/CK2.v2/C1/oN

˝ ..�1/N.�
std
1 / Qo

�std
1
v1 ˝ o

�std
1
r;s;v1/� ..�1/

N.�2/ Qo�2v2 ˝ o�2r;s;v2/

D .�1/K2.v2/oN ˝ o
�std
1
v1 � o

�2
v2
:

We now consider the general choice of component M of MW
ƒ . As we did in the proof of Item (1),

consider a component M of MW
ƒ where, for any † 2M, if we follow the cyclic order of the boundary

points on its v1-component from the node xh1 to the root, then we pass through m1 boundary points of
twist .r � 2; 0/ and m2 of twist .0; s� 2/. We may now use Corollary 2.50 twice in order to understand
the analogous version of (2-48). First, considering the r-spin bundle, note that the roles of the two vertices
are reversed since the h1 in our context has nontrivial twist, so we are in the case of Corollary 2.50(2)
with mDm1C jB1j. Here, B1 defined in Corollary 2.50 in the current context is the set of boundary
marked points (excluding half-nodes) on v2 with nontrivial twist tw1. As jB1j DK1.v2/C 1, the sign
changes by .m1CK1.v2/C 1/K1.v2/. For the s-spin bundle, the roles of the two vertices are the same
in both contexts, so we can straightforwardly apply Corollary 2.50(1) with mDm2 and jB2j DK2.v2/.
So we have that the change in a from that stated in (2-48) is given by

.m1CK1.v2/C 1/K1.v2/Cm2K2.v2/:

Next, we provide the analogous analysis for b in (2-49). Here, we apply (2-38) with mDm1Cm2 and
jB2j DK1.v2/CK2.v2/C 1 to obtain that b changes by

.m1Cm2/.K1.v2/CK2.v2//:

Lastly, we compute c by recomputing the discrepancy between N.�std/ and N.�std
1 /CN.�2/. There

are four different cases where one or the other counts a pair but the other quantity does not:

(1) When an s-tail of v1 is after the root but before the half-edge, then we need to count the pairs
of that s-tail and any r-tail in v2. This is counted in N.�std/ but not in N.�std

1 /CN.�2/. There are
.K2.v1/�m2/.K1.v2/C 1/ such pairs.

(2) When an r-tail of v1 is after the half-edge, then we need to count the pairs with that r-tail and any
s-tail in v2. Again, this is counted in N.�std/ but not in N.�std

1 /CN.�2/. There are m1K2.v2/ such
pairs.
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(3) When we take the half-edge h1 and take any s-tail in v1 that is before the half-edge and after the root.
This is counted in N.�std

1 /CN.�2/ but not in N.�std/. There are .K2.v1/�m2/ such pairs.

(4) When we take the half-edge h2 and any r-tail in v2, we get a contribution as �2 starts at the half-edge.
This is counted in N.�std

1 /CN.�2/ but not in N.�std/. There are .K1.v2/C 1/ such pairs.

This computes that

c D .K2.v1/�m2/.K1.v2/C 1/Cm1K2.v2/� .K2.v1/�m2/� .K1.v2/C 1/;

so c changes by

�m2.K1.v2/C 1/Cm1K2.v2/Cm2 D�m2K1.v2/Cm1K2.v2/:

Combining all these changes, we therefore get that the changes of a, b and c cancel out modulo 2, so the
sign does not change.

Proof of (2b) Suppose now that � is as described in (2b). Denote by o0
0;k1C1;k2C1;0;f.ai ;bi /gi2I

and
o0
0;k1;k2;1;f.ai ;bi /gi2I

the relative orientations of the Witten bundles with the roles of r and s interchanged.
By Proposition 2.53, we have that o0

0;k1;k2;1;f.ai ;bi /gi2I
D o0;k1;k2;1;f.ai ;bi /gi2I , and hence o0v1 D ov1 .

Secondly, by the same proposition, we have that

o00;k1C1;k2C1;0;f.ai ;bi /gi2I D .�1/
k1Ck2C1o0;k1C1;k2C1;0;f.ai ;bi /gi2I ;

and hence ov2 D .�1/
K1.v2/CK2.v2/C1o0v2 . By symmetry we would get, using the previous case, that

���o
0
0;k1C1;k2C1;0;f.ai ;bi /gi2I

D .�1/K1.v2/o0N ˝ .o
0
v1
� o0v2/:

Putting together, we obtain (2-46).

3 Boundary conditions and intersection numbers

In this section, we will define open intersection numbers associated to W -spin disks in the case of
W D xr C ys . They will be defined as counts of zeros of multisections of the Witten bundle on an open
subset of our moduli spaces MW

� satisfying certain boundary conditions, which we shall now explain.

3.1 Boundary strata and intervals

Notation 3.1 For an open graded graph � , we define PM� to be the orbifold

PM� WDMW
�

� � [
ƒ2@� such that
HC.ƒ/¤¿

MW
ƒ

�
;

where HC.ƒ/, as defined in Definition 1.53, is the set of half-edges h of the graph ƒ such that either h
or �1.h/ is positive for the i -th grading for some i .
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Recall the subset of graphs @C� , @0� and @exchange� , and the relation �exchange, from Definitions 1.54
and 1.56.

Definition 3.2 Set
@CMW

� D

[
ƒ2@C�

MW
ƒ �MW

� ;

@0MW
� D

[
ƒ2@0�

MW
ƒ �MW

� ;

@ExchangeMW
� D

[
ƒ2@exchange�

MW
ƒ �MW

� :

Note that PM� DMW
� n@

CMW
� and that @PM� D @

0MW
� [@

ExchangeMW
� . Indeed, for MW

ƒ to lie
in @MW

� , it must either have a contracted boundary edge or a boundary edge, so ƒ must be contained in
the union @CMW

� [ @
0MW

� [ @
ExchangeMW

� . If @CMW
� is nonempty, then PM� is not compact.

Definition 3.3 Define
PM� WD PM� n @PM� :

Note that even if � is smooth, there may be points of PM� corresponding to singular W -spin curves
with internal nodes.

Example 3.4 For the cases where � D �W
0;m1;m2;1;f.m1;m2/g

, with m1 < r � 1, m2 < s � 1, and
�W0;r;0;1;¿, �W0;0;s;1;¿, we now show that @0� D¿.

Consider the case where � D �W0;r;0;1;¿. Suppose that ƒ 2 @0� . Note that ƒ cannot have any closed
vertices since there are no internal marked points. Thus if e is an edge in ƒ then sme ƒ 2 @0� [f�g. So,
it suffices to show that there are no ƒ 2 @0� such that ƒ has exactly two vertices. If such a ƒ exists,
then note that one of the two vertices must have the root, which we call v1. Using (2-22) and (2-23) in
the same manner we did in Proposition 2.31(a), we can see that

k1.v1/C k12.v1/� 1� r.I.v1//D 0 .mod r/:

That is, there must be either 1 or rC1 boundary half-edges on the vertex v1 so that .tw1; alt1/D .r�2; 1/.
Thus, the vertex v1 contains at most r r-points and one boundary half-edge. Hence there are three cases:

(i) v1 has r r-points and the half-edge does not have the r-twisting,

(ii) v1 has r � 1 r-points and the half-edge does have the r-twisting, or

(iii) v1 has no r-points and the half-edge does not have the r-twisting.

However, none of these cases will have two stable vertices, and hence @0� D¿. Similarly, we have the
analogous result for � D �W0;0;s;1;¿.

Now consider the case � D �W
0;m1;m2;1;f.m1;m2/g

. As before, suppose that there exists a ƒ 2 @0� with
exactly two vertices. Let v1 be the vertex containing the root. Note that, as before using (2-22) and (2-23),

k1.vi /C k12.vi /� 1� r.I.vi // .mod r/; k2.vi /C k12.vi /� 1� s.I.vi // .mod s/:
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If I.v1/D¿ then k1.v1/Ck12.v1/� 1 .mod r/ and k2.v1/Ck12.v1/� 1 .mod s/. Since m1 < r � 1
and m2 < s� 1, we must then have that k1.v1/D k2.v1/D 0. However, this implies that the vertex v1 is
not stable, and hence ƒ is not a boundary graph. Thus v1 must have the internal marking. In this case,
however, we then have that k1.v1/Ck12.v1/�1�m1 .mod r/ and k2.v1/Ck12.v1/�1�m2 .mod s/.
We then have exactly one case that has two stable vertices, which is that of an exchangeable graph.

3.1.1 The base We now introduce one of the key concepts of this paper, the base of a graph. This
allows for the inductive structure of boundary conditions for the canonical multisections to be introduced
in Section 3.2.

Definition 3.5 Let � be a graded graph. We take E0.�/ to be the set of boundary edges such that for
each i , one of its half-edges has twi D alti D 0. Recall from Definition 2.8 that fornonalt is the operation
that deletes all tails h where twi D alti D 0 for all i . We define the base of � to be

B� D fornonalt.detachE0.�/.�//:

We call the moduli MW
B� the base moduli of MW

� . We write

F� WD .Fornonalt ıDetachE0.�// WMW
� !MW

B� :

On the level of surfaces, the morphism F� normalizes all boundary half-edges in E0.�/ and forgets
all boundary marked points which have twist zero and are nonalternating with respect to both spin
structures, i.e., twD altD .0; 0/. Note that the forgetful map may create unstable connected components.
This happens, for example, for exchangeable graphs. We consider the moduli of an unstable connected
component to be a point.

Notation 3.6 We can extend F� continuously to a map MW
� !MW

B� . We use the same notation for the
extended map. If we take ƒ 2 @Š� , it maps MW

ƒ under F� to MW
ƒ0 for some ƒ0 2 @ŠB� . We can define

a function
f� W @

Š�! @ŠB�

so that f�.ƒ/Dƒ0. Explicitly, ƒ0 D fornonalt.detachE0.�/.ƒ//, where we use the identification of the
edges of � as edges of ƒ.

Remark 3.7 To motivate the definition of the base moduli, assume we are given a graded graph �
indexing a boundary stratum of some moduli space MW

� 0 for � 0 a smooth graded graph. If �� D detachE �
for some subset of edges E of � , then the detaching map DetachE WMW

� !MW�� allows us to relate
the former moduli space to the latter, which is a product of moduli spaces associated to the connected
components of � . In general, these connected components will not yield moduli spaces of the sort we
consider here: we wish to consider only those moduli spaces associated to graphs whose boundary tails
have twists .r � 2; 0/, .0; s� 2/ or .r � 2; s� 2/.

However, if � 2 @0� 0, then all boundary half-edges of � necessarily have twists being either one of
the above three possibilities or twist .0; 0/. Thus if we detach � along all such boundary half-edges, and
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forget the newly acquired boundary tails with twist .0; 0/, obtaining B� , the connected components of B�
are precisely graded graphs with boundary tails of the type we are considering in this paper. Further,
as we will see in Observation 3.11, the Witten and descendent bundles on PM� pull back from those
on PMB� , thus enabling the construction of inductive boundary conditions. For the remainder of the
boundary conditions near the strata we delete, we rely on positivity conditions.

The following observations are straightforward but useful for later. First, analogously to [Pandharipande
et al. 2024, Observations 3.14 and 3.28], we have the following observation, which serves as a compatibility
relation for boundary conditions:

Observation 3.8 Let � be a graded graph and take � 0 2 @� . Then F� takes MW
� 0 to MW

f�.� 0/
, and

Bf�.� 0/D B� 0. Moreover, we have

Ff�.� 0/ ıF� jMW
�0
D F� 0 :

This follows directly from the definitions.

Recall that when v is an exchangeable vertex of an exchangeable graph � , we have defined the graph
exchangev.�/ to be the graph obtained by reversing the cyclic orders at v and a corresponding map
Exchangev given in (2-44) at the level of moduli. When � has a single exchangeable vertex v, we
sometimes write Exchange instead of Exchangev.

Another straightforward observation is the following:

Observation 3.9 Graphs in the same �exchange-equivalence class have the same base. Moreover, if � is
exchangeable and v 2 V O.�/ is an exchangeable vertex, then

Fexchangev.�/ ıExchangev D F� :

Definition 3.10 Let V.�/ be the collection of dual graphs consisting of one vertex that may appear as a
connected component of fornonalt.detachE.ƒ/.ƒ// for someƒ2 @Š� n@C� . We call the elements of V.�/
abstract vertices. Let i 2 I.�/ be a labeling for an internal tail. Let V i .�/� V.�/ be the collection of
abstract vertices which have an internal tail labeled i . For a graph � with i 2 I.�/, denote by v�i .�/ the
connected component of the graph

fornonalt.detachE.�/.�//;

which contains i as an internal marking. As we have detached at all edges, this connected component
only has a single vertex, and hence v�i .�/ 2 V i .�/.

If v is a connected component of the graph fornonalt.detachE.�/.�//, denote by ˆ�;v WMW
� !MW

v

the natural map, which is the composition of

Fornonalt ıDetachE.�/

with the projection to MW
v . Write ˆ�;i for ˆ�;v�

i
.�/.

The key observation for the inductive structure of the Witten and descendent bundles is then:
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Observation 3.11 Let � be a pregraded graph. There is a canonical isomorphism between the Witten
bundle W ! PM� and the pull-back bundle F ��W . To construct it, we first note that over the locus
of PM� , all boundary half-edges are Neveu–Schwarz, and hence we can apply Proposition 2.14(1).
Further, in forgetting those resulting boundary tails with twD altD .0; 0/, we can apply [Buryak et al.
2022a, equation 4.3].

Similarly, by Observation 3.32 of [Pandharipande et al. 2024], if the component which contains the
internal tails labeled i in B� is stable then Li !MW

� is canonically F �� .Li !MW
v�
i
.�/
/.

In the rest of the paper, we will construct multisections of E�.d/ which, using the above observation,
are pulled back from the bundle EB�.d/. For this reason, it is important to understand the relationship
between the dimensions of PMB� and PM� on the one hand and E�.d/ on the other. We now calculate.

Observation 3.12 Fix a smooth graded W -spin graph � , and consider ƒ 2 @0� [ @exchange� where ƒ
is a relevant graph with no internal edges. Let d D .di /i2I.�/ be a descendent vector, and E�.d/ the
descendent-Witten bundle on PM� with respect to d . We define the following integers:

(1) ˛ D rankE�.d/� dimPM� .

(2) � is the number of (open) vertices of ƒ.

(3) ˇ is the number of half-edges with twD altD .0; 0/ forgotten in passing from detachE0.ƒ/ƒ to Bƒ.

(4) � is the number of partially stable connected components of Bƒ.

Note
� � ˇ < �:

Since we are assuming ƒ is relevant, necessarily any such partially stable connected component has two
boundary tails and no interior tails. Then

dimPMƒ D dimPM� � .� � 1/;(3-1)

dimPMBƒ D dimPMƒ�ˇC �;(3-2)

bearing in mind that the moduli space associated to a partially stable component is a point, and hence one
dimension higher than expected.

Denote the connected components of Bƒ as „1; : : : ; „� , with the last � being the partially stable
components. By Observation 3.11,

rankE�.d/D
�X
iD1

rankE„i .d/:

Combining the previous three equations and using the fact that rankE„i .d/D 0 for any partially stable
component „i , we obtain

(3-3)
���X
iD1

dimPM„i D

���X
iD1

rankE„i .d/�˛�ˇ� .� � �/C 1:
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�
uMW

ƒ

MW
�

�
uMW

ƒ

MW
�

Figure 11: Two neighborhoods of u 2MW
ƒ in MW

� . Left: ƒ-set with respect to � . Right: Not a
ƒ-set with respect to � .

3.1.2 Positivity constraints Recall that the moduli space PM� in general is not compact; indeed, we
have that @CMW

� DMW
� nPM� . In order to apply Definition 2.20 to define open W -spin invariants, we

will require nonvanishing of any global multisection of the Witten bundle in a region “close” to @CMW
�

in PM� . To this end, we proceed with the following definitions that aim to provide such multisections
which we will call strongly positive.

Definition 3.13 Let � be a graded W -spin graph and ƒ 2 @C� . A ƒ-set with respect to � is an open
set U �MW

� whose closure intersects the strata MW
„ precisely for those graphs „ 2 @Š� with ƒ 2 @Š„.

Now further suppose u 2MW
ƒ � @

CMW
� . A ƒ-neighborhood with respect to � of u 2MW

� is a
neighborhood U �MW

� of u which is a ƒ-set with respect to � . We remark that if � is smooth, we will
omit the addition “with respect to �” as, for any ƒ, there is a unique smooth graph � for which ƒ 2 @Š� .

Example 3.14 Consider the moduli space given in Example 2.7 with one internal marking and three
boundary markings. Let � be the smooth graded graph and let ƒ be a codimension-one boundary strata.
A ƒ-set with respect to � is any open set whose closure does not intersect any other boundary strata.
In Figure 11, left, we have a ƒ-neighborhood with respect to � of the point u 2MW

ƒ , while in Figure 11,
right, the neighborhood’s closure would intersect the codimension-two strata, so it is not aƒ-neighborhood
with respect to � of u.

Definition 3.15 Let † be a (possibly nodal) graded marked disk. Write the oriented boundary @† as
a quotient space S=�, where S is the oriented manifold S1 and � is an equivalence relation whose
equivalence classes are all of size 1 except for a finite number of classes of size 2 and take q W S ! @†

to be the quotient map. An interval I is the image of a connected open set in S under q. Note that the
inverse image q�1.I/ is the union of an open set with a finite number of isolated points.

Suppose † 2 MW
ƒ and consider the boundary half-node nh D nh.†/, which corresponds to the

half-edge h 2HB.ƒ/. We say that nh belongs to the interval I if:
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nh n�1h�

I

nh n�1h� �

I2I1

I

nh n�1h�

Ih

Ih0

Figure 12: Interval on boundary @† on nodal disk † that belongs to half-node nh. Here, the
boundary is oriented anticlockwise. Top left: interval I on a nodal disk †. Top right: preimage
��1.I/D I1[I2 under normalization. Bottom left: interval I considered after smoothing. Bottom
right: intervals Ih and Ih0 as in Definition 3.16.2(b).

� The corresponding node nedge.h/ is contained in I.

� Consider the boundary @�† of the normalization �†D ��1.†/. Then we can write ��1.I/D I1[ I2,
where I1 is a half-open interval containing boundary point nh and I2 is a half-open interval containing
boundary point n�1h. According to the canonical orientation of �†, we then have that the half-node nh
is the starting point of I1 when viewed as an interval on the (oriented) real line and, consequently,
the half-node n�1h is the endpoint of I2.

We refer the reader to Figure 12 for a pictorial description of this definition.

Definition 3.16 Let � be a graded W -spin graph and ƒ 2 @C� . Suppose U is contained in some ƒ-set
with respect to � . A ƒ-family of intervals for U is a family fIh.u/gh2HC.ƒ/;u2U such that the following
hold:

(1) Each Ih.u/ is an interval in @†u, where †u D ��1.u/ is the fiber of the universal curve � W C! U

at u, or equivalently the graded surface which corresponds to u. The endpoints of each Ih.u/ vary
smoothly with respect to the smooth structure of the universal curve restricted to U .

(2) Suppose h and h0 are two half-edges of ƒ.

(a) If h … fh0; �1h0g, then Ih.u/\ Ih0.u/D¿ for any u 2 U .

(b) If h0 D �1h, then

(i) for any u 2 U \MW
„ where h 2HC.„/, we have Ih.u/\ Ih0.u/D nedge.h/, the node in @†

corresponding to the half-edges h and �1h (so that their union forms an X -shape near that node,
see Figure 12, bottom right);

(ii) for any u 2MW
„ where h … HC.„/, we have Ih.u/\ Ih0.u/ D ¿. Here, we use the locally

defined injection � WH.„/!H.ƒ/.
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(3) Ih.u/ contains no marked points.

(4) The half-node nh is the only half-node which belongs to Ih.u/, whenever u 2MW
„ \U for some

partial smoothing „D smE .ƒ/ for some E ¨E.ƒ/, where h 2HC.„/.

When the point u corresponds to a stable graded disk †, we sometimes write Ih.†/ for Ih.u/.

Definition 3.17 (1) Let A be a subset of @† not containing any alternating special points. An element
w 2 .Wi /† (i D 1; 2) evaluates positively at A, if for every x 2 A it holds that evx.w/ > 0, i.e.,
evx.w/ 2 .Ji /

z�
x agrees with the positive direction of the i -th grading.

(2) Let � be any graded graph. Let U be a ƒ-set with respect to � and I WD fIhgh a ƒ-family of intervals
for U . A multisection s of W defined in a subset of PM� which includes U \PM� is .U; I/-positive
(with respect to �) if, for any u 2 U \PM� , j 2 f1; 2g and h 2 HCj .ƒ/, the Wj -component of any
branch si of s evaluates positively at each Ih.u/.13

(3) Consider a neighborhood V �MW
� of u 2MW

ƒ . A multisection defined in V \PM� is positive
near u (with respect to �) if there exists a ƒ-neighborhood U � V of u and a ƒ-family of intervals I

for U such that the multisection is .U; I/-positive.

Let V be a neighborhood of @CMW
� and set

(3-4) UC D .V \PM�/[
[

ƒ2@Š� is irrelevant

PMƒ

(recalling the definition of an irrelevant graph from Definition 1.57). We remind the reader that if ƒ is
positive, then PMƒ is in fact empty.

Definition 3.18 A multisection s defined in a set which contains a UC as in (3-4) is strongly positive
(with respect to �) if the following hold:

(1) Let ƒ 2 @Š� satisfy condition (1) of the definition of irrelevant, Definition 1.57. Then s.†/ evaluates
positively with respect to the two gradings corresponding to the r-spin and s-spin structures at every
contracted boundary node of † as described in Definition 1.7.

(2) The multisection is positive near each point of @CMW
� .

(3) Let ƒ 2 @Š� satisfy condition (3) of Definition 1.57 with respect to i 2 f1; 2g and let „ be the
component of detachE.ƒ/.ƒ/ with vertex v as in that condition. Let † 2MW

ƒ , with normalization
� W �†!†. Let �†„ denote the connected component of �† corresponding to „. Then:

(a) The Wi -component of each branch of ��.s.†// evaluates positively on some nonempty subset of
the boundary of �†„ (note that by (2-23), the rank of Wi is nonzero).

13If a positive edge of ƒ is also an edge of � , then PM� is empty. Thus this positivity is required to hold only along
intervals disjoint from nodes, and hence makes sense.
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(b) If „ becomes partially stable with no boundary half-edges after forgetting all boundary half-edges t
with alt.t/D tw.t/D .0; 0/, then ��.s.†// evaluates positively with respect to the gradings of the
two spin bundles at all of the boundary of �†„.

Again, we omit the extension “with respect to �” whenever � is smooth.

Remark 3.19 One possible alternative definition for positivity would be to require that, for all points †
of a boundary stratum Mƒ for ƒ 2 @C� , the evaluation of the section of the Witten bundle at any
nonalternating boundary half-node with positive twist is positive. While in low codimension this idea
works, Example 3.23 in [Buryak et al. 2024] shows that it does not hold in general. In fact, it would
imply vanishing of the section at certain points in the moduli space. In [Buryak et al. 2024], this issue is
solved by working on PM� rather than on M� .

We note that other versions of positivity are also possible. For example, one may continue to work
on M� while imposing certain positivity constraints on the derivative of the sections of the Witten bundle.
At any rate, both approaches will establish equivalent open analogs of the virtual class of the Witten bundle
in our setting, while avoiding boundary strata with nonalternating boundary nodes of positive twists.

3.2 Canonical multisections

Intuitively, canonical multisections are strongly positive multisections whose restriction to relevant (i.e.,
not irrelevant in the sense of Definition 1.57) boundary strata are pulled back from the base moduli of
these boundary strata. With the same intuition, we would like special canonical multisections to satisfy a
more restrictive property. For any boundary stratum, the detaching of the dual graph associated to the
stratum is comprised of abstract vertices v given in Definition 3.10. We require that the restriction of
the multisection to this boundary stratum is pulled back from an assembling of multisections of Witten
bundles on these abstract vertices. Below, we will make this precise.

Definition 3.20 Let � be a smooth graded .r; s/-graph with only open vertices. Let U be an open set
of MW

� so that it contains @PM� [UC, where UC is a subset of PM� as defined in (3-4). A smooth
multisection s of W! U is canonical if both of the following hold:

(1) The multisection s is strongly positive as in Definition 3.17.

(2) For any open „ 2 V.�/, there exists a multisection s„ 2 C1m .PM„;W„/ such that, for any
ƒ 2 @Š� n @C� with only open vertices,

(3-5) sjPMƒ
D F �ƒ

�
�

„2Conn.Bƒ/
s„
�
;

using Notation 2.18.

In the case where the set U is the entire moduli PM� , we say that s is a global canonical multisection.

Note that the requirement (3-5) makes sense by Observation 3.11 and is automatic if ƒD � and � is
connected.
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Definition 3.21 Let I ��. We define .r; s/-Graph.I / to be the collection of graded open .r; s/-graphs
with all boundary markings being ¿ and I.�/� I . When I is understood, we will often omit I .

Definition 3.22 A family of canonical multisections for W bounded by I is a collection of (global)
canonical multisections .s�/�2.r;s/-Graph.I / with s� 2C1m .PM� ;W/, such that for all� 2.r; s/-Graph.I /
andƒ2 @0�[@exchange� , (3-5) holds with sD s� . If I D�, then we will omit the phrase “bounded by I .”

Note that since there are cases (when v is closed and the anchor is Ramond) that the Witten bundle
does not decompose as a direct sum, we must use coherent multisections and the assembling map of
Section 2.3 (instead of usual multisections and direct sums).

Definition 3.23 A multisection s of W over PM� is special canonical if s is strongly positive and, for
each abstract vertex v 2 V.�/ as defined in Definition 3.10, there exists data sv as follows:

(1) If v is a closed vertex, then sv is a coherent multisection in C1m .Rv;W/.

(2) If v is an open vertex, then sv 2 C1m .PMv;W/.

This data must satisfy the decomposition formula

sjPMƒ
D F �ƒ ı Bƒ;E.Bƒ/..s

v/v2Conn.detach.Bƒ///

for any ƒ 2 @Š� n @C� .

We can also define the analogous notions of canonical and special canonical for the cotangent line
bundles Li .

Definition 3.24 A smooth multisection s of Li ! @PM� , where � is smooth and graded, is called
canonical if for any stable open „ 2 V i .�/ there exists a multisection s„ 2 C1m .PM„;Li / such that
for any ƒ 2 @0� [ @exchange� with v�i .ƒ/D„, we have

(3-6) sjPMƒ
Dˆ�ƒ;i .s

„/;

where ˆƒ;i is as defined in Definition 3.10. A global multisection for Li is canonical if its restriction
to @PM� is canonical.

A multisection s 2 C1m .PM� ;Li / is special canonical if for every stable v 2 V i .�/ (not necessarily
open), there exists a multisection sv of Li !MW

v such that for every ƒ 2 @� with vD v�i .ƒ/, we have

(3-7) sjPMƒ
Dˆ�ƒ;is

v:

Note that (3-6) and (3-7) use the identification of cotangent line bundles over MW
� and MW

B� outlined
in Observation 3.11. Now, as we have done above for the Witten bundle, we can define a family of
canonical multisections for the cotangent line bundle as follows:

Definition 3.25 A family of canonical multisections for Li bounded by I is a family of canonical
multisections .s�/� , where � runs over all � 2 .r; s/-Graph with i 2 I.�/ and s� 2 C1m .PM� ;Li /,
such that (3-6) holds. If I D�, we omit the suffix “bounded by I .”

Geometry & Topology, Volume 30 (2026)



Open FJRW theory and mirror symmetry 2869

Remark 3.26 It is straightforward to observe that a special canonical multisection for a Witten bundle or
for a tautological line Li is canonical.

With the definitions of canonical and special canonical outlined for the Witten bundle and for
the cotangent line bundles, we have the following for the descendent Witten bundles E�.d/ as in
Definition 2.16:

Definition 3.27 A multisection of the descendent Witten bundle E�.d/ is canonical (respectively, special
canonical) if its restriction to each direct summand is canonical (respectively, special canonical).

Definition 3.28 A family of canonical multisections for descendent Witten bundles bounded by I is a
collection of multisections .s�;d /, where � runs over elements of .r; s/-Graph and d runs over elements
of ZI.�/

�0 , satisfying the following. We have s�;d a canonical multisection of E�.d/ such that for all
� 2 .r; s/-Graph, d 2 ZI.�/

�0 , and ƒ 2 @0� [ @exchange� ,

s�;d jPMƒ
D F �ƒ.�„2Conn.Bƒ/s

„;d jI.„//:

We say .s�;d / is a family of special canonical multisections for descendent Witten bundles bounded
by I if it is a family of canonical multisections for descendent Witten bundles bounded by I where each
multisection s�;d is special canonical.

Theorem 3.29 (1) Consider � a smooth gradedW -spin graph and a descendent Witten bundleEDE�.d/,
where d D .di /i2I is a vector of nonnegative integers and I.�/� I . Then one can construct a transverse
special canonical multisection for E! PM� .

(2) For any I ��, one can define a family bounded by I of transverse special canonical multisections
for E. In particular , families of transverse canonical multisections exist.

(3) We may choose the family of (2) to satisfy the following stronger transversality condition: Consider
any � with I.�/� I , any v 2 V.�/ and any subbundle E 0 �E�.d/ of the form

E 0 DW˚
M
i2I.v/
j2Di

Li ;

where , for each i 2 I.v/, we have Di � Œdi �. Then we may require that the multisection sE
0;v obtained

from sv via the projection E�.d/!E 0 is transverse to 0.

Proof This theorem is similar to Lemma 4.10 of [Buryak et al. 2024], which is used to show the existence
part of Theorem 3.17 in [Buryak et al. 2024], and the proof is completely analogous. Here we claim,
in addition, that special canonical families can be found. Although it was not claimed in Theorem 3.17
and Lemma 4.10 of [Buryak et al. 2024], the inductive construction in the proof of that lemma gives rise
automatically to a “special canonical family” in our sense, and the same inductive construction extends
automatically to give canonical families in rank two as well. The details will be omitted.
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Remark 3.30 When we specify a canonical multisection s on PM� , we have also determined uniquely
a multisection sBƒ over PMBƒ for any graph ƒ 2 @0� [@exchange� . Similarly, for any special canonical
multisection, we have moreover determined uniquely multisections sv for v 2 V.�/ or v 2 V i .�/ which
satisfy the constraints in Definitions 3.23 and 3.24. For this reason, when we state that we have the
information of a canonical or special canonical multisection s, we will, in turn, take this to mean we have
also the data of the multisections sBƒ and sv above.

3.3 Open and closed extended FJRW invariants

3.3.1 Closed extendedW -spin theory When we perform calculations of open invariants, a general-
ization of the usual closed W -spin intersection numbers naturally emerges. For any Fermat polynomial
W D

Pa
iD1 x

ri
i , this generalization is defined by allowing the anchors to have twists twi D�1 for i in a

subset of Œa�, as seen in Observation 2.10. The remaining twists must be nonnegative. In this situation
(as in the closed situation with only nonnegative twists), one can define the class cW analogously as in
[Buryak et al. 2019, Section 3.1] by

cW D e

��M
i2Œa�

R1��Si
�_
˚

nM
jD1

L
dj
j

�
:

We define closed extended genus-zero W -spin intersection numbers to be given by

(3-8) h�
Ea1
d1
� � � �

Ean
dn
i

ext;W
0 WD

� Y
i2Œa�

ri

�Z
MW
0;fEa1;:::;Eang

cW :

In particular, in rank two for W D xr Cys , for an index set I with descendent vector d D .di /i2I ,

cW D e

�
.R1��S1/_˚ .R1��S2/_˚

M
i2I

Ldii

�
;

and

(3-9)
�Y
i2I

�
.ai ;bi /

di

�ext

WD rs

Z
MW
0;f.ai ;bi /g

cW

are the closed extended (genus-zero) .r; s/-spin intersection numbers.
We make several observations which will be needed later.

Observation 3.31 (1) The extended invariant is nonvanishing when the complex rank of the descendent
Witten bundle agrees with the complex dimension of the moduli space, i.e., in the rank-two case,

jI j � 3D

P
i2I ai � .r � 2/

r
C

P
i2I bi � .s� 2/

s
C

X
i2I

di ;

which is equivalent to

m.I;d/C 2sC 2r D 0:
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(2) If we are not in the extended case, i.e., if ai ¤�1 for any i and bi ¤�1 for any i , and if furthermore
some ai D r � 1 or bi D r � 1, then the intersection number (3-9) vanishes. This is known as Ramond
vanishing, and the argument is identical to the proof in the rank-one case in [Buryak et al. 2019,
Remark 2.1].

(3) The extended topological recursion relation of [Buryak et al. 2019, Lemma 3.6] also holds for these
higher rank invariants via an identical proof. In the rank-two case, this becomes, for jI j�3with 1; 2; 32 I ,

(3-10)
�
�
.a1;b1/

d1C1

Y
i2Inf1g

�
.ai ;bi /

di

�ext

D

X
a2f�1;:::;r�1g
b2f�1;:::;s�1g

X
AqBDInf1g

2;32A

�
�
.r�2�a;s�2�b/
0

Y
i2A

�
.ai ;bi /

di

�ext�
�
.a;b/
0 �

.a1;b1/

d1

Y
i2B

�
.ai ;bi /

di

�ext

:

Note that if none of the ai or bi are �1, then by the Ramond vanishing of (2), we may sum over only
a 2 f0; : : : ; r �2g and b 2 f0; : : : ; s�2g and we obtain the usual topological recursion relation for FJRW
invariants.

3.3.2 Open intersection numbers Using Definition 2.20 and Theorem 3.29, the following definition
makes sense:

Definition 3.32 Consider the situation of Theorem 3.29 above. The open intersection number relative to
the (transverse, canonical) multisection s� for a graded W -spin graph � is

(3-11)
� Y
i2I.�/

�
.ai ;bi /

di
�
k1.�/
1 �

k2.�/
2 �

k12.�/
12

�s� ;o

WD

Z
PM�

e.EI s� jUC[@0PM�
/D #Z.s�/ 2Q;

where e.EI s� jUC[@0PM�
/ is defined as in Definition 2.20 and #Z.s�/ as discussed in Section 2.2.3.

We emphasize that this does not just depend on the twists but also the graph � (e.g., this is defined for
disconnected graphs). In the special case when � D �W

0;k1;k2;1;f.ai ;bi /gi2I
, we write

�Y
i2I

�
.ai ;bi /

di
�
k1
1 �

k2
2 �12

�s� ;o

WD

Z
PM0;k1;k2;1;f.ai ;bi /gi2I

e.EI s� jUC[@0PM0;k1;k2;1;f.ai ;bi /gi2I
/:

When we are in the case where rank.E/¤ dimMW
� , the integral is defined to be zero.

Remark 3.33 The open intersection number
˝Q

i2I.�/ �
.ai ;bi /

di
�
k1.�/
1 �

k2.�/
2 �

k12.�/
12

˛s;o is independent of
the choice of UC.

If there are no tautological line bundles associated to a given internal marking, we will sometimes omit
the subscript 0 in the notation � .ai ;bi /0 inside the brackets h � is;o. If s WD .s�/ is a canonical family of
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transverse multisections, then we use the notation� Y
i2I.�/

�
.ai ;bi /

di
�k.�/

�s;o

WD

� Y
i2I.�/

�
.ai ;bi /

di
�k.�/

�s� ;o

WD

� Y
i2I.�/

�
.ai ;bi /

di
�
k1.�/
1 �

k2.�/
2 �

k12.�/
12

�s� ;o

;

� Y
i2Œl�

�
.ai ;bi /

di
�
k1
1 �

k2
2 �12

�s;o

WD

� Y
i2Œl�

�
.ai ;bi /

di
�
k1
1 �

k2
2 �12

�s
�W
0;k1;k2;1;f.ai ;bi /gi2Œl� ;o

:

Observation 3.34 The intersection numbers decompose over the connected components of � , i.e.,� Y
i2I.�/

�
.ai ;bi /

di
�k.�/

�s;o

D

Y
ƒ2Conn.�/

� Y
i2I.ƒ/

�
.ai ;bi /

di
�k.ƒ/

�sƒ;o

:

We now note that the open invariants only depend on the boundary conditions given by the canonical
multisection.

Proposition 3.35 Let s� and .s0/� be two families of canonical multisections bounded by I . Suppose
that s� jPMƒ

D .s0/� jPMƒ
for all boundary strata ƒ 2 @0� [ @Exchange� . Then� Y

i2I.�/

�
.ai ;bi /

di
�
k1.�/
1 �

k2.�/
2 �12

�s� ;o

D

� Y
i2I.�/

�
.ai ;bi /

di
�
k1.�/
1 �

k2.�/
2 �12

�.s0/� ;o
:

Proof By viewing s� and .s0/� as multisections from Œ0; 1��PM� via pull-back, we can consider the
linear homotopy

H WD t .s/� C .1� t /.s0/� :

The homotopy H j@.Œ0;1��PM�/
, as defined in Notation 2.18, is independent in time as .s/� j@PM�

D

.s0/� j@PM�
and nonvanishing. Moreover, since both s� and .s0/� are canonical, they are also strongly

positive. Using Definition 3.18(2), we have an open neighborhood of the form in (3-4) where both
.s/� and .s0/� are positive. Hence there exists an open neighborhood V of @CM� in M� so that H is
nonvanishing on Œ0; 1��U where

U WD .V \PM�/[ @PM� :

Perturb H inside Œ0; 1�� .PM� nU/ to obtain a homotopy H 0 so that H 0 is transverse and does not
vanish in Œ0; 1��U . By applying Lemma 2.22, the claim follows.

3.4 Canonical homotopies

Recall Definition 2.16 for the descendent Witten bundle E�.d/ with respect to the descendent vector
d D .di /i2I where I.�/� I . We now define a canonical homotopy between two multisections of E�.d/.
The definition essentially emulates Definition 3.20 of a canonical multisection above, but with the unit
interval added.
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Definition 3.36 A canonical homotopy between two multisections s0 and s1 of E�.d/ is a multisection

H 2 C1m .Œ0; 1��PM� ; �
�E�.d// such that H.0;�/D s0; H.1;�/D s1;

where � W Œ0; 1��PM� ! PM� is the projection to the second factor with the following properties:

(1) For any t 2 Œ0; 1�, the multisection H.t;�/ is strongly positive.

(2) For any ƒ 2 @Š� n @C� with only open vertices, there exists a positive integer Nƒ and homotopies
H
„;ƒ
1 ; : : : ;H

„;ƒ
Nƒ
2 C1m .Œ0; 1��PM„; �

�E„.d// for each „ 2 Conn.Bƒ/, such that

(3-12) H jŒ0;1��PMƒ
D F �ƒ

� Nƒ]
iD1

�
�

„2Conn.Bƒ/
H
„;ƒ
i

��
:

We say that a canonical homotopyH between two multisections s0 and s1 is transverse if it is transverse
as a multisection in C1m .Œ0; 1��PM� ; �

�E�.d//. The homotopy is said to be simple if Nƒ D 1 for
all ƒ and the multisections H„;ƒ

1 depend only on „ and not on ƒ. In this case, we denote H„;ƒ
i by H„.

Definition 3.37 A family of simple canonical homotopies (bounded by I ��) is a collection of simple
canonical homotopies Hƒ 2 C1m .Œ0; 1� � PMƒ; �

�Eƒ.d// for every graded smooth graph ƒ (with
I.ƒ/� I ) such that all H„;ƒ

i appearing in (3-12) equal H„.

First we note that there exists a canonical homotopy between two given canonical sections.

Lemma 3.38 Transverse canonical homotopies between any transverse canonical multisections s0; s1 2
C1m .PM� ; E�.d// exist.

Proof The proof is similar to the proof of Lemma 4.11 in [Buryak et al. 2024] with E1D 0, E2DE�.d/
and AD @0� . While the bundle E�.d/ is different in our context rather than the context in [Buryak et al.
2024], one can still use Proposition 6.2(3) of [Buryak et al. 2024] to obtain a finite set of multisections wj
ofE2 that span each fiber as desired in the proof. The rest of the proof is the same, and hence we omit it.

We will now show that there exists a family of simple canonical homotopies that, under certain
dimensionality and boundary marking constraints, is transverse to the zero multisection of the bundle
��Eƒ.d/. We will also be able to impose other properties on various boundary strata that will help
us compute open invariants in later sections. Before we start the lemma, we will require the following
observation regarding parities of the Witten bundle and the dimension of the moduli space when one has
few roots and no internal tails.

Lemma 3.39 Suppose ƒ is a stable , smooth and graded W -spin graph without internal tails and with at
most three boundary tails with twist .r � 2; s� 2/. Then rankWƒ ¤ dimPMƒC 1.

Proof As usual, we let k12 D k12.ƒ/ and ki D ki .ƒ/ (see Definition 1.29(2) or the start of Section 2.4).
Then, by using (2-22) and (2-23) in a similar way as done in Proposition 2.31(a), we have that

(3-13) k1C k12 D rm1C 1; k2C k12 D sm2C 1
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for some m1; m2 2 Z�0 and that

rankWƒ D .r � 2/m1C .s� 2/m2:

Recall that the dimension formula for the open moduli space in (2-2) gives us that

dimPMƒ D k1C k2C k12� 3D rm1C sm2� k12� 1:

Suppose for the sake of contradiction that rankWƒ D dimPMƒC 1. Then

k12 D 2m1C 2m2:

This implies that k12 is even and, since we have assumed that k12 � 3, we then have that it is either 0 or 2.
If k12 D 0 then m1 Dm2 D 0, and hence ƒ is not a stable graph. If k12 D 2, then either m1 or m2 is 0;
however, if mi D 0, then ki C k12 � k12 D 2 > 1, contradicting (3-13).

Lemma 3.40 Fix I � �. Suppose s0 and s1 are two families of transverse canonical multisections
bounded by I . Then one can construct a family H� of simple canonical homotopies bounded by I and
for each A� I a distinct choice of time tA 2 .0; 1/ between s0 and s1 with the following properties.

Let � be any smooth , graded W -spin graph with only open vertices and I.�/� I . Fix d D .di /i2I a
vector of descendents.

(1) Suppose that � satisfies one of the following hypotheses:

(a) � is irrelevant.

(b) � is connected and rankE�.d/� dimPM� C 2.

(c) � contains connected components „1, „2 with distinct internal marking sets , i.e., I.„1/¤ I.„2/,
such that rankE„i .d/D dimPM„i C 1 and k12.„i /� 2.

Then H� is nowhere vanishing.

(2) If � is connected and one of the following holds:

(a) rank.E�.d//D dimPM� C 1 and k12.�/� 2, or

(b) rank.E�.d//D dimPM� and k12.�/� 1,

thenH� is transverse when restricted to any stratum of Œ0; 1��PM� , that is ,H� jŒ0;1��PMƒ
is transverse

to the zero multisection of ��Eƒ.d/! Œ0; 1��PMƒ for any ƒ 2 @0� [ @exchange� .

(3) If � is connected , we have:

(a) If rank.E�.d//DdimPM�C1 and k12.�/�2 thenH� will be nonzero in .Œ0; 1�nftI.�/g/�PM� .
Note by Lemma 3.39, if I.�/D¿, this case does not occur.

(b) If rank.E�.d//D dimPM� and k12.�/� 1, then for any A� I we have

H�
jftAg�.PM�n@PM�/

t 0
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when considered as a multisection of

E�.d/! ftAg � .PM� n @PM�/' PM� n @PM� :

(Note that the point here is that while the multisectionH� is transversal to the zero-section of E�.d/
over Œ0; 1� � PM� , there will be a finite number of times t for which the restriction of H� to
ftg �PM� is not transversal to the zero-section , and we want the set of such times to be disjoint
from the set ftAgA�I .)

Proof Let s0, s1 be as in the statement. We will construct a family of simple canonical homotopies H�

which satisfies the requirements of the various items.
Note that for disconnected � , the homotopies H� are determined by (3-12) (using simplicity) and the

corresponding homotopies Hƒ for ƒ 2 Conn.�/. Thus we will construct homotopies H� for smooth
connected graded � with I.�/� I by induction on nD dimPM� . If Items (2) and (3) are established,
note that (1)(c) then follows from (3)(a).

The case n D �1 is trivial. Suppose that we have constructed a homotopy for any � such that
dimPM� <n. Now take � satisfying dimPM� D n. We will analyze boundary strata of PM� indexed
by ƒ 2 @0� [ @exchange� with no internal edges. If ƒ has a contracted boundary edge, we define Hƒ as
the positive, linear homotopy

Hƒ.t;�/D .1� t /sƒ0 C ts
ƒ
1 :

If ƒ does not have a contracted boundary edge, the simple canonical homotopy Hƒ is determined
inductively by (3-12) to be

(3-14) Hƒ
D F �ƒ

� v

�
iD1

H„i

�
;

where „1; : : : ; „v are the components of Bƒ, so that PMBƒ D
Qv
iD1 PM„i . Thus, the homotopy we

are trying to construct is determined at times t D 0 and 1 and on the boundary strata of PM� . Hence,
we now can define a multisection �H� on the boundary

@.Œ0; 1��PM�/D .f0; 1g �PM�/[ .Œ0; 1�� @.PM�//

via �H�
jf�g�PM�

.�;�/D s�� ; � 2 f0; 1g; �H�
jŒ0;1��PMƒ

DHƒ; ƒ 2 @0�:

Extend �H� to a set UC of the form

(3-15) UC WD .V \ .Œ0; 1��PM�//[ @.Œ0; 1��PM�/;

where V is a neighborhood of Œ0; 1�� @CMW
� in Œ0; 1��MW

� .14 This extension can be done by the
same argument of Lemma 6.5 in [Buryak et al. 2024], steps 1–3. We may do this in such a way so that�H�.t;�/ is strongly positive.

14This UC is analogous to that in (3-4) but is not the same, due to the interval for the homotopy.
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Now that we have established a provisional function �H� on the set UC containing the boundary
of PM� � Œ0; 1�, we will adapt �H� on the interior of PM� � Œ0; 1� to obtain a homotopy H� that will
satisfy the properties described in the lemma. This will require a case-by-case analysis depending on the
properties of � .

Case 1 (� irrelevant) Suppose � is irrelevant. Since � is smooth and connected, cases (1) and (2) of
Definition 1.57 do not apply, and we are thus in case (3). Thus � consists of a single vertex v and there is
an i 2 f1; 2g such that twi D alti D 0 for all boundary tails adjacent to v.

If ƒ 2 @0� , then each edge of ƒ has exactly one half-edge with twi D alti D 0. Thus ƒ will have one
fewer half-edge with twi ¤ 0 than it has vertices. So by the pigeonhole principle, ƒ must contain a vertex
with all adjacent half-edges having twi D alti D 0, and ƒ is also irrelevant. Hence there will be some
connected component of Bƒ such that each boundary tail has twi D alti D 0 for some i 2 f1; 2g. By the
condition of Definition 3.18(3) of strongly positive, we have that for any .t; †/ 2 UC the Wi -component
of �H�.t; †/ evaluates positively on at least one boundary point of @†.

We can extend �H� continuously from UC to an open neighborhood U of UC which contains a
neighborhood W of @.Œ0; 1� � PM�/. Further, by continuity, we may do this in such a way so that�H�.t; †/ evaluates positively on at least one boundary point of @† for each .t; †/ 2 U , after possibly
shrinking W .

Now let U 0 be another open neighborhood of UC whose closure is contained in U , and take two
nonnegative functions �0 and �1 over the moduli PM� that sum to the constant function 1 and so that

(3-16)
�0jU 0 D 1 and has support Supp.�0/� U while

�1j.Œ0;1��PM�/nU
D 1 and has support Supp.�1/� .Œ0; 1��PM�/ nU

0:

By [Buryak et al. 2024, Observation 7.6], we may find a section sC of C1.PM� ;Wi / which is
nowhere vanishing on PM� (see Definition 3.3), and with the property that for † 2 PM� , sC.†/
evaluates positively on @†.15 Viewing sC as a section of C1.PM� ; E�.d//, we may pull it back to a
section QsC of C1.Œ0; 1��PM� ; E�.d// and define the homotopy

H�
D �0 �H�

C �1 QsC:

This homotopy satisfies our requirements, namely, it is nowhere vanishing. In particular, statement (1)(a)
of the lemma is satisfied if � is irrelevant and connected. If � is irrelevant but not connected, then one of
its connected components is irrelevant and (1)(a) still holds.

Case 2 (� relevant) Suppose now that � is relevant. Recall that we are proceeding by induction
on dimPM� . We take special care in three cases for which the statement of the lemma requires
additional structure, namely

15In [Buryak et al. 2024], such a section was constructed on the moduli of smooth disks, but there is no difficulty in
constructing the section on the whole moduli away from the boundary, i.e., extending the construction across singular disks with
only internal nodes.
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(a) rankE�.d/� dimPM� C 2;

(b) rankE�.d/D dimPM� C 1 and k12.�/� 2;

(c) rankE�.d/D dimPM� and k12.�/� 1.

For all other relevant graphs � , we will extend �H� to an arbitrary homotopy H� on Œ0; 1��PM� at the
end of each induction step.

We will go through the three cases consecutively, extending �H� to a homotopy H� that satisfies the
required properties given in the statement of the lemma. In doing so, we will be considering boundary
strata corresponding to ƒ 2 @0� [ @exchange� with no internal edges, and study the vanishing properties
of �H� jŒ0;1��PMƒ

. If ƒ is irrelevant, then it follows inductively from (1)(a) that �H� does not vanish
on PMƒ. We note that the property that the homotopy is nonvanishing is a stronger condition than any
other condition that we require in the statement of the lemma. Hence we will be able to restrict attention
below to the case that ƒ is relevant. In particular, Observation 3.12 applies, and we use the notation
˛, ˇ, � and � of that observation.

(a) ˛ � 2 In this case, we extend �H� to H� so that H� is nonvanishing: from (3-3) and the
pigeonhole principle, as ˛ C ˇ � 1 � 1, there must be a connected component „ of Bƒ such that
dimPM„ � rankE„.d/ � 2. By the inductive hypothesis of (1)(b) of the statement of the lemma,
H„ is nowhere vanishing, and therefore also �H� will not vanish at Œ0; 1� � PMƒ. Extend �H�

transversally to all Œ0; 1� � PM� , and call the result H� . This extension may be constructed as in
[Pandharipande et al. 2024, Lemma 3.54; Buryak et al. 2024, Lemma 4.11]. Note that, in this case, since
dim.Œ0; 1��PM�/ < rankE�.d/, the transversality assures that H� is nowhere vanishing, proving the
inductive step for the case given in (1)(b) of the statement of the lemma.

(b) ˛D1 and k12.�/�2 Again consider a relevantƒ2@0�[@exchange� . Suppose first that ˇ�1. Then
˛Cˇ�1� 1 and (3-3) shows there is a stable component „i of Bƒ with dimPM„i � rankE„i .d/�2.
Thus �H� again inductively does not vanish on PMƒ.

Next, assume ˇ D 0, so that necessarily � D 0. There are now two possible subcases:

(i) dimPM„i � rankE„.d/� 2 for some i .

(ii) dimPM„i D rankE„i .d/� 1 for all i .

In case (i), inductively as before �H� is nonvanishing on PMƒ.
In case (ii), first note that in any event ˇD0 implies that no half-node ofƒ has twist .r�2; s�2/, i.e., is

fully twisted. Indeed, if such a half-edge h exists, then the opposite half-edge �1.h/ has twD altD .0; 0/,
and hence �1.h/ is forgotten in Bƒ, i.e., ˇ � 1.

By (2-23), we have for each i ,

(3-17) k1.„i /C k2.„i /C k12.„i /� 3� dimPM„i

� rankE„i .d/� 1

� k1.„i /C k2.„i /� 1 .mod 2/:
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As k12.�/ is assumed to be at most 2, we thus see that each component of Bƒ has either zero or two fully
twisted boundary points and at most one component can have two fully twisted boundary points. Note
by Lemma 3.39 that I.„i /¤ ¿ for any i , and necessarily the I.„i / are disjoint. Thus (1)(c) applies
inductively to conclude that Hƒ is nowhere vanishing in this case also.

Thus over UC, we have that the function �H� is transverse to the zero section, so we may then extend
it as before to a global transverse homotopy. It will have a finite number of zeroes. By slightly perturbing
the homotopy, we may assume that there is no x 2 PM� with two different times t1, t2 such that (local
branches of) the homotopy vanishes at .t1; x/, .t2; x/.

We further modify the homotopy to guarantee that all zeroes occur at time tI.�/. Let �i , i D 1; 2, be
the projection of Œ0; 1��PM� onto the i -th factor. Let S be the collection of zeroes of branches where
the homotopy vanishes. Choose a diffeomorphism  W Œ0; 1��PM� ! Œ0; 1��PM� which satisfies

(i) �2 ı D �2;

(ii)  j.Œ0;1��@PM�/[UC
D id;

(iii) �1. .S//D tI.�/.

We defineH� D �H� ı �1, where we use the canonical trivialization of E�.d/jŒ0;1��x for any x 2PM� .
This proves the inductive steps for the cases given in (2)(a) and (3)(a).

(c) rankE� .d/D dimPM� and k12.�/� 1 By the analogous parity computation as in (3-17), we
have that k12.�/D1. Now letƒ2@0�[@exchange� be relevant as before. If dimPM„i � rankE„i .d/�2
for some connected component „i of Bƒ, then necessarily �H� is nonvanishing on PMƒ. So assume
now this does not occur. Then we have a further subdivision of cases, with notation as in (3-3):

(i) ˇ D 0.

(ii) ˇ � 1.

In case (i), necessarily � D 0, and (3-3) then gives dimPMƒ D rankE�.d/� .� � 1/. Without loss
of generality, we assume that k12.„1/D 1 and k12.„j /D 0 for all 2� j � �. By a parity computation
similar to (3-17) above, we have that

(3-18) dimPM„j D rankE„j .d/C k12.„j /� 1C 2pj

for some integers pj 2 Z and with the constraint that
P
j pj D 0. If any of these pj are nonzero, then

necessarily we have dimPM„i � rankE„i .d/� 2 for some i , which we assumed did not occur. Thus
we may assume that pj D 0 for all j . If � � 3, then„2, „3 satisfy dimPM„j C1D rankE„j .d/. Thus
we see inductively from statement (1)(c) of the lemma that �H� restricted to Œ0; 1��PMƒ is nowhere
vanishing, and is hence again transversal. Next, suppose � D 2. We know that H„2 on Œ0; 1��PM„2

is only zero when t D tA, where A D I.„2/. Thus when t ¤ tA, the homotopy �H� restricted to
Œ0; 1��PMƒ is nonvanishing, and is hence again transversal. On the other hand, the homotopy H„1

on Œ0; 1��PM„1 , restricted to ftAg �PM„1 , is transverse to the zero section. Thus the homotopy �H�

restricted to Œ0; 1��PMƒ is transverse to the zero section at time tA, and so is transverse at all times.
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In case (ii), ˇ D
P���
jD1 k12.„j /� 1 (bearing in mind that k12.�/D 1 and none of the partially stable

components contain a root). Note that (3-18) still holds for 1� j � ��� for some integers pj 2Z. Thus
by (3-3) we obtain

P���
jD1.k12.„j /� 1C 2pj /D�ˇ� .� � �/C 1. Simplifying, we have that

v��P
jD1

.k12.„j /C 2pj /D�ˇC 1:

Consequently, if ˇ > 1, then, by the pigeonhole principle, there must exist an integer j such that
dimPM„j � rankE„j .d/�2, again contradicting our assumption. If ˇD 1 and ��� � 2, we must have
either again dimPM„j � rankE„j .d/�2 for some j or dimPM„j D rankE„j .d/�1 for two choices
of j . Thus by (1)(b) or (c) again the restriction of �H� to Œ0; 1��PMƒ will not vanish. Finally, if ˇ D 1
and � � � D 1, we necessarily have k12.„1/D 2 and dimPM„1 D rankE„1.d/� 1, so by Item (2)(a)
of the statement of the lemma applied inductively, �H� is transverse to the zero section on Œ0; 1��PMƒ

in this case also. Thus, �H� is transverse on @.Œ0; 1��PM�/, showing item (2)(b) of the lemma.
Finally, to ensure (3)(b) of the lemma, we proceed as follows. For any

t 2 T WD ftI.�/ j I.�/� I; I.�/¤¿g

and a boundary point .t; x/ in which �H� vanishes, extend �H� to a neighborhood Ut;x of .t; x/ in
Œ0; 1��PM� in a transverse way. There is no difficulty in choosing the extension such that the restriction
of this extension to Ut;x \ .ftg � .PM� n @PM�// is transverse. Now, extend �H� to each ftg �PM�

for t 2 T so that, as a multisection of E�.d/ on ftg�PM� , it is transversal on ftg�MW
� . Again extend�H� transversally to the whole space Œ0; 1��PM� . We call the result H� .

Lastly, as stated above, for the remaining graded, connected, relevant graphs � that do not fit in the
above cases, we extend �H� to an arbitrary homotopy H� , as the claim requires no additional structure
for them.

Finally, we note that there is a family of transverse simple canonical homotopies between multisections
of tautological bundles.

Lemma 3.41 Suppose d1 > 0 and let d 0 D d � .1; 0; : : : ; 0/ be a vector of descendents. Take ƒ 2
@0� [ @exchange� to be a graph associated to a boundary strata. Let s be a family of canonical transverse
multisections for Eƒ.d 0/! PMƒ, and let .sƒ0 /ƒ, .sƒ1 /ƒ be families of transverse multisections of
L1! PMƒ. Assume that s�0 is a canonical family. Then one can find another family �� of canonical
multisections of L1 such that the family of homotopies H� between s�� s�0 and s�� s�1 ,

(3-19) H�
D s� � ..1� t /s�0 C t .1� t /�

�
C ts�1 /;

is transverse when restricted to any stratum of the space Œ0; 1��PM� with I.�/� I and rankE�.d/�
dim.Œ0; 1��PM�/.

Proof The proof here is identical to the proof of Lemma 4.11 in [Buryak et al. 2024] in the case where
E1 DE�.d

0/, E2 D L1, and AD @0� [ @exchange� . There, the claim only involved a single graph and
did not involve families, but adapting the proof for families adds no difficulty.
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3.5 Chamber indices and symmetric canonical multisections

In this subsection, we give the notation necessary to discuss the set of all possible tuples of open FJRW
invariants. In particular, we first recall Definition 2.32 that Balanced.I;d/ is defined to be the collection
of connected, rooted, graphs with internal markings I balanced with respect to d . We recall from (0-3)
that for I �� we set

Q-Bal.I /D
Y
J�I

Y
d2ZJ

�0

QBalanced.J;d/:

We may now define the crucial expression A.J;d ; �/. While it may appear intimidating, it arises naturally
from the period integrals discussed in the next section.

Notation 3.42 Let � WD .��;d / 2Q-Bal.J /. We define A.J;d ; �/ to be

jJ jX
hD1

1

hŠ

X
J1t���tJhDJ

X
fk1.i/g

h
iD1

;k1.i/Dr.Ji /.modr/
fk2.i/g

h
iD1

;k2.i/Ds.Ji /.mods/
sk1.i/Crk2.i/Dm.Ji ;d/

�
�1CPhiD1 k1.i/

r

�
�
�1CPhiD1 k2.i/

s

�
�
�1Cr.J /

r

�
�
�1Cs.J /

s

�

�

hY
iD1

��0;k1.i/;k2.i/;1;f.ai ;bi /gi2Jj ;d jJi
;

where the numbers r.J /, s.J / and m.J;d/ are as defined in Notation 2.30, the graph �0;k1.i/;k2.i/;1;Ji
is as defined in Notation 2.27, and �. � / denotes the Gamma function.

In general for an element � 2Q-Bal.I /, ��;d may depend on the individual labels of the internal legs
of � and not just their twists. However, let � W I ! I be a twist-preserving bijection, i.e., satisfying
tw ı � D tw. We define for any graph � with I.�/� I the graph �.�/ to be the same as � but with the
internal label i replaced with �.i/ for all i 2 I.�/. We define d ı � to be the analogous action on the
descendent vectors in ZI.�/

�0 . This induces a permutation transformation

�� WQ-Bal.I /!Q-Bal.I /

via ��.�/�;d D ��.�/;dı� . We then define

Q-Balsym.I /�Q-Bal.I /

to be the subset of elements fixed under �� for all twist-preserving bijections � W I ! I .
For any family of canonical multisections s bounded by I , we obtain �s 2Q-Bal.I / via

(3-20) �s
�;d D

� Y
i2I.�/

�
.ai ;bi /

di
�
k1.�/
1 �

k2.�/
2 �

k12.�/
12

�s;o

:

Definition 3.43 A family s of canonical multisections bounded by I is symmetric if, for any � W I ! I a
twist preserving bijection, and � with I.�/� I , d 2 ZI.�/

�0 , the multisections s� and s�.�/ of E�.d/
and E�.�/.d ı �/ agree under the natural isomorphism ‰� W PM� Š PM�.�/.
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Note that if s is a symmetric canonical family bounded by I , then �s 2Q-Balsym.I /.
It is elementary and useful to know that symmetric families exist:

Observation 3.44 Given any family Qs� of canonical multisections bounded by a finite set I , define
a family of multisections as follows. For � 2 Balanced.J;d/ for J � I , define the multisection s�

of E�.d/ via

s� WD
]

�2Maps.I;I /

‰�� Qs
� ;

where Maps.I; I / is the set of twist-preserving bijections. Then s is a symmetric family of canonical
multisections.

We can now define several key subsets of Q-Bal.I / and Q-Balsym.I /.

Definition 3.45 We define

�r;s.I / WD f�
s
j s is a family of canonical multisections bounded by I g;

�
sym
r;s .I / WD f�

s
j s is a symmetric family of canonical multisections bounded by I g:

Proposition 3.46 When I is finite , we have that �sym
r;s .I /D�r;s.I /\Q-Balsym.I /.

Proof The forward inclusion is trivial. For the reverse inclusion, let s be a canonical family of multi-
sections with �s 2�r;s.I /\Q-Balsym.I /. Let Qs be the symmetric family constructed in Observation 3.44.
Then it is immediate that �s D � Qs.

One of our key results (Corollary 5.14) will be a characterization of the sets �r;s.I /, �
sym
r;s .I /. They

will coincide with the set of chamber indices:

Definition 3.47 A chamber index is a point

� D .��;d / 2Q-Bal.I /;

where the following hold:

(1) ��;0 D 1 if jI.�/j D 1 and ��;0 D�1 if jI.�/j D 0 for all � 2 Balanced.� I /.

(2) For I 0 � I with jI 0j D 1, d D .d/ 2 ZI
0

�0, we have

A.I 0;d ; �/D .�1/d :

(3) For any I 0 � I with jI 0j � 2, and d 2 ZI
0

�0 with m.I 0;d/� sr.I 0/C rs.I 0/, we have

A.I 0;d ; �/D 0:
We define

‡r;s.I / WD f� 2Q-Bal.I / j � is a chamber indexg; ‡
sym
r;s .I / WD ‡r;s.I /\Q-Balsym.I /:

We call a chamber index � 2 ‡ sym
r;s .I / symmetric.
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4 The B-model
In this section, we describe the enumerative theory associated to a Landau–Ginzburg B-model, due to
Saito and Givental. We use the description given in the case of the B-model of FJRW theory by Li, Li,
Saito and Shen [Li et al. 2017] and He, Li, Shen and Webb [He et al. 2022]. We describe the B-model in
terms of oscillatory integrals, reviewing some of the details from [Gross et al. 2024], and show how to
interpret these oscillatory integrals in terms of the A.J;d ; �/ of Notation 3.42. In doing so, we will see
how the set ‡r;s.I / defined in Definition 3.47 plays the role of tuples of mirror B-model invariants. We
will then explore the wall-crossing group and show that ‡r;s.I / is a torsor for this group, hence giving a
clear structure to this set.

4.1 The state space

We consider the Landau–Ginzburg model�
X DCn; W D

nP
iD1

x
ri
i

�
:

We do not allow for a group of symmetries. We shall quickly review Saito–Givental theory in this context,
sending the reader to [Gross et al. 2024] for more details. For a much more in-depth exposition, see
[Gross 2011, Chapter 2] and references therein.

A principal object of study is the twisted de Rham complex

(4-1) .��X ; d C„
�1dW ^�/;

where �iX is the sheaf of algebraic i -forms on X and „ 2C� is an auxiliary parameter.
We then have the following calculation of the hypercohomology of the twisted de Rham complex (see

[Gross et al. 2024], Proposition 2.1):

Proposition 4.1 Consider the Landau–Ginzburg model .X;W / in (4-1). Then the hypercohomology
group Hn.X; .��X ; d C„

�1dW ^�// has dimension
Qn
iD1.ri � 1/ and is generated by the basis

M D
n nQ
iD1

x
ai
i dx j 0� ai � ri � 2

o
;

where dx D dx1 ^ � � � ^ dxn.

There is a homology group dual to the hypercohomology group Hn.X; .��X ; d C „
�1dW ^ �//.

Consider the relative homology
Hn.X;ReW=„� 0IC/:

There is a natural perfect pairing

(4-2) Hn.X;ReW=„� 0IC/�Hn.X; .��X ; d C„
�1dW ^�//!C; .„; !/ 7!

Z
„
eW=„!:

Thus there must be a dual basis forHn.X;ReW=„�0IC/ for any basis of the hypercohomology group.
In fact, in the case ofW Dxr , Li, Li, Saito and Shen [2017] define a good basis forHn.X;ReW=„�0IC/
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as a basis of cycles

f„� j 0� �� r � 2g

satisfying the condition Z
„�

x�
0

ex
r=„ dx D ı��0 for all 0� �;�0 � r � 2;

where ı denotes the Kronecker delta function. In [Gross et al. 2024], we give a concrete description
of this good basis in the case where W D xr , but only its existence is relevant here. If instead
W D

P
i x
ri
i , and „ri0 ; : : : ; „

ri
ri�2

is the good basis for xrii , then one can bootstrap from the good basis
given in [Li et al. 2017], as is done in [He et al. 2022]. Consider the basis for Hn.X;ReW=„� 0IC/,

f„� WD„
r1
�1
� � � � �„rn�n j � 2Dg;

where

D D f�D .�1; : : : ; �n/ j 0� �i � ri � 2 for 1� i � ng:

This is a good basis for W . The basis „� varies with „. There is a clear bijection between D and M
given by mapping � to x�dx where x� WD

Q
i x
�i
i for � 2D. We then have

(4-3)
Z
„�

x�
0

e.x
r1
1 C���Cx

rn
n /=„ dx D ı��0 :

The following more general integrals will be important for us; see also [Gross et al. 2024, Lemma 2.4]:

Lemma 4.2 For any cycle „ 2H1.C;Re xr=„IC/, and for all r; n 2N, k 2 Z�0, we have

(4-4)
Z
„

xnrCkex
r=„ dx D .�1/n„n

� nY
iD1

�
i � 1C

kC 1

r

��Z
„

xkex
r=„ dx

D .�1/n„n
�
�
nC kC1

r

�
�
�
kC1
r

� Z
„

xkex
r=„ dx:

Proof Integration by parts.

Now write W0D
P
i x
ri
i . Recall that the elements x� for � 2D are a basis for the Milnor ring viewed

as a vector space. We introduce coordinates y� on the universal unfolding of W0, parameterized by a
germ M of the origin in a vector space with basis fx� j � 2 Dg. The versal deformation W for W0
on M�X is then given by

W D x
r1
1 C � � �C x

rn
n C

X
�2D

y�x
�:

Given f 2CŒx1; : : : ; xn�ŒŒy���, we can consider the collection of oscillatory integralsZ
„�

eW=„f dx D

1X
jD�1

'�;j .y/„
�j ;

each of which we view as a formal power series, where '�;j .y/ 2CŒŒy���.
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The following is an oversimplification of Saito’s theory of primitive forms, but will be sufficient for
our purposes:

Definition 4.3 If '�;j � 0 for all j < 0 and '�;0 D ı�0, then we say that fdx is a primitive form.
Further, in this case, '�;1 form a set of coordinates on the universal unfolding M called flat coordinates.

For more details and explicit examples in the one-dimensional case, see [Gross et al. 2024].

Notation 4.4 We typically will use the variables t� WD '�;1 for the flat coordinates.

Remark 4.5 In recent papers proving Landau–Ginzburg mirror symmetry [Li et al. 2017; He et al. 2022],
the authors use Saito’s general framework for constructing Frobenius manifold structures on the universal
unfoldings of potentials (see [Saito 1983a; 1983b; Manin 1999, Section III.8]) to construct the B-model
W -spin Frobenius manifold. Our definition of flat coordinates coincides with the definition given in
[He et al. 2022, equation (13) in §2.2.2], with somewhat different notation. For explicit examples in the
one-dimensional case, see [Gross et al. 2024].

4.2 Period integrals in the rank-two case

In the prequel [Gross et al. 2024], we consider period integrals in the r-spin case. Here we consider
period integrals in the rank-two case. We will first consider the not-necessarily symmetric case.

Definition 4.6 Fix a finite marking set for internal points I ��, and define the ring

AI WDQŒfui;j j i 2 I; j 2 Z�0g�=hui;jui;j 0 j i 2 I; j; j
0
2 Z�0i:

Let � D .��;d / 2Q-Bal.I /. Then we define the potential with descendents associated to � to be

W �
WD

X
J�I;d2ZJ

�0

�2Balanced.J;d/

.�1/jJ j�1��;dx
k1.�/yk2.�/

Y
i2J

ui;di 2 AI ŒŒx; y��:

Given a canonical family of multisections s bounded by I , we define

W s
WDW �s

;

where �s is defined in (3-20).

Remark 4.7 For a fixed k1, k2, it follows from Proposition 2.31(b) and the definition ofm.J;d/ that there
are only a finite number of J �I and d 2ZJ

�0 such that the set f� 2Balanced.J;d/ jki .�/Dki ; iD1; 2g
is finite. Hence the coefficient of xk1yk2 is a polynomial, so the potential is indeed an element ofAI ŒŒx; y��.

Definition 4.8 Let J � I be a finite index set, d 2 ZJ
�0. Then we define

d.J;d/ WD
sr.J /C rs.J /�m.J;d/

rs
� 1:

We now have a direct calculation of the period integral, which motivates the definition of A.J;d ; �/
from Notation 3.42:
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Theorem 4.9 If W � D xr Cys mod hui;j j i 2 I; j 2 Z�0i, then for 0� a � r � 2, 0� b � s� 2,Z
„.a;b/

eW
�=„ dx D ıa;0ıb;0C

X
J�I
J¤¿

X
d2ZJ

�0

.�1/jJ j.�„/�d.J;d/�2A.J;d ; �/ır.J /;aıs.J /;b
Y
j2J

uj;dj :

We remark that this equality holds when both sides are viewed as Laurent series in the „ variable with
coefficients in AI .

Proof Let J � I and d 2ZJ
�0. Using Notation 2.30, Proposition 2.31 shows � D �0;k1;k2;1;f.aj ;bj /gj2J

is balanced with respect to d if and only if

(4-5) k1 � r.J / .mod r/; k2 � s.J / .mod s/; sk1C rk2 Dm.J;d/:

By definition of r.J /, s.J /, there exists nonnegative integers `1.J /; `2.J / 2 Z so thatX
j2J

aj D r.J /C `1.J /r;
X
j2J

bj D s.J /C `2.J /s:

We may write

(4-6)
Z
„.a;b/

eW
�=„ dx D

Z
„.a;b/

�X
h�0

.W � � xr �ys/h

hŠ„h

�
e.x

rCys/=„ dx:

Noting by assumption that

W �
� xr �ys � 0 mod hui;j i;

we may now expand the summation. We can see that if J ¤¿, then the coefficient of

uJ;d WD
Y
j2J

uj;dj

in (4-6) is

(4-7) ƒJ;d WD

Z
„.a;b/

jJ jX
hD1

1

hŠ

X
J1t���tJhDJ

X
fk1.j /g

h
jD1

;k1.j /Dr.Jj /.modr/

fk2.j /g
h
jD1

;k2.j /Ds.Jj /.mods/
sk1.j /Crk2.j /Dm.Jj ;d/�

x
P
j k1.j /y

P
j k2.j /„

�h
hY

jD1

.�1/jJj j�1��0;k1.j/;k2.j/;1;f.ai ;bi /gi2Jj
;d jJj

�
e.x

rCys/=„ dx:

Performing integration by parts using Lemma 4.2 and using (4-3), we can see that the integral is 0
unless .a; b/D .r.J /; s.J //. As the monomial in x, y occurring in the integrand is x

P
j k1.j /y

P
j k2.j /,

the integration by parts produces a power „n1Cn2 , whereX
j

k1.j /D r.J /Cn1r;
X
j

k2.j /D s.J /Cn2s:
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Putting this together with Lemma 4.2 and (4-3), the coefficient is given by

(4-8) ƒJ;d D

jJ jX
hD1

1

hŠ

X
J1t���tJhDJ

X
fk1.j /g

h
jD1

;k1.j /Dr.Jj /.modr/

fk2.j /g
h
jD1

;k2.j /Ds.Jj /.mods/
sk1.j /Crk2.j /Dm.Jj ;d/

.�1/jJ j�hCn1Cn2

�

�
�
�1CPj k1.j /

r

�
�
�1CPj k2.j /

s

�
�
�1Cr.J /

r

�
�
�1Cs.J /

s

� „
n1Cn2�h

hY
jD1

��0;k1.j/;k2.j/;1;f.ai ;bi /gi2Jj
;d jJj

�
ır.J /;aıs.J /;b:

Using (2-24)–(2-25), note that

hX
jD1

m.Jj ;d/D .h� 1/rsCm.J;d/:

From sk1.j /C rk2.j /Dm.Jj ;d/, we obtain

n1Cn2 D

P
j k1.j /� r.J /

r
C

P
j k2.j /� s.J /

s
D

�P
j sk1.j /C rk2.j /

�
� sr.J /� rs.J /

rs

D

P
j m.Jj ;d/� sr.J /� rs.J /

rs
D
.h� 1/rsCm.J;d/� sr.J /� rs.J /

rs
:

Hence

(4-9) .n1Cn2� hC 1/rs Dm.J;d/� sr.J /� rs.J /:

In particular, n1Cn2� h only depends on J , and we may rewrite (4-8) as

(4-10) ƒJ;d D .�1/
jJ j.�„/.m.J;d/�sr.J /�rs.J /�rs/=rsA.J;d ; �/ır.J /;aıs.J /;b:

This agrees with the stated result via the definition of d.J;d/. On the other hand, the contribution to the
integral from the case J D¿ follows directly the definition of a good basis to be ı.a;b/;.0;0/. This gives
the desired result.

We next consider the symmetric case.

Definition 4.10 Let I �N �� be a finite set of labels. Set

AI;sym WDQŒt˛;ˇ;d j 0� ˛ � r � 2; 0� ˇ � s� 2; d 2 Z�0�=Ideal.I /;

where Ideal.I / is the ideal generated by monomials of the formY
d

t
nd
˛;ˇ;d

such that
P
nd > j.tw jI /�1.˛; ˇ/j.

Definition 4.11 For each l � 0, let Al denote the collection of multisets of size l of the form

f.˛1; ˇ1; d1/; : : : ; .˛l ; ˇl ; dl/g
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with 0� ˛i � r �2, 0� ˇi � s�2, and di � 0. For A 2Al , denote by Aut.A/ the group of permutations
� W Œl �! Œl � such that .˛i ; ˇi ; di /D .˛�.i/; ˇ�.i/; d�.i// for all i 2 Œl �.

For A D f.˛i ; ˇi ; di /g 2 Al such that there exist distinct j1; : : : ; jl 2 I with tw.ji / D .˛i ; ˇi /, we
write, for � 2Q-Balsym.I /,

A.A; �/ WDA.J;d ; �/; d.A/ WD d.J;d/;

where J Dfj1; : : : ; jlg and dD .di /1�i�l . Note that since � is symmetric, the first quantity is independent
of the choice of ji , while the second is independent by definition.

Definition 4.12 Let � D .��;d / 2Q-Balsym.I /. We define the potential with descendents

W �;sym
D

X
k1;k2�0
l�0

X
ADf.˛i ;ˇi ;di /g2Al

.�1/l�1
��0;k1;k2;1;f.˛i ;ˇi /g;.di /

jAut.A/j

� lY
iD1

t˛i ;ˇi ;di

�
xk1yk2 2AI;symŒŒx;y��:

Given a symmetric canonical family of multisections s, we define

(4-11) W s;sym
DW �s;sym:

Again, similarly as in Remark 4.7, there are only a finite number of nonzero terms containing a fixed
monomial xk1yk2 , so that indeed W �;sym 2 AI;symŒŒx; y��.

Definition 4.13 Given a finite subset I �N we define a map

 I W AI;sym! AI ; t˛;ˇ;d 7!
X
i2I

.ai ;bi /D.˛;ˇ/

ui;d :

This also induces a map

 I W AI;symŒŒx; y��! AI ŒŒx; y��:

Lemma 4.14 The homomorphism  I is well defined and injective. Furthermore , let A 2 Al with
AD f.˛i ; ˇi ; di /g. Then

(4-12)  I

�Ql
iD1 t˛i ;ˇi ;di
jAut.A/j

�
D

X
J�I
d 02S

Y
j2J

uj;d 0
j
;

where the sum is over all subsets J � I and d 0 2 S where S � ZJ
�0 is the subset of descendent vectors

d 0 WD .d 0i / for which there exists a bijection � W J ! Œl � with .aj ; bj /D .˛�.j /; ˇ�.j // and d 0j D d�.j /.

Proof We begin with the second statement by viewing I as a clearly well-defined map QŒft˛;ˇ;d g�!AI .
We have

 I

�Ql
iD1 t˛i ;ˇi ;di
jAut.A/j

�
D jAut.A/j�1

lY
iD1

X
j2I

.aj ;bj /D.˛i ;ˇi /

uj;di D jAut.A/j�1
X
J�I

�WJ!Œl�

Y
j2J

uj;d�.j/ ;
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where we sum over all bijections � W J ! Œl � such that for all j 2 J , .aj ; bj /D .˛�.j /; ˇ�.j //; here we
use the fact that ui;jui;j 0 D 0 in AI for all i 2 I , j; j 0 2 Z>0. Given such a bijection �, we may define
d 0 2 ZJ

�0 by d 0j D d�.j /. Thus we may rewrite the above expression as

jAut.A/j�1
X
J�I

d 02ZJ
�0

�WJ!Œl�

Y
j2J

uj;d 0
j
;

where now the sum is over bijections � satisfying .aj ; bj /D .˛�.j /; ˇ�.j //, d 0j D d�.j /. Now assuming
such a bijection exists, there are precisely jAut.A/j such bijections. Thus summing over all such bijections
gives the desired formula (4-12).

To finish the proof, we just need to show ker I D Ideal.I / � QŒft˛;ˇ;d g�. If M D
Ql
iD1 t˛i ;ˇi ;di ,

then  I .M/D 0 if and only if the sum in the right-hand side of (4-12) is empty, i.e., there is no J � I
and bijection � W J ! Œl � with .aj ; bj /D .˛�.j /; ˇ�.j //. However, this is the case if and only if there is
some i 2 Œl � such that jfj 2 Œl � j .˛i ; ˇi /D . j̨ ; ǰ /gj> j.tw jI /�1.˛i ; ˇi /j. Put another way, this occurs
if I does not contain enough elements j with tw.j /D .˛i ; ˇi /. However, by definition of Ideal.I /, this
occurs if and only if M 2 Ideal.I /. In particular Ideal.I /� ker I .

We now note that given two distinct monomialsM1,M2 in the t˛i ;ˇi ;di , the sets of monomials appearing
on the right-hand side of (4-12) are disjoint. Thus if f D

P
aiMi 2AI;sym with ai 2Q, Mi monomials,

and  I .f /D 0, we must have  I .Mi /D 0 for each i . But then each Mi , hence f , lies in Ideal.I /. This
proves ker I D Ideal.I /.

The following two corollaries are then immediate consequences of the above lemma, the formulas for
W �;sym, W � , and the formula of Theorem 4.9.

Corollary 4.15 Let � D .��;d / 2Q-Balsym.I /. Then

 I .W
�;sym/DW � :

Corollary 4.16 Let � be as in Corollary 4.15. If

W �;sym
D xr Cys mod ht˛;ˇ;d j 0� ˛ � r � 2; 0� ˇ � s� 2; d 2 Z�0i;

thenZ
„.a;b/

eW
�;sym=„ dx^ dy

D ıa;0ıb;0C
X
l�1

X
ADf.˛i ;ˇi ;di /g2Al

.�1/l.�„/�d.A/�2A.A; �/ır.A/;aıs.A/;b
�Ql

jD1 t j̨ ; ǰ ;dj

jAut.A/j

�
:

We now can see immediately that a symmetric chamber index � from Definition 3.47 provides flat
coordinates for the Landau–Ginzburg model W . This will be used in proving the last paragraph of
Theorem 0.3.
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Corollary 4.17 Let � be a symmetric chamber index bounded by I . Then we haveZ
„.a;b/

eW
�;sym=„ dx^ dy D ı.a;b/;.0;0/C„

�1ta;b;0CO.„
�2/

mod ht.˛;ˇ;d/ j 0� ˛ � r � 2; 0� ˇ � s� 2; d > 0i:

In particular , dx^ dy is a primitive form and the ta;b;0 are flat coordinates.

Proof By Condition (1) of Definition 3.47, the hypothesis on W �;sym of Corollary 4.16 holds, and hence
we may use the formula for the integral given there. Further, by Condition (3) of Definition 3.47, there
is no contribution of the form .�„/�d.A/�2A.A; �/ with d.A/ < 0 and jAj � 2. On the other hand,
if AD f.a; b; 0/g, then it follows from Condition (1) of Definition 3.47 and the formula for A.A; �/ that
the coefficient of „�1 is the stated one.

Example 4.18 Let W D x4 C y5. Working modulo any cubic term in the t.˛;ˇ;0/ variables and any
t.˛;ˇ;d/ with d > 0, we can write a deformation W �;sym. To compress notation, we write tij WD t.i;j;0/.
From the constraints given in Definition 3.47, we can see that

W �;sym
D x4Cy5C t23x

2y3C t22x
2y2C t21x

2yC t20x
2
C t13xy

3
C t12xy

2
C t11xyC t10x

C t03y
3
C t02y

2
C t01yC t00C cxt22t23x

4
C cy t22t23y

5
C dxt

2
23x

4yC dy t
2
23y

6

C
1
4
t23t21y

4
C
1
4
t23t20y

3
C
2
5
t23t13x

3yC 1
5
t23t12x

3
C
2
5
t23t03x

2yC 1
5
t23t02x

2

C
1
8
t222y

4
C
1
4
t22t21y

3
C
1
4
t22t20y

2
C
1
5
t22t13x

3
C
1
5
t22t03x

2
C
1
8
t221y

2
C
1
4
t21t20y

C
1
8
t220C

1
5
t213x

2yC 1
5
t13t12x

2
C
2
5
t13t03xyC

1
5
t13t02xC

1
5
t12t03xC

2
5
t203yC

1
5
t03t02;

subject to the constraints

(4-13) 1
4
cxC

1
5
cy D

1
20

and 1
4
dxC

2
5
dy D

1
20

with cx; cy ; dx; dy 2Q:

Note that any choice of Q-solutions to (4-13) will give a chamber index.
Comparing with [Li et al. 2017, Appendix A, Type W12], the authors start with a versal deformation,

and then find a primitive form that in our notation is of the form

� D dx^ dy
�
1� 1

20
t22t23�

1
20
t223yC � � �

�
:

One can apply Equation (4-4) and the constraint (4-13) to see thatZ
„.a;b/

eW
�;sym=„ dx^ dy

D

Z
„.a;b/

e.W
�;sym�.cxt22t23x

4Ccy t22t23y
5Cdxt

2
23x

4yCdy t
2
23y

6//=„
�
1� 1

20
t22t23�

1
20
t323yC � � �

�
dx^ dy

since

e.cxt22t23x
4Ccy t22t23y

5Cdxt
2
23x

4yCdy t
2
23y

6/=„dx^ dy D
�
1� 1

20
t22t23�

1
20
t323yC � � �

�
dx^ dy
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in the hypercohomology Hn.X; .��X ; d C„
�1dW ^�//. We note that the potential

W �;sym
� .cxt22t23x

4
C cy t22t23y

5
C dxt

2
23x

4yC dy t
2
23y

6/

would be equal to the flat deformation (up to order 2) found by the approach in [Li et al. 2017] once
viewed in Hn.X; .��X ; d C„

�1dW ^�//. Essentially, our choice of deformation of W has yielded a
less complicated primitive form.

4.3 The Landau–Ginzburg wall-crossing group

To motivate the discussion of this subsection, let us consider a rank-n Fermat potential W D
Pn
iD1 x

ri
i ,

and let A be some coefficient ring parameterizing a perturbation of W . Fix a maximal ideal m�A and let
W 0 2AŒŒx1; : : : ; xn�� be such thatW �W 0 modm. We are interested in changes toW 0 which do not affect
the oscillatory integrals

R
eW
0=„ dx1^� � �^dxn. Indeed, take an automorphism  2AutA.AŒŒx1; : : : ; xn��/

which is the identity modulo the ideal m and satisfies the relation

 �.dx1 ^ � � � ^ dxn/D dx1 ^ � � � ^ dxn:

Then

(4-14)
Z
„

eW
0=„ dx1 ^ � � � ^ dxn D

Z
„

 �.eW
0=„ dx1 ^ � � � ^ dxn/D

Z
„

e .W
0/=„ dx1 ^ � � � ^ dxn:

Note that we have not changed the cycle of integration „ and in fact should use  �1.„/ in the second
and third integrals, but because  is just an infinitesimal extension of the identity, this has no effect on
the integral. Thus we may change W 0 by applying  without changing the integrals.

We now study the Lie algebra of the group of such  . Some care is necessary to handle the completion,
so let

Rk WD AŒx1; : : : ; xn�=.x1; : : : ; xn/
kC1;

so that AŒŒx1; : : : ; xn�� is the inverse limit of the Rk .
Consider the module ‚k of derivations of Rk over A:

‚k WD

nM
iD1

Rk@xi :

This module comes equipped with the usual Lie bracket, i.e.,

(4-15)
��Y

i

x
ni
i

�
@xj ;

�Y
i

x
n0
i

i

�
@xk

�
D

�
n0j

nY
iD1

x
niCn

0
i
�ıij

i

�
@xk �

�
nk

nY
iD1

x
niCn

0
i
�ıik

i

�
@xj :

We next define a linear subspace of ‚k ,

(4-16) gA;k WD
M

.a1;:::;an/

gA;.a1;:::;an/

WD

M
.a1;:::;an/2Zn

�0nf0gP
ai�k

nX
iD1

m �
�
x
a1
1 � � � x

an
n ..ai C 1/x1@x1 � .a1C 1/xi@xi /

�
:
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To show gA;k is closed under Lie bracket, one tediously calculates

(4-17)
�� nY

iD1

x
ai
i

�
..aj C 1/x1@x1 � .a1C 1/xj @xj /;

� nY
iD1

x
bi
i

�
..b`C 1/x1@x1 � .b1C 1/x`@x`/

�

D

� nY
iD1

x
aiCbi
i

�
..ajCbjC1/˛C.a`Cb`C1/ˇ/x1@x1�.a1Cb1C1/.˛xj @xj Cˇx`@x`/;

with

˛ D
�.b`C 1/.a1C 1/a1C .b1C 1/.a1C 1/a`

a1C b1C 1
; ˇ D

.aj C 1/.b1C 1/b1� .a1C 1/.b1C 1/bj

a1C b1C 1
:

Further, if v 2 gA;k , then the Lie derivative Lv.dx1^ � � �^dxn/D 0. In detail, since dx1^ � � �^dxn is a
closed form, we have

Lv.dx1 ^ � � � ^ dxn/D d.�.v/.dx1 ^ � � � ^ dxn//:

Taking v D xa11 � � � x
an
n ..ai C 1/x1@x1 � .a1C 1/xi@xi /, we see this latter quantity is

d
�
x
a1
1 � � � x

an
n ..ai C 1/x1dx2 ^ � � � ^ dxn� .�1/

i�1.a1C 1/xidx1 ^ � � � ^bdxi ^ � � � ^ dxn/
�

D x
a1
1 � � � x

an
n ..a1C 1/.ai C 1/� .ai C 1/.a1C 1//dx1 ^ � � � ^ dxn

D 0:

Thus vector fields in gA;k indeed preserve dx1 ^ � � � ^ dxn.
We note that this is not the algebra of all vector fields preserving dx1 ^ � � � ^ dxn. Indeed, vector

fields of the form f .x1; : : : ; bxi ; : : : ; xn/@xi also preserve dx1 ^ � � � ^ dxn. But such a vector field will
not play a role in our theory. This is a nontrivial point, which in the rank-two case is in fact enforced by
Condition (3)(a) of the definition of strongly positive, Definition 3.18.

Definition 4.19 As gA;k is a nilpotent Lie algebra, we may define a group GA;k WD exp.gA;k/. This is a
group whose underlying set is gA;k but where multiplication is given by the Baker–Campbell–Hausdorff
formula. We may then define GA as the pro-nilpotent Lie group given as the inverse limit of the GA;k ,
identified as a set with gA, the inverse limit of the gA;k . We call GA the Landau–Ginzburg wall-crossing
group of rank n (over A).

We note that GA acts by automorphisms of AŒŒx1; : : : ; xn�� which preserve dx1 ^ � � � ^ dxn via the
exponential: i.e., if v 2 gA, then exp.v/ acts on elements of AŒŒx1; : : : ; xn�� by

(4-18) f 7!

1X
nD0

vn.f /

nŠ
;

where vn denotes differentiating with respect to the vector field n times.

Remark 4.20 A similar group of automorphisms of AŒx˙11 ; : : : ; x˙1n � preserving d log x1^� � �^d log xn
or a symplectic holomorphic form has been studied extensively in the literature and applied in many
different settings, with initial study in the two-dimensional case by Kontsevich and Soibelman [2006] and
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in higher dimension by Gross and Siebert [2011]. The particular use here follows closely the application
of the wall-crossing group by Gross [2010].

Restricting now to the two-dimensional case, we may write

(4-19) gA;k D
M

.a;b/2Z2
�0nf.0;0/g

aCb�k

m �
�
xayb..bC 1/x@x � .aC 1/y@y/

�
D

M
.a;b/2Z2

�0nf.0;0/g

aCb�k

gA;.a;b/:

The action of GA on AŒŒx; y�� can be described explicitly through the following computation:

Lemma 4.21 For .a; b/ 2 Z2
�0 n f.0; 0/g, consider

v D gxayb..bC 1/x@x � .aC 1/y@y/ 2 gA;.a;b/;

with g 2m� A.

(1) If a¤ b, then exp.v/ acts on AŒŒx; y�� via

(4-20) x 7! x.1C .b� a/gxayb/.bC1/=.b�a/; y 7! y.1C .b� a/gxayb/.aC1/=.a�b/:

(2) If aD b, then exp.v/ acts on AŒŒx; y�� via

(4-21) x 7! x exp..aC 1/gxayb/; y 7! y exp.�.aC 1/gxayb/:

Proof The calculation of (2) is straightforward, using the fact that v vanishes on .xy/n for any n. For (1),
given the description (4-18) for the action of exp.v/, we can rewrite the automorphism  D exp.v/ on
the elements x; y 2 AŒŒx; y�� as

 .x/D x

�
1C

1X
nD1

fx;n.x
ayb/n

�
D xfx;  .y/D y

�
1C

1X
nD1

fy;n.x
ayb/n

�
D yfy

for some elements fx;n; fy;n 2 A defining fx; fy 2 AŒŒxayb�� with fx; fy � 1 modm. Further, since
v.xaC1ybC1/D 0, we have  .xaC1ybC1/D xaC1ybC1, so f aC1x D f

�.bC1/
y . Thus by taking roots as

formal power series, there is a unique function f 2AŒŒq�� so that fxDf .xayb/bC1, fyDf .xayb/�.aC1/

and f � 1 mod q. Now recall that  �.dx^ dy/ D dx^ dy. Writing f 0 for the derivative of f with
respect to q, and substituting q D xayb , we can compute that

dx^ dy D  �.dx^ dy/D .f b�aC .a� b/xaybf 0f b�a�1/dx^ dy:

Thus, with q D xayb , we require that

f b�aC .a� b/qf 0f b�a�1 D 1:

If aD b, we obtain no restriction on f , and hence the explicit calculation is necessary. However, if a¤ b,
then any solution to this differential equation is of the form f .q/D .1CCq/1=.b�a/ for C a constant,
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which we may view as an element of A. This now gives the form (4-20) up to determining the constant C .
However, we may expand  .x/ as a Taylor series in C to first order to obtain

 .x/D x

�
1C

.bC 1/C

b� a
xaybC � � �

�
:

Noting that

 .x/D xC v.x/C � � � D xC .bC 1/gxaC1ybC � � � ;

we see we must have C D .b� a/g, as desired.

We now fix a Landau–Ginzburg model W D xr C ys . We will fix a finite I �� and take AD AI
or AD AI;sym. In both cases, we take m to be the ideal generated by the variables (the ui;d or t˛;ˇ;d in
the two cases). We thus obtain the groups GAI or GAI;sym .

Remark 4.22 The morphism  I W AI;sym ! AI induces a homomorphism of nilpotent Lie algebras
z I W gAI;sym;k ! gAI ;k and a homomorphism of groups z I W GAI;sym ! GAI which is compatible
with the action of these two groups on AI;symŒŒx; y�� and AI ŒŒx; y��, respectively, i.e., for g 2 GAI;sym ,
W 2 AI;symŒŒx; y��, we have

(4-22)  I .g.W //D z I .g/. I .W //:

The choice of W determines natural subgroups as follows. We want to emphasize that these subgroups
consist of direct summands that are parameterized by critical graphs.

Definition 4.23 Fix I �� a finite set of markings.

(1) For J � I , d 2 ZJ
�0, we define

uJ;d WD
Y
j2J

uj;dj :

Define for k1; k2 � 0, .k1; k2/¤ .0; 0/,

(4-23) gr;s
AI ;.k1;k2/

WD

M
¿¤J�I

d2ZJ
�0

k1Dr.J / mod r
k2Ds.J / mod s

sk1Crk2Dm.J;d/�rs

uJ;dx
k1yk2..k2C 1/x@x � .k1C 1/y@y/Q� g.k1;k2/:

Set

gr;s
AI ;k
D

M
k1;k2�0

0<k1Ck2�k

gr;s
.k1;k2/

:

(2) Define

gr;s
AI;sym;.k1;k2/

WD z �1I .gr;s
AI ;.k1;k2/

/ and gr;s
AI;sym;k

WD z �1I .gr;s
AI ;k

/:
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Remark 4.24 The introduction gave different descriptions of the groups GAI;sym and Gr;sAI;sym
. It is not

difficult to see that the explicit constructions of these groups here agree with the characterizations given
in Section 0.4. Indeed, for GAI;sym , automorphisms which are the identity modulo m� AI;sym are given
as exponentials of derivations which are zero modulo m. A computation of the Lie bracket Lv.dx^ dy/
shows that any derivation preserving dx^ dy must be a linear combination of derivations of the form
xayb..b C 1/x@x � .a C 1/y@y/ with a; b � �1, .a; b/ ¤ .�1;�1/. However the requirement that
the derivation take xy into the ideal generated by xy forces a; b � 0. Thus these three conditions
yield the group GAI;sym . The additional restrictions for gr;s

AI;sym;k
arise as follows. The condition that

ŒE; � � acts by multiplication by rs, where E is the Euler field of (0-6), imposes the condition that
sk1Csk2Dm.J;d/�rs. Finally invariance under the action x 7! �rx, y 7! �sy, ta;b;d 7! ��ar ��bs ta;b;d

imposes the condition k1 D r.J / mod r , k2 D s.J / mod r .
We omit the details as we will not need the description given in the introduction.

Proposition 4.25 The subalgebra gr;s
A;k

is closed under Lie bracket in either case AD AI or AI;sym.

Proof It is sufficient to check this in the case where A D AI . Using (4-17), we have, for J; J 0 � I
disjoint, k1, k2, d , d 0 satisfying the conditions in (4-23),

ŒuJ;dx
k1yk2..k2C 1/x@x � .k1C 1/y@y/; uJ 0;d 0x

k01yk
0
2..k02C 1/x@x � .k

0
1C 1/y@y/�

D uJ;duJ 0;d 0x
k1Ck

0
1xk2Ck

0
2C..k2C k

0
2C 1/x1@x1 � .k1C k

0
1C 1/x2@x2/

for some C 2Q. If d 00 2ZJ[J
0

�0 denotes the descendent vector agreeing with d on J and d 0 on J 0, then we
just need to check (1) k1Ck01D r.J [J

0/ mod r , k2Ck02D s.J [J
0/ mod s, which is automatic, and (2)

s.k1Ck
0
1/C r.k2Ck

0
2/Dm.J [J

0;d 00/� rs. But this follows immediately from the definition of m.

Definition 4.26 We write Gr;sA �GA for the subgroups obtained from the system of Lie algebras gr;s
A;k

for
AD AI or AI;sym.

The key observation is then:

Theorem 4.27 Let I �� be finite. There is a well-defined action of the group Gr;sAI on the set of chamber
indices ‡r;s.I / (see Definition 3.47) given by

g.W �/DW g.�/:

This action is faithful and transitive. Similarly, there is a well-defined action of the group Gr;sAI;sym

on ‡ sym
r;s .I / defined via the same formula. This action is faithful and transitive.

Proof Step 1 (existence of the action) We first consider the nonsymmetric case. There is an injection
from ‡r;s.I / into AI ŒŒx; y�� given by � 7!W � . Given g 2Gr;sAI , we thus obtain g.W �/ 2 AI ŒŒx; y��. To
obtain the desired action, we need to show that there exists a chamber index �0 such that W �0 D g.W �/.

Since elements of the form exp.v/ for v 2 gr;s
AI ;.k1;k2/

generate the group Gr;sAI , it is enough to check
this statement for

(4-24) g D exp
�
CuJ;dx

k1yk2..k2C 1/x@x � .k1C 1/y@y/
�
; C 2Q;
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the exponential of a generator of gr;s
AI ;.k1;k2/

. Since g corresponds to a generator of gr;s
AI ;.k1;k2/

, we have

(4-25) k1 D r.J / .mod r/; k2 D s.J / .mod s/; sk1C rk2 Dm.J;d/� rs:

So let C 0uJ 0;d 0xk
0
1yk

0
2 be a term in W � . By the definition of chamber index, this term is nonzero only if

�0;k01;k
0
2;1;J

0 is balanced with respect to d 0, i.e.,

(4-26) k01 D r.J
0/ .mod r/; k02 D s.J

0/ .mod s/; sk01C rk
0
2 Dm.J

0;d 0/:

Applying g to this term produces no new terms if J \J 0 ¤¿, as then uJ;duJ 0;d 0 D 0. Otherwise, we
see that, by applying (4-18) and noting u2

J;d
D 0, we obtain a new term of the form

C 00uJ[J 0;d 00x
k1Ck

0
1yk2Ck

0
2

for some C 00 2Q. Now

k1C k
0
1 D r.J /C r.J

0/D r.J [J 0/ .mod r/; k2C k
0
2 D s.J /C s.J

0/D s.J [J 0/ .mod s/:

Furthermore, using (4-25) and (4-26)

m.J [J 0;d 00/Dm.J;d/Cm.J 0;d 0/�rsD sk1Crk2CrsCsk
0
1Crk

0
2�rsD s.k1Ck

0
1/Cr.k2Ck

0
2/;

showing that �0;k1Ck01;k2Ck02;1;J[J 0 is balanced with respect to d 00. This shows that g.W �/ arises from
an element g.�/D .g.�/�;d / 2Q-Bal.I /.

We now only need to show that g.�/ satisfies the conditions of Definition 3.47, still with g as given
in (4-24). First we show Condition (1) of the definition. Suppose that d D 0. Then necessarily jJ j � 2.
Indeed, using Notation 2.40, there are `1C `2� jJ jC 1 choices of k1; k2 � 0 satisfying the conditions
in (4-25). However, if J D fj g, then r.J / D aj , s.J / D bj , and thus `1 D `2 D 0 and there are no
such k1, k2. Thus in this case, g is the identity modulo m2, and we have g.�/�;0D ��;0 when jI.�/j D 0
or 1, as desired.

For Conditions (2) and (3) of Definition 3.47, consider the two potentials W � and W g.�/. For any
I 0 � I and d 0 2 ZI

0

�0, it follows from (4-14) thatZ
„r.I 0/;s.I 0/

eW
�=„ dx^ dy D

Z
„r.I 0/;s.I 0/

eW
g.�/=„ dx^ dy;

which implies by Theorem 4.9 that A.I 0;d 0; �/ D A.I 0;d 0; g.�//, and hence the required value of
A.I 0;d 0; g.�// follows from the same requirement for A.I 0;d 0; �/.

For the symmetric case, we note that if g 2 Gr;sAI;sym
, then z I .g/ acts on � 2 Q-Balsym.I / as above

giving z I .g/.�/ 2Q-Bal.I /. However, since z I .g/. I .W �//D  I .g.W
�// by (4-22), we see in fact

that z I .g/.�/ 2 Q-Balsym.I /. As we have already seen above this action takes chamber indices to
chamber indices, we get the desired action on ‡ sym

r;s .I /.

Step 2 (faithfulness of the action) Take ADAI or AI;sym, and suppose that � 2‡r;s.I / or ‡ sym
r;s .I / in

the two cases. Suppose g D exp.v/ 2Gr;sA satisfies g.�/D �. Let k � 2 be the smallest integer such that
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v � 0 modmk but v ¥ 0 modmkC1. Then working modulo mkC1, we have

g.W �/DW �
C v.W �/DW �

C v.xr Cys/:

Thus it suffices to check that v.xr Cys/D 0 implies v D 0, still modulo mkC1.
Now v is a linear combination of vector fields of the form given in (4-23). Let k1 be minimal so that

v has a nonzero summand in gr;s
A;.k1;k2/

for some k2, and let k2 be minimal among such choices of k2
fixing k1. In other words, we consider the minimal pair .k1; k2/ occurring in v modmkC1 with respect
to the lexicographic ordering. Thus we may write the gr;s

A;.k1;k2/
summand of v as

v0 D Cxk1yk2..k2C 1/x@x � .k1C 1/y@y/

for some C 2mk nmkC1. Now

v0.xr Cys/D C.r.k2C 1/x
k1Cryk2 � s.k1C 1/x

k1yk2Cs/:

Note that neither of the two terms in this expression is zero. On the other hand, because of the minimality
of the pair .k1; k2/, this expression does not cancel with any other terms appearing in v.xr C ys/. This
shows C D 0, and hence v D 0 modmkC1, contradicting the definition of k. Hence v D 0.

Step 3 (transitivity of the action) We will consider the case AD AI , the symmetric case being similar.
Let �, �0 2 ‡r;s.I /. We proceed inductively, showing that for any positive integer k, there exists an
element g 2Gr;sAI such that g.�/�;d D �0�;d for any � 2Balanced.J;d/ with sk1.�/Crk2.�/ < k. Note
that the base case of k D 0 is automatic, as we may take g to be the identity. Define an ideal

Ik WD hxk1yk2 2 AI ŒŒx; y�� j sk1C rk2 � ki:

Now assume we have found a g which works for a given k. By replacing � with g.�/, we may assume
that W � DW �0 mod Ik . Now consider J � I;d 2ZJ

�0 such that there exists a � 2 Balanced.J;d/ with
sk1.�/C rk2.�/D k. Consider the coefficient of uJ;d in W �0 �W � , namely

.�1/jJ j�1
X

�D�0;k1;k2;1;J2Balanced.J;d/

.�0�;d � ��;d /x
k1yk2 :

Recall from Notation 2.40 that we have a complete classification of graphs �J;p 2 Balanced.J;d/
where �J;p is the unique balanced graph with k1.�J;p/D r.J /Cpr and k2.�J;p/D s.J /C .N �p/s,
and I.�J;p/ D J for p D 0; : : : ; N D

P
i2J ai�r.J /

r
C

P
i2J bi�s.J /

s
� jJ j C 1C

P
j2J dj . Note that

sk1.�J;p/C rk2.�J;p/ is independent of p, and hence is always k.
In particular, we may write the uJ;d coefficient of W �0 �W � as

.�1/jJ j�1
NX
pD0

.�0�J;p;d � ��J;p;d /x
r.J /Cprys.J /C.N�p/s:
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Let p0 � 0 be the smallest p such that �0
�J;p;d

¤ ��J;p;d . Now consider

v D .�1/jJ juJ;d

�0
�J;p0 ;d

� ��J;p0 ;d

s.r.J /Cp0r C 1/
xr.J /Cp

0rys.J /C.N�p
0�1/s

�
�
.s.J /C .N �p0� 1/sC 1/x@x � .r.J /Cp

0r C 1/y@y
�
:

One checks easily that this lies in gr;sAI and corresponds to the critical graph ƒJ;p0C1 in Notation 2.40.
Modulo IkC1, exp.v/.W �/ differs from W � only in the coefficients of uJ;dxr.J /Cp

0rys.J /C.N�p
0/s

and uJ;dxr.J /C.p
0C1/rys.J /C.n�p

0�1/s , and further the coefficient of uJ;dxr.J /Cp
0rys.J /C.N�p

0/s

in exp.v/.W �/ agrees with the coefficient of the same monomial in W �0 . Thus by replacing W �

with exp.v/.W �/ and repeating this process inductively on p0, we may assume that the coefficient of uJ;d
in W �0 �W � is

.�1/k.�0�J;N ;d � ��J;N ;d /x
r.J /CNrys.J /;

i.e., there is at most one � with I.�/ D J with ��;d ¤ �0�;d . Further, inductively we have assumed
�� 0;d 0 D �

0
� 0;d 0

whenever I.� 0/¨ J . Since � is balanced for d , we have

m.J;d/D sk1.�/C rk2.�/D sr.J /C rs.J /C rsN � sr.J /C rs.J /;

so if jJ j�2, the inequality of Condition (3) of Definition 3.47 holds and A.J;d ; �/DA.J;d ; �0/D0. On
the other hand, if jJ j D 1, Condition (2) similarly implies that A.J;d ; �/DA.J;d ; �0/. Looking at the
form of these expressions, one notes they agree except for the contribution from the terms ��;d and �0

�;d
,

and that implies equality of these two terms.
Repeating this for all J , d such that there exists a � 2 Balanced.J;d/ with sk1.�/C rk2.�/ D k

then gives the induction step. Note there are a finite number of J � I and graphs � with I.�/ D J
with sk1.�/C rk2.�/ � k and balanced with respect to some descendent vector d . Thus by working
modulo IkC1 the automorphism we build only involves composing a finite number of automorphisms.

We end this section with a result that will be of use in Section 5.3 and clarifies the computational result
from Corollary 4.16.

Corollary 4.28 Let I be a finite set of �. Take � and �0 to be two chamber indices bounded by I . Then ,

A.J;d ; �/DA.J;d ; �0/
for all J � I and d 2 ZJ

�0.

Proof By Theorem 4.27, there exists an element g 2Gr;sAI so that g � � D �0. Next, note that, by (4-14),
since � and �0 are in the same orbit of the wall-crossing group action we have thatZ

„

eW
�=„ dx^ dy D

Z
„

eW
�0=„ dx^ dy:

The result then follows from comparing coefficients in the result from Corollary 4.16.
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5 Invariance, open topological recursion relations, mirror symmetry, and
wall-crossing

5.1 Invariance

Unlike the open r-spin invariants defined in [Buryak et al. 2022a; 2024], the open W -spin invariants for
W D xr Cys defined here do depend on the choice of the canonical multisection. However, some simple
invariants are independent of these choices:

Theorem 5.1 We have
h�r1�12i

s;o
D h�s2�12i

s;o
D�1:

For 0�m1 � r � 1, 0�m2 � s� 1, we have

h�
.m1;m2/
0 �

m1
1 �

m2
2 �12i

s;o
D 1:

In particular these numbers are independent of the choice of s and W �;sym satisfies (0-5).

Remark 5.2 This justifies item (1) in the definition of chamber index; see Definition 3.47.

Proof of Theorem 5.1. Let s0, s1 be two canonical multisections for E! PM� , for a smooth rooted
graded (possibly disconnected) � that is balanced with respect to a descendent vector d . By Lemma 3.40(2)
we can find a canonical transverse homotopyH 2C1m .Œ0; 1��PM� ; �

�E/withH.�;�/Ds� for �D0; 1,
and, by Lemma 2.22,

(5-1)
� Y
i2I.�/

�
.ai ;bi /

di
�k.�/

�s�1 ;o

�

� Y
i2I.�/

�
.ai ;bi /

di
�k.�/

�s�0 ;o

D #Z.H j.Œ0;1��@0PM�/[.Œ0;1��@ExchangePM�/
/:

Recall that we showed in Example 3.4 that if � 2 f�0;m1;m2;1;f.m1;m2/g; �0;r;0;1;¿; �0;0;s;1;¿g, then
@0� D¿. Here, the set @ExchangePM� need not be empty; however, by Lemma 5.3 below, we have that
#Z.H jŒ0;1��@ExchangePM�

/D 0. Thus, the quantity in (5-1) vanishes and we conclude that the intersection
number is independent of the choice of the canonical multisection.

When � D �0;m1;m2;1;f.m1;m2/g, let �i D forspin¤i .�/. Note that �1 is the graded r-spin graph with
a single internal tail with twist m1 and m1C 1 boundary tails, and �2 is the similarly defined graded
s-spin graph. We may then take sD For�spin¤1�1˚For�spin¤2�2, where �i is a transverse global canonical
multisection of the Witten bundle over PM�i . By transversality we may assume that it vanishes only
in MW

�i
. Using [Buryak et al. 2024, Appendix A], and specifically Notation A.4 there, we can write

Z.�i /D
X

pi
j
2Z.�i /

"ijp
i
j ;

where "ij is the weight of pij in the zero locus of �i . Hence,

#Z.s/D
X

p1
j1
2Z.�1/

X
p2
j2
2Z.�2/

"1j1"
2
j2

#.��11 .p1j1/\�
�1
2 .p2j2//:
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For smooth moduli points pi 2MW
�i

, i D 1; 2, ��11 .p1/\��12 .p2/ is a singleton set, the unique point
of MW

� whose projection to each MW
�i

is pi .16 Hence

#Z.s/D
X

p1
j1
2Z.�1/

X
p2
j2
2Z.�2/

"1j1"
2
j2
D
h�
m1
0 �m1C1i1=r;o

m1Š

h�
m2
0 �m2C1i1=s;o

m2Š
:

We note that the division by m1Š m2Š is because of our convention that we do not mark the boundary
points, unlike [Buryak et al. 2022a; 2024]. By [Buryak et al. 2024, Theorem 1.2],

#Z.s/D 1:

When � D �0;r;0;1;¿, the s-Witten bundle is rank 0. Hence, the multisection s is a pull back of a
canonical multisection of W! PM�1 , where �1 D forspin¤1.�/ is the smooth graded r-spin graph with
no internal tails and r C 1 boundary tails. Consequently,

h�r1�12i
s;o
D
h�rC1i1=r;o

rŠ
D�1;

where the last equality used [Buryak et al. 2024, Theorem 1.2]. The same argument shows h�s2�12i
s;oD�1.

The reason open W -spin invariants depend on the choice of canonical section is that homotopies
between these canonical sections may have zeroes on boundary strata. However, we can now check that
this does not occur at exchangeable strata.

Lemma 5.3 Let � D �0;k1;k2;k12;f.ai ;bi /gi2I be a smooth , connected , graded W -spin graph which is
balanced with respect to d . Let s0, s1 be two canonical multisections for E�.d/! PM� . Take H to be
a canonical homotopy with H.�;�/D s� for � 2 f0; 1g that is a part of a family of canonical homotopies
as built in Lemma 3.40. Then

#Z.H jŒ0;1��@exchangePM�
/D 0:

Proof Suppose „ 2 @exchange� and dimPM„ � dimPM� � 2. Then by the pigeonhole principle
and (3-3), there either exists a connected component ƒ 2 Conn.B„/ so that dimMW

ƒ � rankEƒ.d/�2,
or two connected components ƒ1; ƒ2 2 Conn.B„/ so that dimMW

ƒi
D rankEƒi .d/� 1 for i D 1; 2.

In either case, the canonical homotopyH will not vanish on the strata Œ0; 1��PMB„ by Lemma 3.40(1)(b)
or (c). In turn, by the canonicity of H , it will also not vanish on PM„. Thus, in order for H to vanish,
we must have that PM„ has codimension one. Thus, we can write

#Z.H jŒ0;1��@ExchangePM�
/D

X
„2@exchange�

dimPM„DdimPM��1

#Z.H jŒ0;1��PM„
/:

16As both projections share a common internal and boundary marking given by the unique internal marking and the root, we
may represent each point p1 and p2 as the unit disk model with the internal marking at 0 and root marking at 1. This kills off all
automorphisms given by the action of PSL.2;R/. Thus, knowing the points pi 2 PM�i , i D 1; 2 is sufficient to identify the
point p 2 PM� with �i .p/D pi , i D 1; 2.
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Recall that � contains all cyclic orderings of the vertex, and that the graphs „ 2 @exchange� of
codimension one have two open vertices: a rooted vertex and an exchangeable vertex v. This exchangeable
vertex has one half-edge h and two boundary tails t1 and t2. Note that v has two possible cyclic orderings
on its half-edges, namely �1 WD .h! t1 ! t2/ and �2 WD .h! t2 ! t1/, which correspond to two
collections of connected components of PM„.

We now make two new W -spin graphs „1 and „2 that are the same as „, but the only cyclic ordering
on v for „i is �i . The moduli PM„1 and PM„2 are related by the (involutive) map Exchangev . Since
H is a canonical homotopy, we have by Observation 3.9 that

j#Z.HŒ0;1��PM„1
�/j D j#Z.HŒ0;1��PMExchangev.„1/

/j D j#Z.ŒHŒ0;1��PM„2
/j;

while Proposition 2.56 shows that their orientations as boundary strata in PM� are opposite. Thus, for
any „ 2 @exchange� of codimension one, we have that

#Z.H jŒ0;1��PM„
/D #Z.H jŒ0;1��PM„1

/C #Z.H jŒ0;1��PM„2
/D 0:

The main theorem of this subsection is:

Theorem 5.4 A.I;d ; �s/ is independent of the choice of family of canonical multisections s.

We will now assemble some of the key notation for keeping track of terms in A.I;d ; �s/ and critical
boundary graphs which play a role in changes of the individual open invariants appearing in A.I;d ; �s/.
(See Definition 2.33 for critical boundary graphs.) This notation will be used both in the proof of the
above theorem and in the proof of the open topological recursion formula of the next subsection.

Notation 5.5 Let I be a set of internal markings with jI j D l . For h� l , write Ph.I;d/ for the collection
of sets of the form

f.I1; k1.1/; k2.1//; : : : ; .Ih; k1.h/; k2.h//g;

where I1; : : : ; Ih is an ordered partition of I into h nonempty pieces, k1.i/; k2.i/� 0 for all i and

(5-2) k1.i/D r.Ii / .mod r/; k2.i/D s.Ii / .mod s/; sk1.i/C rk2.i/Dm.Ii ;d/:

Write P.I;d/D
S
h2Œl� Ph.I;d/. For P D f.I1; k1.1/; k2.1//; : : : ; .Ih; k1.h/; k2.h//g 2 Ph.I;d/, let

�P be the disjoint union of graded rooted graphs

(5-3) �P WD

hG
jD1

�P;j WD

hG
jD1

�0;k1.j /;k2.j /;1;f.ai ;bi /gi2Ij
:

The graphs �P for P 2 P.I;d/ are precisely the smooth graphs which correspond to the product of
open invariants in Notation 3.42 for a given summand. With notation as in the first paragraph of the
proof of Theorem 5.1, note that E DE�P .d/ naturally decomposes as E D�ƒ2Conn.�P /

Eƒ.d/. The
requirement (5-2) then guarantees that for each ƒ 2 Conn.�P /, rankEƒ.d/ D dimPMƒ, i.e., ƒ is
balanced; see Proposition 2.31.
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Figure 13: An illustration of a stable disk corresponding to the j -th component of the critical
boundary graph �P;j;�;I0;k1.0/;k2.0/;R0;S0 .

Notation 5.6 We now consider notation for accounting for critical boundaries of graphs �P . Let
P 2 Ph.I;d/ and take .j; �; I0; k1.0/; k2.0/; R0; S0/ so that 1� j � h, I0 � Ij , � 2 f1; 2g, and

(5-4) 0� k1.0/� k1.j /; 0� k2.0/� k2.j /; 0�R0 � k1.j /�k1.0/; 0� S0 � k2.j /�k2.0/:

We will construct a boundary graph �P;j;�;I0;k1.0/;k2.0/;R0;S0 2 @
0�P [ @

exchange�P . This graph keeps
all but the j -th connected component of �P the same, but replaces �P;j with a graph consisting of

� two open vertices v0 and vj , where vj is rooted;

� one boundary edge e consisting of two half-edges h0 and hj belonging to the vertices v0 and vj ,
respectively;

� the vertex v0 has k1.0/C 1 r-points and k2.0/C 1 s-points, including the half-edge h0 above; where

– if � D 1, the half-edge h0 has tw.h0/D .0; s� 2/ and alt.h0/D .0; 1/;

– if � D 2, the half-edge h0 has tw.h0/D .r � 2; 0/ and alt.h0/D .1; 0/;

� the vertex vj has .k1.j /� k1.0// r-points and .k2.j /� k2.0// s-points, including the half-edge hj ;

� the set �… of cyclic orderings consists of all cyclic orderings so that

– the number of r-points in v0 following the root but before the half-edge h0 is R0;

– the number of s-points in v0 following the root but before the half-edge h0 is S0.

If �P;j;�;I0;k1.0/;k2.0/;R0;S0 is a critical boundary graph in the sense of Definition 2.33, then it
corresponds to a codimension-one boundary strata of the moduli space PM�P where a canonical
homotopy between two multisections may vanish (see Figure 13 for a representative graded W -spin disk
that realizes the nodal connected component of this critical boundary graph). This will correspond to
wall-crossing phenomena for the open invariants discussed throughout the rest of the paper.

Notation 5.7 We next introduce an analog of the set Ph.I;d/ that corresponds to bases of critical
boundaries. For h� 0, let Qh.I;d/ be the collection of sets

f.I0; k1.0/C 1; k2.0/C 1/; : : : ; .Ih; k1.h/; k2.h//g
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so that

� fI0; : : : ; Ihg is an ordered partition of Œh� such that I0 is nonempty and at most one Ij is empty;

� k1.i/� r.Ii / .mod r/ for all i ;

� k2.i/� s.Ii / .mod s/ for all i ; and

� sk1.i/C rk2.i/Dm.Ii ;d/� ı0irs for all i .

These conditions arise from Propositions 2.31 and 2.39. Set

Q.I;d/D
l[

hD1

Qh.I;d/

with lDjI j. Given aQDf.I0; k1.0/C1; k2.0/C1/; : : : ; .Ih; k1.h/; k2.h//g2Q.I;d/, we can construct
a graph ƒQ with hC 1 connected components so that

� one connected component is the critical graph

ƒQ;0 WD �0;k1.0/C1;k2.0/C1;0;f.ai ;bi /gi2I0
I

� h connected components are the balanced graphs

ƒQ;j WD �0;k1.j /;k2.j /;1;f.ai ;bi /gi2Ij
for 1� j � h.

These graphs are the graphs corresponding to the bases of critical boundaries for some graph �P associated
to P 2 Ph.I;d/. In other words, B�P;j;�;I0;k1.0/;k2.0/;R0;S0 is a critical boundary graph of �P if and
only if ƒQ � B�P;j;�;I0;k1.0/;k2.0/;R0;S0 for some Q, using the notation in Definition 1.47. We remark
that there is not necessarily a unique P which satisfies this property, and indeed, it is the combinatorics
of how the same base graph ƒQ contributes to critical boundaries of different PM�P that is key to many
of the arguments in the rest of this paper. This kind of argument first appears in Part (B) of the proof of
Theorem 5.4.

ConsiderQ 2Qh.I;d/ with Ij D¿ for some 1� j � h. Then the graphƒQ;j is rooted and has either
k1.j /D r; k2.j /D 0 or k1.j /D 0; k2.j /D s, by Proposition 2.31(a) and (b). Thus, we can partition
the set Qh.I;d/ into three subsets Qr

h
.I;d/[Qs

h
.I;d/[Q¤¿

h
.I;d/ defined as follows:

(1) Qr
h
.I;d/ is made of partitions with some 1� j � h so that Ij D¿, k1.j /D r , k2.j /D 0.

(2) Qs
h
.I;d/ is made of partitions which contain some empty Ij with k1.j /D 0, k2.j /D s.

(3) Q¤¿

h
.I;d/ is made of partitions where Ij is nonempty for all j .

We define

Q¤¿.I;d/D

l[
iD1

Q¤¿

i .I;d/; Q¤¿

�h
.I;d/D

h[
iD1

Q¤¿

i .I;d/;

and similar notation for Qr.I;d/ and Qs.I;d/.
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We then also have various maps between these sets. First, we have

(5-5)
Q¤¿

h
.I;d/!QrhC1.I;d/; Q 7!QCr ;

Q¤¿

h
.I;d/!QshC1.I;d/; Q 7!QCs;

with

(5-6)
QCr DQ[f.¿; r; 0/g;

QCs DQ[f.¿; 0; s/g;

with the convention on ordering the elements of QCr or QCs that the additional element is added at the
end. We may define the inverse maps

QrhC1.I;d/!Q¤¿

h
.I;d/; Q 7!Q�;

via, if Q 2Qr
hC1

.I;d/ with Ii D¿, the element Q� is given by

(5-7) .I
Q�

j ; k
Q�

1 .j /; k
Q�

2 .j //D

�
.I
Q
j ; k

Q
1 .j /; k

Q
2 .j // if j < i ,

.I
Q
jC1; k

Q
1 .j C 1/; k

Q
2 .j C 1// otherwise:

Similarly we obtain
QshC1.I;d/!Q¤¿

h
.I;d/; Q 7!Q�:

Example 5.8 Consider the LG model .x4C y5; �4 ��5/. Take jI j D 2 where .a1; b1/ D .2; 2/ and
.a2; b2/D .2; 3/. Then we have examples where

f.I; 1; 1/; .¿; 4; 0/g 2Qr1.I; 0/I f.I; 1; 1/; .¿; 0; 5/g 2Qs1.I; 0/:

The graphs corresponding to these partitions are the detachings of the graphs found in Figure 9, top right
and bottom right. If we instead take jI jD3where .a1; b1/D .1; 1/, .a2; b2/D .2; 2/, and .a3; b3/D .2; 3/,
then we have

f.f2; 3g; 1; 1/; .f1g; 1; 1/g 2Q¤01 .I; 0/:

This graph corresponding to this partition is the detaching of the graph found in Figure 7, bottom right.
We remark that the vertex v2 in the figure above serves as v0 in the present notation.

Proof of Theorem 5.4 We outline the proof by explaining the five steps we will take:

(A) We identify the strata on which a canonical homotopy may vanish: these are precisely those strata
which correspond to critical boundary graphs in Definition 2.33. We then show these coincide with the
graphs introduced in Notation 5.6.

(B) We classify all the ways that we can glue the bases of critical boundaries to create critical boundaries
so that they can be smoothed to a balanced graph.

(C) We compute how much an introduction of a zero by a homotopy for a critical graph will change the
invariants associated to such a moduli problem.
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(D) We provide closed formulas for how the invariants change with respect to the number of zeros in a
given homotopy.

(E) We show that, for any introduction of a zero through the homotopy for a critical graph, A.I;d ; �s/

remains invariant.

Part (A) (identification of strata where the homotopy may vanish and classification of critical boundary
graphs) Given two families of canonical multisections s1 and s2, we may compare them via the family of
simple canonical homotopies H constructed in Lemma 3.40. In this context, as we will use Lemma 2.22
to understand changes in open invariants appearing in A.I;d ; �s/, we identify boundary strata where H
may vanish.

To this end, start with a smooth balanced connected graph � with respect to the descendent vector d .
We now identify all boundary graphs ƒ 2 @0� such that the homotopy H� between s�1 and s�2 may
vanish in Œ0; 1��MW

ƒ .
First, if ƒ 2 @0� is irrelevant, then as in the first paragraph of Case 1 of the proof of Lemma 3.40 a

connected component of Bƒ is irrelevant as well. By Lemma 3.40(1)(a) and canonicity, H� will then
not vanish on Œ0; 1��PMƒ.

Second, suppose ƒ 2 @0� is relevant. We claim that, for H� jŒ0;1��MW
ƒ

to vanish, we must have
that dimPMƒ D dimPM� � 1. Indeed, if dimPMƒ < dimPM� � 1, then in the notation of
Observation 3.12, � � 3. By the fact that � is balanced for d , we also always have ˛ D 0 and
ˇ � � in (3-3), and hence by the pigeonhole principle, there exists a connected component „ of Bƒ
such that dimMW

„ � rankE„.d/� 2 or there exists two connected components „1; „2 of Bƒ such
that dimMW

„i
D rankE„i .d/ � 1 for i D 1; 2. In either case, HBƒ does not vanish on PMBƒ by

Lemma 3.40(1)(b) or (c), and, in turn, H� does not vanish on PMƒ.
Note that the only codimension-one relevant boundary strata MW

ƒ of PM� are those with a single
boundary node. Hence ifƒ2@0� is such thatH� vanishes somewhere on Œ0; 1��MW

ƒ , thenƒ consists of
two open vertices connected by a boundary edge, and a number of boundary tails. Take v1 to be the rooted
vertex with corresponding boundary half-edge h1 and let v2 be the additional vertex with half-edge h2.

Since ƒ is relevant we only have the following possibilities for the twist at the boundary edge:

(i) tw.h1/D .r � 2; 0/, alt.h1/D .1; 0/, tw.h2/D .0; s� 2/, and alt.h2/D .0; 1/.

(ii) tw.h1/D .0; s� 2/, alt.h1/D .0; 1/, tw.h2/D .r � 2; 0/, and alt.h2/D .1; 0/.

(iii) tw.h1/D .r � 2; s� 2/, alt.h1/D .1; 1/, tw.h2/D .0; 0/, and alt.h2/D .0; 0/.

(iv) tw.h1/D .0; 0/, alt.h1/D .0; 0/, tw.h2/D .r � 2; s� 2/, and alt.h2/D .1; 1/.

When we pass to the base Bƒ in case (iii) (resp. (iv)), we forget the half-edge h2 (resp. h1), so ˇ D 1.
Here we have two cases, depending on whether forgetting the half-edge will keep the corresponding vertex
stable or make it partially stable, i.e., if � D 0 or 1 in the notation of Observation 3.12. If the corresponding
vertex remains stable, so that � D 0 in (3-3), we again have one connected component „ of Bƒ with
dimMW

„ � rankE„.d/�2 or two connected components „i of Bƒ with dimMW
„i
� rankE„i .d/�1.
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Hence again by Lemma 3.40(1)(b) or (c), H� is nowhere vanishing on PMƒ. If on the other hand
� D 1, we may describe the partially stable vertex. Indeed, if it had two r-points or two s-points then the
constraints given for a pregraded .r; s/-spin structure in Observation 2.26 do not hold. Consequently, it
must have exactly one r-point and one s-point, which implies that ƒ is an exchangeable critical boundary
graph. In this case, we have by Lemma 5.3 that while H� may vanish on PMƒ, this vanishing will
not contribute to a change of the total number of zeroes between s�1 and s�2 . Thus we may ignore any
contributions from these strata.17

It is left to analyze cases (i) and (ii) above. Indeed, both these cases can happen, but we can deduce
further restrictions on the vertices v1 and v2, since v1 is the vertex which has a root. Using (2-23) we
obtain

rankEv1.d/� dimMW
v1

.mod 2/; rankEv2.d/� dimMW
v2
C 1 .mod 2/:

By Lemma 3.40, this requires that

rankEv1.d/D dimMW
v1
; rankEv2.d/D dimMW

v2
C 1

as otherwise H will not vanish on Œ0; 1��PMƒ.
We summarize the above discussion. Suppose H� vanishes on Œ0; 1��PMƒ with ƒ not an exchange-

able graph. Take the two connected components„1 and„2 of Bƒ corresponding to the vertices v1 and v2.
Then„1 is a balanced graph and„2 is a critical graph, soƒ is a critical boundary graph in the terminology
of Definitions 2.32 and 2.33.

We now remove the connectedness assumption on � . In this case we may write � D �P for some
P 2 Ph.I;d/ as defined in (5-3) in Notation 5.5. Let ƒ be a boundary graph for � . In order for H� to
vanish on Œ0; 1��PMƒ, each connected component of ƒ must be either smooth or a critical boundary
graph as deduced above. Moreover, if there exists two connected components ƒ1; ƒ2 of ƒ that are
critical boundary graphs, then by Lemma 3.40(1)(c), H� is nonvanishing on Œ0; 1��PMƒ. Hence ƒ
has at most one critical boundary component, thus has only one boundary edge. This implies that, if the
graph ƒ is not exchangeable and H vanishes on Œ0; 1��PMƒ, then the graph Bƒ consists of h graded,
balanced, rooted vertices and one critical graded open vertex, and all the boundary half-edges of ƒ which
are not tails are singly twisted.

From this description, it is now clear that, given P 2 Ph.I;d/, any nonexchangeable critical boundary
graph for P is of the form �P;j;�;I0;k1.0/;k2.0/;R0;S0 of Notation 5.6 with indices as given subject to the
constraints of (5-4).18 Further, in order for such a graph to be a critical boundary graph, the vertex v0 must
be critical and the vertex vj must be balanced. In particular, we then haveƒQ�B�P;j;�;I0;k1.0/;k2.0/;R0;S0
where, using the notation of Notation 5.7, if

P D f.I1; k1.1/; k2.1//; : : : ; .Ih; k1.h/; k2.h//g;

17One could view these strata as irrelevant relevant boundary strata.
18We remark that ki .0/ must be nonnegative as the graph �P;j;�;I0;k1.0/;k2.0/;R0;S0 must be relevant. Otherwise, the graph

would satisfy condition (3) of Definition 1.57 and be irrelevant.
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then

(5-8) QDQP;j;I0;k1.0/;k2.0/

WD
˚
.I0; k1.0/C 1; k2.0/C 1/; .I1; k1.1/; k2.1//; : : : ;

.Ij n I0; k1.j /� k1.0/; k2.j /� k2.0//; : : : ; .Ih; k1.h/; k2.h//
	

2Qh.I;d/:

We write

(5-9) eCrit.P / WD fƒ 2 @�P jƒ is a critical boundary graphg:

Elements of eCrit.P / are all of the form �P;j;�;I0;k1.0/;k2.0/;R0;S0 . We then define

eCrit.I;d/ WD
[

P2P.I;d/

eCrit.P /

to be the set of all critical boundary graphs that have the set I of internal markings with descendent vector d .

Part (B) (classification of smooth graded balanced graphs whose bases of critical boundaries include a
fixed critical graph) We now classify, given Q 2Qh.I;d/, the critical boundary graphs with base ƒQ.
In particular, define

A�Q WD f�P;j;�;k1.0/;k2.0/;I0;R0;S0 j B�P;j;�;I0;k1.0/;k2.0/;R0;S0 �ƒQg:

Note that P 2Ph.I;d/ is not fixed here. We may describe A�Q depending on whether Q lies in Qr
h
.I;d/,

Qs
h
.I;d/ or Q¤¿

h
.I;d/.

Given Q 2Qr
h
.I;d/, there exists a unique j 2 Œh� so that .Ij ; k1.j /; k2.j //D .¿; r; 0/. Define

(5-10) �Qj WD ˚.I1; k1.1/; k2.1//; : : : ; .Ij�1; k1.j � 1/; k2.j � 1//;
.I0; k1.0/C r; k2.0//; : : : ; .Ih; k1.h/; k2.h//

	
2 Ph.I;d/:

We may take the graph ƒQ and attach an s-tail on the vertex v0 to an r-tail on the vertex vj in order to
obtain the critical boundary graph � �Qj ;j;1;I0;k1.0/;k2.0/;R0;S0 introduced in Notation 5.6, where

� R0 2 f0; : : : ; r �1g, indicating how many r-points lie after the root and before the node in the cyclic
order associated to the graph; and

� S0 D 0 as there are no s-tails attached to vj .

The smoothing of � �Qj ;j;1;I0;k1.0/;k2.0/;R0;S0 agrees with � �Qj modulo cyclic orders. Therefore, for
Q 2Qr

h
.I;d/, we have A1Q is the collection of such critical boundary graphs � �Qj ;j;1;I0;k1.0/;k2.0/;R0;S0

above and A2Q D¿. Note that by the above discussion, the moduli space PM� �Qj has r boundary strata
of the form PM„, with „ 2 A1Q, depending on the choice of R0.

For Q 2Qs
h
.I;d/, there exists a unique j 2 Œh� so that .Ij ; k1.j /; k2.j //D .¿; 0; s/. In this case, we

have that A2Q is the analogous collection of critical boundary graphs � �Qj ;j;2;I0;k1.0/;k2.0/;R0;S0 as above
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and A1Q D¿, with R0 D 0, and S0 2 f0; : : : ; s� 1g. Similarly as before,

(5-11) �Qj WD ˚.I1; k1.1/; k2.1//; : : : ; .Ij�1; k1.j � 1/; k2.j � 1//;
.I0; k1.0/; k2.0/C s/; : : : ; .Ih; k1.h/; k2.h//

	
2 Ph.I;d/:

The moduli space PM� �Qj has s boundary strata PM„, with „ 2 A2Q depending on the choice of S0.
Lastly, given QD f.I0; k1.0/C 1; k2.0/C 1/; : : : ; .Ih; k1.h/; k2.h//g 2Q¤¿

h
.I;d/, we may attach

the vertex v0 to any other vertex v1; : : : ; vh. We thus define, for any j 2 Œh�,

(5-12) �Qj WD ˚.I1;k1.1/;k2.1//; : : : ; .I0[ Ij ;k1.0/C k1.j /;k2.0/C k2.j //; : : : ; .Ih;k1.h/;k2.h//	
2 Ph.I;d/:

This keeps all triplets the same from 1 to h except the j -th one. There are potentially many ways to
attach the vertices v0 and vj , depending on the number of r-points and s-points on the j -th disk.

� If k1.j / > 0 then there is an r-point on vj to attach to an s-point on v0, and hence there is a critical
boundary graph � �Qj ;j;1;I0;k1.0/;k2.0/;R0;S0 where 0�R0 � k1.j /� 1 and 0� S0 � k2.j /. There
are k1.j /.k2.j /C 1/ such boundaries, forming the set A1Q.

� Analogously, if k2.j /> 0, then there is an s-point on vj to attach to an r-point on v0, and hence there
is a critical boundary graph � �Qj ;j;2;I0;k1.0/;k2.0/;R0;S0 where 0�R0�k1.j / and 0�S0�k2.j /�1.
There are .k1.j /C 1/k2.j / such boundaries, forming the set A2Q.

Note now that

(5-13)
[

Q2Q.I;d/
�2f1;2g

A�Q D
eCrit.I;d/:

The containment of the first set into the second is by our discussion above. The opposite containment is
by the discussion in Part (A).

It will be useful to partition the sets A�Q as follows. Define the sets

(5-14)
A1Q;j;R0 D f� �Qj ;j;1;k1.0/;k2.0/;R0;S0 W 0� S0 � k2.j /gI
A2Q;j;S0 D f� �Qj ;j;2;k1.0/;k2.0/;R0;S0 W 0�R0 � k1.j /g:

Here, the set A1Q;j;R0 (resp. A2Q;j;S0) enumerates all possible choices of S0 (resp. R0) once we fix Q, j
and R0 (resp. S0).

To summarize:

� If Q 2Qr
h
.I;d/ and Ij D¿, then

(5-15) A1Q D

r�1[
R0D0

A1Q;j;R0 I A2Q D¿:
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� If Q 2Qs
h
.I;d/ and Ij D¿, then

(5-16) A1Q D¿I A2Q D

s�1[
S0D0

A2Q;j;S0 :

� If Q 2Q¤0
h
.I;d/, then

(5-17) A1Q D

h[
jD1

k1.j /�1[
R0D0

A1Q;j;R0 I A2Q D

h[
jD1

k2.j /�1[
S0D0

A2Q;j;S0 :

We lastly reorganize the description of critical boundaries using the notation QCr , QCs of (5-6). We
then have

(5-18)
G

P2P.I;d/

eCrit.P /D
G

Q2Q¤¿.I;d/

.A1Q tA
2
Q tA

1
QCr
tA2

QCs
/:

Part (C) (zeros of homotopies, from boundary to base) Denote by PMP;j;1;I0;k1.0/;k2.0/;R0 (resp.
PMP;j;2;I0;k1.0/;k2.0/;S0) the union of boundary strata of PM�P ,

(5-19) PMP;j;1;I0;k1.0/;k2.0/;R0 WD

[
„2A1

Q;j;R0

PM„

�
resp. PMP;j;2;I0;k1.0/;k2.0/;S0 WD

[
„2A2

Q;j;S0

PM„

�
;

with QDQP;j;I0;k1.0/;k2.0/ given in (5-8).
Recall that for �P;j;1;I0;k1.0/;k2.0/;R0;S0 2 A

1
Q, we have B�P;j;1;I0;k1.0/;k2.0/;R0;S0 � ƒQ. Hence,

if Q 2Qr
h
.I;d/[Q¤0

h
.I;d/, we have a map

FP;j;1;I0;k1.0/;k2.0/;R0 W PMP;j;1;I0;k1.0/;k2.0/;R0 ! PMƒQ ;

which is defined to be FP;j;1;I0;k1.0/;k2.0/;R0 jPM„
D F„ for any „ 2 A1Q;j;R0 . Here F„ is the map

defined in Definition 3.5. The map FP;j;2;I0;k1.0/;k2.0/;S0 is defined analogously.
We can see that the map FP;j;1;I0;k1.0/;k2.0/;R0 is surjective. Indeed, an element of PMƒQ is

a disjoint union of graded W -spin disks
Sh
iD0†i . We may then obtain an element of the domain

of FP;j;1;I0;k1.0/;k2.0/;R0 which maps to this given element of PMƒQ as follows. In the cyclic order of
points on †j , we glue the .R0C1/-st r-point on †j after the root to some choice of s-point on †0. This,
in turn, determines the number S0 of s-points that follow the root and precede the glued node. Then the
resulting glued disk lies in

PM�P;j;1;I0;k1.0/;k2.0/;R0;S0
� PMP;j;1;I0;k1.0/;k2.0/;R0 :

Since we had k2.0/C 1 choices of s-point on the vertex v0 to attach to the vertex vj , this map is of
degree ˙.k2.0/C 1/. Analogously, FP;j;2;I0;k1.0/;k2.0/;S0 is surjective with degree ˙.k1.0/C 1/.
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We now aim to relate the orientation of the total space of the Witten bundle over PM�P near the
boundary PMP;j;1;I0;k1.0/;k2.0/;R0 to the orientation of the Witten bundle over PMƒQ . To do so, we
consider the diagram

(5-20)

PMP;j;1;I0;k1.0/;k2.0/;R0 PM�P

PMƒQ

FP;j;1;I0;k1.0/;k2.0/;R0

��P

Here, part (2) of Theorem 2.58 relates the orientation on the total space of the Witten bundle over
PMP;j;1;I0;k1.0/;k2.0/;R0 to that over PMƒQ . This is done by inducing the orientation on the total space
of the Witten bundle over PMP;j;1;I0;k1.0/;k2.0/;R0 by contracting ���P o�P with the outward pointing
normal for the inclusion ��P . Note that the term K2.v2/ appearing in part (2) of Theorem 2.58 is defined
in Notation 2.57, and here takes the value k2.0/.

We then can conclude that if we consider a homotopy H� where

(5-21) H�
jŒ0;1��PM�P;j;�;I0;k1.0/;k2.0/;R0;S0

D .idŒ0;1� �F�P;j;�;I0;k1.0/;k2.0/;R0;S0 /
�

�
�

ƒ2Conn.B�P;j;�;I0;k1.0/;k2.0/;R0;S0 /
Hƒ

�
;

then, by taking union over boundary strata given in (5-19), we see that

(5-22)
#Z.H�

jŒ0;1��PMP;j;1;I0;k1.0/;k2.0/;R0
/D .�1/k2.0/.k2.0/C 1/#Z.HƒQ/;

#Z.H�
jŒ0;1��PMP;j;2;I0;k1.0/;k2.0/;S0

/D .�1/k2.0/�1.k1.0/C 1/#Z.HƒQ/:

Part (D) (number of zeros for a given simple homotopy) Recall that we have chosen the family of
transverse homotopies H� between the given families of transverse multisections s1 and s2 to be simple.
By Part (A) of this proof, we know that this homotopy may only vanish in two cases: exchangeable
critical boundaries and boundaries corresponding to graphs �P;j;�;I0;k1.0/;k2.0/;R0;S0 . By Lemma 5.3,

#Z.H jŒ0;1��@exchangePM�
/D 0:

Thus, from here until the end of the proof we will only need to consider homotopies of the form given
in (5-21). Thus we are in a context where we may use (5-22) above.

We now claim that, in the notation of (5-7), given Q 2Qr
hC1

.I;d/[Qs
hC1

.I;d/ where Ii D¿,

(5-23) #Z.HƒQ/D�#Z.HƒQ� /:

Indeed, recall from Example 3.4 that, for the graphs „D �0;r;0;1;¿ and „D �0;0;s;1;¿, the boundary
@0PM„ D ¿; hence #Z.H„jftg�PM„

/ is independent of t by Lemma 2.22. By Theorem 5.1, the
constant invariant associated to this component is

h�r1�12i
o
D h�s2�12i

o
D�1:

Thus #Z.HƒQ/D #Z.H„jftg�PM„
/#Z.HƒQ� /D�#Z.HƒQ� /, proving (5-23).
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We now give closed formulas for combinations of #Z.H„/ for various graphs „ which contribute
to changes in the open invariants appearing in A.I;d ; �s/. For the formulas below, take � to mean the
smoothing sm.„/D smE.„/„ for any critical boundary graphs „ that can be found in (5-13) above.

Consider any QD f.I0; k1.0/C1; k2.0/C1/; : : : ; .IhC1; k1.hC1/; k2.hC1//g 2QrhC1.I;d/: Then
Ij D¿ for some 1� j � hC 1 and we can use (5-22) and (5-23) to see that

(5-24)
P

„2A1Q

#Z.H �jŒ0;1��PM„
/D

r�1P
R0D0

P
„2A1

Q;j;R0

#Z.H �jŒ0;1��PM„
/

D

r�1P
R0D0

.�1/k2.0/.k2.0/C 1/#Z.HƒQ/

D .�1/k2.0/C1r.k2.0/C 1/#Z.HƒQ� /:

Similarly, for any QD f.I0; k1.0/C1; k2.0/C1/; : : : ; .IhC1; k1.hC1/; k2.hC1//g 2QshC1.I;d/,

(5-25)
P

„2A2Q

#Z.H �jŒ0;1��PM„
/D .�1/k2.0/s.k1.0/C 1/#Z.HƒQ� /:

For any QD f.I0; k1.0/; k2.0//; : : : ; .Ih; k1.h/; k2.h//g 2Q¤¿

h
.I;d/, the contributions from critical

boundary graphs in A1Q are

(5-26)
P

„2A1Q

#Z.H �jŒ0;1��PM„
/D

hP
jD1

k1.j /�1P
R0D0

P
„2A1

Q;j;R0

#Z.H �jŒ0;1��PM„
/

D

hP
jD1

k1.j /�1P
R0D0

�
.�1/k2.0/.k2.0/C 1/

�
#Z.HƒQ/

D .�1/k2.0/.k2.0/C 1/
� hP
jD1

k1.j /
�

#Z.HƒQ/:

Similarly, for A2Q we have

(5-27)
P

„2A2Q

#Z.H �jŒ0;1��PM„
/D .�1/k2.0/C1.k1.0/C 1/

� hP
jD1

k2.j /
�

#Z.HƒQ/:

Part (E) (showing that A.I;d ; �s/ is independent of s) We now show that

(5-28) A.I;d ; �s1/�A.I;d ; �s2/D 0

for any two canonical families of multisections s1 and s2. This is equivalent to showing that A.I;d ; �s/

remains invariant under the family of homotopies H . Only the invariants corresponding to graphs �P for
P 2 P.I;d/ where there exists a critical boundary �P;j;�;I0;k1.0/;k2.0/;R0;S0 2eCrit.I;d/ may change.
In particular, we can see that the left-hand side of (5-28) is of the form

(5-29)
P

�P;j;�;I0;k1.0/;k2.0/;R0;S02
�

Crit.I;d/;
PDf.I1;k1.1/;k2.1//;:::;.Ih;k1.h/;k2.h//g2P.I;d/

1

hŠ

�
�1CPhiD1 k1.i/

r

�
�
�1CPhiD1 k2.i/

s

�
�
�
1Cr.I /
r

�
�
�
1Cs.I /
s

�
� #Z.H�P jŒ0;1��PM�P;j;�;I0;k1.0/;k2.0/;R0;S0

/:
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We see that this summation breaks down further into summands that correspond to different possible
bases of critical boundaries. Take Q.I;d/ to be the collection of

QD f.I0; k1.0/C 1; k2.0/C 1/; : : : ; .Ih; k1.h/; k2.h//g 2Qh.I;d/; h� 0;

such that

� Ij ¤¿ for all 0� j � h;

� the elements .I1; k1.1/; k2.1//; : : : ; .Ih; k1.h/; k2.h// are ordered in a way so that, for any two
indices i and j , we have that min.Ii / <min.Ij / if and only if i < j .

In the case hD 0, we just have the data of a critical graph with internal markings I . Note that if h� 1,
then Q is an element of Q¤¿.I;d/. Moreover, in this case, if we consider the action of the symmetric
group Sh on Q¤¿

h
.I;d/ given by permuting the last h elements in the ordered partitions in Q¤¿

h
.I;d/,

we can see that Q.I;d/ contains a unique element of each orbit of this Sh-action. Thus Q.I;d/ has
precisely one element for each graph ƒQ, with the order of connected components not taken into account.

Recall the notation, from (5-6),

QCr 2Qr.I;d/ and QCs 2Qs.I;d/ for any Q 2Q.I;d/:

We see for any Q 2Q.I;d/ that, by combining (5-24) and (5-26),

(5-30)
X
„2A1Q

#Z.H smE.„/.„/jŒ0;1��PM„
/C

Ph
iD1 k1.i/

r

X
„2A1

QCr

#Z.H smE.„/.„/jŒ0;1��PM„
/D 0;

and, by combining (5-25) and (5-27),

(5-31)
X
„2A2Q

#Z.H smE.„/.„/jŒ0;1��PM„
/C

Ph
iD1 k2.i/

s

X
„2A2

QCs

#Z.H smE.„/.„/jŒ0;1��PM„
/D 0:

Consequently, using the above two equations and (5-24), (5-25) applied with QDQCr or QDQCs ,
we get a new relation

(5-32)
X

„2A1Q[A
2
Q

#Z.H smE.„/.„/jŒ0;1��PM„
/

C
1C k1.0/C

Ph
iD1 k1.i/

r

X
„2A1

QCr

#Z.H smE.„/.„/jŒ0;1��PM„
/

C
1C k2.0/C

Ph
iD1 k2.i/

s

X
„2A2

QCs

#Z.H smE.„/.„/jŒ0;1��PM„
/

D ..�1/k2.0/C .�1/k2.0/C1/.k1.0/C 1/.k2.0/C 1/#Z.HƒQ/D 0:
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Thus, the difference expressed in (5-29) simplifies to

X
Q2Q.I;d/

QDf.I0;k1.0/;k2.0//;:::;.Ih;k1.h/;k2.h//g

�
�1CPhiD0 k1.i/

r

�
�
�1CPhiD0 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

�
�

 X
„2A1Q[A

2
Q

#Z.H �jŒ0;1��PM„
/C

1C
Ph
iD0 k1.i/

r

X
„2A1

QCr

#Z.H �jŒ0;1��PM„
/

C
1C

Ph
iD0 k2.i/

s

X
„2A1

QCs

#Z.H �jŒ0;1��PM„
/

!
D 0;

where �D smE.„/„. The fact that the expression on the left-hand side above agrees with that of (5-29)
follows by

(1) using the partition found in (5-13);

(2) noting that we are summing the k�.i/ from 0 to h rather than 1 to h because we are summing over
possible Q rather than P ;

(3) the standard relation �.xC 1/D x�.x/.

The stated vanishing uses the relation in (5-32). Therefore, the expression in Notation 3.42 is invariant
with respect to choice of family of canonical multisections s.

We now show that the open FJRW invariants corresponding to two families of canonical multisections
are related by the action of an element in the Landau–Ginzburg wall-crossing group.

Theorem 5.9 Let s0, s1 be two families of canonical multisections of the descendent Witten bundles.
Then there exists an element g 2Gr;sAI such that

W s1 D g.W s0/:

Proof By Lemma 3.40, there exists a family of simple canonical homotopies H from s0 to s1 that
satisfies the properties stated therein. By item (3) of that lemma, we have for each nonempty A� I a
time tA 2 .0; 1/ so that properties (3)(a) and (b) are satisfied. Further, all these times are distinct. Order
the nonempty subsets A1; : : : ; A2jI j�1 of I so that tA1 < � � �< tA2jI j�1 . We write ti WD tAi .

For any descendent vector d 2 ZAi
�0 and � 2 Crit.Ai ;d/, we define

(5-33) �.�/ WD #Z.H�/:

Note by property (3)(a), these zeroes occur at time ti . We also remark that the descendent vector d is
implicitly used and fixed in the construction of H� so we omit it in the notation.
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Now set

gi WD exp

 X
d2Z

Ai
�0

X
f.Ai ;k1.0/C1;k2.0/C1/g2Q0.Ai ;d/

.�1/jAi jCk2.0/�.ƒQ;0/

�

� Y
j2Ai

uj;dj

�
xk1.0/yk2.0/

�
.k2.0/C 1/x@x � .k1.0/C 1/y@y

�!
:

Note that gi 2G
r;s
AI

by the definition of Q0.Ai ;d/. We will ultimately show that choosing

g WD g2jI j�1 ı � � � ıg1

gives the desired result. For any t 2 Œ0; 1�, we write st for the family of canonical sections obtained by
restricting H to time t .

We first claim that, for any

t 2 � WD Œ0; 1� n fti j 1� i � 2
jI j
� 1g;

and � a balanced graph with respect to some descendent vector d , s�t j@PM�
is nonvanishing, and hence

the degree of the Euler class

Z�.t/ WD

Z
PM�

e.EI s�t jUC[@PM�
/

is well defined.
To show the claim, we now fix some J � I , d 2 ZJ

�0 and � 2 Balanced.J;d/. Thus � D �P for
some P D f.J; k1.�/; k2.�//g 2 P1.J;d/. The analysis of the proof of Theorem 5.4 tells us that the
zeros of H� jŒ0;1��@PM�

occur only on two sorts of codimension-one boundary strata.
The first type are codimension-one exchangeable boundary strata. If ƒ 2 @exchange� represents a

codimension-one stratum, then ƒ has two vertices v0 and v1, with v0 exchangeable, so that I.v0/D¿,
and thus I.v1/ D J . In particular, by canonicity of H� , H� jŒ0;1��PMƒ

can vanish only when H v1

vanishes, which occurs at time tJ .
The second type are codimension-one boundary strata corresponding to graphs ƒ 2 @0� described as

follows. For each Q 2Q1.J;d/, we constructed sets A1Q, A2Q of critical boundary graphs. All boundary
zeroes of H� on nonexchangeable strata lie on some strata PMƒ � PM� where ƒ 2 A1Q [A

2
Q for

some Q 2Q1.J;d/ with �Q1 D P . In particular, we consider those Q of the form

(5-34) QD f.I0; k1.0/C 1; k2.0/C 1/; .I1; k1.1/; k2.1//g

with I0¤¿, ki .0/Cki .1/D ki .�/, and I0[I1D J . Then by Lemma 3.40(3)(a) and canonicity of H�,
if ƒ 2A1Q[A

2
Q, then Hƒ only vanishes at time tI0 . Thus we have now seen in particular that s�t j@PM�

is nonvanishing whenever t 2 � , hence showing the claim.
Note that for those t for which s�t is transversal to the zero section, we have

Z�.t/D #Z.s�t /:
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For each t 2 � , we obtain a potential W st , and by Lemma 2.22, this will only depend on the connected
component of � containing t by the claimed nonvanishing of such s�t on @PM� . For each i , choose t˙i with
ti�1 < t

�
i < ti < t

C
i < tiC1 (taking t0D 0 and t2jI j D 1). Then it will suffice to show W

s
t
C
i D gi .W

st�
i /.

By Lemma 2.22,

Z�.tCi /DZ
�.t�i /C #Z.H�

j
Œt�
i
;t
C

i
��@PM�

/:

Now @PM� D @
0PM� [ @

exchangePM� , and by Lemma 5.3 we have that

#Z.H�
j
Œt�
i
;t
C

i
��@exchangePM�

/D 0I

hence

(5-35) Z�.tCi /DZ
�.t�i /C #Z.H�

j
Œt�
i
;t
C

i
��@0PM�

/:

Thus we only get contributions to Z�.tCi /�Z
�.t�i / from those Q as in (5-34) with I0 D Ai .

Thus, we can use (5-24), (5-25), (5-26), and (5-27), and compute that, with the summation over Q
ranging over those Q as in (5-34) with I0 D Ai ,

(5-36) Z�.tCi /�Z
�.t�i /D#Z.H�

j
Œt�
i
;t
C

i
��@0PM�

/

D

X
Q

X
„2A1Q[A

2
Q

#Z.H�
j
Œt�
i
;t
C

i
��PM„

/

D

X
Q

�
.�1/k2.0/.k2.0/C1/k1.1/C.�1/

k2.0/C1.k1.0/C1/k2.1/
�
#Z.HƒQ/:

Using the definition of � in (5-33) and the fact that HƒQ;1 does not have any zeros near time ti on
the boundary of @PMƒQ;1 as Ai ª I.ƒQ;1/, we can see that

(5-37) #Z.HƒQ/D #Z.HƒQ;0/#Z.sƒQ;1ti
/D�.ƒQ;0/Z

ƒQ;1.t�i /:

We now calculate the coefficient of xk1.�/yk2.�/
Q
j2J uj;dj in gi .W

st�
i / and show it coincides with

the corresponding coefficient in W
s
t
C
i . We write gi D exp.vi /. As the monomial

Q
j2Ai

uj;dj has square
zero, vi ıvi D 0, and hence gi D IdCvi . The term with monomial xk1.�/yk2.�/

Q
j2J uj;dj in W st�

i is

.�1/jJ j�1Z�.t�i /x
k1.�/yk2.�/

Y
j2J

uj;dj ;

and applying Id to this gives the same term. All other terms involving the same monomial arise from
applying a summand of vi arising fromQ0 WD f.Ai ; k1.0/C1; k2.0/C1/g2Q0.Ai ;d/ to a term ofW st�

i

arising from a balanced (with respect to d) graph �P1 with

P1 D f.J nAi ; k1.1/; k2.1//g

with ki .0/Cki .1/D ki .�/. Thus QDQ0[P1 2Q1.J;d/ and �Q1 D P , and all such Q with I0 DAi
and �Q1 D P occur in this way. Thus the coefficient of xk1.�/yk2.�/

Q
j2J uj;dj , after applying gi ,
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becomes, with again the sum over Q ranging over those Q as in (5-34) with I0 D Ai ,

.�1/jJ j�1Z�.t�i /

C

X
Q

�
.�1/.jAi jCk2.0//C.jJnAi j�1/

�
.k2.0/C 1/k1.1/� .k1.0/C 1/k2.1/

�
�.ƒQ;0/Z

ƒQ;1.t�i /
�

D .�1/jJ j�1
�
Z�.t�i /C

X
Q

�
.�1/k2.0/

�
.k2.0/C 1/k1.1/� .k1.0/C 1/k2.1/

�
�.ƒQ;0/Z

ƒQ;1.t�i /
��

D .�1/jJ j�1Z�.tCi /

by (5-36) and (5-37).

5.2 Open topological recursion relations and mirror symmetry: statement of results

This subsection states the open topological recursion relations and proves their immediate corollaries.
This is expressed in terms of the quantities A.I;d ; �s/, which by Theorem 5.4 is known to be independent
of s, so we will now refer to it as just A.I;d/. For ease of notation in stating the topological recursion
relations, we take the index set of interior markings I to coincide with Œ`�. For a descendent vector
d D .d1; : : : ; d`/, we write e1 D .1; 0; : : : ; 0/, so that d C e1 D .d1C 1; d2; : : : ; d`/.

Theorem 5.10 Given a canonical family of multisections s, the following identities hold. If jI j � 1, then

(5-38) A.I;d C e1/

D

X
a2f�1;:::;r�2g
b2f�1;:::;s�2g

X
AqBDf2;:::;lg

A¤¿

�
�
.a;b/
0 �

.a1;b1/

d1

Y
i2A

�
.ai ;bi /

di

�ext

A.B [fza;bg;d/�A.I;d/:

If jI j � 2, then

(5-39) A.I;d C e1/D
X

a2f�1;:::;r�2g
b2f�1;:::;s�2g

X
AqBDf2;:::;lg
22B;A¤¿

�
�
.a;b/
0 �

.a1;b1/

d1

Y
i2A

�
.ai ;bi /

di

�ext

A.B [fza;bg;d/:

Here za;b is an additional internal marking with twist .r � 2�a; s� 2� b/ and no descendent. We extend
d in a natural way so that dza;b D 0.

The next section will be devoted to the proof of this result. Now, we state and prove two key corollaries
that establish open mirror symmetry for the Landau–Ginzburg mirror pair.

Corollary 5.11 (1) If I D fig is a singleton , then A.I;d/D .�1/di .
(2) If jI j � 2, then

(5-40) A.I;d/D
X

a2f�1;:::;r�2g
b2f�1;:::;s�2g

X
AqBDInf1;2g

�
�
.a;b/
0

Y
i2A[f1;2g

�
.ai ;bi /

di

�ext

A.B [fza;bg;d/:
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(3) Suppose jI j � 2. Let d.I;d/ be as defined in Definition 4.8. Then

A.I;d/D
�

0 if d.I;d/ < 0;˝
�
.r�r.I /�2;s�s.I /�2/

d.I;d/

Q
i2I �

.ai ;bi /

di

˛ext if d.I;d/� 0:

Proof For (1), note that if I is a singleton fig, then we obtain

A.I;d/D .�1/diA.I; 0/D .�1/di h� .a1;b1/0 �
a1
1 �

b2
2 �12i

o
D .�1/di :

Here the first equality follows from repeated use of (5-38) as the first summand on the right-hand side of
(5-38) vanishes. Then the second equality comes from the definition of A.I; 0/ and the third equality is
Theorem 5.1.

For (2), we may equate the right-hand sides of (5-38) and (5-39) and solve for A.I;d/ to obtain

(5-41) A.I;d/D
P

a2f�1;:::;r�2g
b2f�1;:::;s�2g

P
AqBDf2;:::;lg

A¤¿

D
�
.a;b/
0 �

.a1;b1/

d1

Q
i2A

�
.ai ;bi /

di

Eext
A.B [fza;bg;d/

�
P

a2f�1;:::;r�2g
b2f�1;:::;s�2g

P
AqBDf2;:::;lg
22B;A¤¿

D
�
.a;b/
0 �

.a1;b1/

d1

Q
i2A

�
.ai ;bi /

di

Eext
A.B [fza;bg;d/

D
P

a2f�1;:::;r�2g
b2f�1;:::;s�2g

P
AqBDf2;:::;lg

22A

D
�
.a;b/
0 �

.a1;b1/

d1

Q
i2A

�
.ai ;bi /

di

Eext
A.B [fza;bg;d/:

This gives (2).
Finally, we prove (3). Suppose I is an index set with jI j � 2 and 1; 2 2 I . Assume by induction the

result for all I 0 with 2� jI 0j< jI j. To prove (3), we aim to apply (5-40), but, to do so effectively, we must
establish a relationship between d.B [fza;bg;d/ and d.I;d/. Let us consider those sets B � I n f1; 2g
for which the contribution in the summation of (5-40) is nonzero, i.e.,

(5-42)
D
�
.a;b/
0

Q
i2InB

�
.ai ;bi /

di

Eext
¤ 0:

By Observation 3.31(1), this requires

(5-43) 0Dm..I nB/[f.a; b/g;d/C 2r C 2s Dm.I nB;d/C saC rb� rsC 2r C 2s:

With B 0 WD B [fza;bg where za;b is as in Theorem 5.10, we will now show that (5-43) implies

(5-44) d.B 0;d/D d.I;d/� 1:

We note that

m.I nB;d/Dm.I;d/�m.B;d/C rs; m.B 0;d/Dm.B;d/C r.s� b� 2/C s.r � a� 2/� rs:

Putting this together, we see that (5-43) holds if and only if

m.B 0;d/Dm.I;d/C rs:
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Note further that (5-42) implies from (2-8) that aC 2C
P
i2InB ai � 0 mod r , and thus

(5-45) r.I /� .aC 2/C .r � a� 2/C
P
i2I

ai � .r � a� 2/C
P
i2B

ai � r.B
0/ mod r;

giving r.I /D r.B 0/. Similarly, s.I /D s.B 0/. Thus we conclude that

m.B 0;d/� .sr.B 0/C rs.B 0//Dm.I;d/� .sr.I /C rs.I //C rs;

showing (5-44).
Thus, if B is nonempty, so that jI j> jB 0j � 2, then by the induction hypothesis, (5-44), and (5-45),

A.B 0;d/D
D
�
.r�r.I /�2;s�s.I /�2/

d.I;d/�1
�
.r�2�a;s�2�b/
0

Q
i2B

�
.ai ;bi /

di

Eext
;

where for convenience we interpret this as 0 if d.I;d/� 1 < 0 and are using (5-44) to write this formula
using d.I;d/ instead of d.B 0;d/.

We first consider the case that d.I;d/< 0, so that d.B 0;d/<�1 if (5-42) holds. Then by the induction
hypothesis, the only terms in (5-40) which are not obviously zero arise with B D¿, but we claim that in
this case, the invariant in (5-42) vanishes. Indeed, in this case m.B 0;d/D s.r � 2� a/C r.s� 2� b/D
sr.B 0/Crs.B 0/, and hence d.B 0;d/D�1, contradicting d.B 0;d/ <�1. Thus all terms in (5-40) vanish,
showing the desired inductive vanishing of A.I;d/ in this case.

If, on the other hand, d.I;d/ D 0, then again by induction all terms in the double summation
of (5-40) vanish except when B D¿. Moreover, a term in the first summation can only be nonzero if
aD r � r.I /� 2; b D s� s.I /� 2 by Observation 2.25. Thus, after using A.fza;bg;d/D 1 by (1),

A.I;d/D
D
�
.r�r.I /�2;s�s.I /�2/
0

Q
i2I

�
.ai ;bi /

di

Eext

as desired.
Finally, if d.I;d/ > 0, we write (5-40) by splitting the sum according to whether B is empty or not,

use item (1), and the induction hypothesis to get

A.I;d/D
P

a2f�1;:::;r�2g
b2f�1;:::;s�2g

D
�
.a;b/
0

Q
i2I

�
.ai ;bi /

di

Eext

C
P

a2f�1;:::;r�2g
b2f�1;:::;s�2g

P
AqBDInf1;2g

B¤¿

D
�
.a;b/
0

Q
i2A[f1;2g

�
.ai ;bi /

di

Eext

�

D
�
.r�r.I /�2;s�s.I /�2/

d.I;d/�1
�
.r�2�a;s�2�b/
0

Q
i2B

�
.ai ;bi /

di

Eext
:

By the closed extended topological recursion and Ramond vanishing of Observation 3.31(2) and (3), this
now agrees with P

a2f�1;:::;r�2g
b2f�1;:::;s�2g

D
�
.a;b/
0

Q
i2I

�
.ai ;bi /

di

Eext
C

D
�
.r�r.I /�2;s�s.I /�2/

d.I;d/

Q
i2I

�
.ai ;bi /

di

Eext
:
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However, a term in the first summation can only be nonzero if a D r � r.I / � 2; b D s � s.I / � 2

by Observation 2.25. Using this prescribed twist and the definition of d.I;d/, one can compute that
m.I [fzg;d/C 2r C 2s D�rsd.I;d/ < 0 where z is an internal marking with twist .a; b/. Thus, by
Observation 3.31(1), all the terms in the first summation vanish.

Corollary 5.12 (open mirror symmetry for two-dimensional Fermat polynomials) If s is a canonical
symmetric family of multisections bounded by a finite index set I , thenZ
„a;b

eW
�;sym=„ dx^ dy

D ıa;0ıb;0C
X
d�0

ta;b;d„
d�1
C

X
l�2

X
A2Al
d.A/�0

.�1/l.�„/�d.A/�2
ır.A/;aıs.A/;b

jAut.A/j

�

�
�
.r�r.A/�2;s�s.A/�2/

d.A/

Y
.˛i ;ˇi ;di /2A

�
.˛i ;ˇi /

di

�ext Y
.˛i ;ˇi ;di /2A

t
j̨ ; ǰ ;dj

as an equality of Laurent series in the variable „ with coefficients in AI;sym.
In particular , working modulo hta;b;d j 0 � a � r � 2; 0 � b � s � 2; d > 0i, dx^ dy is a primitive

form and the ta;b;0 are flat coordinates.

Proof The formula follows from Corollary 4.16. Here, for the summation over l D 1 and l � 2, we use
Corollary 5.11(1) and (3) respectively for the value of A.A;d/. Note that for l D 1, if AD f.a1; b1; d1/g,
then r.A/D a1, s.A/D b1, and thus d.A/D�d1� 1. The final statement is then just Corollary 4.17.

5.3 The action of the wall-crossing group on open FJRW invariants

In this subsection we will prove the following result:

Theorem 5.13 We have the containment ‡r;s.I /��r;s.I /. That is , every chamber index bounded by I
can be realized as the open FJRW invariants for some canonical family of multisections bounded by I .

In particular, we now show that Theorem 0.7 will follow from Theorem 5.13.

Corollary 5.14 We have
�r;s.I /D ‡r;s.I /:

Moreover , for a finite set I ��,
�

sym
r;s .I /D ‡

sym
r;s .I /:

In particular , when I is finite , the group Gr;sAI (resp. Gr;sAI;sym
) acts faithfully and transitively on �r;s.I /

(resp. �sym
r;s .I /).

Proof The equalities �r;s.I /D ‡r;s.I / and �sym
r;s .I /D ‡

sym
r;s .I / imply the rest of the statement in the

corollary. This is because Theorem 4.27 shows that Gr;sAI (resp. Gr;sAI;sym
) acts faithfully and transitively

on ‡r;s.I / (resp. ‡ sym
r;s .I /) via

(5-46) g.W �/DW g.�/:
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The formula for the action given here is in line with the relation between open FJRW invariants associated
to two canonical families of multisections bounded by I given in Theorem 5.9.

Moreover, Corollary 5.11 implies �r;s.I / � ‡r;s.I / and �sym
r;s .I / � ‡

sym
r;s .I /. Thus by using

Theorem 5.13, we have �r;s.I / D ‡r;s.I /. Lastly, by Proposition 3.46, ‡r;s.I / � �r;s.I / and
‡

sym
r;s .I /D ‡r;s.I /\Q-Balsym.I / imply that ‡ sym

r;s .I /��
sym
r;s .I /.

We need a couple of lemmas before we start to prove Theorem 5.13. The first ingredient in the proof
is the following lemma:

Lemma 5.15 Let � be a smooth connected open graded W -spin graph. Let � be a multisection of E�.d/
defined over @PM� . Suppose that , for any ƒ 2 @� n @C� , we can write

�jPMƒ
D F �ƒ�

Bƒ;

where �Bƒ 2 C1m .PMBƒ; EBƒ.d// is a transverse multisection that is strongly positive with respect
to Bƒ, and Aut.B�/-invariant. Then one can extend � to a transverse , strongly positive , Aut.�/-invariant
multisection of E�.d/.

Proof The lemma is analogous to Lemma 6.5 in [Buryak et al. 2024]. The proof is the same.

Remark 5.16 Lemma 5.15 also holds when @PM� is the empty set. In this case, the lemma is restating
the existence of a transverse, strongly positive, Aut.�/-invariant multisection of E�.d/.

The second lemma constructs a homotopy between multisections of orbifold bundles that will have a
desired number of zeros.

Lemma 5.17 Let E!M be an oriented orbifold bundle over an oriented orbifold M with corners , such
that the generic isotropy of E!M is trivial and rankRE D dimRM C 1D n. Let s 2 C1m .M;E/ be a
nowhere vanishing multisection and c 2Q. Then one can construct a multisection s0 which agrees with s
away from a compact set K � Interior.M/ and a transverse homotopy H W Œ0; 1��M !E, so that

H.0;�/D s;H.1;�/D s0; H.t; p/D s.p/ for all p 2M nK

and #Z.H/D c.

Proof Write c D a=b for some a 2 Z and b 2N. Choose both a point x 2M with trivial isotropy and
an open neighborhood U of x such that there is a diffeomorphism � W U ! B with B �Rn�1 being the
unit ball. We can write the multisection sjU D

Um
iD1 nisi , where si 2 C1.U;E/ and ni 2N. Now we

can rewrite s in the neighborhood U as

s D

b
Pm
iD1 ni]
iD1

Qsj ; Qsj D si when b
i�1X
qD1

nq < j � b

iX
qD1

nq:

We may choose a trivialization .EjU ! U/' .Rn �U ! U/ so that Qs1jU is mapped to the constant
section e1 D .1; 0; : : : ; 0/. From now on, we use this trivialization to identify the fibers of EjU ! U

with Rn. Denote by Sn�1�Rn the unit sphere. Take g WSn�1!Sn�1 to be a map of degree a
�Pm

iD1 ni
�
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that is chosen so that the lower hemisphere is mapped to e1. Let � W Sn�1 ! B be the projection to
the first n� 1 coordinates and � 0 W B ! Sn�1 be its inverse projection to the upper hemisphere, i.e.,
� ı� 0 D Id and Image.� 0/ has positive last coordinate. We define s0 so that

s0j.MnU/ D sj.MnU/ and s0jU D

b
Pm
iD1 ni]
iD1

Qs0j ;

where

Qs0j .y/D

�
g
�
� 0.�.y//

�
if j D 1;

Qsj otherwise:

The multisection s0 glues to give a multisection. Finally, there must exist a transverse homotopy H
from s0 to s that is constant for all except the first branch, that is constant on the first branch outside of U
and satisfies #Z.H/D a

Pm
iD1 ni=

�
b
Pm
iD1 ni

�
D c.19

Proof of Theorem 5.13 Fix a chamber index � WD .��;d / 2 ‡r;s.I /. We will construct a family of
canonical multisections s of the bundles E�.d/ bounded by I so that

(5-47)
� Y
i2I.�/

�
.ai ;bi /

di
�
k1.�/
1 �

k2.�/
2 �

k12.�/
12

�s;o

D ��;d

for all graphs � contained in some Balanced.J;d/ for some J � I and d 2ZJ
�0. We do so via induction

on the number l D jJ j of internal markings.
First, when l D 0, consider any family of canonical multisections s of W bounded by I . Such a family

exists by Theorem 3.29. Then by Theorem 5.1, the condition in (5-47) holds.
Let .r; s/-Graph.l/ be the set of all graded open .r; s/-graphs � where I.�/� I and jI.�/j � l . For the

induction step, assume that we have constructed a family of canonical multisections .s�/�2.r;s/-Graph.l/

so that:

� If � 2 Balanced.I.�/;d/ for some d 2 ZI.�/
�0 and jI.�/j< l , then (5-47) holds.

� If � 2 .r; s/-Graph.l/ then

s� D F ��

�
�

„2Conn.B�/
s„
�
:

Let J � I be a set of size l . We will construct a canonical family of multisections s bounded by J using
induction on a new number

n.�/ WD sk1.�/C rk2.�/C .r C s/k12.�/;

a weighted count of boundary markings on the graph � . Note n.�/� 0, so we may vacuously take the
base case of this induction to be n.�/D�1. Inside this induction step, i.e., once we fix the number n.�/,
we now perform downward induction on the number k12.�/. Here, we may take the base case of the
induction to be k12.�/D

� n.�/
.rCs/

˘
C 1, which will be vacuous as well.

19Here, #Z.H/ is computed using the discussion above Notation A.4 in [Buryak et al. 2024].
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Next, suppose we have constructed the canonical multisection s for any graded graph � 0 that satisfies
any of the following:

(i) I.� 0/¨ I.�/, or

(ii) I.� 0/D I.�/, and n.� 0/ < n.�/, or

(iii) I.� 0/D I.�/, n.� 0/D n.�/, and k12.� 0/ > k12.�/.

We now construct a canonical multisection s� that will be in our canonical family of multisections
bounded by J . We do this via a case-by-case analysis in order to respect the canonical property.

If � is not connected, then each connected component „ of � satisfies either I.„/ ¨ I.�/ or
n.„/ < n.�/; hence the multisection s„ is already defined and we write s� D�„2Conn.�/ s

„.
Analogously, if �¤B� and � does not have an exchangeable vertex, then any connected component„

of B� has either the property (i) or (ii) in the inductive hypotheses above. Thus, the multisection s„ is
already constructed, so we construct s� as

(5-48) s� D F ��

�
�

„2Conn.B�/
s„
�
:

Lastly, if � has an exchangeable vertex v with incident edge e, then detache � has two connected
components, the exchangeable vertex and the rest of the graph � 0. Further � 0 has the property (iii) above,
so we can construct s� as in (5-48) by induction.

Otherwise, we define the multisection s� as follows. We start by constructing the multisection at the
boundary. First note that, for any ƒ 2 @0� [ @exchange� and � D smE ƒ, we have

(5-49) n.�/D
X

v2Vert.ƒ/

n.v/� .r C s/jEj:

Thus, if ƒ 2 @0� [ @Exchange� then Bƒ consists of connected components „1; : : : ; „f such that, for
each i , one of the following holds:

(i) I.„i /¨ J .

(ii) I.„i /D J and n.„i / < n.�/.

(iii) I.„i /D J , n.„i /D n.�/ and k12.„i / > k12.�/.

Thus we can inductively define the transverse multisections sƒ for all ƒ 2 @0� [ @Exchange� via (5-48).
We then can use Lemma 5.15 to extend the multisection over the entire moduli space. By Proposition 3.35,
we have that the intersection number� Y

i2I.�/

�
.ai ;bi /

di
�
k1.�/
1 �

k2.�/
2 �12

�s;o

is independent of the choice of the extension s� from the boundary.
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Consider the corresponding chamber index �D .��;d / given above and the chamber index �sD .�s
�;d
/

corresponding to the family of multisections s (bounded by J ) as defined in (3-20). For any d 2 ZJ
�0

and � 2 Balanced.J;d/, we now write

��;d .s/ WD �
s
�;d � ��;d :

For any � 2 Balanced.� J;d/ where jI.�/j< l , we have by induction that ��;d .s/D 0. The goal now
is to construct a new family of multisections s0 bounded by J so that ��;d .s0/ vanishes for all d 2 ZJ

�0

and � 2 Balanced.J;d/.
Consider the quantities A.J;d ; �s/ and A.J;d ; �/ defined in Notation 3.42. Using that � is a chamber

index by assumption and that �s is a chamber index by Corollary 5.11(3), we have from Corollary 4.28 that

(5-50) 0DA.J;d ; �s/�A.J;d ; �/D
X

�2Balanced.J;d/

�
�1Ck1.�/

r

�
�
�1Ck2.�/

s

�
�
�1Cr.J /

r

�
�
�1Cs.J /

s

� ��;d .s/:
Recall the notation for all balanced and critical graphs given in Notation 2.40 of balanced graphs

and critical graphs with internal markings J . If N D 0, then Balanced.J;d/ D f�0g and the equality
��J;0 D 0 follows directly from (5-50). If N > 0 then we can classify the type of top critical boundary
graphs corresponding to each �J;i . Recall from Definition 2.36 that a top boundary graph will be a
critical boundary graph with two vertices v0 and v1 with a boundary edge e so that

� the vertex v1 is rooted, balanced and has no internal markings; and

� the vertex v0 is of the form ƒJ;p 2 Crit.J;d/ from Notation 2.40.

Given a balanced graph �J;i , there are only two possible types of top critical boundaries:

(i) when v1 is �W0;r;0;1;¿ and v0 is ƒJ;i , and

(ii) when v1 is �W0;0;s;1;¿ and v0 is ƒJ;iC1.

For �J;0, there are not enough r-points to have type (i) and, for �J;N , there are not enough s-points to
have type (ii). Otherwise, for 1 � i � N � 1, the graph �J;iC1 has precisely two types of top critical
boundaries, such that both have two vertices and one boundary edge and one of its half-edges is a r-point
and one is a s-point. We quickly remark that type (i) (respectively type (ii)) corresponds to critical
boundary graphs with � D 1 (respectively � D 2).

Suppose we change the multisection sƒJ;i to another multisection .s0/ƒJ;i , which agrees with sƒJ;i

near @MƒJ;i . Given a transverse homotopy H 2 C1m .Œ0; 1��PMƒJ;i ; �
�EƒJ;i .d// which is constant

in time near Œ0; 1�� @MƒJ;i we define

hi;d WD hi;d .s
ƒJ;i ; .s0/ƒJ;i / WD

Z
Œ0;1��PMƒJ;i

e.��EƒJ;i .d/IH jV /;

where V can be taken to be the union of f0; 1g �PMƒJ;i with the locus where H is constant in time.
We claim that the quantity hi;d depends only on the multisections sƒJ;i and .s0/ƒJ;i , but not on the ho-

motopy chosen between them. Choose another homotopyH 02C1m .Œ0; 1��PMƒJ;i ; �
�EƒJ;i .d//which
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is the constant in time near Œ0; 1��@MƒJ;i . WhileH andH 0 will have different neighborhoods V and V 0

of Œ0; 1�� @MƒJ;i where they are constant in time, we will have that H jV\V 0 DH 0jV\V 0 . Thus, by an
argument analogous to that in the proof of Proposition 3.35 we haveZ

Œ0;1��PMƒJ;i

e.��EƒJ;i .d/IH jV /D
Z
Œ0;1��PMƒJ;i

e.��EƒJ;i .d/IH jV\V 0/

D

Z
Œ0;1��PMƒJ;i

e.��EƒJ;i .d/IH
0
jV 0/:

We now construct this new family of canonical multisections s0 bounded by J by taking s, but then
replacing the multisection sƒJ;i for the graphs ƒJ;i with s0ƒJ;i . This will require us to change the
canonical multisections s� for all � such that there exists a boundary strata ƒ 2 @0� [ @exchange� for
which ƒJ;i is a connected component of Bƒ. We now see which balanced graphs have this property up
to the induction step where we construct the multisection for the graph �J;i .

We can use (5-49) to see that

n.ƒJ;i /D n.�J;i /�n.�
W
0;r;0;1;¿/C .r C s/D n.�J;i /� rs:

Since n.ƒJ;i /<n.�J;i /, we are modifying the sections sƒJ;i which was already determined at a previous
step of the induction. Take a graded graph � whose multisection has already been constructed and so that
there exists ƒ 2 @0� [ @exchange� with ƒJ;i a connected component of Bƒ. Thus I.�/� J but if ƒJ;i
is a vertex in the graph � then I.�/D J .

Since I.�/D J , all other vertices of ƒ aside from ƒJ;i must have no internal markings. Moreover,
since � is graded, all other vertices must be stable and have no untwisted boundary tails. For any
vertex v in ƒ with no internal markings, we must have by combining (2-22) and (2-23) as in the proof of
Proposition 2.31(a) that

(5-51) r j k1.v/C k12.v/� 1 and s j k2.v/C k12.v/� 1:

Since we are at the induction step for the graph �J;i , we know that n.�/� n.�J;i /. We now can start
to order all possible vertices with no internal markings in increasing order with respect to the weighted
number n.v/. The first two such vertices v that satisfy (5-51) have n.v/D r C s and have the following
number of boundary half-edges:

� k1.v/D k2.v/D 0 and k12.v/D 1.

� k1.v/D k2.v/D 1 and k12.v/D 0.

To guarantee stability, any vertex v with this number of boundary half-edges with nontrivial twists will
require at least one additional boundary half-edge adjacent to v that is untwisted. Suppose ƒ has one
of these vertices. Then ƒ must have additional vertices with no internal markings and a fully twisted
half-edge on which we glue the untwisted boundary half-edge. If such an additional vertex v0 has
n.v0/D rCs, then we can repeat this argument. Thus, eventually, we must find a vertex v with no internal
markings and n.v/ > r C s. After these two cases, we have the graphs �W0;r;0;1;¿ and �W0;0;s;1;¿ in the
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ordering with respect to n.v/, where n.�W0;r;0;1;¿/D n.�
W
0;0;s;1;¿/D rsC .rC s/. Since n.�/� n.�J;i /

this means that Bƒ must consist of ƒJ;i , one of the graphs �W0;r;0;1;¿ and �W0;0;s;1;¿, and possibly some
vertices v with n.v/D r C s by (5-49). However, if we have any vertices v with n.v/D r C s, we will
then have n.�/D n.�J;i / with k12.�/ < k12.�J;i /. Otherwise, � coincides with �J;i�1 or �J;i .

Thus we have proved the following: if � is any graph for which there exists ƒ 2 @0� [ @exchange�

with ƒJ;i a connected component of Bƒ, then either

(i) J ¨ I.�/;

(ii) n.�/ > n.�J;i /;

(iii) n.�/D n.�J;i / but k12.�/ < k12.�J;i /; or

(iv) � D �J;i�1 or � D �J;i .

Therefore, changing sƒJ;i will have no further effect on the inductive construction.
Replace all sƒJ;i with .s0/ƒJ;i , and then apply Lemma 5.15 to define .s0/� at this induction step for

those � with boundary graphs ƒ 2 @0� [ @exchange� so that ƒJ;i is a connected component of Bƒ. Here,
the intersection numbers corresponding to the balanced graphs �J;i will change. Define

o0J;p;d WD
D Q
i2J

�
.ai ;bi /

di
�
k1.�J;p/
1 �

k2.�J;p/
2 �12

E.s0/�J;p ;o
:

Using Lemma 2.22 along with (5-22), (5-24), and (5-25), we compute the new invariants o0
J;p;d

to be as
follows:

� For p D 0, it will change to

(5-52) o0J;0;d D ��J;0;d C��J;0;d .s/C .�1/
k2.ƒJ;1/sk1.ƒJ;1/h1;d :

� For 0 < p < N , it will change to

(5-53) o0J;p;d D ��J;p;d C��J;p;d .s/C .�1/
k2.ƒJ;p/C1rk2.ƒJ;p/hp;d

C .�1/k2.ƒJ;pC1/sk1.ƒJ;pC1/hpC1;d :

� For p DN , it will change to

(5-54) o0J;N;d D ��J;N ;d C��J;N ;d .s/C .�1/
k2.ƒJ;N /C1rk2.ƒJ;N /hN;d :

By Lemma 5.17, there exists a multisection .s0/ƒJ;1 where c in the lemma is taken to be

h1;d D .�1/
k2.ƒJ;1/C1

��J;0;d .s/

sk1.ƒJ;1/
:

Then we will have that o0
J;0;d

D ��J;0;d .
We inductively choose hp;d so that we obtain o0

J;p;d
D ��J;p;d for all 0 � p < N . This is done by

assuming given h1;d ; : : : ; hp;d so that o0
J;p�1;d

D ��J;p�1;d . Then take

hpC1;d D
���J;p;d .s/C .�1/

k2.ƒJ;p/rk2.ƒJ;p/hp;d

.�1/k2.ƒJ;pC1/sk1.ƒJ;pC1/
:

Geometry & Topology, Volume 30 (2026)



Open FJRW theory and mirror symmetry 2925

Then the expression for o0
J;p;d

in (5-53) will simplify to o0
J;p;d

D��J;p;d . Again, the multisection .s0/ƒJ;p

is guaranteed to exist by Lemma 5.17. Note that this does not change the boundary behavior for these
multisections and that these critical boundaries all have internal markings J , so they do not affect any
previously specified open intersection numbers in the inductive step.

Now we have that ��J;p;d .s/ D 0 for p D 0; : : : ; N � 1. Combining this with (5-50), we obtain
that ��J;N ;d .s/ D 0. We perform the above modifications in this way for all graphs � with internal
markings J and descendent vectors d 2ZJ

�0 such that � is balanced with respect to d . It is reassuring to
note that the top boundary critical graphs with different descendent vectors will all have independent
inductive structures at top boundary strata, so the steps above will not rely on each other. Continue to do
the above for all J � I with jJ j D l to complete the induction step. Thus we have found that �s D �,
and hence � 2�r;s.I /.

6 Proof of the open topological recursion relations

We now outline the proof of Theorem 5.10. By Theorem 5.4, A.I;d/ is independent of the canonical
family used to define it. We prove Theorem 5.10 by calculating A.I;d C e1/ in two ways, with respect
to a family of transverse special canonical multisections.

For convenience in this subsection, we assume that � is a rooted smooth graded W -spin graph � with
I.�/D Œl �, with l > 0. Let

(6-1) E DE�.d C e1/ and E1 DE�.d/

be the descendent Witten bundles with respect to descendent vectors dCe1 and d , respectively. Suppose
that � is balanced with respect to the descendent vector d C e1. Consider the two transverse special
canonical multisections for E and E1, respectively,

(6-2) sD s� D s� ˚
M
i2Œl�

j2ŒdiCıiD1�

s�ij ; s1 D s
�
1 D s

�
˚

M
i2Œl�
j2Œdi �

s�ij ;

where s� is the W-component of s� and s�ij is the projection to the j -th Li summand.
Since s and s1 are canonical, they are strongly positive, so there exists a set UC D U �C as in (3-4) on

which s� does not vanish. Our goal is to compute
R
PM�

e.EI s� jUC\@0PM�
/ in terms of s1; however,

doing this directly is difficult. Instead, given a marked point w other than the first internal marked
point z1, we will look at a specific transverse multisection, s1˚ tw , with a distinguished multisection
tw 2 C

1.PM� ;L1/ that we will define below. This multisection, however, will not be canonical so we
must take a homotopy to a canonical multisection.

A priori, we would like to find the invariant

(6-3)
Z
PM�

e.EI s� jUC\@0PM�
/
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by computing
R
PM�

e.EI s�1 ˚ tw jUC\@0PM�
/, and then finding the difference of the two integrals as

the number of zeros introduced by the homotopy between the two sections. This naive approach fails,
as the integrals become unwieldy. However, it turns out that we can control the contributions of certain
linear combinations of these integrals. A key technique introduced here is that we can use two cleverly
chosen special linear combinations of multisections that are multisums corresponding to distinguished
multisections of E to prove the recurrence relations of Theorem 5.10.

6.1 The distinguished multisections tw of L1

Notation 6.1 Consider a graded graph � with at least two tails, one of which is internal. We can define
the distinguished multisection t D tw 2 C1.PM� ;L1/ mentioned above as follows. Consider a smooth
graded W -spin disk † with an internal marking z1 and additional marking w. After identifying † with
the upper half-plane, we set

(6-4) Qt .†/D dz

�
1

z�w
�

1

z� Nz1

�ˇ̌
zDz1

2 T �z1†:

This provides a section of L1 over M� . Furthermore, this extends to a section of L1 over PM� via
exactly the same argument as given in [Pandharipande et al. 2024, §4.3], which we briefly review. If † is
singular, let C be the underlying complex curve. Then there is a unique meromorphic differential ! on
the normalization of C with the following properties.

First, it has simple poles with residue C1 and �1 at w and Nz1, respectively. Second, consider a path
in C from w to Nz1 that passes through the minimal number of irreducible components and nodes. Since C
has genus zero, there is a unique choice of nodes and irreducible components for the path to traverse. For
any node that the path traverses through, the two preimages have at most simple poles, and the residues
at these poles sum to zero. If we normalize at such a node, then one node will be in the connected
component associated to w and the other in the connected component containing Nz1. The residue at the
half-node sharing the connected component with w is �1 and the residue for the half-node sharing the
connected component with Nz1 is C1. For all other irreducible components where the path does not pass
through, ! is holomorphic and hence vanishes. One then defines Qt .†/ to be the value of ! at z1.

We call tw the section (of L1) pointing at w.

Remark 6.2 One special case of a section tw occurs when the graded W -spin disk † contains a boundary
node n and the normalization of † at this node n is †1 t†2 with z1 2†1 and w 2†2. Write ni 2†i
for the half-nodes corresponding to n. Then it is easy to see from the description of Notation 6.1 in the
singular case that tw coincides with tn1 , the section of L1 pointing at n1.

Notation 6.3 Let � be a smooth graded W -spin graph with at least two tails, one of which is internal.
Let I1 be the set of internal tails in the connected component containing the internal tail 1.

Given the data of a subset A� I1 n f1g and two numbers a 2 f�1; : : : ; r � 2g and b 2 f�1; : : : ; s� 2g,
we denote by �A;a;b the graded graph obtained from � by replacing the vertex containing internal tail 1
with another graph with one open vertex vo and one closed vertex vc so that:
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� The vertices vo and vc are attached with one edge. Here, the half-edge belonging to vc has twist .a; b/
and the half-edge belonging to vo has twist .r � 2� a; s� 2� b/.

� The closed vertex vc has internal tails labeled by f1g[A with the same twists as the original tails
on � .

� The open vertex vo has internal tails labeled by I1 n .A[f1g/ with the same twists as the original
tails on � and the boundary tails with the same twists as in � .

Such graphs �A;a;b correspond to the stable disks seen in Figure 14. We note that a is allowed to take
the value �1 instead of r � 1 as the corresponding half-node will be an anchor (and similarly for b).

Let � be a rooted smooth graded W -spin graph � with internal markings I with 1 2 I . As in (6-1), let
E DE�.d C e1/ and E1 DE�.d/ be the two descendent Witten bundles with respect to d C e1 and d ,
where d 2 ZI

�0 and e1 D .ıi1/i2I 2 ZI
�0. Consider the two special canonical multisections s and s1 for

E and E1 given in (6-2). The first observation is the following, which will be the only place where we
use the fact that s1 is special canonical rather than canonical.

Lemma 6.4 Suppose � D �0;k1;k2;k12;f.ai ;bi /gi2I is a smooth connected graded W -spin graph with at
least two tails , one of which is internal. Write t D s1˚ tw and k� D k�.�/. If A� I , write zA;a;b for an
internal marking labeled by the union of labels of the marked points in A with twist .r � 2� a; s� 2� b/.
Take vA;a;b to be the graph �0;k1;k2;k12;f.ai ;bi /gi2B[fzA;a;bg where AtB D I .

(1) If w is a boundary marking , then the integral
R
PM�

e.EI tjUC\@0PM�
/ equals

(6-5)
X

AtBDI
12A

a2f�1;:::;r�2g
b2f�1;:::;s�2g

�
�
.a;b/
0

Y
i2A

�
.ai ;bi /

di

�ext�
�
.r�2�a;s�2�b/
0

Y
i2B

�
.ai ;bi /

di
�
k1
1 �

k2
2 �

k12
12

�svA;a;b ;o

:

(2) If w is an internal marking , say z2, then the integral
R
PM�

e.EI t/ equals

(6-6)
X

AtBDI
12A;22B

a2f�1;:::;r�2g
b2f�1;:::;s�2g

�
�
.a;b/
0

Y
i2A

�
.ai ;bi /

di

�ext�
�
.r�2�a;s�2�b/
0

Y
i2B

�
.ai ;bi /

di
�
k1
1 �

k2
2 �

k12
12

�svA;a;b ;o

:

Proof The proof of this lemma is completely analogous to the proof of Lemma 4.14 in [Buryak et al.
2024] (which in turn is inspired by the proof of Lemma 4.7 in [Pandharipande et al. 2024]) and will only
be sketched.

Let Goc � @� be the collection of graphs ƒ with the properties

� ƒ has exactly one edge e which connects an open vertex voƒ and a closed vertex vcƒ,

� the internal tail z1 is adjacent to vcƒ, i.e., 1 2 I.vcƒ/, and

� if w is an internal marking, say w D z2, then 2 2 I.voƒ/.
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�z1
A

I1 nA

�

�wDz2

�z1
A

I1 nA

�

�w

Figure 14: Stable disks associated to �A;a;b for the two choices of w and the boundaries
contributing in Lemma 6.4. Left: w an internal node. Right: w a boundary node.

We refer the reader to the corresponding stable disks in Figure 14. By Lemma 4.13 of [Buryak et al.
2024], the zero locus of tw is

S
ƒ2Goc PMƒ. By adapting the proof with the number of automorphisms

as computed in Observation 1.15 in mind, we can see that the zero locus has multiplicity d .
Moreover, by Corollary 2.55, the induced relative orientation on W restricted to the zero locus is

the one induced from the canonical complex orientation for the closed part, and the canonical relative
orientation for the open part. See Lemma 4.13 of [Buryak et al. 2024] for more details. Note that, by
Observation 1.15 and Proposition 1.26, the map

Detache W PMƒ! PMvoƒ
�Mvcƒ

has degree rs=d .
Following the argument of Lemma 4.14 in [Buryak et al. 2024], we can restrict to the zero locus of tw

with the correct multiplicity, and in turn, use the detaching map with the decomposition properties of the
special canonical multisection s1 (see Definition 3.27) to see that

(6-7)
Z
PM�

e.EI tjUC\@0PM�
/D

X
ƒ2Goc

Z
PMƒ

de.E1I s1jPMƒ
/

D

X
ƒ2Goc

�
rs

Z
PMvc

ƒ

e.E1I s1jPMvc
ƒ

/

�Z
PMvo

ƒ

e.E1I s1jPMvo
ƒ

/:

Lastly, using the definition of closed extended invariants in (3-8), we obtain (6-5) and (6-6).

Note that in Lemma 6.4(1), when w is a boundary point, the integral is independent of the choice of
the specific boundary point; hence item (1) of the lemma will also hold if we replace Qtw by a ]-sum of
similar sections defined using different boundary marked points in the same connected component.

Notation 6.5 We denote by tr the multisection of L1!PM� that is the ]-sum of multisections pointing
to all boundary markings in the connected component of z1 that are r-points. Define similarly ts . Lastly,
let t� be the multisection which points to the root of the connected component of z1.

Notation 6.6 Consider a section tw of any of the above types. Recall that s1 is a multisection of E1 and
we write t D s1˚ tw for a multisection of E. Note that tw need not be canonical, and hence t need not be.
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As a consequence, we will need a homotopy from tw to a canonical multisection. Write

(6-8) E DE1˚L1

with E1 as in (6-1). Let s2 be a canonical multisection of L1. Then we can consider the canonical
multisection sD s1� s2 of E.

We apply Lemma 3.41 with respect to s and s1˚ tw to find a canonical family of multisections ��

of L1, such that, for each balanced � , the homotopy given at time u by

(6-9) H�.tw/.u;�/ WD s1� ..1�u/tw Cu.1�u/�� Cus2/

is transverse. Here, as we did in Proposition 3.35, we are viewing multisections s1, tw , s2 with base PM�

as multisections with base Œ0; 1��PM� via pulling back the bundle under the projection.

Notation 6.7 Let � be a smooth graded W -spin graph with an internal tail 1 2 I.�/, and let „1; : : : ; „f
be the connected components of � . Suppose that „j contains the tail 1. Consider graded graphs ƒ 2 @�
where

� ƒ has connected components ƒ1; : : : ; ƒf where ƒj 2 @„j and ƒi D„i for i ¤ j ;

� ƒj has two open vertices v0 and vj , with one edge e between them.

(a) Denote by GWC the collection of wall-crossing graphs, i.e., all ƒ as above where

� the vertex v0 contains the internal tail 1 and is critical with respect to the descendent vector d C e1;

� the vertex vj is rooted and balanced with respect to the descendent vector d C e1;

� the half-edges h0 and hj of e must fall into one of the following two cases:

(i) tw.h1/D .r � 2; 0/, alt.h1/D .1; 0/, tw.h2/D .0; s� 2/, and alt.h2/D .0; 1/.
(ii) tw.h1/D .0; s� 2/, alt.h1/D .0; 1/, tw.h2/D .r � 2; 0/, and alt.h2/D .1; 0/.

(b) Denote by GExchange the set of all ƒ as above where

� the vertex v0 is rooted and has the internal tail 1;

� the vertex vj is an exchangeable vertex; and

� the half-edges satisfy

tw.h0/D .r � 2; s� 2/; alt.h0/D .1; 1/; tw.hj /D .0; 0/; alt.hj /D .0; 0/:

(c) Denote by GCont the set of all ƒ as above where

� the vertex v0 is rooted and has the internal tail 1;

� Bƒ is balanced with respect to the descendent vector d ;

� the half-edges satisfy

tw.h0/D .0; 0/; alt.h0/D .0; 0/; tw.hj /D .r � 2; s� 2/; alt.hj /D .1; 1/:
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Recall the definition of a degeneration of a pregraded W -spin graph from Definition 1.49(4). If we let
� WD �P for some P 2 Ph.I;d C e1/ (see Notation 5.5), then we define

(6-10)

GWC.P / WD fƒ 2 GWC jƒ is a degeneration of �P g;

GExchange.P / WD fƒ 2 GExchange jƒ is a degeneration of �P g;

GCont.P / WD fƒ 2 GCont jƒ is a degeneration of �P g:

Remark 6.8 The graphs in the collection GWC.P / are precisely the subcollection of all graphs of the
form �P;j;�;I0;k1.0/;k2.0/;R0;S0 described in Part (B) of the proof of Theorem 5.4, with the additional
constraint that 1 2 I0.

Using this notation, we can provide a new formula for
˝Q

i2I.�/ �
.ai ;bi /

diCı1i
�
k1.�/
1 �

k2.�/
2 �

k12.�/
12

˛s� ;o:

Lemma 6.9 Let P 2 Ph.I;d C e1/. Take � WD �P as in (5-3). Let s1 be a canonical multisection of E1
and s2 a canonical multisection of L1. Take sD s1C s2 and tw D s1C tw and consider the homotopy
H WDH�.t/ between them , as in (6-9). Then

(6-11)
� Y
i2I.�/

�
.ai ;bi /

diCı1i
�
k1.�/
1 �

k2.�/
2 �

k12.�/
12

�s� ;o

D

Z
PM�

e.E; tw/CZ
�
WC.tw/CZ

�
Cont.tw/CZ

�
Exchange.tw/;

where

Z�WC.tw/ WD
X

ƒ2GWC.P /

#Z.H jŒ0;1��PMƒ
/I

Z�Cont.tw/ WD
X

ƒ2GCont.P /

#Z.H jŒ0;1��PMƒ
/I(6-12)

Z�Exchange.tw/ WD
X

ƒ2GExchange.P /

#Z.H jŒ0;1��PMƒ
/:

Proof By Lemma 3.41, the homotopy H of (6-9) from tw to s is transverse to zero on each stratum
Œ0; 1� �MW

ƒ and the projection of H to E1 equals s1 at all times. Moreover, H is nonvanishing
on Œ0; 1��UC, where UC is as in (3-4), as s1 is strongly positive (see Definition 3.18). Lemma 2.22 then
gives

(6-13)
Z
PM�

e.EI s/�

Z
PM�

e.EI tw/D #Z.H jŒ0;1��.@PM�/
/:

We will now show that H only vanishes on those boundary strata indexed by graphs that are in the
collections GWC, GCont, and GExchange, yielding (6-11). For ƒ 2 @0� with dimMW

ƒ � dimMW
� � 2,

H will not vanish as it is a transverse homotopy. If instead ƒ 2 @0� is irrelevant, then s1 is nonvanishing
on MW

ƒ as s1 is strongly positive, and hence H is nonvanishing on MW
ƒ . We thus may assume that

dimMW
ƒ D dimMW

� � 1 and ƒ is relevant.
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We can then describe ƒ. Write „1; : : : ; „f for the connected components of ƒ. Using the assumption
that dimMW

ƒ D dimMW
� � 1, we see ƒ must have a single boundary edge e which connects open

vertices v1 and v2. Thus we may assume that „1 contains the edge e and vertices v1, v2, and the
remaining connected components „2; : : : ; „f are rooted smooth open graded graphs. Then one can write

(6-14) E1 D .E1/v1 � .E1/v2 � ..E1/2� � � �� .E1/f /; E DEv1 �Ev2 � .E2� � � ��Ef /;

where .E1/vi DEvi .d/, Evi DEvi .d C e1/ and .E1/i DE„i .d/, Ei DE„i .d C e1/.
We next observe that for H to vanish on this stratum, the internal tail 1 must be contained in „1.

Indeed, if not, the component of H in Ev1 �Ev2 is constant, coinciding with the Ev1 �Ev2 component
of s, and hence by transversality has no zeros. Thus for i ¤ 1, the bundle Ei is the same as .E1/i .

As in Part (A) of the proof of Theorem 5.4, there are four cases which we must discuss, depending
on the different potential twists for the half-edges in the first connected component. Without loss of
generality take v1 to be the rooted vertex of „1 with corresponding boundary half-edge h1 and v2 to be
the additional vertex with half-edge h2. We can have

(i) tw.h1/D .r � 2; 0/, alt.h1/D .1; 0/, tw.h2/D .0; s� 2/, and alt.h2/D .0; 1/;

(ii) tw.h1/D .0; s� 2/, alt.h1/D .0; 1/, tw.h2/D .r � 2; 0/, and alt.h2/D .1; 0/;

(iii) tw.h1/D .r � 2; s� 2/, alt.h1/D .1; 1/, tw.h2/D .0; 0/, and alt.h2/D .0; 0/;

(iv) tw.h1/D .0; 0/, alt.h1/D .0; 0/, tw.h2/D .r � 2; s� 2/, and alt.h2/D .1; 1/.

Recall from (2-23) that the rank of the Witten bundle associated to a given vertex v satisfies

(6-15) rankEv � k1.v/C k2.v/ .mod 2/:

On the other hand,

(6-16) dimMW
v � 1C #(boundary half-edges incident to v) .mod 2/:

Note that since H agrees with s on Ei , 2� i � f , and s is transversal, in order for H to vanish we
need that

(6-17) rankEi � dimMW
„i
; 2� i � f:

Since rankE D dimMW
ƒ C 1 by the fact that � is balanced with respect to d C e1, we must also have

(6-18) rankEv1 C rankEv2 C
fX
iD2

rankEi D 1C dimMW
v1
C dimMW

v2
C

fX
iD2

dimMW
„i
:

We now carry out a more careful analysis of ranks and dimensions for the vertices v1 and v2 in the
four cases to determine when H may vanish.

Geometry & Topology, Volume 30 (2026)



2932 Mark Gross, Tyler L. Kelly and Ran J. Tessler

(i) and (ii) Cases (i) and (ii) are similar to one another. By (6-15) and (6-16), we have

rankEv1 � k1.v1/C k2.v1/� k1.v1/C k2.v1/C k12.v1/C 1� dimMW
v1

.mod 2/I

rankEv2 � k1.v2/C k2.v2/� k1.v2/C k2.v2/C 1� 1� dimMW
v2
� 1 .mod 2/:

(6-19)

If 1 2 I.v1/, then the homotopy H will also be constant in time for the v2 component. Thus, in
order for H to vanish, we need by transversality that rankEv2 � dimMW

v2
. By (6-19), we know then

that rankEv2 < dimMW
v2

, but the parities of rankEv1 and dimMW
v1

agree. Thus by (6-18), we then
must have rankEv1 > dimMW

v1
, and hence by parity, rankEv1 � dimMW

v1
C 2. By transversality, the

v1-component of the homotopy H jŒ0;1��MW
ƒ

cannot vanish, and hence H jŒ0;1��MW
ƒ

does not vanish.
When 1 2 I.v2/ and H vanishes, we claim that the graph ƒ is a critical boundary graph with respect to

the descendent vector d C e1. Indeed, note that now H is constant on the v1 component, so necessarily
rankEv1 � dimMW

v1
. Thus by (6-18), rankEv2 � dimMW

v2
C 1. If the inequality is strict, then H will

nonvanishing on MW
ƒ by transversality. Thus in this case we have rankEi D dimMW

„i
for 2� i � f ,

rankEv1D dimMW
v1

and rankEv2D dimMW
v2
C1, i.e.,ƒ is a critical boundary. We denote the collection

of graphs which parameterize such boundaries by GWC, as in Notation 6.7.
Case (i) here corresponds to the case where � D 1 and case (ii) corresponds to the case where � D 2

in Remark 6.8.

(iii) In case (iii), when we pass to the base, we will forget the half-edge h2. As in (3-1) and (3-2), we
must have dimMW

Bƒ D dimMW
� � 2C� , where � D 1 if v2 becomes partially stable after forgetting h2

and � D 0 otherwise.
Suppose � D 1. Then, as discussed in Case (iii) of Part (A) of the proof of Theorem 5.4, since ƒ is

assumed to be relevant, the vertex v2 must be exchangeable. In this case, ƒ is one of the exchangeable
graphs in the set GExchange, as defined in Notation 6.7.

Now suppose � D 0. We have two subcases.

(a) 1 2 I.v1/ Recall the map Fƒ WPMW
ƒ !PMW

Bƒ. Here by definition, FƒD Fornonalt ıDetachE0.ƒ/.
We write„D detachE0.ƒ/ƒ and F DDetachE0.ƒ/. There is a canonical identification of the bundles L1
on the moduli spaces PMƒ and PMBƒ under the map Fƒ by Observation 2.15(i). Note that F is a
finite covering map. Indeed, given two W -spin disks †1; †2 representing elements of PMv1 and PMv2 ,
respectively, we may obtain an element of PMƒ in two different ways, by attaching the unique boundary
point of †2 with twist .0; 0/ to one of the two boundary points of †1 with twist .r � 2; s� 2/. Recall t�
is the section of L1 pointing towards the root. Then t� is not the pull-back of a section of L1 on PM„

as on PM„ we cannot in general distinguish between the root and the boundary point corresponding
to h1. Similarly, if th1 denotes the section on PMƒ pointing from z1 to the half-node corresponding
to h1, th1 is not the pull-back of a section from PM„. Lastly, tr ; ts or tw for w 2 I.v2/ may contain
th1 as a weighted summand, see Remark 6.2. Thus it is possible that none of these sections are pulled
back from PM„. On the other hand, recalling the definition of pushforward from Notation 2.21, it is
easy to see that F�t� D F�th1 D t.r;s/, the ]-sum of multisections pointing to all boundary markings
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which are fully twisted. Further, t.r;s/ is then pulled back from PMBƒ. Hence in any event, F�tw
is pulled back from PMBƒ. Now, the remaining multisections used to construct the homotopy H
in Lemma 3.41 are canonical, so we have that F�H is also pulled back from Œ0; 1� � PMBƒ. Since
dim.Œ0; 1��PMW

Bƒ/D dimPMW
� � 1, we have by transversality that F�H does not vanish, and hence

H itself does not vanish. Thus we do not get any contributions to the number of zeroes of the homotopy
from this case.

(b) 1 2 I.v2/ Let k¿.vi / denote the number of boundary half-edges where .twi ; alti /D .0; 0/ for all i .
We use (6-15) and (6-16) to see that

(6-20)

rankEv1 � k1.v1/C k2.v1/� k1.v1/C k2.v1/C k12.v1/C 1C 1
� dimMW

v1
C 1 .mod 2/I

rankEv2 � k1.v2/C k2.v2/� k1.v2/C k2.v2/C k¿.v2/C 1

� dimMW
v2

.mod 2/:

Combining the facts that H is constant on the v1 component with the parities computed in (6-20), we
must have rankEv1 < dimMW

v1
if H jŒ0;1��Mƒ

is to vanish. Thus, by applying (6-17) and (6-18), we
have that rankEv2 > dimMW

v2
. In turn, (6-20) implies that

rankEv2 � dimMW
v2
C 2:

Thus, by transversality, the v2-component of the homotopy H jŒ0;1��MW
ƒ

cannot vanish, and hence
H jŒ0;1��MW

ƒ
does not vanish.

(iv) We again can compute using (6-15) and (6-16) that in case (iv)

(6-21) rankEv1 � dimMW
v1
C 1 .mod 2/I rankEv2 � dimMW

v2
.mod 2/:

Note that the parities in case (iv) are the same as in (6-20). Thus, if 1 2 I.v2/, we can apply (6-21), (6-17)
and (6-18) as before to imply that

rankEv2 � dimMW
v2
C 2:

This again implies by transversality that the v2-component of the homotopy H jŒ0;1��MW
ƒ

cannot vanish,
hence H jŒ0;1��MW

ƒ
does not vanish.

If 1 2 I.v1/, then it is possible that Bƒ is balanced with respect to d . Indeed, note that the base Bƒ
forgets the half-edge h1. Then the rank of .E1/v1 D Ev1.d/ has the same parity as MW

Bv1 , hence one
can have that rank.E1/v1 D dimMW

Bv1 , and so

rankEv1 D dimMW
Bv1 C 2; rankEv2 D dimMW

v2
; rankEi D dimMW

„i
; 2� i � f:

These graphs make up the collection GCont.

Using the analysis of contributing boundaries and (6-13), we conclude the lemma.

The bulk of the analysis involves treating each of the summands on the right-hand side of (6-11)
separately. We begin with the easy case:
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Lemma 6.10 Z�Exchange.tw/D 0.

Proof The argument is similar to the corresponding one in Lemma 5.3. Recall that the homotopyH�.tw/

of (6-9) depends only on the multisections s1, �, s2, and tw . For any ƒ 2 GExchange.P /, we have the
corresponding graph ƒ0 WD exchange.ƒ/2 GExchange.P /. By Observation 3.9, we know that the canonical
multisections s1, �, and s2 are the same on ƒ and ƒ0. Moreover, the multisection tw is independent of
the cyclic ordering on the exchangeable graph, so we have that Exchange�tw D tw . Thus we have that

j#Z.H jŒ0;1��PMƒ
/j D j#Z.H jŒ0;1��PMƒ0

/j:

Recalling that, by Proposition 2.56, the map Exchange W PMƒ! PMƒ0 is orientation reversing, we
conclude that

#Z.H jŒ0;1��PMƒ
/D�#Z.H jŒ0;1��PMƒ0

/:

Summing over all ƒ 2 GExchange.P / implies the result.

We now restrict our attention to computing Z�WC.tw/. This requires understanding the boundary graphs
ƒ 2 GWC.P / for a fixed P 2 Ph.I;dC e1/. As said in Remark 6.8, the graphs in the collection GWC.P /

are precisely the subcollection of all graphs of the form �P;j;�;I0;k1.0/;k2.0/;R0;S0 in Notation 5.6, with
the additional constraint that 1 2 I0. Recall that such a graph �P;j;�;I0;k1.0/;k2.0/;R0;S0 2 GWC.P / will
have the property that

B�P;j;�;I0;k1.0/;k2.0/;R0;S0 �ƒQ
for some

(6-22) QD f.I0; k1.0/; k2.0//; : : : ; .Ih; k1.h/; k2.h//g 2Qh.I;d C e1/;

where 1 2 I0 and �Qj D P where �Qj is as in (5-12). We can then classify all graphs in GWC.P / as

(6-23) GWC.P /D
[

Q2Q.I;dCe1/
where 1 2 I0 and
PD �Qj for some j

� k1.j /�1[
R0D0

A1Q;j;R0

�
[

� k2.j /�1[
S0D1

A2Q;j;S0

�

with notation as in (5-14).

Observation 6.11 Suppose ƒD �P;j;�;I0;k1.0/;k2.0/;R0;S0 2 GWC where BƒDƒQ with Q as in (6-22).
This implies that the j -th connected component in the critical boundary graph consists of two open
vertices v0 and vj sharing a boundary edge so that

� 1 2 I.v0/;

� v0 is a critical vertex;

� vj is a balanced vertex;

� h0 is the boundary half-edge in vertex v0;

� hj is the boundary half-edge in vertex vj .
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By definition, if �D 1 then h0 is an s-point and if �D 2, then h0 is an r-point. Consider the multisections
of L1!MW

v0
given by tr , ts , t� and tz2 from Notation 6.5. By using the canonical identification of

L1!MW
v0

and .L1!MW
� /jMW

ƒ
and Definition 2.19 and Remark 6.2, we compute that

(6-24)

tr jPMƒ
D .k1.0/C 1/t

v0
r ] .k1.j /� 1/t

v0
h0
I

tsjPMƒ
D .k2.0/C 1/t

v0
s ] .k2.j /� 1/t

v0
h0
I

t�jPMƒ
D t

v0
h0
I

tz2 jPMƒ
D

�
t
v0
z2 if 2 2 I.v0/;
t
v0
h0

if 2 2 I.vj /.

While almost all multisections that factor into the construction in a homotopy H.t�/ are canonical, the
multisection th0 on the boundary is not, but we can prove the following technical lemma that deals with
this issue.

Lemma 6.12 Suppose P 2 P.I;d/ and ƒ WD �P;j;�;I0;k1.0/;k2.0/;R0;S0 2 GWC.P / so that BƒDƒQ for
some Q 2Q.I;d/. Take the multisection tƒ

h0
pointing at the half-node corresponding to the half-edge h0

on the graph ƒ. Then

#Z.H.tƒh0/jŒ0;1��PMƒ
/D

�
#Z.H.tv0s /jŒ0;1��PMƒ

/ if � D 1I
#Z.H.tv0r /jŒ0;1��PMƒ

/ if � D 2:

Proof Without loss of generality, we assume that the graph ƒ is connected. If it were disconnected, then
the homotopy as defined in (6-9) restricted to the components not containing the tail 1 is constant so the
number of zeroes is fixed and we reduce to the connected case.

Now consider a fixed connected component M of PMƒ. Recall from Section 2.5.1, since we are in
the unlabeled case, there can be multiple cyclic orderings of the boundary tails that correspond to the
same connected component. We say two cyclic orderings are equivalent if they correspond to the same
connected component in PMƒ. Note the data encoded in each equivalence class Œy�� of cyclic orderings
may be viewed as the pattern of r- and s-points following the root in the anticlockwise direction on the
boundary of the stable disk.

Any cyclic ordering y� in the equivalence class Œy�� induces a cyclic ordering y�0 on all half-edges
attached to v0 in ƒ. This further induces an ordering �0 on the boundary half-edges of the vertex v0
by putting the half-edge h0 at the beginning of the ordering (as seen in Notation 2.44 and Figure 10).
Analogously as above, we say two orderings on v0 are equivalent if they differ by a permutation of the
half-edges of v0 preserving r- points and s-points.

Let us assume that � D 1 and take the group G WD Z=.k2.0/C 1/Z. It acts on the set

Conn.PMƒ/ WD fM jM a connected component of PMƒg

as follows. Given a connected component M of PMƒ, there is an equivalence class of orderings Œ�0�
as above. Take n 2 f0; : : : ; k2.0/g representing an element of Z=.k2.0/C 1/Z. Let s.n/ be the positive
integer such that �0.s.n/C 1/ is the n-th s-point in the ordering �0, not counting the initial half-node.
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In particular, we take s.0/D 0, i.e., the half-node is in the 0-th location in the ordering. There exists a
connected component n �M of PMƒ where the analogous equivalence class of orderings Œ�n� on the
boundary half-edges of v0 has the property that

tw.�0.i C s.n///D tw.�n.i//

for any i (viewed modulo k2.0/C 1) and representatives �0 and �n of Œ�0� and Œ�n�. Geometrically,
in the unlabeled case, this can be viewed as changing which s-point on the disk corresponding to v0
is the half-node by “rotating to the n-th s-point found anticlockwise.” Note that there is a canonical
isomorphism

�n WM! n �M

given by changing the half-node on the disk corresponding to the vertex v0.
As orbits of the group action partition the set of connected components, we treat each orbit of

connected components of PMƒ separately to prove the lemma. Fix an orbit O.M/ of PMƒ. The orbit
has cardinality #O.M/ where #O.M/ j .k2.0/C 1/. If #O.M/¤ k2.0/C 1, then this means that there
is a rotational symmetry in the cyclic ordering y�0 that preserves the pattern of r- and s-points on the
vertex v0. Take the minimal representative � 2 f1; : : : ; k2.0/C1g of a generator of the stabilizer subgroup
GM � Z=.k2.0/C 1/Z for M. This means

tw
�
�0.i C s.n//

�
D tw.�n.i// for all i () nD k�:

Take the map to the base given in Definition 3.5

Fƒ W PMƒ! PMƒQ :

As in Observation 2.15(i), there is a canonical identification for the cotangent bundle L1 on the moduli
spaces above. Recall that the map Fƒ is finite with degree .�1/k2.0/.k2.0/C 1/.

Consider the multisection tv0
h0

on M. Once we detach this edge, the half-edge h0 will become
indistinguishable from the tails that are s.k�/ .mod k1.0/C k2.0/C 2/ places away from h0 for any
k 2 Z. Define the following subset of boundary marked points

T .M/D

�
xs.k�/ j 0� k <

k2.0/C 1

�

�
:

Thus we have that

.Fƒ/�.t
v0
h0
/D

]
x2T.M/

tx;

with the pushforward as defined in Notation 2.21. Using this fact and that �; s1, and s2 are pulled back
from the base, we can see that the pushforward of H.tv0

h0
/ on this connected component of the boundary

stratum PMƒ is

(6-25) .Fƒ/�.H.t
v0
h0
/jM/DH

� ]
x2T.M/

tx

�ˇ̌
Fƒ.M/

:

Geometry & Topology, Volume 30 (2026)



Open FJRW theory and mirror symmetry 2937

We also have that

F �ƒ

�
H

� ]
x2T.M/

tx

�ˇ̌
Fƒ.M/

�
DH

� ]
x2T.M/

tx

�ˇ̌
M:

This means that the number of zeros of the homotopy H.]x2T.M/tx/jM will not depend on which
half-edge of v0 corresponds to the half-node, i.e., for all n 2G we have

(6-26) H

� ]
x2T.M/

tx

�ˇ̌
M D �

�
n

�
H

� ]
x2T.M/

tx

�ˇ̌
.n�M/

�
:

By applying the pull-back F �ƒ to (6-25) and taking zeros, we have that

(6-27) Z.M/ WD #Z.H.tv0
h0
/jM/D #Z

�
H

� ]
x2T.M/

tx

�ˇ̌
M

�
:

Note that we have a natural bijection between the s-points on v0 and the set
S

M02O.M/ T .M0/. Using
this bijection and the fact that jT .M/j D jT .M0/j for all M0 2O.M/, we have that

(6-28)
]

M02O.M/

]
x2T.M0/

tx D ts:

We then see from (6-26), (6-27), and (6-28) thatX
M02O.M/

Z.M0/D
X

M02O.M/

#Z.H.]x2T.M0/tx/jM0/

D

X
M02O.M/

X
M002O.M/

1

jO.M/j
#Z
�
H

� ]
x2T.M0/

tx

�ˇ̌
M00

�
D

X
M002O.M/

#Z.H.ts/jM00/:

We can perform the same computation for all orbits of the action on the set Conn.PMƒ/ to prove the
� D 1 case. The case where � D 2 is the same.

Using Lemma 6.12, we now give a closed form expression for the contribution of GWC for H.t�/.

Lemma 6.13 Let P 2 Ph.I;d/. Take � WD �P as in (5-3). Let t� be one of the multisections
of L1 ! PM� defined in Notation 6.5 or tz2 for an internal marking z2. Take the corresponding
homotopy H�.t�/ as defined in (6-9). Then

(6-29) Z�WC.t�/DX
Q2Q.I;dCe1/

QDf.I0;k1.0/;k2.0//;:::;.Ih;k1.h/;k2.h//g

where 1 2 I0 and PD �Qj for some j

.�1/k2.0/
hY
iD1

� Y
`2Ii

�
.a`;b`/

d`
�
k1.i/
1 �

k2.i/
2 �12

�.s�0;k1.i/;k2.i/;1;Ii /;o

�
�
.k2.0/C 1/k1.j /˛

�0;k1.0/C1;k2.0/C1;0;I0
�;1 � .k1.0/C 1/k2.j /˛

�0;k1.0/C1;k2.0/C1;0;I0
�;2

�
;

Geometry & Topology, Volume 30 (2026)



2938 Mark Gross, Tyler L. Kelly and Ran J. Tessler

where ˛
�0;k1.0/C1;k2.0/C1;0;I0
�;� is defined as follows depending on � and � 2 fr; s;�; z2g. Taking „ WD

�0;k1.0/C1;k2.0/C1;0;I0 , we have

(6-30)

˛„r;1 D
k1.0/C 1

k1.0/C k1.j /
#Z.H„.t„r //C

k1.j /� 1

k1.0/C k1.j /
#Z.H„.t„s //;

˛„s;1 D #Z.H„.t„s //;

˛„�;1 D #Z.H„.t„s //;

˛„z2;1 D

�
#Z.H„.t„z2// if 2 2 I0,

#Z.H„.t„s // if 2 2 Ij ;

˛„r;2 D #Z.H„.t„r //;

˛„s;2 D
k2.j /� 1

k2.0/C k2.j /
#Z.H„.t„r //C

k2.0/C 1

k2.0/C k2.j /
#Z.H„.t„s //;

˛„�;2 D #Z.H„.t„r //;

˛„z2;2 D

�
#Z.H„.t„z2// if 2 2 I0,

#Z.H„.t„r // if 2 2 Ij .

Proof of Lemma 6.13 The proof is a direct computation using the definition of H�P .t�/. Recall that by
using (6-23) we have that

(6-31) Z�WC.tw/

WD

X
ƒ2GWC.P /

#Z.H.tw/jŒ0;1��PMƒ
/

D

X
Q2Q.I;dCe1/

QDf.Ij ;k1.j /;k2.j //g
where 12I0 and
PD �Qj for some j

 
k1.j /�1X
R0D0

X
„WD�P;j;1;I0;k1.0/;k2.0/;R0;S02A

1
Q;j;R0

#Z.H.tw/jŒ0;1��PM„
/

C

k2.j /�1X
S0D1

X
„WD�P;j;2;I0;k1.0/;k2.0/;R0;S02A

2
Q;j;S0

#Z.H.tw/jŒ0;1��PM„
/

!
:

Recall that for any �P;j;1;I0;k1.0/;k2.0/;R0;S0 2A
1
Q;j;R0

or �P;j;2;I0;k1.0/;k2.0/;R0;S0 2A
2
Q;j;S0

, we have

B�P;j;�;I0;k1.0/;k2.0/;R0;S0 �ƒQ;

where � 2 f1; 2g and ƒQ is the graph given in Notation 5.7.
Let ƒ� WD �P;j;�;I0;k1.0/;k2.0/;R0;S0 . While s1, s2, and � can all be pulled back from the base, tw may

not be, and hence the homotopy H�P .t�/jƒi given in (6-9) may not be pulled back from the base in the
summations in (6-31). However, we can use Lemma 6.12 to see that the quantities in (6-31) are equal to

Geometry & Topology, Volume 30 (2026)



Open FJRW theory and mirror symmetry 2939

those that can be pulled back from the base as follows:

(6-32)

#Z.H.tr/jŒ0;1��PMƒ1
/D

k1.0/C1

k1.0/Ck1.j /
#Z.H.tv0r /jŒ0;1��PMƒ1

/

C
k1.j /�1

k1.0/Ck1.j /
#Z.H.tv0s /jŒ0;1��PMƒ1

/I

#Z.H.tr/jŒ0;1��PMƒ2
/D #Z.H.tv0r /jŒ0;1��PMƒ2

/I

#Z.H.ts/jŒ0;1��PMƒ1
/D #Z.H.tv0s /jŒ0;1��PMƒ1

/I

#Z.H.ts/jŒ0;1��PMƒ2
/D

k2.j /�1

k2.0/Ck2.j /
#Z.H.tv0r /jŒ0;1��PMƒ2

/

C
k2.0/C1

k2.0/Ck2.j /
#Z.H.tv0s /jŒ0;1��PMƒ2

/I

#Z.H.t�/jŒ0;1��PMƒ1
/D #Z.H.tv0s /jŒ0;1��PMƒ1

/I

#Z.H.t�/jŒ0;1��PMƒ2
/D #Z.H.tv0r /jŒ0;1��PMƒ2

/I

#Z.H.tz2/jŒ0;1��PMƒ1
/D

(
#Z.H„.t„z2/jŒ0;1��PMƒ1

/ if 2 2 I0I

#Z.H.tv0s /jŒ0;1��PMƒ1
/ if 2 2 Ij I

#Z.H.tz2/jŒ0;1��PMƒ2
/D

(
#Z.H„.t„z2/jŒ0;1��PMƒ2

/ if 2 2 I0I

#Z.H.tv0r /jŒ0;1��PMƒ2
/ if 2 2 Ij :

Thus we have reduced the computation of (6-31) to the homotopies H.tv0r /, H.t
v0
s /, and H.tv0z2 /,

which all can be pulled back from the base. Take H to be any of these three homotopies. Recall that the
homotopy H is constant in time on the connected components which do not contain the internal tail 1,
that is, the graphs ƒQ;` WD �0;k1.`/;k2.`/;1;.ai ;bi /i2I` for 1� `� h. We have the decomposition

Œ0; 1��PMƒQ D

hQ
iD1

PMƒQ;i � .Œ0; 1��PMƒQ;0/:

In turn, we may decompose the homotopy H D
��h

iD1
Hi
�
�H v0 with Hi D sƒQ;i and

H v0.t�/.u;�/D F
�
v0
.s
v0
1 /� ..1�u/t

v0
�
Cu.1�u/�v0 Cus

v0
2 /:

By an analogous argument to that used to obtain (5-22) and using (5-22), we have that

(6-33)

P
�P;j;1;I0;k1.0/;k2.0/;R0;S02A

1
Q;j;R0

#Z.H jŒ0;1��PM�P;j;1;I0;k1.0/;k2.0/;R0;S0

/

D .�1/k2.0/.k2.0/C 1/#Z.H v0/
hQ
iD1

#Z.sƒQ;j /IP
�P;j;2;I0;k1.0/;k2.0/;R0;S02A

2
Q;j;S0

#Z.H jŒ0;1��PM�P;j;2;I0;k1.0/;k2.0/;R0;S0

/

D .�1/k2.0/C1.k1.0/C 1/#Z.H v0/
hQ
iD1

#Z.sƒQ;j /:
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Note that

(6-34)
hQ
iD1

#Z.sƒQ;j /D
hQ
iD1

D Q
`2Ii

�
.a`;b`/

d`
�
k1.i/
1 �

k2.i/
2 �12

Es�0;k1.i/;k2.i/;1;Ii ;o
:

Moreover, the quantities in (6-33) do not depend on R0 or S0, respectively. Using Observation 6.11
and (6-32), we then also have that

(6-35) #Z.H v0.tv0
�
//D

8<:˛
�0;k1.0/C1;k2.0/C1;0;I0
�;1 if ƒ 2 A1Q;j;R0 ,

˛
�0;k1.0/C1;k2.0/C1;0;I0
�;2 if ƒ 2 A2Q;j;S0 .

By applying (6-33), (6-34), and (6-35) to simplify (6-31), we obtain the claim.

As we can see above, the expression for #Z�WC.tw/ is complicated for an arbitrary tw . We instead
find specific families of nontrivial linear combinations of #Z�WC.tw/ for different graphs � and points w
which vanish.

Notation 6.14 Let QD f.I0; k1.0/C 1; k2.0/C 1/; : : : ; .Ih; k1.h/; k2.h//g 2Q¤0h .I;d C e1/, defined
in Notation 5.7. There are j C2 different elements of P.I;dCe1/ which we can naturally build from Q.
First, recall from (5-12) that

�Qj WD f.I1; k1.1/; k2.1//; : : : ; .I0[ Ij ; k1.0/C k1.j /; k2.0/C k2.j //; : : : ; .Ih; k1.h/; k2.h//g
2 Ph.I;d C e1/

for all 1� j � h. Second, we define

(6-36)
�QCr WD f.I1; k1.1/; k2.1//; : : : ; .Ih; k1.h/; k2.h//; .I0; k1.0/C r; k2.0//g 2 PhC1.I;d C e1/I�QCs WD f.I1; k1.1/; k2.1//; : : : ; .Ih; k1.h/; k2.h//; .I0; k1.0/; k2.0/C s/g 2 PhC1.I;d C e1/:

Note that �QCr D bQCrhC1 and �QCs D bQCshC1, where QCr and QCs are as defined in (5-6).

6.2 Special linear combinations of the distinguished multisections

Definition 6.15 Let f.aP ; bP ; cP ; dP /gP2P.I;dCe1/ be a family of 4-tuples of rational numbers so that
the 4-tuples do not depend on the order of the elements of P and aP C bP C cP C dP D 1.

(1) The family of 4-tuples satisfies Property Q1 if the family further satisfies the following conditions:

(a) For all P , dP D 0.

(b) For any h� 0 andQDf.I0; k1.0/C1; k2.0/C1/; : : : ; .Ih; k1.h/; k2.h//g 2Q¤0h .I;d/ with 12 I0,
we have that

(6-37)
1C

Ph
iD0 k1.i/

k1.0/Cr
a
�QCr
C
1C

Ph
iD0 k2.i/

k2.0/Cs
b
�QCs
D 1C

hP
jD1

�
k1.j /

k1.0/Ck1.j /
a
�Qj C k2.j /

k2.0/Ck2.j /
b
�Qj �:
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(2) The family of 4-tuples satisfies Property Q2 if the family further satisfies the following conditions:

(a) If P satisfies f1; 2g � Ij for some j then dP D 1 and aP D bP D cP D 0. Otherwise dP D 0.

(b) For any h � 0 and Q D f.I0; k1.0/C 1; k2.0/C 1/; : : : ; .Ih; k1.h/; k2.h//g 2 Q¤0
h
.I;d/ where

1 2 I0 and 2 … I0, we have that

(6-38)
1C

Ph
iD0 k1.i/

k1.0/C r
a
�QCr
C
1C

Ph
iD0 k2.i/

k2.0/C s
b
�QCs

D 1C

hX
jD1
2…Ij

�
k1.j /

k1.0/C k1.j /
a
�Qj C k2.j /

k2.0/C k2.j /
b
�Qj�:

Remark 6.16 In the case hD 0 in Definition 6.15 and in the proofs below, we will often make use of the
summation from j D 1 to h being empty and equal to zero.

Lemma 6.17 There exists two families of 4-tuples f.aP ; bP ; cP ; dP /gP2P.I;dCe1/ of rational numbers ,
one of which satisfies Property Q1 and another which satisfies Property Q2.

Proof We first prove the case of Property Q1 inductively on h. The inductive hypothesis is: there are
choices of aP , bP for all P 2 P�hC1.I;d/, with aP , bP not depending on the order of elements P ,
such that (6-37) holds for all Q 2Q¤¿

�h
.I;d/.

The case where hD�1 is vacuously true. Now suppose the inductive hypothesis is true for h. In doing
so, we have determined the constants aP , bP for all P 2 P�hC1.I;d/. Given Q 2 Q¤¿

hC1
.I;d/, the

right-hand side of its corresponding equation (6-37) is then determined as �Qj 2 PhC1.I;d/ for all j .
Given P 2 PhC2.I;d/, there is at most one Q 2Q¤¿

hC1
.I;d/ so that aP is in (6-37), namely P D �QCr .

Similarly, bP appears in (6-37) for some Q 2Q¤¿

hC1
.I;d/ only if P D �QCs . Thus each variable aP ; bP

appears in at most one equation in the system (6-37) (where we run over allQ). This determines the values
of aP ; bP for those elements of PhC2.I;d/ of the form �QCr or �QCs . We remark here that if we permute
the order of the tuples in Q, the summation on the right-hand side of (6-37) will remain invariant by the
induction hypothesis, hence the values of aP and bP for P D �QCr ; �QCs can be chosen to not depend
on the order of its tuples. We may then choose arbitrary values for all other aP ; bP for P 2 PhC2.I;d/
subject to the constraint of being independent of ordering. Further, we define cP D 1� aP � bP . Thus
there exists such a family that has Property Q1.

An analogous inductive argument using (6-38) yields a family satisfying Property Q2.

Lemma 6.18 Let f.aP ; bP ; cP ; dP /gP2P.I;d/ be a family of 4-tuples of rational numbers that satisfies
either property Q1 or Q2. Then

(6-39)
jI jX
hD1

1

hŠ

X
P2Ph.I;d/;

PDf.I1;k1.1/;k2.1//;:::;.Ih;k1.h/;k2.h//g

�
�1CPhiD1 k1.i/

r

�
�
�1CPhiD1 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

�
� .aPZ

�P
WC.tr/C b

PZ
�P
WC.ts/C c

PZ
�P
WC.t�/C d

PZ
�P
WC.tz2//D 0:
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Proof First, we recall the collection eCrit.P / of (5-9). Second, we recall the collection Q.I;d/ defined
in Part (E) of the proof of Theorem 5.4 of ordered sets

QD f.I0; k1.0/C 1; k2.0/C 1/; : : : ; .Ih; k1.h/; k2.h//g 2Qh.I;d/; h� 0;

so that

� Ij ¤¿ for all 0� j � h;

� the elements .I1; k1.1/; k2.1//; : : : ; .Ih; k1.h/; k2.h// are ordered in a way so that, for any two
indices i and j , we have that min.Ii / <min.Ij / if and only if i < j .

As seen in (6-12), the quantity Z�PWC.H
�P .t�// only sums over GWC.P /, which are those graphs ƒ 2

eCrit.P / where 12 I0. If Q 2Q.I;d/\Q0.I;d/, then ƒQ is not the base of any critical boundary graph.
If h > 0 then Q 2Q¤¿.I;d/ so �Qj is defined for all 1� j � h.

Given Q 2Q.I;d/; � 2 f�; r; s; z2g, we will write

Oi .Q/ WD

� Y
`2Ii

�
.a`;b`/

d`
�
k1.i/
1 �

k2.i/
2 �12

�s
�0;k1.i/;k2.i/;1;Ii ;o

;

XQ;� WD #Z.H�0;k1.0/C1;k2.0/C1;0;I0 .t
�0;k1.0/C1;k2.0/C1;0;I0
� //

hY
iD1

Oi .Q/:

We note that the quantity XQ;� is invariant with respect to permuting the last h triplets of Q.
For anyQ2Qh.I;d/, we recall the definition ofQCr andQCs from (5-6). We define Qr

hC1
.I;d/ and

Qs
hC1

.I;d/ to be the collections of tuples that can be written in the formQCr andQCs forQ2Qh.I;d/.
Take

(6-40) �Qh.I;d/ WDQh.I;d/[Qrh.I;d/[Qsh.I;d/:

Define �Q.I;d/ WD[
h

�Qh.I;d/:
As in (5-23), we have that

(6-41) XQ;� D�XQCr ;� D�XQCs ;�:

We consider the quantitiesXQ;� for allQ2Q.I;d/ and �2 f�; r; s; z2g as independent linear variables.
By Lemma 6.13 and (6-41), we can write any of

Z�WC.H
�.tr//; Z�WC.H

�.ts//; Z�WC.H
�.t�//; Z�WC.H

�.tz2//

as a linear combination of the variables XQ;�. Thus, we can write the left-hand side of (6-39) as a linear
combination of the variables XQ;�.
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We now compute the coefficient of XQ;� in (6-39) for all Q 2 Q.I;d/ and � 2 f�; r; s; z2g. Using
Lemma 6.13, we can see that the left-hand side of (6-39) can be expanded to be

jI jX
hD1

X
P2Ph.I;dCe1/

X
Q2Qh.I;dCe1/

QDf.I0;k1.0/;k2.0//;:::;.Ih;k1.h/;k2.h//g

where 12 I0 and PD �Qj for some j

1

hŠ

�
�1CPhiD0k1.i/

r

�
�
�1CPhiD0k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

� hY
iD1

Oi .Q/

�.�1/k2.0/
�
aP
�
.k2.0/C1/k1.j /˛

�0;k1.0/C1;k2.0/C1;0;I0
r;1 �.k1.0/C1/k2.j /˛

�0;k1.0/C1;k2.0/C1;0;I0
r;2

�
CbP

�
.k2.0/C1/k1.j /˛

�0;k1.0/C1;k2.0/C1;0;I0
s;1 �.k1.0/C1/k2.j /˛

�0;k1.0/C1;k2.0/C1;0;I0
s;2

�
CcP

�
.k2.0/C1/k1.j /˛

�0;k1.0/C1;k2.0/C1;0;I0
�;1 �.k1.0/C1/k2.j /˛

�0;k1.0/C1;k2.0/C1;0;I0
�;2

�
CdP

�
.k2.0/C1/k1.j /˛

�0;k1.0/C1;k2.0/C1;0;I0
z2;1

�.k1.0/C1/k2.j /˛
�0;k1.0/C1;k2.0/C1;0;I0
z2;2

��
:

We can change the summations over Ph.I;dCe1/ and special subsets of Qh.I;dCe1/ to a summation
over �Qh.I;dCe1/ using the partition given in (5-18) and the fact that there are hŠ elements of Qh.I;d/
represented by a given element in �Qh.I;d C e1/. We may then rewrite the summation given in the as

(6-42)
X

Q2�Q.I;dCe1/
QDf.I0;k1.0/;k2.0//;:::;.Ih;k1.h/;k2.h//g

where 1 2 I0

WC.Q/;

where WC.Q/ is defined as follows:

� If Q 2Qh.I;d C e1/, then

(6-43) WC.Q/ WD .�1/k2.0/
hX

jD1

�
�1CPhiD0 k1.i/

r

�
�
�1CPhiD0 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

� hY
iD1

Oi .Q/

�

�
.k2.0/C 1/k1.j /

�
a
�Qj ˛�0;k1.0/C1;k2.0/C1;0;I0r;1 C b

�Qj ˛�0;k1.0/C1;k2.0/C1;0;I0s;1

C c
�Qj ˛�0;k1.0/C1;k2.0/C1;0;I0
�;1 C d

�Qj ˛�0;k1.0/C1;k2.0/C1;0;I0z2;1

�
� .k1.0/C 1/k2.j /

�
a
�Qj ˛�0;k1.0/C1;k2.0/C1;0;I0r;2 C b

�Qj ˛�0;k1.0/C1;k2.0/C1;0;I0s;2

C c
�Qj ˛�0;k1.0/C1;k2.0/C1;0;I0
�;2 C d

�Qj ˛�0;k1.0/C1;k2.0/C1;0;I0z2;2

��
:

� IfQCr 2Qr
h
.I;dCe1/, then we can use the facts that k1.h/D r , k2.h/D0,Oh.QCr/Dh�r1�12iD�1

and see that

(6-44) WC.QCr/ WD �.�1/k2.0/
�
�1CPhiD0 k1.i/

r

�
�
�1CPhiD0 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

� h�1Y
iD1

Oi .Q/

� .k2.0/C 1/r
�
a
�QCr˛�0;k1.0/C1;k2.0/C1;0;I0r;1 C b

�QCr˛�0;k1.0/C1;k2.0/C1;0;I0s;1

C c
�QCr˛�0;k1.0/C1;k2.0/C1;0;I0

�;1 C d
�QCr˛�0;k1.0/C1;k2.0/C1;0;I0z2;1

�
:
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� IfQCs 2Qs
h
.I;dCe1/, then we can use the facts that k1.h/D0, k2.h/D s,Oh.QCs/Dh�s2�12iD�1

and see that

(6-45) WC.QCs/ WD .�1/k2.0/
�
�1CPhiD0 k1.i/

r

�
�
�1CPhiD0 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

� h�1Y
iD1

Oi .Q/

� .k1.0/C 1/s
�
a
�QCs˛�0;k1.0/C1;k2.0/C1;0;I0r;2 C b

�QCs˛�0;k1.0/C1;k2.0/C1;0;I0s;2

C c
�QCs˛�0;k1.0/C1;k2.0/C1;0;I0

�;2 C d
�QCs˛�0;k1.0/C1;k2.0/C1;0;I0z2;2

�
:

Using the definition of XQ;� and ˛
�0;k1.0/C1;k2.0/C1;0;I0
�;� given in Lemma 6.13, we can see that

(6-46) WC.Q/D.�1/k2.0/
hX

jD1

�
�1CPhiD0 k1.i/

r

�
�
�1CPhiD0 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

�
�

264.k2.0/C1/k1.j /
264a �Qj � k1.0/C1

k1.0/Ck1.j /
XQ;rC

k1.j /�1

k1.0/Ck1.j /
XQ;s

�
Cb

�QjXQ;s

Cc
�QjXQ;sC

8̂<̂
:
d
�QjXQ;z2 if 22I0,

d
�QjXQ;s if 22Ij ,
0 otherwise

9>=>;
375

�.k1.0/C1/k2.j /

264a �QjXQ;rCb �Qj � k2.j /�1

k2.0/Ck2.j /
XQ;rC

k2.0/C1

k2.0/Ck2.j /
XQ;s

�

Cc
�QjXQ;rC

8̂<̂
:
d
�QjXQ;z2 if 22I0,

d
�QjXQ;r if 22Ij ,
0 otherwise

9>=>;
375
375:

Moreover, we have

(6-47) WC.QCr/D�.�1/k2.0/
�
�1CrCPhiD0 k1.i/

r

�
�
�1CPhiD0 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

� .k2.0/C 1/r

�

"
a
�QCr �k1.0/C 1

k1.0/C r
XQ;r C

r � 1

k1.0/C r
XQ;s

�
C b

�QCrXQ;sC c �QCrXQ;s
C

�
d
�QCrXQ;z2 if 2 2 I0,
0 otherwise

�#
:

Lastly, we similarly have

(6-48) WC.QCs/D .�1/k2.0/
�
�1CPhiD0 k1.i/

r

�
�
�1CsCPhiD0 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

� .k1.0/C 1/s

�

"
a
�QCsXQ;r C b �QCs

�
s� 1

k2.0/C s
XQ;r C

k2.0/C 1

k2.0/C s
XQ;s

�
C c

�QCsXQ;r
C

�
d
�QCsXQ;z2 if 2 2 I0,
0 otherwise

�#
:
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We can then see that the coefficient of XQ;r in (6-39) is equal, after dividing by

.�1/k2.0/
�
�1CPhiD0 k1.i/

r

�
�
�1CPhiD0 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

� ;

to20

(6-49)
hX

jD1

��
.k2.0/C 1/k1.j /

k1.0/C 1

k1.0/C k1.j /
� .k1.0/C 1/k2.j /

�
a
�Qj

� .k1.0/C 1/k2.j /
k2.j /� 1

k2.0/C k2.j /
b
�Qj

� .k1.0/C 1/k2.j /c
�Qj � 122Ij .k1.0/C 1/k2.j /d

�Qj�
� .k2.0/C 1/

k1.0/C 1

k1.0/C r

�
1C

hX
iD0

k1.i/

�
a
�QCr

C .k1.0/C 1/

�
1C

hX
iD0

k2.i/

��
a
�QCs
C

s� 1

k2.0/C s
b
�QCs
C c

�QCs�:
Similarly, the coefficient of XQ;s is equal to

(6-50)
hX

jD1

 
.k2.0/C 1/k1.j /

k1.j /� 1

k1.0/C k1.j /
a
�Qj

C

�
.k2.0/C 1/k1.j /� .k1.0/C 1/k2.j /

k2.0/C 1

k2.0/C k2.j /

�
b
�Qj

C .k2.0/C 1/k1.j /c
�Qj C122Ij .k2.0/C 1/k1.j /d

�Qj
!

� .k2.0/C 1/

�
1C

hX
iD0

k1.i/

��
r � 1

k1.0/C r
a
�QCr
C b

�QCr
C c

�QCr�

C .k1.0/C 1/
k2.0/C 1

k2.0/C s

�
1C

hX
iD0

k2.i/

�
b
�QCs :

Note that the coefficient for XQ;� is always 0. The coefficient of XQ;z2 is 0 if 2 … I0 and otherwise it
is equal to

(6-51)
hX

jD1

�
.k2.0/C 1/k1.j /� .k1.0/C 1/k2.j /

�
d
�Qj

� .k2.0/C 1/

�
1C

hX
iD0

k1.i/

�
d
�QCr
C .k1.0/C 1/

�
1C

hX
iD0

k2.i/

�
d
�QCs :

20The numerators for the � functions in the WC.QCr / and WC.QCs/ cases are different and have an extra factor.
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Consider a family f.aP ; bP ; cP ; dP /gP2P.I;d/ that satisfies Property Q1 (which we know exists
by Lemma 6.17). Then dP D 0 and aP C bP C cP D 1 for all P . Thus we have the constraint
cP D 1� aP � bP for all P , so we may substitute this into (6-49) above and simplify. After factoring
out .k1.0/C 1/.k2.0/C 1/, we can compute that the vanishing of (6-49) is equivalent to

(6-52)
1C

Ph
iD0k1.i/

k1.0/Cr
a
�QCr
C
1C

Ph
iD0k2.i/

k2.0/Cs
b
�QCs
D 1C

hX
jD1

�
k1.j /

k1.0/Ck1.j /
a
�QjC k2.j /

k2.0/Ck2.j /
b
�Qj�:

But this is exactly (6-37) so (6-49) vanishes. One can additionally check that after the same substitution,
the vanishing of (6-50) is also equivalent to satisfying (6-52). Lastly, note that the coefficient of XQ;z2
immediately vanishes when dP D 0 for all P . In summary, the coefficients of XQ;� vanish for all
Q 2Q.I;d/ if f.aP ; bP ; cP ; dP /gP2P.I;d/ satisfies Property Q1, proving Item (1) of the lemma.

Next, consider a family f.aP ; bP ; cP ; dP /gP2P.I;d/ that satisfies Property Q2. Given Q 2Q.I;d/,
we must have that 1 2 I0 and 2 2 I0[ I1 due to the convention of the ordering of the tuples. If 2 2 I0,
then d �Qj D 1 and a �Qj D b �Qj D c �Qj D 0 for all j . In turn, we have that d �QCr D d �QCs D 1 and
a
�QCr D b �QCr D c �QCr D a �QCs D b �QCs D c �QCs D 0. Note that when 2 2 I0, there are no summands

with d �Qj in (6-49) or (6-50), so the corresponding coefficients of XQ;r and XQ;s vanish. Also, one can
compute that the quantity in (6-51) vanishes when d �Qj D d �QCr D d �QCs D 1.

If 2 2 I1, then the coefficient of XQ;z2 vanishes, as stated above. In this case, we can see that d �Q1 D 1
and a �Q1 D b �Q1 D c �Q1 D 0. On the other hand, d �Qj D 0 for all 1 < j � h and d �QCr D d �QCs D 0.
We then can substitute using constraint that cP D 1� aP � bP for all P 2 f�Q2; : : : ; �Qh; �QCr ; �QCsg to
simplify (6-49) in terms of aP and bP . After doing so and factoring out .k1.0/C 1/.k2.0/C 1/, we can
compute that the vanishing of (6-49) is equivalent to

(6-53)
1C

Ph
iD0k1.i/

k1.0/Cr
a
�QCr
C
1C

Ph
iD0k2.i/

k2.0/Cs
b
�QCs
D 1C

hX
jD2

�
k1.j /

k1.0/Ck1.j /
a
�QjC k2.j /

k2.0/Ck2.j /
b
�Qj�:

This is exactly (6-38), so (6-49) vanishes. One can additionally check that, after the same substitution,
(6-50) vanishes.

We now turn our attention to ƒ 2 GCont.P /.

Notation 6.19 Let PCont;h.I;d C e1/ be the collection of all tuples

f.I0; k1.0/; k2.0//; : : : ; .Ih; k1.h/; k2.h//g

such that

� 1 2 I0,

� Ij are disjoint,

�
Fh
jD0 Ij D I with at most one empty set, and

� the graphs �0;k1.j /;k2.j /;1;Ij are balanced with respect to d for all j .

We write P¤¿

Cont;h.I;d C e1/ to be the set of those tuples in PCont;h.I;d C e1/ with all Ij ¤¿.
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Consider a tuple P Cont D f.I0; k1.0/; k2.0//; : : : ; .Ih; k1.h/; k2.h//g 2 PCont;h.I;d C e1/. If for all
i ¤ j , Ii is nonempty, then we can define the element �P Cont

j 2 Ph.I;d C e1/ given by

�P Cont
j WD f.I1; k1.1/; k2.1//; : : : ; .I0[ Ij ; k1.0/C k1.j /; k2.0/C k2.j //; : : : ; .Ih; k1.h/; k2.h//g

for any 1� j � h. In the case where P Cont 2PCont;h.I;dCe1/ has the property that all Ij are nonempty,
we may define, similar to (5-6), two new elements, in PCont;hC1.I;d C e1/,

(6-54)
P Cont;Cr

D f.I0; k1.0/; k2.0//; : : : ; .Ih; k1.h/; k2.h//; .¿; r; 0/gI

P Cont;Cs
D f.I0; k1.0/; k2.0//; : : : ; .Ih; k1.h/; k2.h//; .¿; 0; s/g:

Similar to (6-36), we define the elements, in PhC1.I;d C e1/,�P Cont;Cr
D .3P Cont;Cr/hC1I �P Cont;Cs

D .3P Cont;Cs/hC1:

For P Cont 2 PCont;h.I;d C e1/, there is a corresponding graph

(6-55) �P Cont WD

hG
jD0

�0;k1.j /;k2.j /;1;f.ai ;bi /gi2Ij
:

Let � D �P with P 2 Ph.I;dCe1/ be a smooth graded balanced graph with an internal tail 1 2 I.�/.
Suppose ƒ 2 GCont.P / as in Notation 6.7. That is, the graph ƒ has connected components „1; : : : ; „h
and there is some j such that „j consists of a graph with two open vertices v0 and vj with one edge
between them so that:

� The vertex v0 is rooted and has the internal tail 1.

� Bƒ is balanced with respect to the descendent vector d .

� The half-edges h0 and hj corresponding to the edge e satisfy

tw.h0/D .0; 0/; alt.h0/D .0; 0/; tw.hj /D .r � 2; s� 2/; alt.hj /D .1; 1/:

Set I0 WD I.v0/ and Ij WD I.vj /. Note that

Bv0 D �0;k1.v0/;k2.v0/;1;f.ai ;bi /gi2I0 and Bvj D �0;k1.vj /;k2.vj /;1;f.ai ;bi /gi2Ij :

Moreover,„j is a degeneration of the smooth vertex graph�0;k1.v0/Ck1.vj /;k2.v0/Ck2.vj /;1;f.ai ;bi /gi2I0[Ij ;
hence Bƒ corresponds to some tuple P Cont 2 PCont;h.I;d C e1/ and P D �P Cont

j .
There are precisely .k1.v0/C 1/.k2.v0/C 1/ graphs in GCont.P / that have the base Bƒ and are a

degeneration of � . Indeed, the graphs in GCont.P / with such properties are completely determined by

� R0, the number of r-points in v0 that follow its root and precede the half-edge with respect to the
cyclic order and

� S0, the number of s-points in v0 that follow its root and precede the half-edge with respect to the
cyclic order.21

21We alert the reader that in this definition of R0, S0, the role of v0 and vj are the opposite of that used for critical boundary
graphs of GWC.P /. The reason for this is that we prefer to keep the internal tail 1 attached to v0 for consistency.
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We will denote the corresponding boundary graph by �Cont
P;j;I0;k1.0/;k2.0/;R0;S0

, where 0�R0 � k1.v0/
and 0� S0 � k2.v0/.

The fiber p̂ of the map

(6-56)
G
R0;S0

F�Cont
P;j;I0;k1.0/;k2.0/;R0;S0

W

G
R0;S0

PM�Cont
P;j;I0;k1.0/;k2.0/;R0;S0

! PMBƒ

over a point p 2MBƒ is the union of k1.v0/C k2.v0/C 1 closed intervals. Indeed, the additional
information of the location of the forgotten nontwisted half-node requires a choice of a point between
boundary markings. The boundary @ p̂ corresponds to the stable disks obtained by the forgotten half-node
approaching a boundary marking. We pair endpoints corresponding to stable disks where one is obtained by
the node approaching the marking from the right and the other one is obtained by letting the node approach
the same marking from the left. Denote by �̂p the quotient space of p̂ obtained by identifying the
boundary points which are paired. Thus, �̂p is homeomorphic to S1 and is canonically identified with the
boundary of the connected component indexed by v0 of the stable disk †p corresponding to p 2 PMBƒ.

Observations 4.9 and 4.10 in [Pandharipande et al. 2024] imply the following observation.

Observation 6.20 When we forget the half-edge on v0, the disk remains stable, and hence does not
contract. By Observation 2.15(ii), the restriction of the tautological line Li j�̂

p
is canonically trivial as

this line bundle is pulled back from a point of PMBv0 . With respect to this trivialization a canonical
multisection of Li jˆp as well as tv0r , tv0s , tv0� , and tv0z2 (if z2 2 I0) restricted to p̂ are constant multivalued
functions. Indeed, in all these cases, these sections are pulled back from PMBv0 .

On the other hand, Observation 4.11 and Lemma 4.12 in [Pandharipande et al. 2024] imply that:

Observation 6.21 The section tv0
h0
jˆp descends to a continuous function �p W �̂p!C�. The winding

number of �p is �1.

The next observation, analogous to Observation 6.11, follows again from direct inspection.

Observation 6.22 Let P D f.Ii ; k1.i/; k2.i//g 2 Ph.I;d C e1/ with 1 2 Ij for some j , and let
ƒD �Cont

P;j;I0;k1.0/;k2.0/;R0;S0
2 GCont.P / and � D �P . Consider the multisections of L1!MW

v0
given

by tr , ts , t� and tz2 from Notation 6.5. Then, by using the canonical identification of Observation 2.15(i)
of the pull-back of L1!MW

v0
to MW

ƒ with .L1!MW
� /jMW

ƒ
, we have:

(1) tr jPMƒ
D k1.v0/t

v0
r ] k1.vj /t

v0
h0

.

(2) tsjPMƒ
D k2.v0/t

v0
s ] k2.vj /t

v0
h0

.

(3) t�jPMƒ
D t

v0
� .

(4) If 2 2 Ij , then tz2 jPMƒ
D

�
t
v0
z2 if 2 2 I0,
t
v0
h0

if 2 2 Ij n I0:

We now compute the contributions of this case when we take the homotopy to a canonical multisection.
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Lemma 6.23 Let P 2 Ph.I;dC e1/, and write � WD �P as in (5-3). Let t� be one of the multisections of
L1! PM� defined in Notation 6.5. Take the corresponding homotopy H�.t�/ as defined in (6-9). Then

Z
�P
Cont.t�/D

X
P Cont2PCont;h.I;dCe1/

P ContDf.Ii ;k1.i/;k2.i//g
h
iD0

where �P Cont
j
DP

for some j 2 Œh� and 1 2 I0

� hY
iD0

� Y
j2Ii

�
.aj ;bj /

dj
�
k1.i/
1 �

k2.i/
2 �12

�s
�0;k1.i/;k2.i/;1;Ii ;o �

ˇP Cont.t�/;

where

(6-57) ˇP Cont.t�/ WD

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

k1.j /
k1.0/Ck1.j /

if �D r;
k2.j /

k2.0/Ck2.j /
if �D s;

0 if �D�;
0 if �D z2 and 2 2 I0;
1 if �D z2 and 2 2 Ij n I0:

Proof Fix � D �P . First recall the definition of Z�Cont.tw/ and the classification of graphs in GCont.P /.
Note that, if ƒD �Cont

P;j;I0;k1.0/;k2.0/;R0;S0
2 GCont.P /, then

BƒD �P Cont

as defined in (6-55) where P Cont D f.Ii ; k1.i/; k2.i//g
h
iD0 2 PCont;h.I;d C e1/. Then we have that

(6-58) Z�Cont.tw/ WD
X

ƒ2GCont.P /

#Z.H jŒ0;1��PMƒ
/

D

X
P Cont2PCont;h.I;dCe1/;

P ContDf.Ii ;k1.i/;k2.i//g
h
iD0

where �P Cont
j
DP for some j 2 Œh�

X
R0;S0

#Z.H jŒ0;1��PM
�Cont
P;j;I0;k1.0/;k2.0/;R0;S0

/:

Since s1 is canonical, we have that

(6-59) #Z.sBƒ1 /D

hY
iD0

� Y
j2Ii

�
.aj ;bj /

dj
�
k1.i/
1 �

k2.i/
2 �12

�s
�0;k1.i/;k2.i/;1;Ii ;o

:

Write

(6-60) #Z.sBƒ1 /D
X

p2Z.sBƒ
1 /

�p;

where �p is the weight of the zero p defined in (2-18). Recall that since H is of the form (6-9), the
homotopy decomposes as H D ��s1˚H2, where

H2.u/ WD ..1�u/t�Cu.1�u/�
�
Cus2/ 2 C

1.L1/:
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We can use this decomposition, along with the definition (6-56) of p̂ and the orientation of the boundary
given in Theorem 2.58(1), to see that, for ƒ 2 GCont.P /,

(6-61)
X
R0;S0

#Z.H jŒ0;1��PM
�Cont
P;j;I0;k1.0/;k2.0/;R0;S0

/

D

X
R0;S0

#.Z.��F �
�Cont
P;j;I0;k1.0/;k2.0/;R0;S0

sBƒ1 /\Z.H2//

D #
�� [

R0;S0

Z.��F �
�Cont
P;j;I0;k1.0/;k2.0/;R0;S0

sBƒ1 /

�
\Z.H2/

�
D

X
p2Z.sBƒ

1 /

�p#Z.H2jŒ0;1��ˆp /:

Note that the multisectionH2jŒ0;1��ˆp descends to a multisection �H2;p on the quotient space Œ0; 1�� �̂p .
Indeed, by Observation 6.20, the multisections �, s2, tv0r ; t

v0
s , tv0� , and tv0z2 are constant for a fixed time

and thus descend. Further, Observation 6.21 implies that tv0
h0

descends. We remark that asH2 is transverse
on all boundary strata by Lemma 3.41, we have that it does not vanish at the endpoints of the intervals
in p̂. By Observation 6.22, t� is a multisum of the above multisections hence H2 descends as the
components t�, � and s2 descend. Thus, �H2;p is a multisection of the trivial rank-1 C-bundle on Œ0; 1���̂p
and �H2;p can be viewed as a C-multivalued function on Œ0; 1�� �̂p. As a consequence,

(6-62) #Z.H2jŒ0;1��ˆp /D #Z. �H2;p/:
By Observation 6.22, we have the following case-by-case description of �H2;pjf0g��̂p :

(1) If �D r , then �H2;pjf0g��̂p D k1.0/tr ] k1.j /�p.

(2) If �D s, then �H2;pjf0g��̂p D k2.0/ts ] k2.j /�p.

(3) If �D�, then �H2;pjf0g��̂p D t�.

(4) If �D z2 and 2 2 I0, then �H2;pjf0g��̂p D tz2 .

(5) If �D z2 and 2 2 Ij n I0, then �H2;pjf0g��̂p D �p.

Therefore, by Observations 6.20 and 6.21, we have

(6-63) #Z. �H2;p/D ˇP Cont.t�/;

where ˇP Cont.t�/ is as in (6-57). Putting together (6-59), (6-60), (6-61), (6-62) and (6-63), we obtain the
statement of the lemma.

As in the case for the wall-crossing contributions given by the Z�PWC.t�/, computing a closed form
expression for Z�PCont.t�/ is hard, but the special linear combinations in Definition 6.15 will be meaningful.

Lemma 6.24 Let f.aP ; bP ; cP ; dP /gP2P.I;dCe1/ be a family of 4-tuples of rational numbers so that
the 4-tuples do not depend on the order of the elements of P and aP C bP C cP C dP D 1.
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(1) Suppose that f.aP ; bP ; cP ; dP /gP2P.I;dCe1/ satisfies Property Q1. Then for any h� 0 and P ContD

f.I0; k1.0/; k2.0//; : : : ; .Ih; k1.h/; k2.h//g 2 PCont;h.I;d C e1/ with 1 2 I0, we have that

(6-64)
1C

Ph
iD0 k1.i/

r C k1.0/
a
�P Cont;Cr

C
1C

Ph
iD0 k2.i/

sC k2.0/
b
�P Cont;Cs

D 1C

hX
jD1

�
k1.j /

k1.0/C k1.j /
a
�P Cont
j C

k2.j /

k2.0/C k2.j /
b
�P Cont
j

�
:

(2) Suppose that f.aP ; bP ; cP ; dP /gP2P.I;dCe1/ satisfies Property Q2. Then for any h� 0 and P ContD

f.I0; k1.0/C1; k2.0/C1/; : : : ; .Ih; k1.h/; k2.h//g 2 PCont;h.I;dCe1/ with 1 2 I0 and 2 … I0, we have
that

(6-65)
1C

Ph
iD0 k1.i/

r C k1.0/
a
�P Cont;Cr

C
1C

Ph
iD0 k2.i/

sC k2.0/
b
�P Cont;Cs

D 1C

hX
jD1
2…Ij

�
k1.j /

k1.0/C k1.j /
a
�P Cont
j C

k2.j /

k2.0/C k2.j /
b
�P Cont
j

�
:

Proof Notice that

P Cont
WD f.I0; k1.0/; k2.0//; : : : ; .Ih; k1.h/; k2.h//g 2 PCont;h.I;d C e1/

if and only if

Q WD f.I0; k1.0/C 1; k2.0/C 1/; : : : ; .Ih; k1.h/; k2.h//g 2Qh.I;d C e1/:

Moreover, �Qj D �P Cont
j and, if Q 2Q¤0

h
.I;d C e1/, then

�QCr D �P Cont;Cr and �QCs D �P Cont;Cs:

Note that d �Qj D 0 if and only if d
�P Cont
j D 0. It is then straightforward to see that (6-37) is equivalent to

(6-64) and (6-38) is equivalent to (6-65).

Lemma 6.25 Let f.aP ; bP ; cP ; dP /gP2P.I;dCe1/ be a family of 4-tuples of rational numbers so that
the 4-tuples do not depend on the order of the elements of P and aP C bP C cP C dP D 1.

(1) Suppose that f.aP ; bP ; cP ; dP /gP2P.I;dCe1/ satisfies Property Q1. Then

(6-66)
jI jX
hD1

1

hŠ

X
P2Ph.I;dCe1/;

PDf.I1;k1.1/;k2.1//;:::;.Ih;k1.h/;k2.h//g

�
�1CPhiD1 k1.i/

r

�
�
�1CPhiD1 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

�
� .aPZ

�P
Cont.tr/C b

PZ
�P
Cont.ts/C c

PZ
�P
Cont.t�/C d

PZ
�P
Cont.tz2//D�A.I;d/:
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(2) Suppose that f.aP ; bP ; cP ; dP /gP2P.I;dCe1/ satisfies Property Q2. Then

(6-67)
jI jX
hD1

1

hŠ

X
P2Ph.I;dCe1/;

PDf.I1;k1.1/;k2.1//;:::;.Ih;k1.h/;k2.h//g

�
�1CPhiD1 k1.i/

r

�
�
�1CPhiD1 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

�
� .aPZ

�P
Cont.tr/C b

PZ
�P
Cont.ts/C c

PZ
�P
Cont.t�/C d

PZ
�P
Cont.tz2//D 0:

Proof For h� 0, let PCont;h.I;d C e1/ be the collection of elements

P Cont
D f.I0; k1.0/; k2.0//; : : : ; .Ih; k1.h/; k2.h//g

such that

� Ij ¤¿ for all 0� j � h;

� the elements .I0; k1.0/; k2.0//; : : : ; .Ih; k1.h/; k2.h// are ordered in a way so that, for any two
indices i and j , we have that min.Ii / <min.Ij / if and only if i < j ;

� the graph �P Cont from (6-55) is balanced with respect to the descendent vector d .

This implies that 12 I0 and any P Cont 2PCont;h.I;dCe1/ with h> 0 belongs to PCont.I;dCe1/. In the
case hD 0, we just have the data of a graph balanced with respect to d with internal markings I . Note
that if h� 1, then P Cont 2 PCont;h.I;dC e1/ is an element of P¤¿

Cont;h.I;dC e1/. Moreover, in this case,
if we consider the action of the symmetric group Sh on P¤¿

Cont;h.I;d C e1/ given by permuting the last h
elements in the ordered partitions in P¤¿

Cont;h.I;d C e1/, we can see that PCont;h.I;d C e1/ contains a
unique element of each orbit of this Sh-action. Thus PCont;h.I;d C e1/ has precisely one element for
each graph �P Cont , with the order of connected components not taken into account.

Define PrCont;hC1.I;dCe1/ and PsCont;hC1.I;dCe1/ to be the collections of tuples that can be written
in the form P Cont;Cr and P Cont;Cs , respectively, as in (6-54) for some P Cont 2 PCont;h.I;d C e1/. TakeePCont;h.I;d C e1/ WD PCont;h.I;d C e1/[PrCont;h.I;d C e1/[PsCont;h.I;d C e1/:

Define ePCont.I;d C e1/ WD
S
h
ePCont;h.I;d C e1/. Set

Oi .P
Cont/D

� Y
j2Ii

�
.aj ;bj /

dj
�
k1.i/
1 �

k2.i/
2 �12

�s
�0;k1.i/;k2.i/;1;Ii

;o

:

Using Lemma 6.23 and the fact that P Cont and �P Cont
j have the same number of r-points and s-points, the

left-hand side of both (6-66) and (6-67) can be expanded to

(6-68)
jI jX
hD1

X
P2Ph.I;dCe1/

X
P Cont2PCont;h.I;dCe1/;

P ContDf.Ii ;k1.i/;k2.i//g
h
iD0

where �P Cont
j
DP

for some j 2 Œh� and 1 2 I0

1

hŠ

�
�1CPhiD0 k1.i/

r

�
�
�1CPhiD0 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

� � hY
iD0

Oi .P
Cont/

�

�

�
k1.j /

k1.0/C k1.j /
a
�P Cont
j C

k2.j /

k2.0/C k2.j /
b
�P Cont
j C

�
d
�P Cont
j D 1 if 2 2 Ij and Q2 holds,
0 otherwise

��
:
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We can change the summations over Ph.I;d C e1/ and special subsets of PCont;h.I;d C e1/ to a
summation over ePCont.I;dCe1/. Given a P ContD f.Ii ; k1.i/; k2.i//g

h
iD0 2

ePCont.I;dCe1/, we define

YP Cont WD
�
�1CPhiD0 k1.i/

r

�
�
�1CPhiD0 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

� � hY
iD0

Oi .P
Cont/

�
:

Using the fact that there are hŠ elements of PCont;h.I;d C e1/ in an Sh-orbit of a given element
of P¤¿

Cont;h.I;d C e1/, we can rewrite the summation given in (6-68) as

(6-69)
X

P2�PCont.I;dCe1/

C.P /;

where C.P / can be computed as follows from (6-68):

� If P D P Cont D f.Ii ; k1.i/; k2.i//g
h
iD0 2 PCont;h.I;d C e1/, then

C.P /D YP Cont

hX
jD1

�
k1.j /

k1.0/C k1.j /
a
�P Cont
j C

k2.j /

k2.0/C k2.j /
b
�P Cont
j C

�
1 if 2 2 Ij and Q2 holds,
0 otherwise

��
:

� If P D P Cont;Cr D f.I0; k1.0/; k2.0//; : : : ; .Ih; k1.h/; k2.h//; .¿; r; 0/g 2 PrCont;hC1.I;d C e1/,
then using that h�r1�12i D �1 and �.xC 1/D x�.x/, we have that

C.P /D
�
�1CrCPhiD0 k1.i/

r

�
�
�1CPhiD0 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

� � hY
iD0

Oi .P
Cont/

�
h�r1�12i

�
r

r C k1.0/
a
�P Cont;Cr

�

D
1C

Ph
iD0 k1.i/

r
.�1/

r

r C k1.0/
a
�P Cont;Cr

YP Cont

D�
1C

Ph
iD0 k1.i/

r C k1.0/
a
�P Cont;Cr

YP Cont :

� If P D P Cont;Cs 2 PsCont;hC1.I;d/, then we can analogously compute that

C.P /D�
1C

Ph
iD0 k2.i/

sC k2.0/
b
�P Cont;Cs

YP Cont :

View the quantities YP Cont for all P Cont 2 PCont;h.I;d C e1/ as independent linear variables. Then we
can write the left-hand side of both (6-66) and (6-67) as a linear combination of the variables YP Cont .

Consider a family of 4-tuples satisfying Property Q1, so that in particular we fix dP D 0 for all
P 2P.I;dCe1/. Then the coefficient of YP Cont in (6-68) when Property Q1 holds is, by Lemma 6.24(1),

hX
jD1

�
k1.j /

k1.0/C k1.j /
a
�P Cont
j C

k2.j /

k2.0/C k2.j /
b
�P Cont
j

�

�
1C

Ph
iD0 k1.i/

r C k1.0/
a
�P Cont;Cr

�
1C

Ph
iD0 k2.i/

sC k2.0/
b
�P Cont;Cs

D�1:
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Thus we can simplify the left-hand of (6-66) to be

X
P Cont2PCont.I;dCe1/

�YP Cont D

X
h�0

X
P2PhC1.I;d/

�1

.hC 1/Š

�
�1CPhiD0 k1.i/

r

�
�
�1CPhiD0 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

�
�

hY
iD0

�Y
j2Ii

�
.aj ;bj /

dj
�
k1.i/
1 �

k2.i/
2 �12

�s
�0;k1.i/;k2.i/;1;Ii ;o

D�A.I;d/:

Note here we are replacing the sum over elements of PCont;h.I;d C e1/ with the set PhC1.I;d/ and
dividing by .hC 1/Š, as the set of ShC1-orbits of PhC1.I;d/ is in one-to-one correspondence with
PCont;h.I;d C e1/. Moreover, to fit with the convention of the indexing of PCont;h.I;d C e1/ going
from 0 to h, we temporarily shift the indexing of tuples in PhC1.I;d/ down by one.

Next consider a family of 4-tuples satisfying Property Q2. So, if P satisfies f1; 2g � Ij for some j
then

dP D 1 and aP D bP D cP D 0

and otherwise dP D 0: Then the coefficient of YP Cont in the left-hand side of (6-67) is

hX
jD1
2…Ij

�
k1.j /

k1.0/C k1.j /
a
�P Cont
j C

k2.j /

k2.0/C k2.j /
b
�P Cont
j

�
C

hX
jD1

122Ij

�
1C

Ph
iD0 k1.i/

r C k1.0/
a
�P Cont;Cr

�
1C

Ph
iD0 k2.i/

sC k2.0/
b
�P Cont;Cs

:

Note that if 2 2 I0 then f1; 2g � I0, and hence

d
�P Cont
j D d

�P Cont;Cr
D d

�P Cont;Cs
D 1

and the corresponding a, b, c terms are zero. Thus the above expression is automatically zero. Otherwise,
we assume 2 … I0. Since Property Q2 holds, we have by Lemma 6.24(2) that

hX
jD1
2…Ij

�
k1.j /

k1.0/C k1.j /
a
�P Cont
j C

k2.j /

k2.0/C k2.j /
b
�P Cont
j

�
C

hX
jD1

122Ij

�
1C

Ph
iD0 k1.i/

r C k1.0/
a
�P Cont;Cr

�
1C

Ph
iD0 k2.i/

sC k2.0/
b
�P Cont;Cr

D�1C
X
j¤0

122Ij D 0:

Hence the coefficient of YP Cont vanishes for all P Cont and the expression in (6-67) vanishes.

With all these computations in hand, we can take a deep breath, and prove Corollary 5.11.

Proof of Corollary 5.11 Suppose f.aP ; bP ; cP ; dP /gP2P.I;dCe1/ is a family of 4-tuples as constructed
in Lemma 6.17. Take a special canonical family s of multisections bounded by I . By Theorem 5.4, this
choice will not affect the quantities of A.I;d C e1/ or A.I;d/.
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We define

#Z�P .ta;b;c;d /WDa
P

Z
PM�P

e.E; tr/Cb
P

Z
PM�P

e.E; ts/Cc
P

Z
PM�P

e.E; t�/Cd
P

Z
PM�P

e.E; tz2/:

We then take the four homotopies H�.t�/ from t� to s. We define analogously

#Z�P .H�
a;b;c;d /; Z

�P
WC.ta;b;c;d /; Z

�P
Cont.ta;b;c;d /; Z

�P
Exchange.ta;b;c;d /

as the appropriate weighted sums.
As usual, we write

(6-70) �P;j WD �0;k1.j /;k2.j /;1;f.ai ;bi /gi2Ij
I Oj .P / WD

� Y
i2Ij

�
.ai ;bi /

di
�
k1.j /
1 �

k2.j /
2 �12

�s
�P;j ;o

for any P D f.Ij ; k1.j /; k2.j //g 2 P.I;d C e1/. We compute A.I;d C e1/ given by

(6-71)
jI jX
hD1

1

hŠ

X
P2P.I;dCe1/

PDf.Ii ;k1.i/;k2.i//g
h
iD1

�
�1CPhiD1 k1.i/

r

�
�
�1CPhiD1 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

�
�

� Y
i2I.�P /

�
.ai ;bi /

diCı1i
�
k1.�P /
1 �

k2.�P /
2 �

k12.�P /
12

�s�P ;o

by applying Lemma 6.9 in the context of #Z�.Ha;b;c;d /. In this case, (6-11) becomes

(6-72)
� Y
i2I.�P /

�
.ai ;bi /

diCı1i
�
k1.�P /
1 �

k2.�P /
2 �

k12.�P /
12

�s�P ;o

D #Z�P .ta;b;c;d /CZ
�P
WC.ta;b;c;d /CZ

�P
Cont.ta;b;c;d /CZ

�P
Exchange.ta;b;c;d /:

We now consider each term of the right-hand side of (6-72) when considered as a linear combination
given in (6-71). Take a family of 4-tuples f.aP ; bP ; cP ; dP /g that satisfies Property Q1. In this case,
since we know that dP D 0, the relevant multisections are tr , ts and t� and these all point towards a
boundary marking. Let P D f.Ij ; k1.j /; k2.j //g 2 P.I;d C e1/ with 1 2 I1.

As in Lemma 6.4, given the graph �P;1 and A� I1, write zA;a;b for an internal marking labeled by the
union of labels of the marked points in A with twist .r � 2� a; s� 2� b/ and write v.P; 1/A;a;b for the
graph �0;k1;k2;k12;f.ai ;bi /gi2.I1nA/[fzA;a;bg . Since s is special canonical so is s1, and hence by Lemma 6.4
and Notation 6.3 we have

#Z�P;1.ta;b;c;d /

D

X
AtBDI1
12A;jAj�2

a2f�1;:::;r�2g
b2f�1;:::;s�2g

�
�
.a;b/
0

Y
i2A

�
.ai ;bi /

di

�ext�
�
.r�2�a;s�2�b/
0

Y
i2B

�
.ai ;bi /

di
�
k1.1/
1 �

k2.1/
2 �12

�sv.P;1/A;a;b ;o
:
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Thus

(6-73)
jI jX
hD1

1

hŠ

X
P2Ph.I;dCe1/

PDf.Ii ;k1.i/;k2.i//g
h
iD1

�
�1CPhiD1 k1.i/

r

�
�
�1CPhiD1 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

� #Z�P .ta;b;c;d /

D

jI jX
hD1

1

.h� 1/Š

X
P2Ph.I;dCe1/

PDf.Ii ;k1.i/;k2.i//g
h
iD1

12I1

�
�1CPhiD1 k1.i/

r

�
�
�1CPhiD1 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

� hY
jD2

Oj .P /

�

� X
AtBDI1
12A;jAj�2

a2f�1;:::;r�2g
b2f�1;:::;s�2g

�
�
.a;b/
0

Y
i2A

�
.ai ;bi /

di

�ext�
�
.r�2�a;s�2�b/
0

Y
i2B

�
.ai ;bi /

di
�
k1.1/
1 �

k2.1/
2 �12

�sv.P;1/A;a;b ;o�

D

X
a2f�1;:::;r�2g
b2f�1;:::;s�2g

X
AtBDI
12A;jAj�2

�
�
.a;b/
0

Y
i2A

�
.ai ;bi /

di

�ext

�

 
jBjC1X
hD1

1

.h� 1/Š

X
P2Ph.B[fza;bg;d/

PDf.Ii ;k1.i/;k2.i//g
h
iD1

za;b2I1

�
�1CPhiD1 k1.i/

r

�
�
�1CPhiD1 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

� hY
jD2

Oj .P /

�

�
�
.r�2�a;s�2�b/
0

Y
i2I1nfza;bg

�
.ai ;bi /

di
�
k1.1/
1 �

k2.1/
2 �12

�s�0;k1.1/;k2.1/;1;f.ai ;bi /gi2I1[fza;bg ;o!

D

X
a2f�1;:::;r�2g
b2f�1;:::;s�2g

X
AtBDI
12A;jAj�2

�
�
.a;b/
0

Y
i2A

�
.ai ;bi /

di

�ext

A.B [fza;bg;d/:

By Lemma 6.18, we know that if f.aP ; bP ; cP ; dP /gP2P.I;dCe1/ satisfies Property Q1, then

(6-74)
jI jX
hD1

1

hŠ

X
P2Ph.I;dCe1/

PDf.Ii ;k1.i/;k2.i//g
h
iD1

�
�1CPhiD1 k1.i/

r

�
�
�1CPhiD1 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

� Z
�P
WC.ta;b;c;d /D 0:

By Lemma 6.10, we know that for all P 2 Ph.I;d C e1/,

(6-75) Z
�P
Exchange.ta;b;c;d /D 0:

Lastly, since f.aP ; bP ; cP ; dP /gP2P.I;dCe1/ satisfies Property Q1, we have that by Lemma 6.25,

(6-76)
jI jX
hD1

1

hŠ

X
P2P.I;dCe1/

PDf.Ii ;k1.i/;k2.i//g
h
iD0

�
�1CPhiD1 k1.i/

r

�
�
�1CPhiD1 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

� Z
�P
Cont.ta;b;c;d /D�A.I;d/:
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By substituting into (6-71) the relation given in (6-72) and then simplifying using (6-73), (6-74), (6-75),
and (6-76), we obtain the open topological recursion relation (5-38).

We next turn to the case where jI j � 2. Take a family of 4-tuples f.aP ; bP ; cP ; dP /g that satisfies
Property Q2. The computation for #Z�P;1.ta;b;c;d / for�D�P has two cases, depending on whether or not
the markings 1 and 2 are in the same connected component. Let P Df.Ij ; k1.j /; k2.j //g 2P.I;dCe1/
with 12 I1. If 2… I1 then dP D 0 and the relevant multisections t� point to only boundary markings. Then

#Z�P;1.ta;b;c;d /

D

X
AtBDI1
12A;jAj�2

a2f�1;:::;r�2g
b2f�1;:::;s�2g

�
�
.a;b/
0

Y
i2A

�
.ai ;bi /

di

�ext�
�
.r�2�a;s�2�b/
0

Y
i2B

�
.ai ;bi /

di
�
k1.1/
1 �

k2.1/
2 �12

�sv.P;1/A;a;b ;o
:

Otherwise, if 2 2 I1 then dP D 1 and aP D bP D cP D 0 so the relevant multisection is tz2 which points
towards the internal marking z2, and hence we have that

#Z�P;1.ta;b;c;d /

D

X
AtBDI1

12A;22B;jAj�2
a2f�1;:::;r�2g
b2f�1;:::;s�2g

�
�
.a;b/
0

Y
i2A

�
.ai ;bi /

di

�ext�
�
.r�2�a;s�2�b/
0

Y
i2B

�
.ai ;bi /

di
�
k1.1/
1 �

k2.1/
2 �12

�sv.P;1/A;a;b ;o
:

Note in both cases 2 is never an internal marking of a closed vertex and we will get a contribution
whenever 2 is an internal marking of an open vertex. Through a similar resummation as before in (6-73)
we get that

(6-77)
jI jX
hD1

1

hŠ

X
P2Ph.I;dCe1/

PDf.Ii ;k1.i/;k2.i//g
h
iD1

12I1

�
�1CPhiD1 k1.i/

r

�
�
�1CPhiD1 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

� #Z�P .ta;b;c;d /

D

X
a2f�1;:::;r�2g
b2f�1;:::;s�2g

X
AqBDI
12A;22B
jAj�2

�
�
.a;b/
0

Y
i2A

�
.ai ;bi /

di

�ext

A.B [fza;bg;d/:

Lastly, recall that when f.aP ; bP ; cP ; dP /gP2P.I;dCe1/ satisfies Property Q2, we have by Lemma 6.18
that (6-74) still holds. Further, Lemma 6.25 implies that

(6-78)
jI jX
hD1

1

hŠ

X
P2Ph.I;dCe1/

PDf.Ii ;k1.i/;k2.i//g
h
iD1

�
�1CPhiD1 k1.i/

r

�
�
�1CPhiD1 k2.i/

s

�
�
�1Cr.I /

r

�
�
�1Cs.I /

s

� Z
�P
Cont.ta;b;c;d /D 0:

Concluding this computation, by substituting into (6-71) the relation given in (6-72) and then simplifying
using (6-77), (6-74), (6-75), and (6-78), we obtain the open topological recursion relation (5-39).
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