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Open FJRW theory and mirror symmetry
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We construct an open enumerative theory for the Landau-Ginzburg (LG) model (C2, 1, x s, X" + ).
The invariants are defined as integrals of multisections of a Witten bundle with descendents over a moduli
space that is a real orbifold with corners. In turn, a generating function for these open invariants yields
the mirror LG model and a versal deformation of it with flat coordinates. After establishing an open
topological recursion result, we prove an LG/LG open mirror symmetry theorem in dimension two with
all descendents. The open invariants we define are not unique but depend on boundary conditions that,
when altered, exhibit wall-crossing phenomena for the invariants. We describe an LG wall-crossing group
classifying the wall-crossing transformations that can occur.
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Introduction

In a sequence of papers, Abramovich, Chiodo, Jarvis, Kimura and Vaintrob developed an enumerative
theory for the moduli space of r-spin curves, that is, stable curves with an r-th root of the canonical
bundle [Witten 1993; Abramovich and Jarvis 2003; Jarvis 1998; 2000; Jarvis et al. 2001b; Chiodo 2008].
The intersection numbers of this moduli space can be encapsulated in a generating function related to the
Gelfand-Dickey hierarchies. This is predicted by the r-spin version of Witten’s conjecture, generalizing
the original proof of Witten’s conjecture by Kontsevich [1992]. Nowadays, their theory can be seen as a
special case of FJRW theory, an enumerative theory for a Landau—Ginzburg A-model introduced by Fan,
Jarvis and Ruan [Fan et al. 2007; 2008; 2013]. FIRW theory introduces an A-model enumerative invariant
associated to the Landau—Ginzburg model (W, G) where W : C? — C is a weighted homogeneous
polynomial and G is a subgroup of the automorphism group of W. FIRW theory is equivalent to r-spin
theory when considering the case (x”, i) [Fan et al. 2011].
Here, there should be a form of mirror symmetry between Landau—Ginzburg models

(W.G) < (W.G).
One such example, which shall be explored in this paper, is the mirror pair
(0-1) (xfl o X gy X X L) < (xi'l +~--+x2“, ).

This mirror pair at its onset was predicted as a case of Berglund—Hiibsch duality [1993], a combinatorial
mirror construction that provides mirror pairs of Landau—Ginzburg models. We consider the left-hand side
as the A-model and the right-hand side as the B-model. Many aspects of mirror symmetry for this mirror
pair are understood. For example it is known that their corresponding Frobenius algebras are isomorphic
[Krawitz 2009] and the (closed) FIRW theory of (x;1 e X0%, py X -+ X Uy, ) corresponds to the
(closed) Saito—Givental theory of ()c;l +---4+x}9,1) [He et al. 2022].

The closed A-model on the left of (0-1) involves moduli spaces of pointed stable orbicurves

(C,z1,...,2n),
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Open FJRW theory and mirror symmetry 2781

where z1, . . ., z, are marked points with nontrivial stabilizer, and the only other points on C with nontrivial
stabilizer are nodes, satisfying the so-called balancing condition. Further, one also includes data of spin
bundles S, ..., S, on C, with the data of an isomorphism Si®ri = w(,log, the logarithmic dualizing sheaf.
Such a curve is called a W-spin curve. In this particular (closed) case, the genus-zero FJRW invariants
we are interested in are defined relatively easily from the top Chern class of the Witten bundle on the
moduli space, whose fiber at a point in moduli space is @; H'(C, S;)V. In more general situations,
such as higher-genus or more complex potentials, the definition of FJRW invariants is considerably more
difficult, as one might have H%(C, S;) # 0. Those cases may require either a more in-depth study of
analytic properties of the Witten equation as carried out in [Fan et al. 2007] or the more recent approaches
[Fan et al. 2018; Ciocan-Fontanine et al. 2023; Favero and Kim 2020] for general algebraic enumerative
theories for gauged linear sigma models. Thus we avoid such situations in this paper.

The closed B-model side of the story, at least for the right-hand side of the correspondence (0-1), was
clarified by Li, Li, Saito and Shen [Li et al. 2017], with mirror symmetry for closed invariants being
established in [Fan et al. 2013; He et al. 2022; Milanov and Shen 2016]. The B-model side is a Saito—
Givental theory, which, put as simply as possible, involves calculating oscillatory integrals of the form

(0-2) /reW‘/hf(xl,...,xa,t)dxl/\---/\dxa.

Here x1,...,x, are coordinates on C%, # is a coordinate on an auxiliary C*, f is a carefully chosen
complex-valued regular function, and ¢ = {t;,..;, | 1 <i; <r; —2} is a set of coordinates on the parameter
space for a universal unfolding W; of W. Finally I" runs over some suitable noncompact cycles in C?,
The requirement on f is that the form fdxi A--- A dx, is a so-called primitive form in the sense of
Saito—Givental theory.

While Saito—Givental theory in general gives a Frobenius manifold structure on the parametrizing
space of a universal unfolding of W, determining this structure can be quite difficult. However, experience
with mirror symmetry for toric Fano varieties [Cho and Oh 2006; Gross 2010; Fukaya et al. 2010]
suggests that mirror symmetry becomes much more transparent when a specific perturbation W; of
the original potential is used. In particular, in the Fano case, the mirror Landau—Ginzburg model W
should be taken to be a generating function for certain open Gromov—Witten invariants. Slightly more
precisely, one considers a Lagrangian torus fiber F' of an SYZ fibration on a given Fano manifold and
counts holomorphic disks with interior marked points realizing some set of constraints and with boundary
lying on F. The correct choice of W; is then a generating function for these counts. Importantly, these
open invariants are not well defined. However, the oscillatory integrals analogous to (0-2) are well
defined, and furthermore, if properly set up, the function f becomes identically 1 and the analogous
coordinates ¢ become the so-called flat coordinates of Saito—Givental theory. As a consequence, the
entirely well-defined closed Gromov—Witten invariants can be immediately read off from the oscillatory
integrals. Unfortunately, an enumerative theory for a Landau—Ginzburg model does not have a target
space, and hence there is no associated SYZ fibration. Therefore, a new approach is needed to create
an analogous story.
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We take this as motivation for providing an open enumerative theory for the Landau—Ginzburg model
(x;1 + xsz, Wry X [ry). We now summarize the key points of the paper:

¢ We define open FJRW invariants as integrals of multisections of (descendent) Witten bundles over
moduli spaces which are real orbifolds with corners.

¢ These open invariants depend on choices of boundary conditions for sections of the (descendent) Witten
bundles on the boundaries of moduli spaces. However, such choices may be made (Theorem 0.1).

¢ Some boundary conditions can be fixed via a geometrically natural positivity condition. However, there
are degrees of freedom in the choice of boundary conditions which cannot be constrained. This leads to
the first example of wall-crossing for an open enumerative theory for a Landau—Ginzburg model.

¢ If the boundary conditions not determined by positivity are chosen with an inductive structure, certain
combinations of open FJRW invariants satisfy a form of topological recursion; see Theorem 0.5. This type
of topological recursion is new in a sense as we can only establish recursions between certain polynomials
of invariants rather than a single invariant due to the wall-crossing phenomenon.

¢ Given a system of open FJRW invariants determined by a family of boundary conditions satisfying this
inductive structure, we construct a perturbation of W as a generating function for these open invariants.
The oscillatory integrals (0-2) then become generating functions for closed extended FIRW invariants;
see Theorem 0.3. Besides proving mirror symmetry at genus zero, we can construct the mirror entirely in
terms of the original open A-model, as opposed to relying on previous combinatorial constructions such
as Berglund—Hiibsch.

¢ We then show there is a wall-crossing group which acts faithfully and transitively on

(i) the collection of all possible systems of open FJRW invariants; and

(i1) the set of all perturbations of the potential W satisfying certain homogeneity constraints for which
Theorem 0.3 holds.

Thus our method of choosing boundary conditions is geometrically natural, allowing us to match the
A- and B-models for FIRW theory on the nose. See Theorem 0.7.

We now give more details of different aspects of this.

0.1 The open A-model invariants

Our construction of the open A-model invariants generalizes the construction of open r-spin invariants of
Buryak, Clader and Tessler [Buryak et al. 2022a; 2024]. This in turn builds to a certain extent on the
open descendent theory of Pandharipande, Solomon and Tessler [Pandharipande et al. 2024].

Given a potential W = Z;;l xl.r ", we review in Section 1 the notion of a stable (twisted) W-spin curve
and give the definition of a stable (twisted) W-spin disk. In slightly more detail, a W-spin curve involves
data (C,{z;}, S1,...,84,71,...,Tq). Here C is a stable marked orbicurve, with all marked points and
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nodes having the same stabilizer group 4, where d is the least common multiple of the r;. Further, 7; is
an isomorphism
7 0 SP = wc 1og (—Z ViZi),
ielp

where g is a subset of indices of the marked points. It is this twist by z; which leads to the phrase
“twisted”, and only Ramond points are allowed to be twisted. Each marked point comes with twists tw; for
1 <i <a, where tw; € {—1,...,r; — 1} records the action of the stabilizer group of the marked point on
the fiber of the twisted spin bundle S;. See Section 1.1 for details on our conventions for these twists. The
case of tw; = —1 or r; — 1 corresponds to the Ramond case (where the action of the stabilizer on the fiber
of S; is trivial), with the two possibilities corresponding to the cases that i ¢ Io or i € o, respectively.

To have a compact moduli space of W-spin curves, we must consider W-spin curves whose underlying
orbicurves C have nodal singularities. If C has a nodal point n, then take a partial normalization v : C—C
at the node n. This yields two half-nodes on C , the inverse image of n, which we call z;, z,. These
half-nodes will have twists, with the standard balancing condition at nodes dictated by (1-1) and (1-2)
implying that these twists satisfy

tw; (z1) +tw;(z2) =r; —2 mod ;.

Closed FJRW invariants, in this setup, may be defined from the Euler class of the Witten bundle on
the moduli space of twisted W-spin curves when the underlying curves have genus zero and, for each
1 <1i < n, there is at most one marked point with tw; = —1; otherwise the spin bundle S; may have
sections and defining FIRW invariants becomes more complicated. In the r-spin case, such invariants
were introduced in [Jarvis et al. 2001b], and are called closed extended FJRW invariants. See Section 3.3.1
for details. They were often not studied in the subsequent literature as the tw; = —1 case is not directly
involved in statements of closed mirror symmetry; however, the extended theory is required to establish a
natural relationship between open and closed extended invariants through open topological recursion as
seen here and in [Buryak et al. 2019; 2022a; 2024].

A W-spin disk is a genus-zero W-spin curve

(C7 {Zl}lEIa{Zl}lela{xl}leB? Sl,--wSa,Tl,-ana)

equipped with the additional data of an antiholomorphic involution ¢ : C — C along with liftings of ¢ to
involutions of S;; see Section 1.2 for details and more precise notation. We usually write X for a choice
of fundamental domain of the antiholomorphic involution ¢, so that C = X U ¢(X) and X = X N ¢(X).
The marked points z; are interior marked points indexed by a set I, i.e., z; € X\ 0% for i € I, with
complex conjugate marked points Z; = ¢ (z;). The marked points x; are boundary marked points indexed
by a set B, i.e., x; € 0% for i € B. While the twists of internal marked points are unrestricted, we place
the restriction on boundary marked points that tw; € {0, r; — 2} (see Remark 1.30 for discussion). We
further exclude the possibility that tw; = O for all i: these are in fact points which may be forgotten;
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forgetting such points will play an important role. As in [Buryak et al. 2022a; 2024], we also require
some additional choice of data called a grading involving the restriction of the spin bundles to d%. While
this is technical and we omit further mention of this data in the introduction, gradings are crucial for
imposing the necessary boundary conditions to define open invariants. W-spin disks with this additional
data and constraints on boundary twists are called graded W -spin disks.

In Section 1, we give the definition of (closed) W-spin curves, followed by W-spin disks. This definition
is a slight generalization of the definitions of the corresponding r-spin curves and disks of [Buryak et al.
2022a; 2024]. We then introduce a language of dual intersection graphs to describe various ways that
graded W-spin curves or disks may degenerate. Unfortunately, there are a large number of ways W-spin
disks may degenerate, and this is where combinatorial complexities appear. However, these generate
interesting features. We define the notion of a graded W -spin graph, which records the combinatorial data
of a stable graded W-spin curve or disk. This data consists essentially of its dual intersection graph, the
twists of marked points and nodes, and the ordering (or collection of orderings) of boundary marked points.

In Section 2 we commence a study of moduli spaces of stable graded W-spin disks. In Proposition 2.4
we construct a compact moduli space M IIiV where I" denotes a graded W-spin graph as above corresponding
to a smooth disk with specified numbers of boundary and internal marked points along with their twists.
This compact moduli space includes all degenerations of smooth disks described by the graph T.

Having constructed these moduli spaces, we may define the Witten and descendent bundles on these
moduli spaces. This is carried out as in [Buryak et al. 2022a; 2024]. For 1 <i < a, there is a bundle W,
on M IKV whose fiber at a point corresponding to a W-spin curve C with antiholomorphic involution ¢ is
the eigenspace of the action of ¢ on H!(C, S;)V with eigenvalue —1. Further, for each internal marked
point there is a descendent bundle I;, a rank-one complex vector bundle, whose fiber is the cotangent
space at the 7-th marked point. If I" is a W-spin graph corresponding to a smooth disk with internal
marked points indexed by a set J, then we may consider a descendent vector d = (dj)jey € Zio. We
then obtain a real vector bundle B

a
Erd):=Pwi e PL,

i=1 jeJ
the descendent Witten bundle. We say I' is balanced for d if
dim M} = rank Er(d).

It is precisely this case where we will extract invariants.

The very first step in defining invariants is to orient the moduli spaces and the descendent Witten
bundles. This is carried out in Section 2.5 using results of [Pandharipande et al. 2024; Buryak et al.
2022a]. It is here where for the first time we restrict to the rank-two case. There is little to say here about
this process, other than that it is a necessary but unpleasant step. Because we are restricting to rank two,
we now change notation and write

W =x"+y%.
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Since now a marked point or half-node has two twists twy, twp, we typically write the twist as a
pair (twy, twa).

The second step in defining invariants is to have a suitable set of boundary conditions. Because /WIKV
is an orbifold with corners, one does not define the invariants simply by integrating Euler classes of the
vector bundle Er(d). Rather, one has to impose boundary conditions.

The general setup is as follows; see Section 2.2.3 for a brief but more detailed review of these notions.
If given a compact orbifold with corners M of dimension # and a rank-n orbibundle £ on M, along
with a nowhere vanishing multisection s of E|s, the signed number of zeroes of any extension of s
to a transverse multisection § of E over all of M is well defined; see [Pandharipande et al. 2024,
Theorem A.14]. This is the relative Euler class of E with respect to M and we write this as

/Me(E;s) —#7(5).

In [Buryak et al. 2024, Appendix A], a variant of this is given, where M need not be compact. Rather, one
assumes given an open subset U C M such that M \ U is compact, and a nowhere vanishing multisection s
of E|yugar- Then, the signed number of zeroes of any transverse extension of s is well defined, again
giving the relative Euler class. We still write this using the notation above.

Thus, to define open invariants, we need to make a choice of boundary conditions for the descendent
Witten bundle for every balanced I'. To be of any use and to have any hope of proving relationships
between the different invariants, such as open topological recursion, there has to be some inductive
structure to this choice of boundary conditions. Here, the approach to such an inductive structure follows
the approach of [Buryak et al. 2022a; 2024; Pandharipande et al. 2024].

We now give an impressionistic description of how this is done. The reader should be aware that the
definitions given here in the introduction aren’t precisely correct, and should refer to the main text for the
complete definitions.! Consider a W-spin graph I" corresponding to a smooth W-spin disk, thus giving a
moduli space M IIiV of such disks and their degenerations. The boundary of this moduli space is a union of
codimension-one strata, which arise in several different ways. See Figure 3 for a pictorial description of
the various degenerations possible. We note that strata depicted in Figure 3, left, have codimension two,
so such strata are not on the boundary GMTW . Thus we now focus on the cases in Figure 3, middle and
right. We broadly distinguish here between three types of boundary strata:

(1) There are strata where the corresponding stable disk has a contracted boundary node, i.e., C has a
node which is a fixed point of the antiholomorphic involution.

(2) There are strata with a boundary node where the corresponding stable disk is a union of two disks,
with the resulting half-nodes having twists (a, b), (r—a—2,s—b —2), with eithera € {1, ...,r —3}
orb e{l,...,s—3}. Such a stratum is called positive.

(3) We have a similar degeneration to two disks with a boundary node, but this time a € {0, r — 2} and
b €{0,s —2}. We call such a stratum relevant.

IEor example, we elide the notion of alternating for boundary marked points and nodes, see Definition 1.23.
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For case (1), we impose a boundary condition on multisections of the Witten bundle along boundary
strata arising from contracted boundary nodes. This is done via a positivity condition and guarantees
nonvanishing of these multisections along such boundary strata.

For case (2), we deal with the positive strata by removing them and imposing conditions near such
strata. We define a new moduli space PMr obtained from M ?’ by deleting the positive boundary
strata. If V C M IIiV is a suitably small open neighborhood of the union of positive boundary strata, we
take U = V NP Mr. We then only consider multisections of Er(d) which satisfy a certain positivity
condition on U. These sections are then nonvanishing on U, by definition.

A key point in the construction of the boundary conditions is to define the positivity boundary conditions
in a consistent way. A more naive strategy is consistent only in low-codimension strata and requires
modifications (see Remark 3.19). We continue to use the modification used by Buryak, Clader and Tessler
in [Buryak et al. 2022a; 2024], where PM is introduced to construct an open r-spin intersection theory.
The crucial point is that the zero locus of the section of Witten’s bundle avoids nodal strata with certain
twists at so-called nonalternating marked points in PMr (see Definition 1.23).

We call those multisections of Er(d) on PMr which satisfy these positivity conditions at contracted
boundary node strata and near positive strata strongly positive multisections; see Definition 3.18. We
note that the notion of grading, brushed over earlier in this introduction, is necessary to define positivity.

r

Given such a section s° , we are then able to define the open W-spin invariant

r
(T oMol OoaDabe®™ [ (T o 76T e
iel) PMr
Here I(I") denotes the set of tails of I' corresponding to internal marked points of the corresponding disk,
with (a;, b;) denoting the twist at the internal point labeled by i and d; the component of the descendent
vector. On the other hand, k1 (T"), k2(I") and k12 (I") denote the number of boundary points with twists
(r—2,0), (0,5 —2) and (r —2, s —2), respectively. We note that we do not label the boundary points,
but the invariants may depend on the labels of the internal points and not just their twists.
This construction has now produced a single invariant associated to a W-spin graph I' corresponding to
a smooth W-spin disk and a descendent vector d = (d;);cy(r) € Zi((f ), However, the range of boundary
conditions allowed by strong positivity is still too flexible to provi&e meaningful systems of invariants.
The key punchline here is that, in case (3) above, there is an inductive structure for the relevant strata.
Here, the normalization of a stable disk in the interior of a relevant stratum is a disjoint union of two disks,
each of which only have boundary points with twists (0, 0), (r —2,0), (0,s—2) or (r —2,s—2). However,
after forgetting those boundary points of twist (0, 0), these are precisely the types of boundary twists
we allow in graded W-spin disks. We call points with twist (r — 2, 0) r-points, (0, s — 2) s-points, and
(r —2,s —2) fully twisted points. In particular, if M denotes such a boundary stratum and M7, M, are
the moduli spaces of the corresponding normalized disks (with boundary points of twist (0, 0) forgotten),
we have a natural map M — M7 x M,. We will call this moduli M x M the base of the stratum M,
and it will be a central object for this paper. Further, it follows from gluing properties of the Witten
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bundle (see Proposition 2.14) that Er(d )| is the pull-back of a corresponding descendent Witten
bundle on M x M5, a sum E; H E; of the pull-backs of descendent Witten bundles E; on M;. As a
consequence, if we have already fixed multisections of E and E», we obtain via pull-back under the
map M — Mj x M, a multisection of Er(d)|r. This allows us to inductively determine boundary
conditions along relevant strata.

To be useful, and to take into account inductively defined boundary conditions, we organize this data
as follows. We will fix the set? N = {1,2,...} to be the set of all possible labels of interior marked
points, so that every W-spin graph I comes with an injective marking function m’ : I(I') — N. We also
fix a twist function

tw: N —>{0,...,r—1}x{0,...,s—1}

with the property that tw™!(a, b) is an infinite set for any (a,b) € {0,...,r —1}x{0,...,s —1}. We
often write tw(i) = (a;, b;) for i € N. We will thus always assume that an internal marked point labeled
by i has twist (a;, b;). We typically will further fix a finite subset / C N of possible labels and focus
attention on those graphs I with /(I") C /. This will help deal with a number of convergence issues in
formal power series rings when we define various potentials later.

Given the above data, we define the notion of a family of canonical multisections bounded by I (see
Definition 3.22). This consists of a choice of multisection sT of Er(d) for each graph I' associated to a
i(({ ), with I(I") C I. Further, these multisections
satisfy the inductive boundary conditions described above. Note these sections must be defined even in

smooth graded W-spin disk and descendent vector d € Z

the nonbalanced case to be useful; indeed, in general boundary strata involved in the inductive definition
of canonical families involve moduli spaces which are not balanced.

Given such a family, we may now assemble a system of invariants. Let J/ C [ and d € Zio. Denote
by Balanced(J, d) the set of graded W-spin graphs I with /(I") = J which are balanced for d. Then
define

(0_3) Q—Bal(]) — l—[ 1—[ QBalanced(J,d)‘
JCSldez!,
A family s of canonical multisections bounded by / then produces an element v of Q-Bal(/) whose
entry corresponding to a graph I" balanced for d is

(0-4) Vg = < I r0(175,1:,-) 0{«1 ) 0§2(F) U{czlz(r)>s""
iel(I)

We remark here that we do not assume our canonical multisections are invariant under a twist-preserving
change of labels of internal marked points. This will make many arguments easier, and we may, if we
wish, pass to symmetric families by an averaging process; see Section 3.5. We say a family s of canonical
multisections (bounded by 1) is symmetric if it is invariant under the natural lift of a twist-preserving

bijection on [ to the level of moduli (see Section 3.5 for a more precise treatment). Analogously, we

2This is a slight simplification of what is necessary in the main text.
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call an element v € Q-Bal(/) symmetric if v is invariant under all twist-preserving automorphisms of
the set /. Explicitly, let o : I — I be a permutation with tw o ¢ = tw, and for a graph I" with internal
tails labeled by elements of a set J C I, let o(I") denote the same graph with an internal label i replaced
by o (i). Then v is symmetric if

VI(dj)jes = Yo (D).(do))jer
for all such 0. We let Q-Bal*¥™(7/) C Q-Bal(/) denote the subset of symmetric elements. With

these definitions in hand, we can state our first theorem, which is a combination of Theorem 3.29
and Observation 3.44.

Theorem 0.1 Open FIRW invariants for the LG model (x" + y*, . X js) exist. That is, we can construct
a family (bounded by I') of canonical transverse multisections. Moreover, one can construct a family
(bounded by I') of symmetric canonical transverse multisections.

We now describe the systems of open FIRW invariants for the LG model (x" + y*, u, X is). Define
Q;s(I) ={v*® | s a family of canonical multisections bounded by 7} C Q-Bal(I)

to be the set of all systems of open FIRW invariants arising from families of canonical multisections. We
also define
Q75 (1) = Qrs(I) NQ-Bal™™(I) C Q-Bal¥™(I),

which we will see consists of systems of open FJRW invariants arising from symmetric families of
canonical multisections. A priori, Theorem 0.1 only shows the nonemptiness €2, (/) and Qiﬂn(l ). Thus
the real task is to understand the structure of the sets Q,.5(7) and Q5 (1).

Unlike the r-spin case of [Buryak et al. 2022a; 2024], it is very important to keep in mind that these open
W-spin invariants depend on boundary conditions. It is precisely this dependence which we will explore
in more detail below in Section 0.5. In general, given two families of canonical multisections s¢ and §1,
one can construct homotopies between them, and the change of open invariants is then seen by counting
zeroes escaping off the boundary of moduli space, or coming in from the boundary of moduli space. In
other words, what matters is the number of zeros of these homotopies restricted to the boundary of the
various moduli spaces. To harness this, we define families of canonical homotopies in Definition 3.36. It is
important for the homotopies to have a rich structure for us to control their contributions to the invariants.
In particular, they must be strongly positive and be pulled back from the base when restricted to relevant
boundary strata. In Lemma 3.40, we show that we can construct families of canonical homotopies in
such a way that we can control their nonvanishing on various boundary strata.

We then are able to provide a structure theorem for the sets 2, ;(/) and Qiy;n (1) after taking inspiration
from the structure of the B-model.

0.2 The B-model

In Section 4 we study the period integrals which yield the B-model side of our story. We refer the reader
to Section 4.1 and [Gross et al. 2024] for more details of these period integrals. The key point is to
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study integrals of the form (0-2) where I'" runs over a so-called good basis of cycles &, of unbounded
a-dimensional cycles in C? with the property that Re(W/#) tends to —oc in the unbounded directions.
Here, u runs over tuples (i1, ..., ig) with 0 < u; <r; —2. This basis is described explicitly in [Gross
et al. 2024]. These cycles have a multivalued dependence on #, and hence exhibit monodromy as # varies
in C*. The good basis is determined by the requirement that

7
/ eI dxi Ao Adxg =S

-

S

where 8,/ is the Kronecker delta function, x**" denotes the monomial [ x;L ;', and W =Y, x/".
While the full B-model description gives a semi-infinite variation of Hodge structure and a Frobenius
manifold, we will ignore this structure, other than making a connection between the description of this
B-model data in [Li et al. 2017; He et al. 2022] and the explicit period integrals we consider here. We
briefly review the setup in terms of period integrals, and send the reader to Section 4.1 for more details.
One considers a universal unfolding W), of W, where y denotes a set of coordinates {y,} on the
universal unfolding parameter space. One then would like to identify a primitive form in the sense of
Saito, i.e., a form f(x1,...,Xxq, ¥)dx1 A--+ Adx, with the property that
/ eI fdxy A Adxg = 80+t (PR + O(RT2)

—

S

for some collection of functions #;,. These functions then form a system of coordinates on the universal
unfolding moduli space known as flat coordinates. Once the above integrals are written in terms of these
flat coordinates, they become generating functions for closed FIRW invariants. The precise form of this
generating function may be found in the statement of Theorem 0.3.

To be explicit, we now return to the rank-two case with W = x" 4+ y*. Fix I € N a finite set of
allowable markings as in the previous subsection, and recall the twist function tw assigning a specific
twist to each label in /. Consider the ring

Afym = Qltg g |0<a<r—-2,0<pB=<s5-2,d € Zxo]/Ideal(]),

where Ideal(/) is the ideal generated by monomials of the form
n
1_[ lajﬁ .d
d

such that " ng > |(tw ;)™ (a, B)|. Note that the definition of Ideal(/) is designed so that in the potential
defined below, we only consider graphs with at most |(tw |;)~! (e, B)| internal marked points with
twist (o, B).

Given a symmetric element v = (vr,q4) € Q-Bal®™(/), we may then define the potential of v to be

l

§ — vFOk k 1'(a~[5»)},d & P
e (_l)l A o Bid; | X'V € Arsymlx, y].
kl%zo A={(;.B;-di)}€A; |Aut(4)] zl:[1 i-Bi-di

>0
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Here

o A; denotes the set of cardinality / multisets of tuples (¢, 8,d) with0 <o <r—2,0<B<s—-2,d >0;
* T0.k1,k2,1,{(e;,8;)} denotes the graph corresponding to a smooth disk with:

— k1 boundary r-points,

— k5 boundary s-points,

— 1 boundary point that is fully twisted, and

— [ internal marked points with twists («;, 8;), 1 <i <I;

e Aut(A) denotes the automorphism group of the multiset A, i.e., permutations ¢ on / letters such that
(6 (i)> Boiy - doiy) = (@i, Bi,d;) for 1 <i <I; and

e d = (d;)1<i<; denotes the descendent vector.

We take the number vr 4 to be zero if I' is not balanced for d.
We make three remarks about this potential, assuming that v = v%, i.e., v is enumerative, arising from
a symmetric canonical family of multisections s via (0-4). First, we will show (see Theorem 5.1) that

(0-5) WS =Ty Y dapox®yP

O<a<r—2

0<B=<s—2
modulo all monomials quadratic in the variables 7, g ¢ or linear in 7, g 4 for d > 0. This agrees with
a natural choice of universal unfolding of W = x” + y5. However, in general there will be a possibly
infinite number of additional terms which are higher order in the coordinates 7 g 4.

Second, the condition that a graph I" must be balanced with respect to d to contribute to the potential

makes W™ homogeneous of degree rs with respect to an Euler vector field

(0-6) E :=sx0x +r1ydy — Z (sB+ra+rs(d—1)igp a0, 5.4

0<a<r—2
0<B<s—2
d>0

In other words,
E(Wv,sym) — rSWv,sym'

Third, integrality considerations for degrees of spin bundle show that W"-¥™ is invariant under the
action X > &, x, y = &y, tgb.a > Er_aés_bl‘a,b,d, where &,, & are primitive r-th and s-th roots of unity,
respectively.

The following theorem, which is Corollary 4.16, is fairly straightforward via integration by parts:

Theorem 0.2 Fix v € Q-Bal®™(I) such that
WV = x"+y% mod (ty g |0<a=<r—-2,0<p=<s5s-2,0=d).
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For a multiset A € | J; A;, A = {(«;, Bi. d;)}, define r(A) to be the unique element of {0, ...,r — 1}
congruent to Zzl'=1 a; modulo r, and similarly s(A) the unique element of {0, ...,s — 1} congruent to
Zle Bi modulo s. Finally, let

Sr(A) +rs(A) = Yi_ (soi + 7B +rs(di— 1)
rs

d(A) = 2.

Then

(0-7) / WA dx Ady
E(a,b)

o

~ ~ Hl'= t Bid;
—baobpot+ Y 3 (—1)! (=h)~4@ ZA(A,v)srm,aasm,b(W)-

I1>1 A={(c;,Bi,d;)}€A;

Here A(A,v) € Q is defined in Notation 3.42 and Definition 4.11.

We do not repeat the definition of .A(A, v) in the introduction as it is slightly involved, but it involves
a sum over products of the vr 4 and is obtained quite naturally from evaluating the integral by integration

W ST=x"=y*)/h Nevertheless, these invariants play a crucial

by parts after a power series expansion of el
role in the paper, with our form of open topological recursion being a recursion involving a combination

of these A(A, v) and closed extended FJRW invariants.

0.3 The mirror theorem and open topological recursion

The key mirror symmetry result in our paper is the following. A priori, if we choose a deformed
potential WV-Y™ with coefficients determined by an arbitrary v € Q-Bal*¥™(7), we can compute the
oscillatory integrals in Theorem 0.2, but the quantities A(A, v) in (0-7) contain no enumerative meaning.
However, when we use a system of open FIRW invariants for v to construct W™ the variables 7, p ¢
are flat coordinates for the underlying Frobenius manifold and the oscillatory integrals are then generating
functions for all closed extended FIRW invariants with descendents with internal markings bounded by 1.
Moreover, this only happens when v is enumerative, that is, a system of open FJRW invariants.

We can state this precisely as follows. We continue with a choice of finite set / € N. The following is
Corollary 5.12.

Theorem 0.3 (open mirror symmetry for two-dimensional Fermat polynomials) Let v € ;% (I). Then

V.sym — — p— 8 5
/ M Ax Ndy = 800850+ Y tapah?T Y Y (—D) (-h)TdW-2 AL
Sa.b

= d>0 [>2 AeA; |Aut(A)|
d(4)>0
(r—r (A)=2,5—s5(A)~2) @B\
r—r —2,5—S§ - o;,pi
X <Td(A) 1_[ Ta; > 1_[ loj.Bj.d;-
(a;,Bi,di)eA (a;,Bi.di)eA

Here r(A) and s(A) are as defined in Theorem 0.2 and ( - }*' denotes the closed extended FJRW invariants,
asr —r(A)—2ors—s(A)—2 may be —1.
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In fact, if one removes the descendent part of the potential W"Y™ by working modulo the ideal
(tapa |l 0<a=<r—2,0<pB<s5-2,0<d), thendx Ady is a primitive form and the t, p, o are flat

coordinates.

Remark 0.4 (1) The above theorem matches with the philosophy of the open Gromov—Witten framework
for Fano manifolds. For example, in [Cho and Oh 2006; Gross 2010; Fukaya et al. 2010] it is shown how
counts of Maslov index-two disks with boundaries on Lagrangian tori naturally give rise to the correct
mirror potentials. Our framework then provides an analog of Maslov index-two disks in FIRW theory.

(2) When working modulo the ideal {t4 .4 |0 <a <r—2, 0< B <s5—2, 0 <d), we are in the setting
of standard Saito—Givental theory. Here we recover the (closed) mirror symmetry results of [Li et al. 2017;
He et al. 2022] in the case of W = x" 4 y*. The proofs are fundamentally different. There, the authors
consider the integrand """ fdx A dy where W™ is the versal deformation given by (0-5) and
perturbatively correct the coordinates through the function f [Li et al. 2017, Theorem 3.7] up to quadratic
terms and then use reconstruction arguments. Our approach finds a precise versal deformation WV-Y™
using open FJRW invariants so that f = 1 and the coordinates for the versal deformation are already flat.

(3) In the context of open mirror symmetry for Fano manifolds, Overholser [2016] generalized the
oscillatory integral framework to include open descendent invariants for P2. Theorem 0.3 creates a
similar framework for Landau—Ginzburg mirror symmetry, deducing all genus-zero FIRW invariants with
descendents from the oscillatory integrals.

In light of Theorem 0.2, the proof of Theorem 0.3 follows from a calculation of the complicated
invariants A(A4, v), which are shown in Theorem 5.4 to be independent of the choice of v € Qi?;n(l ).
It also provides a large amount of structure for the open FIRW invariants due to the sheer number of
constraints given by the relations in Theorem 0.3. This is summarized in Corollary 5.11.

The key tool for calculating these quantities is open topological recursion. To express it, we consider
the case where the open FJRW invariants are defined using a family of canonical multisections bounded
by I that need not be symmetric. If v € Q-Bal(/), we have an expression A(/, d, v) similar to A(A, v)
given by the oscillatory integrals, as defined in Notation 3.42. In Theorem 5.4, we show that the expression
A(I,d,v) is independent of v whenever v € Q, ;(I). For this reason, we write A(/,d) := A(I,d,v)
for v € Q, s(I). We are now ready to state open topological recursion:

Theorem 0.5 (open topological recursion for two-dimensional Fermat polynomials) Given J C [
nonempty, choose j1 € J andd € Zéo' Denote by e € Zéo the vector whose entry corresponding to ji
is 1 and all other entries zero.

(1) If |J| > 1, then
0-8) A(J.d +e) =

ext
b ,b i»bi
3 3 <f(§“ )rg: 1)1‘{5; ’> ABU{zgp}.d)—A(J. d).
ae{—1,...,r—2} ALUB=J\{j1} i€A 0

bef—1,...5—2} A+
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Here z, j, is an additional internal marking with twist (r —2—a,s —2—b), withd;, , = 0.

(2) If |[J| > 2, let j» € J \ {j1}. Then

09)  AUd+en= Y. > <("b) (“l’b"l_[r‘““bl)> A(B Ulizgp}, d),

a€{—1,..,r—2} AUB=J\{j} ied
be{—1,....5s—2} J2€B
A#D

where z, j and dZa,b are as in (1).

The proof of open topological recursion occupies Section 6 and is the heart of the paper. The proof
works by choosing a suitable multisection of I ;, whose vanishing locus consists of strata in which closed
spheres bubble off from disks. Most importantly this vanishing locus is easy to describe. However, this
multisection does not belong to a family of canonical multisections, and hence a detailed study of zeroes
arising in homotoping this multisection to a canonical multisection is required. This is the hardest part of
the proof.

Another key difference in the open topological recursion relations in our paper and the previous ones
found in the literature is that there does not exist an open topological recursion relation for a single open
invariant. Rather one must use the polynomial A(J, d + e, v) in open invariants in order to obtain a
topological recursion relation. This is unlike what is found in the open r-spin case in [Buryak et al. 2024]
and the topological recursion structures found by higher Airy structures (see, e.g., [Borot et al. 2024, §6]).

Furthermore, the quantities .A(/, d) are familiar. We can crucially use Theorem 0.5 to establish in
Corollary 5.11(3) an open-closed correspondence that links polynomials of open invariants to closed
extended invariants.

Corollary 0.6 (open-closed correspondence) Let J € I be nonempty and d € Zéo- Suppose |J| > 2.
Letd(J,d) be as defined in Definition 4.8. Then

)= 0 ifd(J.d) <0,
> - (— l)d(Jd) 1( (’; "()1) —2,5—s(I)— Z)Hze (alb)>ext ifd(J,d)>0.

0.4 Wall-crossing formulae

The remaining question is to understand the subset Q?,’;n(l ) giving all possible sets of symmetric
open W-spin invariants. As mentioned earlier in this introduction, given two families of canonical
multisections s¢ and s 1, there exists a canonical family of homotopies H* between them, and the change of
invariants associated to a W-spin graph I" requires understanding the number of zeros #Z (H |[o,1]x37P A1) )-
Crucially, these zeros will occur on boundary strata corresponding to W-spin graphs A representing stable
W-spin disks which are unions of two disks. These disks meet at a node with the twists at the half-nodes
satisfying certain constraints. Further, we have the relation

dim MY = rank Ep(d) — 1

Geometry & Topology, Volume 30 (2026)



2794 Mark Gross, Tyler L. Kelly and Ran J. Tessler

so that HT |[0 1Pt will have a well-defined number of zeroes. Such boundary strata are called critical
boundaries, and are respon51ble for wall-crossing phenomena. Given a graph A, we denote by A, the
subgraph consisting of all half-edges adjacent to the vertex v in A. A graph A corresponding to a critical
boundary will have a vertex v such that the subgraph A, will be graded, have no fully twisted boundary
marked points, and

dim MY =rank Ep,(d) — 1.

We will call such a (connected) subgraph Ay, critical for d; see Definition 2.33(1).

We define the Landau—Ginzburg wall-crossing group (see Definition 4.19 below) to be the subgroup
G4y g © Auty, . (A1 sym[x, y]) of the group of continuous automorphisms of Ay sym[x, y] as an
AJ sym-algebra consisting of elements that

(1) are the identity modulo the ideal generated by the 7 g 4;
(2) preserve dx A dy;
(3) preserve the ideal generated by xy.

These properties are natural for our framework. The first property arises as all critical boundaries involve
disks with internal marked points. The second property ensures that, if g € G4, . then replacing a
potential WV-Y™ with g(WV-*Y™) does not change the result of the period integrals. Finally, the third
condition is more subtle, but reflects that for certain boundary strata, we are able to define positivity of
multisections of the Witten bundle to guarantee that zeroes never occur on these boundary strata. This
issue arises in Definitions 1.57(3) and 3.18(3).

It turns out that the wall-crossing is governed by a Lie subgroup

Ifls,sym - GAI.sym’
which is specified via its corresponding Lie algebra g:ffgsym. This Lie algebra is a subalgebra of the Lie
algebra gy, of G4, ,, consisting of vector fields on which [E, - ] acts by multiplication by rs, where E
is as in (0-6), and are invariant under the action x > &-x, y = &5, ¥, lgp.a = Er_“és_bta,b,d, where &, &
are primitive r-th and s-th roots of unity, respectively.

The underlying vector space of the Lie algebra is a direct sum of one-dimensional Q-vector spaces
indexed by all critical graphs.

Theorem 4.27 shows that the group G:{j,sym acts on Q-Bal*¥™(7) via its action on potentials: for

€ G;’f)sym and v € Q-Bal**™(7), we define g(v) by

Wg(v),syrn — g(Wv,sym).

The main wall-crossing theorem (see Corollary 5.14) then states:

sym

Theorem 0.7 The group Gr’s o ACS faithfully and transitively on the set Qy¢ (I). Furthermore,
Q75 (1) C Q-Bal™™(1) is charactenzed as the subset of those v € Q-Bal™¥™ (1) sat1sfy1ng the following
conditions:
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(1) If J €I and " € Balanced(J,0), thenvrg=1if |J| =1 andvroy=—11if |J| =0.
(2) ForI' € I with |I'| = 1,d = (d) € ZL,,, we have

Al d,v) = (=12,
(3) Forany J € 1,d € ZL, withd(J.d) <0, we have A(J.d ,v) = 0.

In fact, the three conditions in the theorem characterizing Q‘;?;n(l ) are precisely the conditions
guaranteeing that the oscillatory integral | """/ Gy of Theorem 0.3 takes the form given there up to
terms of the form 27", n > 2.

Remark 0.8 The Landau—Ginzburg wall crossing group is very similar in spirit to the tropical vertex
group, a group of automorphisms of a two-dimensional algebraic torus preserving de A ‘fv—y introduced in
[Kontsevich and Soibelman 2006] and given an enumerative interpretation for Fano manifolds in [Gross
et al. 2010]. Generalizations of the tropical vertex group have been used extensively in the literature in a
large number of wall-crossing situations. For Fano manifolds, elements of the wall-crossing group for a
Fano manifold correspond to Maslov index-zero disks. In our case, a Q-summand of automorphisms
in G:fIS,sym corresponds to a critical graph, which is crucial in the proof of Theorem 0.7.

Remark 0.9 For pairs (r, s) € {(n,2),(2,n),(3,3),(3,4),(4,3) | n € Z>»}, the potentials W = x" 4 y*
are simple singularities A,—1, E¢, and Eg. Here, there are no critical graphs with respect to descendent
vector d = 0, and thus the open FJIRW invariants with no descendents are well defined. The fact
that the primitive form is unique in these cases is well established [Saito 1983b; Noumi and Yamada
1998]. However, in these cases there are indeed critical graphs for nontrivial d and wall-crossing for the
theory with descendents. We predict that the only open FIRW invariants that do not enjoy wall-crossing
phenomena will be the simple singularities when considered with no descendents.

0.5 Context and comparison to existing literature

Mirror symmetry for open Gromov Witten (OGW) theories with Landau—Ginzburg (LG) mirrors were
first considered for Fano manifolds in [Cho and Oh 2006; Gross 2010; Fukaya et al. 2010]. Here, the open
Gromov—Witten invariants corresponded to compact toric manifolds paired with a Lagrangian torus 7.
The toric n = 1 case generalizes nicely to some more complicated Lagrangians, essentially to Lagrangians
whose rational cohomology is spanned by the unit and the point class, and certain generalizations of this
case (see, for example, [Solomon and Tukachinsky 2021]). It turns out that such OGW theories [Solomon
and Tukachinsky 2021; Netser Zernik 2017a; Buryak et al. 2022b] give rise to intersection numbers
which are independent of choices and are governed by a universal recursion, the open WDVV (OWDVV)
equation [Solomon > 2026; Solomon and Tukachinsky 2024, Theorem 3]. Moreover, they satisfy other
interesting properties such as an extension of the quantum cohomology to relative quantum cohomology,
a correspondence between open invariants with a certain internal relative constraint, and open invariants in
which this constraint is replaced by a boundary constraint [Solomon and Tukachinsky 2024, Theorem 6].
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In the case of the target pair (CP!,RPP!) the OWDVYV extends also to descendent theory [Buryak et al.
2022b], and such an extension is expected to hold more generally.

The OGW theory in the case n > 2 is less understood. Here, Gross [2010] and Overholser [2016] studied
the tropical open CIP? case with descendents, while Fukaya, Oh, Ohta, and Ono [Fukaya et al. 2010]
studied the case n > 2 without descendents in detail and obtained mirror symmetry for n = 2 and under
additional assumptions also for n > 2 targets. In the general case where n > 2, invariants are defined only
up to wall crossings. These wall crossings are conjectured to be governed by the Kontsevich—Soibelman
wall crossing group [2006], and this conjecture is proven in some tropical or symplectic cases [Gross
2010; Overholser 2016; Lin 2017; 2021].

Open FJRW theory (OFJRW) is a theory which is still under development. The first construction of
an OFJRW theory, the open r-spin theories, appeared in [Buryak et al. 2022a; 2024], where the main
difficulty was identifying a natural choice of boundary conditions to the open Witten bundle. These
boundary conditions rely on a hidden notion of positivity in this theory. The open r-spin theory is precisely
the OFJRW analog of the n = 1 OGW case described above. As such they have well defined invariants
[Buryak et al. 2024, Theorem 3.17], satisfy the OWDVYV equations [Buryak et al. 2024, Section 4],
involve an extension of the closed state space (where the Ramond states play the role of relative classes)
[Buryak et al. 2019] and a correspondence between open and closed extended intersection numbers.

This work addresses the construction and calculation of the OFJRW analog of the n =2 OGW case.
The first sections of the paper up to Section 2.4 provide a geometric construction of the open moduli spaces
in all dimensions; however, we specialize to the dimension n = 2 case exactly when the theory diverges
from the situations found in n < 2 and n > 2. We then geometrically construct the rank-two theory,
including descendents, characterize all invariant quantities, which this time do not satisfy the OWDVV
equations, but a different universal recursion. We then identify the wall crossing group and realize it
geometrically. Our geometric construction involves the boundary conditions found in [Buryak et al. 2024].
Interestingly, there are certain boundaries for which the boundary conditions are not specified. They turn
out to be exactly the source for the wall crossing. The calculation of invariants and geometric realization
of the wall crossings involve new ideas which are then used to establish mirror symmetry in this case.

1 Graded W -spin surfaces
1.1 Closed graded W -structures

We first define closed W-spin Riemann surfaces. These are needed for two reasons. First, an open W-spin
surface is a closed surface equipped with additional structure, including an antiholomorphic involution.
Second, even in the study of open surfaces, disks may bubble off spheres on the boundary of moduli
space. Hence moduli of closed W-spin surfaces naturally occur in the boundary of open W-spin surfaces.
We first consider the special case of an r-spin surface, reviewing terminology from [Buryak et al. 2022a].

A closed marked genus-zero orbifold Riemann surface C is a proper, one-dimensional Deligne—
Mumford stack whose coarse space |C | is a genus-zero Riemann surface with at worst nodal singularities,
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and such that the morphism 7 : C — |C| is an isomorphism away from the finitely many marked points
and nodes. We often allow disconnected surfaces, in which case it must be a disjoint union of such
genus-zero surfaces. We collectively call these marked points and nodes the special points. Any special
point may have a nontrivial stabilizer which is required to be a finite cyclic group. Any node must be
balanced, i.e., the local picture at any node is

(1-1) {xy =0}/pa,

where 4 is the group of d-th roots of unity, and the generator ¢ acts by

(1-2) £-(x,y) = (&x. L My).

The curve C is d-stable if all special points have isotropy group /.
As in [Buryak et al. 2022a], we introduce a set for markings: Let €2 denote the set of all finite subsets
of N ={1,2,3,...}. We identify the element {i } € Q with i fori € N. A marking of a set A4 is a function

m:A— Q,

such that whenever a, a’ are distinct elements of A\m~1(@), we have m(a) Nm(a’) = @. Such functions
are used in what follows to label the marked points on the curve. The possibility of marking some points
by & or with a set is needed for two reasons. First, we use marking by & to handle boundary marked
points, whose cyclic order will often serve as a substitute for their markings. Second, we use @ and
subsets of N in a consistent way to mark new internal marked points that arise via normalization of a
nodal curve, see Definitions 1.3 and 1.17. An element of A which is mapped to & will sometimes be
referred to as unlabeled.

Explicitly, the markings on the curve C are indexed by a set I and are labeled by a marking function
m! : I — Q. We denote the marked points of C by z; for i € I. There is another distinction we have for
marked points:

Definition 1.1 (anchors) We consider a subset of the marked points of C to be anchors. We allow at most
one anchor in each connected component of C and require that this point be labeled &. A connected
component of C is anchored if it contains an anchor.

Remark 1.2 The anchor will serve as a book-keeping mechanism to deal with closed W-spin surfaces
which arise as a connected component in a partial normalization of an open surface. The anchor should
be thought of as the marked point in a closed connected component which, before normalization, was a
half-node of an open surface. In this context, such a half-node connected the closed part to the open part
or is a contracted boundary half-node. As we only consider genus zero, the anchor must be unique.

We define the slightly complicated labeling above in order to keep track of this information and to
avoid adding symmetries when we normalize. Intersection theory on moduli spaces of r-spin Riemann
surfaces without boundary is, of course, not affected by the anchor, and is equivalent to the classical one
defined in [Witten 1993]. The same comment holds for closed W-spin surfaces, to be defined below.
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Figure 1: The normalization v, : C’ — C of the connected component C; at a node g. Anchors
are color-coded as blue (gray).

This yoga of anchors thus requires some care in defining the normalization of a curve.

Definition 1.3 Let ¢ be a node of C. The normalization of C at g is the usual normalization at g,
vy : C' — C, with additional care concerning anchors. Both points of the preimage of g become
marked points. Suppose a connected component C; of C containing ¢q is separated into two connected
components C;, C{’ by the normalization. If Cy is anchored and C; does not contain the anchor, we
define the preimage of ¢ in Cj as its anchor and label it @ (see Figure 1). The other preimage of ¢ will
be labeled by the union of labels of the other marked points of C;. In all other cases, the preimages of g
are labeled @. Observe that the resulting labeling is still a marking. We denote by

v:C=C
the result of the normalization at all nodes.

A half-node is a point of the normalization C mapping to a node ¢ in C. We often refer to a half-node
also as a node g € C along with a choice of branch of C at g.

Suppose that C is d -stable and r divides d. An r-spin structure on C is an orbifold line bundle L — C,
called the r-spin bundle, together with an isomorphism

(1-3) 7:L% > OC,log-

The local structure of L at a marked point p looks like the quotient stack [C2 /4] where the generator
¢ =e2mild ¢ 14 acts by

(1-4) é- (X, T) — (eZni/dX’ em(2m’/d)T)‘

Here X is a local coordinate on the curve, T a coordinate on the fibers of L, and the multiplicity (of L) is
some integer m = mult, (L) modulo d. We impose here that mult, (L) € {0, ...,d —1}. Moreover, since
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the multiplicity of wc og at any point is 0, for each marking p it must hold that
mult, (L) g
d/r
A twisted r-spin structure on a closed marked genus-zero orbifold Riemann surface C is an orbifold
bundle of the form

(1-5) S=L®O(—Z[zi]),

iely

Z.

where L is an r-spin bundle and I is a subset of the markings of L-multiplicity zero which contains
every marking whose L-multiplicity is 0, except, possibly, anchors. Note that a priori the subset /g is a
choice and part of the data of the r-spin structure, but we will see below that there is a standard choice
of Iy determined by the rest of the r-spin structure. Here, the twist O([z;]) is the orbifold line bundle
associated to the degree-one divisor [z;], i.e., O([z;]) is the pull-back of a line bundle on the coarse moduli
space. The twist of the i-th marking (with respect to .S) is defined to be

li—14+rlieq,.

where /; is the unique solution of

d
mult;, (L) = (—)li, l; €{0,...,r—1},
r
and 1;¢j, denotes the characteristic function of /o. Thus, in particular,

(1-6) if a marked point has twist —1, it is an anchor.

Using (1-3), note that there is an isomorphism 7 so that
(1-7) 7:8% ~ wC g (—Z r[zi]).
iely

Definition 1.4 A closed twisted genus-zero r-spin surface is a closed genus-zero d -stable surface together
with a twisted r-spin structure. The notion of isomorphism is the standard one.

Given the normalization v : C — C, the orbifold line bundle v*L — C is automatically an r-spin
bundle. However, v* S need not be a twisted r-spin bundle. Instead, if we take

(1-8) §=v*S®0(—Z[Cl]),

gER
where

(1-9) R := {q a half-node of C which is of multiplicity zero but not an anchor},
then S is a twisted r-spin bundle, with the set of marked points where the spin structure is twisted being
i o=IgUR.
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The twists of the half-nodes of C are defined to be the twists of S at these points. We often use this notion
for the twist of a half-node viewed as a nodal point in C along with a choice of branch of C through
this node.

Note in analogy with (1-6),

(1-10) the only half-nodes of (6 .S ) of twist —1 are anchors.

For twisted r-spin structures, we will impose that Iy consists of all markings of L-multiplicity zero except
anchors.>

Definition 1.5 A special point whose twist is —1 mod r is called Ramond, while the other markings are
called Neveu—Schwarz (with respect to .S).

Consider the coarsification map 7 : C — |C| and the pushforward 7, L. Here, we can see that locally at
the marked point p, the sections of this sheaf will be given by p4-invariant sections of O¢ with respect to
the action in (1-4). The generator acts locally on a section f by taking ¢-(X, f(X)) = (¢ X, {™ f(X)). For
invariance, we need that ¢ f(X) = (¢ X), which implies that f(X)= X"g(X?) for some polynomial g.
Note that there is a local coordinate x on |C| with 7*(x) = X%, hence 4L is a line bundle. We then
have that (774 L)®? near p is generated by X md — xm which is used to prove the following proposition:

Proposition 1.6 For any connected component C; of |6 |, with markings also denoted by {z; };cy, and
half-nodes { p, } he N, » it holds that |§| is a line bundle and

(1-11) (|§||C1)®r = o ® 0(—2 ailzil— Z Ch[ph]), aj,cp €4{—1,0,...,r—1},
iel; heN;
where a;, cy, are the twists.

Proof The corresponding claim for |v* L| is well known and can be seen through the argument in the
preceding paragraph. Since S differs from v*L by twisting down at a divisor pulled back from the coarse
curve, the twisting and coarsening commute which allows us to deduce the claim. |

We can also define the orbifold line bundle
Ji=woc®SY
on C, which has a natural pairing with S given by
(1-12) (= =):S®J = wc.
We now require the notion of a grading.

3Moving forward, we require a rule for twisted r-spin structures in the open case. Here, closed r-spin curves are connected
components of the normalization of some stable marked genus-zero orbifold Riemann surfaces with boundary. We exclude
from /o the anchors that come from a contracted boundary (see Definition 1.16).
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Definition 1.7 (grading) A grading of a twisted closed genus-zero r-spin surface (C, S) consists of the
following additional structure at each anchor z; with twist 7 — 1. Recall that we have a map 7’ defined as
the composition

7 (S® Oz ) ™ |z, — wcioglz, = C,

where the second map is an isomorphism given by the residue map. Then the data of a grading at z; 1is,

first, the choice of an R-linear involution ¢ on the fiber (S ® Oz j]))z, which is required to satisfy two
J

properties:

(1) For all v € (S ® O([Zj]))z', we have t/(¢(v)®") = —1/(v®") where w > @ is the standard
J
conjugation.

(2) We have {7/(v®") | v € (S ® O([ZJ])) } D iRy, where i is the root of —1 in the upper half-plane.

Second, we choose a nonzero vector v; in the fiber (S ® O([Zj]))z so that t ( "y € iR4+. Two
gradings {v; }, {v } are equivalent if v; = A; v for some collection of positive real numbers Aj.

We call the_ connected component of (S ® O([Z]] ) \ {0} containing v; the positive direction on
(S R O([z j])) Z and call any v in that connected component positive. If v is positive then /(v®") € iR 4.

Since
Jz; ® (S ®O([z)]) ) >~ oC,loglz; »

¢ induces a conjugation on the fiber .J, ;> also denoted by ¢, by the requirement that under the identification
of ¢ loglz; With C, we have

(P(w), §(v)) = —(w.v)

forwe Jz; andv € (S® Q([Zj]))zj. Similarly, using the positive direction on (S ® O([Zj]))fj, we define
a positive direction on JZ. in the following way. We say that w € J; is positive if, for any positive
ve(S® O([Zj]))zj, it holds that

(w,v) €iR4.

Remark 1.8 Gradings arise naturally from the open r-spin disk case. Indeed, as we shall see, such disks
may acquire contracted boundary nodes, i.e., nodes obtained by shrinking the boundary to a point; see
Figure 3. The stalk of the spin bundle at these points then naturally carry an involution (75 and the grading
can be seen as the limiting data of a lifting on the open disks in the sense of Definition 1.21(2).

Definition 1.9 A closed genus-zero graded r-spin surface is a twisted closed genus-zero r-spin surface
all of whose connected components are anchored, together with a choice of grading, up to equivalence.
An isomorphism of closed genus-zero graded r-spin surfaces is an isomorphism of closed genus-zero
twisted r-spin surfaces that preserves the anchors and, in the case where an anchor has twist r — 1, also
the involution q~5 and the positive direction.

Remark 1.10 As already mentioned in Remark 1.2, once we start to normalize open r-spin surfaces,
the anchor of a sphere component should be thought of as the half-node at which the component met
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a disk component, or met a simple path of sphere components connecting it to a disk component. The
additional data in the grading in the case of a twist » — 1 anchor arises as in Remark 1.8.

The properties of the twists and grading can be summarized in the following well-known observation
below.

Observation 1.11 It follows immediately from Proposition 1.6 that if C is a smooth r-spin curve, then
the degree of the line bundle |S| — |C| is

9 .
(1-13) 2724 g
r

where a; are the twists. This number must be an integer. Thus, also

—Zai_(r_z) €.

r

(1-14)
If C is a d-stable r-spin curve and p and p’ are the two branches of a node, then
(1-15) C¢p+cpy=r—2 modr.

Moreover, in the notation of (1-11), for any component C; of |6 | with markings also denoted by {z; };er,
and half-nodes {pp}pen,, we have

r Za,- + Z cp+2—r.
iel; heN;
When (1-14) holds, there is, up to isomorphism, a unique graded structure on C with the given twists.
Remark 1.12 The only automorphisms of genus-zero graded r-spin surfaces with injective marking m
are the ghost automorphisms. There are two types of such automorphisms:
(i) scaling fiberwise the bundle S and
(ii) “rotating” C at a node.
In type (i), we scale the bundle S fiberwise by an r-th root of unity. Note that we can do this independently
on each of the connected components; however, as explained in Proposition 2.15 of [Buryak et al. 2022a],
the extra data of a grading at anchors of twist r — 1 eliminates the automorphism given by scaling the spin
bundle by an r-th root of unity on the connected component of C containing the anchor. This provides a
factor of r10(C)I=4 (o the group of ghost automorphisms, where |7(C)| is the number of connected
components of C and A is the number of anchors whose twist is  — 1. In type (ii), recall that the stabilizer

group is 44 at a node, so this contributes a factor of 4 to the automorphism group of C. In terms of the
local picture (1-1), the action of 4 is given by

C-(x,y)=(¢x,y), Cisad-throot of unity.
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One can check as in [Chiodo and Zvonkine 2009] that the pull back of the spin bundle S via this
automorphism gives an isomorphic spin structure, and hence induces an automorphism. See also [Buryak
et al. 2022a, Remark 2.12 and Proposition 2.15]. However, in that reference, d = r. Consequently,
we obtain a factor of dV where N is the number of nodes. Putting these together, the group of ghost
automorphisms is of order r170(©)I=4gN

We now generalize to the W-spin case. Let W be any Fermat polynomial in a variables,

a
(1-16) W(xi.....xa) =Y _x/',
i=1

and let d =lecm(ry,...,7q).

Definition 1.13 A closed graded genus-zero W-spin Riemann surface is a tuple
(C,Sl,---,Sa§fl,---,Ta),

where C is d-stable marked genus-zero orbifold Riemann surface, all of whose components are anchored,
and for all i € [a] :={1,...,a}, (S;, 7;) is a graded twisted r;-spin structure on C.

The twist of a marking or a half-node is the a-tuple of its twists with respect to each S;. We write
tw(q) for the twist of ¢, and tw; (¢) for its i-th component, i € [a]. A special point ¢ is broad if it is
Ramond with respect to one of the bundles S;, otherwise g is narrow.

Remark 1.14 Recall from (1-10) that the only half-nodes of twist —1 are anchors. In (closed) genus-zero
W -spin theory, it is possible to allow at most one marked point with twist —1 for each r;-spin bundle,
i =1,...,a. This is observed in [Jarvis et al. 2001a], and studied in detail in [Buryak et al. 2019] for
a single spin bundle. So long as all other marked points have nonnegative twist, the degree of the spin
bundle is negative, which implies that the Witten bundle defined in Section 2.2.1 is indeed a bundle.

a r!ﬂo(C)l—Ai

i=17 , Where A; is the number of

Observation 1.15 The number of automorphisms is dV []
anchors at which the bundle S; has twist 7; — 1 and N is the number of nodes.

1.2 Open r-spin structures

Definition 1.16 (1) A connected marked genus-zero orbifold Riemann surface with boundary or disk is a
tuple

(C.¢. %, {zitier, {x;}jep. m' ,mB),
in which:
(i) C is a connected genus-zero orbifold Riemann surface.
(i) ¢ : C — C is an antiholomorphic involution (conjugation).
(iii) X is a fundamental domain for the induced conjugation on |C|. We also write ¢ : |C| — |C| for this

induced conjugation. Here X is a Riemann surface, usually, but not always, with boundary.
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Z

0%

Z2

Figure 2: A smooth connected marked genus-zero orbifold Riemann surface with boundary with
two internal markings z;, z, and a boundary marking x.

(iv) z; € C are a collection of distinct points (the internal marked points) labeled by the set I, whose
images in |C| lie in X \ 0%, with conjugate marked points z; == ¢(z;).

(v) x; € Fix(¢) are a collection of distinct points (the boundary marked points) labeled by the set B,
whose images in |C| lie in X.

vi) ml: 1 - QandmB: B — Qare markings.

A typical such surface with the various marked points labeled can be seen in Figure 2. We shall often
denote the object only by C or by the preferred half X.

Note there can be at most one isolated ¢-invariant point. If it exists, it is called a contracted boundary
node and it is regarded as an anchor. In this case, ¥ has no boundary. In all other cases, X is a nodal
marked disk and has no anchor. Those ¢-invariant nodes which are not a contracted boundary are called
boundary nodes. The remaining nodes whose image under the coarsification map falls in the interior of 3
are the internal nodes. Their conjugate points are the conjugate nodes. We call 0% the boundary of the
open surface. It is oriented as the boundary of 3. See Figure 3.

(2) A marked genus-zero orbifold Riemann surface with boundary is a finite union of connected marked
genus-zero orbifold Riemann surfaces with boundary and connected marked genus-zero orbifold Riemann
surfaces without boundary. It is smooth if there are no nodes. See Figure 2.

aa O
NG

L@

Figure 3: The closed curve |C|, with the nodal disk ¥ shaded. Left: Internal node. Middle:
Boundary node. Right: Contracted boundary.
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(3) A marked genus-zero orbifold Riemann surface C (with or without boundary) is stable if each
connected component of the normalization has at least three marked points. We say that C is partially
stable if C is connected and open, and either

(1) |[I|=1and |B| =0, or

(ii)) |[/|=0and |B|=2.
(4) We usually suppress ¢ from the notation and write w for ¢(w) when w lies in the preimage of X
in C. In what follows we usually identify a special point with its image in 3.

(5) An isomorphism of marked orbifold Riemann surfaces with boundary

(Cr. 1, Z1. {21 bieny, 4x1, ey, mi  mP") = (Ca, 92, $2, 422, iely» (X2, jeBa, m32, mB?)
consists of an isomorphism s : C; — C5 and bijections f Y| 1— I and f B. B{ — B; such that
() so¢1 =05,
(ii) s(Z1) = Xo,
(iii) s(x1,7) = X, rB(j) forall j € By and 5(21,i) =z, s1(;) foralli € Iy, and
(iv) m{‘ :m§20f1 andmi91 = EZOfB.
Note that one can write
IC| = (= Uys T)/~cB.

where ¥ is obtained from ¥ by reversing the complex structure, and ~¢p is the equivalence relation on
Y Uyx, X defined by x ~cp y precisely if x = ¢(y) and one of them is a contracted boundary node.

We next take care in defining normalization of open spin surfaces. As already mentioned in Remarks 1.2
and 1.10, anchors play a key role in bookkeeping in the normalization process. Precisely:

Definition 1.17 Let (C,¢, X, {z;}ic1,1X;})eB, m! . mB) be a marked genus-zero orbifold Riemann
surface with boundary. The partial normalization vq : C' — C at the node g is defined by taking the usual
partial normalization v, : C” — C at ¢ and its conjugate node ¢ (g) and then taking C’ € C” to be the
union of connected components whose image in |C | intersects ¥ in more than one point. For example, in
the examples in Figure 3, left and right, the light gray spheres are discarded, if the normalization occurs
at the internal node and the contracted boundary node, respectively. However, nothing is discarded if one
normalizes Figure 3, middle, at the boundary node.

We then define vy : C’ — C to be vg|c-. In the normalization, we label the resulting half-nodes and
choose anchors, generalizing Definition 1.3, as follows:

(1) If ¢ is an internal node, suppose without loss of generality that its image in |C | belongs to X. In this
case C’ will have two connected components: one component will be closed and one component will be
open or have a contracted boundary node. The preimage g, of ¢ in the closed component is declared to
be the anchor, and is marked by @ € Q2. The other half-node is marked by the union of the labels of the
remaining points in the component of ¢..
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(2) If g is a boundary node, then we label each of its half-nodes by & € 2. Note that both connected
components after the partial normalization are still nodal marked disks and consequently do not have
anchors.

(3) If g is a contracted boundary node, we declare its preimage in C’ to be an anchor, and we mark it
by @ € Q.

The normalization v : C — C for a marked genus-zero orbifold Riemann surface with boundary C is
similarly defined by iterating the partial normalization definition over all nodes.

Definition 1.18 Let C be a d-stable marked genus-zero orbifold Riemann surface with boundary. Let
divide d. An r-spin (resp. twisted r-spin) structure on C is an r-spin structure L (resp. twisted r-spin
structure S) on C together with an involution 5 on L (resp. §) lifting ¢ and such that 5 ®" agrees under T
with the involution of w¢ jog induced by ¢.

Multiplicities of marked points and half-nodes, as well as twists of marked points, are defined as in the
closed case. Note that this implies that, for any r-spin structure on a d -stable marked genus-zero orbifold
Riemann surface with boundary, the multiplicities and twists at an internal marked point z; (called the
internal twist a;) must be the same at its conjugate marked point z;. We note that we analogously call the
twist b; at a boundary special point the boundary twist.

Observation 1.19 There is a constraint on the allowable twists of the marked points, arising from
Observation 1.11. Indeed, let S be a twisted r-spin structure with internal twists a; and boundary
twists b;. Then

2) ier ai +ZjeB bj —(r—2)
eZ

r

(1-17)

As in the closed case, v*L — C is itself an r-spin structure. We define the twisted r-spin structure
§—Cas
(1-18) §:u*5®0(—

Z[q]).

qgER
Here

(1-19) R :={q is a contracted boundary node of multiplicity zero}

U {q is a half-node of C which is of multiplicity zero but not an anchor}.

We recall that O([g]) denotes the pull-back of the corresponding line bundle from |(,A’ |. The twists of
half-nodes with respect to S are defined as the twists of the corresponding half-nodes with respect to S.
The notions of Ramond and Neveu—Schwarz points are as in the closed case.

We remark that (1-17) also induces constraints on the twists of half-nodes. Indeed, when applied to a
connected component of the normalization C, one must sum over twists of the half-nodes as well as the
twists of the marked points. Note that the definition of R determines the twists of all half-nodes.
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Remark 1.20 In the course of the proof of Proposition 2.15 in [Buryak et al. 2022a], it is shown that

every contracted boundary node is Ramond.
1.2.1 Lifting and alternations

Definition 1.21 Let S be a twisted r-spin structure on a connected marked genus-zero orbifold Riemann
surface with boundary C.

(1) Suppose that C has no contracted boundary node. Let 4 be the complement in C? of the set of
special points. In this case a lifting of S is a choice (if it exists) of an orientation for the real line bundle

S? 4

satisfying the following property. If we take any vector v € Sff at any a € A such that v is positive with
respect to the orientation specified by the choice of lifting, then its image under the map v — t(v®")
is positive with respect to the natural orientation of wg |4. Two sections v and v’ of S|4 are equivalent
if v = cv’ for a continuous function ¢ : 4 — R™. We write [v] for the equivalence class of v. When a
section v is positive with respect to the lifting, we denote a lifting of S over A4 by [v].

A lifting of J over A is an orientation of the real line bundle

Ja—>A

satisfying the following property. If we take any vector w € Ja‘p at any a € A such that w is positive with
respect to the orientation, then there exists a vector v € Sg’ with 7(v®") and (w, v) positive with respect
to the natural orientation of a)g |4, where (—, —) is as in (1-12). We similarly define an equivalence

class [w] for sections of J over A as above.

(2) Suppose that C has a contracted boundary node ¢. In this case a lifting of S is a choice (if it exists)
of an orientation for the real line (Sq)a satisfying a different set of properties as follows. The fiber wc 4
is canonically identified with C via the residue, and the involution ¢ is sent, under this identification, to
the involution z — —Z, whose fixed points are the purely imaginary numbers.* The choice of orientation
must satisfy that for any vector v € Sg positive with respect to the orientation, the image of v®” under
the map

St;@r — a)c’q

is positive imaginary, meaning that it lies in iR+. We then write a lifting of S at ¢ as an equivalence
class [v] of such positive elements v under the equivalence relation of multiplication by a positive real
number. In the contracted boundary case, there always exists a q~5—invariant w € J |4 such that (w, v) is
positive imaginary, and we refer to such w as a grading at q.

“4The residue of a conjugation invariant form ¢ can be calculated as 1/(271) ¢L ¢ where L C ¥ is a small loop surrounding ¢
whose orientation is such that ¢ is to the left of L. The behavior under conjugation shows that the residue of an invariant section
is purely imaginary.
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We say that a twisted r-spin structure S on a marked genus-zero orbifold Riemann surface with
boundary C is compatible if each connected component of C has a lifting. A lifting on C is a choice of
lifting on each connected component.

Remark 1.22 Consider the case where C has a contracted boundary node. Recall by Remark 1.20 that ¢
is Ramond and by Observation 1.19 that the twist at g on the partial normalization at g will be r —1. Then
the choice of a lifting ¢ will induce a grading (Definition 1.7) on the closed genus-zero r-spin surface
given by the partial normalization at ¢, as g will become the anchor (Definition 1.17(3)).

In the case where there are no contracted boundaries, observe that a twisted r-spin structure admits a
lifting of S over A precisely if it admits a lifting of J over A. Moreover, there is a bijection between
equivalence classes of liftings of S and of J, in which [v] corresponds to [w] if (w, v) is everywhere
positive for all representatives v and w of [v] and [w].

Now, a lifting of J induces a lifting of J = ws ® SV. Take g to be a boundary marked point
or boundary half-node of C. Then let U, be some neighborhood of [v™1(g)| in 39S, where I is the
normalization of X. The lifting of J induces an orientation for the real line bundle |f |$|Uq\|u*1 (¢)|- Here,
we use the notation ¢ also for the involutions on J and its coarsening |J|.

Definition 1.23 (alternating nodes or marked boundary points) Let S be a compatible twisted r-spin
structure on a connected marked genus-zero orbifold Riemann surface with boundary. Suppose further
that C has no contracted boundary node. Take ¢ to be a boundary marked point or boundary half-node
of C and take U, to be some neighborhood of [v=1(g)| as above. We say that the lifting alternates in q
and that g is alternating with respect to the lifting if the orientation cannot be extended to an orientation
of |f |$|Uq. Otherwise the lifting does not alternate or is nonalternating and q is nonalternating.

We write alt(q) = 1 if the lifting alternates in ¢ and alt(q) = 0 if it does not alternate.

Remark 1.24 In [Buryak et al. 2022a], the terms legal and illegal are used instead of alternating and
nonalternating, respectively.

We summarize the properties of r-spin structures with a lifting in the following propositions. We start
with Proposition 2.5 of [Buryak et al. 2022a]:

Proposition 1.25 Suppose that (C, S) is a smooth connected genus-zero twisted r-spin Riemann surface
with boundary.

(1) When r is odd, any twisted r-spin structure is compatible, and there is a unique equivalence class of
liftings.

(2) When r is even, the boundary twists b; in a compatible twisted r-spin structure must be even.
Whenever the boundary twists are even, either the r-spin structure is compatible or it becomes compatible
after replacing (E by o 5 o £~ for & an r-th root of —1, which yields an isomorphic r-spin structure.

(3) Suppose r is odd and v is a lifting. Then x; is alternating if and only if its twist is odd.
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(4) Suppose r is even. If a lifting alternates precisely at a subset D C {x; };e B, then

2% a;i+) bj+2
r

(1-20) =|D| mod 2.

If (1-20) holds, then there exist exactly two liftings up to equivalence, one the negative of the other, which
alternate precisely at D C {X;};eB.

In particular, in the nodal case the analogous claims hold for the connected components of (6 .S ).
The following is a combination of Propositions 2.11 and 2.15 in [Buryak et al. 2022a], with a slight
change to the number of automorphisms as indicated in Remark 1.12.

Proposition 1.26 Suppose (C,¢,%,{z1,...,2;},{x1,...,Xx}) is a connected genus-zero marked orbifold
Riemann surface with boundary, and

ai,...,a; €{0,1,...,r—1}, by,...,br€{0,1,...,r =2}

are such that (1-17) holds. If r is even, suppose the b; are even for all i and let D C [k] be an arbitrary
set for which (1-20) holds. If r is odd, let D = {i € [k]|24b;}. Then, up to isomorphism, there exists
a unique twisted r-spin structure with a lifting on this disk with internal twists given by the integers a;,
boundary twists by the integers b;, and D being the set of alternating boundary marked points. The
automorphism group of the r-spin disk with lifting is of size dV, where N is the number of internal nodes.

Remark 1.27 If r is even, the two choices of liftings in Proposition 1.25 are related by an isomorphism
which is the identity on the underlying Riemann surface and rescales the spin bundle by —1.

Definition 1.28 Consider a Fermat polynomial W as in (1-16), with d = lem(ry,...,r,). A W-spin

Riemann surface with boundary is a tuple
(C,S1,-..8a:t1, - Tas P11y - Ba)
where
(1) C is an orbifold marked Riemann surface with boundary such that:
(a) all of the special points of C have isotropy group (g
(b) all the closed connected components of C are anchored;
(2) each (S;, 7;, ¢;) are twisted r;-spin structures.

The W-spin structure on C is compatible if each r;-spin structure is.

A lifting for a W-spin Riemann surface with boundary is an a-tuple ([v1],. .., [vg]) of liftings for each
Ji =wc ® S, (or equivalently liftings of S;). For any boundary special marking or half-node ¢ we write
alt(q) for the a-tuple whose i-th component is alt; (¢), the alternation with respect to the i-th lifting.

We now consider restrictions on the behavior of boundary marked points. The kinds of open surfaces
considered below will be the ones for which we define open W-spin invariants, as Euler classes of certain
bundles on their moduli spaces:
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Definition 1.29 (1) A connected pregraded open W-spin surface is a connected, compatible, W-spin
Riemann surface with boundary, together with a lifting which satisfies

(a) For any boundary marking p and any i € [a], either
twi(p)=ri—=2, alt(p)=1 or  tw;(p)=al;(p)=0.

(b) If g is a boundary node and i € [a] where ¢ is Neveu—-Schwarz with respect to S;, then the lifting
alternates at precisely one of the half-nodes of g.

We call the lifting the grading.

(2) A connected graded W -spin surface is a connected pregraded W-spin surface such that in addition
there is no boundary marking p with tw(p) = alt(p) = 0. For T C [a] denote by k7 the number of
boundary points p with

(twi(p),alti(p)) = (ri —=2,1) <= i €T.

We denote ky;, by k; also.

(3) A boundary marked point p of a graded connected W-spin surface is singly twisted if there exists an
i € [a] such that tw; (p) = (r; —2)§;;. In this case p is alternating only for the i-th bundle.

(4) A rooted connected W-spin surface is a graded connected W-spin surface such that all boundary
marked points but one are singly twisted, and the remaining point, called the root, is fully twisted, i.e.,
tw(p)=(r1—=2,...,rqg—2).

Remark 1.30 The imposition of the twists and alternation dictated in Definition 1.29 is required to define
open W-spin invariants in the way we do below. The existence of a lifting was used in [Buryak et al.
2022a] to define canonical relative orientation for the Witten bundle. It was used further in [Buryak et al.
2024] to define the notion of positivity for boundary conditions of the Witten bundle, which is a crucial
condition in their open r-spin construction (and our generalization); see Section 3.1.2. It is nontrivial to
ensure that multisections which satisfy the positivity boundary conditions even exist. For this one needs
in the r-spin case the boundary twists to be r —2; see [Buryak et al. 2024, Proposition 3.20].

Moreover, by ensuring positivity, the graphs that will be important to define open W-spin intersection
numbers will be precisely the pregraded ones and their degenerations. The boundary strata of the moduli
space corresponding to relevant graphs (see Definition 1.57) will correspond to pregraded open W-spin
surfaces, after normalization. Here, we will be able to forget the (untwisted) boundary markings p with
tw(p) = alt(p) = 0, and build boundary conditions recursively from lower-dimensional graded W-spin
surfaces, whose boundary twists are again as above. This is used to establish open topological recursion
[Buryak et al. 2024, Theorem 4.1], which can be thought of as an open r-spin descendent analog of
Solomon’s open WDVV [> 2026].

Algebraically, the enumerative results from imposing the choice of boundary twist being r — 2 and the
modulo 2 condition fit naturally into other enumerative structures, including the nonzero coefficients of
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the Gelfand-Dickey wave function [Buryak et al. 2024] or of the perturbation of the mirror superpotential
[Gross et al. 2024].

Tessler and Zhao [2023; 2026] constructed a new collection of open r-spin theories which still require
a lifting, but allow more general boundary twists. It is not yet known how these theories are related to
mirror symmetry.

Remark 1.31 The grading at a contracted boundary, defined in Definition 1.21, is a limit case of the
grading in Definition 1.29 that is obtained when there are no boundary markings or nodes and the boundary
itself contracts.

Remark 1.32 In order to obtain compact moduli spaces of connected pregraded open W-spin surfaces, we
need to know that given a degeneration of a smooth connected pregraded W-spin surface, condition (1)(b)
in the above definition holds for the degenerate surface. When r is odd, it follows immediately from (1-15)
and Proposition 1.25(3) that condition (1)(b) holds for any compatible W-spin surface with boundary. For
r even, a priori we have that (2 Yiai+y i bj+ 2) /r =|D] (mod 2) as in Proposition 1.25(4). When
we degenerate, we obtain twists #; and #; at a newly acquired boundary node. If we normalize at the
node, the corresponding half-nodes lie in different connected components of the normalization. Then the
internal and boundary marked points are partitioned into the two different components. Thus we have
partitions I = I; U I, and B = Bj U B,. We then have

2> er i +ZjeBl bj+1u +2+ 2) ier, G +Zj632bj +1+2
r r
2 jerai+ X jepbj+2+0n+12+2

r

=|D|+1 (mod?2),
as t] +tp =r —2 (mod 2). Thus, if the two half-nodes are either both nonalternating or both alternating,
we will obtain a contradiction. Hence one must be alternating and the other nonalternating.

In the disconnected case, we define:

Definition 1.33 A pregraded genus-zero W-spin surface is the disjoint union of several closed graded
and open connected pregraded W-spin surfaces. It is graded/open/smooth/rooted if all components are.

Remark 1.34 In [Solomon and Tessler > 2026] the case of graded 2-spin surfaces is considered. There,
another equivalent definition of open graded surfaces is given purely in terms of the half 3, considered as
an orbifold surface with corners. This definition is shown to be equivalent to the definition in terms of the
doubled surface C. We shall not take this path, but we should note that the definition in the language of
orbifold surfaces with corners can be generalized to the general r-spin, or even W-spin case.

By combining Observation 1.19 and Proposition 1.25, we obtain the following.

Observation 1.35 Suppose we are given a smooth pregraded W-spin genus-zero marked orbifold Riemann
surface with boundary with

e internal marked points z1, ..., z; with twist sz =(aj1,....aj4), j €[l];

e the numbers k7, T C [a] governing the twists of the boundary points.
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P1 D2

P2 P1

Figure 4: Two graded genus-zero W-spin surfaces C and C’ where C ~gxchange C’. Only the
fundamental domains X and X’ are drawn. Left: Fundamental domain of C with C; the irreducible
component on the left. Right: Fundamental domain of C” with C; the irreducible component on

the left.
Then
(1-21) e = 2% ai & (14 Nrier kr) i =2) Z, i=1,....a,
ri
(1-22) ei=—14+ > kr (mod2).

T:ieT
Here (1-22) follows from (1-21) if r; is odd and from (1-20) if r; is even.

We now define an equivalence relation on graded genus-zero W-spin surfaces which will simplify
some definitions and computations in what follows.

Definition 1.36 Let C be a graded genus-zero W-spin surface. Suppose Cy, ..., Cy, are a collection of
irreducible components of C such that each C; is a disk with three special points, namely a boundary
half-node and two boundary marked points x;, x/, with

Wi (x;) = (re =2 Lger;.  alte(xi) = Lger;, twi(x) = (e =2 1gery,  alte(x;) = lrery

for some arbitrary disjoint sets T;, 7/  [a]. We obtain a new graded W-spin curve C’ by replacing C;
with the disk C/ which simply transposes x; and x in the cyclic order (see Figure 4). In this case, we
write C ~Exchange C ’, and this is an equivalence relation on graded genus-zero W-spin disks.
Intuitively, equivalence classes of this relation can be thought of as graded genus-zero W-spin surfaces
whose representatives share pairs of boundary points which have collided. Equivalently, C’ is being
obtained from C by replacing each C; with its complex conjugate, thus reversing the boundary orientation.
We then use Proposition 1.25 to possibly modify the involution on the spin bundles to obtain a grading.

1.3 Graded and rooted graphs

Here we consider the combinatorial data which will be used to keep track of boundary strata of moduli
spaces of graded W-spin disks. Of course, there is a standard dual graph construction associated to a
stable curve with marked points. In our case, we have more structure which we encode in decorated dual
graphs. Our graphs generalize the r-spin graphs of [Buryak et al. 2022a], with one difference: our graphs
will also carry a collection of cyclic orders of boundary tails.
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Definition 1.37 A genus-zero, anchored, prestable dual graph is a tuple
T =(V,H,o0,~, T, HE, T m),
in which:
(i) V is a finite set (the vertices) equipped with a decomposition V = VO L VE into open and closed
vertices.

(ii) H is a finite set (the half-edges) equipped with a decomposition H = H®B U H' into boundary and
internal half-edges.

(iii) op : H — V is a function, viewed as associating to each half-edge the vertex from which it emanates.

(iv) ~ is an equivalence relation on H, which decomposes as a pair of equivalence relations ~g on H 58
and ~y on H I The equivalence classes are required to be of size 1 or 2, and those of size 1 are
referred to as fails. We denote by T8 € HB and T1 < HY the sets of equivalence classes of size 1
in HB and H!, respectively.

v) I = (ﬁv)UEVO, where I, is a collection of cyclic orders on 00_1 (v)yNHB.

(vi) HEB < 12h ¢ 71 Here HCB is the set of contracted boundary tails and T*" is the set of
anchors.

(vii) m is a function given by
m=mBuml - TBuT!\H®) > Q,
where mB and m! (the boundary and internal markings) satisfy the definition of a marking when
restricted to any connected component of I".

Note that (V, H, 0g, ~) defines a graph, and that we do not require this graph to be connected; denote its
connected components by {I';}. We require the above data to satisfy the following conditions:

(1) For each boundary half-edge 1 € H 2, we have o¢(h) € V.
(2) For each I';, the obvious topological realization of the graph I'; has first Betti number 0.

(3) Each open component T'; (a component which has open vertices) has no half-edge in 72™". Any
closed component (V0 (I';) = @) contains exactly one half-edge in 772",

(4) For each I, the subgraph formed by its open vertices (if any exist) and their incident boundary

edges is connected.

Example 1.38 In Figure 5, we provide a graded W-spin graph and its corresponding dual graph I". Here,
VO = {v1, v}, V€ = {v3}, HB contains all the x; and the two half-edges corresponding to the edge ¢,
and H' contains all the half-edges z; and the two half-edges corresponding to the edge ¢;.

Notation 1.39 (1) We refer to elements of T8 as boundary tails and elements of T! \H CB a5 internal

tails, and we define
T:=7'uTB.
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q2

Figure 5: A graded W-spin disk and its corresponding dual graph I'. Left: Graded W-spin disk.
Right: Dual graph T".

Note that ~ induces a fixed-point-free involution on H \ T', which we denote by 1. We define
EB = (HP\TP)/~p, El:=H'\T")/~;
and refer to these as boundary edges and internal edges. The set of edges is
E:=EBUE!L

Denote by 063 the restriction of g to H B and similarly for aé .
For each vertex v, set

k() =) W), Bw)=mBTEn©d) ™).

Analogously, set
1) =) @I 1) =m (T"\HB)n (o)™  (v)).

We say that an open vertex v € V © is stable if k(v) + 21(v) > 2, and we say that a closed vertex v € V€
is stable if [(v) > 2. An open vertex is partially stable if k(v) =0,[(v) =1 or k(v) =2,I(v) =0, i.e.,
k() +2l(v) =2.

(2) A genus-zero prestable dual graph is said to be connected if it is connected as a graph, and we write
Conn(I") for the set of connected components of I". The graph is said to be stable (partially stable) if all
of its vertices are stable (stable or partially stable), and it is said to be closed if V© = @. The graph is
smooth if there are no edges or contracted boundary tails. An isomorphism of genus-zero prestable dual
graphs is a graph isomorphism which respects all additional structure. We denote by Aut(I") the group of
automorphisms of T".

(3) When each set TI,, is a singleton {7, }, we denote m, 1, by 7, 7y, respectively. When T is omitted
from the notation we mean that for all v € V©, I, consists of all possible cyclic orders of the boundary
half-edges of v.

Observe that IT induces a set of cyclic orders of the boundary tails of each connected component A of I'
obtained as follows. For each vertex v of A, choose 7, € ﬁv. We may then follow the boundary tails
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of A in the unique cyclic way compatible with 77,,. We denote the set of all cyclic orders of the boundary
tails of I" obtained in this way by ﬁ]“, or, in case of a singleton, 7. The data of ﬁr and I is equivalent
and will be referred to as the cyclic orderings of I'.

While prestable dual graphs encode the discrete data of an anchored orbifold Riemann surface with
boundary, the following decorated version encodes the additional data of a graded W-spin structure. We
require many properties of the data, but they all arise from corresponding properties of surfaces. For each
condition, we will indicate the corresponding property of surfaces to motivate the definition.

Definition 1.40 A genus-zero W-spin dual graph with a lifting is a genus-zero prestable anchored dual
graph I' as above, together with two a-tuples of maps,

tw = (tW;)ie[q]» tWi:H —{=1,0,1,...,r; =1},
(the twist) and
alt = (alt;);efqy,  alti: H® — 7/27,

satisfying the following conditions:

(i) Any connected component of I is either stable, i.e., all vertices are stable, or consists of a single
partially stable vertex.

(i) All tails ¢ with tw; (t) = —1 for some i belong to T2"": this arises from (1-6). Recalling H CB  anch
any element of 72"\ HCB is marked @ and is the only tail marked @& in its connected component: this
condition arises from the behavior of labeling of anchors under normalization, Definition 1.17.

(iii) For any vertex v, there exists at most one incident half-edge / with either 1 € 72" or tw; (h) = —1 for
some i. Note that the latter case only consists of half-edges that, after normalization, will become an anchor.

(iv) For any contracted boundary tail 1 € HSB we have tw(t) = (r; — 1,...,r4 — 1). This condition
arises from Remark 1.20.

(v) For any open vertex v € VO, i € [al,

2 Z tw; (h) + Z tw;(h) =r; —2 mod r;
he(aod) =1 (v) he(og) " (v)

and
22 heol)-1(w) Wilh) + 2 pe(o)—1(m) Wi (h) +2
he(od)~1 (v) Wi he(og ) () ™ = ) alt(h) mod 2.

he(g) = (v)

ri

These conditions arise from (1-17) and Proposition 1.25(3)—(4), respectively.
(vi) For any closed vertex v € VC, i € [a],
Z tw;(h)=r; —2 mod r;.
heay L)

This condition arises from (1-14).
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(vii) (a) For any half-edge h e H\ T, i € [a], we have
tw; (h) +tw; (o1 (h)) =r; —2 mod r;,

and at most one of tw; (k) and tw;(o1(h)) equals —1. This condition arises from (1-15)
and (1-10).

(b) No boundary half-edge A satisfies tw; (h) = —1, as all anchors are internal.

(c) Incase h € HT \ T satisfies tw; (h) = —1 mod r;, then tw; (h) = r; — 1 precisely when the
corresponding half-node does not become an anchor in the partial normalization following
the rules given in Definition 1.17. More precisely, in terms of graphs, this can be determined
algorithmically as follows. Remove the edge of I determined by 4 and replace it with two
tails, & and o (h), to obtain a graph I'’ with one more connected component than I".> Note that
one of these connected components can be viewed as containing /. Then either /& belongs to a
connected component of I'” containing an anchor of I', or / belongs to a connected component
of I/ containing an open vertex.

(viii) For any boundary half-edge h € HB \ T8 if tw; (h) # r; — 1 we have
alt; (h) +alt; (o1 (h)) = 1

and if tw; (h) = r; — 1 we have
alt; (h) = alt; (o1 (h)) = 0.

The first condition arises from Definition 1.29(1)(b), and the second from Proposition 1.25(2) and (3).
Note that this proposition also implies that the second case only occurs for odd r.

(ix) If r; is odd, then for any 1 € HB,
alt; (h) =tw; (h) mod 2,

and if r; is even, then for any h € H B R
2| tw; (h).

These conditions arise from Proposition 1.25(3) and (2), respectively.

We define forg,i, (I') to be the dual graph obtained from I' by forgetting the additional data tw, alt. We
similarly define fory,-; (I') to be the W;-dual graph with a lifting obtained by forgetting all tw;, alt;
for j # i, where W; = x/".

A genus-zero W-spin surface with boundary and lifting ¥ induces a genus-zero W-spin dual graph
with a lifting, denoted by I"(X), in the standard way; see Figure 6.

In what follows we shall be interested only in pregraded, graded and rooted graphs analogous to
Definition 1.29, which we now define. More general graphs with a lifting will appear only as boundary
strata of graded graphs.

SThis will be called the detaching of I at e; see Definition 1.52.
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Figure 6: Smoothings and detachings of the dual graph I from Figure 5. Top left: graded W-spin
disk corresponding to sme,,, I'. Top right: smoothing sme, I' of I at ez, . Bottom left: graded
W -spin disk corresponding to detacheq1 I". Bottom right: detaching detacheq1 I'of I' at ey, .

Definition 1.41 (1) A pregraded W -spin graph is a genus-zero W-spin dual graph with a lifting, with
these additional requirements:

(a) For any boundary marking p, and any i € [a], either
twi(p)=r;—2, altj(p)=1 or tw; (p) = alt;(p) =0.

(b) If e is a boundary edge with half-edges &, i’ and i € [a] with tw; (h) € {0, ..., r; —2}, then the lifting
alternates at precisely one of &, h'.

(2) A graded W -spin graph is a pregraded W-spin graph, such that in addition there is no boundary tail ¢
with tw(z) = alt(r) = 0.

(3) A rooted W-spin graph is a graded W-spin graph such that for every open connected component all
boundary tails are singly twisted, i.e., there exists an i € [a] such that tw;(p) = (r; —2)d;;, except for
one which has twist (r; —2,...,75, —2).

Definition 1.42 Let I" be a genus-zero W-spin dual graph with a lifting.

(1) Boundary half-edges & with alt; (k) = 1 are called alternating for the i-th bundle, and those with
alt; (h) = 0 are called nonalternating for the i-th bundle.
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(2) Half-edges h with tw;(h) € {—1,r; — 1} are called Ramond for the i-th bundle, and those with
tw; (h) € {0, ..., r; —2} are called Neveu—Schwarz for the i-th bundle. An edge is Ramond or Neveu—

Schwarz with respect to the i-th bundle if its half-edges are.®

(3) A half-edge h is singly twisted if there exists an i € [a] such that tw; (h) = (r; —2)§;; for all j € [a].

Definition 1.43 We say that a genus-zero pregraded W-spin graph is stable if the underlying dual graph
is stable, in the sense specified above. An isomorphism between pregraded W-spin dual graphs with
liftings consists of an isomorphism as dual graphs that respects tw, alt.

In the special case W = x” we call the (pre)graded W-spin graph a (pre)graded r-spin graph.

Notation 1.44 When I' = I'(X), we write n;, = ny(X) for the half-node in the normalization of X that
corresponds to the half-edge 1 € (H \ T) U HB. We write 1, for the node in X that corresponds to the
edge e. When / is an internal half-edge or a contracted boundary tail, we sometimes write zj, instead
of ny. When 4 is a boundary half-edge, we sometimes write xj instead of 7.

We end this subsection by providing notation for some special graphs that will appear throughout the

remainder of the paper.

Notation 1.45 We denote by I'g g ; the genus-zero, anchored, prestable dual graph

To.p.r = (V. H,09.~, I, HCB %" 1),
where

e V consists of a single open vertex v;

e H is a finite set of half-edges H = B LI I, where H® = B are the boundary half-edges and H! = I
are the interior half-edges;

e 09 : H — V is the constant map to v;

e ~ is the trivial equivalence relation;

e I =TI, is the collection of all possible cyclic orders of the set of boundary half-edges B;

o HCB — Tanch _ .

o the marking function m = m® Um! : BUT — Q is defined in such a way so that m?® is the constant
map mapping all elements to & € Q and m! is a bijection with {1,...,|I|} C Q.

Note that all half-edges in I'g p,; are also tails. We write F(l)a%?k}d for the same graph, except we replace

B, labeled

m® with a marking function m that is a bijection with {1, ..., |B|} C Q. In the special case where

B = [k] we write I'g g 7. If we further have that I = [[], we write I'g ¢ ;. In the labeled version, we write

[beled and Teled for the graphs with the same alteration of the marking function.”
5We note that if a half-edge is Ramond for some i € [a], it is standard in the literature to refer to this as a broad half-edge,
and otherwise it is called narrow. The same terminology holds for edges.
TFrequently we want to choose some master index set / C €, typically I = [I], and then consider graphs whose internal tails
are marked by subsets J C /. The choice of index set is chosen depending on what marking is natural in the context.
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We also write F(I;V{ BJ}) ctandis}en for the (smooth, connected) pregraded W-spin graph given by

P clal\%; sj€ll
taking I' = I'g, g, where B = |_|Jg[a] By and I = [[] with the a-tuples of maps tw and alt defined as
follows. For the internal tails, enumerated from 1 to /, the j-th internal tail point has twist d;. For the set

of unlabeled boundary tails #; in the set By for some J C [a], we have that

(. o =21 ifiel,
(tw; (z;),alt; (z;)) = ©.0) i g T

FW,labeled
] 0.{Bs}scla1id;}jem _
function. For the case By = [kj], we write I"

the sets By.
Note that when By = &, the graph is graded. In this case, we omit Bg from the notation.

We write for the labeled analog with the aforementioned change to the marking

w

- , noting that B is the disjoint union of
0.4k} scta1id;}jem g )

Example 1.46 The dual graph to the smooth connected marked genus-zero Riemann surface with k
boundary markings and / internal markings is o x ;.

Definition 1.47 Let I' = (V, H, 0g, ~, ﬁ, HEB anch m) be a genus-zero, anchored, prestable dual
graph. Take another genus-zero, anchored, prestable dual graph A. We say that A = I modulo cyclic
orders if A can be written in the form

A= (V.H,09,~ Tp, HEB T™N m)

for some new set of cyclic orders nl A. If, moreover, we have the inclusion 3| A C I then we say A is a
subordinate graph of I' and denote this relation by A < I'.

Remark 1.48 Geometrically, the relation A < I" will later mean the moduli space of disks corresponding
to A consists of certain connected components of the moduli space of disks corresponding to I

1.4 Graphs associated to nonsmooth graded disks
Several graph operations play a role in what follows.
Definition 1.49 Let I' be a pregraded W-spin graph.

(1) Suppose I' has an edge e connecting vertices v, and v,. The smoothing of I' along e is the graph sm, I
obtained by contracting e and replacing the two vertices v; and v, with a single vertex v2. This vertex
is closed if and only if both v, and v, are closed. If vy, v, are both open, we obtain a collection of cyclic
orderings for vy as follows. Take any 7y, € ﬁvl, T, € ﬁvz. Let e = {hy, h»} where h; is attached to v;.
Construct the ordering induced by the cyclic ordering 7y, | o5 (v)NH B\ {hy} obtained by starting at the
half-edge that directly follows /5. When one reaches /5 again, we now concatenate with the analogous
ordering induced from the cyclic ordering 7y, | o5 () NHB\{hy} The set ﬁvlz is the collection of cyclic
orders that can be obtained this way.

(2) Suppose T has a contracted boundary tail h € HB. The smoothing of T along h is the graph smy T
obtained by erasing 4 and moving the vertex v = o, L(h) from V€ to VO,
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(3) For a set F of edges and contracted boundary tails, one can perform a sequence of smoothings, and
the graph obtained is independent of the order in which those smoothings are performed; denote the result
by smp I'. Write also sm I" for the smooth graph smg ) gcs @y I' which we will call the smoothing
of T.

(4) We say a pregraded W-spin graph A is a degeneration of T if both of the following hold:

(a) smg A < T for some set F' of edges and contracted boundary tails of A.

(b) If A < A"and smpg A’ < T, then A = A’, i.e., A is maximal among orderings satisfying (a).

Example 1.50 In Figure 6, we take the smoothing at one of the edges ey, in the dual graph I' in Figure 5.
This graded W-spin disk corresponding to sme,, I" has two open irreducible components. We shall see in
the next section that the moduli of graded W-spin disks with dual graph I" will be a boundary component
for the moduli space of graded W-spin disks with dual graph sm,, I'. For this reason, we call I" a
degeneration of sme, I'.

Definition 1.51 We set
(1-23) o'r = {A | A is a degeneration of '}, dI' = o'T \{T}.

Here 0'T is the set of all graphs that are degenerations of I" and T is the set of all graphs that are
nontrivial degenerations of I'.

Definition 1.52 Let I" be a genus-zero pregraded W-spin graph, and let e be an edge of I" or a contracted
boundary tail. Then the detaching of I at e is the graph detach, (I") = I'(X,) where X is any pregraded
W-spin disk with I' = I'(Z) and X, is the partial normalization of ¥ at the node n corresponding to e.?

There is a canonical identification of E(I") \ {e} with the edges of detach, (I") when e is an edge of I.
Similarly there is a canonical identification of E(I") with the edges of detach;(I") when ¢ is a contracted
boundary tail. As the set of boundary half-edges incident to any vertex v remains unchanged, the detaching
does not change the set I of cyclic orderings. One can also iterate this detaching process. For any subset
N C E(') U H¢B(T"), we denote by detachy (T") the graph obtained by performing detachy for each
element f € N; the result is independent of the order in which the detachings are performed. When we
write detach(I") without any subscript, we mean detachg ) (T).

Definition 1.53 Let I be a genus-zero pregraded W-spin graph with a lifting. A boundary half-edge &
with alt; (h) = 0, tw; (h) > 0 for i € [a] will be called positive for the i-th grading. A boundary half-edge
which is positive for one of the gradings is called positive. Write H T; (I") for the set of half-edges & of
the graph I' such that either & or o1 (%) is positive for the i-th grading. We set
HT )= ) HY (D).
i€la]
8The detaching operation can also be stated purely in terms of graphs, in the expected way. For example, when e is an edge,

the graph detach, (I") is obtained from I" by cutting e into the two half-edges which form it, and then updating both ~ and the
marking data. Note that the half-edges that were originally in the edge e are now tails.
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A half-node in a stable pregraded W-spin surface with a lifting which corresponds to a positive half-edge

will be called positive as well.

Definition 1.54 Let " be a pregraded W-spin graph. Let 37T be the subset of 9'T" with at least one
positive half-edge. Write d°*Pa2T" for the subset of 0"\ 9T I" made of graphs A such that A has at least
one boundary half-edge & with the following property. Let E be the subgraph of detachgge(s) A which
contains 4. Then E is the graph with precisely one vertex and three boundary tails ¢, ¢/, and &, such that

twi (1) = (rg —2)1ger.  wi(t) = (rk —2)1kes,  twi(h) = (rg —2)1ggruy

for some arbitrary disjoint sets I, J C [a]. We call such graphs exchangeable, and if v € V' © is the vertex
which after detaching forms the graph E, then v is called an exchangeable vertex.

Define the equivalence relation ~exchange On 01"\ 07T by saying that A ~exchange A 1f 4% (A) contains
exchangeable vertices vy, ..., v, Whose sets of cyclic orders are singletons, 7y, , ..., 7Ty,,, such that
the graph obtained by reversing those cyclic orders is isomorphic to A’. If T is an exchangeable graph
and v an exchangeable vertex, we denote by exchange, (I') the graph obtained from I' by replacing the
cyclic orders in ﬁv with their opposite cyclic orders. If I" has a single exchangeable vertex v we write
exchange(I") for exchange, (I"). This arises from Definition 1.36.

Remark 1.55 In rank a = 2, a graph in " \ 7 T" will be exchangeable if there exist &, &, ¢, ¢’ as in the

previous definition such that either

(i) one of 7, ¢/ has (tw, alt) = (0, 0), or

(ii) both are singly twisted and one of them has (twy, alt;) = (0, 0) and the other has (tw,, alty) = (0, 0).
Note that if the graph is graded, case (i) does not occur.

Definition 1.56 Let 0°T be the subset of all graphs A € dT"\ (9F T U 9°*°haneeT") satisfying one of the
following:

(1) A contains a contracted boundary half-edge.

(2) A contains a boundary edge.

The motivation for these definitions and the upcoming definition of irrelevant graphs is as follows.
The reader may skip this upon first reading if they do not enjoy spoilers. In Section 2, we will define a
moduli space M IIQV compactifying the moduli space MIW parameterizing all open W-spin curves with
dual graph I' (Definition 2.6). Graphs A € dI" parameterize strata of /WIW At the same time, ./WIW carries
the Witten bundle VV arising from the spin structure, also defined in Section 2.

The open FJRW invariants we define here will be counts of zeroes of sections of W satisfying certain
boundary conditions. How these conditions are treated depends on the type of boundary stratum. Strata
corresponding to A € 3+ T are simply removed from M IKV , giving a partial compactification PMp C M IW .

On the other hand, the graphs of 9°T" U 9%*¢Pa¢°T" precisely correspond to strata of 9P Mr; see the
discussion following Definition 3.2. Among these graphs, boundary components labeled by graphs
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Iz Iz5 Iz 73
w/ WQ\UZ
PEERN 7 q N
s | N s | N
| |
Ixs x| Ixs x|
Ixy Ixy
15 15
Iz Iz5 z2 Iz 22 fg4
e N N e N N
Ix, Ixs Ixs Ix, Ixs Ix,

Figure 7: Graphs from Example 1.58. Top left: the W-spin graph I'. Top right: exchangeable
graph A | € 9%°hanee", Bottom left: positive graph A, € 3+ . Bottom right: relevant graph A3 €
a°T.

that are ~exchange-€quivalent but distinct will have similar boundary conditions; however, an analysis of
orientations will show the contribution of such boundary strata to the zero count cancels. One can think
of this as if we were gluing exchangeable boundaries of P M, and counting the number of zeroes in the
glued space. This is indeed possible, and equivalent to the approach we take.

The irrelevant graphs A defined below are called irrelevant as they are irrelevant to the wall-crossing
and enumerative invariants in the following sense. We will require (Definition 3.18) that all sections of
the Witten bundle we consider satisfy a notion of positivity either on or near the strata corresponding to
irrelevant graphs. Hence as we vary sections, zeroes cannot escape off of /\71@/ through these boundary
strata. The sections of ¥V we consider must satisfy an inductive boundary condition over the remaining
strata indexed by elements of d°T" which are relevant. This is encoded in the notion of a family of

canonical multisections; see Definition 3.22.

Definition 1.57 Let I" be a pregraded W-spin graph. It is irrelevant if one of the following holds:
(1) HCB(T) # 2
(2) T has a positive boundary half-edge;

(3) T has a vertex v such that there exists an i € [a] such that, for any boundary half-edge / attached to
the vertex v, one has that
tw; (h) = alt; (h) = 0.

Otherwise the graph is relevant.

Example 1.58 We give two examples to help the reader understand positive graphs and exchangeable
graphs. Consider the LG model (xf' + xg, U4 X 5). We consider the smooth connected W-spin graph I’
depicted in Figure 7, top left, with three internal tails ¢, f,,, ;, and three boundary tails 7y, , tx,, fx;
adjacent to an open vertex v. We will assume that 7, is singly twisted with respect to 1, fx, is singly
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twisted with respect to 2, and f, is a root (i.e., fully twisted). We suppose that the twist vectors for ¢, fz,,
and t;, are (1, 1), (2,2), and (2, 3), respectively. One can check that I" is a graded W-spin graph as in
Definition 1.41(2).

One can then see in Figure 7, top right, an example of an exchangeable graph A € 9", Lastly,
one can check in Figure 7, bottom left, that A, € 3+ T" by computing (tw(g; ), alt(g;)) at the two half-nodes,
as required in Definition 1.40 to ensure that A, is a genus-zero W-spin dual graph with a lifting. Indeed,
the half-node ¢; adjacent to vy has tw(g;) = (0,2) and alt(¢;) = (1,0) and ¢, adjacent to v has
tw(g2) = (2, 1) and alt(g2) = (0, 1). Thus, from Definition 1.53, we see that ¢ is positive for the second
grading and ¢ is positive for the first grading.

Lastly, we have in Figure 7, bottom right, an example of a relevant graph A3 € 3°T". One can check,
in similar notation above that the half-node ¢; adjacent to vq has tw(gy) = (0, 3) and alt(g;) = (0, 1)
and ¢, adjacent to v, has tw(gz) = (2, 0) and alt(g,) = (1, 0).

2 Moduli, bundles and orientation
2.1 The moduli

This subsection follows [Buryak et al. 2022a, §3.2].

Fan, Jarvis, and Ruan constructed a moduli space /WI;{E’W consisting of compact stable W-spin
orbicurves, for which they then provide an enumerative theory. This moduli space does not precisely
coincide with our moduli space /W?fn of closed W-spin curves. This is due to the treatment of anchors
and gradings which rigidify the curves, as well as choice of stabilizer group at orbifold points (see below).
The following theorem is essentially carrying out the proof of Theorem 2.2.6 of [Fan et al. 2013] in our
context of W =Y"7_; xl.r " with the maximal symmetry group, with some slight differences which arise,
for the most part, because of different automorphism groups.

Theorem 2.1 /W?fn is a smooth Deligne—Mumford stack with projective coarse moduli. Moreover, if we
et st: /W?fn - M g.n be the morphism given by forgetting the spin bundles and orbifold structure, then

st is a flat, proper, and quasifinite (but not representable) morphism.

We point out the differences between our moduli space and the one outlined in [Fan et al. 2013].
First, with our definitions, stabilizer groups of special points are always (4, while Fan, Jarvis and Ruan
choose a stabilizer group pe at a special point x so that the representation of (. on the direct sum of
the fibers of the spin bundles at x is faithful. This changes the universal curve over /ngn. In addition,
it changes automorphism groups of nodal curves which lie at the boundary of the moduli space (see
Observation 1.15), so that our moduli space is a root stack over the moduli space of [Fan et al. 2013].

However, there is a further distinction arising from twisted spin structures. Our universal twisted spin
bundles are twists of the universal spin bundles of [Fan et al. 2013]. Further, there may be an additional
change in automorphism group arising due to the notion of grading (Definition 1.7) at anchors with
twist r — 1, as the data of a grading partially rigidifies the curve. In this case, our moduli space is an
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unramified r-fold cover in the orbifold sense (but does not change the coarse moduli spaces) of the moduli
space of [Fan et al. 2013], at least away from the boundary.

By stratifying the moduli space /W?fn by twists in the spin structure, it decomposes into open and
closed substacks,

W w4
2-1) Mg = || Mg (B11,0b10) Bt oesba))*
((bll y~~-’b1u),~~-,(bn1 ;--~sbna))

where b;; € {—1,0,...,r; — 1} foreach i, j and MZ((bll;---;blu);---,(bnl,~--,bna)) denotes the substack of
graded closed genus-g W-spin curves with W-spin structures having twist (b;1, . .., b;g) at the i -th marked
point for all i. For any choice of {(b;1, ..., bia)}ie[n] such that (1-14) holds for all j € [a], we know that
the moduli space of compact stable genus-zero W-spin orbicurves /W(If (Br11obra) Bt ona) with the
corresponding prescribed twists is nonempty, by the results mentioned in Proposition 1.26. Moreover,
in this case, the moduli space has coarse moduli isomorphic to Mo , and generic additional isotropy
]_[ie[a] Z/r;Z. The isomorphism of coarse moduli is given by the smooth map Forg;, that forgets the
spin structures.

To generalize the construction of the moduli space to the open setting, we introduce some new notation.

Definition 2.2 For a genus-zero, anchored, prestable, smooth dual graph I', we denote by Mt the set of
isomorphism classes of smooth marked disks whose dual graph I' after smoothing gives I". We denote
by ./\71[11/ the set of all isomorphism classes of pregraded W-spin disks whose corresponding dual graph I/
satisfies sm(forgpin(I'")) = I'. For a smooth pregraded W-spin dual graph I" we denote by /WIW the set of
all isomorphism classes of graded W-spin disks whose corresponding graph, after smoothing, is I'.
For some common cases, we introduce special notation. Recall Notation 1.45. We write

/\70,3,1 = /\71“0.3.1’ /\7(‘)4,/3,1 = /\7%3,,’ Mlibﬁl,e;l = MF}?}’;‘?‘}v M(Tﬁt;eled = M?%ygfg-
As before, we add the superscript “labeled” since in most of the article we shall assume that the boundary
points are marked by &, but it is sometimes more convenient to assume that they are marked bijectively
by [k] C Q. As in Notation 1.45, when B = [k], I = [I] we similarly define Mg s ;, Mibeled | AWV

0,k,l ° 0,k,l”
and MgV ]’clalbeled. We also write

v, hvid
0{Bs}scla1ia;}jeur’ 0.4k} scrarsia;}jemn
for M?’W , MY, , respectively, and
0B Y ycla)td)djel) 0.4k 73 s cla1-4d) 3j el
7 W,labeled 1 W.labeled
0,{BJ}scia1d;}jen’ 0.4k} scra1td)}jen

for their labeled versions. When W = x” we write the superscript “1/r” instead of “W.” When Bg = @
or kg = 0, we omit it from the notation.

Remark 2.3 The labeled versions of the moduli spaces will only be used in this section, mainly in
Proposition 2.4 and in Section 2.5 to create a consistent family of orientations on our moduli space.
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The moduli space Mi;‘t}flfd of stable marked disks is considered in [Pandharipande et al. 2024]. It is a

smooth orientable manifold with corners in the sense of [Joyce 2012], and its dimension is
(2-2) dimg (M%) = dimg (Mo 1) = k +21 = 3.
There is a set-theoretic decomposition analogous to (2-1),

1 W.labeled 1 W,labeled
2-3 J = | | ; 5 .
(2-3) Mo,k,l MO,{kJ}JS[a]a{aj Yiew

{dj}jemn
{ks}scial
Yictakr=

If we set k = )k, then there is a forgetful map

MW,labeled A labeled

Forgpin : - —
spim 0,4k} rcia1,(@;)jen 0.k,l >
or more generally

w4 Ivi
Forspin . MF - Mforspin(r)’

which forgets the spin structures and removes the orbifold structure at the special points. By Proposition 1.26,
if the domain is nonempty, this map is a bijection at the level of sets. We use these bijections to give the
coarse moduli space of /W(If klalb *ed the structure of a manifold with corners.

This describes the underlying coarse moduli space of ./\7111" . We now explain a procedure that defines

an orbifold with corners structure on M IVY , in the sense of [Netser Zernik 2017b, Section 3].

Proposition 2.4 Let I" be a smooth pregraded W -spin graph. There exists a compact moduli space M IW
of stable pregraded W -spin disks whose dual graph smooths to I". It is a smooth orbifold with corners of
real dimension | T B ()| +2|T1(T")| - 3|Conn(T")|. Its universal bundle admits a universal r; -spin grading
foreachi € [a].

Proof We first establish the result in the case of /WEV ]’clalbeled. What we do is completely analogous to

[Buryak et al. 2022a, §3.2] (which, in turn, follows the procedure performed in [Netser Zernik 2017b,
Section 2], and sketched also in Section 1 of that reference). We have the sequence of maps

—W,labeled (E) o~ Wlabeled (D) ~W.labeled (C) ~W,Z> labeled (B) —W,Z,,labeled (A ' W,labeled
Mo,k,l ? MO,k,l ? MO,k,l ? MO,k,l ? Mo,k+2l ’ Mo,k+2l

(F)
w4
MO,k,l

(2-4)

where the arrows are labeled by the step in which they are defined below. Let us now define the moduli
spaces appearing in (2-4). We will go through them in reverse order.

J— —— p—
Step (A) (the morphism M(If ,;Zfz’llabeled - M O%igf}led) The target space M Oljlllc’ljgelled is the suborbifold

of /Wg’/ k42 given by the conditions

(1) The first £ markings, wy, ..., wg, have twists which satisfy
tw; (w;) €{0,r; =2} forall j €l[k], i€ [a].
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(2) Forevery i € [a]

. tw; (w;) — (r;i —2
2jetk+an Wi (W) — (r; )z—l—l- Z kr mod 2.

i T:ieT
The latter condition comes from (1-22). Inside this space, M, gV ]’cz_fz’llabeled is the fixed locus of the involution
defined by
(Ciwrs oo We2 S ) > (Ciwn, oo, Wi, Whep 15+ -+ s Wk 20 Wkt 15 -+ - W15 {51,

where C, S;, i € [a] are the same as C, S;, i € [a], respectively, but with the conjugate complex structure.
As the moduli space /\73] ,;Z_i_zz’llabeled is the fixed locus of the above antiholomorphic involution, it has the
structure of a real orbifold. A point in the fixed locus comes equipped with an involution ¢ : C — C given
by conjugation which is covered by involutions 51‘ : §; — S; for all i. This moduli space parameterizes

isomorphism types of marked spin spheres with a real structure, involutions ¢, $i, i € [a], and the
prescribed twists. The moduli space /W(I;V ,;Zfz’llabeled then maps to Monllc’fgelled

J— ’ —
curve via pull-back. Note that in general the moduli space M :)/V ,’cz_{_zz’llabeled is not a suborbifold of M Ouli’igf}led

as isotropy is lost: we now cannot scale the r-spin structure by an arbitrary r-th root of unity as its action

, so it inherits a universal

must be the same under conjugation. This means that the only scaling that can happen is by £1 in the
case where r is even.

. ~W.Zlabeled  — _ .
Step (B) (the morphism My ;. — M(I;V ,’cz_fz’llabded) Take N — M(I;V ]’cz_fz’llabeled to be the real simple

normal crossing divisor consisting of curves with at least one boundary node. Via the real hyperplane
blowup of [Netser Zernik 2017b], we cut the space M (I;V ,’fﬁz’llabeled

~W,Z > ,labeled . . . . ’ . .
corners Mg . The morphism in this step is then constructed by gluing the cuts described here.

. ~ W labeled ~W,Z > ,labeled ~ W labeled
Step (C) (the morphism M, ; ; — Mors ) From here, we define M, ;  to be the
. e i ~W,Z> labeled . 7 .
disconnected two-to-one cover of the moduli space M ;. ; . The generic point of the moduli
~ W labeled ” . . Lo .
space M g corresponds to a smooth marked real spin sphere with a choice of a distinguished

along N, yielding an orbifold with

connected disk component of C \ C?. Equivalently, in the generic (smooth) situation, we are choosing
an orientation for C?. It is important to note, however, that this choice can be uniquely continuously
extended to nodal points, see [Netser Zernik 2017b, §2.6], as opposed to being chosen independently for

each boundary component.

. ~ W labeled ~ W labeled . ~ W labeled ~ W labeled
Step (D) (the morphism My, <= Mg ;) Inside My, ; , we denote by Mg, ;  the

union of connected components such that the marked points wg 41, ..., Wg4; lie in the distinguished
stable disk and, for even r;, the i-th spin structure is compatible in the sense of Definition 1.21. The

morphism here is inclusion.

A — W1 ~ W labeled — W 1 . ~ W labeled .
Step (E) (the morphism M (I;I,/ ,’(lflbeled —> Mok ) Here, M(?,/ I’cl,dlbeled is the cover of M ;. ; given by

a choice of lifting. By Proposition 1.25, the cover is of degree 2¢, where e is the number of even r;. Thus

we have given the moduli space /WZV ,’clalbeled defined in Definition 2.2 the structure of an orbifold with
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corners. The proof of this fact is similar to the proof of the analogous claim, Theorem 2 in [Netser Zernik

2017b], and will be omitted.

Over M(I;Vklalbeled there is a universal curve whose fibers are compatible stable W-spin disks. Take a

W ,labeled

component from the decomposition given in (2-3), sa -
P P g (2-3), say MO AksYrciata;tien

eachi € [a],

. It has forgetful maps, for

17 Wlabeled 1 1/r;i,labeled
2-5 Forgyin £ : M2 . - M & ,
(2-5) spin 7i 0,4k} scla1Ad; }jem 0,> siieskrdajitjen

which forget all spin structures but the i -th one, while also forgetting the consequently untwisted boundary

points. We define the r;-spin lifting for i € [a] on M(I;V kldlb eled a5 the pull-backs with respect to these maps

—1/r; labeled
of the lifting on M, S ey kydajidiem S in [Buryak et al. 2022a, Theorem 3.4].
Step (F) (the morphism M(I;V kldlb cled MgV k. ;) For any smooth pregraded W-spin graph T, let TV be

the graph obtained from I by allowing all possible cyclic orders at open vertices, and let T be the graph
obtained from I'’ by replacing the marking functions by injective marking functions. Then ME/ is the
product of moduli spaces of the form /\/lgV klalb cled . Finally, the moduli space /\/l is 1som0rphlc to the
union of those connected components of MW /Aut(I"”) whose boundary cychc orders correspond to

those in I'. The universal bundles and gradlngs are defined by pulling back from MW JAut(T). O

Remark 2.5 Henceforth, we usually denote a pregraded or graded W-spin disk simply by 3, meaning
the preferred half along with the spin structure and marked points, suppressing most of the notation. We
will write ¥ € /W(I;V «.; for the point X represents in M(I)'V k1"

2.1.1 Moduli associated to dual graphs We also want moduli spaces associated to dual graphs in
which we keep track of cyclic orders on boundary marked points. We define them as follows.

Given a connected stable genus-zero twisted W-spin pregraded dual graph I', recall the smoothing sm I"
of I" defined in Definition 1.49. As sm I is a smooth connected graph with one vertex, it is associated to
a moduli space /W:I/nr as in Proposition 2.4.

Definition 2.6 Given a connected stable genus-zero twisted W-spin pregraded dual graph I', there is a
closed embedding

(2-6) e MY s MY

smI'

where the general point 3 of /\7{1‘/ is a graded open W-spin surface with dual graph I' = I'(2). If I is
disconnected, then /WIEV is defined as the product of the moduli spaces /le[j associated to its connected
components ;.

We have that ./\71[7 is a closed suborbifold with corners of ./WZKIF, of (real) codimension
(2-7) 21 ET(D)| + [EZ(D)| + | HE D)),
Take MIW to be the open subspace of MIVY consisting of graded W-spin disks whose dual graph is I".
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Figure 8: Moduli space of stable disks with three boundary markings and one internal marking.

Example 2.7 Consider the moduli space of disks with one internal point z; and three marked boundary
points x1, x2, x3. By (2-2), we know that the real dimension of M0,3,1 and /W(?g‘ilfd is 2. The labeled
moduli has two connected components, depending on the cyclic order of the boundary marked points. Each
connected component is a hexagon and has six codimension-one boundary strata and six codimension-two
boundary strata. We can see that there is no way to have a contracted boundary or internal node in
this case. The dimension of each stratum, computed using (2-7), is 3 minus the number of irreducible
components. We draw one of the connected components of the labeled moduli space in Figure 8. In this
figure, each stratum is accompanied by a depiction of a representative stable marked disk 3. Note the
unlabeled moduli space is a quotient of the labeled moduli space by the symmetric group on three letters.
This identifies the two hexagons and further quotients to produce a bigon. We suppress twists in the

example, but they must satisfy the conditions outlined in Definition 1.40 and satisfy (1-21) and (1-22).
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There are forgetful maps between some of the M IIiV Indeed, we note that marked points can only be
forgotten if all their twists are zero, since (1-17) must be preserved. Moreover, boundary marked points
can only be forgotten if they are in addition nonalternating, since the grading must descend to the moduli
space with fewer marked points. With this in mind, we define:

Definition 2.8 Given a (not necessarily connected) stable genus-zero twisted W-spin pregraded dual
graph, we define

w4 w4
FOI'nona]t . MF — MF/

by forgetting all nonalternating boundary marked points with tw = 0. However, this may create unstable
irreducible components. We repeatedly contract any unstable irreducible component which is not partially
stable with an internal marked point. This process might create new boundary marked points which were
formerly boundary half-nodes. These new boundary marked points may be nonalternating with tw = 0.
In this case, we repeat the process. If the process ends with some unstable connected components which
are not partially stable, then we remove them. We update the cyclic orders data in the natural way.

In the case where the graph I'/ is partially stable, we define its moduli to be the moduli of the graph
obtained by removing the partially stable irreducible components. If the resulting graph is empty, we take
the moduli space to be a point. If I" is a twisted W-spin dual graph with a lifting, we analogously define

the graph I'" = forpena(I") (Which, again, may include partially stable components).

Definition 2.9 Let I" be a pregraded W-spin graph. The graded r;-spin graph forgp,; I" is an r;-spin
graph with a lifting obtained from I' by forgetting the additional tw;, alt; data for j # i and from
forgetting all tails ¢ with (tw; (¢), alt; (¢)) = (0,0). We obtain a map

W s M
FOI‘Spin#i . MF - Mforsl;,,#ir‘

induced by the map (2-5).

2.2 The bundles

2.2.1 The Witten bundles and their properties For graded closed I" and i € [a], we define the Witten
bundle

Wi =Wir = (R'mSp)",
where 7 : C — /ng ,, 18 the universal family and S; — C are the universal twisted spin bundles.

Observation 2.10 As stated in Remark 1.14, we can have at most one marked point with twist —1 with
respect to each r;-spin structure, and as a consequence the degree of each S; is negative. Thus R%7,S; =0,
and hence (R!74S;)V is a bundle. This observation, which is crucial for the normalization operation
defined below, explains our choice of allowable twist in conditions (iii) and (vii) of Definition 1.40. We
note that if such a point exists, it must be the anchor, and whether or not the point has twist —1 for the
i-th spin bundle will depend on i.
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These are complex vector bundles with fibers
H'(C.$)" = H(C.J)).
of complex ranks

Zjel twi(zj)—(ri —2)

ri

(2-8)

Equivalently, the bundle W; can be constructed by pulling back the Witten bundle with respect to the
ri-spin structure via the map Forg,;n«; from Definition 2.9. Write

W=Wr = Wir.
i€la]
Following [Buryak et al. 2022a], we now define the open Witten bundles. First, recalling the sequence
of maps in (2-4), we can construct the corresponding unlabeled versions by quotienting by the appropriate
automorphisms, as dictated in Step (F) of Proposition 2.4:

g V-labeled o W labeled ~ W.labeled ~W,Z5,labeled W, Z> labeled 7 W labeled
Mo,k,l MOkl — Mok, — Mok, Mo,k+2l - Mo k+21

A L]

~W ~W ~W.Z, —w.z
Mokl —>M0kl —>M0kl —>M0kl —>Mok+221 — s MW

0,k+21

We denote by @ : /\/lo ki~ Mo k +21 the map given by composing the appropriate maps in (2-9).
Abusing notation somewhat, denote by 7 : C — MO kZ+2 ; the universal curve over the moduli space of
real spin spheres defined above (after setting the markings of the first k points to &), and by S; — C,
i € [a], the universal spin bundles. There are universal involutions

¢:C—C and 65,- 'S =S,
which induce an involution on R'74S;. Set J; := Siv ® wy. Define
WP = (R J)+ = (R'm4S;)Y

to be the real vector bundle of $i—invariant sections of J;. Note here the second equality uses Serre duality,
under which invariant sections become anti-invariant. The real rank of WZP " is seen in equation (4.2) of
[Buryak et al. 2022a] to be

ZJZ‘I=1 twi (zj) + (=14 Xper k) (ri —2)

ri

(2-10)

Definition 2.11 The open Witten bundles are defined on M, (I;V kg DY Wi = w*WlPre. For an open I', let
it : Mpr — Mgnr be the embedding as described in Definition 2.6. We write Wir = LFWi,SmF and

Wr = @ Wir.

i€la]
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Let I" be a pregraded W-spin graph. There is an identification of Witten bundles under the map Foryopaic
that forgets all nonalternating boundary marked points with tw = 0. We will use the following observation
extensively:

Observation 2.12 If T' is obtained from I" by forgetting all tails ¢ with (tw(¢), alt(¢)) = (6, 6), then
(2-11) Forl ..« OVr/) = Wr,

where Foropai | M IKV - M IIiV, is defined in Definition 2.8. See [Buryak et al. 2022a, (4.3)].
Applying this in the r;-spin case, we thus have a canonical isomorphism

*
Forsp1n7él (Wi,forspm;é[ F) = WZ,F )

where Forgpi,; is defined in Definition 2.9. Here, the graph for, I' is the graded r;-spin graph

spinFi
obtained from I" by first forgetting the data tw;, alt; for j # i, and second forgetting the boundary tails &

with tw; (h) = alt; (h) = 0.

Another important property is the behavior of the Witten bundles under restriction to strata. We follow
[Buryak et al. 2022a, §4.2 | (although these properties are well known already from [Witten 1993]).

Let I" be a pregraded W-spin graph, and let T = detach ~ () for some set N ¢ E(T')U HCB(T) of
edges and contracted boundary tails; see Definition 1.52. Unlike the moduli space of disks, the moduli
space of W-spin disks does not always have a gluing map /vaf/ — Mg’/ kI’ because there is no canonical
way to glue the fibers of S;, i € [a], at the internal nodes. Instead, we consider the diagram

M fOrspin (i—:) x Mfo"spin ()
(2-12) Ja

AW
Mg

Ivil4 K gw _r Ivi4

of morphisms. Here, Mforspin(]") C /\70’;(,1 is the moduli space of marked disks with dual graph I', and

Mforspm(f“) is analogously defined. Recalling (1-18), we can define the morphism ¢ to send the spin
structure S;, j € [a], to
(2-13) :S\'j :v*Sj ®(’)(—Z [P]),

PER;

where v : C — C is the normalization map and R; is the subset of all half-nodes p of multiplicity zero
with respect to the r;-spin structure which are not anchors in the normalization. Note that 5’\] then has
the correct twists for /WIZV . In particular, it has tw; = r; — 1 at the Ramond half-nodes corresponding to
half-edges in R; and tw; = —1 at the other Ramond half-nodes.

Since the map M, )
spin
We will distinguish however between the domain and codomain of u because they have different

— ./Wforspin(l") is an isomorphism, the projection map p is an isomorphism.

universal objects. We note that ¢ is not an isomorphism, in general. Indeed, the automorphism groups
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of /WIVY and /Wg/ differ when one computes using Observation 1.15. However, in the strata of M where
I" has no internal edges, we have that ¢ is an isomorphism when restricted to the strata (see [Buryak et al.
2022a, Remark 4.5]). It may be of some comfort to the reader that this is an isomorphism on the level of
coarse moduli spaces.

Notation 2.13 For I', N as above, we denote the map g o ™! : M} — JWIZV by Detachy. When
N = {e} is a singleton, we denote this map by Detach,.

There are two natural universal curves over the fiber product M. Vi MY we define
torspin (F) f()rspin(r) r

Cr by the fiber diagram

Cr >

A i

W oK W
Mp —— Mo

a X =
Mforspin (F) Mforspin(r)

and Cy by the fiber diagram

Cs y C
Js !
Vi _ MW 1 W
MfOrspm(f) XMforspin(r) MI' Mf

in which C is the universal curve over M IZV There are universal bundles S; and S;, j € [a], on these two
universal curves, and a universal normalization morphism

v:Cl:—>Cr

relating them via (1-8). Let J; be the universal twisted spin bundle corresponding to the twisted spin
bundle J; fori € [a].

We can now state the decomposition properties of the Witten bundle. We state the properties in the
case where N = {e} for a single edge e, but all can be readily generalized to the setting where more than
one edge is detached.

Proposition 2.14 Let I be a pregraded W-spin graph. Suppose that I has a single edge e, so the
general point of /W?/ is a stable W-spin disk with two components C1 and C; meeting at a node p.
LetT = detach.(I'). Let W; and 17\/,- denote the i -th Witten bundle summand on Mg,/k,l and /WIE,V,
respectively.

The Witten bundle decomposes as follows along the node p:

(i) If e is Neveu—-Schwarz for the i -th bundle S;, then u*(fW; = q*W,'.

(ii) Ife is a Ramond boundary edge for the i -th bundle S;, then there is an exact sequence
(2-14) 0— u* Wi = ¢*Wi — T4 — 0,
where Ty is a trivial real line bundle.
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(iii) Ife is a Ramond internal edge for the i -th bundle S;, then it connects two vertices corresponding
to components Cy and C,. Either both components are closed or exactly one is open. Without loss of
generality, let C; be the component which is open or the closed component containing the anchor of T'.
Write q*f\/i = 17\211 H 17\}12, where Wll is the i -th Witten summand on the component C1, defined using the
spin bundle S; lc,, and va is the i -th Witten summand on the component C,. Then:

(a) There is an exact sequence
(2-15) 0— W? = p* W — W! — 0.

(b) If T is defined to agree with r except that the twist at each tail which corresponds to a half-edge

ofeisri—1,andq" : M, ) X Mo (1) JWIW — /W%V, is defined analogously to g, then there is
Ofgpin

forgpin
an exact sequence

(2-16) 0— pu*ipW; — @)W, =T =0,

where 17\/; is the i -th Witten bundle associated to T and T is a line bundle whose r-th power is
trivial.

(iv) Suppose thatT" has a single vertex, no edges, and a contracted boundary tail t, and let L= detach, (T").
If Wi and W; denote the i -th Witten summands on M(I;V g and /\7%’ , respectively, then the sequence
(2-14) also holds in this case.

This is Proposition 4.7 in [Buryak et al. 2022a]. It should be stressed that in the presence of internal
edges these decomposition properties do not respect the automorphism group actions on the Witten bundles.
Despite this subtlety, a multisection on w canonically induces a multisection of W; see Remark 2.7 in
[Buryak et al. 2024].

2.2.2 The tautological lines and direct sums of bundles For each i € /, a cotangent line bundle L;
is defined on the moduli space of stable marked disks as the line bundle whose fiber over the (stable)
marked disk (C, ¢, X, {z; }, {x;}, m?®,m®B) is the cotangent line th 3 at the interior marked point z;. We
define cotangent line bundles I; on M g’/ k.l by pull-back under the morphism forgetting the graded spin
structure, and, for any graded graph I', we let ]Ll.F be the pull-back of L; to Mr-.

The following important observations are discussed further in [Pandharipande et al. 2024, Section 3.5]:

Observation 2.15 Let I' be a pregraded W-spin graph.

(1) If i is a marking of an internal tail of A € Conn(detach(I")),
LI = 7*LA,

where 7 : M IW — /\7? is the composition of the map Detachgry : /WIW — /Wgzt ach(T") of Notation 2.13

with the projection to the factor M K/
(ii) If " = foryenai(T"), then there exists a canonical morphism
rr:For® LI LT

nonalt
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This morphism vanishes identically on the strata where the component containing z; is contracted by the
forgetful map. Away from these strata, this morphism is an isomorphism. See Observations 3.31 and 3.32
of [Pandharipande et al. 2024].

(iii) ILlr is canonically oriented as a complex orbifold line bundle.

Definition 2.16 Let d = (d;)ier € Zéo be a vector labeled by a set I C €2 and let I" be a graded graph
with I(I") C 1. We write

Er(d):=wre @ L.
iel(I')

We call this the descendent-Witten bundle with respect to d. We omit I' from the notation if it is clear
from context. We call the W; r the Witten bundle components, while the other summands are called the

tautological line components.®

The decomposition properties of the bundles Er(d) are easily deduced from the decomposition
properties of the Witten bundles and of the tautological line given in Proposition 2.14 and Observation 2.15.

2.2.3 Multisections and the relative Euler class We start by recalling some notation involving multi-
sections of orbifold bundles. Let E be an orbifold vector bundle over an orbifold with corners M. We
refer the reader to Appendix A of [Buryak et al. 2024] for more details.

Definition 2.17 (Definition A.1 of [Buryak et al. 2024]) A multisection of E — M 1is a function
s E—Qx>p
that satisfies the following:

(1) The function s is well defined with respect to the orbifold structure on E.

(2) For each x € M, there is an (étale) open neighborhood U, a nonempty finite set of smooth local

sections s; : U — E,i =1,..., N, and a collection of positive rational numbers (1, ..., uy so that
forall y e U,

Z s(y,v) =1,

veE,

and forall v € Ey,

soo)= ) i

i,si(y)=v
We call s; the local branches and u; the weights.

Note that in a chart where N = 1, the weight is ;t; = 1 and the support of s(y, v) is the graph of the
local branch s; as a section in E.

9We remark that d contains data which may be irrelevant for the definition of Er(d), i.e., d; fori € I\ I(T"). However, this
will prove to be convenient to avoid even heavier notation in proofs.
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Notation 2.18 Given E and M as above, we denote by C,5° (M, E) the space of smooth multisections.
When the base space M is understood from the context, we will drop it and write C5°(E). If U € M,
we will abuse notation and write C;°(U, E) or C5°(E |y ), rather than a pull-back. In words, when we
discuss a multisection on a subspace of the base then we mean the total space of the bundle restricted to
the subspace of the base. When we do this, the bundle should be obvious from the context. For example,
if we have a multisection s € C,5°(M, E) and U € M, we will write s|y for s|g|,, to compress notation.

There are natural operations for addition of multisections and a multiplication of a multisection by a
function. Let A € C*°(M,R) be a real valued smooth function and s, s’ € C2°(M, E) be multisections
given locally by (s;, w; )l P (T )l — .- respectively. The multisection As is obtained from s by replacing
each s; with As;, and keeping u; the same. The multisection s + s’ is given locally by the collection
of smooth local sections §;; = s; + s} and fi;; = ;i j4; (see [Pandharipande et al. 2024, Definition A.9;
Buryak et al. 2024, Appendix A]).

Definition 2.19 Let sq,..., s, be multisections of an orbifold bundle £ — M and take positive integers
ai,...,am € Zgo. Define the multisection Lﬂ;’;l a;si(x,v) by
m

H—Ja,-s,-(x,v)— Za si(x,v).
i=1 Zl —1

We note that the support of [+)/-; s;(x) is the properly weighted union of the supports of s;. Observe
(or recall from Equation (A.2) of [Buryak et al. 2024]) that

(2-17) LJ_r) s =s.

Let p € M and consider the smooth local sections s; of s near p. If p € Z(s;) for some i, then we say
that s vanishes at p. Otherwise, we say s is nonvanishing at p. Given a multisection s the zero locus is
defined to be

Z(s):={p € M | s vanishes at p}.

A multisection s is transverse to zero if, for any point x in the zero locus of s, there is a neighborhood U
so that every local branch s; of s in U is transverse to the zero section, denoted by s M 0.

Given a global multisection s of £ on M with isolated zeros, one can define the weighted cardinality
of its zero set as follows. In a neighborhood of a point p € M, consider the local branches s; with
weights u; fori =1,..., N of the multisection s. Let deg,,(s;) be the degree of vanishing of s; at p (see
Appendix A of [Buryak et al. 2024] for a precise definition). Note that this is zero if s; (p) # 0. We then
can say the weight of s at p is given by

(2-18) €= 1a Zul deg, (s:).
i=1
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where G is the isotropy group of the orbifold at p. Then we can define the weighted cardinality of the
zero locus #Z(s) of s to be

(2-19) #Z(s)= Y _ .
PEM
We emphasize that both the zero locus (and the weighted cardinality of the zero locus) are (weighted)
subsets of the base space M.
We now define the relative Euler class as constructed in Appendix A and Notation 3.2 of [Pandharipande
et al. 2024]. By Theorem A.14 of [Pandharipande et al. 2024], if

(i) dim M =rank E,
(ii) s a nowhere vanishing multisection of E|jps, and
(iii) § € CS°(E) is a transverse extension of s to all of M,

then the weighted cardinality of the zero set #Z(§) depends only on s and not on the choice of 5. For this
reason, we will often conflate notation and denote a choice of extension § just by s. Moreover, this means
that the homology class [Z(5)] € Ho(M, Q) only depends on E and s. Note that this can be extended
to a special case of noncompact orbifolds M in the sense that one can replace dM with U U M where
M \ (U U dM) is compact (see Appendix A of [Buryak et al. 2024]).

Definition 2.20 Let E be an orbifold vector bundle over an orbifold with corners M. Take an open
suborbifold U € M such that M \ U is a compact orbifold with corners. Given a nowhere vanishing
smooth multisection s € C.o°(E|ypur ). we denote by e(E;s) € H*(M,0M U U) the Poincaré dual of
the zero locus [Z(§)] € Ho(M) of a transverse extension § of s to M. We call e(E;s) the relative Euler
class of E and s.

Notation 2.21 Suppose we are given a covering map F : M — M’ of orbifolds with corners with (positive)
finite degree deg F. Suppose also given orbifold vector bundles E, E’ on M and M’, respectively, with
E = F*E’. Then for a multisection s € C°(E), we may define a multisection Fis given by

1
(Fas)(x', V) = dea F Z s(x, vy),
xeF—1(x")
where vy € Ey is the point of the fiber Ex mapping to v’ € E’,. Note this needs to be interpreted in
an orbifold sense. For example, if M — M’ is a quotient by a finite group G acting trivially on M but
possibly nontrivially on E, then Fys coincides with [+ ¢€G g%s.
If s is transverse to the zero-section of F, then it is easy to see that Fys is transverse to the zero-section
of E’, and if s has a finite number of zeros,

(2-20) #Z(Fys) = @#Z(s), HZ(F*Fys) =#Z(s).

Here, the pull-back of a multisection is given by the standard notion of pull-back of sections of vector
bundles.
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We finish this subsection with the following useful tool.

Lemma 2.22 Let E — M be an orbifold vector bundle over an orbifold with corners, such that
rank(E) = dim(M ), and let U € M be an open set with M \ U compact. Let s¢ and s1 be nowhere-
vanishing smooth multisections on U U dM . Denote by p : [0, 1] x M — M the projection, and let

HeCP([0,1]x (U UIM), p*E),

where U € M is an open set with M \ U compact. Suppose H |(jyxg = s;, H h 0 and H is nowhere
vanishing in [0, 1] x U. Then

/ e(E:s1)— / e(E:50) = #Z(H) = #Z(H 0. 11x00)-
M M

This lemma is the noncompact orbifold analog of [Pandharipande et al. 2024, Lemma 3.55] and the
proof is verbatim.

Remark 2.23 We orient [0, 1] by its natural orientation and the boundary of M by its induced orientation.
We write the unit interval first to denote that its orientation is first in the appropriate ordering of the
orientations of the product. This will become important in Section 2.5 (see, e.g., Observation 2.41).

2.3 Coherent multisections and their assembling

This subsection is technical and a reader trying to understand only the main thrust of the paper may
skip it. As indicated in the introduction, the boundary conditions of interest will be inductively defined,
and lead to the definition of canonical families of multisections. However, the key topological recursion
result of the paper, Theorem 5.10, requires understanding the vanishing of certain sections along strata of
the moduli spaces where the disks have one internal node. Such strata are not actually contained in the
topological boundary of the moduli space, so the behavior of canonical sections along these strata is not
particularly controlled. Thus it will be important in the proof of open topological recursion to choose
canonical multisections also satisfying an inductive structure along these strata: these sections will be
called special canonical multisections; see Definition 3.23. Ideally one would like to specify an element
of the fiber of the Witten bundle at a point of the moduli space corresponding to a disk with an internal
node by gluing sections of J1, J» on the two curves obtained by normalizing the internal node. However,
in the case of Ramond nodes, the gluing properties of the Witten bundle as stated in Proposition 2.14 are
subtle. This leads to the technical complication addressed in this subsection.

In fact this notion of special canonical only plays a role in the proof of Lemma 6.4, whose proof follows
the proof of the analogous result in [Buryak et al. 2024]. However, there are some slight complications in
the generalization of the definitions of coherent multisections from [Buryak et al. 2024], and hence we
must devote some space to this concept here, even though the use of this concept will be largely invisible
for the remainder of the paper.
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2.3.1 Coherent multisections Consider a (possibly disconnected) stable graded W-spin dual graph I.
For any twisted r;-spin structure on a W-spin surface with dual graph I", we set

Ji =i ®O(Z[zt]),

t
where the sum is over all anchors ¢ with twist tw; (#) = —1. Effectively, we are changing the twists of the
anchors to r — 1, as described in Proposition 2.14(iii)(b).

Similarly, on the universal curve over MY | we take a modified universal line bundle

\71./ =7 (’)(Z Az,),
t
where A, is the divisor in the universal curve corresponding to z;. Define an orbifold vector bundle R
on M} by

a
RF = @ @ 0;t"7i,’

i=1 anchors t
tw; (2)=—1

where o, is the corresponding section of the universal curve. The second summation only runs over
anchors ¢ that have tw; (1) = —1 for the given i.'% We use the notation R both for the bundle and for its
total space, and we denote by

proj : Rp — M IW

the projection. For any degeneration I'' € dT" of the graph T, there is a map Rys — Rr between total
spaces, which is an embedding on the underlying coarse level.

We denote by W, the bundle

W = (R°m.J))+

on MY, and by W the pull-back of the bundle (RO J!)+ to Rr via proj.
Definition 2.24 Let I' be a connected graded W-spin dual graph, and let s be a multisection of W} over
asubset U C Rr fori € [a]. We say that s is coherent if either:
(1) the anchor of I" does not have tw; = —1; or

(2) take any point { = (X, 1) € U. This consists of data of a graded W-spin surface X with bundles J/
for each i and an element i of the fiber of R over the corresponding point of M IIiV . The choice of u is
equivalent to the data 1, € @ihwi (z))=—1 (J/)z, for each anchor ¢ which has twist —1 for some i. Then,
for any local branch s; of the multisection s, the element s;(¢) € H°(Z, J}) satisfies

evz, 8i(8) = (uy);.

10Consider the special case that all anchors are either (1) tails which are Neveu—Schwarz for all i € [a] or (2) contracted
boundary tails. Then R is the rank-0 vector bundle on M IW . If T is connected, then R contains at most one summand for
each i. Throughout what follows (except in the current subsection), the notation R will not be used for graphs that are not
closed, to avoid confusion.
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Here ev;, denotes the value of a section of the bundle J l.’ at the point z;, and (u;); denotes the component
of 1; which corresponds to the i -th bundle.

A coherent multisection of W' := @j_; W} is a direct sum of coherent multisections of W/,
i=1,...,a.

If I is instead a disconnected graded W-spin graph, we say that a multisection s of W} or W’ over
U C Rr is coherent if it can be written as the restriction to U of

SAs
AeConn(T")
where each s, is a coherent multisection of (W;)a — U or W/, — U,, respectively, for some
Upr SR

Note that, if s is a coherent multisection of W, — Rr and { = (X, 6) € Rr, the multisection s ()
of Jl./ vanishes at each anchor z; with twist —1, and thus it is induced by a multisection of J;. In other
words, the restriction of a coherent multisection s to M lliV is canonically identified with a multisection
of Wiy - M IW’ which we will call 5. If the graded W-spin dual graph I' has no anchor z; with twist
tw; (t) = —1 for some i € [a], thens = 5.

We note, also, that a multisection of proj*(W — /WIVY ) induces a multisection of W’ — R which
vanishes along the z;. Adding this multisection to a coherent multisection of W — Rr thus yields
another coherent multisection.

2.3.2 The assembling operation In [Buryak et al. 2024, §4.1.3], the authors define the assembling
operation k. In the r-spin case, if E’ is a subset of internal edges of I', the assembling operation takes a
coherent multisection s of W’ on Ryetach T and yields a coherent multisection >X<p, E/(s) of W on Rr.

In our situation, this operation generalizes to coherent multisections of YW with an analogous
construction. We refer the reader to [Buryak et al. 2024, §4.1.3] for details, only sketching the construction
and the slight differences needed to generalize from the r-spin to the W-spin case, and then mentioning
the relevant properties for this paper.

We first discuss the assembling operation when I is a connected graded W-spin graph and E’ = {e} a
single internal edge. Let s = @ie[a] s; be a coherent multisection of W — Rdetach, I'> With §; a coherent
multisection of W; Let I'y and I'; be the connected components of detach, I', with half-edges /1 and A,
respectively corresponding to the edge e of I'. Without loss of generality, we choose I' so that it contains
the open vertices or the anchor of I'. Thus I', will contain an additional anchor, the half-edge 4.

A point of R consists of a W-spin surface ¥ with dual graph lying in 8'T" along with a choice of some
additional data 1, at the anchor ¢ of X, if it has one, indexed by the tail . We obtain a corresponding
normalization ¥ = X UX,. Then (X1, ;) determines a point of Rr, and X, determines a point of /WIKZ .
In particular, there is a natural morphism Rp — Rr, x M IWZ

Let z1, z» be the half-nodes of ¥ U X, corresponding to the half-edges /1, i, of I'. For each i such that
tw; (h2) = —1, we choose an identification p; of (7] ’ )z, and (jz/, ;)z,; there are r; possible choices which
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differ by r;-th roots of unity.!! In any event, we may write s; = s ll H sl.z, where s ll and sl.2 are coherent

multisections over Rr, and Rr,. This allows us to lift the morphism Rr — Rr, X /WIVYZ to a morphism

Detach, : Rr — Rr, X R, by taking (2, ii,) to the pair (1, ;). (Z2. (pi (s} (Zl)))ihwi (22)=—1))'
The i-th component of the multisection > (s) is constructed in the following way. We have two

cases:

¢ The edge e is Neveu—Schwarz for the i-th Witten bundle summand. We can use the identification of
the Witten bundle given in Proposition 2.14(i). The i-th component of the multisection < (s) is
then, under this identification, the pull-back Detach;; (sl.1 23] sl.z).

¢ The edge e is Ramond for the i-th Witten bundle summand. This is the case of Proposition 2.14(iii).
In this case Detach (s ll H sl.z) still defines a multisection of W; using Proposition 2.14(iii)(b), which

1
s} (1. 1;) and s7(Z2, (pi (s} (21)))1.| s (22)=_1) glue at the node to give a section of J;. This gives

follows from the fact that J/ is obtained by gluing J; ; and J} ; via the identification p;. In particular,

the i-th component of the multisection < (s).

In the Ramond case, < (s) has the property that when it is projected to W; — Rr, via the exact
sequence (2-15), one obtains 5. In the locus where s; = 0, the multisection < . (s) is the image of 5>
via the inclusion given by the exact sequence.

It is also worth mentioning that using the assembling operation is associative (see Observation 4.3 of
[Buryak et al. 2024]). That is, let I' be a graded W-spin dual graph. Let £ and E; be disjoint sets of
edges in I'. Take I'; be the graph obtained from detaching edges E; from I' and I';, be the graph from
detaching E; U E5. If s is a coherent multisection of W' — Rr,,, then

*r,2, %1, E,(5)) = *r,E,UE, (5).

2.4 Rank two

In the special case W = x" 4 y*, we call a W-spin disk an (r, s)-disk and a W-spin graph an (r, 5)-graph.
In this case, we write the twist vector as (a, b) instead of (a1, az).
Recall that we have the set 2 used to mark points, containing a copy of N. We will, from now on,
assume given a function
tw: N —>{0,...,r—1}x{0,...,s—1}

associating to each i € N C Q a fixed choice of twist (a;,b;). We assume that for each element
(a,b) €{0,...,r —1}x{0,...,s—1}, the inverse image tw~!(a, b) is infinite.

For a pregraded (r, s)-disk, we call a boundary marked point with tw = (r —2,0), alt = (1,0) an
r-point. We similarly define an s-point. The r-points and s-points are the two types of singly twisted
(see Definition 1.29) points on a pregraded (r, s)-spin disk. We shall denote the r-points by x; and the

1 Ope can see this choice does not affect the result, as the different choices of identification are related by automorphisms of
the W-spin curve X, given by rescaling the spin bundles; see Remark 1.12.
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s-points by y;. We use the same terminology for boundary tails or boundary half-nodes (r-tails et cetera),
or conflate the terminology.
As in Definition 1.29(2), we write for a pregraded open (r, s)-spin surface:

* k1 = ky1y, the number of (r—2, 0)-twisted boundary points,
* ka = ky3y, the number of (0, s—2)-twisted boundary points, and
e ki = k{l,z}, the number of (r—2, s—2)-twisted points.

Observation 2.25 It follows from (1-14) that the twists (a;, b;) for a twisted (r, s)-spin structure on a
closed, smooth marked genus-zero orbifold Riemann surface satisfy

ZMEZ’ eZ:MEZ'

(2-21) el
We have that the complex ranks of the two Witten bundle components in the closed case are eq, e3.

Similarly, Observation 1.35 gives the following:

Observation 2.26 The internal twists (a;, b; ) for a pregraded (r, 5)-spin structure on a smooth genus-zero
marked orbifold Riemann surface with boundary satisfy

2 i k kio—1)(r -2 2) b k kio—1)(s—2
(2-22) e = 2 ai+ (ki ki —D(r )GZ, 0y = Y bi+(ka+kiz—1)(s )GZ
r S

(2-23) e1=k1+kia—1 (mod 2), er=ky+kip—1 (mod 2).

’

Here, e1, e, are the ranks of the real Witten bundles; see (2-10).

For the benefit of the reader we now specialize Notation 1.45 and Definition 2.2 to the rank-two case.
Notation 2.27 For a finite set /] € N C Q, write ' = Fgf’ Ky Ko drn {(@i bi)hies for the graded graph with

e one vertex v;

e |I| internal tails marked bijectively to I, with the i-th tail having twist tw = (a;, b;);

¢ k1 boundary r-tails and k, boundary s-tails marked by @ (that is, unlabeled);

¢ k12 boundary tails with tw = (r —2,s —2) and alt = (1, 1) marked by &;

e [1 = (I1y) consisting of all possible cyclic orders for boundary tails.

MW — W oy Wlabeled . .
We define Mo g, ks ks, (Garbsier = MO > 304 Mo g s ki t6as bi)yie, 107 118 labeled version.

Remark 2.28 There is an important difference between the conventions for our moduli and those of
[Pandharipande et al. 2024; Buryak et al. 2022a; 2024]. In those references, boundary markings are
labeled; however, we do not label them. This corresponds to taking some quotients in the moduli defined
in those papers; see Step (F) of the proof of Proposition 2.4.

In the case where k1, = 1, the labeled moduli space M?j ,’3?]’3;1:3(12’ (@i b)ies has (k1+k2)! connected
components. This can be understood by computing the number of cyclic orders of k1 + k» + k12 boundary

markings. However, in the unlabeled case, there are additional automorphisms of the disks which permute
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the boundary markings that preserve the twists. Without loss of generality, we can view any cyclic
ordering as an ordering that starts at the root. There are (k1 ,:rl k2) orderings starting with the root that
preserve the relative ordering of r-points and s-points. Each of these orderings corresponds to a connected

w4
component of the moduli Mo,k1,kz,klz,{(ai,bi)}iel'

Example 2.29 Consider Example 2.7 where we have one internal marked point and three boundary

marked points. Suppose further that the boundary marked points consist of one root, one r-point, and

w
0,1,1,1,{(1,1)}

orderings of the three boundary markings.

one s-point. Here, the moduli M has two connected components, depending on the cyclic

On the other hand, if we suppose that the boundary marked points consist of one root and two r-points,
then the moduli M (I;I,/Z,O,l, (2.0)} has only one connected component. Indeed, the two r-points will become
indistinguishable and there will exist an isomorphism for the W-spin disks that will identify the two
hexagons. This can be viewed as quotienting the labeled moduli space M, (I;Vzl ag ellef{j(z 0)}

g,/Z,O,l,{(Z,O)} is the hexagon in Figure 8.

Notation 2.30 Let / index a set of internal markings with twists (a;, b;) and d = (d;);c; be a vector
of descendents at each internal marking. Write (/) € {0,...,r — 1} and s(/) € {0, ...,s — 1} for the

(consisting of two
connected components) by this extra involution, so the moduli M.

unique numbers so that

(2-24) r()=Ya; (modr),  s(I)=Y b; (mods).
Jjel JEI
We define
(2-25) m(l,d):= VS+Z(Saj+rbj+rs(dj—1)).
jel

It J C1I,wewrite m(J,d):=m(J,d]|y).

Proposition 2.31 Consider a smooth rooted connected (r, s)-graph I' := T'g g, k5 .1,{(a;,b;)};c; With a set
of internal tails I .

(@) k1 =r(I) (modr) and k, = s(I) (mod s) if and only if the space M{QV is nonempty.

(b) Assume that the space ./WIVY is nonempty. The equation sk + rk, = m(I, d) holds if and only if
(2-26) rank(Er(d)) = dim M} .
Proof (a) The backwards implication is immediate from (2-22) and (2-23). Since k12(I") =1,
2( > aj— kl) .

r

e1 =k + Z, e1 =k; (mod 2).

This implies that
2 ai—k
(X ai 1) =27,

r

which requires that r divides () a; —k1). The analog for the s(/) follows similarly. The forward
implication follows from Proposition 1.26.
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(b) We start by noting that (2-26) is equivalent to
23 ieray @i + (ki(T) + k12(T) = D(r —2)
> 2d; +
,
N 2% ieraybi + (k2(I) + k12(I') = (s —2)
s

By multiplying by rs, using that k1,(I") = 1, and subtracting rs(k1(I") + k2 (T")) from both sides, we

have that the above equation is equivalent to

(2-28) Z 2rsd; +2 Zsai —2ski(I)+2 Z rb;i —2rko(I') = 2rs|I|—2rs.

iel iel iel

(2-27)

iel

= 2|1+ k1(T') + ka2(T") + k12(T) = 3.

We then can divide by two and isolate sk (I") 4+ rk>(I") on one side of the equation to see

(2-29) sk1(T) +rk, () = Z rsd; + Zsai + Z rbi —rs|I|+rs
iel iel iel
=rs+ Z(rs(di —1) +sa; +rb;)
iel
=m(l,d). ]

Proposition 2.31(b) provides a combinatorial description on the level of graphs for when (2-26) holds,
and we will consequently have nontrivial enumerative invariants. We give the following definition for
such graphs:

Definition 2.32 Let / be a set of markings with twists (a;, b;),i € I, and d = (d;)jes € Zio a vector of
descendents. A smooth rooted connected graded (7, s)-graph I with I(I") C [ is balanced for d if /WIW
is nonempty and

rank Ep(d) = dim MY .

For J C I, denote by Balanced(J, d) the collection of connected rooted graphs with internal markings J
that are balanced for d. If instead T" is a disconnected smooth rooted (r, s)-graph, it is balanced for d if
all its connected components are balanced for d.

We also can define critical graphs, which will correspond to irreducible components of a codimension-
one boundary stratum of M(I)’Vkl ko 1.{(a; i)} that yield wall-crossing (see Theorem 5.9 and Section 5.3).
Recall the definition of a relevant graph given in Definition 1.57.

Definition 2.33 Let / be a set of internal markings and d = (d;);es € Zéo-

(1) A smooth connected relevant graded (r, s)-graph I with 7(I") € I and without fully twisted boundary
tails is critical for d if

(2-30) rank(Er(d)) = dim M} +1.
For J € I, we denote by Crit(J, d) the collection of critical graphs for d with internal markings J.
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(2) A (connected) graded graph A € oI, for I € Balanced(J, d), is a critical boundary graph if it has
a unique edge which is a boundary edge and after detaching this edge the graph is separated into two
vertices vg, v; such that vg € Crit(/(vo), d) and vy € Balanced(/(vy), d).

(3) A graded graph A € dI" where I" is balanced is a critical boundary graph if one connected component
is a critical boundary graph and the remaining components are balanced.

(4) If T is balanced, a graph A € T is an exchangeable critical boundary if A € 3P and A is a

critical boundary graph.

Notation 2.34 When d is the zero vector we do not add the phrase “for d” and omit d from the notation
of Crit and Balanced. We write

Criv(G 1.d) = | Crit(J.d), Crit(C I.d) = Crit(S 1. d) UCrit(1, d),
JCI

and similarly for Balanced(< 7, d) and Balanced(< 7, d).

Definition 2.35 A stratum M, in the moduli space Mt is relevant, critical etc. if the corresponding
graph A € dI' is.

Definition 2.36 With the same notation as in Definition 2.33(2), a top boundary for I € Balanced(/, d)
is a critical boundary of I" such that /(v{) = @.

Remark 2.37 We can rewrite (2-30) as an equation analogous to (2-27) in Proposition 2.31(b) as

szi + ZZiEI(F) aj + (fl(r)_ 1)(r—2) n 221'61(1") bi + (fz(r)— 1)(5—2)

iel

= 2|I| + k1 (T) + ko(T) — 2.

Example 2.38 Consider the LG model (x* + y>, 114 X j15). We consider the smooth connected rooted
graded W-spin graph I'; with 4 r-tails and two internal tails 7;, and 7, with twist vectors (2, 2) and (2, 3).
Then one can check that I'y is balanced for d = 0. See Figure 9, top left, where x denotes a root and r
denotes a (boundary) r-tail. Consider the boundary graph A as seen in Figure 9, top right. One can see
that the vertex v is balanced and v, is critical, so A is a critical boundary graph. Moreover, it is a top
boundary for I';.

Secondly, one can consider the smooth connected rooted graded W-spin graph I', in Figure 9, bottom
left, with five s-tails and two internal tails #;, and 7, with twist vectors (2, 2) and (2, 3). Then one can
check that I'; is balanced for d = 0. Moreover, the graph A, as seen in Figure 9, bottom right, is top
boundary for I'; in a similar way. One can notice that these are two instances where the same critical
graph appears in two distinct critical boundaries.

Indeed, the vertex v, has an r-point and an s-point. In A, the s-point is a boundary half-edge that
corresponds to a half-node in the corresponding W-spin disk. Meanwhile the roles of the boundary special
points reverse for A,.
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Figure 9: Balanced and critical boundary graphs from Example 2.38. Top left: the balanced
W -spin graph I'y. Top right: critical boundary graph A . Bottom left: balanced W-spin graph I'».
Bottom right: critical boundary graph A,.

Proposition 2.39 Let ' = g g, 4+1,k,+1,0,{(a; ,b;)};; D€ a smooth, connected graph. Then:
(@) k1 =r(I) (modr) and ko, = s(I) (mod s) if and only if the space /W?/ is nonempty.
(b) Assume that the space /Wp/ is nonempty. The equation sk1 + rk, = m(I,d) — rs holds if and only
if T is critical for d .
Proof This proof follows the same computations as in Proposition 2.31. a

Lastly, we can classify all balanced and critical graphs with a fixed set of internal markings J C I:

Notation 2.40 Suppose I' € Balanced(/, d). Using Notation 2.30, we have that

Zai =r(J)+4£r and Zbi =s(J)+Llas

ieJ ieJ
for some {1, £ € Zxo. Since I' is a smooth rooted graded graph I" with /(I") = J and balanced with
respectto d € Zéo’ one can compute using Proposition 2.31(b), that

(2-31) ki(T)y=r(J)+ pr and kz(F)zs(J)—i-(€1+€2—|J|+1+Zdj—p)s
jeJ
forsome 0 < p <+l —|J[+ 1+ ;c;dj. Taking N ;=L + L —|J|+1+3 ;c;d;j, we can
enumerate
Balanced(J,d) ={T'yo.....Tsp,.... Ty n},

where Iy , is the unique balanced graph above that has internal markings J and k1(I'y ) = r(J) + pr.
Similarly, suppose A € Crit(J, d). We can also compute using Proposition 2.39 that

2-32) ky(T)=r(N)+(p—Dr+1 and k(') =s(J)+ (51 +€2—|J|—p+1+2dj)s+l
jeJ
Geometry & Topology, Volume 30 (2026)
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for some 1 < p < N. Enumerate the set of critical graphs
Crit(J.d) ={Ay1,.... Ay N}

with the same N as above, where A ; , is the unique critical graph above with internal markings J and
ki(Agp)=r(/)+(p—Dr+1

2.5 Orientation

In this subsection, we describe the canonical relative orientation of the Witten bundle W over the various
moduli spaces considered here, as well as the properties of these orientations. For that, we need some
notation and background. We start by recalling the following.

Observation 2.41 If0 — A 25 B — C — 0 is an exact sequence of vector bundles, then there is a
canonical isomorphism

(2-33) det(A) ® det(C) =~ det(B)
given by

n m
(@ A Aan) @ (L A Aem) = [\ flan N\ e,
i=1 i=1
where {a; } are n := dim(A) elements of A, {c;} are m := dim(C) elements of C, and ¢/ is an arbitrary
element of B mapped to ¢;. This isomorphism induces, by writing the elements of C first, an isomorphism

(2-34) det(C) ® det(A) ~ det(B).

We will often use this observation in order to decompose orientations using a fibration structure. We
provide a few examples now:

Example 2.42 Let I" € arg" ,’clfb]ie‘i (@i b be a labeled (r, s)-graph consisting of two vertices v
and v, connected by a single edge e. Let N be the normal bundle of the inclusion (r : /WIW s

M?j klfblilzedl (@i bi)ien” We then have, using (2-34), the isomorphism of line bundles

17 W.labeled ~ oW
(2-35) (1 det(T Mo 70 b)) = 9et@V) ® det(T Mgap, (ry)-

where (1 is the inclusion map defined in (2-6).

Consider a point in the moduli space corresponding to ¥ = X1 Uy X5, with X; corresponding to the
vertex v;. Let T4 X; be the tangent line at the node ¢. The fiber of the normal line bundle N at ¥ can
be identified with the tensor product 7, %1 ® T4 X>. These two tangent lines are canonically oriented
complex lines when e is internal, and are orientable real lines invariant under complex conjugation when e
is boundary. In both cases, N carries a canonical orientation, where in the second case we use the
convention of orienting N by the outward-pointing normal.
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X1 X5

X4

X2

X3

Figure 10: An example of a graph I" with two open vertices sharing a boundary edge (left) and
its corresponding nodal disk from Notation 2.44 (right). The arrow on the left corresponds to
the unique ordering 7 of boundary markings by just following the arrow around (that is, 7 is the
ordering (tx, — tx, — tx3 —> lxy — Ixs)).

Example 2.43 Consider the forgetful map Forg ;4 : M};‘}}f}fil — M{i‘}f};’d that forgets the (/41)-st

internal marked point. Its fiber is a disk with / punctures, which carries a canonical (complex) orientation.
. . plabeled labeled

For k > 1, we can also consider the forgetful map Fory 4 & : /\/l(f" keJﬁl ;= ./\/l(f1 kele , which has a fiber

that is a union of open intervals, canonically oriented as a boundary of an oriented disk. We will denote

these canonical orientations by OForgl,, () & and OForcl, 5 (T respectively. Note that by Observation 2.41

this gives two potential decomposnlons of the orlentatlon Mg‘tflfd via the two different forgetful maps.

2.5.1 Background in rank one In [Buryak et al. 2022a], the authors constructed families of orientations
for the moduli space Mg, g, of marked disks and the Witten bundles over the r-spin moduli space
M (1)/ ;”lff}eiil. In this subsection, we will recall their results and the properties of these orientations.
We note that our orientations will depend on the cyclic ordering of the boundary markings, and hence
we will have to discuss each connected component of the moduli spaces individually. To do so, we
introduce the following notation. Let I be a genus-zero, anchored, prestable dual graph. This comes
with the set I of cychc orders. We denote by M?beled 7

cyclic order 7w € m. Similarly, if I" is a (pre)graded W-spin graph, then we will denote by M

the connected component whose disks have
;W labeled,
the connected component associated to the cyclic order 7. Note that if we want to consider the unlabeled
case, then there is a set of cyclic orderings that corresponds to the same connected component. Here, we
will continue to use the notation ./\7’12 and /WIKV 7 for the corresponding connected component (which
may be represented by multiple 7 € ﬁ).

Crucially, the families of orientations also must extend over the boundary in a way that is compatible
with the lower dimensional moduli spaces. One key case for this is when one has exactly one boundary
edge. We will now give the notation for this key case.

Notation 2.44 Let I' be a graph with two open vertices v; and vy, connected by an edge e. Suppose that
each vertex v; has internal tails /;, boundary tails B;, and a unique boundary half-edge h; which is part
of the edge e. Take B = By LI B> and I = I; U I, and assume that the marking functions m! and m®
are injective. See Figure 10.

We will also denote by v; the graph Iy, given by taking the subgraph of detach, I" which is the
connected component containing the vertex v;. We write v; for the graph Fory, (v;).
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We can construct an ordering 7 on B from the orderings m; on the two vertices v and v; in a unique
way. Intuitively, this is done by starting at /1 and following the arrow in Figure 10, left. Algorithmically,
it is done as follows.

For any ¥ € Mr, with normalization ¥ LI ¥, (where X; corresponds to v;), we have an ordering 7,
on the boundary half-edges, induced by the natural orientation on d%;. Using 7, we can define an
ordering 71 on the half-edges of v; by starting after the half-edge /1 and following the natural orientation
on 0X1, keeping /1 at the end of the ordering. Similarly, we denote by m, the ordering on the half-edges
of vy given by starting at /5 and following the natural orientation. We can restrict the orderings 7; to the
boundary tails by omitting the half-edges; in this case, we will still denote this ordering by ;.

Lastly, we will denote by 7 the unique ordering of B such that, for any ¥ € Mt as above,

¢ under 7, the marked points of 3 appear before those of X;;
e when 7 is restricted to the marked points of ¥;, it agrees with the ordering 7; on the boundary tails.
Denote by 7 a cyclic ordering on B induced by 7.

- . . o - .
We now define and then construct families of orientations {00’ B, 7+ and {003 B ai}iel} on the moduli

—labeled, 1/ r,labeled, 7

spaces M, p and the Witten bundle over Mo, Bia;bies respectively.

Definition 2.45 (i) A family of orientations {Eg, B, 7+ on the moduli spaces ./Wg‘})glf}d’” consists of the

data of an orientation 0§ 5 ; on Mg’lb;l‘}d’” for each tuple (B, I, , ) where |B| + 2|I| > 3. Here, each
tuple (B, I, 7, ) consists of B a set of boundary marked points, I a set of internal marked points, 7 a
cyclic ordering of B, and 7 an ordering of B that induces 7.

.. . . . e . 7 1/r,labeled, @
(i) A family of orientations {OO,B,{ai}iez} on the Witten bundles W — MO,B,{ai}[el

space of r-spin disks consists of the data of an orientation of (a;te; ON the Witten bundle over the
_ ~ s & 1S5

moduli space ./\/l(l)/ gl?zel}eif of r-spin disks, for each tuple (B, {a;};er, w, @) where |B| +2|I| > 3. Here,

s & 151

each tuple (B, {a;j}ier, 7w, m) consists of B the set of boundary marked points, {a;} the set of twists on

over the moduli

the |7| internal marked points, 7 a cyclic ordering of the boundary marked points, and 7 an ordering
of B that induces 7.

Lemma 2.46 There exists a unique family of orientations {66” B 7+ for the spaces /ngbgl";d’” with the

following properties:

(1) In the zero-dimensional case where k = | = 1, the orientation is positive, while when k = 3 and [ =0,

the orientations are negative.
() If fB:B— B’ and f!:1 — I’ are bijections and F : Mbeled _ Aabeled, is the induced map, then

~ ~ B . . . .
oo =F *0({ B?J;/' In particular, the action of any g € Sym(I) preserves the orientation on M2b¢led

0,B,1"
(3) Fix an integer h, and let = be an order of B, g € Sym(B) be such that g sends X ;) 0 Xx(;+h)
cyclically. Then g preserves the orientation of /ngb;leld’” if and only if h(|B| — 1) is even.

k4
0,k,l+1

./\71(‘;‘3?1?11 — ./Wloat;fl?d and the complex orientation on the fiber. (See Example 2.43 for the forgetful map.)

(4) The orientation 0 agrees with the orientation induced from ﬁg’ k.l by the fibration Forg ;4 :
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—labeled,(1—>2—>—>k+1—>1) ~(1>2—>w—k+1) * ~(1>2—>—k)
(5) On Mg 7] . we have o, " = OForcl| (%) ® For 11 5% k.1 ‘

(6) LetI' be a graph with injective boundary marking, two open vertices, v, and vy, connected by an
edge e, as in Notation 2.44. We have
det(TM‘;}’;‘;dﬁ)Wr = det(N) ® det(Tfp,) ® (det(T My ) B det(T My,)).

where N is the normal bundle and T fy,, is the tangent bundle of the fiber of the map which forgets the
tail hy (see Example 2.42). If we write oy for the canonical orientation of N and oy, for the canonical
orientation of Tfy, described above, then

*x~m _ (_ 1\(B1|-1)|B2| ~T] ~T>
tpo” = (—1) ON ®op, ® (04, ; K °0,{h2}u32,12)'

Moreover, using Item (5), this equation can also be written as

* e (IB1|-1)|B2| 571 2
lro- = (=D Zon ® (OO,BlU{hl}Jl = 00,{h2}U32,12)'

(7) LetT be a connected graph with injective boundary marking, two vertices, an open vertex v° and a
closed vertex v¢. We have

det(T Mr) = det(N) ® (det(T Myc) R det(T Myo)),
where N is again the normal bundle. Then, for any order r,
(2-36) (167 =on ® (670 W ye),
where o and 0yc are the canonical complex orientations.

Proof Parts (1), (3), (4), (5) are parts (1), (2), (3), and (4) of Proposition 3.12 of [Buryak et al. 2022a]. Part
(2) corresponds to the covariant property (Definition 3.11 of loc. cit.) for the unique family of orientations
constructed there. Lastly, parts (6) and (7) are Lemma 3.15(1) and (2) of loc. cit., respectively. O

Remark 2.47 To clean up notation, we will often instead use restriction notation | g7,. to denote pulling
back under an inclusion map (r, viewing the moduli space Mr as a boundary strata of Mgmr. For
example, in (2-36) above, we write 0™ | 7. instead of ([.0".
We now turn to the family of orientations of the Witten bundles.

. . . . . —1/r,labeled,w
Lemma 2.48 There exists a family of orientations og’ Biaj}ie, for the Witten bundles W — ./\/10’ BAa;}ics
with the following properties:
(1) The orientation is positive if the rank is 0 and I is nonempty (|B| = |I| =1, a; = 0).
(2) Assume f8:B — B’ and f!:1 — I’ are bijections and

F:(W— Ml/r,labeled) SOV Ml/r,labeled)

0,B,I 0,B’,I
. . . . P _ px fBom .
is tl.le induced map, lifted to the Witten bun.dle. Th(?n 00.B.4a;}ie, = F' 00,_3’,{05?},@' : In part1cu1.ar, the
action of any element g € Sym(/) permuting the internal marked points is orientation preserving for
—1/r,labeled
W—> Mg .
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(3) Fix an integer h. Let r be an order of B. Take g € Sym(B) so that g sends X (;) t0 X (; 4-p) cyclically.
The action of g on the Witten bundle preserves the orientation of p (aitie; of W — /W(l)/ ;’I;beled’” if and

only it h(|B| —1) is even.

(4) Let I' be a graded r-spin graph, whose underlying prestable dual graph is that in Notation 2.44.
Assume that tw(h1) = alt(h1) = 0 and recall that v is the vertex obtained when one takes vy and forgets
the half-edge hy. Then o™ agrees with og,lBl X Ug,z{hz}u Bo.l» under the isomorphism

det(Wr) = det(Wy,) X det(Wh,) = Forj, det(Wy; ) B det(Wy, ).

(5) LetT be a connected graph with injective boundary markings, two vertices, an open vertex v°, whose
tails are cyclically ordered by 7, and a closed vertex v¢. Then for any order &= whose induced cyclic order
is 7, the pull-back orientation (J.0™ on the Witten bundle agrees with o, X oyc under the isomorphism

det(Wr) = Detach™ (det(Wyo) X det(Wye)).

Proof Item (1) is induced by the choice given in Definition 5.10 in [Buryak et al. 2022a]. Item (2) is
Theorem 5.2(i) of loc. cit. Item (3) is Lemma 5.6 of loc. cit. Item (4) is Lemma 5.13 and the discussion
above it in loc. cit. Lastly, Item (5) is Lemma 5.14 of loc. cit. Here, in Item (5), we note that we have
used Observation 2.41: in case e is Neveu—Schwarz, the Witten bundle decomposes as a direct sum by
Proposition 2.14(i), but when e is Ramond, we use Proposition 2.14(iii) along with Observation 2.41 in
order to write ([.0" = o0, X 0yc. O

Remark 2.49 In fact, there are precisely two families {of 5 aidies } {02)” B.ia;}

the Witten bundle which satisfy Lemma 2.48. They are related by (—1)|B|_log Blajties = 05 B aities”

In [Buryak et al. 2022a, Section 5], the family of orientations 0" under which (r&az)l/ "0 =1 was

[} of orientations of
(S
7

chosen, and we continue with this choice.

We require another useful result concerning the induced orientations on the boundary that involves
changing the cyclic ordering of the boundary marked points.

Corollary 2.50 Suppose I' is an r-spin boundary graph as described in Notation 2.44, using the unique
ordering 7 stated there. Assume further that tw(h1) = alt(h;) = 0. Let 7’ be a different ordering given by
shifting w by m steps, i.e., 7'(i) = m(m +i (mod |B|)).

(1) If 0 <m < | By|, then

(2-37) 6" |wp = () IBIEDIBmIB o v 2 04 @ (51, 1, B0 308,.0.):
) _ _ ) 7l
(2-38) 0]‘[ |MF — (_1)(|Bl| 1)|32|+m(|B2| l)oN ® (UO’I{hl}UBl,Il x OO,Z{hz}Ustlz)’
, . B T[/ n,/
(2-39) 0" = (- 2'00331,,1 RHCTT

(2) If |B1| <m < |B], then
L (1B1|-1) .75 il
o = (_1)m : Uo,z{hz}UBz,Iz Xl 00,115’1,11'
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Moreover, if m = |By| so ) is the cyclic order that takes h to be the last tail, then
’ 4

7T T
(2-40) 0" = Oszu{hz} n X "0,131,11'

Proof First, we consider the case where 0 < m < |B1|. We define 7| as the order of B induced by
restricting 7', meaning 7] (i) = 71 (m+i (mod | B1|)). Note that the order of B, induced by restricting 7’
stays the same, i.e., 75 = m». By applying Lemma 2.46(3) and (6),

(2-41) 6% |y = (=1)mUBI=DEm|

= ()" EEEN TR0y @ 0y, @ (55, 1, B ,308,,1,)

’

— ~TT ~
— (_1)(|Bll 1)|le+m|32|0N Rop, ® (00"31311 X 00,2{h2}UBz,12)'

If we want to instead replace op,, ® 00 Bi.I with 0 00 i }u B1 , we have the analogous computation but
using the last line of Lemma 2.46(6) and the fact that o 00 BT = = (—1)mIB 1|00 BiUtL In this
fashion, we obtain (2-38). Similarly, we apply Lemma 2.48(3) and (4) to obtain the equation

/

_ m|Ba| |7
= (=D °o B X °o Ah2YUB»,Ir"
Next, we consider the case |B1| < m < |B|. Here, we can see that the induced order on B; is the
same, i.e., 7] = m1; however, we compute that 75 (i) = 72(i +m + 1 —|Bq| (mod |B>| + 1)). By

Lemma 2.48(3), we then have, using the new orderings,

o = (—=1)mUBI=Dgr. 0 — (_1)(1+m+\31|)|32|0ﬂ2.

Recall that, by using Observation 2.26, we can see that the parities of the rank of the bundles Wv/l and W,
are |B1| — 1 and | B, |, respectively. We then can see that, by using Lemma 2.48(4),

(2-42) o™ = (—1)mUBI=D g7

_ (IB|-1) &
= (~1)™(BI=Dg B L IZOo {hz}UBz,Iz

= (—1ym(BI~ 1)+(1+m+|31|)|32|o T Bop

I, 0,{h2}UB>,1>

— (_1yn(Bil=D T i
=D O0,tha3uBa. 1> B %.5,.1,- O
2.5.2 Orientations in rank two We now turn to the rank-two case to develop a family of orientations

on /\7}1‘/ for graded graphs I' and W = x” + y*.

Notation 2.51 Let 7 be an ordering of the boundary markings B = B1LI B> LI By, where B (resp. B>, B12)
is the set of boundary r-tails (resp. boundary s-tails, fully twisted tails). Write 7 for the induced cyclic
order. We write x1,...,xg, and y1,..., yk, for the boundary marked points on a disk with twists
(r—2,0) and (0, s — 2), respectively. Let

N(m) =#{(x;, y;) | the s-point y; precedes the r-point x; in the m-order}.
Denote by 7|, the restriction of 7 to B1 Ul Byz, and by 7|5 the restriction to B, LI Bys.
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Given a rooted connected smooth graded graph I' and a cyclic ordering 7 € ﬁr, let 75 be the unique
ordering of boundary tails which starts from the root and induces 7. Equivalently, on the level of a disk
in the moduli space, this is the order of markings along the orientation of the boundary, starting from the
root.

Definition 2.52 Given a smooth graded graph I" with bijective boundary marking, a cyclic order 7 € ﬁr,
and an order  which induces the cyclic order 77, we define the orientation

6f = (~)V™5",

on the underlying moduli space of disks Mllilbeled’ﬁ, where N(7r) is defined in Notation 2.51. Recall that,
by Observation 2.12, we have an isomorphism of vector bundles, over MY
Wy =~ For ;o W),

where Forg,in1 : /WIKV — /Wll{ " is as defined in Definition 2.9, with the graph I'; = forspin7é1(F).

The ordering given by the restriction of 7 to unforgotten tails, denoted by 7|, as seen in Notation 2.51,

induces an orientation ogl’ on Wi - M 11/r " given in Lemma 2.48. We then use the isomorphism of vector

bundles under Forgpi, -+ to pull back this orientation to obtain the orientation on the bundle W; — M IIiV ,

which we will denote by of" = oflli . Define o?'s = oflli similarly for W,. Finally, we can combine

these three orientations to obtain a relative orientation
0% =0T ® o I @ oTls,

of the full Witten bundle W, or equivalently an orientation on the total space of W — M IW .

__ 1 labeled 1
When I = T'o %, 1t bi)yie, s WE Write

A grStd std

o am a
00,k1.k2,1,{(a;.b))}ier = OT > ©Q0k1,k2,1.{(a;.bi)}ier = OT -

s js the order of markings along the orientation of

— Flabeled
0,k1+1,k2+1,0,{(a;,b;i)}icr’

where, on each connected component of the moduli,
the boundary, starting from the root as defined in Notation 2.51. When I
we write

A _ A _ 7
00,k1+1,k2+1,0,{(a;,bi)}icr = OT>  C0.k1+1k2+1,0,{(a; .bi)}ier = OT>
where 7 is an arbitrary order which agrees with the cyclic order of the points.

This latter orientation a priori depends on the choice of &, but we have the following proposition.

Proposition 2.53 Suppose T" is a graph that can be written either in the form I‘g’i"llegz Vi@ bi)ies

labeled
r [ .
OF L 0,ky+1,ka+1,0,{(ai,bi)}ies

(1) The relative orientation 0g ., +1,k>+1,0,{(a; ,b;)};; 1S independent of the choice of .

(2) If we change the roles of the r- and s-bundles in the definitions of 6 and o then the orientations
00,41+ 1.ka+1.0.{(ar by)}re; changes by (=1)1+2+1 while 00 i, jey 1.(ar.by)y;e, does not change.
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(3) The relative orientations

00,k k2,1,8(ai bi)}ic; AN 00.k;+1,ky+1,0,{(a;bi)}ics

descend to relative orientations of the Witten bundles over the unlabeled moduli spaces

AW W
Mok kot f@ibdier D Mok 41 k41,0, b)ies

. . A . . _W
(4) The orientation 0¢ k, k-,1,{(a;,b;)};c; d€Scends to an orientation OfMo,kl Jeo 1 {(as b )hies

Proof (1) Consider the case I' = I’(’;” Ky 1.2 +1.0.4(a; bi)bics Change 7 to the ordering 7" which induces
the same cyclic order but moves the first point of & to the end. Then, if the first point is an r-point, we
have the following changes: & changes by (—1)K1T%2+1 by Lemma 2.46(3), N(') = N(x) + k» + 1,
and o™'Ir = (=D)k107lr and o™'ls = o7ls, by Lemma 2.48(3). Thus, o does not change. Similar analysis

shows it does not change if the w-first point is an s-point.

(2) Changing the roles of r and s changes N() to (k1 + 1)(k2 + 1) — N(;r) and we can compute that
swapping W;, Wy adds a sign of k1k, as well using (2-23). Thus, we have that the relative orientation

In the case where I' = ngkl,kZ,l,{(ai:bi)}ie]’ exchanging the roles of r and s changes N(x) to
k1ko — N () and swapping W,, Wy adds a sign of k1k, as well. Thus, the total expression does not
change.

(3) and (4) Let G be the group of automorphisms of the boundary labelings B which preserve twists.
Then from Lemmas 2.46(2) and 2.48(2), it follows that G preserves the orientations on the bundles

— W labeled — W labeled .
W = Mojot@ibier M9 = Mok 10,4 biyie,e @14 also on the moduli space
Mo, ko1 {(as bi)hics Thus, the orientations descend to the quotients by G. O

In light of the previous proposition, we may define:

Definition 2.54 We will denote by 0¢ i, k»,1,{(a;,b;)}ic; @ 00 &y +1,k>+1,0,{(a; ,b;)};<; the relative ori-
entations induced on the Witten bundles over the unlabeled moduli spaces M7 s, and
O,kl ak2a17{(al 7bl )}l el

MY
" 0k1+1k2+1,0,{(a;bi)Yier _
00,k;,ka,1,{(a;,b;)}ic; alsO the induced orientation on M(I;I,/klakzsl,{(ai,bi)}ie] and call it the canonical

respectively and call them the canonical relative orientations. Denote by

. . w . :
orientation of MO,kl,kz,l, (i bi)licr If T is a smooth rooted graded (r, s)-graph, or a smooth graded
(r, s)-graph with at most one unrooted component we define the canonical relative orientation

or = IzAEConn(I’)OA-

Observe that or is well defined with respect to the order of connected components. Indeed, we can
compute that the dimension of the total space of the Witten bundle over a smooth rooted graded W-spin
disk is even by using (2-23) and the fact that the moduli space has dimension k1 + k5 + k12 + 1 (mod 2).

The key point of this definition is that it constructs relative orientations for moduli spaces associated to
balanced graphs and to critical graphs.
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2.5.3 Behavior of the canonical orientations at the boundary strata Consider a graded W-spin graph

that can be written in the form T'Y, . w. . We now describe the behavior of the canonical
Oakl 7k2313{(a1 ﬁbl )}l el

relative orientations for the following degenerations of the smooth graph:

e The graphs A € BF&/ Ky ko1 4@ bi)bies with two vertices and a single internal edge.

e The graphs A € 8°X°hangeF(§’V Ky ko1 {(@r bi)bics with two vertices.
3 ) ] 1>Y1 1

e The graphs A € BOF(I;Vkl ko1 {(ai bi)hics with two vertices and a single boundary edge, where the
half-node / that is adjacent to the rooted vertex is not fully twisted.

Understanding the orientation at these boundaries will be necessary to prove the subsequent results for
topological recursion and wall-crossing for open FJIRW invariants.
First, consider the boundary graphs that have a single internal edge and no boundary edges.

Corollary 2.55 Let A € BI’ngl Ko 1.{(a; b ey be a graded (r, s)-graph with two vertices, v{ and v.
Assume that vy is open and v, is closed. Then, under the identification

Ch det(T My o1t b)) = 4et(N) @ (det(TMP)) R det(T M),

we have

(2-43) LAOO k1 a1 {(ai b)) ies = ON ® (0v, Koy,),

where oy, , 0y, are the orientations on the total space associated to the two vertices, 0, is the standard
complex one.

Proof This is a direct consequence of the behavior under internal degenerations of 0, 0,, 05 described in
Lemmas 2.46(7) and 2.48(5). O

Next, we consider the case where A € 9%M¢°T" js a graded W-spin graph. We will use the setup
where the underlying dual graph of A is that of I' as described in Notation 2.44. Assume further that
the vertex v, is the exchangeable vertex. Recall from Definition 1.54 that there exists another graph
A’ := exchange(A) € 0%Pae°T" found by swapping the 7- and s-points adjacent to v,.

Moreover, for any W-spin curve C representing a point in /\7}’{/ there exists a W-spin curve C’
representing a point in /W% so that C ~Exchange C " where ~Exchange 18 as defined in Definition 1.36.
Hence we can define the map

(2-44) Exchange, : MY — MY,

given by taking the point represented by C to the point represented by C’.

Proposition 2.56 Suppose I" is a graph that can be written as I’gV ,;llabls‘fci (@ bi)hies” Let A, A’ € goxchange

so that A ~Exchange A’ and both have exactly one boundary edge. Then Exchange,, : MK/ — /WK/, reverses
the orientation or when restricted to the boundary strata /WK/ and JW% ie.,

’yor = —Exchangej iy or.
This orientation reversing isomorphism descends to the unlabeled moduli spaces.
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Proof Without loss of generality, we may assume that A has a single cyclic order 7 of its vertices.
Let 7/ be the corresponding cyclic order on the boundary tails of A’. Recall the definition of standard
std)/

orderings from Notation 2.51 and let 7% and (7 be the standard orderings of boundary tails which

lift the cyclic orderings 7 and 7’. Note that, just like everything else in this case, these orderings differ
by transposing an r-tail and an s-tail.

~std o

Note that the orientations induced by 0" 5 on the boundary components MY, /WK/, are the
same, by applying Lemma 2.46(6) and then using 2.46(1) in either case. Moreover, the orientations
of the r-spin and s-spin Witten bundles ignore the relative order of the r-points and s-points as they
forget one or the other. As N(7*9) = N((7*)’) + 1 (mod 2), the identification Exchange, takes the
orientation 57" to —p"’, implying the result. The descent to the unlabeled moduli space follows from
Proposition 2.53(3). |

Lastly, consider the boundary graphs that have no internal edges and a single boundary edge.

Notation 2.57 For an open vertex v in a graded graph I', we write
Ki(v) =k1(v) +k12(v) =1, Kz(v) =ka(v) +k12(v)— L.
Note that K;(v) and K5 (v) include half-nodes.

Theorem 2.58 Let A € 8Fgf/ klfb]ie‘i (@i bi)lier be a graded (r, s)-graph where the underlying dual graph

is as in Notation 2.44. Suppose that the vertex v; contains the root and that the sets ﬁvi contain all cyclic
orderings for both vertices v;. Take tp as in Definition 2.6.

(1) Suppose that h; is tully twisted and consequently tw(h{) = alt(h1) = (0,0). Then
LAOO K1 ks, 1{(ai bi)bic; = ON ® Opy ® Frr (04 Koy,),
where
FA :/WIW —>/WK1/ XMXZ %MZXMZ
is the composed map Fp := Forp, oDetach, and oy and oy, are the orientations of the bundles N
and Tfp, , respectively, as in Lemma 2.46(6).

(2) Suppose that h, is singly twisted (and consequently so is hy).
(a) If hy is an r-point, then
(2-45) LAO0K a1 Aar b)bies = (—DF20on ® (04, Koy,).
(b) Ifhy is an s-point, then
(2-46) CAO0ky ko Lt(ar bhics = (D202 lon @ (0, Koy,).
We note that in the statement of this theorem, we use the identification
(2-47) QW =Fy (in EHWy,).
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Proof For the proofs below, we use some new notation. First, recall Definition 2.52. For any A, we write

T JT|t 7T|s
0r,s,A ® 0

We have (suppressing the subscript I everywhere)
"= ®@of, = ()N @ of

Proof of (1) Consider first the connected component M of MK/ with the property that for any 3 € M, the
root directly follows the node x, with respect to the cyclic order of boundary points on its v{-component.
In this case, the ordering 7% from Notation 2.51 coincides with the ordering 7 given in Notation 2.44.

By Lemma 2.48(4) applied to the two Witten bundles separately, (noting that the cyclic order in that
lemma coincides with the one used here because of the location of the root), we have

nsld|r
r

Std|x . nstdls

”i‘dlr w2lr T 1 mals
=0,  Xoy?", oy og  Xog?2l,

where n d s the restriction of 7% to the tails of U1 as in Lemma 2.48 and T2 is the restriction of 75 to the

St|

tails of v, and extending by adding /5 in the beginning. We denote by 0,' " the orientation of the r-Witten

std

bundle over MgV which corresponds to the order 77" and denote the other orientations similarly. Thus

| w3 | y
oy =o' "Rl Koyl ¥ Kol = (—1)%0;! r&osl PR o2l ) o2l = (—1)%0 r;U Xo72 .

where a = rank(Wy, ) rank(Wy, s) = K1(v2)K2(v1) (mod 2).
Similarly, by Lemma 2.46(6),

std

| = (—)oy @op, ® @ W), b= (Ki(v1) + Ka))(K1(v2) + K2(02).

where n“d is the standard order for the vertex v{ and > is the induced order of boundary markings on
the vertex v, as in Notation 2.44, starting from /,. We remark that 7, = né‘d, as h» is a root for vy in
the detaching in this case.

In addition,

N@") = N3 4+ N(ma) +¢, ¢ = Ki(v2)Ka(v1).
In this special case, c = a mod 2. We then see that on the Witten bundle over M the orientation is
= ()N @ oF
— (—)NEIHaTb (o0 Qo © 5 ’E 5672) ® (o sd o™ )

_ ( I)N(nS‘d)+a+b+b0N ®0h1 ® (0 ; ®o0 i )[Z (Oﬂz ® 02 )
V1

7,s, v 78,02
std sl s[d
= (- 1)(N(TL’1 )+N(n2)+a)+a0N Rop, ® G ;1 ®o0 ; ) X (0”2 ® 07:% Uz)

L ((—1>N<”2> 2 ®0T,,)

7,8,V 7,8,U2

=on ®op, ® ()N )5:;1 ®o0
std

=oN ®op, ®0,) Hol2.
U]

sld
Note the additional (—1)? in the third line came from swapping 0y> and or; v
1
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We now tackle the general case. Consider a component M of MK/ where, for any X € M, if we follow
the cyclic order of the boundary points on its vi-component from the node xj, to the root, then we pass
through m, boundary points of twist (r —2,0) and m5 of twist (0, s —2).12 Now use Corollary 2.50(1)
to compute how a and b change with respect to this new ordering. Here, we see that a changes by
K1(va)my + Kz (v2)my by (2-39), after applying it to both spin bundles. The value of b changes by
(m1 +m32)(K1(v2) + K2(v2)) by (2-37). Finally, ¢ changes by m» K1 (v2) + m1 K2 (v2) by examining
N (7%9) with the shifted position of the root. Combining these alterations of the constants, we see that
there is no change of sign. |

Proof of (2a) As before, consider first the component M of MK with the property that, for any
> € M, the root directly follows the node xj, with respect to the cyclic order of boundary points on its
v1-component. Again, the standard ordering 7% coincides with the ordering 7 given in Notation 2.44.
We write nltd for the standard ordering on the half-edges of vy, starting from the root, and 7, for the
ordering of the half-edges of v, which extends the orientation on tails by putting /5 first.

. . ﬂsld | ,
For the orientation o}

, we apply Lemma 2.48(4) in order to decompose the orientation into a tensor
St

product of the orientations OZ{,I and oy %, ; however, to apply the lemma, we must swap the roles of vy

and v, since the twist at s5 is (0, s — 2), requiring some care with the cyclic orderings. By (2-40) in

Corollary 2.50(2), we get that
nstd|r

n,s(d|
— 11r 2y
; =0, Xoy?".

We can dlrectly apply Lemma 2.48(4) for the s-spin Witten bundles, which gives the decomposition

std
o ls = ofl s X olef. Putting this all together, we obtain
(2-48) o’rf,id = ]rT] “Ir < 0JTzlr gom s X onzls = (=1)%, il Xo ”1 s gonzlr |Z|0n2|g

where a := K1 (v2) K> (v1).
Secondly, by Lemma 2.46(6), we have that
st sl
(2-49) & v = (=DPoy @ Gy} ®E2). b= (Ki(v1)+ Ka(v1) + 1)(K1(v2) + K2(v2) + 1).

We remark that we include the half-edge /5 in the count K5 (v2), and the half-edge /1 in K (v1); however,
the sets By and B> in the statement of the lemma do not include half-edges.
Thirdly, we decompose N (*'%) into summands again:

N@Y) = N3 + N(mp) + ¢, ¢ := K1 (v2)(K2(vy) — 1) — 1.

Indeed, we find ¢ in the following way. Note that the r-point &; added at the end of ns‘d adds K»(v1)
such pairs in the vertex vy, the s-point /5 at the beginning of 7, adds k1 (v2) = K1 (v2) + 1 such pairs in
the vertex v, and that there are K»(v1)(K;(v2) + 1) pairs where the s-point is in vy and the r-point is
in v,. Putting together, we compute ¢ = —K>(v;) — K1 (v2) — 1 + Kz (v1)(K1(v2) + 1).

12For our hypothesis in this case to continue to hold, the root must stay in vertex vy.
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Finally, we obtain that

T _ (_I)N(T[

std std std
o 4 T
5 @ o,

std
= (= 1)N(ﬂ )+a+b(0N ® le B ozrz) ® (Urs o X 0rs v2)

= (- I)N(n““’)+a+b+(K1(U1)+K2(U1))(K1(v2)+K2(v2)+1)0N ® (lel ® Urs vl) X (Oivrz ® Ors o)
2 2

=(— 1)(N(ﬂ“d)+N(7T2)+C)+a+b+(K1 () +K2(v1))(Ky (v2)+K2(vz)+1)

..7'[1

& (ovl 029 0rs vl) X (0322 ® 0rs vz)
_ (_1)a+b+c+(K1 (v1)+K2(v1))(K1(v2)+K2(v2)+1)

td) 7'[1

® ()N @ ol YR (—1)VE)5 02 ®072 )
std
= (—)K2)py @0yl K 032,

We now consider the general choice of component M of MK As we did in the proof of Item (1),
consider a component M of MK/ where, for any X € M, if we follow the cyclic order of the boundary
points on its vi-component from the node xj, to the root, then we pass through m; boundary points of
twist (r —2,0) and m, of twist (0, s —2). We may now use Corollary 2.50 twice in order to understand
the analogous version of (2-48). First, considering the r-spin bundle, note that the roles of the two vertices
are reversed since the 41 in our context has nontrivial twist, so we are in the case of Corollary 2.50(2)
with m = m; + |B;|. Here, B; defined in Corollary 2.50 in the current context is the set of boundary
marked points (excluding half-nodes) on v, with nontrivial twist twy. As |B1| = K1(v2) + 1, the sign
changes by (m1 + K1(v2) + 1)K1(v2). For the s-spin bundle, the roles of the two vertices are the same
in both contexts, so we can straightforwardly apply Corollary 2.50(1) with m = m5 and | B;| = K2 (v3).
So we have that the change in a from that stated in (2-48) is given by

(m1 + Kq1(v2) + 1) K1 (v2) +m2K2(v2).

Next, we provide the analogous analysis for b in (2-49). Here, we apply (2-38) with m = m + m5 and
|B2| = K1(v2) + K2(v2) + 1 to obtain that » changes by

(my + m2)(K1(v2) + K2(v2)).
Lastly, we compute ¢ by recomputing the discrepancy between N (%) and N (nitd) + N(mp). There
are four different cases where one or the other counts a pair but the other quantity does not:

(1) When an s-tail of v; is after the root but before the half-edge, then we need to count the pairs
of that s-tail and any r-tail in v,. This is counted in N(7*9) but not in N(r"%) + N(7r2). There are
(K2(v1) —m2)(K1(vz) + 1) such pairs.

(2) When an r-tail of v; is after the half-edge, then we need to count the pairs with that r-tail and any
s-tail in v,. Again, this is counted in N (7*9) but not in N (nf‘d) + N(mp). There are m; K> (v2) such

pairs.
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(3) When we take the half-edge /7 and take any s-tail in v; that is before the half-edge and after the root.
This is counted in N(nitd) + N(72) but not in N (7). There are (K5 (v1) —m2) such pairs.

(4) When we take the half-edge 4, and any r-tail in v,, we get a contribution as 75 starts at the half-edge.
This is counted in N (ni‘d) + N(m2) but not in N (r*'¢). There are (K (v2) + 1) such pairs.

This computes that
¢ = (Ka(v1) —m2)(K1(v2) + 1) + m1 K2(v2) — (K2(v1) —m2) — (K1 (v2) + 1),
so ¢ changes by
—ma(K1(v2) + 1) + mi1K2(v2) +m2 = —m2 K1 (v2) + mi Ka(v2).

Combining all these changes, we therefore get that the changes of a, b and ¢ cancel out modulo 2, so the
sign does not change. |

Proof of (2b) Suppose now that I is as described in (2b). Denote by Olo,kl 1 kot 1.0.4(as b )i and

06 Ky Kol £(ay b bics the relative orientations of the Witten bundles with the roles of r and s interchanged.
’ s L] 1% 1

By Proposition 2.53, we have that Oi),kl,kZ,lz{(ai;b[)}iel = 00k, k,1,{(a; ,b;)};<;» and hence 0{“ = Oy, -
Secondly, by the same proposition, we have that

— (_1)k1 +ko+1

/
00.k1+1,ka+1,0,{(a; ,b;)}ics 00,k1+1,k2+1,0,{(a;,bi)}ier>

and hence 0y, = (-nHK (”2)+K2(”2)+10;)2. By symmetry we would get, using the previous case, that
* / _ Ki(v2) ./ / /
L0y 41,k +1,0,{(ar,b)}iey = (D7 oy ® (0, B0y,).

Putting together, we obtain (2-46). a

3 Boundary conditions and intersection numbers

In this section, we will define open intersection numbers associated to W-spin disks in the case of
W = x" + y%. They will be defined as counts of zeros of multisections of the Witten bundle on an open
subset of our moduli spaces ./W?’ satisfying certain boundary conditions, which we shall now explain.
3.1 Boundary strata and intervals
Notation 3.1 For an open graded graph I", we define P M to be the orbifold
P = MY \ ( U WAV),
A €T such that

HH(A)#2

where H T (A), as defined in Definition 1.53, is the set of half-edges / of the graph A such that either
or 01 (h) is positive for the i-th grading for some i.
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Recall the subset of graphs 01T, 9°T" and 0%*°"a¢°T" and the relation ~exchange, from Definitions 1.54
and 1.56.

Definition 3.2 Set o .
otMpy = ) MY cMY,

AedtT
0 W _ w w4
My = ) MY M,
AedoT
Exchange y W __ w w4
3 My = |J M{cMm{.
A e gexchange”

Note that PMrp = ./\71111/ \ 8+/\71VY and that 0P Mrp = 80/\7{11 U E)E"Cha“ge./ﬁ{y . Indeed, for MK/ to lie
in IM IKV , it must either have a contracted boundary edge or a boundary edge, so A must be contained in
the union 8+/\71W U BOMIW U 8EX°ha“g°/\71W If 8+/WIW is nonempty, then PMr is not compact.

Definition 3.3 Define
PMr :=PMr \ dPMr.

Note that even if I" is smooth, there may be points of PMr corresponding to singular W-spin curves
with internal nodes.

w

Example 3.4 For the cases where I' = T’ with m; <r—1, my <s—1, and

ry rl we now show that BOFoflémz’l’{(ml’mZ)},
0,r,0,1,2° * 0,0,5,1,0° :

Consider the case where I' = F(I))E/r,o,l, &~ Suppose that A € d°T". Note that A cannot have any closed
vertices since there are no internal marked points. Thus if e is an edge in A then sm, A € 3°T U {T"}. So,
it suffices to show that there are no A € d°T such that A has exactly two vertices. If such a A exists,
then note that one of the two vertices must have the root, which we call v;. Using (2-22) and (2-23) in

the same manner we did in Proposition 2.31(a), we can see that
ki(v1) +ki2(v1) —1=r((v1)) =0 (modr).
That is, there must be either 1 or r + 1 boundary half-edges on the vertex v so that (twy, alt;) = (r—2, 1).
Thus, the vertex v, contains at most r r-points and one boundary half-edge. Hence there are three cases:
(i) vy has r r-points and the half-edge does not have the r-twisting,
(i1) vy has r — 1 r-points and the half-edge does have the r-twisting, or
(iii) v has no r-points and the half-edge does not have the r-twisting.

However, none of these cases will have two stable vertices, and hence d°T" = @. Similarly, we have the
analogous result for I' = I'(‘;VO s 1.0

Now consider the case I' = T As before, suppose that there exists a A € 3°T" with

Osml stals{(ml 7m2)}‘
exactly two vertices. Let v be the vertex containing the root. Note that, as before using (2-22) and (2-23),

k1(vi) +k12(vi)—1=r(v;)) (modr), ka(vi) +k12(vi) —1=s((v;)) (mods).
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If I(vy) =@ then k1(v1) + k12(v1) =1 (mod r) and k5 (v1) + k12(v1) =1 (mod s). Since mq <r —1
and m, < s — 1, we must then have that k1 (v1) = k2(v1) = 0. However, this implies that the vertex vy is
not stable, and hence A is not a boundary graph. Thus v; must have the internal marking. In this case,
however, we then have that k1(v{) +k12(v1)—1=my (mod r) and k5 (v1) +k12(vi)—1=m, (mod s).
We then have exactly one case that has two stable vertices, which is that of an exchangeable graph.

3.1.1 The base We now introduce one of the key concepts of this paper, the base of a graph. This
allows for the inductive structure of boundary conditions for the canonical multisections to be introduced
in Section 3.2.

Definition 3.5 Let I" be a graded graph. We take £°(T") to be the set of boundary edges such that for
each i, one of its half-edges has tw; = alt; = 0. Recall from Definition 2.8 that forpepac is the operation
that deletes all tails 2 where tw; = alt; = O for all i. We define the base of T to be

BT = forponar(detach gory ().
We call the moduli ./\72; the base moduli of M} . We write
Fr := (Forponai © Detach go(ry) MIVY — Mg%.

On the level of surfaces, the morphism Fr normalizes all boundary half-edges in E°(I") and forgets
all boundary marked points which have twist zero and are nonalternating with respect to both spin
structures, i.e., tw = alt = (0, 0). Note that the forgetful map may create unstable connected components.
This happens, for example, for exchangeable graphs. We consider the moduli of an unstable connected
component to be a point.

Notation 3.6 We can extend Fr continuously to a map M IW — /WII;VI-. We use the same notation for the
extended map. If we take A € 8'T", it maps M};V under FT to MK// for some A’ € 3'BI". We can define
a function

fr:9'T = 8'BI

so that fr(A) = A’. Explicitly, A" = foryonai(detach oy (A)), where we use the identification of the
edges of I" as edges of A.
Remark 3.7 To motivate the definition of the base moduli, assume we are given a graded graph I'
indexing a boundary stratum of some moduli space M ?{ for I'" a smooth graded graph. If T = detach el
for some subset of edges E of I', then the detaching map Detachg : ./WIKV — JWIZV allows us to relate
the former moduli space to the latter, which is a product of moduli spaces associated to the connected
components of I'. In general, these connected components will not yield moduli spaces of the sort we
consider here: we wish to consider only those moduli spaces associated to graphs whose boundary tails
have twists (r —2,0), (0,s —2) or (r —2,s5 —2).

However, if I" € 9°T", then all boundary half-edges of I" necessarily have twists being either one of
the above three possibilities or twist (0, 0). Thus if we detach I" along all such boundary half-edges, and

Geometry & Topology, Volume 30 (2026)



2862 Mark Gross, Tyler L. Kelly and Ran J. Tessler

forget the newly acquired boundary tails with twist (0, 0), obtaining BI", the connected components of 51"
are precisely graded graphs with boundary tails of the type we are considering in this paper. Further,
as we will see in Observation 3.11, the Witten and descendent bundles on P Mt pull back from those
on P Mg, thus enabling the construction of inductive boundary conditions. For the remainder of the
boundary conditions near the strata we delete, we rely on positivity conditions.

The following observations are straightforward but useful for later. First, analogously to [Pandharipande
et al. 2024, Observations 3.14 and 3.28], we have the following observation, which serves as a compatibility
relation for boundary conditions:

Observation 3.8 Let I' be a graded graph and take I € dI". Then Fr takes /\7{1", to /\7?; > and
B fr(I'") = BT"". Moreover, we have

Freqry o Frigy, = Fr.
This follows directly from the definitions.

Recall that when v is an exchangeable vertex of an exchangeable graph I', we have defined the graph
exchange, (I') to be the graph obtained by reversing the cyclic orders at v and a corresponding map
Exchange, given in (2-44) at the level of moduli. When I' has a single exchangeable vertex v, we
sometimes write Exchange instead of Exchange,.

Another straightforward observation is the following:

Observation 3.9 Graphs in the same ~exchange-€quivalence class have the same base. Moreover, if I" is
exchangeable and v € V9 (I') is an exchangeable vertex, then

Fexchangeu (I)° Exchange, = Fr.

Definition 3.10 Let V(I') be the collection of dual graphs consisting of one vertex that may appear as a
connected component of for,enai(detach g (o) (A)) for some A € 3'T'\ 01 T. We call the elements of V(T")
abstract vertices. Let i € I(T") be a labeling for an internal tail. Let V' (I') € V(T") be the collection of
abstract vertices which have an internal tail labeled i. For a graph I' with i € I(I"), denote by v (I") the
connected component of the graph

fornonaic(detach g ") (F )) ,

which contains i as an internal marking. As we have detached at all edges, this connected component
only has a single vertex, and hence v} (T") € Vi(T).

If v is a connected component of the graph forpnaic(detachg ry(I')), denote by ®r,, : M IKV - M K/
the natural map, which is the composition of

Fornonalc © Detach g ()
with the projection to M KV . Write ®r; for @ ().
Vi
The key observation for the inductive structure of the Witten and descendent bundles is then:
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Observation 3.11 Let I" be a pregraded graph. There is a canonical isomorphism between the Witten
bundle W — PMr and the pull-back bundle FEW. To construct it, we first note that over the locus
of PMr, all boundary half-edges are Neveu-Schwarz, and hence we can apply Proposition 2.14(1).
Further, in forgetting those resulting boundary tails with tw = alt = (0, 0), we can apply [Buryak et al.
2022a, equation 4.3].

Similarly, by Observation 3.32 of [Pandharipande et al. 2024], if the component which contains the
internal tails labeled i in BT is stable then L; — /\7}7 is canonically F*(IL; — MZV,* (F)).

In the rest of the paper, we will construct multisections of E(d) which, using the above observation,
are pulled back from the bundle Egr(d). For this reason, it is important to understand the relationship
between the dimensions of P M gr and PMr on the one hand and Er(d) on the other. We now calculate.

Observation 3.12 Fix a smooth graded W-spin graph I', and consider A € 9°T U 9%*ha¢e[" where A
is a relevant graph with no internal edges. Let d = (d;);c () be a descendent vector, and Et(d) the
descendent-Witten bundle on PMr with respect to d. We define the following integers:

(1) o =rank Er(d) — dim PMr.
(2) v is the number of (open) vertices of A.
(3) B is the number of half-edges with tw = alt = (0, 0) forgotten in passing from detachgo(x) A to BA.

(4) o is the number of partially stable connected components of BA.

Note

o<pB<v.

Since we are assuming A is relevant, necessarily any such partially stable connected component has two
boundary tails and no interior tails. Then

3-1) dimPMp = dimPMrp — (v — 1),
(3-2) dimPMpp = dimPMa — B + o,

bearing in mind that the moduli space associated to a partially stable component is a point, and hence one
dimension higher than expected.

Denote the connected components of BA as E4,..., &,, with the last o being the partially stable
components. By Observation 3.11,

Vv
rank Er(d) = Zrank Eg;(d).
i=1
Combining the previous three equations and using the fact that rank Eg, (d) = O for any partially stable
component &;, we obtain

V—0 VvV—0O
(3-3) > dimPMg, = Y rank Eg;(d)—a—f—(v—0) + 1.
i=1 i=1
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woou T W ou
MY MY

Figure 11: Two neighborhoods of u € MK’ in MIVY . Left: A-set with respect to I". Right: Not a
A-set with respect to I,

3.1.2 Positivity constraints Recall that the moduli space P M in general is not compact; indeed, we
have that 97 M IW = /WIEV \ PMr. In order to apply Definition 2.20 to define open W-spin invariants, we
will require nonvanishing of any global multisection of the Witten bundle in a region “close” to 9 M}Y
in P Mr. To this end, we proceed with the following definitions that aim to provide such multisections
which we will call strongly positive.

Definition 3.13 Let I" be a graded W-spin graph and A € TT". A A-set with respect to T' is an open
set U C /WE/ whose closure intersects the strata ./\/lg’ precisely for those graphs & € 8'T" with A € 9'E.

Now further suppose u € MK/ c 8+/WIW . A A-neighborhood with respect to " of u € /WIW is a
neighborhood U C ./\7}11/ of u which is a A-set with respect to I". We remark that if I" is smooth, we will
omit the addition “with respect to I'”* as, for any A, there is a unique smooth graph I" for which A € 9'T".

Example 3.14 Consider the moduli space given in Example 2.7 with one internal marking and three
boundary markings. Let I" be the smooth graded graph and let A be a codimension-one boundary strata.
A A-set with respect to I' is any open set whose closure does not intersect any other boundary strata.
In Figure 11, left, we have a A-neighborhood with respect to I" of the point u € M, while in Figure 11,
right, the neighborhood’s closure would intersect the codimension-two strata, so it is not a A-neighborhood
with respect to I of u.

Definition 3.15 Let X be a (possibly nodal) graded marked disk. Write the oriented boundary 0% as
a quotient space S/~, where S is the oriented manifold S! and ~ is an equivalence relation whose
equivalence classes are all of size 1 except for a finite number of classes of size 2 and take ¢ : S — 0%
to be the quotient map. An interval I is the image of a connected open set in S under ¢g. Note that the
inverse image ¢~ !(I) is the union of an open set with a finite number of isolated points.

Suppose ¥ € MKI and consider the boundary half-node n; = nj(X), which corresponds to the
half-edge 1 € H B (A). We say that nj, belongs to the interval I if:
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I I
” 1 ‘
I Y
T/
Figure 12: Interval on boundary 0% on nodal disk X that belongs to half-node nj;. Here, the
boundary is oriented anticlockwise. Top left: interval I on a nodal disk ¥. Top right: preimage

v~ 1(I) = I; UI, under normalization. Bottom left: interval I considered after smoothing. Bottom
right: intervals [, and I/ as in Definition 3.16.2(b).

* The corresponding node 7n¢qge () 18 contained in I.

e Consider the boundary 9% of the normalization & = v~!(Z). Then we can write v~ (I) = I; U I,
where I[1 is a half-open interval containing boundary point n;, and I, is a half-open interval containing
boundary point 74, 5. According to the canonical orientation of T, we then have that the half-node n h
is the starting point of I; when viewed as an interval on the (oriented) real line and, consequently,
the half-node 7,4 is the endpoint of 5.

We refer the reader to Figure 12 for a pictorial description of this definition.

Definition 3.16 Let I' be a graded W-spin graph and A € 37 I". Suppose U is contained in some A-set
with respect to I'. A A-family of intervals for U is a family {15 (4)}4e g+ () uer such that the following
hold:

(1) Each I, (u) is an interval in 0%,,, where %, = 7~ !(u) is the fiber of the universal curve 7 : C — U
at u, or equivalently the graded surface which corresponds to u. The endpoints of each I (u) vary
smoothly with respect to the smooth structure of the universal curve restricted to U.

(2) Suppose i and i’ are two half-edges of A.
(a) If h ¢ {h’, 011"}, then T (u) N1 (u) = @ forany u € U.
(b) If ' = 01h, then
(1) forany u € U N MYEV where h € HT(E), we have I;,(u) N1 (u) = Nedge(h)> the node in 9%
corresponding to the half-edges /# and o1/ (so that their union forms an X -shape near that node,
see Figure 12, bottom right);

(ii) for any u € MVEV where h ¢ H1(E), we have I;,(u) N1 (u) = &. Here, we use the locally
defined injection ¢ : H(E) — H(A).
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(3) I (u) contains no marked points.

(4) The half-node ny, is the only half-node which belongs to I (u), whenever u € MYEV N U for some
partial smoothing & = smg (A) for some E ¢ E(A), where h € H1(E).

When the point u corresponds to a stable graded disk X, we sometimes write I (X) for I (u).

Definition 3.17 (1) Let A be a subset of dX not containing any alternating special points. An element
w € (W;)x (i_= 1,2) evaluates positively at A, if for every x € A it holds that evy(w) > 0, i.e.,
evy(w) € (j,-)f agrees with the positive direction of the i-th grading.

(2) Let I be any graded graph. Let U be a A-set with respect to I and I := {Il; };, a A-family of intervals
for U. A multisection s of WV defined in a subset of P M which includes U N PMr is (U, I)-positive
(with respect to I') if, for any u € U N PMr, j € {1,2} and h € H;L (A), the W;-component of any
branch s; of s evaluates positively at each I (u).!3

(3) Consider a neighborhood V € M IKV of u e /WK’ A multisection defined in V N PMr is positive
near u (with respect to I') if there exists a A-neighborhood U C V of u and a A-family of intervals I
for U such that the multisection is (U, I)-positive.

Let V be a neighborhood of 9+ M lliV and set
(3-4) Uy =(VNPMr)U g PMay
A€d'T is irrelevant
(recalling the definition of an irrelevant graph from Definition 1.57). We remind the reader that if A is

positive, then PM 4 is in fact empty.

Definition 3.18 A multisection s defined in a set which contains a U4 as in (3-4) is strongly positive
(with respect to I') if the following hold:

(1) Let A € 8'T satisfy condition (1) of the definition of irrelevant, Definition 1.57. Then s(X) evaluates
positively with respect to the two gradings corresponding to the r-spin and s-spin structures at every
contracted boundary node of ¥ as described in Definition 1.7.

(2) The multisection is positive near each point of 97 M} .

(3) Let A € 9'T satisfy condition (3) of Definition 1.57 with respect to i € {I,2} and let E be the
component of detachg()(A) with vertex v as in that condition. Let X € MKI with normalization
V:3 - %. Let £& denote the connected component of s corresponding to E. Then:

(a) The W;-component of each branch of v*(s(X)) evaluates positively on some nonempty subset of
the boundary of SE (note that by (2-23), the rank of W; is nonzero).

I31f a positive edge of A is also an edge of I, then P M is empty. Thus this positivity is required to hold only along
intervals disjoint from nodes, and hence makes sense.
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(b) If E becomes partially stable with no boundary half-edges after forgetting all boundary half-edges ¢
with alt(¢) = tw(t) = (0, 0), then v*(s (X)) evaluates positively with respect to the gradings of the
two spin bundles at all of the boundary of TE,

Again, we omit the extension “with respect to I"”” whenever I' is smooth.

Remark 3.19 One possible alternative definition for positivity would be to require that, for all points X
of a boundary stratum M for A € 37T, the evaluation of the section of the Witten bundle at any
nonalternating boundary half-node with positive twist is positive. While in low codimension this idea
works, Example 3.23 in [Buryak et al. 2024] shows that it does not hold in general. In fact, it would
imply vanishing of the section at certain points in the moduli space. In [Buryak et al. 2024], this issue is
solved by working on P M rather than on M.

We note that other versions of positivity are also possible. For example, one may continue to work
on Mr while imposing certain positivity constraints on the derivative of the sections of the Witten bundle.
At any rate, both approaches will establish equivalent open analogs of the virtual class of the Witten bundle
in our setting, while avoiding boundary strata with nonalternating boundary nodes of positive twists.

3.2 Canonical multisections

Intuitively, canonical multisections are strongly positive multisections whose restriction to relevant (i.e.,
not irrelevant in the sense of Definition 1.57) boundary strata are pulled back from the base moduli of
these boundary strata. With the same intuition, we would like special canonical multisections to satisfy a
more restrictive property. For any boundary stratum, the detaching of the dual graph associated to the
stratum is comprised of abstract vertices v given in Definition 3.10. We require that the restriction of
the multisection to this boundary stratum is pulled back from an assembling of multisections of Witten

bundles on these abstract vertices. Below, we will make this precise.

Definition 3.20 Let I' be a smooth graded (r, s)-graph with only open vertices. Let U be an open set
of ./\712" so that it contains 0P M U U4, where Uy is a subset of PMr as defined in (3-4). A smooth
multisection s of W — U is canonical if both of the following hold:

(1) The multisection s is strongly positive as in Definition 3.17.

~

(2) For any open E € V(T), there exists a multisection s& € C°(PMg, Wg) such that, for any
A € 93'T"\ 1T with only open vertices,

(3-5) s|PMA=FX( HH s ),

EeConn(BA)

]

using Notation 2.18.
In the case where the set U is the entire moduli PMr, we say that s is a global canonical multisection.

Note that the requirement (3-5) makes sense by Observation 3.11 and is automatic if A =TI" and I is
connected.
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Definition 3.21 Let / C Q. We define (r, s)-Graph(/) to be the collection of graded open (r, 5)-graphs
with all boundary markings being @ and /(I') C I. When [ is understood, we will often omit /.

Definition 3.22 A family of canonical multisections for YW bounded by I is a collection of (global)
canonical multisections (sr)re(r, 5)-Graph(1) With s I'e CX(PMr, W), suchthat forall I' € (r, s)-Graph(/ )
and A € 99T U gxchange ™ (3-5) holds with s = sT. If I = Q, then we will omit the phrase “bounded by 1.”

Note that since there are cases (when v is closed and the anchor is Ramond) that the Witten bundle
does not decompose as a direct sum, we must use coherent multisections and the assembling map > of
Section 2.3 (instead of usual multisections and direct sums).

Definition 3.23 A multisection s of W over PMr is special canonical if s is strongly positive and, for
each abstract vertex v € V(I') as defined in Definition 3.10, there exists data sV as follows:

(1) If v is a closed vertex, then sV is a coherent multisection in C;°(Ry, W).
(2) If v is an open vertex, then s” € Co° (P My, W).

This data must satisfy the decomposition formula

) |7WA = FX o )X‘BA,E(BA)((SU)UECOHH(detaCh(BA)))
forany A € 3'I'\ 01 T.
We can also define the analogous notions of canonical and special canonical for the cotangent line

bundles L;.

Definition 3.24 A smooth multisection s of L; — dPMr, where I" is smooth and graded, is called
canonical if for any stable open E € V! (T") there exists a multisection s & € CX(PMg,LL;) such that
for any A € 9°T U 9e*changeT" with v (A) = &, we have

(3-6) Slppr, = PR (%),

where @, ; is as defined in Definition 3.10. A global multisection for I; is canonical if its restriction
to 9P Mr is canonical.

A multisection s € C°(PMr, L) is special canonical if for every stable v € V' (I") (not necessarily
open), there exists a multisection sV of L; — /WKV such that for every A € dT" with v = v} (A), we have

(3—7) SlmA = q)z’isv.

Note that (3-6) and (3-7) use the identification of cotangent line bundles over MIVY and Mg; outlined
in Observation 3.11. Now, as we have done above for the Witten bundle, we can define a family of
canonical multisections for the cotangent line bundle as follows:

Definition 3.25 A family of canonical multisections for 1L; bounded by I is a family of canonical
multisections (s')r, where T runs over all " € (r, s)-Graph with i € I(T) and s € C°(PMr, L;),
such that (3-6) holds. If I = 2, we omit the suffix “bounded by 7.”
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Remark 3.26 It is straightforward to observe that a special canonical multisection for a Witten bundle or
for a tautological line IL; is canonical.

With the definitions of canonical and special canonical outlined for the Witten bundle and for
the cotangent line bundles, we have the following for the descendent Witten bundles Er(d) as in
Definition 2.16:

Definition 3.27 A multisection of the descendent Witten bundle E1(d) is canonical (respectively, special
canonical) if its restriction to each direct summand is canonical (respectively, special canonical).

Definition 3.28 A family of canonical multisections for descendent Witten bundles bounded by I is a
collection of multisections (sT*4), where I' runs over elements of (r, s)-Graph and d runs over elements

T.d

of Zi(g ), satisfying the following. We have s'*4 a canonical multisection of E1(d) such that for all
;o (I

I € (r,5)-Graph, d € Z_;’, and A € 3°T U g=*chaneeT,

rd,  _ E,dl;=
s |7)MA = FA*(EHEEConn(BA)s I7¢ ))-

We say (s1°?) is a family of special canonical multisections for descendent Witten bundles bounded
by I if it is a family of canonical multisections for descendent Witten bundles bounded by I where each

Id

multisection s> is special canonical.

Theorem 3.29 (1) Consider I" a smooth graded W -spin graph and a descendent Witten bundle E = Er(d),
where d = (d;);ey is a vector of nonnegative integers and I(I") C I. Then one can construct a transverse
special canonical multisection for E — PMr.

(2) For any I C €2, one can define a family bounded by I of transverse special canonical multisections
for E. In particular, families of transverse canonical multisections exist.

(3) We may choose the family of (2) to satisfy the following stronger transversality condition: Consider
any I" with I(T") € I, any v € V(I") and any subbundle E' C Er(d) of the form

E'=Weo @ L;,
iel(v)
JED;

where, for eachi € 1(v), we have D; C [d;]. Then we may require that the multisection s£'=¥ obtained

from sV via the projection Ey(d) — E’ is transverse to 0.

Proof This theorem is similar to Lemma 4.10 of [Buryak et al. 2024], which is used to show the existence
part of Theorem 3.17 in [Buryak et al. 2024], and the proof is completely analogous. Here we claim,
in addition, that special canonical families can be found. Although it was not claimed in Theorem 3.17
and Lemma 4.10 of [Buryak et al. 2024], the inductive construction in the proof of that lemma gives rise
automatically to a “special canonical family” in our sense, and the same inductive construction extends
automatically to give canonical families in rank two as well. The details will be omitted. O
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Remark 3.30 When we specify a canonical multisection s on PMr, we have also determined uniquely

BA over PMpp for any graph A € 3°T U §°*haneeT" Similarly, for any special canonical

a multisection s
multisection, we have moreover determined uniquely multisections s¥ for v € V(I") or v € V' (I") which
satisfy the constraints in Definitions 3.23 and 3.24. For this reason, when we state that we have the
information of a canonical or special canonical multisection s, we will, in turn, take this to mean we have

BA

also the data of the multisections s and sV above.

3.3 Open and closed extended FJRW invariants

3.3.1 Closed extended W -spin theory When we perform calculations of open invariants, a general-
ization of the usual closed W-spin intersection numbers naturally emerges. For any Fermat polynomial
w=> 7", xl.r !, this generalization is defined by allowing the anchors to have twists tw; = —1 for i in a
subset of [a], as seen in Observation 2.10. The remaining twists must be nonnegative. In this situation
(as in the closed situation with only nonnegative twists), one can define the class ¢y analogously as in
[Buryak et al. 2019, Section 3.1] by

cw =e(( D Rln*Sl) @@Ldf)

i€la]
We define closed extended genus-zero W-spin intersection numbers to be given by
(3-8) (.[gll i) )ext w._ ( 1—[ ri) B w
i€la] 0.4Gy.....an}
In particular, in rank two for W = x" + y*, for an index set / with descendent vector d = (d;);ey,
cw = e((Rln*Sl)V ® (R'7452)" @ @Lj’f),

iel
and
b ext
(3-9) <1_[ ng,, ’)> = rs/ cw
el Jvid
iel 0.4(a;.b;)}
are the closed extended (genus-zero) (r, s)-spin intersection numbers.

We make several observations which will be needed later.

Observation 3.31 (1) The extended invariant is nonvanishing when the complex rank of the descendent
Witten bundle agrees with the complex dimension of the moduli space, i.e., in the rank-two case,

|I|_3:Zi61ai_(r_2)+2161b Zdh
r

iel
which is equivalent to

m(l,d)+2s+2r=0.
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(2) If we are not in the extended case, i.e., if a; # —1 for any i and b; # —1 for any i, and if furthermore
some a; = r — 1 or b; = r — 1, then the intersection number (3-9) vanishes. This is known as Ramond
vanishing, and the argument is identical to the proof in the rank-one case in [Buryak et al. 2019,
Remark 2.1].

(3) The extended topological recursion relation of [Buryak et al. 2019, Lemma 3.6] also holds for these
higher rank invariants via an identical proof. In the rank-two case, this becomes, for |/| >3 with 1,2,3 € [,

ext
a ,b | | a~,b-
(3 ]O) <‘L'( 1 1) .L,( 1 l)>

iel\{1}
Xt
— Z Z <,L,(§r—2—a,s—2—b) l—[ Ta(llqi,b,-)> <_L_(§a b)_E((;lz] b1) (71 by )> .
ac{—1,...,r—1} AUB=I\{1} iced icB

be{—1,...,s—1} 2,3€4

Note that if none of the a; or b; are —1, then by the Ramond vanishing of (2), we may sum over only
a€f{0,...,r—2}and b € {0,...,s—2} and we obtain the usual topological recursion relation for FJRW
invariants.

3.3.2 Open intersection numbers Using Definition 2.20 and Theorem 3.29, the following definition
makes sense:

Definition 3.32 Consider the situation of Theorem 3.29 above. The open intersection number relative to
the (transverse, canonical) multisection sT for a graded W-spin graph T is

st

1bi) k(D) _ka(T) kio(T , '

(3-11) < | | t‘(;; )01'( )022( )012‘2( )> .:/ e(E,sF|U+UaoWr) =#Z(s") e Q,
iel(I) PMr

where e(E; SF|U+U80WF) is defined as in Definition 2.20 and #Z(sT) as discussed in Section 2.2.3.
We emphasize that this does not just depend on the twists but also the graph I' (e.g., this is defined for
disconnected graphs). In the special case when I' = FO,kl,kz,l, ((a; by)hie,» WE WrtE

s ,0
(alsb) kl R o
<l_[T %1 02 “o12 T e(E:s |U+U307’/Vlo,k1,k2.1,{<a,~.bi)},-€,)'
iel 0.k1.ko. 1.8(a;.bi)}jier

When we are in the case where rank(E) # dim MY , the integral is defined to be zero.

(ai.bj) kl(F) kz(F) kl2(F))

Remark 3.33 The open intersection number ([ ]; ¢ 1(T) Ty, is independent of

the choice of U.

If there are no tautological line bundles associated to a given internal marking, we will sometimes omit

(ai,b;)

the subscript 0 in the notation inside the brackets (-)$°. If s := (s) is a canonical family of
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transverse multisections, then we use the notation

§,0 sT o K
< I t‘g?i,bi)ak(l“)> :=< I Tg,-,bl-)ak(r)> :=< I Tt(i?,-,bi)afl(r)aécz(r)agz(r)>

iel(I") iel(I") iel(I')

r

W
0.k1.k2.1.8a;.b)3 el o

N
<1—[ b0 ok gk 012> <1—[ b ok ok 012>

i€[l] i€[l]

Observation 3.34 The intersection numbers decompose over the connected components of I, i.e.,

5,0 sh0
< l_[ T((l?i’bi)ak(r)> — 1_[ < 1_[ T((Iili,bi)o_k(A)>
iel(l) AeConn(T") 'iel(A)

We now note that the open invariants only depend on the boundary conditions given by the canonical
multisection.

Proposition 3.35 Let s* and (s’)* be two families of canonical multisections bounded by I. Suppose
thatsﬁmA =(s)T |5x1,, for all boundary strata A € 90T U gBxchange™  Thep

sT 0 )T 0
< I Tgl-,bi)(,{q(r)gécz(r)m> :< I T;?i’bi)afl(r)0§2(r)012> ‘

iel(I) iel(I)

Proof By viewing s' and (s’)T as multisections from [0, 1] x PMr via pull-back, we can consider the

linear homotopy
H:=ts)'+1-0))r.

The homotopy H |8([0,1]><Wr)’ as defined in Notation 2.18, is independent in time as (s)F|37WF =
(sHT] spri. and nonvanishing. Moreover, since both sT and (s")! are canonical, they are also strongly
positive. Using Definition 3.18(2), we have an open neighborhood of the form in (3-4) where both
(s)T and (s")T are positive. Hence there exists an open neighborhood V of 3T M in Mr so that H is

nonvanishing on [0, 1] x U where
U:=lNPMr)UiIPMr.

Perturb H inside [0, 1] x (PMr \ U) to obtain a homotopy H’ so that H' is transverse and does not
vanish in [0, 1] x U. By applying Lemma 2.22, the claim follows. m|

3.4 Canonical homotopies

Recall Definition 2.16 for the descendent Witten bundle Er(d) with respect to the descendent vector
d = (d;)jey where I(T") C I. We now define a canonical homotopy between two multisections of ET(d).
The definition essentially emulates Definition 3.20 of a canonical multisection above, but with the unit
interval added.
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Definition 3.36 A canonical homotopy between two multisections sg and s1 of ET(d) is a multisection
H e Cy°([0,1] x PMrp,x*Er(d)) suchthat H(0,—) =so, H(1,—) = s1,
where 7 : [0, 1] Xx PMp — PMr is the projection to the second factor with the following properties:

(1) For any ¢ € [0, 1], the multisection H (¢, —) is strongly positive.

(2) For any A € 3'T"\ 91T with only open vertices, there exists a positive integer N5 and homotopies
Hf"A, ce, H]‘\,H‘I’\A e CX([0,1] x PMg, n*Eg(d)) for each E € Conn(BA), such that

Na

E,A
(3-12) Hjo11x7r, = FK( H‘J( H & ))

i=1 \ E€Conn(BA)

We say that a canonical homotopy H between two multisections so and s is transverse if it is transverse
as a multisection in C5°([0, 1] x PMr, n* Er(d)). The homotopy is said to be simple if Ny = 1 for
all A and the multisections H f"A depend only on E and not on A. In this case, we denote H f"A by HE.

Definition 3.37 A family of simple canonical homotopies (bounded by I C ) is a collection of simple
canonical homotopies H% € CoR([0, 1] x PMa, n*Ep(d)) for every graded smooth graph A (with
I(A) € I) such that all Hf"A appearing in (3-12) equal H .

First we note that there exists a canonical homotopy between two given canonical sections.

Lemma 3.38 Transverse canonical homotopies between any transverse canonical multisections sg,$1 €
CX(PMr, Er(d)) exist.

Proof The proof is similar to the proof of Lemma 4.11 in [Buryak et al. 2024] with E; =0, E; = ET(d)
and A = 9°T". While the bundle Ep(d) is different in our context rather than the context in [Buryak et al.
2024], one can still use Proposition 6.2(3) of [Buryak et al. 2024] to obtain a finite set of multisections w;
of E, that span each fiber as desired in the proof. The rest of the proof is the same, and hence we omit it. O

We will now show that there exists a family of simple canonical homotopies that, under certain
dimensionality and boundary marking constraints, is transverse to the zero multisection of the bundle
a*Ea(d). We will also be able to impose other properties on various boundary strata that will help
us compute open invariants in later sections. Before we start the lemma, we will require the following
observation regarding parities of the Witten bundle and the dimension of the moduli space when one has
few roots and no internal tails.

Lemma 3.39 Suppose A is a stable, smooth and graded W -spin graph without internal tails and with at
most three boundary tails with twist (r —2,s —2). Then rank Wp # dimPMp + 1.

Proof As usual, we let k15 = k12(A) and k; = k; (A) (see Definition 1.29(2) or the start of Section 2.4).
Then, by using (2-22) and (2-23) in a similar way as done in Proposition 2.31(a), we have that

(3-13) ki+kio=rmi+1, ko+kiza=smpy+1
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for some mj,my € Z>¢ and that
rank WA = (r —2)my + (s —2)m,.
Recall that the dimension formula for the open moduli space in (2-2) gives us that
dimPMp =ki+ka+kia—3=rmy +sma—kia—1.
Suppose for the sake of contradiction that rank W = dimPM + 1. Then
k12 =2m1 +2mo.

This implies that k1, is even and, since we have assumed that k1, < 3, we then have that it is either O or 2.
If k12 = 0 then m; = m, = 0, and hence A is not a stable graph. If k1, = 2, then either m; or m is 0;
however, if m; = 0, then k; + k12 > k12 = 2 > 1, contradicting (3-13). O

Lemma 3.40 Fix I C Q2. Suppose s¢ and s are two families of transverse canonical multisections
bounded by I. Then one can construct a family H™* of simple canonical homotopies bounded by I and
for each A C I a distinct choice of time t4 € (0, 1) between s and s, with the following properties.

Let I" be any smooth, graded W -spin graph with only open vertices and I(I') C I. Fixd = (d;)iey a
vector of descendents.

(1) Suppose that I' satisfies one of the following hypotheses:
(a) T isirrelevant.
(b) T is connected and rank Er(d) > dim PMr + 2.

(¢) T contains connected components €1, &, with distinct internal marking sets, i.e., [(E1) # [(E3),
such thatrank Egz, (d) = dimPMg, +1 and k12(E;) < 2.

Then HT' is nowhere vanishing.

(2) If T is connected and one of the following holds:
(a) rank(Er(d)) = dimPMr + 1 and k12(T') <2, or
(b) rank(Er(d)) = dim PMr and k1»(T) < 1,

then HY is transverse when restricted to any stratum of [0, 1]x PMr, thatis, HT |[0,1]XW , Is transverse
to the zero multisection of 7* E5(d) — [0, 1] x PM 4 for any A € 9°T U gexchange,

(3) If T is connected, we have:

(a) Ifrank(Er(d)) =dim PMr+1 andk2(I') <2 then H' will be nonzero in ([0, 1] \{tra)}) xPMr.
Note by Lemma 3.39, if I(I") = @, this case does not occur.

(b) If rank(Er(d)) = dim PMr and k12(I") < 1, then for any A C I we have

T
H |y @rar\aPrr) MO
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when considered as a multisection of

Evr(d) — {t4} x (PMr \ 0PMr) ~ PMr \ 0PMr.

(Note that the point here is that while the multisection H is transversal to the zero-section of Er(d)
over [0, 1] x PMr, there will be a finite number of times t for which the restriction of HT to
{t} x PMF is not transversal to the zero-section, and we want the set of such times to be disjoint
from the set {t4}acr.)

Proof Let s¢, s1 be as in the statement. We will construct a family of simple canonical homotopies H *
which satisfies the requirements of the various items.

Note that for disconnected I, the homotopies H T are determined by (3-12) (using simplicity) and the
corresponding homotopies H? for A € Conn(I"). Thus we will construct homotopies H for smooth
connected graded I' with /(I") C I by induction on n = dim P M. If Items (2) and (3) are established,
note that (1)(c) then follows from (3)(a).

The case n = —1 is trivial. Suppose that we have constructed a homotopy for any I' such that
dim PMr < n. Now take I satisfying dim P M = n. We will analyze boundary strata of P M indexed
by A € 9°T U de*hange " with no internal edges. If A has a contracted boundary edge, we define H2 as
the positive, linear homotopy

HAt,—) = (1—1)sd + s

If A does not have a contracted boundary edge, the simple canonical homotopy H? is determined
inductively by (3-12) to be

v
(3-14) HA =F;(EE|H°1‘),
i=1
where 1, ..., B, are the components of 5A, so that PMpp = H}):l PMg;. Thus, the homotopy we

are trying to construct is determined at times ¢ = 0 and 1 and on the boundary strata of P Mr. Hence,
we now can define a multisection ' on the boundary

([0, 1] x PMr) = ({0, 1} x PMr) U ([0, 1] x d(PMr))
via
HY | pmp (€. o) =sL. e€{0.1},  H g pmg, = HY. A €dT.
Extend HT to a set U of the form
(3-15) Uy := (VN ([0,1] x PMr)) Ud([0, 1] x PMr),

where V' is a neighborhood of [0, 1] x 8+/W1VY in [0, 1] x /WIVY 14 This extension can be done by the
same argument of Lemma 6.5 in [Buryak et al. 2024], steps 1-3. We may do this in such a way so that
HT (z,—) is strongly positive.

14This U4 is analogous to that in (3-4) but is not the same, due to the interval for the homotopy.
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Now that we have established a provisional function HT on the set U4 containing the boundary
of PMr x [0, 1], we will adapt HT on the interior of PMp x [0, 1] to obtain a homotopy HT that will
satisfy the properties described in the lemma. This will require a case-by-case analysis depending on the
properties of I

Case 1 (I irrelevant) Suppose I is irrelevant. Since I' is smooth and connected, cases (1) and (2) of
Definition 1.57 do not apply, and we are thus in case (3). Thus I'" consists of a single vertex v and there is
an i € {1,2} such that tw; = alt; = 0 for all boundary tails adjacent to v.

If A € 9°T, then each edge of A has exactly one half-edge with tw; = alt; = 0. Thus A will have one
fewer half-edge with tw; # 0 than it has vertices. So by the pigeonhole principle, A must contain a vertex
with all adjacent half-edges having tw; = alt; = 0, and A is also irrelevant. Hence there will be some
connected component of BA such that each boundary tail has tw; = alt; = 0 for some i € {1,2}. By the
condition of Definition 3.18(3) of strongly positive, we have that for any (¢, ) € Uy the W;-component
of HT (z, ¥) evaluates positively on at least one boundary point of 0.

We can extend HT continuously from Uy to an open neighborhood U of U4 which contains a
neighborhood W of 3([0, 1] x PMr). Further, by continuity, we may do this in such a way so that
HT (z, X) evaluates positively on at least one boundary point of 0% for each (¢, X) € U, after possibly
shrinking W.

Now let U’ be another open neighborhood of U4 whose closure is contained in U, and take two
nonnegative functions pg and p; over the moduli P M that sum to the constant function 1 and so that
poly’ = 1 and has support Supp(po) € U while

(3-16) P1l(o0.11xPrr\w = 1 and has support Supp(p1) < ([0, 1] x PMp)\U'.

By [Buryak et al. 2024, Observation 7.6], we may find a section s of C®(PMr, W;) which is
nowhere vanishing on PMr (see Definition 3.3), and with the property that for ¥ € PMr, s4+(X)
evaluates positively on 9%.1° Viewing s, as a section of C*®(PMr, Er(d)), we may pull it back to a
section 51 of C®([0, 1] x PMr, Er(d)) and define the homotopy

HY = poH" + p154.

This homotopy satisfies our requirements, namely, it is nowhere vanishing. In particular, statement (1)(a)
of the lemma is satisfied if I" is irrelevant and connected. If I" is irrelevant but not connected, then one of
its connected components is irrelevant and (1)(a) still holds.

Case 2 (I" relevant) Suppose now that I' is relevant. Recall that we are proceeding by induction
on dimPMr. We take special care in three cases for which the statement of the lemma requires
additional structure, namely

I5In [Buryak et al. 2024], such a section was constructed on the moduli of smooth disks, but there is no difficulty in
constructing the section on the whole moduli away from the boundary, i.e., extending the construction across singular disks with
only internal nodes.
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(a) rank ET(d) > dim PMr + 2;
(b) rank Er(d) =dimPMr + 1 and k12(T") <2;
(c) rank ET(d) = dimPMr and k12(I") < 1.

For all other relevant graphs I', we will extend HT to0 an arbitrary homotopy H' on [0, 1] x PMr at the
end of each induction step.

We will go through the three cases consecutively, extending Hl toa homotopy HT that satisfies the
required properties given in the statement of the lemma. In doing so, we will be considering boundary
strata corresponding to A € 3°T" U 9%*Pan¢eT" with no internal edges, and study the vanishing properties
of H F|[o,1]xW A If A is irrelevant, then it follows inductively from (1)(a) that HT does not vanish
on PM . We note that the property that the homotopy is nonvanishing is a stronger condition than any
other condition that we require in the statement of the lemma. Hence we will be able to restrict attention
below to the case that A is relevant. In particular, Observation 3.12 applies, and we use the notation
a, B, v and o of that observation.

(a) o > 2 In this case, we extend HT to HT so that HT is nonvanishing: from (3-3) and the
pigeonhole principle, as o + f — 1 > 1, there must be a connected component E of BA such that
dimPMg < rank Ez(d) — 2. By the inductive hypothesis of (1)(b) of the statement of the lemma,
HE is nowhere vanishing, and therefore also HT will not vanish at [0,1] x PMp. Extend HT
transversally to all [0, 1] x PMr, and call the result HT. This extension may be constructed as in
[Pandharipande et al. 2024, Lemma 3.54; Buryak et al. 2024, Lemma 4.11]. Note that, in this case, since
dim([0, 1] x PMr) < rank Er(d), the transversality assures that AT is nowhere vanishing, proving the
inductive step for the case given in (1)(b) of the statement of the lemma.

(b) «=1and ky2(I') <2 Again consider arelevant A € 9°T'Ud™*haee[" Suppose first that 8 > 1. Then
o+ B —1>1and (3-3) shows there is a stable component E; of BA with dim WE,- <rank Eg;(d)—2.
Thus Hr again inductively does not vanish on PM,.

Next, assume 8 = 0, so that necessarily 0 = 0. There are now two possible subcases:

(i) dimPMg,; <rank Eg(d)—2 for some i.
(ii) dimPMg, =rank Eg,;(d)—1 for all i.
In case (i), inductively as before HT is nonvanishing on PMy.

In case (ii), first note that in any event 8 = 0 implies that no half-node of A has twist (r—2,s—2), i.e., is
fully twisted. Indeed, if such a half-edge % exists, then the opposite half-edge o (/) has tw = alt = (0, 0),
and hence o1 (h) is forgotten in BA, i.e., § > 1.

By (2-23), we have for each i,

(3-17) k1(8;) +k2(E;) +k12(E;)—3 = dimPMg,
= rank Eg,(d) — 1
=k1(Ei) +k2(Ei)—1 (mod 2).
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As k12(T) is assumed to be at most 2, we thus see that each component of BA has either zero or two fully
twisted boundary points and at most one component can have two fully twisted boundary points. Note
by Lemma 3.39 that /(E;) # @ for any i, and necessarily the /(E;) are disjoint. Thus (1)(c) applies
inductively to conclude that H is nowhere vanishing in this case also.

Thus over U, we have that the function HT is transverse to the zero section, so we may then extend
it as before to a global transverse homotopy. It will have a finite number of zeroes. By slightly perturbing
the homotopy, we may assume that there is no x € PMr with two different times #1, f, such that (local
branches of) the homotopy vanishes at (¢1, x), (¢2, x).

We further modify the homotopy to guarantee that all zeroes occur at time 7y(ry. Let 7;, i = 1,2, be
the projection of [0, 1] x PMr onto the i -th factor. Let S be the collection of zeroes of branches where
the homotopy vanishes. Choose a diffeomorphism ¥ : [0, 1] x PMp — [0, 1] x PMr which satisfies

(1) mpoy = ma;
(i1) W|([0,1]XBW1-)UU+ =id;
(i) 7 (¥ (S)) = tr(r).-
We define H = HT o ¥~ 1, where we use the canonical trivialization of Ep(d)] [0,1]xx for any x € PMr.
This proves the inductive steps for the cases given in (2)(a) and (3)(a).

(c) rank Ep(d) = dimPMry and k12(T) <1 By the analogous parity computation as in (3-17), we
have that k12(I") = 1. Now let A € 3°T U9**hane°[" be relevant as before. If dim P Mz, <rank Eg, (d)—2
for some connected component E; of BA, then necessarily FI} is nonvanishing on PM 4. So assume
now this does not occur. Then we have a further subdivision of cases, with notation as in (3-3):

(i) p=0.
(i) B> 1.
In case (i), necessarily o0 = 0, and (3-3) then gives dim PM p = rank Er(d) — (v — 1). Without loss

of generality, we assume that k12(Z21) = 1 and k12(E;) =0 for all 2 < j < v. By a parity computation
similar to (3-17) above, we have that

(3-18) dimPMg; =rank Eg; (d) + k12(Ej) — 1+ 2p;

for some integers p; € Z and with the constraint that Z j pj =0. If any of these p; are nonzero, then
necessarily we have dim P Mg, <rank Eg, (d)— 2 for some i, which we assumed did not occur. Thus
we may assume that p; =0 forall j. If v > 3, then E,, E3 satisfy dim Wg_i + 1 =rank Eg; (d). Thus
we see inductively from statement (1)(c) of the lemma that HT restricted to [0, 1] x PM  is nowhere
vanishing, and is hence again transversal. Next, suppose v = 2. We know that H €2 on [0, 1] x WEZ
is only zero when ¢ = t4, where A = I(E,). Thus when ¢ # t4, the homotopy HT restricted to
[0, 1] x PM p is nonvanishing, and is hence again transversal. On the other hand, the homotopy H Z!
on [0, 1] x PMg,, restricted to {14} x PMg,, is transverse to the zero section. Thus the homotopy HT
restricted to [0, 1] x PM  is transverse to the zero section at time Z4, and so is transverse at all times.
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In case (ii), B = Z}f:{ k12(E;)—1 (bearing in mind that k1»(I") = 1 and none of the partially stable
components contain a root). Note that (3-18) still holds for 1 < j < v —o for some integers p; € Z. Thus
by (3-3) we obtain Y7 _7 (k12(E;) — 1 +2p;) = —f — (v — o) + 1. Simplifying, we have that

lfiz(klz(aj) +2pj)=-B+1.
i=

Consequently, if 8 > 1, then, by the pigeonhole principle, there must exist an integer j such that
dimPMg ; <rank Eg; (d)—2, again contradicting our assumption. If 8 = 1 and v—0 > 2, we must have
either again dim P Mg, <rank Eg (d)—2 for some j ordimP Mg, =rank Eg; (d)—1 for two choices
of j. Thus by (1)(b) or (c) again the restriction of H to [0, 1] x PM A will not vanish. Finally, if 8 = 1
and v — o = 1, we necessarily have k12(E;) = 2 and dim ng =rank Eg,(d) — 1, so by Item (2)(a)
of the statement of the lemma applied inductively, HT is transverse to the zero section on [0, 1] x PMy
in this case also. Thus, HT is transverse on ([0, 1] x PMr), showing item (2)(b) of the lemma.
Finally, to ensure (3)(b) of the lemma, we proceed as follows. For any

teT :={ym|I(T) 1, I(T) # 2}

and a boundary point (¢, x) in which HT vanishes, extend Hr to a neighborhood U; x of (¢, x) in
[0, 1] x PMr in a transverse way. There is no difficulty in choosing the extension such that the restriction
of this extension to U, x N ({t} x (PMr \ 9PMr)) is transverse. Now, extend Hr to each {t} x PMr
for t € T so that, as a multisection of Er(d) on {t} x PMr, it is transversal on {t} x MIW . Again extend
HT transversally to the whole space [0, 1] x PMr. We call the result HT.

Lastly, as stated above, for the remaining graded, connected, relevant graphs I that do not fit in the
above cases, we extend H' to an arbitrary homotopy HT, as the claim requires no additional structure
for them. |

Finally, we note that there is a family of transverse simple canonical homotopies between multisections
of tautological bundles.

Lemma 3.41 Suppose di > 0 and letd’ = d — (1,0, ...,0) be a vector of descendents. Take A €
00T U 9%*change T to be a graph associated to a boundary strata. Let s be a family of canonical transverse
multisections for Ep(d’) — PMy, and let (sé‘) As (s{\) A be families of transverse multisections of
L1 — PMp. Assume that §¢ is a canonical family. Then one can find another family p* of canonical
multisections of 1Ly such that the family of homotopies H* between s* B s and s* Hs7,

(3-19) HY =B (1 -0)sd +1(1—1)p" +1s]),
is transverse when restricted to any stratum of the space [0, 1] x PMt with I(I') € I andrank Ep(d) >
dim([0, 1] x PMr).

Proof The proof here is identical to the proof of Lemma 4.11 in [Buryak et al. 2024] in the case where
E{ = Er(d’), E; =Ly, and A = 3°T" U 9%*°hane°T"| There, the claim only involved a single graph and
did not involve families, but adapting the proof for families adds no difficulty. O
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3.5 Chamber indices and symmetric canonical multisections

In this subsection, we give the notation necessary to discuss the set of all possible tuples of open FIRW
invariants. In particular, we first recall Definition 2.32 that Balanced(/, d) is defined to be the collection
of connected, rooted, graphs with internal markings / balanced with respect to d. We recall from (0-3)

that for 1 € Q we set
Q-Bal(/) = 1_[ 1_[ QBalanced(J,d)‘
JSlaez!,

We may now define the crucial expression A(J, d, v). While it may appear intimidating, it arises naturally
from the period integrals discussed in the next section.

Notation 3.42 Let v := (vr,4) € Q-Bal(J). We define A(J,d,v) to be

J b kG h kol
IEEDS DR e L
r N
LU= Gy, b OerUp ey L TEET)

N
{kz(l)},= »k2(1)=s(J;) (mods)
sk1()+rk2()=m(J;.d) h

X l_[ VT0.k1 () dea ). 1t b g g,
i=1

where the numbers r(J), s(J) and m(J, d) are as defined in Notation 2.30, the graph g x, (i),k»(),1,J;
is as defined in Notation 2.27, and I'(-) denotes the Gamma function.

In general for an element v € Q-Bal(/), vr,4 may depend on the individual labels of the internal legs
of I' and not just their twists. However, let 0 : I — I be a twist-preserving bijection, i.e., satisfying
tw oo = tw. We define for any graph I" with /(I") C I the graph o (T") to be the same as I" but with the
internal label i replaced with o (i) for all i € I(I"). We define d o o to be the analogous action on the
descendent vectors in ZI(F) This induces a permutation transformation

*:Q-Bal(I) — Q-Bal(/)
via 0*(V)r,d = Vo (T),dos- We then define
Q-Bal®™ (1) € Q-Bal(1)

to be the subset of elements fixed under o* for all twist-preserving bijections o : I — 1.
For any family of canonical multisections s bounded by I, we obtain v¥ € Q-Bal(/) via

s,0
(3-20) V%,d=< I Tgizi,b,-)aiq<r)6§2<r>agz(r)>
iel(T")

Definition 3.43 A family s of canonical multisections bounded by [ is symmetric if, foranyo : I — [ a
twist preserving bijection, and I' with I(I') C I, d € Zé(g), the multisections sT and s of Er(d)

and Eq(r)(d o0) agree under the natural isomorphism W : PMr = P My ().
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Note that if s is a symmetric canonical family bounded by 7, then v¥ € Q-Bal®¥™(I).
It is elementary and useful to know that symmetric families exist:

Observation 3.44 Given any family §* of canonical multisections bounded by a finite set /, define
a family of multisections as follows. For I" € Balanced(J,d) for J C I, define the multisection s
of Er(d) via
st = H—J wrst
o€Maps(Z,I)

where Maps(/, 1) is the set of twist-preserving bijections. Then s is a symmetric family of canonical

multisections.
We can now define several key subsets of Q-Bal(/) and Q-Bal®™ (7).
Definition 3.45 We define
Qrs(I):={v® | s is a family of canonical multisections bounded by 1},
Q75 (1) := {v* | s is a symmetric family of canonical multisections bounded by I}.
Proposition 3.46 When I is finite, we have that Q5 (1) = Q,5(I) N Q-Bal®™(1).

Proof The forward inclusion is trivial. For the reverse inclusion, let s be a canonical family of multi-
sections with v* € @, (1) NQ-Bal®™ (/). Let § be the symmetric family constructed in Observation 3.44.

Then it is immediate that v$ = V5. O

One of our key results (Corollary 5.14) will be a characterization of the sets Q,.5(1), %5 (I). They
will coincide with the set of chamber indices:

Definition 3.47 A chamber index is a point

v = (vr,¢) € Q-Bal(1),
where the following hold:

(1) vrp =1if [I(I')] =1 and vrp = —1if [I(I")| = 0 for all I" € Balanced(< 7).
(2) For I’ € I with |[I'| =1,d = (d) € ZL|;, we have
Al d,v) = (-1)%.
(3) Forany I’ C I with |I’'| >2,and d € Z;O withm(I’,d) > sr(I')+rs(I’), we have

A(l',d,v) =0.
We define

Y, s(1):={v e Q-Bal(/) | v is a chamber index}, Y, "(I) := Yrs(I) N Q-Bal™™([).
We call a chamber index v € T:,ysm(l ) symmetric.
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4 The B-model

In this section, we describe the enumerative theory associated to a Landau—Ginzburg B-model, due to
Saito and Givental. We use the description given in the case of the B-model of FIRW theory by Li, Li,
Saito and Shen [Li et al. 2017] and He, Li, Shen and Webb [He et al. 2022]. We describe the B-model in
terms of oscillatory integrals, reviewing some of the details from [Gross et al. 2024], and show how to
interpret these oscillatory integrals in terms of the A(J, d, v) of Notation 3.42. In doing so, we will see
how the set Y ;(I) defined in Definition 3.47 plays the role of tuples of mirror B-model invariants. We
will then explore the wall-crossing group and show that Y, (/) is a torsor for this group, hence giving a
clear structure to this set.

4.1 The state space

We consider the Landau—Ginzburg model
n .
(X =C"\W=> xir’).
i=1

We do not allow for a group of symmetries. We shall quickly review Saito—Givental theory in this context,
sending the reader to [Gross et al. 2024] for more details. For a much more in-depth exposition, see
[Gross 2011, Chapter 2] and references therein.

A principal object of study is the twisted de Rham complex

(4-1) (Qy.d +h1dW A ),

where QS{ is the sheaf of algebraic i-forms on X and # € C* is an auxiliary parameter.
We then have the following calculation of the hypercohomology of the twisted de Rham complex (see
[Gross et al. 2024], Proposition 2.1):

Proposition 4.1 Consider the Landau—Ginzburg model (X, W) in (4-1). Then the hypercohomology
group H" (X, (Q%,d +h~1dW A —)) has dimension [[/_, (ri — 1) and is generated by the basis

n
M:{ l_[ x?fdx |0§a,~§rl~—2},
i=1

where dx = dxi A---ANdxy,.

There is a homology group dual to the hypercohomology group H” (X, (Q%.d + A~ 1dW A —)).
Consider the relative homology
Hy(X,ReW/h < 0;C).

There is a natural perfect pairing
(4-2)  Hy(X.ReW/h < 0;C)x H"(X, (Qy.d +h 'dW A-)) > C, (B.0)+ /HeW/ha).

Thus there must be a dual basis for H, (X, Re W/h <« 0; C) for any basis of the hypercohomology group.
In fact, in the case of W =x", Li, Li, Saito and Shen [2017] define a good basis for H,(X,Re W/ < 0; C)
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as a basis of cycles
{Epl0=p=r-2;
satisfying the condition

[ XWX Mgy =8, forall 0<p,pu <r—2,

-

S
where § denotes the Kronecker delta function. In [Gross et al. 2024], we give a concrete description
of this good basis in the case where W = x”, but only its existence is relevant here. If instead
W=y, xl.r i and E(rf e, E:Z _, is the good basis for xl.r ', then one can bootstrap from the good basis
given in [Li et al. 2017], as is done in [He et al. 2022]. Consider the basis for H,(X,Re W/h < 0;C),

where
D={u=W1,....un)|0=<pi <ri—2for1<i<n}.

This is a good basis for W. The basis &, varies with #. There is a clear bijection between D and M
given by mapping u to x*dx where x* :=[]; x;” for u € D. We then have

—

S

(4-3) / oW oGy XD g S
The following more general integrals will be important for us; see also [Gross et al. 2024, Lemma 2.4]:
Lemma 4.2 For any cycle 8 € H{(C,Rex" /h;C), and for allr,n € N, k € Z>¢, we have

2 k+1
(4-4) /xnr+kexr/h dx = (—l)nhn( | | (l 14 )) / xkexr/h dx
2 r -

i=1 =

'(n+ k+1 .
= (-D%”%/Exkex " dx.

r

Proof Integration by parts. |

Now write Wp =) _; x; ’. Recall that the elements x* for u € D are a basis for the Milnor ring viewed
as a vector space. We introduce coordinates y, on the universal unfolding of W, parameterized by a
germ M of the origin in a vector space with basis {x* | u € D}. The versal deformation W for W
on M x X is then given by

W=x{"+-+x+ Z yuxh.
weD

Given f € C[xy, ..., xu][yu]l, we can consider the collection of oscillatory integrals

/ eW/hfdx =
o i

each of which we view as a formal power series, where ¢, j (y) € C[[y.]-

D Pu i,

=—00
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The following is an oversimplification of Saito’s theory of primitive forms, but will be sufficient for

our purposes:

Definition 4.3 If ¢, ; = 0 for all j < 0 and ¢,,0 = 8,0, then we say that fdx is a primitive form.
Further, in this case, ¢,,,1 form a set of coordinates on the universal unfolding M called flat coordinates.

For more details and explicit examples in the one-dimensional case, see [Gross et al. 2024].
Notation 4.4 We typically will use the variables 7,, := ¢,,,1 for the flat coordinates.

Remark 4.5 In recent papers proving Landau—Ginzburg mirror symmetry [Li et al. 2017; He et al. 2022],
the authors use Saito’s general framework for constructing Frobenius manifold structures on the universal
unfoldings of potentials (see [Saito 1983a; 1983b; Manin 1999, Section II1.8]) to construct the B-model
W-spin Frobenius manifold. Our definition of flat coordinates coincides with the definition given in
[He et al. 2022, equation (13) in §2.2.2], with somewhat different notation. For explicit examples in the
one-dimensional case, see [Gross et al. 2024].

4.2 Period integrals in the rank-two case

In the prequel [Gross et al. 2024], we consider period integrals in the r-spin case. Here we consider
period integrals in the rank-two case. We will first consider the not-necessarily symmetric case.

Definition 4.6 Fix a finite marking set for internal points / C €2, and define the ring
A =QUuijliel, jeZso})/(uijuijrli€l, j.j €Lso).
Let v = (vr,q) € Q-Bal(/). Then we define the potential with descendents associated to v to be
WV = Z (—l)l"'_lvr,dxkl(r)ykZ(F) 1_[ ui g, € Arflx, yl.

Jcl,dez?, ieJ
T eBalanced(J,d)

Given a canonical family of multisections s bounded by 7, we define
WS i=w"
where V® is defined in (3-20).

Remark 4.7 For a fixed k1, k2, it follows from Proposition 2.31(b) and the definition of m(J, d) that there
are only a finite number of J/ C [ and d € Zio such that the set {I" € Balanced(J, d) | k; (") =k;, i =1, 2}

is finite. Hence the coefficient of x*! yk2 is a polynomial, so the potential is indeed an element of Ay [[x, y].
Definition 4.8 Let J C I be a finite index set, d € Zéo- Then we define

sr(J)+rs(J)—m(J,d)
rs B

d(J,d):= 1.

We now have a direct calculation of the period integral, which motivates the definition of A(J,d, v)
from Notation 3.42:
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Theorem 4.9 If WY =x" + y* mod (u;,; |i €I, j € Z>o), thenfor0 <a <r—2,0<b <s-2,

/ﬁ M dx =84080+ > Y (DI D2 A d )8 (y.a8sp [ [ 1)

S (a.b) JcI deZJO jeJ
J#D e

We remark that this equality holds when both sides are viewed as Laurent series in the # variable with
coefficients in Ay.

Proof LetJ C/ andd € Zéo- Using Notation 2.30, Proposition 2.31 shows I' = Ik, x,.1,{(a;.b;)}j s
is balanced with respect to d if and only if

(4-5) ki=r(J) (modr), ko =s(J) (mods), ski+rky, =m(J,d).
By definition of r(J), s(J), there exists nonnegative integers £1(J), £2(J) € Z so that

doaj=r()+ (D, Y bj=s(J)+())s.
jeJ jeJ
We may write

v__r __ ,S\h )
(4-6) / W' x =/ (Z W —x"—y) )e(xrw)/h dx.
h>

h
E(a.b) S(a.b) h'h

Noting by assumption that
WY —x"—y*=0 mod (u; ;),

we may now expand the summation. We can see that if J # @, then the coefficient of

MJ’d = 1_[ uj’dj

jeJ
in (4-6) is

|1

(4-7) AJ,d:=/ Yo X )

D h!
S h=1 T WU UIh=T e ()Y Kk ()=r () (modr)
th2 (7Y} k2())=s(J;) (mods)
ski())+rk2(/)=m(J;.d)

h
(XZJ- kl(j)ij kz(j)h—h l_[ (_1)|Jj|—1
j=1

x"+y%)/h
YTo.ky (7)o (.1t biddie s ’dl-]j)e dx.

Performing integration by parts using Lemma 4.2 and using (4-3), we can see that the integral is 0
unless (a,b) = (r(J), s(J)). As the monomial in x, y occurring in the integrand is x2i kl(j)yzf k2(7),
the integration by parts produces a power 417”2 where

S k() =r()+mir > ka(j) = s(J) +nas.
J J
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Putting this together with Lemma 4.2 and (4-3), the coefficient is given by
/]

@9 Ma=d g ¥ X i
h=1"Jiu-UJp=J {kl(J)}, 1-k1()=r(J;) (modr)

(k21— k2(j)=5(J;) (mods)
sk1(j)+rk2(j)=m(J;.d)

(F(1+Zj;k1(j))l—1(l+zj kz(j)) h

s ny+nx—h S S
T w d J J).b-
r(”;“))r(”s(”) ,ljl 0.k1 (k2 ()1t b iey; 1T ) r(J1).a®s(J),

S
Using (2-24)—(2-25), note that

h
> m(Jj.d)=(h—rs+m(J.d).
j=1
From sk1(j) +rk2(j) =m(J;.d), we obtain

L k) =) | Eikel)=s0) _ (5 5k10) +rka() =sr() = rs()

2 = r s rs
_xymUpd)=sr(J)=rs(J) _ (h—Drs+m(J,d)—sr(J)—rs(J)
N rs N rs '
Hence
(4-9) (mi+ny—h+Drs=m(J,d)—sr(J)—rs(J).

In particular, n; 4+ n, — h only depends on J, and we may rewrite (4-8) as
(4-10) Aga = (DY) D=sr D= DZEDIIS AT d )8, (7),a6500),6-

This agrees with the stated result via the definition of d(J, d). On the other hand, the contribution to the
integral from the case J = @& follows directly the definition of a good basis to be 64 p),(0,0)- This gives
the desired result. O

We next consider the symmetric case.

Definition 4.10 Let / C N C Q be a finite set of labels. Set
AL sym = Qlig g |0<a<r—-2,0<B=<s5-2,d € Zx>o]/Ideal(]),

where Ideal(/) is the ideal generated by monomials of the form

l_ItozBd

such that Y ng > |(tw 1)~ (e, B)|.

Definition 4.11 For each [ > 0, let A; denote the collection of multisets of size / of the form

{(alvﬂl?dl)s-”s(aluBl’dl)}
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with0<a; <r—2,0<p8; <s—2,and d; > 0. For A € A;, denote by Aut(A) the group of permutations
o :[[] — [I] such that (a;, Bi, d;) = (s (i)s Bo (i) do(i)) for all i € [I].

For A = {(«;, Bi,d;)} € A; such that there exist distinct jq, ..., j; € [ with tw(j;) = («;, i), we
write, for v € Q-Bal®™ (1),

A(A,v) = A(J,d,v), d(A):=d(J,d),

where J ={j1,..., ji} andd = (d;)1<;<;. Note that since v is symmetric, the first quantity is independent
of the choice of j;, while the second is independent by definition.

Definition 4.12 Let v = (vr,4) € Q-Bal®™ (7). We define the potential with descendents

l
1 YT0.k; ko180 . 8;)3-(di)
s Yy @ (L ke
i=1

ki,k2>0 A={(c;.Bi .di)}€ A |Aut(A)]
>0

Given a symmetric canonical family of multisections s, we define
(4-11) WSssym — ppvesym

Again, similarly as in Remark 4.7, there are only a finite number of nonzero terms containing a fixed
monomial x¥1 y¥2_ 5o that indeed WV-™ ¢ Apsymlx, y].

Definition 4.13 Given a finite subset / C N we define a map

1#1 . AI,sym - Alv toz,ﬂ,d = Z Uid-

i€l
(ai,bi)=(a.B)
This also induces a map

Yr :Al,symﬂxay]] - AI[[x’y]]'

Lemma 4.14 The homomorphism v is well defined and injective. Furthermore, let A € A; with
A={(a;,Bi.d;)}. Then

1
l—[izl ly. Bi.d;
(4-12) V1 (— =Y 1w
|Aut(A4)] Jotjed J
d’eS
where the sum is over all subsets J C [ andd’ € S where S C Zéo is the subset of descendent vectors
d' := (d]) for which there exists a bijection ¢ : J — [I] with (a;,b;) = (ag(;). Bs(j)) and de =dg(j)-

Proof We begin with the second statement by viewing v/ as a clearly well-defined map Q[{z4, 8,4 }] — AJ .

We have
Hl'—lta‘ Bidi 1 l 1
WI(W)ZMW(AN_ I wa=lawd™ Y [T,
i=1 jel Jcl jeJ
(aj,bj)=(c;i,B;) ¢:J—[1]
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where we sum over all bijections ¢ : J — [I] such that for all j € J, (a;.b;) = (ag(;). By(j)); here we
use the fact that u; ju; j =01in Ay foralli € I, j, j' € Z>¢. Given such a bijection ¢, we may define
d e Zéo by d j/ = dg(j). Thus we may rewrite the above expression as

Au()™ Y [Tua

JCI jeJ
d’ez’,
¢:J—[1]
where now the sum is over bijections ¢ satisfying (a;,b;) = (04 (). Bp(j))» d; = dg(j)- Now assuming
such a bijection exists, there are precisely |Aut(A4)| such bijections. Thus summing over all such bijections
gives the desired formula (4-12).

To finish the proof, we just need to show ker ¢y = Ideal(/) € Q[{tq,g,q4}]. If M = ]_[f=1 la; Bid;
then 7 (M) = 0 if and only if the sum in the right-hand side of (4-12) is empty, i.e., there isno J C [
and bijection ¢ : J — [I] with (a;,b;) = (ag(j). Bs(;)).- However, this is the case if and only if there is
some i € [/] such that |{j € [I]| (o, Bi) = (o, Bj)} > |(tw|7) " (e, Bi)|. Put another way, this occurs
if I does not contain enough elements j with tw(j) = (¢;, Bi). However, by definition of Ideal(/), this
occurs if and only if M € Ideal(/). In particular Ideal(/) C ker ¥ .

We now note that given two distinct monomials My, M> in the #y, g. 4;, the sets of monomials appearing
on the right-hand side of (4-12) are disjoint. Thus if /' =) a; M; € A Isym With a; € Q, M; monomials,
and Y7 (f) = 0, we must have 7 (M;) = 0 for each i. But then each M;, hence f, lies in Ideal(/). This
proves ker ¢y = Ideal (/). |

The following two corollaries are then immediate consequences of the above lemma, the formulas for
wvsym WV and the formula of Theorem 4.9.

Corollary 4.15 Letv = (vr,q) € Q-Bal™™(/). Then
Y1 (WP = WY,
Corollary 4.16 Letv be as in Corollary 4.15. If

WV = x" + 9% mod (ty gq|0<a<r—2,0<p<s5s-2,deZso),

then

/ VR gx A dly

=

S(a.b)

~ ~ Hl.z t Bid;
—baobpot Y 3 (—1)! (=h)~4@ 2«4(/1,v)fgr(A),a(gs(A),b(W)'

I1>1 A={(c;,Bi,d;)}€A;

We now can see immediately that a symmetric chamber index v from Definition 3.47 provides flat
coordinates for the Landau—Ginzburg model W. This will be used in proving the last paragraph of
Theorem 0.3.

Geometry & Topology, Volume 30 (2026)



Open FJRW theory and mirror symmetry 2889

Corollary 4.17 Let v be a symmetric chamber index bounded by I. Then we have

/ er.sym/h dX/\dy — S(a,b),(O,O) +h_1ta,b,0 + O(h—Z)

—-

S(a.b)

mod (f(q,8,d) |0<a=<r—2,0<B=<s5-2,d>0).
In particular, dx A dy is a primitive form and the t, j ¢ are flat coordinates.

Proof By Condition (1) of Definition 3.47, the hypothesis on W"-¥™ of Corollary 4.16 holds, and hence
we may use the formula for the integral given there. Further, by Condition (3) of Definition 3.47, there
is no contribution of the form (—#)~44)~24(4, v) with d(4) < 0 and |A| > 2. On the other hand,
if A ={(a,b,0)}, then it follows from Condition (1) of Definition 3.47 and the formula for A(A4, v) that
the coefficient of 27! is the stated one. |

Example 4.18 Let W = x* 4+ y>. Working modulo any cubic term in the I(a,8,0) Variables and any
t(a,B,d) With d > 0, we can write a deformation W"-*¥™. To compress notation, we write #;; := #(; ; 0)-
From the constraints given in Definition 3.47, we can see that

WY = x* 4 y° 4 153023 + 12237 y% + 121x%y + 1ox? + 113Xy + 112xY% + 111Xy + 10X
+103y” + 1o2y® + to1y + too + Cxlzat23x® + cyl2at23y” + dxtzzxty + dyt35y°
+ %t23121y4 + %t23f20y3 + %lz3ll3x3y + %t23l12x3 + %l23t03)€2y + %lz3l02)€2
+ %t222y4 + 22012197 + Fta2t20y* + %t22t13x3 + %lzzlosxz + %&21)’2 + 10100y
+ %1220 + %tﬁxzy + %113I12x2 + %11310396)’ + %hsfozx + %lutosx + %t§3y + %103t02,

subject to the constraints
(4-13) Lee+le, =L and Lld,+24, =1L with ¢y, ¢y, dy,dy, € Q
4=x 1 5%Y 7 20 4%x T 5% — 79 x,Cy,dx,dy .

Note that any choice of Q-solutions to (4-13) will give a chamber index.
Comparing with [Li et al. 2017, Appendix A, Type W3], the authors start with a versal deformation,
and then find a primitive form that in our notation is of the form

z:dXAdy(l—%[22[23—%t§3y _|-)

One can apply Equation (4-4) and the constraint (4-13) to see that

/ L dx Ady
Ea.b)

=

— / e(W”’Sym—(Cxt22t23x4+cy122123y5+dxl223x4J’+dyt223y6))/h (

-

E(a.b)

1 1.3
1— El‘zzlzg, — ﬁt23y +-- ) dx/\dy
since
4 5 2 4 2 .6
e(ext2ta3x®teytanta3y> +dxty3x“y+dytz3y°) h gy A dy = (1 _ %122&3 _ 2—10t233y +-. -)dx/\ dy
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in the hypercohomology H" (X, (Q%,d +A~'d W A —)). We note that the potential
wvssym _ (cxt22t23x4 + cy122t23y5 + dx1223x4y + dyl223y6)

would be equal to the flar deformation (up to order 2) found by the approach in [Li et al. 2017] once
viewed in H" (X, (Q%,d +h~1d W A —)). Essentially, our choice of deformation of W has yielded a
less complicated primitive form.

4.3 The Landau-Ginzburg wall-crossing group

To motivate the discussion of this subsection, let us consider a rank-n Fermat potential W = Z?=1 xl.r i
and let A be some coefficient ring parameterizing a perturbation of . Fix a maximal ideal m C A and let
W' e A[[x1, ..., x,] be such that W = W’ mod m. We are interested in changes to W’ which do not affect
the oscillatory integrals [ eW'It dxi A+ Adxy,. Indeed, take an automorphism ¥ € Autg (A[[x1, ..., xn])
which is the identity modulo the ideal m and satisfies the relation

Y¥(dxi A ANdxy) =dxy A ANdxy.
Then

4-14) /eW//hdxl A Adxy =[w*(eW//hdxl/\--~/\dxn)=/e‘/’(W/)/hdx1 A Adxy.

Note that we have not changed the cycle of integration E and in fact should use ¥ ~!(Z) in the second
and third integrals, but because ¥ is just an infinitesimal extension of the identity, this has no effect on
the integral. Thus we may change W' by applying ¥ without changing the integrals.
We now study the Lie algebra of the group of such ¥. Some care is necessary to handle the completion,
so let
Ry = Alx1,...,x,]/(x1,.. .,xn)k+1,

so that A[[xy,...,x,] is the inverse limit of the Ry.
Consider the module ®y, of derivations of Ry over A:

n
@k = @ Rkaxi.

i=1
This module comes equipped with the usual Lie bracket, i.e.,

n n
(4-15) [(Hx?[)axj’ (Hx?i)an] — (n; l—[ x?i+ni—8ij)BXk . (nk l—[ x;?i'f'l’l[—gik)axj.
i i i=1 i=1
We next define a linear subspace of ©y,

(4-16) g = P 9@ an

(ai,..., an)

n
= &P Dome (e x (@@ 4 Dxadg — (a1 + Dxidy,)).
(@1,....an)€Z2 H\{0} i=1
Yai<k
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To show gy x is closed under Lie bracket, one tediously calculates

n

4-17) [( I1 ng)((a,- + 1)x1dx, — (@1 4 1)x;0x;), ( I1 x;”')((be + D10y, — (b1 + 1)xgax£)]

i=1 i=1
n
= ( 1_[ X?i+bi)((aj +bj+Da+(ag+bg+1)B)x10x, — (a1 +b1+ 1)(ax,~8x_,. + Bx¢0x,),
i=1
with
oy = —bet D@+ Day + (by + D@1 + 1)616’ f= (aj + D1 + Dby — (a1 + (b1 + Db;
a;+b1+1 ay+b1+1
Further, if v € g4 , then the Lie derivative Ly (dx1 A--- Adxy) = 0. In detail, since dxy A---Adx, isa

closed form, we have
Ly(dxi A~ ANdxy) =d)(dx1 A+ Adxy)).

Taking v = x{" -+ x;" ((a; + 1)x10x, — (a1 + 1)x;dx,), we see this latter quantity is

d(x8"- x8 (@ 4+ Dxrdxa A~ Adxn — (=1 "Nay + Dxidxy A= Adx; A Adxg))
=x{"xp (@ + (@i +1) = (a;i + D(agr + 1)dxi A= Adxy
—0.

Thus vector fields in g4 x indeed preserve dxi A--- A dxy.

We note that this is not the algebra of all vector fields preserving dxj A --- A dx;,. Indeed, vector
fields of the form f(xi,....,X;,...,Xn)0yx; also preserve dxj A--- A dx,. But such a vector field will
not play a role in our theory. This is a nontrivial point, which in the rank-two case is in fact enforced by
Condition (3)(a) of the definition of strongly positive, Definition 3.18.

Definition 4.19 As g4  is a nilpotent Lie algebra, we may define a group G4 i := exp(g4 k). Thisis a
group whose underlying set is g4 x but where multiplication is given by the Baker—Campbell-Hausdorff
formula. We may then define G4 as the pro-nilpotent Lie group given as the inverse limit of the G4 k,
identified as a set with g4, the inverse limit of the g4 . We call G4 the Landau—Ginzburg wall-crossing
group of rank n (over A).

We note that G4 acts by automorphisms of A[[xq,..., x,] which preserve dx; A --- A dx, via the
exponential: i.e., if v € gy4, then exp(v) acts on elements of A[xy,...,x,] by
X . n
v"(f)
(4-18) f 2;) ot
n=

where v" denotes differentiating with respect to the vector field »n times.

Remark 4.20 A similar group of automorphisms of A[xfﬂ, ..., x;F!] preserving d log x1 A---Ad log xy,
or a symplectic holomorphic form has been studied extensively in the literature and applied in many
different settings, with initial study in the two-dimensional case by Kontsevich and Soibelman [2006] and
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in higher dimension by Gross and Siebert [2011]. The particular use here follows closely the application
of the wall-crossing group by Gross [2010].

Restricting now to the two-dimensional case, we may write

4-19)  gax = P m(x P B+ Dxd—(a+1)ydy)) = B ssw@s
(a,b)€Z2,\{(0,0)} (a,b)€Z2,\{(0,0)}
a+b<k a+b<k

The action of G4 on A[[x, y] can be described explicitly through the following computation:
Lemma 4.21 For (a,b) € Zéo \ {(0, 0)}, consider
v =gx*yP((b+1)xdx — (@ +1)ydy) € 84.a )
withg em C A.
(1) Ifa # b, then exp(v) acts on A[[x, y]| via
(4-20) x> x(1+ (b —a)gx®y?)®TD/G=a) s (1 4 (b—a)gx®y?)atD/@=b),
(2) Ifa = b, then exp(v) acts on A[[x, y] via
(4-21) x > xexp((a + Dgx%y?), y— yexp(—(a+ 1)gx?y?).

Proof The calculation of (2) is straightforward, using the fact that v vanishes on (xy)” for any n. For (1),
given the description (4-18) for the action of exp(v), we can rewrite the automorphism 1 = exp(v) on
the elements x, y € A[[x, y]| as

V) = X(l +2 fx,n(x“yb)”) =xfr. VO)= y(l +2 fy,n(x“yb>") =yf
n=1 n=1

for some elements fx ,, fy,n € A defining fx, f, € A[x* yP] with fx, Jy = 1 modm. Further, since
v(xT1yb+1) =0, we have Y (x@T1ybt+1l) = xatlyb+1 ¢ fatl = fy_(bH). Thus by taking roots as
formal power series, there is a unique function f € A[[g] so that f, = f(x%y?)b*1, £, = f(x@yb)~(@+D
and f =1 modgq. Now recall that ¥ *(dx A dy) = dx Ady. Writing f” for the derivative of f with
respect to g, and substituting ¢ = x¢ yb , we can compute that

dx Ady =¥ (dxndy) = (fP7% + (@—b)x%y? £ o= Vdx ndy.
Thus, with ¢ = x¢ yb, we require that
S a=bygf fr T =1

If a = b, we obtain no restriction on f, and hence the explicit calculation is necessary. However, if a # b,
then any solution to this differential equation is of the form f(q) = (1 + Cq)'/~% for C a constant,
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which we may view as an element of A. This now gives the form (4-20) up to determining the constant C.
However, we may expand ¥ (x) as a Taylor series in C to first order to obtain

b+1)C
Qxayb_{_...).

W(x)=x(1+ -

Noting that
Yx)=x+v@x)+--=x+ b+ DgxHyb 4.
we see we must have C = (b —a)g, as desired. 0

We now fix a Landau—Ginzburg model W = x" 4+ y¥. We will fix a finite / € Q and take A = Ay
or A = Aj sym- In both cases, we take m to be the ideal generated by the variables (the u; 4 or f g 4 in
the two cases). We thus obtain the groups G4, or G4, ..

Remark 4.22 The morphism V7 : A7 sym — A induces a homomorphism of nilpotent Lie algebras
{/;1 " 04 ym.k = 84,k and a homomorphism of groups 1}1 : G4, — G4, which is compatible
with the action of these two groups on Ay sym[[x, y]] and A [[x, y]|, respectively, i.e., for g € G4, .,
W € Af symllx. y]l, we have

(4-22) Yi(g(W)) = Y1 (9) (W1 (W)).

The choice of W determines natural subgroups as follows. We want to emphasize that these subgroups
consist of direct summands that are parameterized by critical graphs.

Definition 4.23 Fix I C Q a finite set of markings.

(1) ForJCl,d e Zéo, we define

Ujd = l_[ uj,dj.

jeJ
Define for k1, k> > 0, (k1. k2) # (0,0),
423) G4, k) = D w7, ax Y2 (ko + Dxdx — (k1 + Dydy)Q S gy k-
@£ICI
dez?l,
ki=r(J) modr
ko=s(J) mod s
ski+rk,=m(J,d)—rs
Set
rSs r,s
94, k= @ Bk 1 k)"
k1,k2>0
0<ki+ko<k
(2) Define

r,

r,s 71 r,s r,s 71 s
94, gmerda) = VT G4y Gy k) 80D G4, =V (04, 1)
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Remark 4.24 The introduction gave different descriptions of the groups Gy, . and G:fj.sym' It is not
difficult to see that the explicit constructions of these groups here agree with the characterizations given
in Section 0.4. Indeed, for G4, , automorphisms which are the identity modulo m € Ay sy, are given
as exponentials of derivations which are zero modulo m. A computation of the Lie bracket £, (dx A dy)
shows that any derivation preserving dx A dy must be a linear combination of derivations of the form
x4yP (b + 1)xdy — (a + 1)ydy) with a,b > —1, (a,b) # (—1,—1). However the requirement that
the derivation take xy into the ideal generated by xy forces a,b > 0. Thus these three conditions
yield the group Gy, . The additional restrictions for g:fj,sym, « arise as follows. The condition that
[E,-] acts by multiplication by rs, where E is the Euler field of (0-6), imposes the condition that
ski+sky =m(J,d)—rs. Finally invariance under the action x &, x, y = &5y, Iy p.d > ér_aés_bta,b’d
imposes the condition k1 = r(J) modr, ko, = s(J) modr.
We omit the details as we will not need the description given in the introduction.

Proposition 4.25 The subalgebra g:{:vk is closed under Lie bracket in either case A = Ay or Aj sym.
Proof It is sufficient to check this in the case where A = Ay. Using (4-17), we have, for J,J' C I
disjoint, k1, ko, d, d’ satisfying the conditions in (4-23),
4,051 Y2 (k2 + Dxdx = (ky + Dy dy).ugr,ar ¥ y¥2 (K + Dxdx = (k7 + Dydy)]

= ugquy g xXFIRRRTRC (g + K + 1)x18x, — (k1 + K]+ Dx2dx,)
forsome C € Q. Ifd” € ZQ)” " denotes the descendent vector agreeing with d on J and d’ on J, then we

just need to check (1) k1 +k =r(JUJ') modr, kp+kj =s(J UJ') mods, which is automatic, and (2)
s(k1+kY)+r(ka+ky) =m(JUJ’,d"”)—rs. But this follows immediately from the definition of m. O

Definition 4.26 We write G;° C G4 for the subgroups obtained from the system of Lie algebras g/,”, for
A= Ay or A sym.

The key observation is then:
Theorem 4.27 Let I C 2 be finite. There is a well-defined action of the group G:l’[s on the set of chamber
indices Y, 5(I') (see Definition 3.47) given by
gy = wEw,
This action is faithful and transitive. Similarly, there is a well-defined action of the group G:l’[s o
on Tﬁsysm(l ) defined via the same formula. This action is faithful and transitive.

Proof Step 1 (existence of the action) We first consider the nonsymmetric case. There is an injection
from Y, 5(I) into Af[[x, y]] given by v — W". Given g € G;’]S, we thus obtain g(W?V) € Ar[x, y]. To
obtain the desired action, we need to show that there exists a chamber index v’ such that W' = g(Wv).

Since elements of the form exp(v) for v € 9:175, (k1 .ko) ECNCTAtE the group Gr’;, it is enough to check
this statement for

(4-24) g = exp(Cuy ax¥1y%2 ((ka 4+ 1)xdy — (k1 + 1)ydy)), CeQ,
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the exponential of a generator of g;’j (k1 k)" Since g corresponds to a generator of g:{j (k1) WE have

(4-25) ki=r(J) (modr), ko =s(J) (mods), ski1+rky=m(J,d)—rs.

ki k

Solet C'u jr g/x*1y*2 be a term in WV, By the definition of chamber index, this term is nonzero only if

FO,ki,k’z,l,J/ is balanced with respect to d’, i.e.,
(4-26) ki=r(J") (modr), ky=s(J") (mods), ski+rky=m(J'. d").

Applying g to this term produces no new terms if J N J' # &, as then u y gu j g- = 0. Otherwise, we
see that, by applying (4-18) and noting u% 4 = 0, we obtain a new term of the form

Cugu g ar xR Rtk

for some C” € Q. Now

ki+ki=r(J)+r(J)=r(JUJ) (modr), ka+kh=s5(J)+s(J)=s(JUJ') (mods).
Furthermore, using (4-25) and (4-26)

m(JUJ',d"y=m(J, d)+m(J',d")—rs =sky+rky+rs+ski+rks—rs=s(ki+ky)+rka+k3),

showing that I'o x, &/ k,+k5,1,70s 18 balanced with respect to d”. This shows that g(W") arises from
an element g(v) = (g(v)r,q) € Q-Bal(]).

We now only need to show that g(v) satisfies the conditions of Definition 3.47, still with g as given
in (4-24). First we show Condition (1) of the definition. Suppose that d = 0. Then necessarily |J| > 2.
Indeed, using Notation 2.40, there are £1 + £ — |J | + 1 choices of k1, ko > 0 satisfying the conditions
in (4-25). However, if J = {j}, then r(J) = a;, s(J) = bj, and thus £; = {» = 0 and there are no
such k1, k2. Thus in this case, g is the identity modulo m?, and we have g(v)r,g = vr,p when |I(T")| =0
or 1, as desired.

For Conditions (2) and (3) of Definition 3.47, consider the two potentials W and W& ™ For any
I'C I andd’ e ZL, it follows from (4-14) that

v gW)
/ eV /hdxAdy:/ eV /hdx/\dy,
Erly.s’ Erany.sur)

which implies by Theorem 4.9 that A(I’,d’,v) = A(I’,d’, g(v)), and hence the required value of
A(I’,d’, g(v)) follows from the same requirement for A(I’,d’, v).
For the symmetric case, we note that if g € G7* A, .- then V1(g) acts on v € Q-Bal¥™([) as above

giving WI (g)(v) € Q-Bal(/). However, since WI (g)(lﬁ] (WY)) =1 (g(W")) by (4-22), we see in fact
that Y7 (g)(v) € Q-Bal¥™(I). As we have already seen above this action takes chamber indices to
chamber indices, we get the desired action on T ().

Step 2 (faithfulness of the action) Take A = A or Ay sym, and suppose that v € Y 5(/) or Tsym(l ) in
the two cases. Suppose g = exp(v) € G%* 4 satisfies g(v) = v. Let k > 2 be the smallest integer such that
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+

v = 0 mod m¥ but v # 0 mod mk+1 Then working modulo mf*1, we have

gWy=WY+ov(W")=W" +v(x" +y%).

Thus it suffices to check that v(x” + y*) = 0 implies v = 0, still modulo m*+1
Now v is a linear combination of vector fields of the form given in (4-23). Let k1 be minimal so that
v has a nonzero summand in g:fs(k, ko) for some k7, and let k, be minimal among such choices of k;

k+1

fixing k1. In other words, we consider the minimal pair (k1, k2) occurring in v mod m with respect

to the lexicographic ordering. Thus we may write the g:l’s(kl ko) summand of v as

v = CxF1yR2 (kg + 1)xdx — (k1 + 1)yd))

k+1

for some C € m¥ \ m¥*1, Now

V(X" 4 ) = Cr(ka + DR yk2 gy + 1)xkrykets),

Note that neither of the two terms in this expression is zero. On the other hand, because of the minimality
of the pair (k1, k2), this expression does not cancel with any other terms appearing in v(x” + y*). This

k+1

shows C = 0, and hence v = 0 mod m* ™", contradicting the definition of k. Hence v = 0.

Step 3 (transitivity of the action) We will consider the case A = Ay, the symmetric case being similar.
Let v, v/ € Y}, 5(I). We proceed inductively, showing that for any positive integer k, there exists an
element g € G:l’[s such that g(v)r,g = U{“,d for any I € Balanced(J, d) with sk{(I") +rk,(I") < k. Note
that the base case of k = 0 is automatic, as we may take g to be the identity. Define an ideal

T = (M1 )% € Arx, y] [ ki +rka = k).

Now assume we have found a g which works for a given k. By replacing v with g(v), we may assume
that WY = W' mod ;. Now consider J € I,d € Zéo such that there exists a I" € Balanced(J/, d) with
sk1(I') + rk2(I") = k. Consider the coefficient of u y 4 in WY — WV, namely

(-pH=1 > (v} g — vra)xF1yF2.
I'=T0.ky.ky.1.s €Balanced(J,d)

Recall from Notation 2.40 that we have a complete classification of graphs I'y , € Balanced(J/,d)
where I'y ,, is the unique balanced graph with k1(I'y,,) =r(J) + pr and k2(T'y ) = s(J) + (N — p)s,
and I(y,p) =J for p=0,...,N = Zie"lri_ru) + Zie’ii_s(J) —|J]+ 1+ > ;esdj. Note that
sk1(I'y,p) +rk2(I'y, p) is independent of p, and hence is always k.

In particular, we may write the u y 4 coefficient of WY — WV as

N
(_l)lll—l Z(viﬁ,p,d _ 1)I,J'p’d)xr(J)wLprys(J)+(N—p)S_

p=0
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Let p’ > 0 be the smallest p such that va’p’ 4 # VI, ,.d- Now consider

U/ —r 7. d
Ty pd J.p" xr(J)+p’r
s(r(/)+p'r+1)

v = (_l)lJluJ’d s()+(N—=p'—1)s

y
X ((s(J)+(N—=p' —=Ds+ Dxdx —(r(J) + p'r + 1)yd,).

One checks easily that this lies in g:f]s and corresponds to the critical graph Ay ,/+1 in Notation 2.40.
Modulo Zy 41, exp(v)(W?") differs from WV only in the coefficients of uJ,dxr(J)"'p/rys(J)"'(N_p/)s
and uy gx” D@+ ys(+0—p'=1s and further the coefficient of uy gx" ) T2'7ys()+N=p)s
in exp(v)(W") agrees with the coefficient of the same monomial in WY'. Thus by replacing W"
with exp(v)(W") and repeating this process inductively on p’, we may assume that the coefficient of u y 4
in WY — WV is

(_l)k (U/T‘J.N,d - VFJ,N,d)xr(J)+NryS(J)’
i.e., there is at most one I" with I(T") = J with vr,qg # v ;. Further, inductively we have assumed
Vg = v{,, 4 Whenever I(I'") € J. Since T is balanced for d, we have

m(J,d)=sk1(T)+rk(T)=sr(J)+rs(J)+rsN =sr(J)+rs(J),

soif |J| > 2, the inequality of Condition (3) of Definition 3.47 holds and A(J, d,v) = A(J,d,v’)=0. On
the other hand, if |J| = 1, Condition (2) similarly implies that A(J,d,v) = A(J,d,v’). Looking at the
form of these expressions, one notes they agree except for the contribution from the terms vr 4 and vh d
and that implies equality of these two terms.

Repeating this for all J, d such that there exists a I' € Balanced(J, d) with sk(T") 4+ rko(I') = k
then gives the induction step. Note there are a finite number of J C I and graphs I' with I(I") = J
with sk1(T") + rko (") < k and balanced with respect to some descendent vector d. Thus by working
modulo Zj ¢ the automorphism we build only involves composing a finite number of automorphisms. O

We end this section with a result that will be of use in Section 5.3 and clarifies the computational result
from Corollary 4.16.

Corollary 4.28 Let I be a finite set of Q2. Take v and v’ to be two chamber indices bounded by I . Then,

A(J,d,v) = A(J,d,V)
forall J C I andd € Zéo-

Proof By Theorem 4.27, there exists an element g € G so that g - v = v’. Next, note that, by (4-14),
since v and V' are in the same orbit of the wall-crossing group action we have that

/eWU/hdxAdy:[eWU//hdx/\dy.

=
=

The result then follows from comparing coefficients in the result from Corollary 4.16. O
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5 Invariance, open topological recursion relations, mirror symmetry, and
wall-crossing

5.1 Invariance

Unlike the open r-spin invariants defined in [Buryak et al. 2022a; 2024], the open W-spin invariants for
W = x" + y® defined here do depend on the choice of the canonical multisection. However, some simple
invariants are independent of these choices:

Theorem 5.1 We have

r $,0 __ /S 5,0 _
(01012)"° = (03012)"° = —1.
ForO<mi;<r—1,0<my <s—1, we have
(x (my,m2) _m 0
T, 0, 02 2012)%% = 1.

In particular these numbers are independent of the choice of s and WV-Y™ satisfies (0-5).
Remark 5.2 This justifies item (1) in the definition of chamber index; see Definition 3.47.

Proof of Theorem 5.1. Let s¢, 51 be two canonical multisections for E — P M, for a smooth rooted
graded (possibly disconnected) I" that is balanced with respect to a descendent vector d . By Lemma 3.40(2)
we can find a canonical transverse homotopy H € C°([0, 1]xP M, 7* E) with H(e, —) = s fore =0, 1,
and, by Lemma 2.22,

sTo g0
(ai,bi) k(T (ai.bi) k(T
(5-1) < [T =" )> ‘< [T =" )> =#Z(H|([0,1]x00P 1)U, 1]xaFchne P RAr))-
iel(T) iel(I)

Recall that we showed in Example 3.4 that if I' € {Tg 0, m,,1,{(n1,m2)}- L 0,r,0,1,8. L0,0,5,1,5}, then
9°T = @. Here, the set 9¥*han2¢D A{ need not be empty; however, by Lemma 5.3 below, we have that
#Z(H |[9,1]xgeschanzeppg.) = 0. Thus, the quantity in (5-1) vanishes and we conclude that the intersection
number is independent of the choice of the canonical multisection.

When T' = T i, m»,1,{(m;,m2)}» 1€t T'i = forgpin; (T'). Note that I'y is the graded r-spin graph with
a single internal tail with twist m; and m + 1 boundary tails, and I'; is the similarly defined graded
s-spin graph. We may then take s = For;kpin £1 OH @ For;“pin #zfz, where {; is a transverse global canonical

multisection of the Witten bundle over PMr;. By transversality we may assume that it vanishes only
in MIIQVI Using [Buryak et al. 2024, Appendix A], and specifically Notation A.4 there, we can write

ZG)= Y &pl.
PieZ(&)

where ¢, is the weight of p; in the zero locus of ;. Hence,

J
#Z(s) = Z Z 8]1 ]2#(”1 l(pjl) N, l(pjz))

P} €21 3, €Z(8)
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For smooth moduli points p’ € MWI/,, i = 1,. 2,y Lphn T, 1(p?) is a singleton set, the unique point
of MIW whose projection to each MIVII/ is p'.1® Hence

lo_m1+1>1/r,0< mo m2+1>1/s,o

m
_ TO TO o
#Z(s) = Z Z J1 J2 my! my!

pj] EZ(zl)ijGZ(éZ)

We note that the division by m1!m5! is because of our convention that we do not mark the boundary
points, unlike [Buryak et al. 2022a; 2024]. By [Buryak et al. 2024, Theorem 1.2],

#Z(s) = 1.

When I' = I'g 10,1,2, the s-Witten bundle is rank 0. Hence, the multisection s is a pull back of a
canonical multisection of W — PMr,, where I'y = forgpy,«1 (') is the smooth graded r-spin graph with
no internal tails and r 4 1 boundary tails. Consequently,

O_r+1 1/r,0
ooy =Ty
r!

where the last equality used [Buryak et al. 2024, Theorem 1.2]. The same argument shows (05012)*’=—1. O

The reason open W-spin invariants depend on the choice of canonical section is that homotopies
between these canonical sections may have zeroes on boundary strata. However, we can now check that
this does not occur at exchangeable strata.

Lemma 5.3 Let ' = Tg g, k,.k15,0(a;,b1)}ic; DE @ smooth, connected, graded W -spin graph which is
balanced with respect tod . Let sq, s1 be two canonical multisections for Er(d) — PMr. Take H to be
a canonical homotopy with H (e, —) = s, for e € {0, 1} that is a part of a family of canonical homotopies
as built in Lemma 3.40. Then

#Z(H|[O’1]Xaexchangemr) - O

Proof Suppose E € d%hae°T" and dimPMg < dim PMr — 2. Then by the pigeonhole principle
and (3-3), there either exists a connected component A € Conn(BE) so that dim MK/ <rank Ep(d)—2,
or two connected components A1, A € Conn(BE) so that dim MK/, =rank Ep;(d)—1fori =1,2.
In either case, the canonical homotopy H will not vanish on the strata [0, 1] xPMpzg by Lemma 3.40(1)(b)
or (c). In turn, by the canonicity of H, it will also not vanish on PMg. Thus, in order for H to vanish,
we must have that P Mg has codimension one. Thus, we can write

#Z(H|[0’1]xaExchangeWr) = Z #Z(H|[0,1]XWE)

Be aexchange r
dim PMg=dimPMr—1

16 A5 both projections share a common internal and boundary marking given by the unique internal marking and the root, we
may represent each point p! and p? as the unit disk model with the internal rnarking at 0 and root marking at 1. This kills off all
automorphisms given by the act10n of PSL(2, R). Thus, knowing the points p' € PMF i = 1,2 is sufficient to identify the
point p € PMr with r; (p) = p',i =1,2.
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~

Recall that I" contains all cyclic orderings of the vertex, and that the graphs E € 9%*change[" of
codimension one have two open vertices: a rooted vertex and an exchangeable vertex v. This exchangeable
vertex has one half-edge & and two boundary tails #; and #,. Note that v has two possible cyclic orderings
on its half-edges, namely 71 := (h — t; — t3) and 7 := (h — t; — t1), which correspond to two
collections of connected components of PMz.

We now make two new W-spin graphs &1 and E, that are the same as &, but the only cyclic ordering

on v for &; is 7r;. The moduli PMg, and PMg, are related by the (involutive) map Exchange,. Since
H is a canonical homotopy, we have by Observation 3.9 that

|#Z(H[o,1]xW51])| = |#Z(H[o,1]x7WExchmgev(E1))| = |#Z([H[o,1]><7W32)|a

while Proposition 2.56 shows that their orientations as boundary strata in PMr are opposite. Thus, for
any B € 9%*hange[" of codimension one, we have that

#Z(H |10, 11xp15) = #Z(H |10 xppag,) +#Z(H o, 11xp515,) = 0- O
The main theorem of this subsection is:
Theorem 5.4 A(I,d,v®) is independent of the choice of family of canonical multisections s.

We will now assemble some of the key notation for keeping track of terms in A(1, d, v®) and critical
boundary graphs which play a role in changes of the individual open invariants appearing in A(/,d, v®).
(See Definition 2.33 for critical boundary graphs.) This notation will be used both in the proof of the
above theorem and in the proof of the open topological recursion formula of the next subsection.

Notation 5.5 Let / be a set of internal markings with |/| = [. For h <[, write Py (I, d) for the collection
of sets of the form

{1, k1 (1), ka(1)), ..., (Ip, k1 (h), ka(h))},

where I1, ..., Iy is an ordered partition of I into & nonempty pieces, k1(i), k2(i) > 0 for all i and
(5-2) ki1()=r(;) (modr), ko(i)=s(1;) (mods), sk1() +rko(i) =m(l;,d).

Write P(1,d) = Upepy Pr(I, d). For P = {(I1,k1(1), k2(1)), ..., (Ip, k1(h), k2(h))} € Pp(1, d), let
I'p be the disjoint union of graded rooted graphs

h h
(5-3) Ip:= |_| Ipj= |_| Lo.ki ()2 () 1.4 bidYier, -
Jj=1 Jj=1
The graphs I'p for P € P(I, d) are precisely the smooth graphs which correspond to the product of
open invariants in Notation 3.42 for a given summand. With notation as in the first paragraph of the
proof of Theorem 5.1, note that £ = ETr,, (d) naturally decomposes as E = Hﬂ AeConn(T'p) Ea(d). The

requirement (5-2) then guarantees that for each A € Conn(I'p), rank Ex(d) = dimP My, ie., A is
balanced; see Proposition 2.31.
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v Vo

Root

Figure 13: An illustration of a stable disk corresponding to the j-th component of the critical
boundary graph I'p, j.e 10k, 0),k2(0),Ro. S0

Notation 5.6 We now consider notation for accounting for critical boundaries of graphs I'p. Let
P € Pp(1,d) and take (j, €, I, k1(0),k2(0), Ro, So) sothat 1 < j <h, Io C I, e €{1,2}, and

(5-4) 0<k1(0) <k1(j), 0=<k2(0) <ka(j), 0=<Ro=<ki(j)—k1(0), 0=So=<ka(j)—k2(0).
We will construct a boundary graph I'p ; ¢ 1, .k, (0),k2(0),Ro,S0 € d°T'p U gxchange ', - This graph keeps
all but the j-th connected component of I'p the same, but replaces I'p ; with a graph consisting of

* two open vertices vg and v;, where v; is rooted;

e one boundary edge e consisting of two half-edges ho and h; belonging to the vertices vg and vy,
respectively;

e the vertex vg has k1(0) 4+ 1 r-points and k»(0) + 1 s-points, including the half-edge k¢ above; where
— if € = 1, the half-edge %o has tw(ho) = (0, s —2) and alt(kg) = (0, 1);
— if € = 2, the half-edge ho has tw(ho) = (r —2,0) and alt(hg) = (1, 0);
e the vertex v; has (k1(j) —k1(0)) r-points and (k2(j) —k2(0)) s-points, including the half-edge /;;
o the set I1 of cyclic orderings consists of all cyclic orderings so that
— the number of r-points in vy following the root but before the half-edge /¢ is Ro;
— the number of s-points in v following the root but before the half-edge A is Sp.

If Tp je Io.k1(0),k2(0),Ro,S, 18 @ critical boundary graph in the sense of Definition 2.33, then it
corresponds to a codimension-one boundary strata of the moduli space PMr, where a canonical
homotopy between two multisections may vanish (see Figure 13 for a representative graded W -spin disk
that realizes the nodal connected component of this critical boundary graph). This will correspond to
wall-crossing phenomena for the open invariants discussed throughout the rest of the paper.

Notation 5.7 We next introduce an analog of the set Py ([, d) that corresponds to bases of critical
boundaries. For & > 0, let Q; (1, d) be the collection of sets

{({o,k1(0) +1,k2(0) + 1),.... (. k1 (h), k2 (h))}
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so that

e {Iog,..., Iy} is an ordered partition of [A] such that /o is nonempty and at most one /; is empty;
e k1(i)=r(l;) (modr) for all i;

® k(i) =s(I;) (mod s) for all i; and

o sk1(i)+rkr(i)=m(l;,d)—6girs forall i.

These conditions arise from Propositions 2.31 and 2.39. Set

l
o.d)=|J . d)
h=1

with [ =|I]|. Givena Q ={(lo, k1(0)+1,k2(0)+ 1), ..., Iy, k1(h),k2(h))} € Q(I, d), we can construct
a graph A g with 1 + 1 connected components so that

¢ one connected component is the critical graph

A 0,0 = Tok1 (0)+1,k2(0)+1,0,{(a; bi)}ic sy

e h connected components are the balanced graphs

A.j = Lok (ko ()14 bidbier,
forl <j <h.

These graphs are the graphs corresponding to the bases of critical boundaries for some graph I'p associated
to P € Py(I,d). In other words, BT'p_; ¢ 10k, (0),k2(0),Ro,S, 1S @ critical boundary graph of I'p if and
only if Ag > BUp_j ¢ 10,k (0),k2(0),Ro,S, for some Q, using the notation in Definition 1.47. We remark
that there is not necessarily a unique P which satisfies this property, and indeed, it is the combinatorics
of how the same base graph A ¢ contributes to critical boundaries of different PMr, that is key to many
of the arguments in the rest of this paper. This kind of argument first appears in Part (B) of the proof of
Theorem 5.4.

Consider Q € Qj(1,d) with I; = & for some 1 < j < h. Then the graph A g ; is rooted and has either
k1(j)=rka(j)=0o0rkq1(j)=0,k2(j) = s, by Proposition 2.31(a) and (b). Thus, we can partition
the set Q;,(1, d) into three subsets Q; (/,d)U Q; (1,d) U Q;fg(l, d) defined as follows:

(1) Q},(1,d) is made of partitions with some 1 < j <h so that I; = &, k1(j) = r, k2(j) = 0.
(2) Q;,(1,d) is made of partitions which contain some empty /; with k1(j) =0, k2(j) = 5.
3) QZEQ(I ,d) is made of partitions where /; is nonempty for all ;.

We define

l h
o*?(1.d) =) o7?u.a). QZ7u.a)=] o ?U.a).

i=1 i=1
and similar notation for Q" (I,d) and Q°(/, d).
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We then also have various maps between these sets. First, we have

QrP(1.d)— Q) (I.d), O+ O,

(5-5) o N
Q, (1,d)— 9, (I.d), O Q0™
with
+r _ U 7. 0),
56 0" =QU{(2.7.0)}

0T =0QU{(2.0.5)},

with the convention on ordering the elements of Q" or Q** that the additional element is added at the
end. We may define the inverse maps

Oj (. d) > Q% d), 007,
via,if Q € Q@ (/. d) with [; = &, the element Q™ is given by
UL.KPG)ELGY)  ifj<i,

. 12 k2 (H).k2 () =
(5-7) U7 kg () ky () K2(j+1).k2(j +1)) otherwise.

0

Similarly we obtain

05,,(I,d)— Q1 %(I.d), 0+~ 0Q.
Example 5.8 Consider the LG model (x* + y°, 14 x u5). Take |I| = 2 where (ay,b1) = (2,2) and
(az, b2) = (2, 3). Then we have examples where

{I,1,1),(2,4,0)} € Q1(1,0); {(I,1,1),(2,0,5)} € Q1(1,0).

The graphs corresponding to these partitions are the detachings of the graphs found in Figure 9, top right
and bottom right. If we instead take |/ | =3 where (a1, b1) = (1, 1), (a2, b2) = (2, 2), and (a3, b3) = (2, 3),
then we have

{(2.31.1.1). ({1} 1. D} € 7 °(1.0).

This graph corresponding to this partition is the detaching of the graph found in Figure 7, bottom right.
We remark that the vertex v, in the figure above serves as vg in the present notation.

Proof of Theorem 5.4 We outline the proof by explaining the five steps we will take:

(A) We identify the strata on which a canonical homotopy may vanish: these are precisely those strata
which correspond to critical boundary graphs in Definition 2.33. We then show these coincide with the
graphs introduced in Notation 5.6.

(B) We classify all the ways that we can glue the bases of critical boundaries to create critical boundaries
so that they can be smoothed to a balanced graph.

(C) We compute how much an introduction of a zero by a homotopy for a critical graph will change the
invariants associated to such a moduli problem.
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(D) We provide closed formulas for how the invariants change with respect to the number of zeros in a
given homotopy.

(E) We show that, for any introduction of a zero through the homotopy for a critical graph, A(/, d, v*)
remains invariant.

Part (A) (identification of strata where the homotopy may vanish and classification of critical boundary
graphs) Given two families of canonical multisections s; and s, we may compare them via the family of
simple canonical homotopies H constructed in Lemma 3.40. In this context, as we will use Lemma 2.22
to understand changes in open invariants appearing in A(/, d, v¥), we identify boundary strata where H
may vanish.

To this end, start with a smooth balanced connected graph I' with respect to the descendent vector d .
We now identify all boundary graphs A € 3°T such that the homotopy H between s{ and sg may
vanish in [0, 1] x MVAV

First, if A € 9°T is irrelevant, then as in the first paragraph of Case 1 of the proof of Lemma 3.40 a
connected component of BA is irrelevant as well. By Lemma 3.40(1)(a) and canonicity, H' will then
not vanish on [0, 1] x PM .

Second, suppose A € 3°T is relevant. We claim that, for H F|[0,1]X MY to vanish, we must have
that dimPMp = dimPMr — 1. Indeed, if dimPMp < dimPMr — 1, then in the notation of
Observation 3.12, v > 3. By the fact that I" is balanced for d, we also always have « = 0 and
B > o in (3-3), and hence by the pigeonhole principle, there exists a connected component & of BA
such that dim Mg’ <rank Eg(d) — 2 or there exists two connected components E1, E» of BA such
that dim/\/lg/i =rank Eg;(d) — 1 for i = 1,2. In either case, HPBA does not vanish on PMga by
Lemma 3.40(1)(b) or (c), and, in turn, HT does not vanish on P M, .

Note that the only codimension-one relevant boundary strata MK/ of PMr are those with a single
boundary node. Hence if A € 3°T is such that H I vanishes somewhere on [0, 1]x MW | then A consists of
two open vertices connected by a boundary edge, and a number of boundary tails. Take v to be the rooted
vertex with corresponding boundary half-edge /1 and let v, be the additional vertex with half-edge %5.

Since A is relevant we only have the following possibilities for the twist at the boundary edge:

(1) tw(hy) = (r —2,0), alt(hy) = (1,0), tw(hp) = (0, s —2), and alt(h,) = (0, 1).
(i) tw(h1) = (0,5 —2), alt(hy) = (0, 1), tw(hp) = (r —2,0), and alt(h,) = (1, 0).
(iii) tw(hy) = (r —2,5 —2), alt(hy) = (1, 1), tw(hz) = (0, 0), and alt(h,) = (0, 0).
@iv) tw(h1) = (0,0), alt(h1) = (0,0), tw(hp) = (r — 2,5 —2), and alt(hy) = (1, 1).
When we pass to the base BA in case (iii) (resp. (iv)), we forget the half-edge h, (resp. i), s0 8 = 1.
Here we have two cases, depending on whether forgetting the half-edge will keep the corresponding vertex
stable or make it partially stable, i.e., if 0 =0 or 1 in the notation of Observation 3.12. If the corresponding

vertex remains stable, so that 0 = 0 in (3-3), we again have one connected component & of BA with
dim MY <rank Eg(d)—2 or two connected components &; of BA with dim MY <rank Eg (d)—1.
(= ~7
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Hence again by Lemma 3.40(1)(b) or (c), H ' is nowhere vanishing on P M. If on the other hand
o = 1, we may describe the partially stable vertex. Indeed, if it had two r-points or two s-points then the
constraints given for a pregraded (r, s)-spin structure in Observation 2.26 do not hold. Consequently, it
must have exactly one r-point and one s-point, which implies that A is an exchangeable critical boundary
graph. In this case, we have by Lemma 5.3 that while HT may vanish on PM 4, this vanishing will
not contribute to a change of the total number of zeroes between s{‘ and sg . Thus we may ignore any
contributions from these strata.!”

It is left to analyze cases (i) and (ii) above. Indeed, both these cases can happen, but we can deduce
further restrictions on the vertices vy and vy, since v is the vertex which has a root. Using (2-23) we
obtain

rank £y, (d) = dimMK (mod 2), rank £y, (d) = dim MEZ +1 (mod 2).
By Lemma 3.40, this requires that
rank Ey, (d) = dim M}, rank Ey, (d) = dim M}, + 1

as otherwise H will not vanish on [0, 1] x PM 4.

We summarize the above discussion. Suppose H T vanishes on [0, 1] x PM s with A not an exchange-
able graph. Take the two connected components &1 and E, of BA corresponding to the vertices vy and v5.
Then 1 is a balanced graph and E 5, is a critical graph, so A is a critical boundary graph in the terminology
of Definitions 2.32 and 2.33.

We now remove the connectedness assumption on I'. In this case we may write I' = I'p for some
P € Py(1,d) as defined in (5-3) in Notation 5.5. Let A be a boundary graph for T. In order for HT to
vanish on [0, 1] x P M, each connected component of A must be either smooth or a critical boundary
graph as deduced above. Moreover, if there exists two connected components Ay, A, of A that are
critical boundary graphs, then by Lemma 3.40(1)(c), H' is nonvanishing on [0, 1] x PM 4. Hence A
has at most one critical boundary component, thus has only one boundary edge. This implies that, if the
graph A is not exchangeable and H vanishes on [0, 1] x PM A, then the graph BA consists of & graded,
balanced, rooted vertices and one critical graded open vertex, and all the boundary half-edges of A which
are not tails are singly twisted.

From this description, it is now clear that, given P € Py (1, d), any nonexchangeable critical boundary
graph for P is of the form U'p ; ¢ 1, k1 (0),k-(0),Ro,S, ©f Notation 5.6 with indices as given subject to the
constraints of (5-4).1® Further, in order for such a graph to be a critical boundary graph, the vertex vy must
be critical and the vertex v; must be balanced. In particular, we then have A g > BIp j ¢ 14 k1 (0),k2(0), Ro,So
where, using the notation of Notation 5.7, if

P ={(I1. ki (1), ka(1)).....(Ip. k1(h), ka(h))},

170ne could view these strata as irrelevant relevant boundary strata.
18We remark that k; (0) must be nonnegative as the graph I' P, je,10,k1(0),k2(0),Ro,So Must be relevant. Otherwise, the graph
would satisfy condition (3) of Definition 1.57 and be irrelevant.
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then

(5-8) Q= OP,j 10.k1(0).k2(0)
= {(I0.k1(0) + 1, k2(0) + 1), (11, k1 (1), k2 (1)), ...,
(I; \ To,k1(j) —k1(0), k2(j) —k2(0)), ..., (In, k1 (h), ka(h))}
€ Qu(l,d).

We write
(5-9) GTR(P) :={A €dl'p | A is a critical boundary graph}.
Elements of ér\i/t(P) are all of the form I'p_; ¢ 1, k,(0),k2(0),R0,So- W€ then define

Crit(l.d):= | ) Crit(P)
Pep(l,d)

to be the set of all critical boundary graphs that have the set I of internal markings with descendent vector d .

Part (B) (classification of smooth graded balanced graphs whose bases of critical boundaries include a
fixed critical graph) We now classify, given Q € Qj,(/, d), the critical boundary graphs with base Ag.
In particular, define

eQ = {FP,j,E,kl (0)7k2(0)7107R07S0 | BFP,j,E,IO,kl (0)7k2(0)7R07S0 = AQ}'

Note that P € Ph (1,d) is not fixed here. We may describe A6 depending on whether Q lies in Q; (1, d),
QS(I d) or Q (I d).
Given Q € Q; (1, d), there exists a unique j € [h] so that (I;,k1(j),k2(j)) = (&, r,0). Define

(5-10) Q; = {(I1.k1(1). k(D). ... (Ij—1.k1(j — ). k2(j — 1)),
(Io.k1(0) + 1. k2(0)). ... (I k1 (h). ka(h))}
ePr(l,d).

We may take the graph A ¢ and attach an s-tail on the vertex vg to an r-tail on the vertex v; in order to

obtain the critical boundary graph I" 5 introduced in Notation 5.6, where

0, .J-1.10.k1(0).k2(0).Ro.So
* Rpe{0,...,r—1}, indicating how many r-points lie after the root and before the node in the cyclic
order associated to the graph; and

* So = 0 as there are no s-tails attached to v;.

The smoothing of T" 5 agrees with FQ modulo cyclic orders. Therefore, for
J

Qj a]’l’IO,kl(O) k2(0) RO S

Q € Q;(I,d), we have A is the collection of such critical boundary graphs FQ i 1.T0.k1(0).J2(0). Ro.So

above and A2Q = . Note that by the above discussion, the moduli space P M o, has r boundary strata
of the form P Mg, with E € AQ, depending on the choice of Ry.

For Q € Q;(1,d), there exists a unique j € [h] so that (1}, k1(j),k2(j)) = (2,0, s). In this case, we
have that A2

0 is the analogous collection of critical boundary graphs I' 5 as above

0;.,72,10,k1(0),k2(0),Ro,So
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1
and AQ =

(-11)  Qj:= {1, k1 (1), k2 (1), ... (Ij—1,k1(j — 1), ka(j — 1)),
(10.k1(0), k2(0) +5). ... (Ip. k1(h). ka(h))}

@, with Rg =0, and Sp € {0, ..., s —1}. Similarly as before,

ePp(l.d).

The moduli space PMF 5 has s boundary strata PMg, with E € A dependmg on the choice of Sp.
Lastly, given Q = {(Io k1(0)+ L k2 (0)+ 1), ..., Iy, k1(h), kz(h))} € Q (I d), we may attach

the vertex vg to any other vertex vy, ..., v,. We thus define, for any j € [A],
(5-12) Qj :={(I1.k1(1).k2(1)).....(Jo U I; k1 (0) + k1 (j).k2(0) + k2 (j))..... (In.k1 (). k2 (1))}
ePu(l,d).

This keeps all triplets the same from 1 to & except the j-th one. There are potentially many ways to
attach the vertices vg and v;, depending on the number of r-points and s-points on the j-th disk.

e If k1(j) > O then there is an r-point on v; to attach to an s-point on vo, and hence there is a critical
boundary graph FQ J1.10.k1(0) k2(0).Ro.So where 0 < Rgp <k;(j)—1and 0 < So <k»(j). There
are k1(j)(k2(j) + 1) such boundaries, formlng the set A1

* Analogously, if k2(j) > 0, then there is an s-point on v; to attach to an r-point on vg, and hence there

8 .7:2.10.k1 (0),k2(0), Ro,So where 0 < Rg <k1(j)and 0 < So <ks(j)—1.
There are (k1(j) + 1)k2(j) such boundaries, forming the set A2

is a critical boundary graph I" 5

Note now that

(5-13) ) 4% =Critd.d).
0eo(l,d)
e€{1,2}

The containment of the first set into the second is by our discussion above. The opposite containment is
by the discussion in Part (A).
It will be useful to partition the sets AGQ as follows. Define the sets

:0=<So<ka(j)}:
:0< Ry <ki(j)}

(5-14) AQ JRo ™ {FQ/»/,IJQ(O)chm),Ro,so
AQ J:S0 ™ {Fstj’z,kl(0),k2(0),Ro,SO

Here, the set Ab /.Ro (resp. A2Q j So) enumerates all possible choices of S (resp. Rg) once we fix Q, j
and Ry (resp. So).
To summarize:

« If 0 € Qj(I.d) and I; = @, then

2 _
(5-15) U Ap g Ap=2.
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e If 0 €Q;(/,d)and I; = &, then
s—1
1 _ . 2 _ 2
(5-16) Ap=2: Ap= ] 45,5,
So=0

« If 0 € Q7°(1,d), then

h ki(j)—1 h k2(j)—1
1 _ 1 . 2 _ 2
(5-17) ao=U U 46 4o=U U 45,5
j=1 Rp=0 J=1 So=0

We lastly reorganize the description of critical boundaries using the notation Q@+, OF$ of (5-6). We
then have

(5-18) || Giwry= || (AQUADUAp.,, LAY ).
Pep(l,d) 0e€079(1,d)

Part (C) (zeros of homotopies, from boundary to base) Denote by PMp ;1 14 k1 (0).k2(0),Ro (TESP.
PMp,j2.10.k1(0),k2(0),S,) the union of boundary strata of PMr,,,

(5-19) PMp 110k k20180 = | PMa
EeA‘QJ.RO
(reSp- PMPp,j 2 1o.k1(0).k2(0),80 ‘= U PME),
EGA2Q].S
-J.S0

with O = QP,j,Io,kl(O),kz(O) given in (5-8).
Recall that for I'p_; 1,1, k, (0),k2(0),R0,S0 € AIQ, we have BI'p j 1,1,.k,(0),k2(0),R0,S0 < Ao- Hence,
ifQeQ,(l,d)U QZEO(I,d), we have a map

Fp,j1,10,k1(0),k2(0),Ro - PMP,j,1,16,k1(0),k2(0),Rg = PMag,

which is defined to be FP,j,l,Io,kl(O),kz(O),Ro|W3 = Fg forany E € AlQ,j,Ro' Here Fg is the map
defined in Definition 3.5. The map Fp ;> 1, k;(0),k2(0),S, 18 defined analogously.

We can see that the map Fp ;1 1,.k,(0),k2(0),R, 1S surjective. Indeed, an element of PMa o I8
a disjoint union of graded W-spin disks Uz}'l=0 %;. We may then obtain an element of the domain
of Fp_j 1,1o.k1(0),k2(0), R, Which maps to this given element of PM y , as follows. In the cyclic order of
points on X, we glue the (Ro+1)-st r-point on X; after the root to some choice of s-point on Xg. This,
in turn, determines the number Sg of s-points that follow the root and precede the glued node. Then the
resulting glued disk lies in

PMTP,j.l,lo,kl<o>,k2<o),Ro,so C PMP,j1,10,k1(0),k2(0), Ro-

Since we had k»(0) + 1 choices of s-point on the vertex vg to attach to the vertex v;, this map is of
degree £(k2(0) + 1). Analogously, Fp ;> 1, k,(0),k2(0),S, 1S surjective with degree £(k1(0) + 1).
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We now aim to relate the orientation of the total space of the Witten bundle over PMr, near the
boundary PMp ; 1,10.k1(0),k»(0),Ro tO the orientation of the Witten bundle over PMy ,. To do so, we
consider the diagram

[ lr R
PMP. 11041 (0)J2(0).Re — > PMr,
(5-20) lFP,j,l,IO.kl(O),k2(0).R0
PMa,

Here, part (2) of Theorem 2.58 relates the orientation on the total space of the Witten bundle over
PMPp,j1,10,k1(0),k2(0), R to that over PM 4 ,. This is done by inducing the orientation on the total space
of the Witten bundle over PMp 1,14k, (0).k2(0). R, DY contracting i, or, with the outward pointing
normal for the inclusion (r,,. Note that the term K5 (v2) appearing in part (2) of Theorem 2.58 is defined

in Notation 2.57, and here takes the value k5 (0).
We then can conclude that if we consider a homotopy H' where

(5-21)

HY Vi
|[0’1]XPMFP,j,e,IO,k1 (0).k5(0).Rg.So

. A
= (idpo,17 FFP,j,eJo,kl(O).k2(0),R0,SO)*( EH H )’

AeConn(BLp_j e.1¢.k1(0).k5(0). Ry.Sg)

then, by taking union over boundary strata given in (5-19), we see that
#Z(H" |[0,1]XWP.j.1,10,k1<0),k2(o>,R0) = (—1)*2O (ky(0) + D Z(HA2),
#Z(H Fl[o,l]xm,,!m,o'kl(0),,(2(0)50) = (=120~ (& (0) + D#Z(HA ).

Part (D) (number of zeros for a given simple homotopy) Recall that we have chosen the family of

(5-22)

transverse homotopies H * between the given families of transverse multisections s and s, to be simple.

By Part (A) of this proof, we know that this homotopy may only vanish in two cases: exchangeable

critical boundaries and boundaries corresponding to graphs I'p ; ¢ 14 k1 (0),k2(0),Ro,So- BY Lemma 5.3,
#Z(H|[0’1]Xaexchangemr) =0.

Thus, from here until the end of the proof we will only need to consider homotopies of the form given
in (5-21). Thus we are in a context where we may use (5-22) above.
We now claim that, in the notation of (5-7), given Q € Q; , ,({,d) U Q§l+1(1, d) where I; = @,

(5-23) #Z(HMQ) = —#Z(H"27).

Indeed, recall from Example 3.4 that, for the graphs & = I'g 0,1, and & = I'9,0,,1,, the boundary
OPMg = @; hence #Z(HEL{t}xWE) is independent of ¢ by Lemma 2.22. By Theorem 5.1, the
constant invariant associated to this component is

<O’{O‘12>0 = (050’12)0 =—1.
Thus #Z(H"2) = #Z(H & |y o WZ(H 27 ) = —#Z(H 27), proving (5-23).
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We now give closed formulas for combinations of #Z(H ) for various graphs & which contribute
to changes in the open invariants appearing in A(/, d, v®). For the formulas below, take * to mean the
smoothing sm(E) = smg(g) E for any critical boundary graphs E that can be found in (5-13) above.

Consider any O ={(/o,k1(0)+1.k2(0)+1),..., (Upt1.k1(h+ 1), ka(h+1))} € Q) ., (I.d). Then
I; = @ for some 1 < j <h+ 1 and we can use (5-22) and (5-23) to see that

|
—_

r

(5-24) > #Z(H'|j011xpmz) =
gedl, R

> H#Z(H'|jo 11xpris)

= 1
0 “GAQ.j,RO

Lot

= Y (1RO 0) + D#Z(HA)
Rop=0

= (=R O+ (ky (0) + 1#Z(HA2T).
Similarly, for any Q = {({9,k1(0) + 1,k2(0) + 1), ..., (Ip11.k1(h+ 1), ka(h+ 1))} € QzH(I, d),

(5-25) Y H#Z(H | apepnin) = (D Qs (k1 (0) + D#Z(HACT).
Eedy

For any Q = {(1o, k1(0),k2(0)), ..., (I, k1(h), ka(h))} € QZEQ(I, d), the contributions from critical
boundary graphs in A1Q are

h ki(j)—1
(5-26) Y RZ(H'loxpmas) = 2 X 2 HZ(H|jo yxmie)
EeAIQ Jj=1 Ro=0 EeA‘QjR
-J. R
h ki1(j)—1 k A
=Y Y (DPO%0) + D)#z(HA2)
j=1 Rop=0
h
= (12O 0) + D( X k() )#Z(H ),
j=1
Similarly, for A2Q we have
h
(5-27) X #Z(H g, 1pepmia) = DO R 0+ D( X ko) )#z(H ),
Bedp j=1

Part (E) (showing that A(Z, d, v®) is independent of s) We now show that
(5-28) A(l,d v — A(I,d,v*?) =0

for any two canonical families of multisections s1 and s5. This is equivalent to showing that A(/, d, v¥)
remains invariant under the family of homotopies H. Only the invariants corresponding to graphs I'p for
P € P(I,d) where there exists a critical boundary T'p_; ¢ 1, k1 (0),k»(0),Ro,S0 € Gft(l, d) may change.
In particular, we can see that the left-hand side of (5-28) is of the form

h . h .
L F(H_Zi:,l kl(l))l—w(H-Z,':l k2(l))

(5-29) > o A F(1+r(1))r(1+s(1)s)
Lp.j.e.1g.k1(0).k2(0).Ry.So €Crit(1,d), ’ r s
P={(I1,k1(1),k2(1)),....,(In k1 (h),k2(h))}eP(I,d) a7 (TP
X ( I[O’I]XPMFP,j,e,IO,kl(0),k2(0),R0,SO ’
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We see that this summation breaks down further into summands that correspond to different possible

bases of critical boundaries. Take Q(/, d) to be the collection of
Q ={(o,k1(0)+ 1. k2(0) + 1),.... (In. k1 (h). k2(h))} € Qp(I.d), h=0,
such that
e [ #@forall0<j <h;
e the elements (/1,k1(1),k2(1)),..., (I, k1(h),ka(h)) are ordered in a way so that, for any two
indices i and j, we have that min(/;) < min(/;) if and only if i < j.

In the case & = 0, we just have the data of a critical graph with internal markings /. Note that if 7 > 1,

then Q is an element of Q72 (I, d). Moreover, in this case, if we consider the action of the symmetric

group S on Qzéz(l ,d) given by permuting the last & elements in the ordered partitions in Q;Q(I ,d),

we can see that Q(/, d) contains a unique element of each orbit of this Sy-action. Thus Q(/,d) has

precisely one element for each graph A g, with the order of connected components not taken into account.
Recall the notation, from (5-6),

0" eQ"(I,d) and Q1 e Q’(I,d) forany Q € O(I.d).

We see for any Q € Q(/, d) that, by combining (5-24) and (5-26),

h .
e Sr ki) o (E
(5-30) Y #ZHMEE@®)| 0 0 ) + =L lr Yo #zH™EO®| G mr) =0,
Eed} Bed,, .,
and, by combining (5-25) and (5-27),

A .
(B = kz(l) (B
531 Y #Z(HS‘“E(M‘“)I[O,l]xWEHZ’+ D HZHTEE g i) =0.

EecA2 EeA?
HEAQ ueAQ_i_s

Consequently, using the above two equations and (5-24), (5-25) applied with Q = Q1" or Q = 0¥,
we get a new relation

(532 Y #ZHMEE®| g )
Eed,u4?,

N 1+ k1(0) +Zz}'l=1 k()

r

2 HZUHTFO P i)
EeA;+r

! +k2(0) + S ka(i)
S

> #ZHTE@E) )
EeA2+S
= (=12 ()2 O+ (&, (0) 4 1) (k2(0) + D#Z(HA2) = 0.
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Thus, the difference expressed in (5-29) simplifies to

2

0e9(1.,d)
Q={(103k1 (O)akz(o))rr(lh skl (h)rkZ(h))}

F(1+Zt}'l=0 kl(i))F(HZf'l:o kz(i))

r S

F(H—:(I))F(H_i(l))

A .
14> i —ok1(i) .
1+ 2 i—ok1() Z #Z(H* {0 11xpis)

EedpUAy, d EeA1Q+r
h .
S Y HZ(H o xms) | =0,
EeA‘Q_H

where ® = smg (g) E. The fact that the expression on the left-hand side above agrees with that of (5-29)
follows by

(1) using the partition found in (5-13);

(2) noting that we are summing the k(i) from O to / rather than 1 to & because we are summing over
possible Q rather than P;

(3) the standard relation I'(x + 1) = xI'(x).

The stated vanishing uses the relation in (5-32). Therefore, the expression in Notation 3.42 is invariant
with respect to choice of family of canonical multisections s. |

We now show that the open FIRW invariants corresponding to two families of canonical multisections
are related by the action of an element in the Landau—Ginzburg wall-crossing group.

Theorem 5.9 Let sq, s1 be two families of canonical multisections of the descendent Witten bundles.
Then there exists an element g € G;’Is such that

WSt = g(W*0),

Proof By Lemma 3.40, there exists a family of simple canonical homotopies H from sq to s; that
satisfies the properties stated therein. By item (3) of that lemma, we have for each nonempty A C [ a
time z4 € (0, 1) so that properties (3)(a) and (b) are satisfied. Further, all these times are distinct. Order

the nonempty subsets A1, ..., Ayiri_; of I sothatty, <--- <ty . We write ; 1= 14;.

2l1—1
For any descendent vector d € Zg’b and I' € Crit(A;, d), we define

(5-33) AD) :=#Z(H").

Note by property (3)(a), these zeroes occur at time ¢;. We also remark that the descendent vector d is
implicitly used and fixed in the construction of H'' so we omit it in the notation.
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Now set

gi = exp( > > (—DHAIFROA A 6)

dGZQB {(4i ,k1(0)+1,k2(0)+1)}€Q0(4;,d)

x(r[Wm)ﬁﬂQ%NWmﬂm+nﬂg—@ﬂm+ny%0.

JEA;
Note that g; € G:f,s by the definition of Qg(A;,d). We will ultimately show that choosing

8= 8ol11_10°---041

gives the desired result. For any ¢ € [0, 1], we write s; for the family of canonical sections obtained by
restricting H to time 7.
We first claim that, for any

rer:=[0,1\{|1<i<2'l-1},

and I a balanced graph with respect to some descendent vector d, s{‘ lgpx4p. is nonvanishing, and hence
the degree of the Euler class
ZF(z) = / e(E; sﬂU.,.UBWr)
PMr
is well defined.

To show the claim, we now fix some J C I, d € Zio and I € Balanced(J,d). Thus I' = I'p for
some P = {(J,k1(I'),k2(I"))} € P1(J,d). The analysi_s of the proof of Theorem 5.4 tells us that the
zeros of HT |[0,1]X ap iy oceur only on two sorts of codimension-one boundary strata.

The first type are codimension-one exchangeable boundary strata. If A € P32 represents a
codimension-one stratum, then A has two vertices vg and vy, with vy exchangeable, so that /(vy) = &,
and thus I(vy) = J. In particular, by canonicity of HT, H F|[o,1]xW , can vanish only when H"!
vanishes, which occurs at time 7.

The second type are codimension-one boundary strata corresponding to graphs A € d°T" described as
follows. For each Q € Q;(J, d), we constructed sets A1Q, A2Q of critical boundary graphs. All boundary
zeroes of HT on nonexchezlgeable strata lie on some strata PM € PMr where A € AIQ U A2Q for
some Q € Q1(J,d) with Q1 = P. In particular, we consider those Q of the form

(5-34) Q ={({o,k1(0) + 1,k2(0) + 1), (11, k1 (1), k2(1))}

with Ip # &, ki (0) + k; (1) = k;(T"), and I9 U I; = J. Then by Lemma 3.40(3)(a) and canonicity of H*,
if Ae A1Q U AZQ, then H” only vanishes at time t1,- Thus we have now seen in particular that s{‘ lop AL
is nonvanishing whenever ¢ € t, hence showing the claim.

Note that for those ¢ for which s is transversal to the zero section, we have

ZV (@) =#z(sh).
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For each ¢ € 7, we obtain a potential W*7, and by Lemma 2.22, this will only depend on the connected
component of t contalmng t by the claimed nonvanishing of such sT ; on P Mr. Foreach i I choose ti with
i1 <t; <tj < zi <ti4+1 (taking t9 = 0 and 757) = 1). Then it will suffice to show W i = g,(W i).
By Lemma 2.22,
'e,+ — 7T — r
Z (t")=2Z ;) +#Z(H |[t,~_,t,~+]><8Wr)'

Now dPMrp = 0P M U 9°haneeDAf and by Lemma 5.3 we have that

r — ()
#Z(H |[li_’llf‘r]xaexchange'pMF) - O’
hence

(5-35) ZVahy =2V ) +#2Z(H F|[ti—,t,.+]xaomr)'

Thus we only get contributions to Z I‘(tl-Jr) -7 1ﬂ(tl._ ) from those Q as in (5-34) with Iy = A;.
Thus, we can use (5-24), (5-25), (5-26), and (5-27), and compute that, with the summation over Q
ranging over those Q as in (5-34) with o = 4;,

(5-36) Z"()=Z () =#Z(H |y gopna)
=Z Z #Z(Hrl[t;,t;r]xmg)
Q Eednudl,

= (D2 ez (0)+ Dy (1) + (=12 OH ey (0)+ Dhea (1)} #Z(HA2).
o

Using the definition of A in (5-33) and the fact that H Ao does not have any zeros near time #; on
the boundary of 9P My, | as A; € I(Ag,1), we can see that

(5-37) HZ(HA2) = #Z(HDNOOWZ(s1 %) = A(A0,0)Z221 (1).

We now calculate the coefﬁcients of xfr (@) yk2(r ) I1 jeJ Ujd; 10 gi (W*'i") and show it coincides with
the corresponding coefficient in W ‘i . We write g; = exp(v;). As the monomial [ | jea, Uj.d; has square
zero, v; ov; = 0, and hence g; = Id 4+ v;. The term with monomial xkl(r)ykZ(F) HjeJ Ujd, in Wi s

(_l)lJl—IZF(lg—)xkl(F)ykz(r) l_[ U g
1 saj
jeJ

and applying Id to this gives the same term. All other terms involving the same monomial arise from
applying a summand of v; arising from Qg := {(A;,k1(0)+ 1, k2(0)+1)} € Qo(A;, d) to a term of W*i"
arising from a balanced (with respect to d) graph I'p, with

Py ={(J\ Ai, k1(1), ka(1))}
with k; (0) + k; (1) = k; (["). Thus Q = Qo U Py € Q1(J,d) and Q1 P, and all such Q with Iy = A;
and Q1 = P occur in this way. Thus the coefficient of xkl(r) k2 () I jeJ Ujd;, after applying g;,
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becomes, with again the sum over Q ranging over those Q as in (5-34) with o = 4;,
DYz

+ ) (()ATHROFRIALI (e 0) + Dk (1) = (k1(0) + Dk2(1)) A(A 0,00 2421 (1))

9
= (-pMi=! (Zf(r;) + ) (=D ((k2(0) + Dk1 (1) — (k1 (0) + Dk2(1)) A(A g o) Z 42! (r;)))
)
— (_1)|J|—1ZF(ti+)
by (5-36) and (5-37). O

5.2 Open topological recursion relations and mirror symmetry: statement of results

This subsection states the open topological recursion relations and proves their immediate corollaries.
This is expressed in terms of the quantities .A(/, d, v*), which by Theorem 5.4 is known to be independent
of s, so we will now refer to it as just A(/, d). For ease of notation in stating the topological recursion
relations, we take the index set of interior markings / to coincide with [€]. For a descendent vector
d=(d,....dy), wewritee; = (1,0,...,0),sothatd + ey = (d1 + 1,da,...,dp).

Theorem 5.10 Given a canonical family of multisections s, the following identities hold. If |I| > 1, then

(5-38) A(Il.d +ey)
- 3 3 <r(§“b) ST ("“”)> A(B U {zap}d) — A(L, d).

ae{—1,...,r—2} AUB={2,...,.I} i€A
be{—1,...,s—2} A#D
If || > 2, then
b b ;b
(539)  AUd+e)= Y > <ré“ Vg ] vy ’> A(BU {zap}.d).
ac{—1,...,r—2} AUB={2,...,1} i€A

be{—1,....s—2} 2€B,A#J

Here z, p, is an additional internal marking with twist (r —2—a, s —2 —b) and no descendent. We extend
d in a natural way so thatd;, , = 0.

The next section will be devoted to the proof of this result. Now, we state and prove two key corollaries
that establish open mirror symmetry for the Landau—Ginzburg mirror pair.

Corollary 5.11 (1) IfI = {i} is a singleton, then A(I,d) = (—1)%.
(2) If |I] > 2, then
( b) b, ext
(5-40) Ald)y= ) > <r0"’ [T ’)> A(BU{zap}, d).

ae{—1,...r—2} ALIB=I\{1,2} i€AU{1,2}
be{—1,...,s—2}
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(3) Suppose |I| > 2. Letd(I,d) be as defined in Definition 4.8. Then

0 ifd(l,d) <0,

ALd) =, (rer(Dy—25—5(I)— o
(D) = rtD-20-sDD [ @D g gy 2 0.

Proof For (1), note that if [ is a singleton {i }, then we obtain
A(I,d) — (—l)dlA(I,O) — (—l)d ( (al,bl)o.illo_bzo_lz) — (—l)di.

Here the first equality follows from repeated use of (5-38) as the first summand on the right-hand side of
(5-38) vanishes. Then the second equality comes from the definition of A(/, 0) and the third equality is
Theorem 5.1.

For (2), we may equate the right-hand sides of (5-38) and (5-39) and solve for A(/, d) to obtain

2 y\ext
(5-41)  A(l.d)= Y 3 <f§“”’)f§j"=bl)Hff;‘“bl’) A(BU{zgp}.d)
a€{—1,...,r—2} ALIB={2,...,I} ied
bel—1,..5—2}  A4@

(a,b) _(ai1,b1) (al,b )
_ae{—lz r—2} AHB:X{:z l}< 0 lel 1 zle—L a > A(B U {Za,b}, d)
be{—1,...s—2} 2B, A#D

b b ;b ext
— Z Z <(§a ) (al 1) 1_[ (d )) A(BU{Za,b},d).
ae{—1,...,r—2} AUB={2,...,I} i€A
be{—1,...,s—2} 2€A

This gives (2).

Finally, we prove (3). Suppose [ is an index set with |/| > 2 and 1,2 € /. Assume by induction the
result for all I’ with 2 < |I’| < |I|. To prove (3), we aim to apply (5-40), but, to do so effectively, we must
establish a relationship between d(B U{z, p},d) and d(I,d). Let us consider those sets B C I \ {1,2}
for which the contribution in the summation of (5-40) is nonzero, i.e.,

2 y\ext
(5-42) (5 1 ") #o.

ieI\B '

By Observation 3.31(1), this requires
(5-43) 0=m((I\B)U{(a,b)},d)+2r+2s=m(I\B,d)+sa+rb—rs+2r+2s.
With B’ := B U {z, 5} where z, ;, is as in Theorem 5.10, we will now show that (5-43) implies
(5-44) dB',d)y=d(I,d)—1.

We note that

m(I\B,d)=m(l,d)—m(B,d)+rs, m(B',d)y=m(B,d)+r(s—b—2)+s(r—a—2)—rs.
Putting this together, we see that (5-43) holds if and only if

m(B',d)y=m(I,d)+rs.
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Note further that (5-42) implies from (2-8) thata +2+ ), NnNBUi = 0 mod r, and thus
(5-45) r(Hh=@+2)+@r—a—-2)+>Y ai=r—a—2)+ > a;=r(B’) modr,
iel ieB

giving r(I) = r(B’). Similarly, s(/) = s(B’). Thus we conclude that

m(B',d)— (sr(B"Y+rs(B")) =m(,d)— (sr(I)+rs(I)) +rs,
showing (5-44).
Thus, if B is nonempty, so that |/| > | B’| > 2, then by the induction hypothesis, (5-44), and (5-45),

(r—r(I)=2,5s—s(1)—=2) (r 2—a,5—2—b) (a; b))\
AB' d) = (e Il - )
i

i

where for convenience we interpret this as 0 if d(/,d) — 1 < 0 and are using (5-44) to write this formula
using d(I,d) instead of d(B’,d).

We first consider the case that d (I, d) <0, so that d(B’, d) < —1 if (5-42) holds. Then by the induction
hypothesis, the only terms in (5-40) which are not obviously zero arise with B = &, but we claim that in
this case, the invariant in (5-42) vanishes. Indeed, in this case m(B’,d) =s(r —2—a) +r(s—2—b) =
sr(B")+rs(B’), and hence d(B’,d) = —1, contradicting d(B’, d) < —1. Thus all terms in (5-40) vanish,
showing the desired inductive vanishing of A(/, d) in this case.

If, on the other hand, d(/,d) = 0, then again by induction all terms in the double summation
of (5-40) vanish except when B = &. Moreover, a term in the first summation can only be nonzero if
a=r—r(I)—2,b=s—s(I)—2 by Observation 2.25. Thus, after using A({z,5},d) = 1 by (1),

ext
A, d)—< r—r(I)—2,s—s(1)—2) 1—[ (a,,b )>

iel
as desired.

Finally, if d(1,d) > 0, we write (5-40) by splitting the sum according to whether B is empty or not,
use item (1), and the induction hypothesis to get

ext
ae{—l,...,r—2} zeI
be{—1,...,s—2}

C oy ext
+ Z Z <‘((§a’b) 1—[ TLE??I sbz)>
ae{—1,...,r—2} AUB=1\{1,2} ieAU{1,2}
be{—1,..5—2}  B#Q@
(r—r(I)=2,5—s(I)~2) (r 2—a,s—2-b) (al,b) ext
X< Td(1,d)~1 I 7, >
i€B
By the closed extended topological recursion and Ramond vanishing of Observation 3.31(2) and (3), this
now agrees with
@b) 11 @b\ | [ r—r(D=2,s=s(=2) 17 _(@i.b)\™
(w0 ) + (g ™)

ae{—1,...,r—2} ielr iel '
bef—1....5—2}
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However, a term in the first summation can only be nonzero if a =r —r(I)—2,b =s—s(I) =2
by Observation 2.25. Using this prescribed twist and the definition of d(/, d), one can compute that
m(IU{z},d)+2r +2s =—rsd(I,d) <0 where z is an internal marking with twist (a, b). Thus, by
Observation 3.31(1), all the terms in the first summation vanish. O

Corollary 5.12 (open mirror symmetry for two-dimensional Fermat polynomials) If s is a canonical
symmetric family of multisections bounded by a finite index set I, then

/ PR dx ndy
Ea.b
_ —d(A)—20r(4),a05(4),b
d>0 I>2 AeA;
d(A)>0
ext
(r—r(4)—2,5s—s(4)—2) (@i ,Bi)
x <Td(A) 1_[ Ta; > l_[ laj B .d;
(a;,Bi.di)eA (a;,Bi.di)eA

as an equality of Laurent series in the variable i with coefficients in Ay sym.
In particular, working modulo (t, .4 |0 <a <r—2,0<b <s—-2,d >0), dx Ady is a primitive
form and the t, j, o are flat coordinates.

Proof The formula follows from Corollary 4.16. Here, for the summation over [/ = 1 and / > 2, we use
Corollary 5.11(1) and (3) respectively for the value of A(A, d). Note that for [ = 1, if A = {(a1, b1,d1)},
then r(A) = a1, s(A) = by, and thus d(A) = —d — 1. The final statement is then just Corollary 4.17. O

5.3 The action of the wall-crossing group on open FJRW invariants
In this subsection we will prove the following result:

Theorem 5.13 We have the containment Y, s(I) € Q,5(I). That is, every chamber index bounded by 1
can be realized as the open FJRW invariants for some canonical family of multisections bounded by I .

In particular, we now show that Theorem 0.7 will follow from Theorem 5.13.

Corollary 5.14 We have
Qr,s (I) = Tr,s(l)-
Moreover, for a finite set I C 2,
Q) =%,
In particular, when 1 is finite, the group G (resp. ngﬁsym) acts faithfully and transitively on Q. s(I)
(resp. Q75 ().

Proof The equalities 2,.5(1) = Yrs(I) and Q75 (1) = Y% (1) imply the rest of the statement in the
corollary. This is because Theorem 4.27 shows that G:f,s (resp. G:fls Sym) acts faithfully and transitively
on Yys(I) (resp. V%5 (1)) via

(5-46) g(WV)=wsW),
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The formula for the action given here is in line with the relation between open FIRW invariants associated
to two canonical families of multisections bounded by I given in Theorem 5.9.

Moreover, Corollary 5.11 implies Q2,5(1) € Y, 5(I) and Q75 (1) € Y% (I). Thus by using
Theorem 5.13, we have Q, (/) = Y, (/). Lastly, by Proposition 3.46, Y, (/) € Q,4(/) and
Y25 (1) = Yrs(1) N Q-Bal™™ (1) imply that Y,%" (1) € Q75 (). O

We need a couple of lemmas before we start to prove Theorem 5.13. The first ingredient in the proof
is the following lemma:

Lemma 5.15 Let I' be a smooth connected open graded W -spin graph. Let ¢ be a multisection of Et(d)
defined over 9P Mr. Suppose that, for any A € 9T"\ 97T, we can write

Clpmr, = FxC®™,

eBA ¢ Co(PMpga, Ega(d)) is a transverse multisection that is strongly positive with respect

where
to BA, and Aut(BT")-invariant. Then one can extend { to a transverse, strongly positive, Aut(I")-invariant

multisection of ET(d).
Proof The lemma is analogous to Lemma 6.5 in [Buryak et al. 2024]. The proof is the same. O

Remark 5.16 Lemma 5.15 also holds when 0P M is the empty set. In this case, the lemma is restating
the existence of a transverse, strongly positive, Aut(I")-invariant multisection of Ep(d).

The second lemma constructs a homotopy between multisections of orbifold bundles that will have a
desired number of zeros.

Lemma 5.17 Let E — M be an oriented orbifold bundle over an oriented orbifold M with corners, such
that the generic isotropy of E — M is trivial andrankg E =dimp M + 1 =n. Lets € C,;°(M, E) be a
nowhere vanishing multisection and ¢ € Q. Then one can construct a multisection s’ which agrees with s
away from a compact set K C Interior(M ) and a transverse homotopy H : [0, 1] x M — E, so that

H@O,-)=s,H1,—) =5, H(t,p)=s(p) forall pe M\ K
and#Z(H) =c.

Proof Write ¢ = a/b for some a € Z and b € N. Choose both a point x € M with trivial isotropy and
an open neighborhood U of x such that there is a diffeomorphism ¢ : U — B with B € R"~! being the
unit ball. We can write the multisection s|y = Lﬂlr-"zl n;s;, where s; € C°°(U, E) and n; € N. Now we
can rewrite s in the neighborhood U as

bZi—’Ll nj

i—1 i
= H—J 5i. S =si wheannq<j§ban.
i=1 qg=1 qg=1

We may choose a trivialization (E|y — U) >~ (R” x U — U) so that §1|y is mapped to the constant

section e; = (1,0,...,0). From now on, we use this trivialization to identify the fibers of E|y — U
with R”. Denote by S”~! C R” the unit sphere. Take g: S”~! — S”~! to be a map of degree a(3 i, ni)
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that is chosen so that the lower hemisphere is mapped to e;. Let 7 : S*~! — B be the projection to
the first n — 1 coordinates and 7’ : B — S™~! be its inverse projection to the upper hemisphere, i.e.,
7 o’ =1d and Image(rr’) has positive last coordinate. We define s’ so that
b Z;'n=1 ni
Slonoy =slany and sy = |4 3,

i=1

g(@'@(y)) ifj=1,

S otherwise.

where

5. (y) =

The multisection s’ glues to give a multisection. Finally, there must exist a transverse homotopy H
from s’ to s that is constant for all except the first branch, that is constant on the first branch outside of U
and satisfies #Z(H) =a Y ;. n;/(bY_/L, nj) =c.'? O
Proof of Theorem 5.13 Fix a chamber index v := (vr4) € Y, s(/). We will construct a family of
canonical multisections s of the bundles E1(d) bounded by / so that

s,0
(5-47) < I Tgl_zi,bl->aicl(r)(,§2<r)0{czu(r>> —vra
iel(I')

for all graphs I" contained in some Balanced(J, d) for some J € [ and d € Zio. We do so via induction
on the number / = |J| of internal markings. -

First, when [ = 0, consider any family of canonical multisections s of ¥V bounded by /. Such a family
exists by Theorem 3.29. Then by Theorem 5.1, the condition in (5-47) holds.

Let (r, 5)-Graph(/) be the set of all graded open (r, s)-graphs I where /(I") C I and |I(I")| <!. For the
induction step, assume that we have constructed a family of canonical multisections (sF)pe(,, 5)-Graph(l)
so that:

e If I € Balanced(/(I"), d) for some d € Z;((P and |I(T")| <, then (5-47) holds.
e If I" € (r,5)-Graph(/) then

I' _ % =
s =Fp ( HH s )
E eConn(BI")

Let J C I be a set of size /. We will construct a canonical family of multisections s bounded by J using
induction on a new number

n(I) = ski(T') + rk2(T) + (r +s)k12(I'),

a weighted count of boundary markings on the graph I'. Note n(I") > 0, so we may vacuously take the
base case of this induction to be n(I") = —1. Inside this induction step, i.e., once we fix the number n(T"),
we now perform downward induction on the number k1, (I"). Here, we may take the base case of the

induction to be k1»(I") = L ()

mJ + 1, which will be vacuous as well.

19Here, #Z(H) is computed using the discussion above Notation A.4 in [Buryak et al. 2024].
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Next, suppose we have constructed the canonical multisection s for any graded graph I' that satisfies

any of the following:
(i) I(T")y < I(T"), or
(i) I(I'"y = I(T), and n(I'’) < n(T), or
(i) 1(I'") = I(I"), n(I'") = n(T"), and k12(T"’) > k12 (T).

We now construct a canonical multisection s' that will be in our canonical family of multisections
bounded by J. We do this via a case-by-case analysis in order to respect the canonical property.
If T is not connected, then each connected component E of I' satisfies either /(E) & I(I") or
n(Z2) < n(T); hence the multisection s £ is already defined and we write s’ = Bﬂ 2 eConn(I) ¥ g,
Analogously, if I # BT and I" does not have an exchangeable vertex, then any connected component &
of BT has either the property (i) or (ii) in the inductive hypotheses above. Thus, the multisection s & is
already constructed, so we construct s! as

(5-48) st = F;( H sE).
E eConn(BI")
Lastly, if I' has an exchangeable vertex v with incident edge e, then detach, I" has two connected
components, the exchangeable vertex and the rest of the graph I'”. Further I' has the property (iii) above,
so we can construct sT as in (5-48) by induction.
Otherwise, we define the multisection s! as follows. We start by constructing the multisection at the
boundary. First note that, for any A € 9°T' U 9*°ha"¢°T" and I" = smg A, we have

(5-49) nMy= > n@)—(+9)E|
veVert(A)
Thus, if A € 99T U gE*change™ then BA consists of connected components &1,..., & such that, for

each i, one of the following holds:
M I1(E) & J.
(ii) I(E8;) = J and n(8;) <n(l).
(iii) I(E;) = J,n(E;) =n(l') and k12(8;) > k12(I).

Thus we can inductively define the transverse multisections sD forall A € 39T U gExchange ™ yig (5-48).
We then can use Lemma 5.15 to extend the multisection over the entire moduli space. By Proposition 3.35,
we have that the intersection number

s,0
< I fc(lfi,bi)a{q<r)0§2(r)alz>
iel(T)

is independent of the choice of the extension s from the boundary.
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Consider the corresponding chamber index v = (vr 4) given above and the chamber index v* = (vr. ;)
corresponding to the family of multisections s (bounded by J) as defined in (3-20). For any d € Zéo
and I € Balanced(J, d), we now write

Ar,a(s):=VE4—Vrd.

For any I" € Balanced(C J, d) where |I(I')| </, we have by induction that At 4(s) = 0. The goal now
is to construct a new family of multisections s’ bounded by J so that Ar 4(s’) vanishes for all d € Zio
and I € Balanced(/, d). -
Consider the quantities A(J, d, v®) and A(J, d, v) defined in Notation 3.42. Using that v is a chamber
index by assumption and that v* is a chamber index by Corollary 5.11(3), we have from Corollary 4.28 that

F(H—krl (F))F(1+ksz(1"))

I‘(H:(J))F(HS(J))

N

(5-50) 0=A(J,d,v)—A(J,d,v) = >
I'eBalanced(J,d)

Ar,a(s).

Recall the notation for all balanced and critical graphs given in Notation 2.40 of balanced graphs
and critical graphs with internal markings J. If N = 0, then Balanced(J,d) = {I'o} and the equality
Ay, , = 0 follows directly from (5-50). If N > 0 then we can classify the type of top critical boundary
graphs corresponding to each I'y ;. Recall from Definition 2.36 that a top boundary graph will be a
critical boundary graph with two vertices vo and v{ with a boundary edge e so that

e the vertex v is rooted, balanced and has no internal markings; and
e the vertex v is of the form Ay , € Crit(J, d) from Notation 2.40.
Given a balanced graph I'y ;, there are only two possible types of top critical boundaries:
(i) when vy is F(?,/r,o,l,fz and vg is Ay ,;, and
(i1)) when vy is FgI,/O,s,l,Q and vo is Ay 4.

For I'y o, there are not enough r-points to have type (i) and, for I'y y, there are not enough s-points to
have type (ii). Otherwise, for 1 <i < N —1, the graph I'j ; ;-1 has precisely two types of top critical
boundaries, such that both have two vertices and one boundary edge and one of its half-edges is a r-point
and one is a s-point. We quickly remark that type (i) (respectively type (ii)) corresponds to critical
boundary graphs with € = 1 (respectively € = 2).

Suppose we change the multisection s/ to another multisection (s’)27.7, which agrees with s 7.7
near GJWA“. Given a transverse homotopy H € C5°([0, 1] x WAJ_,- ,m*Ep ,,;(d)) which is constant

in time near [0, 1] x B/WAU we define

hia = hy g (5™ (5))M) = / _ e(n*En, () Hly).
[O,I]XPMAJJ-

where V' can be taken to be the union of {0, 1} X PMy , ; with the locus where H is constant in time.
We claim that the quantity /; 4 depends only on the multisections sA.i and (s”)A7., but not on the ho-
motopy chosen between them. Choose another homotopy H' € Co°([0, 1]xPMy , ;. m* Ep, ;(d)) which
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is the constant in time near [0, 1] x M 4 ;.- While H and H' will have different neighborhoods V' and V'
of [0, 1] x 8/WA” where they are constant in time, we will have that H |y Ay = H'|yy-. Thus, by an
argument analogous to that in the proof of Proposition 3.35 we have

e(xEn,, @):Hly) = [ e En,,(d): Hlvny)

AOsI]XPMAJ!i [Oyl]X'PMAJ.i

= o e(JT*EAJ‘i(d);H/W/).
[0,1]X77MAJJ-

We now construct this new family of canonical multisections s’ bounded by J by taking s, but then

replacing the multisection s/ IAgi

for the graphs A y,; with s This will require us to change the
canonical multisections s for all I" such that there exists a boundary strata A € 3°T U g*hange[" for
which Ay ; is a connected component of BA. We now see which balanced graphs have this property up
to the induction step where we construct the multisection for the graph I'y ;.

We can use (5-49) to see that
n(Ayi) =n(Cy) =n(T01.0) + ( +5) =n(T) =rs.

Since n(A ;) <n(I'y ;), we are modifying the sections sA7.i which was already determined at a previous
step of the induction. Take a graded graph I" whose multisection has already been constructed and so that
there exists A € 9T U 9%*changeT" wijth A J,i a connected component of BA. Thus I/(I') € J butif Ay ;
is a vertex in the graph I then /(") = J.

Since I(I") = J, all other vertices of A aside from A ;; must have no internal markings. Moreover,
since I' is graded, all other vertices must be stable and have no untwisted boundary tails. For any
vertex v in A with no internal markings, we must have by combining (2-22) and (2-23) as in the proof of
Proposition 2.31(a) that

(5-51) rlki(w)+kipo(v)—1 and s|ka(v)+kip(v)—1.

Since we are at the induction step for the graph I'y ;, we know that n(I"') <n(I'y ;). We now can start
to order all possible vertices with no internal markings in increasing order with respect to the weighted
number 7 (v). The first two such vertices v that satisfy (5-51) have n(v) = r 4+ s and have the following
number of boundary half-edges:

® kl(v) = kz(v) =0and klz(v) =1.

* k1(v) =ka(v) =1and k12(v) =0.
To guarantee stability, any vertex v with this number of boundary half-edges with nontrivial twists will
require at least one additional boundary half-edge adjacent to v that is untwisted. Suppose A has one
of these vertices. Then A must have additional vertices with no internal markings and a fully twisted
half-edge on which we glue the untwisted boundary half-edge. If such an additional vertex v’ has

n(v') =r +s, then we can repeat this argument. Thus, eventually, we must find a vertex v with no internal
markings and n(v) > r + 5. After these two cases, we have the graphs I'er 0.1.¢ and F(I)’VO s.1.¢ in the
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ordering with respect to n(v), where n(I'0 r01.0) = n(l"(I)’I’/O’S’L@) =rs+(r+s). Since n(I') <n(I'y;)
this means that BA must consist of Ay ;, one of the graphs F(?,/r,o,l,z and F(I)/I,/o,s,l,z’ and possibly some
vertices v with n(v) = r + s by (5-49). However, if we have any vertices v with n(v) =r + s, we will
then have n(I") = n(I'y;) with k12(I") < k12(I's,;). Otherwise, I" coincides with I'y ;_; or I'y ;.

Thus we have proved the following: if I" is any graph for which there exists A € 9°T" U ge*changeT
with A y; a connected component of BA, then either

(i) J & I(I);
(i) n(I') > n(Ty,);
(i) n(T') =n(Ty,;) but k12(T) <k12(I'y,i); or
v) '=TyiqorI'=TYy,.
Therefore, changing s7-i will have no further effect on the inductive construction.

Replace all s27.i with (s")A7., and then apply Lemma 5.15 to define (s")"

those T" with boundary graphs A € 3°T U 9¢hange[" g0 that A s ; is a connected component of BA. Here,

at this induction step for

the intersection numbers corresponding to the balanced graphs I'y; will change. Define

()77 ,0

Using Lemma 2.22 along with (5—22), (5—24), and (5-25), we compute the new invariants o/J, pud to be as
follows:
e For p =0, it will change to
(5-52) 0y 0.4 = VTyod + ATy 0,a(8) + (=DF2A7Dsky (A 1)hy g
e For 0 < p < N, it will change to
(5-53) 0/ pa =Vrypd + A1, () + (DA ko (A g )y a
+ (=R ATt sk (A g py 1) hpt1a-
e For p = N, it will change to
(5-54) 0y Na =VTynd + AT,y a(s) + (DA ke, (A vy a.
By Lemma 5.17, there exists a multisection (s’)2/-1 where ¢ in the lemma is taken to be

hiag=(— 1)k2(AJ D+1 Ary.o.d (5)
ski(Ay1)
Then we will have that oy o ; =vr, ;.4
We inductively choose /1, 4 so that we obtain 0{1’ pd = Vs pd for all 0 < p < N. This is done by
assuming given hy 4, ..., hp g so that O’J p—1.d = Vs po1d- Then take

—Ar, ,.a(s) + (—1)kR2B10)rky (A g )y, d
(—=D*2Arp+Dsky (A g pt1)

hp+1,a =
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Then the expression for Ofl’p’d in (5-53) will simplify to O/J,p,d =vr, ,.d- Again, the multisection (s")A7p
is guaranteed to exist by Lemma 5.17. Note that this does not change the boundary behavior for these
multisections and that these critical boundaries all have internal markings J, so they do not affect any
previously specified open intersection numbers in the inductive step.

Now we have that Ar, , 4(s) =0 for p =0,..., N — 1. Combining this with (5-50), we obtain
that Ar, . a(s) = 0. We perform the above modifications in this way for all graphs I with internal
markings J and descendent vectors d € Zio such that I" is balanced with respect to d. It is reassuring to
note that the top boundary critical graphs_ with different descendent vectors will all have independent
inductive structures at top boundary strata, so the steps above will not rely on each other. Continue to do
the above for all J C I with |J| = to complete the induction step. Thus we have found that v¥ = v,
and hence v € Q, s(1). a

6 Proof of the open topological recursion relations

We now outline the proof of Theorem 5.10. By Theorem 5.4, A(/, d) is independent of the canonical
family used to define it. We prove Theorem 5.10 by calculating A(/,d + e1) in two ways, with respect
to a family of transverse special canonical multisections.

For convenience in this subsection, we assume that I" is a rooted smooth graded W-spin graph I' with
I1(I") =[I], with [ > 0. Let

(6-1) E=Er(d +e;) and Ey = Er(d)

be the descendent Witten bundles with respect to descendent vectors d + e and d, respectively. Suppose
that I" is balanced with respect to the descendent vector d + e;. Consider the two transverse special
canonical multisections for £ and E, respectively,

(6-2) s=sl =s' @ @ sil;, s1=s1;=sFEB @ sl-l;-,
i€l] i€[l]
JEldi+8;=1] J€ld;]
where s is the WW-component of sT and sl.I;. is the projection to the j-th ; summand.

Since s and s are canonical, they are strongly positive, so there exists a set U; = U_l; as in (3-4) on
which sT" does not vanish. Our goal is to compute fWr e(E;sT 1% N 90pa1) in terms of s1; however,
doing this directly is difficult. Instead, given a marked point w other than the first internal marked
point z1, we will look at a specific transverse multisection, §1 @ t,,, with a distinguished multisection
tw € C°(PMr, L) that we will define below. This multisection, however, will not be canonical so we
must take a homotopy to a canonical multisection.

A priori, we would like to find the invariant

(3 IR .
PMr
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by computing fWr e(E; s{ Dtwly N 90p1)> and then finding the difference of the two integrals as
the number of zeros introduced by the homotopy between the two sections. This naive approach fails,
as the integrals become unwieldy. However, it turns out that we can control the contributions of certain
linear combinations of these integrals. A key technique introduced here is that we can use two cleverly
chosen special linear combinations of multisections that are multisums corresponding to distinguished
multisections of E to prove the recurrence relations of Theorem 5.10.

6.1 The distinguished multisections #,, of IL;

Notation 6.1 Consider a graded graph I' with at least two tails, one of which is internal. We can define
the distinguished multisection t =1, € C OO(WT, IL1) mentioned above as follows. Consider a smooth
graded W-spin disk ¥ with an internal marking z; and additional marking w. After identifying 3 with
the upper half-plane, we set

1 1

(6-4) (%) = dz( )\FZI €T} >,

This provides a section of Ly over Mr. Furthermore, this extends to a section of I.; over PMr via

Z—w z—1I1

exactly the same argument as given in [Pandharipande et al. 2024, §4.3], which we briefly review. If X is
singular, let C be the underlying complex curve. Then there is a unique meromorphic differential w on
the normalization of C with the following properties.

First, it has simple poles with residue +1 and —1 at w and Zz;, respectively. Second, consider a path
in C from w to z; that passes through the minimal number of irreducible components and nodes. Since C
has genus zero, there is a unique choice of nodes and irreducible components for the path to traverse. For
any node that the path traverses through, the two preimages have at most simple poles, and the residues
at these poles sum to zero. If we normalize at such a node, then one node will be in the connected
component associated to w and the other in the connected component containing z;. The residue at the
half-node sharing the connected component with w is —1 and the residue for the half-node sharing the
connected component with Z; is 41. For all other irreducible components where the path does not pass
through,  is holomorphic and hence vanishes. One then defines 7(X) to be the value of w at z.

We call t,, the section (of IL) pointing at w.

Remark 6.2 One special case of a section t,, occurs when the graded W-spin disk ¥ contains a boundary
node n and the normalization of X at this node n is X1 U X, with z; € X1 and w € X,. Write n; € X;
for the half-nodes corresponding to n. Then it is easy to see from the description of Notation 6.1 in the
singular case that #,, coincides with #;,, the section of IL; pointing at nj.

Notation 6.3 Let I" be a smooth graded W-spin graph with at least two tails, one of which is internal.
Let /; be the set of internal tails in the connected component containing the internal tail 1.

Given the data of a subset A C I \ {1} and two numbers @ € {—1,...,r —2}and b € {—1,...,5—2},
we denote by ['4@? the graded graph obtained from I" by replacing the vertex containing internal tail 1
with another graph with one open vertex v, and one closed vertex v, so that:
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¢ The vertices v, and v, are attached with one edge. Here, the half-edge belonging to v, has twist (@, b)
and the half-edge belonging to v, has twist (r —2—a,s —2 —b).

¢ The closed vertex v, has internal tails labeled by {1} U A with the same twists as the original tails
onT.

» The open vertex v, has internal tails labeled by /7 \ (4 U {1}) with the same twists as the original
tails on I' and the boundary tails with the same twists as in T".

Such graphs I'4:4:0

correspond to the stable disks seen in Figure 14. We note that a is allowed to take
the value —1 instead of r — 1 as the corresponding half-node will be an anchor (and similarly for b).
Let I' be a rooted smooth graded W-spin graph I with internal markings / with 1 € I. As in (6-1), let
E =Er(d +e1) and E1 = Er(d) be the two descendent Witten bundles with respect to d + e; and d,
where d € Zio and e; = (6;1)jeq € Zio. Consider the two special canonical multisections s and s; for
E and E; gi;en in (6-2). The first observation is the following, which will be the only place where we

use the fact that s is special canonical rather than canonical.

Lemma 6.4 Suppose I' = I'g i, ks ,k12,{(a;,b;)}ic; 1S @ sSmooth connected graded W -spin graph with at
least two tails, one of which is internal. Writet = s1 @ ty, and k, = ko(I'). If A C I, write z4 , 5 for an
internal marking labeled by the union of labels of the marked points in A with twist (r —2—a,s —2—b).

Take vy 4p to be the graph U'o i, ks k15,{(a; b; , Wwhere AUB = 1.

VieBUtzg 4 p

(1) If w is a boundary marking, then the integral fmr e(E;t|ly " naopRa.) equals

ext sV4.a.b o
~ (a.b) (ai,b;) (r—2—a,s—2—b) (aibi) ki _ka k12
69 X () (sl [Triobofoly)
AuB=1I icA i€EB
1€4
ac{—1,...,r—2}
be{—1,...,s—2}

(2) If w is an internal marking, say z, then the integral fWr e(E;t) equals

ext slA.a.b o
(aab) (airbi) (r—2—a,s—2—b) (aiabi) kl k2 k12
(6-6) E <‘E0 1_[ Ty, > <T0 l_[ ) 0, 0,°0, > .
AUB=1 icA ieB
1€A,2€eB
ac{—1,...,r—2}
be{—1,...,s—2}

Proof The proof of this lemma is completely analogous to the proof of Lemma 4.14 in [Buryak et al.
2024] (which in turn is inspired by the proof of Lemma 4.7 in [Pandharipande et al. 2024]) and will only
be sketched.

Let Gy C 9" be the collection of graphs A with the properties

* A has exactly one edge e which connects an open vertex v and a closed vertex v,
* the internal tail z; is adjacent to v§,i.e., 1 € I(v§), and

e if w is an internal marking, say w = z5, then 2 € I(v9}).
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N N

=zp
w

Figure 14: Stable disks associated to I'4%? for the two choices of w and the boundaries
contributing in Lemma 6.4. Left: w an internal node. Right: w a boundary node.

We refer the reader to the corresponding stable disks in Figure 14. By Lemma 4.13 of [Buryak et al.
2024], the zero locus of t, is | J A€Ge P M. By adapting the proof with the number of automorphisms
as computed in Observation 1.15 in mind, we can see that the zero locus has multiplicity d.

Moreover, by Corollary 2.55, the induced relative orientation on W restricted to the zero locus is
the one induced from the canonical complex orientation for the closed part, and the canonical relative
orientation for the open part. See Lemma 4.13 of [Buryak et al. 2024] for more details. Note that, by
Observation 1.15 and Proposition 1.26, the map

Detach, : PMp — PMyg X /va

has degree rs/d.

Following the argument of Lemma 4.14 in [Buryak et al. 2024], we can restrict to the zero locus of #y,
with the correct multiplicity, and in turn, use the detaching map with the decomposition properties of the
special canonical multisection s; (see Definition 3.27) to see that

6-7) / e(E: tly. naom) = / de(E1:51)mm.)
eyl |U+080PMF Z PA |PMA

A€Gye
= Z (rs/ e(El;sllpj\/[C))/ e(El;Sllmo).
A€Gye PMU?\ a PMUIO\ B
Lastly, using the definition of closed extended invariants in (3-8), we obtain (6-5) and (6-6). O

Note that in Lemma 6.4(1), when w is a boundary point, the integral is independent of the choice of
the specific boundary point; hence item (1) of the lemma will also hold if we replace 7,, by a W-sum of
similar sections defined using different boundary marked points in the same connected component.

Notation 6.5 We denote by ¢, the multisection of .y — P M that is the W-sum of multisections pointing
to all boundary markings in the connected component of z; that are r-points. Define similarly #5. Lastly,
let #x be the multisection which points to the root of the connected component of z.

Notation 6.6 Consider a section t,, of any of the above types. Recall that s, is a multisection of E£; and
we write t = s1 D ty, for a multisection of E. Note that ¢, need not be canonical, and hence ¢ need not be.
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As a consequence, we will need a homotopy from 7, to a canonical multisection. Write
(6-8) E=Ei®L

with E1 as in (6-1). Let s, be a canonical multisection of I.;. Then we can consider the canonical
multisection s = s; H s, of E.

We apply Lemma 3.41 with respect to s and 51 @ t,, to find a canonical family of multisections p*
of IL1, such that, for each balanced I', the homotopy given at time u by

(6-9) HE (1) (u, =) := 51 B (1 =)ty +u(l —u)p" +us2)
is transverse. Here, as we did in Proposition 3.35, we are viewing multisections 1, t,, S with base PMr
as multisections with base [0, 1] x PMr via pulling back the bundle under the projection.

Notation 6.7 Let I' be a smooth graded W-spin graph with an internal tail 1 € I(I"), and let E1,..., Ef
be the connected components of I". Suppose that Z; contains the tail 1. Consider graded graphs A € oI’

where
* A has connected components Ay, ..., Ay where A; € 0Ej and A; = E; fori # j;
* A; has two open vertices vg and v;, with one edge e between them.
(a) Denote by Gwc the collection of wall-crossing graphs, i.e., all A as above where
* the vertex vg contains the internal tail 1 and is critical with respect to the descendent vector d + ey
e the vertex v; is rooted and balanced with respect to the descendent vector d + ey;

e the half-edges /¢ and /; of e must fall into one of the following two cases:

(i) tw(hy) = (r —2,0), alt(hy) = (1,0), tw(hz) = (0,5 —2), and alt(hy) = (0, 1).
(i) tw(hy) = (0,5 —2), alt(h1) = (0, 1), tw(hy) = (r —2,0), and alt(h,) = (1, 0).

(b) Denote by Ggxchange the set of all A as above where
e the vertex vg is rooted and has the internal tail 1;
e the vertex v; is an exchangeable vertex; and
e the half-edges satisfy
tw(ho) = (r —2,5 =2), alt(ho) =(1,1), tw(h;)=(0,0), alt(h;)=(0,0).
(c) Denote by Gcone the set of all A as above where
e the vertex vg is rooted and has the internal tail 1;
e BA is balanced with respect to the descendent vector d ;
e the half-edges satisfy
tw(ho) = (0,0), alt(ho) =(0,0), tw(hj)=(r—2,5s—2), alt(h;)=(1,1).
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Recall the definition of a degeneration of a pregraded W-spin graph from Definition 1.49(4). If we let
I':=Tp for some P € P,(I,d + e1) (see Notation 5.5), then we define

Gwc(P) :={A € Gwc | A is a degeneration of I'p},
(6-10) GExchange (P) := {A € GExchange | A is a degeneration of I'p },
Geont(P) :={A € Geont | A is a degeneration of T'p}.

Remark 6.8 The graphs in the collection Gwc(P) are precisely the subcollection of all graphs of the
form I'p j ¢ 10.k1(0),k2(0),Ro,S, described in Part (B) of the proof of Theorem 5.4, with the additional
constraint that 1 € I.

Using this notation, we can provide a new formula for ([]; ¢ 1) r‘(iajrgl)of 1) kz(l“) klZ(F))

Lemma 6.9 Let P € Py(I,d +e1). Take I" := I'p as in (5-3). Let s be a canonical multisection of E
and s, a canonical multisection of IL;. Take s = s1 + s and ty, = s1 + ty, and consider the homotopy
H := HT (1) between them, as in (6-9). Then
F
(@ .bi) k1(T) kz(F) klz(F)
(6-11) < [1 wison >
iel(I")
= [M e(E’ tW) + Z\E’C(tU)) + Z(l;ont(tU)) + ngchange(tW)’
PMr

where

Zictw) = Y #Z(H|jo 11xp51,):
AeGwc(P)

(6-12) Zgont(tIU) = Z #Z(Hl[O,I]XWA);
AEgCom(P)

le;(change(tw) = Z #Z(H [[0,11xP A1, )-
A €GExchange (P)
Proof By Lemma 3.41, the homotopy H of (6-9) from #,, to s is transverse to zero on each stratum
[0, 1] x My and the projection of H to E; equals s; at all times. Moreover, H is nonvanishing
on [0, 1] x Uy, where Uy is as in (3-4), as s is strongly positive (see Definition 3.18). Lemma 2.22 then
gives
(6-13) / ((Eis)— | e(E:ty) = #Z(H g eommin):
PMr PMr

We will now show that A only vanishes on those boundary strata indexed by graphs that are in the
collections Gwc, Gcont, and Gpxchange, yielding (6-11). For A € 3°T with dim MY < dim M} -2,
H will not vanish as it is a transverse homotopy. If instead A € 9°T" is irrelevant, then s is nonvanishing
on MK’ as s is strongly positive, and hence H is nonvanishing on MVAV We thus may assume that
dim MK/ =dim MIVY — 1 and A is relevant.
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We can then describe A. Write E1, ..., E ¢ for the connected components of A. Using the assumption
that dim M" = dim MIW — 1, we see A must have a single boundary edge e which connects open
vertices v; and vp. Thus we may assume that & contains the edge e and vertices vy, vp, and the
remaining connected components E», ..., &y are rooted smooth open graded graphs. Then one can write

6-14)  Ey=(Ep)y, B(EDw, B(E1)28---B(E))y), E=E, BE,B(EH---BEy),

where (E1)y; = Ey;(d), Ey;, = Ey,(d +e1) and (E1); = Eg,;(d), E; = Ez,(d + e1).

We next observe that for H to vanish on this stratum, the internal tail 1 must be contained in & ;.
Indeed, if not, the component of H in E,, B E,, is constant, coinciding with the £, B E;, component
of s, and hence by transversality has no zeros. Thus for i # 1, the bundle E; is the same as (E7);.

As in Part (A) of the proof of Theorem 5.4, there are four cases which we must discuss, depending
on the different potential twists for the half-edges in the first connected component. Without loss of
generality take v; to be the rooted vertex of E; with corresponding boundary half-edge /; and v, to be
the additional vertex with half-edge &,. We can have

1) tw(hy) = (r—2,0), alt(h1) = (1,0), tw(hz) = (0,5 —2), and alt(h) = (0, 1);
(i) tw(h1) = (0,5 —2), alt(h1) = (0, 1), tw(hz) = (r —2,0), and alt(h,) = (1, 0);
(iii) tw(hy) = (r —2,5 —2), alt(hy) = (1, 1), tw(h2) = (0, 0), and alt(h2) = (0, 0);
(iv) tw(h1) = (0,0), alt(hy) = (0,0), tw(hz) = (r —2,s —2), and alt(h2) = (1, 1).

Recall from (2-23) that the rank of the Witten bundle associated to a given vertex v satisfies

(6-15) rank £, = k1 (v) + ka(v)  (mod 2).
On the other hand,
(6-16) dim MXV = 1 + #(boundary half-edges incident to v) (mod 2).

Note that since H agrees with s on E;, 2 <i < f, and s is transversal, in order for H to vanish we
need that

(6-17) rank E; <dimMg . 2<i<f.
Since rank £ = dim MK/ + 1 by the fact that I" is balanced with respect to d + e, we must also have

f f
(6-18) rank Ey, +rank Ey, + Y rank E; = 1+ dim M)/ +dim M), +> " dim MY .

2
=2 i=2

We now carry out a more careful analysis of ranks and dimensions for the vertices v; and v; in the
four cases to determine when H may vanish.
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(1) and (ii) Cases (i) and (ii) are similar to one another. By (6-15) and (6-16), we have

rank Ey, = k1(v1) +k2(v1) = k1 (v1) + k2(v1) + ki2(v1) + 1 = dim M)} (mod 2);
rank Ey, = kq(v2) + ko (v2) = k1(v2) + ka(v2) +1—1=dimMY —1  (mod 2).

2_

(6-19)

If 1 € I(vy), then the homotopy H will also be constant in time for the v, component. Thus, in
order for H to vanish, we need by transversality that rank £, < dim MEZ By (6-19), we know then
that rank £, < dim M}’ but the parities of rank £,, and dim M}* agree. Thus by (6-18), we then
and hence by parity, rank £, > dim MKI/

vi-component of the homotopy H |[0 1xMmY cannot vanish, and hence H |[0 1xMY does not vanish.

must have rank E,, > dim MY

v + 2. By transversality, the

When 1 € I(v;) and H vanishes, we claim that the graph A is a critical boundary graph with respect to
the descendent vector d + e;. Indeed, note that now H is constant on the v; component, so necessarily
rank Ey,; <dim M. Thus by (6-18), rank Ey, > dim M}?, + 1. If the inequality is strict, then H will
nonvanishing on MK/ by transversality. Thus in this case we have rank E; = dimMIE'Vi for2 <i < f,
rank Ey, =dim ME‘{ and rank £, = dim M,Ig +1,1.e., A is acritical boundary. We denote the collection
of graphs which parameterize such boundaries by Gwc, as in Notation 6.7.

Case (i) here corresponds to the case where € = 1 and case (ii) corresponds to the case where € = 2

in Remark 6.8.

(>iii) In case (iii), when we pass to the base, we will forget the half-edge s,. As in (3-1) and (3-2), we
must have dim ./\/lg/A =dim MIKV —2+4 0, where 0 = 1 if v, becomes partially stable after forgetting /1,
and o = 0 otherwise.

Suppose 0 = 1. Then, as discussed in Case (iii) of Part (A) of the proof of Theorem 5.4, since A is
assumed to be relevant, the vertex v, must be exchangeable. In this case, A is one of the exchangeable
graphs in the set Ggxchange, as defined in Notation 6.7.

Now suppose o = 0. We have two subcases.

(a) 1€ I(vy) Recall the map Fjy : WZV — WKA- Here by definition, FA = Forponai 0 Detach o).
We write E = detachgop) A and F = Detachgo(,). There is a canonical identification of the bundles L
on the moduli spaces PM p and PMpgp under the map Fp by Observation 2.15(i). Note that F is a
finite covering map. Indeed, given two W-spin disks X1, ¥, representing elements of P My, and P M, ,
respectively, we may obtain an element of P M 5 in two different ways, by attaching the unique boundary
point of ¥, with twist (0, 0) to one of the two boundary points of 31 with twist (r —2, s —2). Recall #x
is the section of IL; pointing towards the root. Then t is not the pull-back of a section of .1 on P Mg
as on P Mg we cannot in general distinguish between the root and the boundary point corresponding
to h1. Similarly, if 75, denotes the section on PM  pointing from z; to the half-node corresponding
to hy, t, is not the pull-back of a section from PMg. Lastly, #,, s or f, for w € I(v2) may contain
tp, as a weighted summand, see Remark 6.2. Thus it is possible that none of these sections are pulled
back from PMg. On the other hand, recalling the definition of pushforward from Notation 2.21, it is
easy to see that Fiix = Fxlp, = t(;5), the W-sum of multisections pointing to all boundary markings
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which are fully twisted. Further, 7, s is then pulled back from PMgpp. Hence in any event, Fyty
is pulled back from PMp,. Now, the remaining multisections used to construct the homotopy H
in Lemma 3.41 are canonical, so we have that F, H is also pulled back from [0, 1] x PMga. Since
dim([0, 1] x WZ/A) = dim WII:V — 1, we have by transversality that Fyx H does not vanish, and hence
H itself does not vanish. Thus we do not get any contributions to the number of zeroes of the homotopy
from this case.

(b) 1€ I(vy) Letkg(v;) denote the number of boundary half-edges where (tw;, alt;) = (0, 0) for all i.
We use (6-15) and (6-16) to see that
rank Ey, = k1(v1) +k2(v1) = k1(v1) +k2(v1) +ki2(v1) + 1+ 1
= dim/\/l,?f +1 (mod 2);
rank Ey, = k1(v2) +ka(v2) =k1(v2) +k2(v2) +kg(v2) +1
= dimM)), (mod 2).

(6-20)

Combining the facts that H is constant on the v; component with the parities computed in (6-20), we
must have rank £, < dim MXI]/ if Hl[o,1]xMm, 1s to vanish. Thus, by applying (6-17) and (6-18), we
have that rank £, > dim MEZ In turn, (6-20) implies that

rank Ey, > dim M), + 2.

Thus, by transversality, the v;-component of the homotopy H |[0 1x MY cannot vanish, and hence
H|[0 MW does not vanish.

(iv) We again can compute using (6-15) and (6-16) that in case (iv)
(6-21) rank E,, = dimMK +1 (mod 2); rank E,, = dim/\/lgz (mod 2).

Note that the parities in case (iv) are the same as in (6-20). Thus, if 1 € I(v3), we can apply (6-21), (6-17)
and (6-18) as before to imply that

rank Ey, > dim M}, + 2.

This again implies by transversality that the v,-component of the homotopy H |[0’1]>< MW cannot vanish,
hence H |, 115 wmw does not vanish.

If 1 € I(v1), then it is possible that BA is balanced with respect to d. Indeed, note that the base BA
forgets the half-edge /1. Then the rank of (E1)y, = Ey,(d) has the same parity as Mg;l, hence one
can have that rank(E1),, = dim M}%l , and so

rank Ey, =dim M}, +2, rank By, =dimM],.  rank E; =dimME . 2<i < f.
These graphs make up the collection Geops.
Using the analysis of contributing boundaries and (6-13), we conclude the lemma. O
The bulk of the analysis involves treating each of the summands on the right-hand side of (6-11)
separately. We begin with the easy case:
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Lemma 6.10 ZE ehangetw) = 0.

Proof The argument is similar to the corresponding one in Lemma 5.3. Recall that the homotopy HT (¢,)
of (6-9) depends only on the multisections s1, p, 2, and ;. For any A € Ggxchange (P ), we have the
corresponding graph A’ := exchange(A) € GExchange (P). By Observation 3.9, we know that the canonical
multisections 51, p, and s, are the same on A and A’. Moreover, the multisection #,, is independent of
the cyclic ordering on the exchangeable graph, so we have that Exchange*t,, = t,,. Thus we have that

Recalling that, by Proposition 2.56, the map Exchange : PM — PM - is orientation reversing, we
conclude that

#Z(H|[o,1]x7W,\) = _#Z(H|[o,1]x7WA,)-
Summing over all A € Ggxchange (P ) implies the result. O

We now restrict our attention to computing Z\l;,c (tyw). This requires understanding the boundary graphs
A € Gwe(P) for a fixed P € Py(I,d + e1). As said in Remark 6.8, the graphs in the collection Gwc(P)
are precisely the subcollection of all graphs of the form I'p ; ¢ 14k, (0),k2(0),Ro,S, 1N Notation 5.6, with
the additional constraint that 1 € Jo. Recall that such a graph I'p ; ¢ 1, k1 (0),k2(0),R0,S0 € Gwe(P) will
have the property that

BL'P, j e, 10,k1(0),k2(0),Ro,So < A0
for some

(6-22) 0 = {0, k1(0),k2(0)). ..., (In, k1(h), k2(h))} € Qun(I.d +e1),

where 1 € Iy and Q j = P where Q j is as in (5-12). We can then classify all graphs in Gwc(P) as

ki1(j)—-1 k2(j)—-1
_ 1 2
(6-23) Gwe(P) = U ( U AQ,j,Ro) U ( U AQ,J',SO)
0€9(l,d+eq) Ro=0 So=1
where 1 € I and
Pzéj for some j
with notation as in (5-14).

Observation 6.11 Suppose A = I'p j ¢ 1ok, (0),k2(0),Ro,S, € Gwc Where BA = A with Q as in (6-22).
This implies that the j-th connected component in the critical boundary graph consists of two open
vertices vo and v; sharing a boundary edge so that

e 1€1(vo);

® Vg is a critical vertex;

* v; is a balanced vertex;

e )iy is the boundary half-edge in vertex vo;

e h; is the boundary half-edge in vertex v;.
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By definition, if € = 1 then ¢ is an s-point and if € = 2, then ¢ is an r-point. Consider the multisections
of L; — /\7,% given by #,, tg, tx and ., from Notation 6.5. By using the canonical identification of
Li — MY and (Ly > M) s and Definition 2.19 and Remark 6.2, we compute that

trlpan, = (k1(0) + D0 W (ki () — 1),
tlpat, = (k2(0) + D20 W (ko () — D1y;
xlpr, = t;z)(());

122|7WA _ t%z %f2 € I(vg);

by 1E2€1(v)).

(6-24)

While almost all multisections that factor into the construction in a homotopy H (¢,) are canonical, the
multisection 7, on the boundary is not, but we can prove the following technical lemma that deals with
this issue.

Lemma 6.12 Suppose P € P(I,d) and A :=T'p_j ¢ 10 k1 (0),k2(0),Ro,S0 € Gwc(P) so that BA = A g for
some Q € Q(I,d). Take the multisection t}ﬁ) pointing at the half-node corresponding to the half-edge h
on the graph A. Then

#Z(H (1) j0,11xPm1,)  if € =1

Proof Without loss of generality, we assume that the graph A is connected. If it were disconnected, then

#Z(H(t;ﬁ))l[o,uxm,\) =

the homotopy as defined in (6-9) restricted to the components not containing the tail 1 is constant so the
number of zeroes is fixed and we reduce to the connected case.

Now consider a fixed connected component M of PM . Recall from Section 2.5.1, since we are in
the unlabeled case, there can be multiple cyclic orderings of the boundary tails that correspond to the
same connected component. We say two cyclic orderings are equivalent if they correspond to the same
connected component in P M 5. Note the data encoded in each equivalence class [7] of cyclic orderings
may be viewed as the pattern of r- and s-points following the root in the anticlockwise direction on the
boundary of the stable disk.

Any cyclic ordering 7 in the equivalence class [7] induces a cyclic ordering 7o on all half-edges
attached to vg in A. This further induces an ordering 7y on the boundary half-edges of the vertex vg
by putting the half-edge /¢ at the beginning of the ordering (as seen in Notation 2.44 and Figure 10).
Analogously as above, we say two orderings on vg are equivalent if they differ by a permutation of the
half-edges of vg preserving r- points and s-points.

Let us assume that € = 1 and take the group G := Z/(k2(0) + 1)Z. It acts on the set

Conn(PMy) := {M | M a connected component of PM 4 }

as follows. Given a connected component M of P M 4, there is an equivalence class of orderings [r¢]
as above. Take n € {0, ..., k»(0)} representing an element of Z/(k2(0) + 1)Z. Let s(n) be the positive
integer such that wo(s(n) + 1) is the n-th s-point in the ordering g, not counting the initial half-node.
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In particular, we take s(0) = 0, i.e., the half-node is in the 0-th location in the ordering. There exists a
connected component n - M of PM p where the analogous equivalence class of orderings [r,] on the
boundary half-edges of vg has the property that

tw(mo(i +s(n))) = tw(mn (i)

for any i (viewed modulo k»(0) + 1) and representatives 7g and 7, of [7¢] and [7,]. Geometrically,
in the unlabeled case, this can be viewed as changing which s-point on the disk corresponding to vg
is the half-node by “rotating to the n-th s-point found anticlockwise.” Note that there is a canonical
isomorphism

on - M—>n-M

given by changing the half-node on the disk corresponding to the vertex vg.

As orbits of the group action partition the set of connected components, we treat each orbit of
connected components of PM 5 separately to prove the lemma. Fix an orbit O(M) of PM 4. The orbit
has cardinality #0 (M) where #0 (M) | (k2(0) + 1). If #0(M) # k2(0) 4 1, then this means that there
is a rotational symmetry in the cyclic ordering 7 that preserves the pattern of r- and s-points on the
vertex vg. Take the minimal representative 7 € {1, ..., k>(0) + 1} of a generator of the stabilizer subgroup
Gy S Z/(k2(0) + 1)Z for M. This means

tw(no(i + s(n))) =tw(m,(i)) foralli <= n=kr.
Take the map to the base given in Definition 3.5
FpA :PMp = PMp,.

As in Observation 2.15(i), there is a canonical identification for the cotangent bundle IL.; on the moduli
spaces above. Recall that the map F is finite with degree (—1)%2(® (k,(0) + 1).

Consider the multisection t;l]g on M. Once we detach this edge, the half-edge #¢ will become
indistinguishable from the tails that are s(kt) (modk1(0) + k2(0) + 2) places away from kg for any

k € 7. Define the following subset of boundary marked points
k2(0) +1
T(M) = {xs(kr) |O§k < 7 .

Thus we have that

(FA«) = |H o,
xeT (M)
with the pushforward as defined in Notation 2.21. Using this fact and that p, s, and s, are pulled back
from the base, we can see that the pushforward of H (t;;g) on this connected component of the boundary

stratum PM p is

(©-25) FR-HGDL=H( 1 1)l
xeT (M)
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‘We also have that

FX(H( v, tx)}FA(M))zH( ¥ IX)‘M'

xe€T (M) xeT (M)

This means that the number of zeros of the homotopy H(Wye7(r)fx)|a Will not depend on which
half-edge of vg corresponds to the half-node, i.e., for all n € G we have

(6-26) H( lH rx)\M :p;;(H( + fx)}(n.M))-
xeT (M) xeT (M)
By applying the pull-back F} to (6-25) and taking zeros, we have that
(6-27) Z(M) := #Z(H(t;;g)|M) =#Z (H( L—l_—J tx) }M)
xe€T (M)

Note that we have a natural bijection between the s-points on v and the set M eO(M) T (M’). Using
this bijection and the fact that |T'(M)| = |T(M)| for all M’ € O(M), we have that

(6-28) H W =
M eOM) xeT (M)
We then see from (6-26), (6-27), and (6-28) that

Yooz = Y #Z(H(Wxerwnix)|m)
M eO(M) M eO(M)

=2 ) |0<1M>|#Z(H( ¥ t’“)‘M”)

MeO(M) M"eO(M) xeT (M)

= Y H#Z(H(s)| )

M"e0O(M)

We can perform the same computation for all orbits of the action on the set Conn(PM p) to prove the
€ = 1 case. The case where € = 2 is the same. |

Using Lemma 6.12, we now give a closed form expression for the contribution of Gwc for H (z,).

Lemma 6.13 Let P € Py(I,d). Take I' := T'p as in (5-3). Let t, be one of the multisections
of Ly — PMr defined in Notation 6.5 or t;, for an internal marking z,. Take the corresponding
homotopy HY (t,) as defined in (6-9). Then

(6-29)  Zyc(t,) =

h
3 (1) 1—[< I T((ljz,be)afl(l)aécz(l)012>

QeQ(,d+eq) i=1"Lel;
0={(0,k1(0),k2(0)),....(In k1 (h) k2 (h))}
where 1 € Io and P=Q; for some j

% ((k2(0) 4 l)kl(j)az(i'kl(O)H’kz(mﬂ'o’[o — (k1 (0) + l)kz(j)af:(;.kl(0)+1.k2(0)+1,0.10)’

sTOk1() ko () 1.1
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To.k1(0)+1.k5(0)+1,0.70 - . .
where a, ¢! 20 © is defined as follows depending on € and ® € {r,s, X, zp}. Taking B :=

Lo,k, (0)+1.k2(0)+1,0,1> We have

oy = kllzg))((j: ;:1 tj)#Z(H Nl kllz(;)(J-i-)l;tj)#Z(HE ).
ol =#Z(HE(E)),
of | =#Z(HE(tE)),
o2 | = Zi(H:(tZ:%)) 1:f2 € Io,
(6-30) _ 6D itzeds,
af, =#Z(HE(1E)),

ai, =#Z(HE (7)),
. {#Z(HE(tZEZ)) if2 eIy,
#Z(HE(tE)) if2€el;.

azz,Z =
Proof of Lemma 6.13 The proof is a direct computation using the definition of HT” (¢,). Recall that by
using (6-23) we have that

(6-31)  Zyc(tw)

= Z #Z(H (tw)ljo,11xP A, )
A€Gwc(P)

k1(j)—1
= Z ( Z Z #Z(H(tw)l[o,l]xms)

0e€o(l,d+ey) Ro=0 EI=FPJ' 1.70.k1(0).k>(0),Rp. S, edl .
0={(1; k1()k2()} onRn TR e o

where 1 € Iy and
P=0Q; for some j
k2(j)—1

+ > > #Z(H(rw)no,l]xwa)).

So=1 E:=FP~J¥2»Iosk1(O)ka(OJsR0»50€A2Q,j.SO
1 2
Recall that for any I'p, j,1,10,k1(0),k2(0),Ro.S0 € A j Ry OF L'P,j.2,10,k1(0).k2(0). R, S0 € A j 5> We have

BFP,j,G,I(),k](0),k2(0),R0,S0 < AQ’

where € € {1,2} and A is the graph given in Notation 5.7.

Let Ae :=T'p_j ¢, 10,k1(0),k2(0),Ro,So- While 51, 52, and p can all be pulled back from the base, #,, may
not be, and hence the homotopy HI” (z,)] A; given in (6-9) may not be pulled back from the base in the
summations in (6-31). However, we can use Lemma 6.12 to see that the quantities in (6-31) are equal to
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those that can be pulled back from the base as follows:

k1(0)+1 v
HZ(H o 1pxmwin,) = oy (5 2 H O o)

_k()=1 v L
* k1(0)+k1(j)#Z(H(tS M0, 11xP R4, )3

#Z(H(tr)|[0,1]XWA2) - #Z(H(t;)o)|[0,1]XWA2)’
#Z(H(ts)|[0,1]xWAl) = #Z(H(I:ON[O,I]XWM);

ka(j)—1
#Z(H(t5)|j0,11xPMA,) = %#Z(H(ffoﬂ[o,l]xw,\z)

o O
T 0 k() 2 HE Do 0xms,)

#Z(H(lx)|[o,1]xWA] ) = #Z(H(I:ON[O,I]XWAl )i
HZ(H ()0, 11555,,,) = #Z(H (1) [0, 11771, )*
#Z(HE(ZZEz)l[O,I]XWAI) if 2 € Io:
#Z(H () o,11xprin,) i 2€ 153

#Z(HE(Z;Z)|[O,1]XWA2) if 2 € Io;
#Z(H(t,”o)|[0,1]XWA2) if2el;.

#Z(H(t2,)1[0,11xP14,) =

#Z(H(12,)1[0,11xPMp,) =

Thus we have reduced the computation of (6-31) to the homotopies H(#;°), H(t{°), and H(t;?),
which all can be pulled back from the base. Take H to be any of these three homotopies. Recall that the
homotopy H is constant in time on the connected components which do not contain the internal tail 1,
that is, the graphs Ag ¢ := FO,kl(4),kz(€),l,(ai,bi)ieze for 1 < £ < h. We have the decomposition

h _
[0, 1] xPMap, = .1‘[1 PMpg,; X ([0, 1] X PMp, o).
1=

h

i=1 Hi) H HY with H; = sho.i and

In turn, we may decompose the homotopy H = ( HH
HY () (u, =) = Fpe (s7°) B ((1 —u)1)° +u(1—u)p" + us,°).
By an analogous argument to that used to obtain (5-22) and using (5-22), we have that

FP,j,l-Io,kl(o»k%):),zeo.soeAlQ,,-,RO#Z(H|[O’I]XPMYP'-"'”OJ‘I<0)~k2(0>~Ro.So) )
— (12O (ky(0) + DHZ(H) [ #Z(s227);
o > #Z(H o 1wt ) =
FP’/'JJOJH(0),k2(0),R0,SOGA2Q’j,SO ’ T'P.j.2.10.k1(0).k2(0).Ro.So )
— (1RO (ke (0) + DHZ(H™) ] #Z(s"2).
i=1
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Note that

Okl(l)kz(l) 1, [l ,0

(6-34) ﬁ#Z(sAQ,j) n< I r(ae be) kl(l) kz(z) )
i=1 i=1'tel;

Moreover, the quantities in (6-33) do not depend on Ry or Sp, respectively. Using Observation 6.11
and (6-32), we then also have that

L0,k1 (0)+1.k2(0)+1,0.1¢ A e Al

i VO (£V0)) — o1 0,/,Ro’
(6-35) #Z(H™(1,°)) a:g,k1(0)+l.k2(0)+1,0.10 FA e A2Q s
By applying (6-33), (6-34), and (6-35) to simplify (6-31), we obtain the claim. O

As we can see above, the expression for #Z\l;vc(tw) is complicated for an arbitrary #,,. We instead
find specific families of nontrivial linear combinations of #Z% we (fw) for different graphs I" and points w

which vanish.

Notation 6.14 Let Q = {(1o,k1(0) + 1,k2(0) + 1), ..., (U, k1(h), k2(h))} € Qzéo(l, d +ey), defined
in Notation 5.7. There are j + 2 different elements of P(/, d + e1) which we can naturally build from Q.
First, recall from (5-12) that

0 :={(I1.k1(1). ka(D)). ... (Io U L, k1(0) + k1 (j). k2(0) + ko (j)). - ... (I, k1 (h). ka(h))}
ePy(l,d +eq)
forall 1 < j < h. Second, we define
Q-i—r = {(Il’kl(l)v kZ(l))’ cee (Ihv kl(h)»kZ(h))’ (10’ kl(o) +r, kZ(O))} € Ph-i—l(l’ d +€1);

(6-36)
OF = {1, k1 (1), k2(1)), ..., (I, k1 (h), ka(R)), (TIo, k1(0), k2(0) +5)} € Ppir (1, d + e1).

Note that Q\‘H = Q/—?rh_i_l and Q"‘S = Q/Ish+l, where Q1" and Q™ are as defined in (5-6).

6.2 Special linear combinations of the distinguished multisections

Definition 6.15 Let {(a? b, cP dP) PeP(I,d+e,) be a family of 4-tuples of rational numbers so that
the 4-tuples do not depend on the order of the elements of P and a® +b¥ +cf +dP =1.

(1) The family of 4-tuples satisfies Property Q1 if the family further satisfies the following conditions:
(a) Forall P,d? =0,
(b) Forany h>0and Q ={(l9,k1(0)+1,k2(0)+1),..., Iy, k1(h),ka(h))} € QZEO(I, d) with 1 € I,

we have that

1+ ki) g | 1450 ko), os
63D = oF © T T 0w !
e RkG) 0, k() 0
”Z(kl(mkl(]) t B0 k() ):
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(2) The family of 4-tuples satisfies Property Q2 if the family further satisfies the following conditions:

(a) If P satisfies {1,2} C I; for some j then dP =1and a? =bP =P = 0. Otherwise d¥ = 0.

(b) Forany h > 0 and Q = {({o,k1(0) + 1,k2(0) + 1), ..., (I, k1(h), ka(h))} € Qzéo(l,d) where
1 € Ip and 2 ¢ Iy, we have that

1+ Y7 k(@) o+ 1+ Yo ka(@), o+s
k1(0) +r k>(0) +s

h . .
_ ki(j) 9 k2(j) bQ,.)
H;(kl(mklu)“ O +hG) )
2¢1;

J

(6-38)

Remark 6.16 In the case 7 = 0 in Definition 6.15 and in the proofs below, we will often make use of the
summation from j = 1 to /& being empty and equal to zero.

Lemma 6.17 There exists two families of 4-tuples {(a¥,b¥,c?, dP)}PG'P(I’d_i_e \) of rational numbers,
one of which satisfies Property Q1 and another which satisfies Property Q2.

Proof We first prove the case of Property Q1 inductively on 4. The inductive hypothesis is: there are
choices of a®, bP forall P € P<pt1(1,d), with a®, b? not depending on the order of elements P,
such that (6-37) holds for all Q € thg (1,d).

The case where i = —1 is vacuously true. Now suppose the inductive hypothesis is true for /. In doing
so, we have determined the constants a®, b¥ for all P € P<pt1(1,d). Given Q € Qzéfl (1,d), the

right-hand side of its corresponding equation (6-37) is then determined as Q i € Ppy1(1.d) forall j.
Given P € Py4,(1,d), there is at most one Q € Q;ffl (I.d) so that a® is in (6-37), namely P = Q"".
Similarly, b¥ appears in (6-37) for some Q € Qzéfl (I,d) onlyif P = Q *+S_ Thus each variable a¥, bP
appears in at most one equation in the system (6-37) (where we run over all Q). This determines the values
of a®, b for those elements of Py, ,(1, d) of the form Q *or Q +S$_ We remark here that if we permute
the order of the tuples in @, the summation on the right-hand side of (6-37) will remain invariant by the
induction hypothesis, hence the values of a® and b¥ for P = Q +r, Q *$ can be chosen to not depend
on the order of its tuples. We may then choose arbitrary values for all other a*,b¥ for P Pria(l,d)
subject to the constraint of being independent of ordering. Further, we define ¢ =1 —a® —bP. Thus
there exists such a family that has Property Q1.

An analogous inductive argument using (6-38) yields a family satisfying Property Q2. a
Lemma 6.18 Let {(a®,b?, c?, dP)}Pep([’d) be a family of 4-tuples of rational numbers that satisfies
either property Q1 or Q2. Then

171

(6-39) Z% Z
h=1

Pepy(1.,d),
P={(I1,k1(1),k2(1)),....(In,k1(h).k2(h))}

x (af ZLP () + bF ZEE(t5) + P ZL (1) + d T ZEE(22,)) = 0.

F(HZL] kl(i))F(HZ?:] kz(i))

r S

D(H7D) (D)
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Proof First, we recall the collection (Trﬂ(P ) of (5-9). Second, we recall the collection Q(I, d) defined
in Part (E) of the proof of Theorem 5.4 of ordered sets

0 ={o,k1(0) + 1,k2(0) + 1), ..., (Ip, k1(h), k2(h))} € Qp(I,d), h=0,
so that

e [j #Foforall0 < j <h;

e the elements (/1,k1(1),k2(1)),..., (I, k1(h), ka(h)) are ordered in a way so that, for any two
indices 7 and j, we have that min(/;) < min(/;) if and only if i < j.

As seen in (6-12), the quantity Z\I;,’é(H 7 (t,)) only sums over Gwc(P), which are those graphs A €
(flr\i/t(P) where 1 € Io. If Q € Q(1,d) N Qo(, d), then A ¢ is not the base of any critical boundary graph.
If h>0then Q € Q72(1,d) so Qj is defined for all 1 < j <h.

Given Q € Q(I.d),» € {x,r,s, 22}, we will write

§T0.k1 ().ko (D). 1,1; 0

0:(0) :=< I Téje,be)afl<i)0§2(i>olz> ’
KEII'
h
X 0.0 = #Z(HT0k1O+1k20+1.0.1 (1 OF1OF k2 O+ 1010 []o:0.

i=1

We note that the quantity X, is invariant with respect to permuting the last / triplets of Q.
Forany Q € Q;,(1, d), we recall the definition of Q" and O ™ from (5-6). We define QZH (I,d)and

Qj .1 (I,d) to be the collections of tuples that can be written in the form Q*" and Q** for Q € Qy,(1, d).
Take

(6-40) On(1,d) = Qu(I,d) U Q},(1,d) U O} (I, ).

Define

o(.d):=JOn.d).
h
As in (5-23), we have that
(6-41) XQ’. = _XQ+r,. == _XQ+S’..

We consider the quantities X , forall Q € @(I ,d)andee{x,r,s,z,} as independent linear variables.
By Lemma 6.13 and (6-41), we can write any of

Zhc(HY (1), Zhe(HT(t5)).  ZHe(HY (1), Zgc(H (t2,))

as a linear combination of the variables X ¢ .. Thus, we can write the left-hand side of (6-39) as a linear
combination of the variables Xg ,.
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We now compute the coefficient of Xg , in (6-39) for all Q € O(I,d) and » € {x,r1,5,22}. Using
Lemma 6.13, we can see that the left-hand side of (6-39) can be expanded to be

1] ! F(1+Zl’-’:0k1(z’))r(1+Z,’-’:0kz(i)) h

2: E: 2: m G+rU) 1+su; II(%(Q)

h=1PeP,(I,d+e) Q€9 d+eq) F( r )F( s ) i=1
Q={(Io’k1(0)’k2(0))s"'sgh7k1 (h)sk2(h))}
where 1 € Ip and P=Q; for some j

X (=120 (P (ko (0)+ ks ()t 31 FH42OF1010 ey (0) 4 1ka (e, 511 O FHOF10 )

+bP((k2(0)+1)k1(J) g ORI ey (0)+ ko )y 5 1 OO )
((k2(0)+1)k1(j) 0k1(0)+1k2(0)+1010 — (k1 (0)+ D2 (j ) F0k1(0)+1k2(0)+1010)
+dP((k2(0)+1)k1(j)al"o,kl(0)+1.k2(0)+1,0.10 (k1(0)+1)k2(]) 0k1(0)+1.k2(0)+1,0.10))‘

22,1 22 2

We can change the summations over Py, (1, d +e1) and special subsets of Q, (1, d +e1) to a summation
over § n(I,d + eq) using the partition given in (5-18) and the fact that there are 4! elements of Qy (7, d)
represented by a given element in éh (I,d + e1). We may then rewrite the summation given in the as

(6-42) > wC(Q),

o, d+er)

Qe
0={(10,k1(0),k2(0)),....,(In,k1(h),k2(h))}
where 1 € I

where WC(Q) is defined as follows:
o If 0 € Q,(I,d +ey), then

+ ?_ ki1 + f-l_ ko (i h
F(l >i—o 1(1))F(1 >i—0 2(1)) ( )
1=

N

h

(6-43) WC(Q) := (—)F>@ "
j=1

((k2(0)+1)k1(])( Qfot Ok1(0)+1k2(0)+1010+ij S’(ikl(o)+1,k2(0)+1,o,10

—I—cQ/'
—(k1(0)+1)k2(j)( Q’ot gk1(0)+1k2(0)+1010+bQ/ 0k1(0)+lk2(0)+1010
"

T0.k1 (0)+1.k2(0)+1.0.1¢ 0; FO,k|(0)+1,k2(0)+1,0,10
x,2 +d JO[ZQ,Z ))

Lo k1 (0)+1.k2(0)+1,0.1 n de Lo, k1(0)+1,k2(0)+1,0,10)
al 22 1

+choe

o If Q%7 € Q) (I.d +ey), then we can use the facts that k1 (h) =1, k2(h) =0, O, (Q ") = (0] 012) = —1
and see that

N 2 (0) (1+Zf—’:0k1(z‘))F(1+Zl’-‘:0k2(i)) —
(O WO =)0 ey 0@

r S
O+t7 T0.ki(0)+1.k50)+1,0.1¢ O+ L0,k (0)+1.k2(0)41,0.1¢
x (k2(0) + Dr(a® e, +52 o
0+ T0.k{(0)+1.k5(0)+1.0.1 0+7 T0.k{)+1.ky(0)+1.0.1
+cQ ax,ll 2 0+dQ 2211 2 0)
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e IfQ5 € Qi(l, d +e1), then we can use the facts that k1 (h) =0, k2(h) =s, Op(Q %) = (05012) = —1
and see that

1+ ok )\ 140 ka (i) h—1
645 We(o™) = (o L T )]_[01-(Q)

1+r(J) 1+s(I
r (D) () i=1
x (k1(0) + 1)s (aQ"‘Sa'l:;,k](0)+1.k2(0)+1,0.10 n bQ+Sa£<;,k1<o)+1.k2(o>+1,o.1o
0+s T0.kq(0)+1.k5(0)+1.0.1, O0+s T0.k{(0)+1.k5(0)+1.0.1
+c2 Wy ! 2 0449 a5 2 %),
T
Using the definition of X , and a.,g'k' O+ O+1.0.70 given in Lemma 6.13, we can see that
h 1427 ki (D)~ 1420 ko (i)
1“( i=0 )l“( i=0 )
(6-46) WC(Q)=(-1)*@ 3" g :
+r(I) 1+s(1)
=1 D(ZF2)T(57)
k1(0)+1 ki(j)—1

x| (k2(0)+1)k1(j) aQ/( )+ijXQ,s

k0 +k1() " 2 Tk 0k () 2

) d%Xgy.., if2el,
+c% Xos+1d%9 Xg, if2el],

0 otherwise
s 5, (k)1 k2(0)+1
— (k1 (0)+1)k & Xo,r+b? (—~X a0 th0) )
(k1 0+ Dk2()) | a2 X, LO+h() ¢ RO+k() " 2

. d% Xy, if2el,
+c% Xg 41 d% Xy, if2el;,

0 otherwise
Moreover, we have

147+ o k1 (i) )F( 1437 ka (i) )

r 2 ( r s
(6-47) WC(QTT) = —(—1)® F(LD) (150

r S

o+ (k@41 r-1 o pO* x 0+ y
X[“ (k1(0)+r Or T+ 20) U7 AesTen Ao

(k2(0) + D)r

N {dé“xg,zz if 2 € Io, ”
0 otherwise
Lastly, we similarly have
(H‘Z?:o kl(i))F(H-S-FZ?:o kz(i))
(6-48) WC(Q™) = (-1)© ’ : (k1(0) + 1)s

14+r(1) 1+s(1)
P(Z72)0 ()

Q\-i-sX bQ\-i-s LX ]MX Q\-l-sX
X{“ or+t O +s 2" Tl 45 05) T Aer
+{dQ+‘XQ,22 ifZEIO,} .

0 otherwise
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We can then see that the coefficient of X ¢ in (6-39) is equal, after dividing by

1+ o ki () \ 1+ 500 ka (i)
L e L Gt i)

F(H-r([))F(H-s(I)) ’
t020 r S
h

O+ oo

- k k — - (k k J
(6-49) ;(@ O+ D T~ 1O+ 1 2(1))a
) kG)=1 g,

(10 + Do () b

(1 (0) 4+ D2 ()¢ —Laer, (k1(0) + Dka(j)d @,.)

k
— (ka(0) + )klig;j: (1 +Zk1(l))

. O+s s—1 g+ | G+
+(k1(0)+1)(1+§)k2(z))(a +—k2(0)+sb +c )

Similarly, the coefficient of X¢ s is equal to
h

L k()-1 5
6- k Lo+
(6-50) ,;<( 200 +1) I(J)kl(O)-i-kl(j)a

+(<k2(o)+1)k1(j)—(k1(0)+1>k2(f) o )Qj

k2(0) +ka(j)

+ (k2(0) + l)kl(j)céf + 1rer, (k2(0) + 1)k1(j)déj)
— (k2(0) + 1)(1 + Zkl(z)) (—laé+’ L pot +Cé+r)

+ (k1(0) + 1)%(1 + Zkz(i))béﬂ.
i=0

Note that the coefficient for X x is always 0. The coefficient of X¢ ., is 0if 2 ¢ Iy and otherwise it
is equal to

h ~
(6-51) Y ((k2(0) + Dk1(j) — (k1 (0) + Dka(j))d %

Jj=1

h R h R
a0+ (14 0@ )a2" + G0+ D14 Y k) a2

20The numerators for the T functions in the WC(Q 1) and WC(Q %) cases are different and have an extra factor.
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Consider a family {(a?,b?,cP dP)} Pep(l,4) that satisfies Property Q1 (which we know exists

by Lemma 6.17). Then d¥ = 0 and a? + bf + ¢ =1 for all P. Thus we have the constraint

P —1—a® —bP forall P, so we may substitute this into (6-49) above and simplify. After factoring
out (k1(0) + 1)(k2(0) + 1), we can compute that the Vanishing of (6-49) is equivalent to

i +Zz okl(l) otr 1+Zz ()k2(l) Q"N_ ( ki(j) Q, & Q,)
632 —Z o0+ ¢ TThow ? +Z R0+ TeO+eg) )

But this is exactly (6-37) so (6-49) vanishes. One can addmonally check that after the same substitution,
the vanishing of (6-50) is also equivalent to satisfying (6-52). Lastly, note that the coefficient of X¢ ,
immediately vanishes when d© = 0 for all P. In summary, the coefficients of X 0,. vanish for all
0 €9, d)if {(af bP P, dP)}Pep(I’d) satisfies Property Q1, proving Item (1) of the lemma.

Next, consider a family {(a*,b¥ c¢P,d )} Pep(1,4) that satisfies Property Q2. Given Q € o(l,d),
we must have that 1 € Io and 2 € Iy U I due to the convention of the ordering of the tuples. If 2 € I,
then d2 =1 and ¢ = p2 = ¢ = 0 for all j. In turn, we have that 497 = 42" = 1 and

Q+r = bQ+r = Q+r = QJH = bQJrY = Q+ = 0. Note that when 2 € [, there are no summands

with d 9, in (6-49) or (6-50), so the corresponding coefficients of X , and X¢ s vanish. Also, one can
compute that the quantity in (6-51) vanishes when d 0 = g0 =49 =1

If 2 € I, then the coefficient of X ., vanishes, as stated above. In this case, we can see that d 01 =
and aQ1 = le = ch = 0. On the other hand, de =0foralll < j <hand dé+r = dQJrS =0.
We then can substitute using constraint that ¢ = 1 —a® —bP forall P € {Qz, e, Qh, Q+’, Q“} to
simplify (6-49) in terms of a and b¥. After doing so and factoring out (k1(0) + 1)(k2(0) + 1), we can
compute that the vanishing of (6-49) is equivalent to

1+ Y0 0ki() g+ 1+0_oka(i) L0+ | ( k() 5, ka(j) gj)
€33 — ot ¢ T )+ +Z L0+’ TR0+ )

This is exactly (6-38), so (6-49) vanishes. One can addltlonally check that, after the same substitution,
(6-50) vanishes. O
We now turn our attention to A € Geone(P).
Notation 6.19 Let Pcon (1, d + e1) be the collection of all tuples
{({0.k1(0),k2(0)), ... (Ip. k1 (h), k2 (R))}
such that
e 1€y,
e [; are disjoint,
. U?:o I; = I with at most one empty set, and
e the graphs Io x, (j),k,()),1,1, are balanced with respect to d for all ;.
We write P72

Cont,

5 (I, d +ey) to be the set of those tuples in Peoy,n (1, d + e1) with all I; # &.
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Consider a tuple PC°" = {(Io,k1(0), k2(0)), ..., (Ip, k1(h),k2(h))} € Pcont,n (1, d + eq). If for all
i # j, I; is nonempty, then we can define the element 13\j~c°m € Pp(I,d + ey) given by

PEoM = {(I1, k1 (1), ko (D). ... (To U ;. k1(0) + k1(j). k2 (0) + k2 (). .. .. (In. k1 (). ko ()}

for any 1 < j <h. In the case where P°" € Pcoy (1, d + e1) has the property that all /; are nonempty,

we may define, similar to (5-6), two new elements, in Pcon,p+1(1,d + e1),
P = {(10,k1(0).k2(0)). . ... (L. k(). k2 (). (2.7, 0)}:
PCOMES = £(1o, k1(0), k2(0)), . .., (In, k1(h), ka(h)), (@,0,5)}.

Similar to (6-36), we define the elements, in Py (I, d +e1),

(6-54)

ﬁCont,—i—r — (m)h—kl' ﬁCont,-i—s — (I’)m)hH.

’

For PCont ¢ Pcont,h(1,d + 1), there is a corresponding graph

h
(6-55) peon = |_| Toser (0ot 1 4@ bidyver, -
j=0
Let ' =T'p with P € Py, (I,d + e1) be a smooth graded balanced graph with an internal tail 1 € I(I").
Suppose A € Geont(P) as in Notation 6.7. That is, the graph A has connected components E1,..., &,

and there is some j such that E; consists of a graph with two open vertices vg and v; with one edge

between them so that:
¢ The vertex vg is rooted and has the internal tail 1.
e BA is balanced with respect to the descendent vector d.

e The half-edges /o and &; corresponding to the edge e satisfy
tw(ho) = (0,0), alt(ho) = (0,0), tw(hj)=(r—2,5—2), alt(h;)=(1,1).
Set Iy := I(vo) and I; := I(v;). Note that

Bvo = Lo,k (vo).ka (wo). 1, 4(ai bidticry, 804 BUj = Lok v)). o)), 1.4 bidlbier, -

Moreover, E; is a degeneration of the smooth vertex graph g k., (vo)+k; (v;),k2 (o) +k2 (v;),1,{(a; b )}ic ';
hence BA cc:rrespongils to some tuple P ¢ PContg, h (PI), d + ;(1 )O)aJrrld1 ;’j): iﬁ(\]co"); ettt
There are precisely (k1(vo) + 1)(k2(vo) + 1) graphs in Geon(P) that have the base BA and are a
degeneration of I'. Indeed, the graphs in Geone(P) with such properties are completely determined by
¢ Ry, the number of r-points in vg that follow its root and precede the half-edge with respect to the
cyclic order and
¢ So, the number of s-points in vg that follow its root and precede the half-edge with respect to the
cyclic order.?!

21WWe alert the reader that in this definition of Ro, So, the role of vy and v; are the opposite of that used for critical boundary
graphs of Gwc(P). The reason for this is that we prefer to keep the internal tail 1 attached to vg for consistency.
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. . C
We will denote the corresponding boundary graph by I' P,Ojn',tlo, k1(0).k2(0).Ro.S0° where 0 < Rg < k1(vo)
and 0 < §p < kz(vo).
The fiber ®,, of the map
(6-36) |—| FFE’T."/’.Io.kl<0).k2(o>,Ro.So : |—| PMpgm = PMsa

P,j.109.k1(0).k2(0).R0.So
R()9S0 Ro,S()

over a point p € Mpgp is the union of k1(vg) + k2(vg) + 1 closed intervals. Indeed, the additional
information of the location of the forgotten nontwisted half-node requires a choice of a point between
boundary markings. The boundary d®,, corresponds to the stable disks obtained by the forgotten half-node
approaching a boundary marking. We pair endpoints corresponding to stable disks where one is obtained by
the node approaching the marking from the right and the other one is obtained by letting the node approach
the same marking from the left. Denote by &Dp the quotient space of ®, obtained by identifying the
boundary points which are paired. Thus, ) » is homeomorphic to § ! and is canonically identified with the
boundary of the connected component indexed by vg of the stable disk =, corresponding to p € PMph.
Observations 4.9 and 4.10 in [Pandharipande et al. 2024] imply the following observation.

Observation 6.20 When we forget the half-edge on v, the disk remains stable, and hence does not
contract. By Observation 2.15(ii), the restriction of the tautological line L; |$p is canonically trivial as
this line bundle is pulled back from a point of P.Mp,,. With respect to this trivialization a canonical
multisection of L; |, as well as 170, 15°, 1x°, and 172 (if z5 € Ip) restricted to ®,, are constant multivalued
functions. Indeed, in all these cases, these sections are pulled back from P Mgy, .

On the other hand, Observation 4.11 and Lemma 4.12 in [Pandharipande et al. 2024] imply that:

Observation 6.21 The section t;;g |, descends to a continuous function 6, : 61, — C*. The winding
number of 6, is —1.

The next observation, analogous to Observation 6.11, follows again from direct inspection.

Observation 6.22 Let P = {(I;,k1(i),k2(i))} € Py(I,d + ey) with 1 € I; for some j, and let
A= Fg?;’l,tlo,kl (0).k2(0).Ro.S0 € Geont(P) and I' = I'p. Consider the multisections of L; — /Wffg given
by t;, ts, tx and ¢, from Notation 6.5. Then, by using the canonical identification of Observation 2.15(1)

of the pull-back of L; — /WK(/) to ./WK/ with (L — MIWN/WK” we have:

(1) trlppg, =k1(vo)tr° Lﬂkl(vj)t;l)g-
Q2) tslpag, = k2(vo)ts® Ersz(vj)l;,)f))-

(3) 1xlpxi, =15,

4) If2 € I;, then 1, | 1z if2&lo,
i, then PMAr — .
/ EIPMA TR0 if2€ 1\ Io.

We now compute the contributions of this case when we take the homotopy to a canonical multisection.
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Lemma 6.23 Let P € Py(I,d + e1), and write I' := I'p as in (5-3). Let t, be one of the multisections of
Ly — PMr defined in Notation 6.5. Take the corresponding homotopy HY (t,) as defined in (6-9). Then

h §T0.ky ).k (D), 1.1;

i,0
Z i (t2) = ) ( 1_[< N ’b’)0f1(1)0§2(1)012> )ﬁpcm(t.),
PCOlILGPConl,h (I, d+er) 1=0"j€l; .
POM={(1; k1 () k2 ()}
where P jc""‘ =P

for some j € [h] and 1 € I

where
—kl(é;)g} g ie=r
BO+o o=
(6-57) Bpcon(ts) := 0 if e = x,
0 ife=12z5 and?2 € Iy,
1 ife=zyand2 e l;\ Ip.

Proof Fix I' = I'p. First recall the definition of Zgom(tw) and the classification of graphs in Geone(P).

oA _ 1C
Note that, if A = FP?JI‘]}IO,kl(0),k2(0),Ro,So € Geont(P), then
BA = FPCom

as defined in (6-55) where PC°" = {(I;,k1(i), k> (i))}f.l=0 € Pcont,h (1. d + e1). Then we have that

(6-58)  Zlm(tw):= Y #Z(Hljo 1yxm1,)

AegCom(P)

= > > HZ(H o 11x P com ).
PConterpconLh(I,d_,r_e 1), RO,SO Palal()’kl (0).k2(0),R(p.So
PCM={(I; k1 (i),k2()}_,
where P' JCO"t = P for some j € [k]
Since s is canonical, we have that
h . . . §T0.k1 (). ko (D). 1.1; 0
(6_59) #Z(sllgA) — l—[< l_[ .L,f;;J’ j)o.{cl(l)o_§2(l)o.12> .
i=0'jel;
Write
(6-60) #ZT = ) e
peZ(s5h)

where €, is the weight of the zero p defined in (2-18). Recall that since H is of the form (6-9), the
homotopy decomposes as H = 7*s1 @& H,, where

Hy(u) := (1 —u)te +u(1 —u)p" +usz) € C®(Ly).
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We can use this decomposition, along with the definition (6-56) of ®, and the orientation of the boundary
given in Theorem 2.58(1), to see that, for A € Geone(P),

(6-61) D #Z(H (o 11xPt com )
Ro,So P.j.1g.k1(0).k2(0).R(.S(
= Y HZ(x" Flem st N Z(H2))

P.j.19.k1(0).k5(0).Rq.S
Ro,So 0-%1 2 0-50

=#(( U Z@* Few

P.j.1o.k1(0).k~(0),R.S S?A)) mZ(HZ)) = Z ép#Z(H2|[O,1]x<I>p)-
Ro.So .J.10.k1(0).k2(0).R(.Sq peZ(sFA)

Note that the multisection H2|[o,1]x®, descends to a multisection 1:1\2, p on the quotient space [0, 1] x CIA)p.
Indeed, by Observation 6.20, the multisections p, 52, 7;°, 15, 1, and 77 are constant for a fixed time
and thus descend. Further, Observation 6.21 implies that t;;g descends. We remark that as H is transverse
on all boundary strata by Lemma 3.41, we have that it does not vanish at the endpoints of the intervals
in ®,. By Observation 6.22, ¢, is a multisum of the above multisections hence H, descends as the
components ,, p and s, descend. Thus, ﬁz, p is a multisection of the trivial rank-1 C-bundle on [0, 1] x 51,
and ffl\z, p can be viewed as a C-multivalued function on [0, 1] x 6p. As a consequence,

(6-62) #Z(Halpo.11xw,) = #Z(Ha,p).
By Observation 6.22, we have the following case-by-case description of 1:1\2, pl (0}x®,°
(1) If e = r, then ﬁz,p|{0}x(§p = k1 (0)t, Wk ()0,
(2) If o = s, then H, | (o1, = k2(0)t5 Wk2(j)6p.
(3) If o = x, then Hz plyg), 5 = Ix-
(4) If e = z, and 2 € Iy, then ﬁz,p|{0}x@ =1,
(5) If e =z and 2 € I; \ I, then ﬁz,p|{0}x$p = 0,.
Therefore, by Observations 6.20 and 6.21, we have
(6-63) #Z(Ha,p) = Bpem(t.),

where B pcon(2,) is as in (6-57). Putting together (6-59), (6-60), (6-61), (6-62) and (6-63), we obtain the
statement of the lemma. O

As in the case for the wall-crossing contributions given by the Zvrvé(t.), computing a closed form
expression for Zg(in(t.) is hard, but the special linear combinations in Definition 6.15 will be meaningful.

Lemma 6.24 Let {(af ,b? c?,dP)}p ep(I,d+e,) be a family of 4-tuples of rational numbers so that
the 4-tuples do not depend on the order of the elements of P and a® + b?* + P +dP = 1.
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(1) Suppose that {(a®,b? ¢, d?)} pep(s.ate,) satisfies Property Q1. Then for any h > 0 and P =
(0. k1(0). k2(0)). . ... (I k1 (h). ka (1))} € Peomn(I.d + ey) with 1 € Iy, we have that

1 + Z?:O kl (l-)aﬁCom,—H + 1 + Zflzo kz(l) bI’SCom.—i—s
r+k1(0) s +k2(0)

ki(j) poon k2(j) ﬁjcont)
‘”Z(kl(owklm“ "0+ )

(2) Suppose that {(aP7bP7CP9dP)}PE'P(1,d+e ) satisfies Property Q2. Then for any h > 0 and pCont —
1o k1(0) +1,k2(0)+ 1), ..., (I, k1(h), k2(h))} € Pcont,n (1. d +e1) with 1 € Ig and2 ¢ 1o, we have
that

(6-64)

1 + Zlh=0 kl (l.)a}’)\Com,-‘rr + 1 + Zlh=0 kz(i)bﬁCom.-i-s
r +k1(0) s+ k2(0)

MG)  pem ka(j) | pom
=i Z(k1(0)+k1(n“ T 60 + k() )
2¢I

(6-65)

Proof Notice that
P = {(Io, k1(0), k2(0)), . .., (I, k1 (h), k2(h))} € Peonin(1, d + e1)
if and only if
0 :={o,k1(0) + 1,k2(0) + 1),...,(Ip, k1(h), k2(h))} € Qn(1,d + e1).
Moreover, Q; = I/D;.C"m and, if Q € Qzéo(l, d +e1), then
O+ = PCon+r ang QS = pContts,

Note that d2/ = 0 if and only if d P 0. It is then straightforward to see that (6-37) is equivalent to
(6-64) and (6-38) is equivalent to (6-65). O

Lemma 6.25 Let {(af ,b? c?,dP)}p ep(I,d+e,) be a family of 4-tuples of rational numbers so that
the 4-tuples do not depend on the order of the elements of P and a® + b + P +dP = 1.

(1) Suppose that{(aP,bP,cP,dP)}pep(I’d+el) satisfies Property Q1. Then

1] F(1+Z?71k1(i))r(l+z,%1kz(f))

(6 66) Z h! Z F(1+r(1))r(1+s(1))

PepP,(l.d+eq), r s
P={(I1,k1(1),k2(1)),....,(In,k1(h).k2(h))}

X (@” Zgg(tr) + 07 Zeg(ts) + P Zin (0 +d 7 Zgg (12)) = =AU ).
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(2) Suppose that{(aP,bP,CP,dP)}Pe'p(I’dJ’_el) satisfies Property Q2. Then

1] 1+ ki () 1437 ko (i)
(6_67) i Z F( rl : )F( Sl 2 )
] 1+r(1) 1+s(I)
h=1 h! Pery(I,d+er), F( : )F( i )
P={(Ilskl(1)sk2(1))"(Ihskl(h)’kz(h))}
r r r r
x(@Pz L (tr) +bF ZoE () + P Z () +dF ZoE (t2,)) = 0.

Proof For h >0, let Pcoi (1, d + €1) be the collection of elements

P = {(I19,k1(0), k2(0)). ... (1. k1 (h). k2(h))}
such that

e [ #@forall0<j <h;

e the elements (1o, k1(0),k2(0)),..., (I}, k1(h),ka(h)) are ordered in a way so that, for any two
indices i and j, we have that min(/;) < min(/;) if and only if i < j;

e the graph I'pcon from (6-55) is balanced with respect to the descendent vector d .

This implies that 1 € I and any PC°" e Pconh (I, d +e1) with i > 0 belongs to Pcont (1, d +€1). In the
case i = 0, we just have the data of a graph balanced with respect to d with internal markings /. Note

that if 4 > 1, then PC°" ¢ 73(;0%;, (I,d + ey) is an element of ’Péft n(I,d +e1). Moreover, in this case,

if we consider the action of the symmetric group S on PZZ i »(1,d +e1) given by permuting the last /2

i 4y
elements in the ordered partitions in PCOM, h

unique element of each orbit of this Sj-action. Thus ﬁ;om,h (I,d + e1) has precisely one element for

(I,d + e1), we can see that 73C0m,h (I,d + e1) contains a

each graph I'pcon, with the order of connected components not taken into account.
Define 736 ont.hit1 (I,d +e;1)and 73é ont. it 1 (I1,d +e1) to be the collections of Elples that can be written
in the form PCM+7 and PEOnt+S regpectively, as in (6-54) for some P € Peoy p (1, d + e1). Take

Peonen(I.d +e1) :=Peonn(I.d +e1) UPL (I.d +e) UPL, ,(I.d +ey).
Define Pcon (I, d + e1) := \Uj, Peonn (I, d + e1). Set

§T0.k1 ).k (), 1.1; -0
(aj,b;) k1G) _ka(i)
tdj o, 0,7 012

Oi ( P Cont) — <

JEI;
Using Lemma 6.23 and the fact that P<°" and 17’5].&’nt have the same number of r-points and s-points, the
left-hand side of both (6-66) and (6-67) can be expanded to

1| | T(HEmaki @) p(1+Eiak@)y b
r N . Cont
o ¥ % O e et § ) CI)
h=1 PG’Ph(I,d‘FE]) PCOME,PC()m,h(I:d"'el)’ r s i=0
PEM={(L; k1 () K2}
where PCo = p

for some j € [h] and 1 € I

y ki)  pon N ka()  peom N P =1 if2e I; and Q2 holds,
k1(0) +k1(j) k2(0) +k2(j) 0 otherwise :
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We can change the summations over Py (/. d + e1) and special subsets of Pcopp(/.d +e1) to a
summation over Pcon(1, d +e1). Givena PCM" = {(I;, k1(i). k2 (i))}f’=0 € Peon(l, d +e1), we define

. F(1+z?70k1(i>)r(1+Z§“=ok2(i>)( h
PCont 1=

s l_[ 0; (PCOnt)) )
i=0

F(1+:(I))F(1+;v(1))

Using the fact that there are h! elements of Pconn(/,d + €1) in an Sp-orbit of a given element

of Pééo ft’ »(1,d +e1), we can rewrite the summation given in (6-68) as

(6-69) . W

Pe:ﬁConl(Isd'i'e 1)

where C(P) can be computed as follows from (6-68):
o If P = PO = {(I;,k1(i), k2(0)}"_y € Pcomn (I, d + €1), then

h . . .
C(P) = Ypem Z( ki(j) — peon ka(j) , peon { 1 if2 € I; and Q2 holds, })

Z\60+h0)" T TRO+kG T 10 ohervise

o If P = POOMHT — (19, k1(0),k2(0)), ..., (In, ki (h), ka(h)),(D,r,0)} € 7320m,h+1(1,d +ey),
then using that (07012) = —1 and I'(x 4+ 1) = xI"(x), we have that

F(1+r+zi=0k1(l))r(1+Zi=0k2(l)) h r S Cont
c(p) = ’ = (T o™ )iwion) (- ge™™")
I 1

PR (R i r+k1(0)
h .

_ 1 =+ Zi:() kl(l) (_1) r a}’)\Coul.-‘rr cont
r r+k1(0) P

_ _1 + Zfl:o kl(i)aﬁCont,+r c

r +k1(0) P
o If P = plontts ¢ 73scom ny1({, d), then we can analogously compute that

. 1 + Zfl:() kz(l) bﬁC(mt.ﬁﬂv
s+ k2(0)
View the quantities ¥ pcon for all P ¢ 73C0m,h (I,d + e1) as independent linear variables. Then we
can write the left-hand side of both (6-66) and (6-67) as a linear combination of the variables ¥ pcont.
Consider a family of 4-tuples satisfying Property Q1, so that in particular we fix d¥ = 0 for all
P € P(I,d + ey). Then the coefficient of Ypcon in (6-68) when Property Q1 holds is, by Lemma 6.24(1),

h . .
ki(j) peon ka(j) peon
Z(kl(m a0 Tho+kg) )

Jj=1

C(P) - YPCont.

1Y k(@) pemsr 140 o ka(i)  Bemts

= —1.
F+k0) 5 + k2(0)
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Thus we can simplify the left-hand of (6-66) to be

» F(1+zf’=ok1<i))r(1+zf'=0kz(i>)

Z —YPCom = Z Z (h T 1)' F(r1+r(1))1'1(1+s(1;)

PComePeoy(l,d+er) hz0 PePy11(1.d) s
h
<1

i=0'jel,

§L0.k1 ).k (0),1,1;
(aj.bj) _ki() _ka(i)
rdj (o8} 0, 012

i0

= —A(I,d).

Note here we are replacing the sum over elements of 73C0m’h (I,d + ey) with the set Py 1(/,d) and
dividing by (h + 1)!, as the set of S 1-orbits of Pj41(/,d) is in one-to-one correspondence with
73C0m,h (I,d + e1). Moreover, to fit with the convention of the indexing of 73C0m,h (I,d + e1) going
from O to &, we temporarily shift the indexing of tuples in P41 (I, d) down by one.
Next consider a family of 4-tuples satisfying Property Q2. So, if P satisfies {1,2} C I; for some j
then
d? =1 and af =0 =cP =0

and otherwise d¥ = 0. Then the coefficient of Ypcon in the left-hand side of (6-67) is

h . .
k 2 ont k ont
Z( 1(/) P 2(/) pPs ) 21261
= k1(0) +k1(j) k2(0)+k2(1)
2¢1;
. 1 + Z?:O k](i)aﬁCont.+r . 1 + Zfl:() kz(l) ﬁCOnl,+S
r +ki1(0) s +k2(0)
Note that if 2 € I then {1, 2} C I, and hence

p Cont P Cont,+7r P Cont,+s
abti” =4t =d4P =1

and the corresponding a, b, ¢ terms are zero. Thus the above expression is automatically zero. Otherwise,
we assume 2 ¢ Io. Since Property Q2 holds, we have by Lemma 6.24(2) that
h

k i D Cont k j P Cont
Z( 1(/) QP 2(J) BB ) 21261
k1(0) +k1(j) k2(0)+k2(])
2¢Ij
h . h .
_ 1 + Zi:() kl(l)aﬁConl.-i-r _ 1 + Zi=0 kz(l)b}’)\Conl,-i-r -1 + Z 1261' -0
r+k1(0) s +k2(0) .
J#0

Hence the coefficient of Y pcon vanishes for all PCo"t and the expression in (6-67) vanishes. O

With all these computations in hand, we can take a deep breath, and prove Corollary 5.11.

Proof of Corollary 5.11 Suppose {(a®,b?, c?, dP)}Pe'p(I’d_l’_e 1) is a family of 4-tuples as constructed
in Lemma 6.17. Take a special canonical family s of multisections bounded by /. By Theorem 5.4, this
choice will not affect the quantities of A(/,d + e1) or A(I,d).
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We define

#zZ'r (tab.c.d) i=a” /

PMrp

e(E,t;)+bF /

e(E,ts)—i—cP/ e(E,tx)+dP/ e(E. t5,).
PMrp PMrp PM

PMrp

We then take the four homotopies H T (z,) from ¢, to s. We define analogously

r r r r r
#Z P(H bcd) ZWI()Z(taybsCyd)’ ZCcl;lt(ta,bsC,d)’ ZE)f::hange(ta:b,C,d)

as the appropriate weighted sums.
As usual, we write

sFPsJ,o
ibi) _k1(J) _ko(j
6-70)  I'p,j:= Lok (i)ka ()1 4G bidies Oj(P)3=<1_[fc(z? )01'(’)022(”012>

i€l

forany P ={(/j,k1(j).k2(j))} € P(I.d + e1). We compute A(I,d + e1) given by

(6-71) Z — >
' Pepr(,d+er) F(H:(I))F(Hjm)
P={(I; k1 (i)k20))}"_,

FP ,0
y < [ el oki@rghms klz(m>
iel(Tp)
by applying Lemma 6.9 in the context of #Z r (Hg p,c,a)- In this case, (6-11) becomes
1"

P o
6-72) < [ clohioh@ohan, klz(rp>>
iel(Tp)

r r r r
=#Z"r (ta,b,c,d) + Zch(ta,b,c,d) + Zcé;t(ta,b,c,d) + ZE;;hange(ta,b,c,d)-

We now consider each term of the right-hand side of (6-72) when considered as a linear combination
given in (6-71). Take a family of 4-tuples {(a®,b®, P, d¥)} that satisfies Property Q1. In this case,
since we know that d¥ = 0, the relevant multisections are t,, ts and tx and these all point towards a
boundary marking. Let P = {(I;,k1(j).k2(j))} € P(I.d +e1) with 1 € I;.

As in Lemma 6.4, given the graph I'p 1 and A C Iy, write z4 4 5 for an internal marking labeled by the
union of labels of the marked points in A with twist (r —2—a,s —2—b) and write v(P, 1)4 4 5 for the
graph I'g ¢, Ko ki2,4(@i b)Y e\ 0tz oyt Since s is special canonical so is s, and hence by Lemma 6.4
and Notation 6.3 we have

#ZFP'l (ta,b,c,d)

ext
= Z <Téa,b) l—[ .L,gli,bi)> <Tér—2—a,s—2—b) 1—[ Ttgqi,bf)aicl(l)aécz(l)am

svP-Daab o

AUB=I, icA ieB
1€A,|A|=2

ae{—1,....,r—2}

be{—1,...,s—2}
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Thus

1] r(HZe k@) (4D k@)

1

(6-73) § :— § : r s

| 1+r(1) 1+s(1)

h=1 h! Pepr,(l,d+eq) F( : )F( j )
P={(I; k1 (i) k26 )},

LI
=2 (h—1)! 2
h=1 Pery(l,d+eq)
P={(1; k1 () k2(i )},
1€l

T
#72°° (ta,b,c,d)

[ToiP)

r(HEe ki Oy p (D k@)
Jj=2

F(1+r(1))r(1+s(1;)

7

N

sVPDAa ap ,0

ext
X( ) <Téa,b)l—[n(;i,b,-)> <Tér—z—a,s—z—b)1—[Tg,-,b,->0{q(1)0§2(1)012> )
i€A ieB

AUB=1I;
1€A,|A|>2
ac{—1,...,r—=2}
be{—1,...,s—2}

= ¥ oy ()

ae{—1,...,r—2} AUB=I icA
be{—1,...,s—2} 1€4,|4]|>2

B+l
X( 2. h—1)! 2

h=1 PePp(BU{zy p},d)
P={(I; k1(i),k2(i))}_,
Za.b EI]

x<f§"2‘“’s‘2‘b) I Tﬂ(l?i,b,-)gfl(l)(,;cz(l)m>
iehi\{za.»}

= > > <fo(“’b)Hfé?"’b")>m«4(8U{za,b},d).

ae{—1,...,r—2} AUB=I ieA
be{—1,...,s—2} 1€A,|4]|>2

l—w(1+§ 1 1(1))1—1(1+§ 1 1(1)) ( )
./_2

r s

Ty x poyts
s Osl\l(l)skZ(l)J-{(at’bz)}zellu{za,h}’0)

By Lemma 6.18, we know that if {(a?,b?, c?, dP)}Pep(],dJr_e 1) satisfies Property Q1, then

/! 37 k@) 1+ k2()
1 I‘( ! )I‘( i=1 ) .
o Z h Z 1‘*(1+r(1))1—~(1+s(1)) Zywc(tap.ea) =0.
k=1 Pepy(l,d+e) - 5
P={(1; k1 (i)k2))}_,

By Lemma 6.10, we know that for all P € P (I, d + ey),

r
(6'75) ZE)ihange(ta,baCad) =0.

Lastly, since {(a®,b®,c?, dP)}Pep(I’d +e,) satisfies Property Q1, we have that by Lemma 6.25,

1] F(1+z,’-’71k1(i))r(1+z,'-’:1kz(i))

1
(6-76) E — E S
! 1+r (1) 1+s(1)
h=1h' PerP(Il,d+er) F( : )F( i )
P={(I; k1 (i),k2(N}_,

Zggn(ta,b,c,d) =—-A(l,d).
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By substituting into (6-71) the relation given in (6-72) and then simplifying using (6-73), (6-74), (6-75),
and (6-76), we obtain the open topological recursion relation (5-38).

We next turn to the case where || > 2. Take a family of 4-tuples {(a®,b?,c?, d?)} that satisfies
Property Q2. The computation for #Z Tra (ta,b,c,a) for I'=Tp has two cases, depending on whether or not
the markings 1 and 2 are in the same connected component. Let P = {(;,k1(j),k2(j))} € P(I.d +e1)
with 1 € I1. If 2 ¢ I then d ¥ = 0 and the relevant multisections ¢, point to only boundary markings. Then

#ZFP’I (ta,b,c,d)

- ¥ <(ab)l—[ (alb)> < r— 2_“’““_2_1’)]_[rf,j”"b")a{“(”a?(”alz>

U(P’I)A,a,b o
>

AUB=1I, i€A i€B
1€A,|A|=2

ae{—1,...,r—2}

be{—1,...,s—2}

Otherwise, if 2 € I1 then d¥ =1 and a¥ = b¥ = ¢ = 0 so the relevant multisection is t,, which points
towards the internal marking z,, and hence we have that

#ZFP’I (ta,b,c,d)

ext
= Z <_E(ga,b) l_[ .Ea(ltili,bi)> <_L_ér—2—a,s—2—b) 1_[ T[(J?i,bi)o,{cl(l)aécz(l)alz

AUB=1I, i€eA i€B
1€A,2€B,|A|>2
ae{—1,...,r—2}
be{—1,...,s—2}

sYPDaab o

Note in both cases 2 is never an internal marking of a closed vertex and we will get a contribution
whenever 2 is an internal marking of an open vertex. Through a similar resummation as before in (6-73)
we get that

1] F(1+Zf’=1k1(i))r(1+2?=1kz(i))

(6-77) Z— Z r s
D pep (T dten I (HD)p (D)

r S
P={(I; k1 (i).k2())}"_,
lel;

T
#Z2° " (ta,b,c,d)

ext
b ibi
- ¥ Y (@) as iz,
ae{—1,...,r—2} AUB=I i€A
be{—1,...s—2} 1€4,2€B
|A|>2
Lastly, recall that when {(a®,b?, P, d ¥ )} PeP(l,d +e,) satisfies Property Q2, we have by Lemma 6.18

that (6-74) still holds. Further, Lemma 6.25 implies that

1] F(1+Z§’=1kl(i))F(IJrZﬁlez(i))

(678) Z - > i )
! Pepr,(I,d+ey) F(1+:(I))F(l+§(1))
P={(I; k1 () k2 ())}_,

Concluding this computation, by substituting into (6-71) the relation given in (6-72) and then simplifying
using (6-77), (6-74), (6-75), and (6-78), we obtain the open topological recursion relation (5-39). O

T
chlt(ta,b,c,d) =0.
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