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1 Introduction

In this paper, we study the following filling radius conjecture of Gromov.

Conjecture 1.1 [Gromov 2007] If (M™", g) is a complete Riemannian manifold with uniformly positive
scalar curvature Scg > o2 > 0, then there exists a universal constant c,, depending only on n such that

(1-1) Fill Rad(M) < <.
o

Here Fill Rad(M ) stands for the filling radius of M, namely the smallest radius of the neighborhood
of M inside any isometric embedding, in which M is homologous to zero. See Definition 2.2 for the
precise definition of filling radius. A manifold M is said to be aspherical if 7y (M) = 0 for any k > 2.
Since the universal cover of any closed aspherical manifold has infinite filling radius (see Example 2.6
for more details), Conjecture 1.1 implies the Gromov-Lawson conjecture [Gromov and Lawson 1983;
Rosenberg 1986b] that any closed aspherical manifold admits no complete Riemannian metric with
positive scalar curvature. Note that Conjecture 1.1 is weaker than Gromov’s Uryson width conjecture
[Gromov 2018a, Section 3]; also see Conjecture A.16 in the appendix.

Conjecture 1.1 has been proved for n = 3 [Gromov and Lawson 1983; Gromov 2023; Liokumovich
and Wang 2026]. It remains open for n > 4 in general. The main purpose of this paper is to employ
the quantitative operator K-theory and index theory to prove a large scale version of Conjecture 1.1 for
manifolds with finite asymptotic dimension.
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Theorem 1.2 Let (M", g) be a complete, noncompact, spin Riemannian manifold with finite asymptotic
dimension m with control function D. If (M, g) has uniformly positive scalar curvature Scg > 02>0
and bounded geometry, then there exists a constant ¢ = c¢(o, m, D) such that

(1-2) FillRadg(M) <c.
From the proof of Theorem 1.2, the constant ¢ is explicitly calculated as

AeBm
o

where 4 and B are some universal positive constants. Recall that a complete, noncompact Riemannian

manifold (M", g) is said to have asymptotic dimension m with diameter control D if m is the minimal
integer such that for any r > 0, M admits a uniformly bounded cover C = {U;};<y such that

(1) anyball B(p, r) ={x € M, dist(x, p) <r} intersects with at most m+1 members {U;,, U;,, ..., Ui, }
inC,
(2) sup;e; diam(U;) < D(r). Here D: Rt — R is a nondecreasing function with D(r) > r.

The notion of asymptotic dimension was introduced by Gromov [1993]. The third author [ Yu 1998]
developed a quantitative operator K-theory and proved that any finitely generated group with finite
asymptotic dimension satisfies the strong Novikov conjecture. The strong Novikov conjecture provides
an algorithm for determining whether the higher index of an elliptic differential operator vanishes or not.
The connection between the vanishing of higher index and positive scalar curvature was established by
Rosenberg [1983; 1986a; 1986b]. We refer the reader to [Zhang 2017; Tang et al. 2018; Guo et al. 2019;
Wang and Wang 2016; Wang et al. 2021; 2024a; 2024b; Wang and Xie 2022] for some of the further
developments on the (higher) index theory, in particular for spaces with singularities, and its applications
to scalar curvature problems.

In this paper, the estimate of the filling radius in Theorem 1.2 is obtained by studying the pairing
of the Dirac operator and K-theory classes with a certain quantitative Lipschitz control. The K-theory
with Lipschitz control was initially developed to study the scalar curvature decay in [Wang et al. 2024a].
Here is an outline of the proof of Theorem 1.2. If M has finite asymptotic dimension m, then for any
r > 0, there exists an open cover with r-multiplicity bounded by m 4 1. The natural map from M to the
corresponding nerve complex N of this open cover has a small Lipschitz constant when r is large. Now
if the filling radius of M is too large, then the K-homology class of the Dirac operator on M does not
map to zero in the K-homology of the nerve complex N/, for some large r. This implies that the pairing
between the Dirac operator D on M and the pullback of a certain K-theory class of N, is not zero.
However, by the Lipschitz controlled K-theory, the pullback of this K-theory class has a small Lipschitz
constant when r is large. By a standard curvature estimate, the uniformly positive scalar curvature on M
implies that the pairing of D with any vector bundle with small Lipschitz constant is zero. This leads to a
contradiction, hence the filling radius cannot be too large under the uniformly positive scalar curvature
condition. Our estimates in fact produce an explicit upper bound on the filling radius.
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The paper is organized as follows. In Section 2, we review the notion of filling radius and some of its
basic properties. In Section 3, we review the notion of asymptotic dimension and Lipschitz controlled
K-theory. In Section 4, we prove the main theorem (Theorem 1.2). In the appendix, to put the main
results of the paper in a broader context, we review a list of metric invariants of Riemannian manifolds
and their connections with positive scalar curvature.

2 A basic introduction to filling radius

In this section, we review the concept of filling radius introduced by Gromov. We recall some of the basic
properties of the filling radius and its connections to coarse geometry. Unless otherwise specified, all
Riemannian manifolds in this article are assumed to be smooth, connected and orientable.

2.1 Kuratowski embedding

In order to define the filling radius, we first review the Kuratowski embedding, which isometrically
embeds any given metric space into some Banach space.

Definition 2.1 Suppose that (X, d) is a metric space and x( is a point in X. Let L°°(X) be the
Banach space of all bounded functions on X with the supremum norm || ||cc. We define the map
V(X d) > (LX), ]| o) bY

Y(x)(y) =d(x,y)—d(xg,y) forall x,yeX.

The map W is called a Kuratowski embedding of X.

Note that this embedding depends on the choice of the based point x( and is therefore not entirely
canonical. It is not difficult to see that ¥ is an isometric embedding. Indeed, on the one hand, for any
X1, X2 € X, by the triangle inequality, we have

[(W(x1) —P(x2)]loo < d(x1,X2).
On the other hand,
d(x1,x2) =d(x1,x2) —d(x2,x2)
= W(xy)(x2) — W(x2)(x2)

< sup |W(x1)(¥) —V(x2)(»)]
yeX

= [[W(x1) — W (x2)loo-
Consequently, we have

(2-1) d(x1,x2) = |W(x1) —¥(x2)]leo

for all x1, x, € X. From now on, we shall identify X with W(X), and write X for both X and W (X),
since no confusion is likely to arise. In particular, we will view X as a subspace of L°°(X) and denote
the inclusion by i : X — L%°(X).

Geometry & Topology, Volume 30 (2026)



2964 Jinmin Wang, Zhizhang Xie, Guoliang Yu and Bo Zhu

If (X, d) is a compact metric space, then there is a more canonical way of defining the embedding .

Indeed, in this case, we may define

V:(X,d)— L®°(X) by ¥(x)(y)=d(y,x) forall x,ye€X.

2.2 Filling radius

In this subsection, we review the locally finite singular homology theory, the notion of filling radius and
some of its basic properties.

Let (X, d) be a complete metric space and F a ring. We denote by C ,if(X ; F) the abelian group of
formal sums (possibly infinite) of singular k-simplices

(2-2) c= Z I'sO,

where ¢ runs over all continuous maps from the standard k-simplex to X and r, € F, such that for any
given bounded set K C X, there are only finitely many o in ¢ that have nonempty intersection with K.
In this paper, we will mainly focus on the case where F' equals the integers Z or the rational numbers Q.
The usual definition of the boundary map 0 for singular chains makes these abelian groups into a chain

complex
(2-3) o> O X5 F) =+ — Cf(X; F) » C{(X; F) — Cy(X; F) — 0.
The locally finite k-th homology group H, }Cf(X ; F) of X is defined to be the k-th homology group of
this complex chain, that is,
ker(d: C'(X: F) > C'_ (X F))

Im(0 : C]ifH(X; F)— C}Cf(X; F))’

(2-4) H(X;F)=

If (X, d) is compact, then the locally finite homology groups coincide with the usual singular homology
groups. Note that for each oriented #-dimensional manifold M, the fundamental class [M | of M generates
HY(M;F)=F.

Definition 2.2 [Gromov 1983] Suppose that (M ", g) is a Riemannian manifold and ¥ : M — L°°(M) is

a Kuratowski embedding as given in Definition 2.1. The filling radius of M (with respect to F'-coefficients)
is defined to be

(2-5) FillRadp (M) := i%f{R (U (M]) =0€e HY (Ng(W(M)); F)},

where Np(W(M)) = {x € L®(M) : dist(x, V(M)) < R} is the R-neighborhood of W(M) in L*°(M).
In the case F = Z, we shall simply write Fill Rad(M ) in place of Fill Radg (M ).
It is clear that Fill Rad 7 (M) is independent of the choice of the base point xg € M in Definition 2.2.

One can show that if (M™, g) and (N", h) are two Riemannian manifolds that are coarsely equivalent,
then Fill Radp (M) = oo if and only if FillRadr(N) = oo.
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Lemma 2.3 Let (M", g,) and (M?, g,) be Riemannian manifolds. If f : (M, g1) —> (M, g>) is a
distance-decreasing map with deg( /) # 0, then

(2-6) Fill Rad (M) > Fill Rad g (M>).

Proof We assume that both (M1, g{) and (M>, g,) are compact Riemannian manifolds, and the non-

compact case can be proved similarly. We write R :=FillRadr(M;) and R, :=FillRadg(M;). Let U;

be the Kuratowski embedding of M; for i = 1, 2 in Definition 2.1. Since f : (My,g1) — (M>,g3) is a

distance-decreasing map, we naturally obtain a distance-decreasing map h = Wy 0 f: M| — L (M;).
We extend i to H : L°°(M,) — L°°(M;) by defining

(H(@1))(mz) = inf ((h(m1))(m2) + o1 — W1 (m1)|l Loo(my))
mi1EM,
for any ¢ € L°°(M;) and m, € M,. By the construction, we have

| H(p1) — HW1) Loy = o1 — VillLoo )

for any ¢1,v1 € L®°(M;), and H(my) = h(m,) for any m; € M. It follows that for any R > 0,
H(Ng(My)) C Nr(M>).

By the definition of R :=FillRad g (M), for any & > 0, there exists an (n+1)-chain c of Ng, 4.(M) C
L°°(My) such that dc = (W)« ([M1]). It follows that

I(Hx(c)) = Hx(dc) = (W2)x fx(M1]) = deg [ - (W2)« ([M2])

in the homology group of Ng,+.(M3). Consequently, R, < R; + ¢. We conclude that R; > R, by
letting ¢ — 0. a

The following lemma will be useful in the proof of our main theorem. More precisely, it will allow us
to reduce the proof for the odd-dimensional case of our main theorem to the even-dimensional case.

Lemma 2.4 If (M", g) is a complete Riemannian manifold, then
FillRadg (M x R) = FillRadg(M).
Proof For any R > 0, we set

X, = | J Nr(M x[4R-2k 4R (2k +2))).

keZ
X, = | ) Nr(M x[4R(2k — 1), 4R(2k + 1))).
keZ
Note that
XiNnX, = U (NR(M x[4R(k —2),4Rk]) N Np(M x [4Rk,4R(k + 2)])).
keZ
Let

i1: X1 > Np(M xR), iy:Xy;—> Nr(M xR) and (ji,/2):X1NXy— X1 xX;
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be the inclusion maps. Note that each component of X7, X, X7 () X; is homotopic to Ng(M) by a

bounded homotopy. Thus the locally finite homology groups of X;, X5, and X7 N X> are all isomorphic

to [1, HY(Nr(M); Q). For notational simplicity, we omit the coefficient Q in the rest of the proof.
Consider the exact sequence

o= HY (X N Xo) - HI (X)) @ HY(X,) — HI(Ng(M xR)).
More explicitly, we have

[ 1 HF(Nr(M)) =225 [T HY (Nr(M) @ [ HY (Nr(M)) ——5 H(Ng(M x R)).
Z Z zZ
Denote by [M x R] the fundamental class on M x R, which is explicitly given by
[M xR] =) [M]x[4Rk,4R(k + 2)].
keZ

By the above exact sequence, the class Wasxgr (M x R]) € HI(Ng(M x R)) lies in the image of the
map i1 — ip«. More explicitly, we have

Warxr (M X R]) = iy (H \IJM([M])) — i (H(—\PM ([M]))).
Z Z

Therefore, if [M] vanishes in HX(Ng(M)), then Wpsxr (M xR]) vanishes in HY(Ng(M xR)) as well.
Consequently, we have

Fill Radg (M x R) < FillRadg(M).

We remark that so far this part of the proof works for the filling radius with arbitrary coefficients.
Conversely, if Wprxr([M x R]) = 0, then

s (1‘[ \I’M([M])) iz (H(—WM([M]») — Uprr (M xR)) = 0.
Z Z
It follows from the above exact sequence that there exist ¢, € HY (Ng(M)) for k € Z such that

jl*(l‘[ ck) —[T¥m (M) and jz*(l_[ ck) — [T v M.
Z Z Z

Z

Note that each component of X; N X, only intersects with two components of X and X», respectively.
Therefore, for each k € Z, we have

V(M) = e = =Y ((M]),

which implies that 2W,([M]) = 0. It follows that Wy, ([M]) = 0, since we are working with the
coefficient Q. To summarize, we have shown that if Wpsxg (M x R]) vanishes in HY(Ng(M x R)),
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then [M] vanishes in HI(Ng(M)). Consequently, we have
FillRadg (M x R) > FillRadg (M).
This together with the inequality
FillRadg (M x R) < FillRadg (M)
from the first part completes the proof. O

Remark 2.5 For the filling radius with Z, coefficients, Gromov [1983] proved that
2-7) FillRadz,(M; x M,) = min{Fill Radz, (M), FillRadz, (M)}
for any two Riemannian manifolds (M7, g{) and (M>, g>).

The following example shows that the filling radius of the universal cover of an aspherical manifolds

18 00.

Example 2.6 Let (M", g) be a closed aspherical manifold, then the universal cover M of M has
Fill Radg (M) = oo.

Proof We begin by proving M is uniformly contractible, that is, for any r > 0, there exists R = R(r) >r
such that B(y,r) is contractible in B(y, R) for any y € M. Fix x( € M. Letd = diam(AM). Then, for
each B(y,r), there exists g € (M) such that gB(y,r) C B(xq,d + 2r). Note that M admits a finite
CW complex structure, which naturally lifts to a CW complex structure on M. The ball B (xo,d +2r)
is contained in some finite CW subcomplex C of M. Since M is contractible, it follows by induction
on the dimensions of cells that each cell in C contracts to a single point in B(xg,d + 2r + s) for some
s > 0. Consequently, we have shown that B(y, r) is contractible in B(y, R) with R(r) =d + 2r + .

Now let us show that Fill Radg (M) = oo. Assume to the contrary that Fill Radg (M) < o0, then there
exist r > 0 and an (n 4 1) dimension simplicial complex P such that 9P = M and

M C PCU.(M)C L®(M).

However, since M is uniformly contractible, we see that the identity map 7 : M — M extends to a
continuous map ¢ : P — M ; see for example the proof of Lemma A.10 for more details. It follows that
[M]=[3P]=0in HY(M). This contradicts the fact [M] is the fundamental class and does not vanish in
H,l,f(]\z ). Therefore, we have shown that Fill Radg (Z\Z ) = oo. This finishes the proof. |

2.3 Filling radius and coarse geometry

In this subsection, we review some basic results in coarse geometry and their connections to filling radius.
A discrete metric space I is said to be locally finite if every metric ball of finite radius in I" contains only
finitely many elements of T".

Geometry & Topology, Volume 30 (2026)
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Definition 2.7 [Roe 1993] Suppose I is a locally finite discrete metric space. Given any d > 0, the
Rips complex P;(I") is a simplicial complex given as follows: the set of vertices is I' and a finite subset
{x1,...,x,} C I spans a simplex if and only if d(x;,x;) <d forall 1 <i, j <n. We define the k-th
coarse homology group H Xy (T"; F) of I' with coefficients in F to be

(2-8) HX,(T; F) = dli>moo H(P4(T); F).

Now suppose (M", g) is a complete Riemannian manifold with bounded geometry, where the latter
condition means that (M", g) has uniformly bounded curvature and positive injectivity radius. A subspace
I' C M is said to be a net in M if there exists § > 0 and ¢ > 0 such that

* dg(x,y) = c for any distinct x, y € I,

® dg(x,T) <6 forany x € M.

Since M has bounded geometry, there exists a triangulation of M such that for each r > 0, the number
of simplices in the metric ball B(x, r) of radius r is uniformly bounded for all x € M. In particular, the

set of vertices of this triangulation gives a net of M.
We define the coarse homology groups of Riemannian manifolds as follows.

Definition 2.8 Suppose that (M", g) is a complete Riemannian manifold with bounded geometry and T’
is a net in M. The k-th coarse homology group H Xy (M ; F) of M with coefficients in F is defined to
be HX; (I'; F) for each k € N.

With (M", g) and I as above, then there exists do > 0 such that M C Py, (I"). Let j : M — Py (I)
be the inclusion map. Then j naturally induces a homomorphism

Jx: HN(M; F) — HX(M; F).

Definition 2.9 Suppose that (M", g) is a complete Riemannian manifold with bounded geometry. Let
[M] € HY(M;Q) be the fundamental class of M. We say M is rationally macroscopically large if
J«(IM]) # 0in HX,(M ;Q). Otherwise, we say M is rationally macroscopically small. Similarly, by
working with Z coefficients, we may define integral macroscopic largeness and integral macroscopic
smallness.

The coarse K-homology K X« (M) of M is defined to be
KX«(M)= lim K.(Py(I)).
d—o0

The Connes—Chern character map induces the following rational isomorphism! between (locally finite)
K-homology and locally finite homology theory:

KoM)®Q =P H},(M;:Q) and K(M)®Q =P Hy),,(M;Q).

n=0 n=0

IThis isomorphism can for example be proved by a Mayer—Vietoris sequence argument.
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Similarly,

o0 o0
KXo(M)®Q = (D HX2n(M:Q) and  KX1(M)®Q = (P HXon1(M: Q).
n=0 n=0
In particular, if M is spin and the K-homology class of its Dirac operator vanishes in K Xy (M), then
M is rationally macroscopically small. This gives a useful K-homological way to decide when M
is rationally macroscopically large or small via the techniques developed in the context of the coarse
Novikov conjecture. We would like to remark that at the moment it is still unclear whether there is a
similar K-homological approach to determining when M is integrally macroscopically large or small. In
fact, there exist manifolds (M ", g) with Fill Rad(M') = oo, width,,_; (M) = oo but FillRadg (M) < oo
[Dranishnikov 2011]. Here width,,_; (M) is the (n—1)-th Uryson width of M. See Definition A.1 for the
precise definition of Uryson width widthy (M) and its connection with the filling radius.
We conclude the section with the following theorem of Gong and the third author.

Theorem 2.10 [Gong and Yu 2000, Theorem 4.1] Let (M™, g) be a complete Riemannian manifold with
uniformly positive scalar curvature, bounded geometry and subexponential volume growth. Then

FillRadg (M, g) < oo.

This result provides a qualitative characterization of the filling radii for a class of Riemannian manifolds
with uniformly positive scalar curvature. The main purpose of the present paper is to prove a quantitative
characterization of the filling radii for a large class of Riemannian manifolds with uniformly positive
scalar curvature in the sense of Conjecture 1.1.

3 Lipschitz properties of spaces with finite asymptotic dimension

In this section, we recall the notion of asymptotic dimension. We also review the Lipschitz controlled
K-theory from [Wang et al. 2024a], which is a key ingredient for our proof to the main theorem of the paper.

Definition 3.1 Suppose that (M, g) is a complete Riemannian manifold and C = {U;};cy is an open
cover of M. The nerve N/ of M is a simplicial complex with one vertex v; for each open set U; with the
property: given any k tuple of vertices v, ..., v, there exists a simplex in the nerve with these given
vertices if and only if ﬂ;.‘=0U,-j is nonempty. Moreover, the cover C is said to have multiplicity < m + 1
if any point p € M, it is contained in at most (m + 1) distinct members U; in C. The diameter of the
cover C is defined as
diam(C) = sup diam(Uj;).
iel
A cover C of (M, g) is said to be uniformly bounded if diam(C) < oo.

We say an open cover C of (M, g) has Lebesgue number at least r if for all p € M, the metric ball
B(p,r) of radius r centered at p is contained in some member of the cover C. For each member U; of C,
let U/ := N, (U;) = {x € M :dist(x, U;) <r}. Then C, = {U/ };c1 is a new open cover of (M, g). Note
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that C, satisfies
diam(C,) < diam(C) + 2r,

and has Lebesgue number > r. If we want to emphasize the dependence on the Lebesgue number, we will
denote by N, the nerve of (M, g) associated with the cover C, of (M, g). Clearly, all the above definitions
apply to any metric space (X, d). A metric space (X, d) is said to have Lebesgue dimension < m if any
open cover C of (X, d) has a refinement C’ with multiplicity m + 1. The Lebesgue dimension of X is
defined to be the minimum of such integer m. Now the notion of asymptotic dimension can be viewed as
a large-scale version of the Lebesgue dimension.

Definition 3.2 A metric space (X, d) is said to have asymptotic dimension m if m is the minimal integer
such that for any R > 0, X admits a uniformly bounded cover C = {U;};c; with R-multiplicity at most
m + 1. Here R-multiplicity means that any ball B(p, R) = {x € X : d(x, p) < R} intersects with at
most m + 1 members of C.

Now we let C = {U; };<s be a uniformly bounded cover of (X, d) with diam(C) = R and r-multiplicity
at most m + 1 for any given r > 0. Let ;. be the nerve of (X, d) associated with the cover C, = {U/ }ier
of (X, d) with Lebesgue number at least r. We equip N, with the standard simplicial metric dy.,, which
is equal to the standard /!-metric d;1 on each simplex and, for two points in different simplices, is the
length of the shortest path connecting the two points. We define a map f; : X — N, by

Dierdx, X — uhHu/!
Yierdx, X =U])

Now suppose (X, d) has asymptotic dimension m. For each r > 0, let AV, be the nerve complex associated

(3-1 Jr(x) =

with the cover C, from above. Then the map f, from line (3-1) satisfies the following properties:
(1) fy is (m+1)2/r-Lipschitz;
(2) fr is uniformly cobounded. More precisely, for any given bounded subset K C A, with diameter
diam(K) < d, then diam(f~!(K)) < Rd + 2(R + 2r), where R = diam(C).
Indeed, consider the function f,; : X — R given by
d(x, X -U/])
Zie] d(xv X — Ul‘r)

Since the Lebesgue number of C, is > r, we have

Jri(x) =

Zd(-,X —U/)>r, and the Lipschitz constant of d(-, X —U/) < 1.
iel
Hence, a direct computation shows that

m+1

Lip(fr,i) <
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Consequently,
(m+1)?
. .

Lip(fr) =

Note that diam( ;! (")) < 2(R+2r) for any simplex o € N;.. Hence, for any K C A/, with diam(K) <d,
we have
diam( ;"' (K)) < Rd +2(R +2r).

In particular, f, is proper.

Remark 3.3 The above discussion shows that if (X, d) has asymptotic dimension m, then for any
given ¢ > 0, there exists an m-dimensional locally finite simplicial complex P™ and a Lipschitz map
f M — P™ such that Lip( /) < &. The latter in fact can be shown to be equivalent to the definition of
finite asymptotic dimension. See the survey [Bell and Dranishnikov 2011] for more details.

Definition 3.4 Suppose that D : R>¢ — R with D(s) > s and (X, d) is a metric space. We say X has
asymptotic dimension < m with diameter control D if for any » > 0, X admits a uniformly bounded
cover C, = {Uj};ey with r-multiplicity at most m + 1 and diam(C,) < D(r).

Next, we will construct a left homotopy inverse g, of the map f, : X — N, in L*°(X), where f, is

defined from line (3-1). More precisely, we prove:

Lemma 3.5 Suppose that (X", g) is a complete, noncompact, Riemannian manifold with bounded
geometry and finite asymptotic dimension. For eachr > 0, let f, : X — N, be the map from line (3-1).
Then there exists a continuous map g, : N — L% (X)) such that the following diagram commutes up to
homotopy within Np(X): ,

X —— LX)

Proof For any vertex U of N,, we associate U with a specific point py € U C X C L®°(X). This
defines a map from the 0-skeleton of AV, to L% (X'), which we denote by g°. The map g? is proper since
X has bounded geometry.

For any point y € N, that lies in the simplex generated by Uy, Uy, ..., Uy, there are nonnegative
numbers a; with Z;ﬂ:o a; = 1 such that

m
y= ZaiUi-
i=0
We define the map g, : N, — L°°(X) by setting
m
gr(y) =) aigh(Up.
i=0

In particular, g, is proper.
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Each point p € X is contained in finitely many open sets, say, Vj, ..., V7, with / < m. Thus there exist
nonnegative by, ..., b; with Z,l-zo b; = 1 such that

/
Jr(p) = ZbiVi-
i=0

It follows that

dist(gr (fr(p)).i(p)) =

/
> bigr (Vi) —i(p)
i=0

/
<> billgr (V) —i ()] < D).
i=0

It follows that Im(g, o f;) C Np()(X) C L*°(X). Clearly, g, o f, is homotopy equivalent to i by a
linear homotopy within Np(,)(X) C L*(X). O

Finally, let us review the Lipschitz controlled quantitative K-groups from [Wang et al. 2024a]. Let
(X, d) be alocally compact metric space, and Cy(X') denote the algebra of continuous functions on X
that vanish at infinity, equipped with the supremum norm. An element f in My (Cy(X)) is called
L-Lipschitz if

/)= SOl =L-d(x.y) forall x,yeX,
where the norm on the left is the operator norm of matrices. Let us denote by

e Co(X ) the collection of L-Lipschitz functions in Cy(X'), and by

o My (Co(X))r the collection of L-Lipschitz elements in My (Cy(X)).

It is clear that {Co(X ) }r>0 gives a filtration of Co(X). If X is noncompact, let Co(X)™ be
the unitization of Cy(X), that is, Co(X)™ is the algebra of continuous functions on the one-point
compactification X U {*} of X. And we define

(3-2) 7:Co(X)t > C

to be the evaluation map at the point .
For any given L > 0, we define P;*(Co(X)™) to be the set of projections in My (Co(X) ™)z with the
inclusion

69 PEG0M = Ph G e ().

Similarly, we define U, kL (Co(X)™) to be the set of unitaries in My (Co(X)1)z with the inclusion

0
(3-4) UE(Co(X)h) = UL (Co(X) ), urs (g 1).
We set
3-5)  PECyx)h) = lim PE(Co(X)t) and UL(CO(X)+)=k1im Uk(cox)™)

under the natural inclusions from above.
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Definition 3.6 The Lipschitz-controlled quantitative K-groups of X are defined as follows.

(1) Let (p,s),(¢q.1) € PL(Co(X)T)xN. Wesay (p,s)~ (q,1) if p®1j4, and ¢ @ I; s are homotopic
in P2L(Co(X)T) for some j € N, where Iy, is the (j + 1) x (j +t) identity matrix. We define

KE(Co(X)) :=1{(p.0) € PE(Co(X)h) | rank((p)) = £}/~,

where 7 is the evaluation map from line (3-2).

(2) Let u and v € UL (Co(X)T). We say u ~ v if u and v are homotopic in UL (Cy(X)1). We define
K{(Co(X)) := UH(Co(X))/~.

It is not difficult to see that KL (Co(X)™) are abelian groups for any L > 0. In fact, the quantitative
K-theory applies to a much broader class of C*-algebras. We refer the reader to [Oyono-Oyono and Yu
2015] for a systematic approach to the quantitative K-theory for more general C *-algebras.

Recall that we used /!-metric on the nerve space N, above. In fact, there is quite a bit of flexibility
when it comes to the choice of such a metric. It turns out that, in order to improve the various constants
that will appear in the proof of our main theorem, let us consider a /2-version of simplicial metric on A/,
as follows. For each n > 0, let A,, be the regular n-simplex in R” centered at the origin. More precisely,
the vertices {v,{ Yo<j<n Of A, are defined inductively by

W=1 v =-1,
{vg =0@ep, v) =,/1— sz’{_l @ —len,
n n
with e, the unit vector of the n-th direction of R”.

Let A, be the simplex in the unit ball of R”, whose vertices are {v,, Yo< j=n? and faces are the spherical
simplices generated by the vertices. Equip A, with the Euclidean metric d. Now for the simplicial
complex N,, we equip each top-dimensional simplex with the metric d and define the distance between
any two points in two different sirnplices to the distance of the short path connecting the two points. We
denote the resultlng metric on NV, by d since no confusion is likely to arise. Note that, with respect to
the new metric d on A, every Lipschitz function f : AN, — My, (C) with Lipschitz function L extends
to a Lipschitz function on A by

X
f(x):{;"(m)<z|x|—1> if x| =

> 1
2°
1
lf|X| 55

where | x| is the distance of x to the origin. A key observation is that the Lipschitz constant of f is at
most 2L + 2|| f||, which is independent of the dimension of An.

Lemma 3.7 Let 7y, : (Ap.dp) — (Z,,, 67) be the radial projection, defined by 7, (ty) = tm,(y) for all
t >0, and w,(x) = x/|x| for x € A,. Then
2
Lip(my) <n-——.

V3
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Proof By the triangle inequality, we have
_ < _
- 1
lx1 = x2ll;2 < [lxs —x2lq,,  forall x1,x2 € Ap.

Thus, it suffices to estimate the Lipschitz constant L of m,, with respect to the Euclidean norm || - [|,2.
Since m, is homogeneous along radial directions, the derivative of m, at tx equals the derivative at x,

drplix = dmy|x,

for x € A, and ¢ > 0. Therefore, it suffices to consider points on dA,.

Let x lie in a flat face X with inward unit normal v. Let » = ||x|| and X = x/r. For y in the cone
of X, the radial projection is explicitly given by x,(y) = n(y,v)y/| y|. Differentiating at x (where
n{x,v) =1) gives

A 1= dal () = T+ . )3,
where
, 12,1

+=—-==n-=.

1
w=nv—-%, with |[w|*=n
: Jwl -5 =

We need to compute the largest singular value of 4. We have

2AT A =1 + xwl + wxT + r2uwwT .

Since {x,v) = 1/n, we have

(x,w)=<x,nv—155>=n-——l=0.
r n

Notice that for any vector /1 orthogonal to both x and w, r2AT A4 acts as the identity, namely r2AT Ah =h,
and r2 AT A maps the subspace spanned by {x, w} to itself. It suffices to compute the maximum eigenvalue
of r24T A on the subspace spanned by {x, w}.

The matrix representation of 72 AT A with respect to the orthonormal basis {x/r, w/|w|} is given by

G—( 1 rllwll )_ 1 Vn?r2—1
~\rlwl T+ wl?) T \Ve2i2—1 w2 )

Let B = nr, which is > 1 (since r > 1/n). Therefore || A||? is given by scaling the maximum eigenvalue
of G:
Amax(G)  n? 1 2 3
A 2 __ Jmax N B o 1 Eni—
A1 = 22570 = (1 g+ 14 55— 2

which reaches its maximum at 2 = % It follows that

2 8 4 2
nmﬂsi()zlg
2 \3

Therefore, we conclude that Lip(,) < 2n/ V3. O
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Now let f; be the map from line (3-1). It follows that with respect to the new metric d on N », we have

2 m+1)3

Ao

A key result of the Lipschitz controlled K-theory is the following theorem from [Wang et al. 2024a],

(3-6) Lip(fy) <

which states that K-theory classes of finite-dimensional simplicial complexes have Lipschitz controlled
representatives.

Theorem 3.8 [Wang et al. 2024a] Let (N, d ) be a locally compact m-dimensional simplicial complex
equipped with the metric d as above. Then there exists a constant L, such that every class in K (Cy(N))
admits an L,,-Lipschitz representative in K*L " (Co(N)). Here L,, < C1e€2™ for some universal positive
constants C; and C, independent of N. Moreover, if @ € K«(Cy(N)) can be represented by an element
that is constant outside a compact K C N, then one can choose an L,,-Lipschitz representative of o that
is constant outside the 1-neighborhood of K.

For the convenience of the reader, let us briefly sketch the proof of Theorem 3.8. The complete details
can be found in [Wang et al. 2024a]. For simplicity, let us assume that N is compact. Let N7 be a small
neighborhood of the (m—1)-skeleton of N, and N, be the interior of all m-simplices of N. Then N;
is Lipschitz homotopic to the (m—1)-skeleton of N, N, is Lipschitz homotopic to a disjoint union of
points, and A'; N A3 is Lipschitz homotopic to a disjoint union of (m—1)-spheres.

Theorem 3.8 is proved by induction. First, Theorem 3.8 obviously holds for A, with zero Lipschitz
constant. Note that A N N, and N7 are essentially of dimension m — 1. By induction, assume that
Theorem 3.8 holds for N; NN, and N with Lipschitz constants L,,_{. Fori = 1,2, let

T C(./\/,) — C(Nl ﬂNz)

be the restriction map between the algebras of continuous functions, which is surjective for i = 1, 2.
Furthermore, 7; is also surjective with respect to the Lipschitz filtration, in the sense that every Lipschitz
function f € M} (C(N7NN3))L extends to a Lipschitz function in M (C(Nj;)) with Lipschitz constant
at most 2L + 2| f'||. Now the partition N' = N7 U N, induces a Mayer—Vietoris six-term exact sequence
of K-theory groups K*(N), K*(N7) & K*(N,) and K*(N7 N N3), which is asymptotically exact
if we additionally keep track of the Lipschitz filtration; see [Wang et al. 2024a, Definition 4.5 and
Proposition 4.10]. Since the Lipschitz constant of the extension (of Lipschitz functions) is independent
of m, there exist universal constants A, A, > 0 such that the desired constant L,, is at most

(3-7) Ly <Ay Lp—1 + As.

See [Wang et al. 2024a, Appendix]. Now Theorem 3.8 follows by the induction on the dimension of the
skeleton, which ends in m steps. This shows that

Lm E Cleczm,

for some universal constants Cy, Cy > 0.
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Remark 3.9 By tracing through the proofs of the five lemma [Wang et al. 2024a, Lemma A.19] and
the asymptotic exact sequences [Wang et al. 2024a, Proposition A.26 and Theorem A.35], one sees that
the constants A; and A, in the above discussion are at most 102°. As a result, we have C; < 102° and
C, < 50, where C; and C, are the constants in Theorem 3.8. The bounds 102° and 50 are not optimal. It
is an interesting question what are the optimal constants.

4 Proof of Theorem 1.2

In this section, we prove the main theorem (Theorem 1.2).

4.1 Index pairing

To prepare the proof of Theorem 1.2, let us first review some basics of the index pairing. We shall mainly
focus on the even-dimensional case. The odd-dimensional case is similar. Let M be a complete spin
manifold of even dimension. The Dirac operator on M defines a K-homology class [ D] in K¢(M), and
there is a pairing map

(4-1) K°(M) = Ko(Co(M)) - Ko(K) = Z, ar> (D] a),

where Cy(M ) is the algebra of continuous functions on M vanishing at infinity, and K is the algebra of
compact operators on a Hilbert space. Let us describe an explicit formula for ([ D], «); cf. [Willett and Yu
2020].

Let us first review the difference construction of K-theory elements from [Kasparov and Yu 2006].

Lemma 4.1 If A is a C*-algebra and I is an ideal of A, and we define
Dy(I)={(a,d)e AdA|la—d €I},

then there is a natural surjective homomorphism from K.(D4(I)) to K«(I). In other words, each
K -theory class of the ideal I can be expressed by [a] —[B] for some o, B € My (A™) witho — B € My (I).

Proof Consider the short exact sequence
0—>1—->Dy(I)—A—0,

where the map I — D4([) is given by a — (a, 0). This exact sequence splits since there exists a section
A — Dy(I) given by a — (a,a). Thus, K«(D4(1)) = K«(I) & K«(A4), and the required surjective
homomorphism from K«(D4(I)) to K.(I) is given by the projection from K«(D4(I)) to the first
component. |

Now suppose [e] —[B] is a K-theory class in Kq(/) from Lemma 4.1. We shall review the difference
construction [Kasparov and Yu 2006], which provides an explicit way to construct idempotents of the
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unitization /™ that represent the same class as [o] — [8] in Ko (). Without loss of generality, we may
assume «, B are idempotents in AT such that @ — B € I. Set

g 01— 0
Z(B) = lgﬂg ,(3) lfﬂ € My(A™).
0 1 0 0
It is invertible with inverse
g 1-8 0 0
Z(p)' = lfﬂ g g o | € Macat.
0 B 1-80
We define
o
1 1-8
(4-2) d(a, B):=Z(B) o |46
0
1+ B@—=B)B 0 Bl —p) 0
0 0 0 0
| @-pes 0 a-pEa—pa—p o MU
0 0 0 0
1
€1.3 .= 0
’ 0
0

Note that both d(c, ) and e; 3 are idempotents in M4 (1), and

la] = [B] = [d(a, P)] —[e1,3] € Ko(]).

Now we return to the construction of the index pairing. Let M be an even-dimensional complete
spin manifold and D the Dirac operator acting on its spinor bundle S. The spinor bundle is naturally
Z,-graded and the Dirac operator is an odd operator of the form

(0 Dy
p=(p %)

Recall that a continuous function x : R — [—1, 1] is called normalizing function if x is a nondecreasing
odd function such that limy_, 1o, x(x) = £1. To be specific, we consider the the smooth function

2 (*1—cosy
x(x)=—/ 8 gy,
7 Jo Y
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It is easy to verify that y is a normalizing function. Moreover, the distributional Fourier transform of ¥ is
given by

xX¢) = gmax{2(1 — 5[, 0)},

which has compact support. Note that, for any ¢ > 0, the operator (¢! D) is a self-adjoint odd operator
of the form

- 0 U
@3 witoy= (0 Yer).

where U; p and V; p are bounded operators acting on the Hilbert space L?>(M, S) of L?-sections of
the spinor bundle S. Since ¥ has compact support, the operator x(¢~! D) has finite propagation, and its
propagation goes to zero as ¢ — oo. It follows that

(4-4) Ix(~'D), fIl >0 ast— oo

for any f € Co(M), where [x(t ™' D), f]= x(t~'D)- f — f- x(t~' D) is the commutator of x(:~! D)
and f. Moreover, since x — 1 € Co(R), the operators

_ (U pVip—1) 0
4-5 . t lD 2_1 =(f ( t,DVt,D )’
) S0 =) 0 f-WepUnp=1)
_ UpVip—1-f 0
4_6 t ID 2_1 . =(( I,D t,D )7
(4-6) (X( ) ) A 0 V;pUrp—1)- f
are compact operators for any f € Co(M ).
Set
W, o — 1 Usp 1 0\ (1 U:,p) (0 -1
D=0 1 J\-vip tJ\o 1 J\1 o)
o — 10
1,1 - O 0 ’
(4-7) Pip =Wrpe1aW,p
(1—(1—UtDVtD)2 2- UzDVtD)UtD(l—VtDUtD))
Vi,o(1=U:,pVi,D) (1-V..pU:p)*

The formal difference of P; p and e;; gives an explicit representative of the K-homology class [D];
see [Willett and Yu 2020, Remark 8.3.15].

Now let [p] — [¢] € Ko(Co(M)), where p,q are projections in My (Co(M)™) such that p —q €
My (Co(M)) for some k € N. To simplify notation, let P, = P; p, , where Dy = D ® I} for some
k € N. It follows from line (4-4) that

I[P:, pll = 0 and ||[P:,q]ll =0 as t— oo.
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Consequently,
(4-8) I(P:-p)>—Pr-p| >0 and |(Pi-q)>—Pi-gqll >0 as 1 —oo.
Now we apply the difference construction in line (4-2) to define

at,pg=d(Pr-p,Pr-q) and by, =d(e1,1 ® p.e1,1 ®q),

where ey 1 = ((1) g). We see that bg,q = bp,q, and a; p 4 is an almost idempotent in the sense that

2
(4-9) la; pg—arpgll —0 ast— oo.
We further consider the difference construction of a; , 4 and b, 4 by setting

where [ denotes the k x k identity matrix and

1

0
€1,3 = 0

0
By the construction in (4-2) and (4-7), each entry of the matrix d; , 4 — e is a (noncommutative)
polynomial of U; p, V¢ p, p and ¢q. Each monomial term of the polynomials contains the factors
1=U;,pV:,p (or 1 =V; pU; p) and p —gq. It follows from (4-5) and (4-6) that
di.p.g € Mao(KT) forall £ >0,
dt,p,q —e = d(at,p,q,bp,q) —€1,3 QI ® 14 € M32k(/C) for all ¢ > 0.

By line (4-8) and (4-9), d;, p 4 is an almost idempotent in the sense that

(4-10) ||d,2,p’q —dtpgll =0 as t— oco.

More precisely, we derive the following quantitative estimate of ||d tz pg—9t.p.qll-

Lemma 4.2 [Wang et al. 2024a, Lemma 3.4] With the same notation as above, if p,q € My (Co(M)T) be
Lipschitz functions with Lipschitz constant L, then there exists a universal positive constant ¢y such that

142 g —drpall < ==
In particular, if # > 4¢; L, Lemma 4.2 implies that
2 1
ld7.p.g —dr.pall < 3-

In particular, the spectrum of d;, , 4 is contained in {Z € C | Re(z) # %} Now we apply the standard
holomorphic functional calculus to obtain a genuine idempotent from d;, , 4. More precisely, since

0 ifRe(z) <1

0@ = {1 if Re(z) > i

57
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is holomorphic on {z € C|Re(z) # %} which contains the spectrum of d;, , 4, the functional calculus
O(d;,p,q) is well-defined by

1
4-11) O(dt,p,q) = %/(dt,p,q —£)7d¢,
y

where y = {z eCl|lz—1|= %}, and ©(d;, p,4) is an idempotent.
Definition 4.3 [Willett and Yu 2020, Section 9.1] The index pairing (4-1) of the Dirac operator D and
[p]—q] € Ko(M) is explicitly given by

([D].[p]-1lg]) =[O(ds,pg)] —[e] € Ko(K) =Z forany 1 >4ci L.

Now suppose that Riemannian manifold (M", g) has uniformly positive scalar curvature Scg > o2 >0.
It follows from the Lichnerowicz formula
D2 = v*v 4
4
that the Dirac operator D of M has a spectral gap at zero. In this case, we see that

lx(t™'D)?>—1]| -0 ast—0.

Moreover, we have the following lemma from [Wang et al. 2024a].

Lemma 4.4 [Wang et al. 2024a, Lemma 3.4] Let (M", g) be a complete, noncompact Riemannian
manifold. If p — q is supported on a compact set in M and Scg > 0> > 0 on M, then there exists a
universal constant ¢, such that

CHl
\ds,p,g —ell < % forall t > 0.

With the above preparation, we have the following key estimate, which shows that if a complete
Riemannian manifold (M", g) has uniformly positive scalar curvature, then the pairing of its Dirac
operator with a bundle with sufficiently small Lipschitz constant has zero index.

Proposition 4.5 Suppose that (M", g) is a complete, noncompact, spin Riemannian manifold with
uniformly positive scalar curvature Scg > 0> > 0. Let D be the Dirac operator on M and [p] —[q] €
K(])“(M) with p, q projections in My (Co(M)™T). If

(4-12) L<-—2

16616’2 ’

then the index pairing satisfies ([ D],[p] —[¢]) = 0.

Proof Let us retain the same notation from Definition 4.3. We have
1 -1
O(dt,p,q) = I /y(dt,p,q —&)7 d¢,
withy ={zeC||z—1| =1} fort >4c( L.
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Let ty = 4c1 L. We have

Cat cy-4er L
(4-13) ldig,p.g —el = =2 = === <

|
ENI

Moreover, we have

(4-14) O(d1y,p.q) — (dig,pq—E) " —(e—8)"") dE

to.pq — &) (e —diy pg)e—E) " dE.

‘=5,
1

i ],

Note that

(dig,pg =67 = (=& 1+ (dry,pqg—)e—§7H7.

Forany £ e y = {z |[|lz—1] = } as e is a diagonal matrix with entries 0 or 1, we have
1 1
Ie—&~"I = { }
&7 11— &
Thus,
(4-15) 1(drg,p.g =& = 2- 11+ (dig,pg —)e =6 D)7 <4

by (4-13). Applying the inequalities (4-13) and (4-15) to the integral (4-14), we have
(4-16) 1©(dsy,p,q9) —ell < 1.

Recall that if two idempotents f; and f> in a C*-algebra satisfy the inequality

1
121 =111

then f; is equivalent to f3; see [Blackadar 1998, Proposition 4.3.2]. In our case, since e is a projection,

I /1= f2ll <

12 — 1] = 1.

In particular, the inequality in line (4-16) implies that

O — —_

Hence ©(dy,, p,q) is equivalent to e. Thus [@(dy,, p,q)]—[e] =0 € Ko (K), implying ([ D], [p]—[g]) =

Remark 4.6 Equivalently, we may state Proposition 4.5 as follows: if the index pairing ([ D], [p] —[¢]) is
nonzero, then

(4-17) L=> :
16C1€2
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4.2 Proof of the main theorem

Proof of Theorem 1.2 We first prove the even-dimensional case. Let (M, g) be a complete, noncompact
spin Riemannian manifold of even dimension. For a given ry > 0, suppose that D(r¢) < FillRadg (M ).
By the definition of filling radius in Definition 2.2, [M] is nonzero in H,llf(ND(,O)(M ;Q)). Let f;, be
the map constructed in line (3-1) and g, the corresponding map constructed in Lemma 3.5. In particular,

groJro 1is homotopic to i : M — Np,)(M).

Consequently,

[M] = ix((M]) = (gro)« ((fro)(MD).

Since [M] is nonzero in H,lf(ND(rO)(M; Q)), it follows that ( fy,)«([M]) is nonzero in HY(N;,; Q).

The Dirac operator D of M defines a K-homology class [D] in Ky(M). Under the natural isomor-
phism? Ko(M)®Q = Deven HY(M,Q), the top-degree component of [ D] in H,lf(M , Q) coincides with
the fundamental class [M] € H)(M, Q). For example, see the Poincaré duality theorem in [Willett and
Yu 2020, Section 9.6]. In particular, we conclude that ( f;,)«([D]) is a nonzero element in K¢ (N, ), since
its top-degree component in H (N, Q) is equal to the nonzero element ( f;,)«((M]) in H(N;, Q). By
[Willett and Yu 2020, Theorem 9.2.8], the index pairing

KO(NY()) ® KO(NI‘()) — 7

is rationally nondegenerate as rationally the Ex¢-group vanishes. Thus there exists a K-theory class
B € K°(N,,) such that

((fr)«([D]), B) # 0.

By Theorem 3.8, there exist Ly,-Lipschitz projections p,q € My (Co(Ny,)") for some k € N such
that
B =[pl—lgl € K°(Ni).
It follows that

0 7 ((fro)+([DD. B) = ([D]. fr, ({1 —g])-
By Lemma 3.7 and the inequality (3-6), we have

, 2 (m+1)3
(4-18) Llp(fro) = %T

It follows that

3 3
Lip(/53 (p) = = " F VLR ang Lip(f () < o2 U

IRVE] ro V3 ro
Now by applying Proposition 4.5,

2 (m+1)3Lpy .0
ﬁ ro - 16CIC2 ’

2This isomorphism is induced by the Chern character map.
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Equivalently,
32 C1C2(I’I/I + 1)3Lm
ro E — .
V3 o

To summarize, we have shown that

32 ciea(m+1)3 Ly,
3 o ’

ifr() >

then D(r¢g) > FillRadg(M).

In other words,

32 3L
FillRadQ(M)SD(—clcz(m+) ’")
V3 o

This proves the theorem for the even-dimensional case.

Now assume that M is odd-dimensional, and consider the direct product manifold (M x R, g + dt?).
Since the scalar curvature of g is uniformly bounded below by o2, it follows that the scalar curvature of
g + dt? is also bounded below by 2. Recall that f, : M — N, and g, : N, — L®(X) are given in
line (3-1) and Lemma 3.5. We consider AV, x R equipped with the £!-metric dy:. + dg, where d,. is the
standard £!-simplicial metric on A,. Then we obtain

f; (M X]R,g+dtz) — (N xR, dy, +dr), (x,0) > (f,(x), ;),
Zr i WNr xR, dy, +dr) = (L (X) xR, dpoo(xy +dr) C L(X xR), (p,5) = (g-(y).75),

such that f; is 2(m+1)2/r-Lipschitz and proper, and g, f; is homotopic to the inclusion map within
Np()(X xR). Now we equip NV, xR with a simplicial structure. Equip the vertex set of AV, with any total
order. Then for any simplex A = {v;,,...,v;, } of N, with increasing indices, we define corresponding
simplices

A = (i 1), i r), (U, + 1), (g, T+ 1))
forany 1 < j <k and r € Z. Let dy. xR be the standard simplicial £!-metric on the above simplicial
complex N, x R. The map

T : (Ny xR, dy;, +dg) — Ny x R.dy; )

is given as follows. For any point (x,r +t) = (Z Agve,, 1 + t) e AxRwithte€[0,1]and Y Ay =1,
there exists an index j such that 5,1 < 1—7 <;, where s; = } ;< ; A¢ denotes the partial sum. Then
we map (x,¢) into A/ by

Tty = 3 by i) 4 (1=t =53 1) - 1) + (5 — 141 (o r + Db S Ay (i, 7+ 1),
L<j £>j

Now it follows directly by the triangle inequality that under the map 7,
3(dy, +dr) < dy,xr < 2(dy, +dr).
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Therefore,

it (M xR.g+di?) — Ny xR, dyg), (600) (fr(xx ;)

is 4(m+1)?/r-Lipschitz. Furthermore, if we denote by d the ¢2-Euclidean metric on Ny X R introduced
in Section 3, then the map f, is now (8/+/3)(m + 2)(m + 1)2/r-Lipschitz with respect to (N, x R, d).
Applying the same argument as above, we obtain

2 1)2L
FﬂlRad@(MxR)5@(166162_i(m+ Y(m + 1) m+1)'

V3 o

This finishes the proof by Lemma 2.4. |
While the proof of Theorem 1.2 does not rely on the (coarse) Baum—Connes conjecture, the techniques

used in the proof are closely related to those developed for the (coarse) Baum—Connes conjecture [Connes

1985; 1994; Kasparov 1988; Baum and Connes 2000; Guentner et al. 2024; Willett and Yu 2024]. In

fact, a counterexample to Conjecture 1.1 could potentially lead to counterexamples to the Baum—Connes

conjecture.

Appendix Metric invariants of Riemannian manifolds

In this appendix, we review a list of metric invariants of Riemannian manifolds and their relations with
each other. We also briefly explain how these metric invariants are connected with some of the recent
developments on metric invariants and positive scalar curvature problems. We refer the readers to [Gromov
1983; 2007; 2018a; 2018b; 2025; Guth 2007; 2010; 2011; 2017] for more systematic studies of these
metric invariants.

A.1 Metric invariants

We first recall the definition of Uryson width due to Gromov [2007].
Definition A.1 Suppose that (M", g) is a Riemannian manifold. The k-th Uryson width of (M, g) is
defined as

(A-1) widthy (M) = inf sup {diam(f~'(p))| /' : M — P¥},
f,Pk pEP"'

where PK is a locally finite k-dimensional polyhedron and f is a continuous map from M to Pk We
then define the macroscopic dimension of M to be

dimp,. (M) = irlzf {k | widthg (M) < o0}.

The Uryson width can be viewed as a generalization of the notion of diameter of Riemannian manifolds.
Intuitively speaking, the k-th Uryson width of M quantifies the shortest “distance” from the n-dimensional
Riemannian manifold (M", g) to a locally finite simplicial complex P¥ of dimension k. In particular,
widthg (M) = diam(M ), where diam(M ) = sup,, ;e dg (P, q) is the diameter of (M, g).
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Lemma A.2 If (M", g) is a complete Riemannian manifold, then
(1) widthg41(M) < widthg (M) for any k = 0,
(2) widthg(M') = diam(M ) and widthg (M) = 0 for k > n.

Proof First, it follows from definition that widthg (M) < widthg (M) for any k. For width, (M),
let us fix a locally finite triangulation of M and denote the resulting simplicial complex by P. Then
it is clear that the identity map from M to P implies that width, (M) = 0. It follows by part (1) that
widthy (M) = 0 for all k > n. For widthy (M), we consider the constant map from M to a single point,
which implies that widthy(M ) = diam(M ). a

Lemma A.3 Suppose that (M", g) is a complete Riemannian manifold. For any given W > 0, the
following statements are equivalent:

(1) widthg (M) < W.
(2) There exists an open cover C of M such that diam(C) < W and the multiplicity of C is at most k + 1.

Proof We first prove (1) = (2). Since width, (M) < W, it follows from the definition of widthy (M)
that there exists a k-dimensional locally finite simplicial complex P¥ and a continuous map f: M — Pk
such that

diam(f~1(p)) < W —2¢

for any p € P, where ¢ is a sufficiently small positive constant. We see that for each p € P, there exists
rp > 0 such that
diam(f~1(B(p. rp)) < W —e,

where B(p,rp) =1{q € P | dist(p,q) <rp}. Note that { B(p,rp)}penm forms an open cover of P. Since
dim(P) = k, the cover { B(p, rp)}pem admits a refinement open cover C = {C;};es of P such that the
multiplicity of C is no greater than k + 1. Since diam(f~!(B(p,rp))) < W —¢ for any p € P and any
member C; € C is contained in a member of { B(p,7p)}pen. the collection Cpy = {f~(Ci)}ier forms
an open cover of M with

diam(Cpr) =W —e < W,

which is the desired open cover in (2).

Now we prove (2) = (1). Suppose that C = {C};< is an open cover of M such that the diam(C) < W
and the multiplicity of C is no greater than k + 1. Let N be the nerve associated with the cover C and
¢ : M — N the map constructed as in line (3-1). Then for each p € N, diam(p~'(p)) < W since
¢~ (p) C C; CC for some i € I. Moreover, N is a simplicial complex of dimension k. It follows that
widthy (M) < W. |

Remark A.4 By comparing Lemma A.3 with Remark 3.3, we see that
(A-2) dimmac (M) = dimggy (M),
where dim,gy (M) is the asymptotic dimension of (M, g).

Geometry & Topology, Volume 30 (2026)



2986 Jinmin Wang, Zhizhang Xie, Guoliang Yu and Bo Zhu

Lemma A.5 [Gromov 2020, 4.C] If (M", g) is complete Riemannian manifold, then
(A-3) FillRad(M) < 5 Wldthn 1(M).
Proof Let f: M — P"~! be a continuous map such that
diam(f~(p)) < width,_ (M) + 2¢.
Choose w = %(widthn_l (M) + 2¢). Let
Cr=(0,0]x M)U P [~

be the mapping cylinder, where (w, x) is identified with f(x) for each x € M. We can extend the metric
on M to a metric on C¢ such that the length of each path {x} x [0, w] is w. Since dim(P) =n-—1, we
conclude that Fill Rad(M) < w. Since ¢ is arbitrary, it follows that FillRad(M) < 5 w1dthn (M), O

Conversely, we propose the following conjecture.

Conjecture A.6 There exists a universal constant ¢, such that
(A-4) width,,_1 (M) < ¢, FillRad(M)
for all complete Riemannian manifolds (M™", g).

Moreover, motivated by Llarull’s theorem [1998], we introduce a metric invariant as follows.

Definition A.7 Given a complete Riemannian manifold (M", g), we define

(A-5) Radgn (M) :}fl]g{R | f: M — S"(R) with Lip(f) <1 and deg(f) # 0},
where f is assumed to be locally constant near infinity; in particular, deg( /) is well-defined.
Lemma A.8 If (M", g) is a complete Riemannian manifold, then

(A-6) Radgn (M) < % FillRad(M).

Proof For any small ¢ > 0, we set ¥ = Radgn(M) —&. By the definition of Radgn (M), there exists a
map f : M — S"(R) such that Lip(f) < 1 and deg( /) # 0. Note that Lemma 2.3 implies that

FillRad(M) > Fill Rad(S"(R)).

It is known that Fill Rad(S"(R)) = %r arccos(—1/(n + 1)). See for example [Gromov 1983, page 8]. In
particular, we have

1
FillRad(M) > %r arccos (— )
n+1

Since ¢ > 0 can be arbitrarily small, we have

1
FillRad(M) > RadSn (M) arccos (— ?)

Geometry & Topology, Volume 30 (2026)



Filling radius, quantitative K-theory and positive scalar curvature 2987

Note that %arccos(—l /(n+1))> %Jr for all n > 1. It follows that
FillRad(M) > 17 Radg:(M). i
Now we recall the definition of injectivity radius.

Definition A.9 Let (M", g) be a complete Riemannian manifold.
(1) We define the injectivity radius of M to be
Inj(M) = piGHAf/I Sl:p{}’ | exp,, is a diffeomorphism on B(p,r) C Tp M }.
(2) We define the conjugate radius of M to be
Conj(M) = pien{/l s1r1p{r | exp,, is an immersion on B(p,r) C Ty M }.

(3) We define the convexity radius of M to be

Conv(M) = in{/[ sup{r | the metric ball B(p,r) C M is convex}.
pe r

Here exp), is the exponential map from the tangent space 7 M to the manifold M and
B(par) = {x GM | dg(l’,x) <r}
is the metric ball of radius r centered at p.

It clear that
2Conv(M) < Inj(M) < Conj(M).

Lemma A.10 If (M", g) is a complete Riemannian manifold, then

(A-7) Inj(M) < (n+ 2) FillRad(M).
Proof Let .
R < Inj(M) 5
n+2

for some small § > 0. If P is an (n+1)-dimensional locally finite simplicial complex such that M C P C
Nr(M) C L*°(M), then we can subdivide P into sufficiently small simplices such that any simplex
A" C P, whose vertices are denoted by po, p1, ..., pu, satisfy d(p;, pj) <28 forall 0 <i, j <n+1.
In other words, we have extended the identity map i : M — M to a continuous map fo: M U PO M,
where P(©) is the 0-th skeleton of P. From now on, we denote the k-th skeleton of P by P® Now we
shall inductively extend the map i : M — M to a continuous map f : P — M.

Let m; € M be a point that realizes the shortest distance between p; and M. We connect m; and m;
by a geodesic segment A!(m;, m;). By mapping the 1-simplex Al(p;, pj) to Al(m;, mj), we obtain
the desired extension f7 : M U PO 5 M.

Now we need to fill in each triangle formed by three edges, say, Al(mg,m;), Al(m;, m,) and
A(mg, my). First, in the previous step, it follows from the triangle inequality that dg (m;, m;) <28 +2R.

Geometry & Topology, Volume 30 (2026)



2988 Jinmin Wang, Zhizhang Xie, Guoliang Yu and Bo Zhu

By applying the triangle inequality again, we see that each point on Aq(mg,m ) lies within distance
%(ZR + 26) of m,. It follows that all three edges lie in the metric ball B(mz, %(2R + 25)) centered
at mj. Since %(ZR +28) < (n + 2)(R + §), the exponential map exp,,, is a diffeomorphism from
B(0.3(2R +268)) C Ty, M to B(ms, 3(2R + 26)). By the contractibility of the ball, it follows that the
map f; defined on the three edges Al(po, p1), A (p1, p2) and Al(pg, p2) extends to the corresponding
2-simplex A%(pg, p1. p2) in P. Denote the image of A%(pg, p1, p2)in M by A%(mqg,m,m5). Repeating
this process for each triangle, we obtain the desired extension f5 : M U P?®) — M.

Now we want to fill in the nonsolid tetrahedron formed by, say, A2(mg, my,ms), A%(my, my, m3),
A?(mgy,my,m3) and A%(mg, my, ms). Using the triangle inequality, a similar argument as above shows
that every point in A2 (mg, my, m>) lies within distance 2(2 R +28) of m3. It follows all A2 (mg, my, m>),
A?(my,my,m3), A%(mg,my,m3) and A?(mgy, m,, m3) lie in the metric ball B(m3,2(2R + 28)) cen-
tered at m3. Since 2(2R +26) < (n 4+ 2)(R + §), the same argument in the previous inductive step shows
that the map f> : M U P®) — M extends to a map f3: M U P3) — M.

By repeating the above steps inductively, we eventually obtain an extension of the identity map
i: M — M to acontinuous map f : P — M, as long as

- Inj(M) _s
T n+2

R

This implies M cannot bound any (z+1)-dimensional locally finite simplicial complex P in Ng(M). It

follows that
Inj(M)

n+2°

Fill Rad(M) >

To summarize, we have the following inequalities of the above metric invariants:

Inj(M
(A-8) %2) < FillRad(M) < widthg (M) < diam(M) for 0<k <n—1,
n

(A-9) Radgn (M) < % Fill Rad(M).

Motivated by the above inequalities, we propose the following conjecture.
Conjecture A.11 There exists a universal constant c, such that
(A-10) Inj(M) < ¢, Radgn (M)

for all complete Riemannian manifolds (M", g).

A.2 Metric invariants and uniformly positive scalar curvature

In this subsection, we review some classical results and conjectures on the connections between (uniformly)
positive scalar curvature and the various metric invariants that we considered in the previous subsection.

Let us start with the maximal diameter theorem of Myers and Cheng, which states that strictly positive
Ricci curvature can control the diameter of the space. More precisely:
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Theorem A.12 [Cheng 1975; Myers 1941] If (M", g) is a complete Riemannian manifold with Ricci
curvature Ric(g) > n — 1, then diam(M) < &, and equality holds if and only it M is the unit round
sphere S"(1).

The above maximal diameter theorem is a rigidity type result in the context of Ricci curvature bounded
from below. Intuitively speaking, it states that uniformly positive Ricci curvature controls the diameter of
the underlying space. Moreover, by applying the theorem to the universal cover, one sees that if a manifold
admits a complete Riemannian metric with uniformly positive Ricci curvature, then its fundamental group
is finite. Generally speaking, scalar curvature, being the trace of the Ricci tensor, imposes far fewer
constraints on the topology and geometry of the underlying space. However, in some cases surprisingly,
rigidity-type results persist in the context of scalar curvature bounded from below. See [Gromov 2018a;
2023] for more systematic surveys on this subject.

For example, the following theorem of Green shows that positive scalar curvature imposes constraints
on the conjugate radius, hence the injectivity radius.

Theorem A.13 [Green 1963] Suppose that (M", g) is a closed Riemannian manifold. If the scalar
curvature is uniformly positive Sc(g) > n(n — 1), then Conj(M) < &, and equality holds if and only it M
is isometric to the unit round sphere S™(1).

Since the injectivity radius satisfies Inj(M) < conj(M ), Theorem A.13 implies that for any closed
Riemannian manifold with positive scalar curvature Scg > n(n — 1), we have Inj(M') < 7, and equality
holds if and only if M is isometric to the unit round sphere S”(1). Note that the manifold M is assumed
to be closed in Green’s theorem. If one assumes that (M", g) is a complete, noncompact Riemannian
manifold with uniformly positive scalar curvature Scg > n(n — 1), then it is still an open question whether
Inj(M) < m. In fact, Gromov proposed the following stronger conjecture.

Conjecture A.14 [Gromov 2025] Suppose that (M ", g) is a complete, noncompact Riemannian manifold
with uniformly positive scalar curvature Sc(g) > (n —1)(n —2). Then

Inj(M) <,
and equality holds if and only if M is isometric to (S"~1(1) x R, ggn—1 + dt?).

The following theorem is essentially a formulation of Llarull’s theorem on scalar rigidity of round
spheres.

Theorem A.15 [Llarull 1998] Suppose that (M", g) is a complete, spin, noncompact manifold with
uniformly positive scalar curvature Scg > n(n —1). Then

Radgn(M) <1,
and equality holds if and only if (M, g) is isometric to the unit round sphere S"(1).
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In particular, if we assume Conjecture A.11, then the above theorem of Llarull will give a universal
(but possibly nonoptimal) upper bound on the injectivity radius, which would lead to a positive solution
of a nonoptimal version of Conjecture A.14.

Moreover, in view of the inequalities from (A-8) and (A-9), the following Uryson width conjecture of
Gromov is closely related to Conjecture A.14.

Conjecture A.16 (Gromov 2007; 2018a) There exists a universal constant ¢, such that
(A-11) width,,_»(M) < ¢,
for all complete Riemannian manifolds (M", g) with uniformly positive scalar curvature Scg > n(n —1).

An immediate consequence of Conjecture A.16 is the following conjecture.

Conjecture A.17 (Gromov-Lawson, Schoen—Yau) If M" is a closed aspherical manifold, then M admits
no Riemannian metric with positive scalar curvature.

Let us briefly comment on the current status of the various conjectures that have appeared in the present
paper, and the relations among them. It follows from the metric inequalities (A-8) that Conjecture A.16
implies Conjecture 1.1, where the latter together with Example 2.6 implies Conjecture A.17. For three-
dimensional manifolds, Conjecture A.16 has been confirmed in [Gromov and Lawson 1983; Gromov
2023; Liokumovich and Wang 2026]. Moreover, Conjecture A.17 has been proved for dimensions
n =3,4,5 [Gromov and Lawson 1983; Gromov 2020; Chodosh and Li 2024]. In dimension higher than 5,
Conjecture A.17 remains open in general. On the other hand, by applying noncommutative geometric
methods, Conjecture A.17 has been verified in all dimensions for a large class of aspherical manifolds
whose fundamental group satisfies some geometric conditions. For example, the third author [Yu 1997,
1998; 2000] proved Conjecture A.17 for all n-dimensional aspherical manifolds whose fundamental
group has finite asymptotic dimension or more generally whose fundamental group coarsely embeds into
a Hilbert space. Moreover, in conjunction with Conjecture A.6, a weaker version of Conjecture A.16
that asserts width,_; (M) < ¢, instead of width,_,(M) < ¢, is equivalent to Conjecture 1.1. In this
sense, the main theorem of the present paper could also be viewed as a solution to this weaker version of
Conjecture A.16 for the class of manifolds with finite asymptotic dimension.
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