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We prove that homological stability fails for the moduli space of any simply connected closed smooth
4-manifold in any degree of homology, unlike what happens in all even dimensions¤ 4. We detect also
the homological discrepancy between various moduli spaces, such as topological and smooth moduli
spaces of 4-manifolds, and moduli spaces of 4-manifolds with positive scalar curvature metrics. Some
of these discrepancies are special to dimension 4. To prove these results, we use the Seiberg–Witten
equations to construct a new characteristic class of families of 4-manifolds, which is unstable and detects
the difference between the smooth and topological categories in dimension 4.
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1 Introduction
1.1 Background and setup

Given a smooth manifold M, the classifying space BDiff.M/ (also called the moduli space of M )
classifies smooth fiber bundles with fiber M. Cohomology classes of BDiff.M/ one-to-one correspond
to characteristic classes for such bundles. For this reason, understanding the (co)homology group of
BDiff.M/ has been an important topic in manifold theory. A celebrated result of Harer [1985] proved
homological stability for mapping class groups of oriented surfaces. This result can be interpreted in terms
of moduli spaces of Riemann surfaces. More recently, Galatius and Randal-Williams [2018] established
analogous homological stability for moduli spaces of manifolds of even dimension � 6. This result is one
of the highlights in manifold theory in the last decade. It is the key ingredient in many recent breakthroughs
including the work on rational Pontryagin classes by Weiss [2021] and calculation ��.Diff@.Dn//˝Q

by Kupers and Randal-Williams [2025] and Krannich and Randal-Williams [2021]. (Similar homological
stability results have also been established for moduli spaces of manifolds of odd dimension [Perlmutter
2016a; 2018; 2016b; Krannich 2019; Lam 2015; Hatcher and Wahl 2010].) On the other hand, even in
the only unresolved even dimension 4, stabilization is an important operation. In particular, an important
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2994 Hokuto Konno and Jianfeng Lin

principle in 4-dimensional topology is that most exotic phenomena are eliminated by sufficiently many
stabilizations [Wall 1964b; 1964a; Kreck 1999; Gompf 1984; Quinn 1986]. Therefore, it is natural to ask
whether homological stability holds in dimension 4. The main purpose of this paper is to develop new
gauge-theoretic techniques and use them to study moduli space of 4-manifolds. In particular, we discover
new cohomology classes of moduli spaces. And we establish a phenomenon in the opposite direction
of homological stability, which we call homological instability, in broad generality. Furthermore, we
obtain comparison results between various moduli spaces of 4-manifolds and 4-manifolds with metrics.
In particular, we will establish certain exotic phenomena that only appear in dimension 4.

We state the applications before discussing the gauge-theoretic techniques. Let us describe the standard
setup to discuss homological stability for moduli spaces of manifolds. Let W be a compact smooth
2n-dimensional manifold with nonempty boundary. Let Diff@.W / denote the group of diffeomorphisms
that are the identity near @W. We equip Diff@.W / with the C1-topology. Define the stabilization map

s W Diff@.W /! Diff@.W #Sn �Sn/

as follows. Form the connected sum of W with Sn � Sn by letting K D .Œ0; 1�� @W / # Sn � Sn be
the inner connected sum, and setting W #Sn �Sn DW [@WDf0g�@W K. Then the map s is defined by
extending diffeomorphisms lying in Diff@.W / by the identity of Sn �Sn. This induces the map, called
the stabilization map, between homologies of moduli spaces

s� WHk.BDiff@.W /IZ/!Hk.BDiff@.W #Sn �Sn/IZ/

for every k � 0. If W is obvious from the context, for N � 0, we use

sN;� WHk.BDiff@.W #NSn �Sn/IZ/!Hk.BDiff@.W # .N C 1/Sn �Sn/IZ/

to denote the stabilization map for W #NSn �Sn.
The aforementioned results of Harer [1985] for 2nD 2 and of Galatius and Randal-Williams [2018] for

2n� 6 state that, for any simply connected W and any k, the stabilization map sN;� is an isomorphism
for any N > 0 large enough relative to k. As a consequence, the direct system

f.Hk.BDiff@.W #NSn �Sn/IZ/; sN;�/g1ND0

stabilizes after finitely many terms. This stability phenomenon is fundamental in the study of the homology
group of moduli spaces. It provides a stable range in which one can identify Hk.BDiff@.W #NSn�Sn//
with the stable homology group

lim
N!C1

Hk.BDiff@.W #NSn �Sn//;

which can be computed purely in terms of homotopy theory [Madsen and Weiss 2007; Galatius and
Randal-Williams 2017]. (Note that this method of computing stable homology group is valid in all even
dimensions including 4.)

A closely related object of interest is the diffeomorphism group with the discrete topology, denoted
by Diff@.W /ı . The Eilenberg–Mac Lane space BDiff@.W /ı classifies smooth fiber bundles with flat
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structures. Homology of BDiff@.W /ı is the group homology of Diff@.W / and it reflects the purely
algebraic (rather than topological) structure of Diff@.W /.

One can similarly define the stabilization map

sıN;� WHk.BDiff@.W #NSn �Sn/ı IZ/!Hk.BDiff@.W # .N C 1/Sn �Sn/ı IZ/:

When W is a punctured g.Sn �Sn/ for g > 0 with 2n¤ 4, Nariman [2017a; 2017b] proved that sıN;� is
an isomorphism for any N large enough relative to k.

1.2 Homological instability

Now we present the first main result of this paper. Let us focus on when 2nD 4 and W is a punctured 4-
manifold. For a closed smooth 4-manifoldX, choose an embedded 4-diskD4 inX and set VXDXnInt.D4/.
We begin with a concise version of the theorem, which implies that, unlike dimensions ¤ 4, homological
stability fails for the diffeomorphism group of any simply connected closed 4-manifolds, with either the
C1-topology or the discrete topology, in any positive degree of homology:

Theorem 1.1 (homological instability: concise version) Let X be a simply connected closed smooth
4-manifold and let k > 0. Then there are infinitely many positive integers N such that the stabilization
maps

sN;� WHk.BDiff@. VX #NS2 �S2/IZ/!Hk.BDiff@. VX # .N C 1/S2 �S2/IZ/

are not isomorphisms. An analogous result holds also for sıN;�.

In fact, we shall prove a much more precise result. To state it, we let Homeo@. VX/ denote the group of
homeomorphisms restricting to the identity near @ VX and let i WDiff@. VX/ ,!Homeo@. VX/ be the inclusion
maps. We call an element of

ker
�
i� WH�.BDiff@. VX/IZ/!H�.BHomeo@. VX/IZ/

�
a topologically trivial homology class. The following is a more precise version of the main result of
this paper. It establishes a sequence of 2-torsion, topologically trivial unstable homology classes. Also,
the “nonisomorphic” result for infinitely many stabilization maps in Theorem 1.1 will be refined to
noninjectivity and nonsurjectivity results for infinitely many stabilization maps:

Theorem 1.2 (homological instability: precise version) Let X be a simply connected closed smooth
4-manifold and let k > 0. Then there is a sequence of positive integers N1 < N2 < � � � ! C1 and a
sequence of nonzero , 2-torsion elements

˛i 2Hk.BDiff@. VX #NiS2 �S2/IZ/

that satisfy the following properties.

(a) Topologically trivial: ˛i is topologically trivial.

(b) Noninjective: ˛i belongs to the kernel of the stabilization map sNi ;�. In particular , the map sNi ;� is
not injective.
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2996 Hokuto Konno and Jianfeng Lin

(c) Nonsurjective: ˛i does not belong to the image of the composition

sNi�1;� ı � � � ı sNi�k�1;�:

In particular , sNi�l;� is not surjective for some l 2 f1; : : : ; kC 1g.

(d) Discrete: ˛i equals the image of a 2-torsion element

˛ıi 2Hk.BDiff@. VX #NiS2 �S2/ı IZ/

under the forgetful map

Hk.BDiff@. VX #NiS2 �S2/ı IZ/!Hk.BDiff@. VX #NiS2 �S2/IZ/:

Furthermore , ˛ıi belongs to the kernel of sıNi ;� and does not belong to the image of the composition
sıNi�1;�

ı � � � ı sı
Ni�k�1;�

.

The above instability result shall be proven by using a new characteristic class of families of 4-manifolds,
explained in Section 1.6. This characteristic class shall turn out to detect subtle differences between
various moduli spaces of 4-manifolds, which is of independent interest. From now on, we shall describe
comparisons between moduli spaces derived from this characteristic class.

1.3 Smooth and topological moduli spaces

Theorem 1.2(a) reflects the homological discrepancy of the smooth and topological moduli spaces. In fact,
we prove a refinement which reflects an exotic phenomenon that is special to dimension 4. The result
holds both for a closed 4-manifold X and the punctured manifold VX. For simplicity, we focus on the
former. We let DiffC.X/ and HomeoC.X/ denote the groups of orientation-preserving diffeomorphisms
and homeomorphisms. As we mentioned, the spaces BHomeoC.X/ and BDiffC.X/ classify topological
bundles and smooth bundles with fiber X respectively. Hence we call BDiffC.X/ the moduli space of
smooth manifold X and call BHomeoC.X/ the moduli space of topological manifold X. There is actually
a third moduli space BHomeoCL .X/ as defined in Definition 4.11. To explain the geometric meaning
of this moduli space, we recall that a microbundle is a generalization of a vector bundle, as defined by
Milnor [1964]. A lift of a microbundle to an actual vector bundle is called a linear structure. Following
Knudsen and Kupers [2024], a formally smooth bundle means a topological bundleX ,!E!B equipped
with a linear structure on its vertical tangent microbundle T .E=B/; see Definition 4.2. The moduli space
BHomeoCL .X/ classifies formally smooth bundles X ,!E!B so is called the moduli space of formally
smooth manifold X. We have canonical forgetful maps

BDiffC.X/ �
�! BHomeoCL .X/

�
�! BHomeoC.X/:

The composition � ı � is homotopic to the map induced by the natural inclusion i W DiffC.X/ ,!
HomeoC.X/.

Geometry & Topology, Volume 30 (2026)
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For any manifold X of dim¤ 4, it follows from a celebrated theorem of Kirby and Siebenmann [1977]
that the map � W BDiffC.X/! BHomeoCL .X/ is a weak homotopy equivalence to a path component of
BHomeoCL .X/; see Corollary 4.14. This implies, of course, that � induces an isomorphism on homology
of positive degree. In contrast, an analogous statement in dimension 4 shall turn out to fail in any degree
of homology. We shall prove:

Theorem 1.3 (BDiff vs BHomeoL) Let X be a simply connected closed oriented smooth 4-manifold and
let k > 0. Then there exists a sequence of positive integers N1 < N2 < � � � ! C1 such that , for all i ,
none of the maps

�� WHk.BDiffC.X #NiS2 �S2/IZ/!Hk.BHomeoCL .X #NiS2 �S2/IZ/

are injective , and none of the maps

�� WHk.BHomeoCL .X #NiS2 �S2/IZ=2/!Hk.BDiffC.X #NiS2 �S2/IZ=2/

are surjective.

Theorem 1.3 illustrates the special nature of moduli theory of manifolds in dimension 4, as well as the
instability theorem (Theorem 1.2).

Remark 1.4 (BDiff vs BHomeo) Theorem 1.3 immediately implies that the induced map

i� WHk.BDiffC.X #NiS2 �S2/IZ/!Hk.BHomeoC.X #NiS2 �S2/IZ/

is not injective. This gives the first result that, in any degree k>0, there is a 4-manifoldM such that the map
i� WHk.BDiffC.M//!Hk.BHomeoC.M// is not an isomorphism. We also prove an analogous state-
ment for the corresponding map iı� with the discrete topologies on the diffeomorphism/homeomorphism
groups; see Corollary 3.12.

Remark 1.5 (two types of exotic phenomena) The failure of � and � to be weak homotopy equivalences
reflects two types of exotic phenomena in dimension 4. As suggested in [Knudsen and Kupers 2024], it
may be fruitful to study them separately. Theorem 1.3 fits into this direction. It is expected that the formally
smooth moduli space BHomeoCL .X/ behaves much like the smooth moduli space of a higher-dimensional
manifold. While Theorem 1.2 shows that homological stability fails for the smooth moduli space, it may
still be possible to prove homological stability for BHomeoCL .X/. Note that the unstable element ˛i we
established in Theorem 1.2 becomes trivial when being mapped to the formally smooth moduli space.
Also note that Watanabe [2018] established exotic elements in �i .BDiffC.S4//˝Q using configuration
space integrals. By [Lin and Xie 2023, Theorem 1.4], these elements survive in �i .BHomeoCL .S

4//˝Q.

Remark 1.6 (nontopological characteristic class) The cohomological part of the statement of Theorem 1.3
implies that, in any positive degree k, there exists a nontopological characteristic class which is defined for
all orientable smooth fiber bundle whose fiber X satisfies bC.X/>k. It appears that characteristic classes
with such properties were unknown before. (See Remarks 2.30 and 3.11.) This also gives an explicit
construction of a new unstable characteristic class for smooth 4-manifolds bundles; see Section 1.6.
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Remark 1.7 The results up to here (Theorems 1.2 and 1.3) are closely related to work by Auckly and
Ruberman [2025], which generalizes Ruberman’s work [1998; 1999]. A significant difference between
[Auckly and Ruberman 2025] and this paper is which group of diffeomorphisms is considered. While we
consider DiffC.X/ in this paper, Auckly and Ruberman treat certain classes of proper subgroups G.X/
of DiffC.X/, including (subgroups of) the Torelli group

TDiff.X/ WD ff 2 Diff.X/ j f� D id on H�.X IZ/g:

Also, for G.X/ � TDiff.X/, they detect torsion-free elements in the kernels of the stabilization maps
H�.BG.X/IZ/!H�.BG.X #S2 �S2/IZ/ for some X, while we detected 2-torsions for the whole
diffeomorphism group DiffC.X/.

It is worth noting that the choice of group of diffeomorphisms can make essential differences in the
homology groups of moduli spaces. For instance, there is an example of a 4-manifold X for which the
kernel of the natural map

H�.BTDiff.X/IZ/!H�.BDiffC.X/IZ/

contains a subgroup isomorphic to Z1 D
L

Z Z (Proposition 5.4).

1.4 Abelianizations of diffeomorphism groups

Next, we focus on homological instability in degree k D 1, which is closely related to the abelianized
mapping class group. GivenX, we consider the smooth mapping class group MCGC.X/D�0.DiffC.X//
and the topological mapping class group MCGCTop.X/ D �0.HomeoC.X//. We use Gab to denote the
abelianization of a group G. Then by definition, we have

H1.BDiffC.X/IZ/DMCGC.X/ab and H1.BHomeoC.X/IZ/DMCGCTop.X/ab:

By a series of deep results of Edwards and Kirby [1971] and Thurston [1974], the unit components of
Diff.X/ and Homeo.X/ are both simple. Therefore, we also have

H1.BDiffC.X/IZ/Š DiffC.X/ab and H1.BHomeoC.X/IZ/Š HomeoC.X/ab:

Also note that when X is simply connected, the work of Freedman [1982] and work of Quinn [1986] and
Perron [1986] give the isomorphism

(1) MCGCTop.X/Š Aut.QX /:

Here Aut.QX / denotes the group of automorphism on H 2.X IZ/ that preserves the intersection form QX .
Combining this isomorphism with a result of Wall [1964a, Theorem 2], we see that the forgetful map

(2) MCGC.X #NS2 �S2/!MCGCTop.X #NS2 �S2/:

is always surjective when N � 2.

Geometry & Topology, Volume 30 (2026)
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Regarding the stabilization map for a closed manifold X, there is no well-defined stabilization map
from BDiffC.X/ to BDiffC.X #S2�S2/ as there is no fixed ball to form connected sums. But as proved
in [Auckly et al. 2015, Theorem 5.3], there is indeed a well-defined stabilization map

MCGC.X/!MCGC.X #S2 �S2/:

With these results in mind, we can restate the k D 1 case of Theorems 1.3 and 1.2 as follows.

Theorem 1.8 (abelianizations of Diff and MCG) Let X be a simply connected closed oriented smooth
4-manifold. Then there exists a sequence of positive integers N1 <N2 < � � � !C1 and a sequence of
nonzero , 2-torsion elements

ˇi 2 DiffC.X #NiS2 �S2/ab ŠMCGC.X #NiS2 �S2/ab

such that the following properties hold for all i .

(i) Each ˇi can be represented by an exotic diffeomorphism (i.e., a diffeomorphism which is topolog-
ically isotopic to the identity but not smoothly so). In particular , ˇi belongs to the kernel of the
map

DiffC.X #NiS2 �S2/ab! HomeoC.X #NiS2 �S2/ab:

(ii) Each ˇi belongs to the kernel of the map

MCGC.X #NiS2 �S2/ab!MCGC.X # .Ni C 1/S2 �S2/ab:

(iii) Each ˇi does not belong to the image of the map

MCGC.X # .Ni � 2/S2 �S2/ab!MCGC.X #NiS2 �S2/ab:

Theorem 1.8 also implies that for all simply connected 4-manifolds, the degree-1 homological stability
of the smooth mapping class group fails.

Example 1.9 In dimension ¤ 4, there are various tools to compute the mapping class groups and their
abelianizations. In particular, let W 2n

g D g.S
n�Sn/. Then W 2

g is just a closed surface of genus g and it
is proved by Mumford [1967] and Powell [1978] that

MCGC.W 2
g /ab Š

8<:
Z=12 if g D 1;
Z=10 if g D 2;
0 otherwise:

For n� 3, Kreck [1979] described the group MCGC.W 2n
g / up to extensional problems. These extension

problems have been solved in many cases [Galatius and Randal-Williams 2016; Krannich 2020]. As for the
abelianization, Galatius and Randal-Williams [2016] and Krannich [2020] computed MCGC.W 2n

g /ab for
all n�3 and g�0. As proved in [Galatius and Randal-Williams 2016], one has Aut.QW 4

g
/abŠZ=2˚Z=2

Geometry & Topology, Volume 30 (2026)
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whenever g�2. Theorem 1.8 applied toXDS4 shows that MCGC.W 4
g / is strictly larger than Z=2˚Z=2

for infinitely many g. For such g, the kernel of the surjective map

fab WMCGC.W 4
g /ab! Z=2˚Z=2

contains a 2-torsion element that is represented by an exotic diffeomorphism on W 4
g and is not stabilized

from a mapping class on W 4
g�2.

Remark 1.10 All of our results also hold for twisted stabilizations (i.e., taking connected sum with
CP2#CP2 instead of S2�S2). If one replaces S2�S2 with CP2#CP2 in the statements of Theorems 1.1,
1.2, 1.3 and 1.8, the conclusions of these results still hold. See Remark 5.3 for a detailed explanation.

1.5 Moduli spaces of manifolds with metrics

Up to here we considered moduli spaces of manifolds. Now we discuss moduli spaces of pairs of
manifolds and metrics, in particular with positive scalar curvature. Given an oriented smooth manifold X,
let R.X/ and RC.X/ denote the space of Riemannian metrics and the space of metrics with positive
scalar curvature, respectively. The group DiffC.X/ acts on R.X/ by pullback, and this action preserves
RC.X/. Define M .X/ and MC.X/ by

M .X/D EDiffC.X/�DiffC.X/R.X/ and MC.X/D EDiffC.X/�DiffC.X/R
C.X/:

As we shall see in Section 2.10, M .X/ classifies oriented fiber bundles with fiber X equipped with
fiberwise metrics, and similarly MC.X/ classifies fiber bundles with fiberwise positive scalar curvature
metrics. Let � WMC.X/ ,!M .X/ denote the injection induced from the inclusion RC.X/ ,!R.X/. The
moduli space M .X/ gives a model of BDiffC.X/, and � is the same as the projection map MC.X/!

BDiffC.X/. We shall prove the following comparison result:

Theorem 1.11 (moduli spaces of manifolds with metrics vs with psc metrics) Let X be a simply
connected closed oriented smooth 4-manifold and let k > 0. Then there exists a sequence of positive
integers N1 <N2 < � � � ! C1 such that the induced maps

�� WHk.M
C.X #NiS2 �S2/IZ/!Hk.M .X #NiS2 �S2/IZ/

are not surjective for all i .

In Theorem 2.43 we shall also prove analogous results for pointed 4-manifolds and punctured 4-
manifolds, which are described in terms of observer moduli spaces MC

x0
.X/ and relative versions

MC

@
. VX/. See Section 2.10 for the definition of these moduli spaces.

Theorem 1.11 gives the first result that in any degree k there is a 4-manifold X such that the map
�� WHk.M

C.X//!Hk.M .X// is not an isomorphism. Compared with higher dimensions, it is difficult
to study the space of/moduli space of positive scalar curvature metrics on a 4-manifold because of the
failure of surgery techniques. As one of few known results, Ruberman [2001] proved that RC.X/ are not
connected for some 4-manifolds X. In fact, the above nonsurjectivity result (Theorem 1.11) for k D 1
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implies that RC.X #NiS2 �S2/ is disconnected (Lemma 2.42). Thus Theorem 1.11 can be regarded as
a higher-degree generalization of Ruberman’s result.

It is also worth noting that a recent work by Botvinnik and Watanabe [2023] combined with the work
of Watanabe [2018] on the Kontsevich characteristic class implies a result for D4 in a complementary
direction to the above, detection of the image of (a relative version of) ��.

Remark 1.12 If X is spin and sign.X/¤ 0, then X #NS2 �S2 do not admit positive scalar curvature
metrics for all N � 0. In this case, the claim of Theorem 2.43 is equivalent to the nonvanishing result
Hk.M .X #NiS2 �S2/IZ/¤ 0. On the other hand, if X is either nonspin or sign.X/D 0, it follows
from Wall’s theorem [1964b] that X #NS2 �S2 admit positive scalar curvature metrics for all N � 0.

1.6 Tool: characteristic classes from Seiberg–Witten theory

To derive the results explained until the last subsection, we shall construct and calculate a new characteristic
class, which is based on Seiberg–Witten theory. The setup is as follows. For k > 0, let X be a closed
oriented smooth 4-manifold with bC.X/ > kC 1. We shall construct characteristic classes

SW k
tot.X/ 2H

k.BDiffC.X/IZEDiffC.X// and SW k
half-tot.X/ 2H

k.BDiffC.X/IZ=2/;

where ZEDiffC.X/ is a certain local coefficient system with fiber Z, determined by the monodromy action
on what is called the homology orientation. We call SW k

tot.X/ and SW k
half-tot.X/ the k-th total Seiberg–

Witten characteristic class and the k-th half-total Seiberg–Witten characteristic class, respectively.
For some computational reason explained later, SW k

half-tot.X/ will be used rather than SW k
tot.X/ in

our applications. Here are notable properties of SW k
half-tot.X/. (Similar results hold also for SW k

tot.X/,
but we omit them here.)

� SW k
half-tot.X/ is a cohomology class of the whole moduli space BDiffC.X/, rather than BG for a

proper subgroup G � DiffC.X/. So this characteristic class can be defined for all oriented smooth
bundles with fiber X, with no constraint on the monodromy. This is a major difference from known
gauge-theoretic characteristic classes [Konno 2021].

� SW k
half-tot.X/ is unstable under stabilizations by S2�S2 (Corollary 2.37). The nonsurjectivity result

in Theorem 1.2 is a consequence of this property.

� Just as the Seiberg–Witten invariant detects exotic structures of 4-manifolds, SW k
half-tot.X/ detects

subtle differences between smooth families of 4-manifolds. This yields the noninjectivity result in
Theorem 1.2 and the comparison results on the smooth and topological categories (Theorem 1.2(a),
Theorem 1.3).

� SW k
half-tot.X/ can be nontrivial on BDiffC.X/ı . Stated precisely, the pullback of SW k

half-tot.X/

to Hk.BDiffC.X/ı IZ=2/ under the map induced from the identity DiffC.X/ı ! DiffC.X/ is
nonzero for some X. This makes it useful in the study of the algebraic structure of the discrete group
DiffC.X/ı and yields homological instability for BDiffC.X/ı (Theorem 1.2(d)).
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� SW k
half-tot.X/ vanishes for families that admit fiberwise positive scalar curvature metrics (Theorem

2.39 and Corollary 2.40). This yields a comparison result on moduli spaces of Riemannian metrics
and of positive scalar curvature metrics (Theorems 1.11 and 2.43).

� SW k
half-tot.X/ is capable of detecting several specialities of dimension 4: not only homological

instability discussed in this paper, but also the following infiniteness. In a subsequent paper [Konno
2024], SW k

half-tot.X/ and its generalization are used to prove that there exist simply connected closed
4-manifoldsX whereHk.BDiff.X/IZ/ are infinitely generated for given k�1 (for kD1, this follows
also from a result by Baraglia [2026]). In particular, this implies that the mapping class group of a
simply connected closed 4-manifold can be infinitely generated. In contrast, every simply connected
closed manifold of dim¤ 4 is known to have finitely generated mapping class group, which is a cele-
brated result by Sullivan [1977] in high dimensions. More generally, in dim¤ 4, there are established
and expected finiteness results for Hk.BDiff.X/IZ/ [Kupers 2019; Bustamante et al. 2024]. Thus
infinite generation of Hk.BDiff.X/IZ/ for 4-manifolds X is a special phenomenon in dimension 4.

From a technical point of view, the upshot of the characteristic classes SW k
tot.X/ and SW k

half-tot.X/

is that they are free from a choice of spinc structure, despite the dependence of the Seiberg–Witten
equations on a spinc structure. The construction is modeled on a characteristic class defined by the first
author [Konno 2021] based on the Seiberg–Witten equations, but the characteristic class in [Konno 2021]
does depend on the choice of a spinc structure. To get rid of such a constraint, we use an idea due to
Ruberman [2001] to define a numerical Seiberg–Witten-type invariant of a diffeomorphism that does not
necessarily preserve a given spinc structure. See Remark 2.30 for a detailed comparison of this work
with [Konno 2021] and [Ruberman 2001].

Here is a rough idea of the definition of SW k
tot.X/. Let d.s/ denote the formal dimension of the

Seiberg–Witten moduli space for s, and let Spinc.X; k/ denote the set of spinc structures on X with
d.s/D�k. The diffeomorphism group DiffC.X/ naturally acts on Spinc.X; k/. Once we fix a pair � of
a fiberwise metric and perturbation for the universal bundle EDiffC.X/! BDiffC.X/, we have a family
over BDiffC.X/ of “collection (indexed by elements of Spinc.X; k/) of the moduli spaces” of solutions to
the Seiberg–Witten equations. We define a k-cochain SWk

tot.X; �/ on BDiffC.X/ by counting this family
of collections of moduli spaces over each k-cell of BDiffC.X/. This cochain shall be shown to be a cocycle
and the cohomology class SW k

tot.X/D ŒSWk
tot.X; �/� will turn out to be independent of the choice of � .

The other characteristic class SW k
half-tot.X/ is a variant of SW k

tot.X/, corresponding to the quotient of
all Seiberg–Witten moduli spaces divided by the charge conjugation on spinc structures. For our purpose
to prove the homological instability, SW k

half-tot.X/ shall be effectively used because the conjugation
symmetry annihilates SW k

tot.X/ in a lot of situations. See Section 2.1 for more detailed motivation for
introducing SW k

half-tot.X/.

1.7 Some open questions

We end this introductory section by discussing some open questions that naturally arise from our results.
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First, we let M.Mg/D BDiff@. VX #g.S2 �S2//. Then we have a sequence of stabilization maps

M.X/
s0
�!M.X1/

s1
�!M.X2/

s2
�! � � � ;

which includes an inverse system of abelian groups

(3) Hk.M.X/IZ/ Hk.M.X1/IZ/ Hk.M.X2/IZ/ � � � :

Let M.X1/ be the homotopy colimit of M.Xg/. Then we have the Milnor exact sequence [1962]

(4) 0! lim
 ��

1Hk�1.M.Xg/IZ/!Hk.M.X1/IZ/! lim
 ��

Hk.M.Xg/IZ/! 0:

Here lim
 ��

denotes the inverse limit and lim
 ��

1 denotes its 1st derived functor. Note that the stable cohomology
group Hk.M.X1/IZ/ can be computed using [Galatius and Randal-Williams 2017, Theorem 1.5]. Our
Theorem 1.1 implies that the sequence (3) does not stabilize, so the term lim

 ��

1Hk�1.M.Xg// is not
necessarily zero (unlike in other dimensions). It is a natural question to compute the other two terms
in (4).

Second, it is an open question whether Theorem 1.1 can be generalized to rational coefficients.
Since our unstable classes are 2-torsion, they disappear in H�.�IQ/. Note that there are many exotic
diffeomorphisms of infinite order [Ruberman 1998; Auckly and Ruberman 2025], which are detected by
Seiberg–Witten theory. So one may generalize the constructions to find unstable classes inHk.M.Xg/IQ/.
To detect such classes, one needs a rational refinement of SW k

tot.X/. A major difficulty is controlling
the orientation of the family Seiberg–Witten moduli space (i.e., the homological orientation for smooth
families).

Third, it would be interesting to explore more applications of the Seiberg–Witten characteristic
class SW k

half-tot.X/ 2 H
�.M.X/IZ=2/, especially for irreducible X. For example, in a subsequent

paper [Konno 2024] by the second author (also independently by Baraglia [2026]), a variation of
SW k

half-tot.X/ 2 H
�.M.X/IZ=2/ is used to prove that the mapping class groups of some reducible,

simply connected 4-manifolds are infinitely generated. It is still open whether such phenomena can
occur for simply connected, irreducible 4-manifolds. Note that families Seiberg–Witten theory has been
successfully used to detect exotic diffeomorphisms on irreducible 4-manifolds [Baraglia and Konno 2026]
and to deduce nontrivial results about symplectic mapping class groups [Smirnov 2022; Konno et al.
2025]. One may try to approach this problem by computing SW k

half-tot.E/ for families E of irreducible
4-manifolds.

1.8 Outline

The remaining sections of this paper are as follows. In Section 2, we construct characteristic classes
SW �

tot.X/;SW �

half-tot.X/, and study some of the basic properties. The definition is given in Section 2.7,
and subsections preceding that are devoted to giving technical preliminaries. We prove the vanishing of
these characteristic classes under stabilizations and positive scalar curvatures in Sections 2.9 and 2.10,
respectively. In Section 3 we calculate the characteristic class SW half-tot. A key computational result is
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Theorem 3.10. In Section 4, we define the moduli space BHomeoCL .X/ using simplicial sets. The main
results of this paper, Theorems 1.2, 1.3, 1.8 and 1.11, are proven in Section 5. The main ingredients
of their proofs are the key computation (Theorem 3.10) and a result on geography involving the usual
(i.e., unparametrized) Seiberg–Witten invariant, which is given as Theorem 5.1. Section 6 is devoted to
proving Theorem 5.1.

2 The Seiberg–Witten characteristic classes
2.1 Motivation

In Section 2, given k � 0 and a 4-manifold X with bC.X/ > k C 1, we define characteristic classes
SW k

tot.X/;SW k
half-tot.X/ mentioned in Section 1.6. As the construction of SW k

half-tot.X/ is rather more
complicated than that of SW k

tot.X/, here we clarify why we need the characteristic class SW k
half-tot.X/ to

motivate readers. First we describe why we adopt (twisted) Z-coefficient for SW tot. If one tries to define
a characteristic class using the Seiberg–Witten equations in full generality, it would be natural to define a
refinement

eSW k
tot.X/ 2H

k.BDiffC.X I zZ1E /

of SW k
tot.X/, where zZ1E is a local system with fiber

L
s2Spinc.X;k/Z determined by the monodromy

action for EDiffC.X/ on Spinc.X; k/ and on the homology orientation. The class SW tot can be recovered
from eSW tot via a homomorphism

L
s2Spinc.X;k/Z! Z defined by summing up entries. However, the

action of DiffC.X/ on Spinc.X; k/ may be quite complicated, and we do not have control of the local
system zZ1E . Thus we eventually pass to SW tot for a computational reason.

Moreover, even after passing to SW tot, one still has to work with the local system ZE D ZEDiffC.X/
because the action of DiffC.X/ on the homology orientation is nontrivial in general. Since our main
interest is the homology of moduli spaces for untwisted coefficient, we may hope to study SW tot after
the mod 2 reduction.

However, SW tot corresponds to summing up the counts of the moduli spaces over Spinc.X; k/, so
almost every time the charge conjugation symmetry of the Seiberg–Witten equations kills the Z=2-
coefficient SW tot. Now we arrive at the reason we need to take the “half” of Spinc.X; k/, namely
Spinc.X; k/=Conj, to get interesting results for a broad class of 4-manifolds.

Nevertheless, in this paper we shall also describe the construction of SW tot, not only SW half-tot, because
the construction of SW tot is a good guide in the construction of the more complicated object SW half-tot.

2.2 Virtual neighborhoods for families

To define the characteristic classes SW �

tot.X/ and SW �

half-tot.X/ for a 4-manifold X, we need to treat the
issue of transversality in counting parametrized moduli spaces over BDiffC.X/, which is not a finite-
dimensional smooth manifold. This may cause a complication, in particular, in proving that cochains
we construct to define SW �

tot.X/ and SW �

half-tot.X/ are cocycles (corresponding to Proposition 2.27).
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Since we are studying the (co)homology group of BDiffC.X/, we may assume that BDiffC.X/ is a
CW complex by passing to its CW approximation. Then we shall adopt the virtual neighborhood technique
of Ruan [1998] to bypass this transversality issue. This technique is easily generalized to a parametrized
setup [Konno 2021, Section 5.2]. Further, in Section 2.3, we need to introduce a slight generalization of
virtual neighborhoods for families. For the reader’s convenience, in Section 2.2, we summarize necessary
facts on and constructions of virtual neighborhoods for families following [Konno 2021, Section 5.2].

Remark 2.1 Another potential way to handle the transversality issue could be taking a particular model
of BDiffC.X/ that is an infinite-dimensional manifold, such as the space of embeddings of X into R1

divided by DiffC.X/ as in, e.g., [Galatius and Randal-Williams 2018], but we never checked details along
this line.

Convention 2.2 In this paper, unless otherwise stated, a section of a continuous fiber bundle over a
topological space means a continuous section.

We first fix our notation. Recall that the Seiberg–Witten equations give rise to a Fredholm section of a
certain Hilbert bundle over a certain Hilbert manifold. We shall consider a parametrized version of this
setup, and abstract it as follows; see [Konno 2021, Subsection 5.2] for the precise setup. The objects we
are going to introduce are summarized in the diagram

E

��

$$

X

�
zz

s
nn

B

First, B is a Hausdorff normal space, which is used as the base space or parameter space in this section.
In the construction of the Seiberg–Witten characteristic classes, the family to which we apply the virtual
neighborhood technique is the pullback of the universal bundle of 4-manifolds over BDiffC.X/ under the
characteristic map Dk ! BDiffC.X/ of a cell of BDiffC.X/, equipped with a CW complex structure
(after a cellular approximation). We also consider the restriction of such a family to certain subspaces
of Dk . Concretely, we take B to be the disks Dk (Definition 2.26) and the skeleta .�k/.i/ of the standard
simplices �k , which are used in the proof of a cocycle property (Proposition 2.27).

Next, X D
S
b2B Xb is a continuous locally trivial family of Hilbert manifolds over B with the

projection � W X ! B , and E is a parametrized Hilbert bundle over B . Namely, E D
S
b2B Eb is a

continuous locally trivial family of Hilbert bundles Eb!Xb with typical fiber a Hilbert space Hb . By a
Hilbert bundle, we mean a bundle whose structure group is the unitary group of the (typical) fiber Hilbert
space. A proof of local triviality in our Seiberg–Witten setup is given later in Remark 2.10. Finally,
s W X ! E is a parametrized Fredholm section. Namely, s is a continuous map commuting with the
projections onto B such that, at each b 2 B , the restriction sb W Xb ! Eb of s is a smooth Fredholm
section.
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Set Mb D s
�1
b
.0/ for each b 2B , called the unparametrized moduli space at b. Let M denote the union

of the unparametrized moduli space:
MD

[
b2B

Mb:

We call M the parametrized moduli space over B .

Assumption 2.3 Throughout this section, suppose that M is compact.

Suppose also that the index of d.s�.x//x is independent of x 2M. We denote by ind s the index. Let
det ds!X denote the parametrized determinant line bundle of the parametrized linearized Fredholm
sections ds. Let L be the local system on X with fiber Z given as the orientation local system of det ds.
Pick a point b 2 B , and suppose that the monodromy action of �1.Xb/ on a fiber of det dsb is trivial. In
this case, L is isomorphic to the pullback of a local system over B , denoted also by L, along X ! B .

An output from virtual neighborhood techniques we need can be summarized as follows. Let H�cpt.�/

denote the compactly supported cohomology group.

Proposition 2.4 Under the above assumptions , we obtain a cohomology class

M.s/ 2H�ind s
cpt .BIL/

with the following properties:

� If MD¿, then M.s/D 0.

� Suppose that ind s � 0. If B is a smooth oriented closed manifold of dimension �ind s and L is a
trivial local system , and further if s is generic so that M is a (0-dimensional ) smooth manifold , then

#MD hM.s/; ŒB�i:

Moreover , if the section s is nowhere vanishing over a subset B 0 � B , we may obtain a relative
cohomology class

M.sIB 0/ 2H�ind s
cpt .B;B 0IL/

with properties analogous to the above.

We shall use the following naturality result, which was given in [Konno 2021, Corollary 5.19] (there is
an obvious typographical error in [Konno 2021, Corollary 5.19], corrected below):

Lemma 2.5 Let X !B , E !X !B , s WX ! E be as above , described at the beginning of Section 2.2.
Let A be a normal space and f W A! B be a continuous map. Suppose that , for the pullback section
f �s W f �X ! f �E , the parametrized zero set .f �s/�1.0/ is compact as well as s�1.0/. Then we have

f �M.s/DM.f �s/ in H�ind s
cpt .AIf �L/:

Similarly, for subsets A0 � A, B 0 � B with f .A0/� B 0, if s is nowhere vanishing over B 0, we have

f �M.sIB 0/DM.f �sIA0/ in H�ind s
cpt .A;A0If �L/:
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In the rest of this section, we sketch the construction of the cohomology classes M.s/ and M.sIB 0/.
First, under the above assumptions, we shall construct a (typically nonlocally trivial) family of smooth
manifolds

UD
[
b2B

Ub

over B such that M is embedded in the interior of U for a natural topology on U. This space U is called
a families virtual neighborhood for M (or for s) [Konno 2021, Definition 5.10].

The first step to construct U is to find a natural number N and a fiberwise smooth map

' WX �RN ! E

that satisfies that X �f0g � '�1.0/ and the following property: set zs D sC'. Then, for each x 2M, the
differential

d.zs�.x//.x;0/ W TxX�.x/˚RN !H�.x/

is surjective.
Such N and ' can be found by using the compactness of M: at each point x 2M, one can easily find a

natural number Nx and a linear map fx WRNx!H�.x/ such that ds�.x/Cfx W TX�.x/˚RNx!H�.x/

is surjective. Since the surjectivity is an open condition, we may take an open neighborhood Ux of x
in X so that, for all y 2 Ux \M, ds�.y/Cfx are surjective. By the compactness of M, we may cover M

with finitely many Ux . Let N be the sum of Nx for such x, and then we may obtain ' above by summing
the pullback of fx to X �RN with multiplying cut-off functions on Ux .

Again since the surjectivity is an open condition, we may find an open neighborhood N of M� f0g

in X � RN such that the differential of zs.�.x/;0/ along the fiber-direction is surjective at any point
x 2 zs�1.0/\N .

Definition 2.6 Set
UDU.s; N; ';N / WD zs�1.0/\N :

We call U a families virtual neighborhood for M.

Denote by Ub the fiber of U over b 2 B under the obvious map U! B . By the implicit function
theorem, Ub is a smooth manifold of dimension ind.dsb/CN for each b. Clearly, U is a neighborhood
of M� f0g in X �RN, and Ub is a neighborhood of Mb in Xb �RN for each b 2 B .

Remark 2.7 U is not uniquely determined by s: there are various choices of N; ' and N . Also, U is not
necessarily a locally trivial family over B . For example, U is supported only over �.M/� B: if we have
Mb D¿ for b 2 B , then (a small neighborhood of Mb in) Ub is also empty.

Next, we consider a certain relative Euler class. Let hU W U! RN denote the “height” function,
defined as the restriction of the second projection X �RN !RN to U�X �RN . The parametrized
moduli space M is the level set for hU of height zero: M�f0g D h�1U .0/. The map hU WU!RN defines
a section of the trivial bundle U�RN !U by u 7! .u; hU.u//, which we denote by h0U WU!U�RN.
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Consider the relative Euler class for h0U, namely

eU WD .h
0
U/
��.U�RN !U/ 2HN

cpt.UIZ/;

where �.U�RN ! U/ denotes the Thom class of the trivial bundle U�RN ! U. Note that eU is
compactly supported since M was supposed to be compact.

As the last input, we have the integration along fibers for the family U! B , while U! B is not
necessarily locally trivial (see [Konno 2021, explanations below equation (21)]):

�Š WH
�
cpt.UIZ/!H

��.ind sCN/
cpt .BIL/:

Note that ind sCN coincides with the dimension of Ub for any b 2 B .

Definition 2.8 We define a cohomology class M.s/ 2H�ind s
cpt .BIL/ by M.s/D �Š.eU/.

Now, suppose that the section s is nowhere vanishing over a subset B 0 � B . Then M.s/ is supported
outside B 0, and thus the following definition makes sense:

Definition 2.9 We define a cohomology class M.sIB 0/ 2H�ind s
cpt .B;B 0IL/ by M.sIB 0/D �Š.eU/.

As proven in [Konno 2021, Lemma 5.15], M.s/ and M.sIB 0/ are independent of the choice of U.

2.3 Family of collections of Hilbert bundles

For the purpose of this paper, it is important to note that all constructions in Section 2.2 can be generalized
to a Fredholm section of a “family of collections” of Hilbert bundles, defined below. To avoid confusion,
throughout we shall use the word “family” for the case that the parameter space is not discrete, and the
word “collection” for the case that the parameter space is discrete.

Let ƒ be a set equipped with the discrete topology. (In our application to Seiberg–Witten theory, we
shall finally take ƒ to be the set of spinc structures on a 4-manifold with a fixed formal dimension.)
Suppose that we are given a collection of (unparametrized) Hilbert bundles over Hilbert manifolds:

.E 0� !X 0
� /�2ƒ:

(The superscript 0 indicates that the object is unparametrized.) An automorphism of the collection
.E 0
�
!X 0

�
/� consists of a bijection ˛ Wƒ!ƒ and a collection of isomorphisms of Hilbert bundles

E 0
�

//

��

E 0
˛.�/

��

X 0
�

// X 0
˛.�/

Let Aut
�
.E 0
�
/�
�

denote the set of all automorphisms of .E 0
�
! X 0

�
/�, which forms a group under

composition. We call an Aut
�
.E 0
�
/�
�
-bundle a family of collections of Hilbert bundles modeled on

.E 0
�
!X 0

�
/�.

Let E ! X ! B be a family over a normal space B of collections of Hilbert bundles modeled
on .E 0

�
/�. For each b 2 B , let Xb denote the fiber of X ! B over b, and similarly define Eb . Then,
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on each b 2 B , we have a pair of noncanonical identifications

(5) Xb Š

G
�2ƒ

X 0
� and Eb Š

G
�2ƒ

E 0� ;

and the set of choices of identification is given by Aut
�
.E 0
�
/�
�
. Note that we have a natural map E !X

induced from the collection of the projections E 0
�
!X 0

�
. Thus we have the notions of a (parametrized)

section s W X ! E , which is a family of sections sb W Xb ! Eb . Similarly, we have the notion that
s is (fiberwise) Fredholm. This is equivalent to saying that, for each b 2 B , once we fix a pair of
identifications (5), the induced sections .s0

�
/b WX

0
�
! E 0

�
are Fredholm for all �.

Let s WX ! E be a parametrized Fredholm section. For each b 2 B , set Mb D s
�1
b
.0/. Again, if we

fix a pair of identifications (5) and use the induced sections, there is a homeomorphism

Mb Š

G
�2ƒ

.s0�/
�1
b .0/:

Define

M WD
[
b2B

Mb �X :

Suppose that M is compact, and the Fredholm indices of the linearizations of s� to the fiber-direction
are independent of �. Then we may repeat the constructions of a virtual neighborhood U for s and the
cohomology class M.s/ in Section 2.2 word for word, and claims analogous to Proposition 2.4 and
Lemma 2.5 hold without any essential changes.

2.4 Collection of Seiberg–Witten equations

We shall apply the abstract machinery explained before Section 2.3 to the Seiberg–Witten equations. First
we fix our notation for the Seiberg–Witten equations. Let X be a closed oriented smooth 4-manifold.
As in [Konno 2021, Section 2], we define a spinc structure on X using the double covering of SL.4;R/
instead of Spin.4/ to avoid using a Riemannian metric on X. Once we take a metric on X, then a spinc

structure in our sense gives rise to a spinc structure in the usual sense, and the isomorphism classes of
spinc structures in our sense bijectively correspond to those of spinc structures in the usual sense. Let
Spinc.X/ denote the set of isomorphism classes of spinc structures on X.

Given a Riemannian metric g and a spinc structure s on X, let L denote the determinant line bundle
of s and let SC.X; s; g/ and S�.X; s; g/ denote the positive and negative spinor bundles respectively.
Let ƒCg .X/ denote the self-dual part of ƒ2.X/ for the metric g. Fix l > 1, and let A .X; s; g/L2

l
and

L2
l
.S˙.X; s; g// denote the space of U.1/-connections of L and sections of S˙.X; s; g/ completed by

the L2
l
-norms. Set

C .X; s; g/ WD A .X; s; g/L2
l
�L2l .S

C.X; s; g//;

C �.X; s; g/ WD A .X; s; g/L2
l
� .L2l .S

C.X; s; g// n f0g/;

D.X; s; g/ WD L2l�1.iƒ
C
g .X//�L

2
l�1.S

�.X; s; g//:
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Let R.X/ denote the space of Riemannian metrics on X. Here we work with C1-class metrics. Although
one often considers C k-class metrics with k < 1 in order to make R.X/ a Hilbert manifold, with
the C1-topology R.X/ remains a Fréchet manifold. Indeed, we do not need R.X/ to carry a Hilbert
manifold structure for our arguments.

Remark 2.10 Varying the metric g 2 R.X/, we obtain locally trivial families over R.X/ with fibers
A .X; s; g/L2

l
and L2

l
.SC.X; s; g//. We explain how to prove local triviality for the family with fiber

L2
l
.SC.X; s; g//, making this family into a Hilbert bundle. (In fact, it follows directly from the argument

below that this family is globally trivial, without using the contractibility of R.X/ or Kuiper’s theorem.)
An analogous argument shows the local triviality of other families of functional spaces as well.

Set Hg DL2l .S
C.X; s; g// for g 2R.X/. To prove local triviality, for g; g0 2R.X/ sufficiently close

to each other in the C1-topology, we need to give a unitary isomorphism between the Hilbert spaces Hg
and Hg 0 that depends continuously on g and g0. We construct such an isomorphism without assuming
that g and g0 are close.

As a first step, we construct an isomorphism between the frame bundles corresponding to g and g0.
Let Frg !X denote the oriented orthonormal frame bundle of X with respect to the metric g. We obtain
an isomorphism of SO.4/-bundles between Frg and Frg 0 as follows. First, for each x 2X, we can find a
linear isomorphism Ax W TxX ! TxX that satisfies gx.v; w/D g0x.Axv;w/ for all v;w 2 TxX. If we
use local expressions g D

P
i;j gij dxi dxj and g0 D

P
i;j g

0
ij dxi dxj and set g.x/D .gij .x//i;j and

g0.x/D .g0ij .x//i;j , then Ax is given by

Ax D .g
0.x//�1g.x/:

Thus, Ax depends smoothly on x. Moreover, under the metric gx , Ax is symmetric and positive definite
since g0x is also a Riemannian metric. Hence,Ax has a uniquely determined square rootA1=2x WTxX!TxX,
which depends smoothly on x as well. We regard an element of the fiber Frg.x/ of Frg !X over x 2X
as an orientation-preserving isometry u WR4!TxX. We define a mapˆ W Frg! Frg 0 byˆ.u/DA1=2x ıu.
It is straightforward to check that ˆ is an isomorphism of principal SO.4/-bundles over X.

Using the spinor representation, the isomorphismˆ induces an isomorphism between the spinor bundles
SC.X; s; g/ and SC.X; s; g0/, which gives rise to an invertible, bounded operator T D Tg;g 0 WHg!Hg 0 ,
whose inverse is also bounded. Functional analysis allows us to define the operator .T �T /�1=2 WHg!Hg ,
since T �T WHg!Hg is a self-adjoint, positive-definite operator. It follows that T .T �T /�1=2 WHg!Hg 0

is a unitary isomorphism that depends continuously on g and g0. This argument proves the local triviality
of the family

S
g2R.X/Hg !R.X/.

Define

…�.X/D
[

g2R.X/

L2l�1.iƒ
C
g .X//;

which is a Hilbert bundle over R.X/. (We shall consider a subspace of …�.X/ with a boundedness
condition, which will be denoted by ….X/, dropping �.) Let � W…�.X/! R.X/ denote the natural
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projection. Set

V…�.X/D
[

g2R.X/

L2l�1.iƒ
C
g .X// n Im

�
dCg W L

2
l .iƒ

1.X//! L2l�1.iƒ
C
g .X//

�
:

This space V…�.X/ is a subspace of…�.X/ of codimension-bC.X/. Since…�.X/ is contractible, V…�.X/
is .bC.X/�2/-connected.

For each � 2…�.X/, let

zs� W C .X; s; �.�//! D.X; s; �.�//

be the map corresponding to the �-perturbed Seiberg–Witten equations

zs�.A;ˆ/D .F
C�.�/

A ��� �.ˆ;ˆ/;DAˆ/;

where �.ˆ;ˆ/ denotes the quadratic term for spinors in the Seiberg–Witten equations and DA is the
spinc Dirac operator. Set G D L2

lC1
.X;U.1// and

B.X; s; g/D C .X; s; g/=G ;

B�.X; s; g/D C �.X; s; g/=G ;

E .X; s; g/D .C �.X; s; g/�D.X; s; g//=G :

Then E .X; s; g/!B�.X; s; g/ is a Hilbert bundle with fiber D.X; s; g/. Since zs� is G -equivariant, it
gives rise to a section

s� WB
�.X; s; �.�//! E .X; s; �.�//;

which is a Fredholm section of index

d.s/D 1
4

�
c1.s/2� 2�.X/� 3 sign.X/

�
;

which is the formal dimension of the Seiberg–Witten moduli space for s.
Now we discuss isomorphisms of spinc structures. Let Aut.X; s/ denote the automorphism group of a

spinc 4-manifold .X; s/, and let s denote the isomorphism class of s. Then we have an exact sequence

1!Map.X;U.1//! Aut.X; s/! DiffC.X/:

The image of the last map is given as Diff.X; s/, the group of orientation-preserving diffeomorphisms
that preserve the isomorphism class s. Let g be a metric on X and let s0 be a spinc structure on X that is
isomorphic to s. Once we choose an isomorphism from s to s0, we have an isomorphism

(6) C .X; s; g/! C .X; s0; g/

of Hilbert manifolds, and it gives rise to an isomorphism

(7) B�.X; s; g/!B�.X; s0; g/
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of Hilbert manifolds. While the isomorphism (6) depends on the choice of isomorphism from s to s0,
the isomorphism (7) between quotients by G is canonically determined by s and s0, since the choice of
isomorphism from s to s0 is in G . The same remark also applies to E .X; s; g/. For this reason, we write
B�.X; s; g/ and E .X; s; g/ for B�.X; s; g/ and E .X; s; g/, respectively.

Now we consider the collection of the above objects indexed by s. Set

B�.X/D
G

s2Spinc.X/

[
g2R.X/

B�.X; s; g/ and E .X/D
G

s2Spinc.X/

[
g2R.X/

E .X; s; g/:

Here
S
g2R.X/B

�.X; s; g/ is regarded as a locally trivial family of Hilbert manifolds over R.X/, and
B�.X/ is a disjoint union of such families of Hilbert manifolds. We note that DiffC.X/ acts on B�.X/

and on E .X/ in a natural way. To see this, let f 2 DiffC.X/, s 2 Spinc.X/ and g 2R.X/. If we take a
representative s of s and an isomorphism zf W f �s! s that covers f WX!X, we obtain an isomorphism

(8) f � WB�.X; s; g/!B�.X; f �s; f �g/

of Hilbert manifolds. However, for the same reason that the isomorphism (7) is canonically determined
by s and s0, the isomorphism (8) is independent of the choice of s and zf . Thus we obtain a canonical
isomorphism (8) determined only by f , and hence f yields a canonical isomorphism of B�.X/, a disjoint
union of families of Hilbert manifolds. Thus DiffC.X/ acts on B�.X/, and similarly also on E .X/ so
that the projection E .X/!B�.X/ is DiffC.X/-equivariant.

Also, we note that the above action of DiffC.X/ is compatible with the Fredholm section corresponding
to the Seiberg–Witten equations. Notice that we have a natural map E .X/!B�.X/, and the sections
s� WB

�.X; s; �.�//! E .X; s; �.�// yield a section

s WB�.X/! E .X/

of this natural map. Since s� was induced from a G -equivariant map, again for the same reason as the
canonicality of (8), s is DiffC.X/-equivariant under the above actions on B�.X/; E .X/.

For the isomorphism class s of a spinc structure s on X, we set d.s/D d.s/. Given an integer k, let
Spinc.X; k/ denote the set of isomorphism classes s of spinc structures on X with d.s/D�k. We define
subsets B�.X; k/; E .X; k/ of B�.X/; E .X/ to be

B�.X; k/D
G

s2Spinc.X;k/

[
g2R.X/

B�.X; s; g/;

E .X; k/D
G

s2Spinc.X;k/

[
g2R.X/

E .X; s; g/:

Then DiffC.X/ acts on B�.X; k/; E .X; k/ as well, and the section sk WB�.X; k/! E .X; k/ obtained
as the restriction of the above s is DiffC.X/-equivariant.

From now on, we shall consider a parametrized setup. Let X!E!B be a fiber bundle with fiber X ,
with structure group DiffC.X/.
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Notation 2.11 Let A.X; a/ be an object determined by X and a datum a, and suppose that A.X; a/ is
acted by DiffC.X/. We denote by

A.X; a/! A.E; a/! B

the bundle with fiber A.X; a/ associated with E.

For example, all the objects above, which are acted by DiffC.X/, give rise to fiber bundles associated
with E:

B�.X; k/!B�.E; k/! B;

E .X; k/! E .E; k/! B;

…�.X/!…�.E/! B;

V…�.X/! V…�.E/! B;

R.X/!R.E/! B:

Remark 2.12 The notation R.E/ does not mean “the space of metrics on the total space E”. (Even the
total space of E does not have a natural manifold structure if B is not a manifold.) Instead, a section of
R.E/! B corresponds to a fiberwise metric on E. Similar remarks apply to many families over B that
shall appear later.

We denote the fiber of each bundle, say B�.E; k/, over a point b 2 B by B�.Eb; k/. Note that, since
sk WB�.X; k/! E .X; k/ is DiffC.X/-equivariant, this induces a section

sk WB�.E; k/! E .E; k/

that commutes with the projections B�.E; k/! B and E .E; k/! B .
To get some compactness of moduli spaces later, we consider bounded perturbations. Note that the

fiber of …�.E/! B over a point b 2 B is of the form

.…�.E//b D
[

g2R.Eb/

L2l�1.iƒ
C
g .Eb//:

Let VD.iƒCg .Eb// denote the open ball centered at the origin of radius 1 with respect to the L2
l�1

-norm.
Define a subset ….E/ of …�.E/ by

….E/D
[
b2B

[
g2R.Eb/

VD.iƒCg .Eb//:

We also set
V….E/D V…�.E/\….E/:

Now we choose a fiberwise metric and self-dual 2-forms on E. Recall that we denoted by � the
projection …�.X/!R.X/. This gives rise to a map (denoted by the same symbol) � W…�.E/!R.E/.
Restricting this, we have a map � W V….E/!R.E/. Taking a section � WB! V….E/ corresponds to taking
a fiberwise metric and a fiberwise self-dual 2-form (with fiberwise boundedness) on E that continuously
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vary over B . Let us consider the projections B�.X; k/!R.X/ and E .X; k/!R.X/. For example, the
fiber of the projection B�.X; k/!R.X/ over a metric g 2R.X/ is the collection (over Spinc.X; k/)
of all configurations for the common metric g. These projections give rise to natural maps

pB WB
�.E; k/!R.E/; pE W E .E; k/!R.E/:

We set

B�.E; k; �/ WD p�1B .� ı �.B//; E �.E; k; �/ WD p�1E .� ı �.B//:

The above section sk WB�.E; k/! E .E; k/ corresponds to a union of families over B of Seiberg–
Witten equations over all fiberwise metrics and fiberwise self-dual 2-forms. Restricting this to the image
of � , we obtain a section

sk� WB
�.E; k; �/! E .E; k; �/:

The resulting section sk� is a parametrized Fredholm section of a family of collections of Hilbert bundles,
in the sense of Section 2.3.

Definition 2.13 Set

(9) M� WD

[
b2B

.sk� /
�1
b .0/:

We call M� the family of total collections of moduli spaces associated with � .

Lemma 2.14 If B is compact , M� is also compact.

Proof Recalling that we use a common fiberwise metric � ı � for all spinc structures to define M� ,
and V….E/ consists of bounded perturbations, the claim follows from the standard compactness of the
Seiberg–Witten moduli space: the compactness of the moduli space for a fixed spinc structure and the
finiteness of the numbers of spinc structures for which the Seiberg–Witten moduli spaces are nonempty.

Thanks to Lemma 2.14, we may apply the virtual neighborhood technique in Sections 2.2 and 2.3
to s� . In particular, as described in Definition 2.8, we obtain a cohomology class

(10) M.sk� / 2H
k.BIZE /

for compact B . Here ZE is a local system over B with fiber Z that is determined by the monodromy
action for E on the homology orientation, the orientation ofH 1.X IR/˚HC.X/, whereHC.X/ denotes
a maximal-dimensional positive-definite subspace of H 2.X IR/ with respect to the intersection form.
Similarly, as in Definition 2.9, if the section sk� is nowhere vanishing over a subset B 0 � B , we have a
relative cohomology class

(11) M.sk� IB
0/ 2Hk.B;B 0IZE /

for compact B .
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2.5 Charge conjugation

In this section, we shall consider the charge conjugation on the Seiberg–Witten equations in our context,
which is a preliminary to the half-total characteristic class SW �

half-tot.X/. Henceforth, when there is no
risk of confusion, we call an isomorphism class s 2 Spinc.X/ just a spinc structure.

Let X be a closed oriented smooth 4-manifold. Recall that, for each s 2 Spinc.X/, there is a unique
spinc structure xs on X called the charge conjugation of s, which satisfies c1.xs/ D �c1.s/. The group
Z=2 acts on Spinc.X/ by the charge conjugation. Let Spinc.X/=Conj denote the quotient.

Let s 2 Spinc.X/, and take a metric g on X and a representative s of the isomorphism class s. Let
xs denote the charge conjugation of s. The charge conjugation induces isomorphisms between Hilbert
(affine) spaces,

c W A .X; s; g/L2
l
! A .X;xs; g/L2

l
;

c0 W L2l .S
˙.X; s; g//! L2l .S

˙.X;xs; g//:

Let .�1/ W �Cg .X/ ! �Cg .X/ be the .�1/-multiplication. Then the Seiberg–Witten equations are
compatible with these maps in the sense that the following diagram commutes for each�2L2

l�1
.iƒCg .X//:

C .X; s; g/
zs�
//

c�c0

��

D.X; s; g/

.�1/�c0

��

C .X;xs; g/
zs��
// D.X;xs; g/

This implies that the diagram

B�.X; s; g/
s�
//

��

E .X; s; g/

��

B�.X;xs; g/
s��

// E .X;xs; g/

commutes, where the vertical maps are the isomorphisms induced from the charge conjugation.
Now we consider collections over spinc structures. Fix k 2 Z henceforth. To avoid unnecessary

complications, let us make the following assumption for a while:

Assumption 2.15 Spinc.X; k/ does not contain a spinc structure that comes from a spin structure.

Under this assumption, Z=2 acts freely on Spinc.X/. In Remark 2.19 we describe how to remove this
assumption.

Then the charge conjugation (together with the .�1/-multiplication) makes E .X/!B�.X/ a Z=2-
equivariant bundle, and the above observation implies that s W B�.X/! E .X/ is a Z=2-equivariant
section. Similarly, for k > 0, sk WB�.X; k/! E .X; k/ is also a Z=2-equivariant section. We let Z=2 act
on Spinc.X; k/� V….X/ via the diagonal action given by the charge conjugation action on Spinc.X; k/
and multiplication by �1 on V….X/.
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Set
B�.X; k/0 WD .B�.X; k//=.Z=2/;

E .X; k/0 WD .E .X; k//=.Z=2/;

V….X; k/0 WD .Spinc.X; k/� V….X//=.Z=2/:

The diffeomorphism group DiffC.X/ acts on these three spaces via the pullback, since the pullback
commutes with both of the charge conjugation and the .�1/-multiplication. Note that all of these
spaces are equipped with the natural forgetful map onto Spinc.X; k/=Conj. Also, DiffC.X/ acts on
Spinc.X; k/=Conj via the pullback. Thus we obtain fiber bundles associated with E whose fibers are
these objects, denoted by

B�.X; k/0!B�.E; k/0! B;

E .X; k/0! E .E; k/0! B;

V….X; k/0! V….E; k/0! B;

Spinc.X; k/=Conj! Spinc.E; k/=Conj! B:

Now, the forgetful map B�.X; k/0! Spinc.X; k/=Conj gives rise to a surjection

B�.E; k/0! Spinc.E; k/=Conj;

and similarly, we have surjections

(12) E .E; k/0! Spinc.E; k/=Conj and V….E; k/0! Spinc.E; k/=Conj:

Evidently, all of these maps commute with the projections onto B .
Since the natural map E .X; k/!B�.X; k/ is DiffC.X/-equivariant and Z=2-equivariant, this induces

a map

E .E; k/0!B�.E; k/0

that commutes both with the projections onto B and projections onto Spinc.E; k/=Conj. Moreover, since
sk is DiffC.X/-equivariant too, and also Z=2-equivariant as seen above, it induces a section

skhalf WB
�.E; k/0! E .E; k/0

that commutes both with the projections onto B and projections onto Spinc.E; k/=Conj.
In Section 2.4, we considered a families perturbation � . Here we consider a counterpart � 0 which takes

into account the charge conjugation. Just like �; pB; pE , we have natural maps

� 0 W V….E; k/0!R.E/; p0B WB
�.E; k/0!R.E/; p0E W E .E; k/

0
!R.E/:

Let zg W B!R.E/ be a section and let

� 0 W Spinc.E; k/=Conj! V….E; k/0
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be a section that fits into the diagram

(13)

Spinc.E; k/=Conj � 0
//

��

V….E; k/0

��

B
zg

// R.E/

We set
B�.E; k; � 0/0 WD .p0B/

�1.zg/; E �.E; k; �/ WD .p0E /
�1.zg/:

Then the restriction of skhalf gives rise to a section

.skhalf/� 0 WB
�.E; k; � 0/0! E .E; k; � 0/0:

The section .skhalf/� 0 constructed now corresponds to the collection of the families Seiberg–Witten
equations for the “half” of Spinc.X; k/, namely Spinc.X; k/=Conj.

Definition 2.16 Set
M� 0;half WD

[
b2B

..skhalf/� 0/
�1
b .0/:

Just as in Lemma 2.14, we have:

Lemma 2.17 If B is compact , M� 0;half is also compact.

We call M� 0;half the family of half collections of moduli spaces associated with � 0. Thus, as described
in Definition 2.8, we obtain a cohomology class

(14) M..skhalf/� 0/ 2H
k.BIZ=2/

through the virtual neighborhood technique. If the section .skhalf/� 0 is nowhere vanishing over a subset
B 0 � B , we have also a relative cohomology class

(15) M..skhalf/� 0 IB
0/ 2Hk.B;B 0IZ=2/

as in Definition 2.9. Note that we exclude zg in our notation since it is determined by � 0.

Remark 2.18 The pullback of ZE to Spinc.E; k/=Conj along a natural map Spinc.E; k/=Conj! B

does not necessarily give an appropriate local system over Spinc.E; k/=Conj that coherently takes into
account the collection of the orientations of the moduli spaces, essentially by the same reason that
the Seiberg–Witten invariant for s equals that for xs only up to sign in general. Thus here we consider
Z=2-coefficient cohomology rather than ZE -coefficients.

Finally, we discuss how to remove Assumption 2.15:

Remark 2.19 Let us suppose that there are spin structures on X with formal dimension �k. In this case,
let us decompose Spinc.X; k/ into two parts,

Spinc.X; k/D Spinc0.X; k/tSpinc1.X; k/:
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Here Spinc0.X; k/ denotes the subset of Spinc.X; k/ consisting of spinc structures coming from spin
structures, and Spinc1.X; k/ is the complement of Spinc0.X; k/ in Spinc.X; k/. Note that the Z=2-action
on Spinc.X; k/ preserves this decomposition, and Z=2 acts trivially on Spinc0.X; k/. Thus we can carry
out the construction of Section 2.4 for collections over Spinc0.X; k/, and the construction of this section,
Section 2.5, for collections over Spinc1.X; k/. Thus we may define the moduli space M� 0;half and the
cohomology classes (14) and (15) as well.

2.6 Inductive families perturbations

In the constructions of the Seiberg–Witten characteristic classes, we shall use a specific way to construct
families perturbations. We summarize it in this section with basic examples.

Throughout Section 2.6, we fix k > 0 and let X be a closed oriented smooth 4-manifold with
bC.X/ � k C 2. Let B be a CW complex, and let X ! E ! B be a fiber bundle with structure
group DiffC.X/. For an i -cell e �B , let 'e WDie!xe �B denote the characteristic map of e, where Die
is the standard i -dimensional disk indexed by e.

First, as in [Konno 2021, Subsection 6.1], we inductively construct a section

� .i/ W B.i/! V….E/jB.i/

for i � kC 1 as follows. Choosing a generic point in V….Eb/ for each b 2 B.0/, we have � .0/ W B.0/!
V….E/jB.0/ . Assume that we have constructed � .i�1/ W B.i�1/! V….E/jB.i�1/ for i � kC 1 such that

M�.i�1/ D¿, where M�.i�1/ is the family of total collections of moduli spaces associated with � .i�1/,
introduced in (9). (Note that (9) is a collection of moduli spaces for spinc structures s with d.s/D�k <0.)
Let e be an i -cell of B . Since the pullback bundle '�e V….E/!Die under the characteristic map is trivial,
there is a trivialization

 e W '
�
e
V….E/!Dke �

V….X/:

Let p W @Die� V….X/! V….X/ denote the projection. Since bC.X/� kC2, we can extend the continuous
map

p ı e ı .'ej@Die
/�� .i�1/ W @Die! .'ej@Die

/� V….E/! @Die �
V….X/! V….X/

to a map from Die into V….X/, rather than ….X/, which corresponds to choosing a family of self-dual
2-forms avoiding the wall. This extended map gives rise to a section of V….E/jxe!xe. We may choose the
extension generically so that M�.i/je

D¿ for i < k; see Remark 2.20 below. Thus we obtain a section
� .i/ W B.i/! ….E/jB.i/ for i � kC 1, which satisfies that M�.i/ D ¿ if i < k. We call such � .�/ an
inductive families perturbation (called an inductive section in [Konno 2021]).

Remark 2.20 Let us explain why one can extend a continuous map

ˆ WD p ı e ı .'ej@Die
/�� .i�1/ W @Die!

V….X/

to a generic map
Die!

V….X/

so that the parametrized moduli space over Die is empty for i < k. First, recall that the parametrized
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moduli space over @Die was supposed to be empty. Take a smooth map ˆ0 W @Die! V….X/ that is close
enough to ˆ. Since ˆ0 is smooth, by a standard argument one can find a smooth and generic extension of
ˆ0 to a map ẑ 0 WDie! V….X/ for which the parametrized moduli space is empty.

On the other hand, since the emptiness of the moduli space is an open condition, we may suppose that
there is a continuous homotopy ˆt between ˆ and ˆ0 such that the moduli space is empty for all ˆt .
Pick a collar neighborhood N.@Die/ of @Die in Die and define a continuous extension of ˆ to a map
ŷ WN.@Die/!

V….X/ using ˆt by assigning t to the radial coordinate. Gluing ŷ with (rescaled) ẑ 0, we
may obtain an extension of ˆ to Die for which the parametrized moduli space over Die is empty for i < k.

The above way to construct an inductive section shall be used to define the total characteristic class
SW �

tot. We also describe a similar construction to define the half-total characteristic class SW �

half-tot. In
this case, we need to construct a section

� 0.i/ W
�
Spinc.E; k/=Conj

�.i/
! V….E; k/0

for i � k C 1 inductively. First, note that Spinc.E; k/=Conj is a covering space of B with fiber
Spinc.X; k/=Conj, with the natural projection Spinc.E; k/=Conj ! B . We equip Spinc.E; k/=Conj
with the CW complex structure induced from that of B: the lifted CW complex structure along the map
Spinc.E; k/=Conj! B . For an i -cell e � B with the characteristic map 'e WDie! B , let

.eŒs�/Œs�2Spinc.X;k/=Conj

be the corresponding lifted i -cells of Spinc.E; k/=Conj with the characteristic maps

y'eŒs� WD
i
e! Spinc.E; k/=Conj;

which are lifts of 'e. Note that the fiber of the natural map V….E; k/0 ! Spinc.E; k/=Conj is given
by V….X/. Also, a trivialization  e W '�e V….E/!Dke �

V….X/ induces trivializations

y eŒs� W y'
�
eŒs�
V….E; k/0!Dke �

V….X/:

Thus we may repeat the above construction of an inductive families perturbation using .eŒs�; y'eŒs� ; y eŒs�/
in place of .e; 'e;  e/, and obtain a section � 0.i/ W Spinc.E; k/=Conj! V….E; k/0 with the property that
M� 0.i/;half D¿ if i < k. We call this � 0.i/ an inductive half-total families perturbation.

We give a few examples of (inductive) half-total families perturbations.

Example 2.21 Let X and k be as above, and let X ! E ! B be a DiffC.X/-bundle with trivial
monodromy on Spinc.X; k/. Then the covering space Spinc.E; k/=Conj!B is just the product with an
obvious projection: B �Spinc.X; k/=Conj!B . Therefore a section � 0 W Spinc.E; k/=Conj! V….E; k/0

corresponds to a collection of sections�
�Œs� W B! V….E/

�
Œs�2Spinc.X/=Conj:

There is no constraint on this collection of sections; for example, we may take all �Œs� to be a common
section � W B! V….E/.
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Example 2.22 Let X and k be as above, and let f 2DiffC.X/. Let X !Xf ! S1 denote the mapping
torus of f with fiber X. Then a continuous section

� 0 W Spinc.Xf ; k/=Conj! V….Xf ; k/
0

corresponds to a family of continuous sections�
�t W .Spinc.X; k/=Conj/! V….X; k/0

�
t2Œ0;1�

that satisfies the condition f � ı �0 D �1 ıf �.
We can describe such � 0 in terms of maps to V….X/, once we fix a section

� W Spinc.X; k/=Conj! Spinc.X; k/

of the surjection Spinc.X; k/! Spinc.X; k/=Conj. Let�
�Œs� W Œ0; 1�! V….X/

�
Œs�2Spinc.X;k/=Conj

be a collection of continuous maps which satisfies that, for Œs� 2 Spinc.X; k/=Conj,

f ��Œs�.0/D

�
�f �Œs�.1/ if f ��.Œs�/ 2 �.Spinc.X; k/=Conj/;
��f �Œs�.1/ if f ��.Œs�/ … �.Spinc.X; k/=Conj/:

Here ��f �Œs�.1/ means keeping the metric unchanged and multiplying the perturbation by �1. Then it is
easy to check that the collection .�Œs�/Œs� gives rise to a half-total families perturbation

� 0 W Spinc.Xf ; k/=Conj! V….Xf ; k/
0

for the mapping torus Xf . Not as in the above Example 2.21, we may not take all �Œs� to be a common
map Œ0; 1�! V….X/ in general.

Example 2.23 Let X and k > 0 be as above, and let f1; : : : ; fk 2 DiffC.X/ and suppose that they
mutually commute. Let X ! E ! T k denote the multiple mapping torus of f1; : : : ; fk with fiber X.
Example 2.22 can be easily generalized to the multiple mapping torus as follows.

For i1; : : : ; il 2f1; : : : ; kgwith i1< � � �<il , let f �i1;:::;il denote the composition of pullbacks f �i1 ; : : : ; f
�
il

.
For t D .t1; : : : ; tk/ 2 Œ0; 1�

k with ti1 D � � � D til D 0, define xt i1;:::;il 2 Œ0; 1�k by xt i1;:::;il D .t 01; : : : ; t
0
k
/,

where

t 0j D

�
tj if j … fi1; : : : ; ilg;
1 if j 2 fi1; : : : ; ilg:

Fix a section � W Spinc.X; k/=Conj! Spinc.X; k/. Let�
�Œs� W Œ0; 1�

k
! V….X/

�
Œs�2Spinc.X;k/=Conj

be a collection of continuous maps. Suppose that, for all

� Œs� 2 Spinc.X; k/=Conj,

� i1; : : : ; il 2 f1; : : : ; kg with i1 < � � �< il , and
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� t D .t1; : : : ; tk/ 2 Œ0; 1�
k with ti1 D � � � D til D 0,

we have

(16) f �i1;:::;il�Œs�.t/D

(
�f �
i1;:::;il

Œs�.t
i1;:::;il / if f �i1;:::;il �.Œs�/ 2 �.Spinc.X; k/=Conj/;

��f �
i1;:::;il

Œs�.t
i1;:::;il / if f �i1;:::;il �.Œs�/ … �.Spinc.X; k/=Conj/:

Then the collection .�Œs�/Œs� gives rise to a half-total families perturbation

� 0 W Spinc.E; k/=Conj! V….E; k/0

for the multiple mapping torus E.
If we equip T k with the standard cell structure, we may construct such a collection .�Œs�/Œs� inductively

from 0-cells, and it gives rise to an inductive half-total families perturbation � 0.

2.7 The characteristic classes SW tot and SW half-tot

In this Section 2.7, we shall define the characteristic classes SW tot and SW half-tot.
To help our intuition, first we define the 0-th degree part SW 0

tot.X/ and SW 0
half-tot.X/, which are

numerical invariants.

Definition 2.24 Let X be a closed oriented smooth 4-manifold with bC.X/ � 2. Fix a homology
orientation of X. Let � W Spinc.X; k/=Conj! Spinc.X; k/ be a section. We define

SW 0
tot.X/D

X
s2Spinc.X;0/

SW.X; s/ 2 Z;

SW 0
half-tot.X/D

X
s2�.Spinc.X;0/=Conj/

SW.X; s/ 2 Z=2:

Here SW.X; s/ denotes the Seiberg–Witten invariant or its mod 2 reduction.

Note that the Z=2-valued invariant SW 0
half-tot.X/ is independent of � because of the formula SW.X; s/D

˙SW.X;xs/ in Z.

Example 2.25 A typical example of a 4-manifold X with SW 0
half-tot.X/ ¤ 0 is a minimal algebraic

surface of general type, since it has a unique Seiberg–Witten basic class up to conjugation. One may
produce more examples by the fiber sum operation, which shall be discussed in Section 6. (See, for
example, Proposition 6.2.)

Now we define cohomological generalizations of the above numerical invariants, which are the
characteristic classes SW �

tot and SW �

half-tot with �> 0. Henceforth, throughout this subsection, let k > 0
and let X be a closed oriented smooth 4-manifold with bC.X/ � k C 2 and with a fixed homology
orientation. LetB be a CW complex, and letX!E!B be a fiber bundle with structure group DiffC.X/.
We shall define cohomology classes SW k

tot.E/ 2H
k.B;ZE / and SW k

half-tot.E/ 2H
k.BIZ=2/, where

ZE is the local system with fiber Z defined in Section 2.4, which is determined by the monodromy action
for E on the homology orientation.
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Let

C�.BIZE /; C �.BIZE /; C�.B/; C �.B/

denote the cellular chain and cochain complexes with local coefficients ZE , and the cellular chain and
cochain complexes with coefficient Z=2, respectively. The boundary operator and coboundary operator
are denoted by @ and ı for any (co)chain complex. Here we adopt the following classical model due to
Steenrod [1943] as the definition of (co)chain complex with local coefficients: For each cell e, we choose
a reference point x.e/ in e. Let ZE .e/ denote the fiber of ZE over x.e/. The i -th chain group Ci .BIZE /
is defined be the set of formal finite sums †eaee, where e runs over i-cells of B and ae 2 ZE .e/. The
cochain group C i .BIZE / is defined to be the set of functions that send each i-cell e to an element
of ZE .e/. The (co)boundary operator is defined by twisting the ordinal definition by the automorphism
of Z corresponding to the paths connecting the respective reference points.

The first step of the construction of SW k
tot.E/ is to define a k-cochain of B , which will be shown to

be a cocycle and whose cohomology class is SW k
tot.E/. Let e be a k-cell of B , and let 'e WDke ! B.k/

be the characteristic map of e. Take an inductive families perturbation

� D � .k/ W B.k/! V….E/jB.k/

over the k-skeleton of B , explained in Section 2.6. Consider the pullback section

'�e � WD
k
e ! '�e

V….E/:

Note that '�e V….E/ � V….'
�
eE/, and hence '�e � gives a section of V….'�eE/ ! Dke . Applying the

construction in Section 2.4 to this pullback section '�e � , we obtain a collection of Fredholm sections

sk
'�e �
WB�.'�eE; k; '

�
e �/! E .'�eE; k; '

�
e �/

and the parametrized moduli space M'�e �
, parametrized overDke . Since any inductive families perturbation

was constructed to satisfy M�.i/ D¿ for i < k, we have M'�e � j@Dke
D¿. Thus, as explained in Section 2.4,

we obtain a relative cohomology class

M.sk
'�e �
I @Dke / 2H

k.Dke ; @D
k
e I'
�
eZE /;

which is an application of equation (11) to .B;B 0; �/D .Dke ; @D
k
e ; '
�
e �/.

Note that there is a canonical isomorphism Hk.Dke ; @D
k
e I'
�
eZE /ŠZE .e/ via 'e , without ambiguity

of Aut.Z/Š Z=2. This isomorphism gives us a pairing

h�;�i WHk.Dke ; @D
k
e I'
�
eZE /˝Hk.D

k
e ; @D

k
e IZ/! ZE .e/:

Instead of an inductive families perturbation � , if we take an inductive half-total families perturbation

� 0 D � 0.k/ W .Spinc.E; k/=Conj/.k/! V….E; k/0;

the “half-total version” of the above argument works: For each k-cell e, the pullback under 'e gives rise
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to a section
'�e �

0
W '�e .Spinc.E; k/=Conj/! '�e .

V….E/0/:

Here we identified '�e .Spinc.E; k/=Conj/ with Spinc.'�eE; k/=Conj. Applying the construction of
Section 2.5 to this pullback section, we may obtain a relative cohomology class

M..skhalf/'�e � 0 I @D
k
e / 2H

k.Dke ; @D
k
e IZ=2/;

which is an application of equation (15) to .B;B 0; � 0/D .Dke ; @D
k
e ; '
�
e �
0/.

Definition 2.26 For an inductive families perturbation � and an inductive half-total families perturbation � 0,
we define cochains

SWk
tot.E; �/ 2 C

k.BIZE / and SWk
half-tot.E; �

0/ 2 C k.B/

by
SWk

tot.E; �/.e/D hM.sk
'�e �
I @Dke /; Œ.D

k
e ; @D

k
e /�i 2 ZE .e/;

SWk
half-tot.E; �

0/.e/D hM..skhalf/'�e � 0 I @D
k
e /; Œ.D

k
e ; @D

k
e /�i 2 Z=2

for each k-cell e of B , respectively.

In Section 2.8, we shall prove:

Proposition 2.27 The cochains SWk
tot.E; �/ and SWk

half-tot.E; �
0/ are cocycles.

Proposition 2.28 The cohomology classes

ŒSWk
tot.E; �/� 2H

k.BIZE / and ŒSWk
half-tot.E; �

0/� 2Hk.BIZ=2/

are independent of the choice of � and � 0, respectively.

Thus we arrive at the following definition:

Definition 2.29 Define

SW k
tot.E/ 2H

k.BIZE / and SW k
half-tot.E/ 2H

k.BIZ=2/

by

SW k
tot.E/D ŒSWk

tot.E; �/� and SW k
half-tot.E/D ŒSWk

half-tot.E; �
0/�;

where � W B.k/! V….E/jB.k/ is an inductive families perturbation, and

� 0 W .Spinc.E; k/=Conj/.k/! V….E; k/0

is an inductive half-total families perturbation, respectively. We define also

SW k
tot.X/ 2H

k.BDiffC.X/IZEDiffC.X// and SW k
half-tot.X/ 2H

k.BDiffC.X/IZ=2/

by

SW k
tot.X/ WD SW k

tot.EDiffC.X// and SW k
half-tot.X/ WD SW k

half-tot.EDiffC.X//:
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Remark 2.30 There are two preceding constructions deeply related to SW k
tot.X/ and SW k

half-tot.X/.
Given (the isomorphism class of) a spinc structure s with d.s/D�k, let DiffC.X; s/ denote the group of
diffeomorphisms that preserve orientation and s. A characteristic class SW .X; s/ 2Hk.BDiffC.X; s//
was constructed by the first author [Konno 2021], which is defined by counting moduli spaces for s over
k-cells. A significant difference between this paper and [Konno 2021] is that SW k

tot.X/ and SW k
half-tot.X/

can be defined over the whole BDiffC.X/; in other words, defined for all oriented fiber bundles with
fiber X. On the other hand, SW .X; s/ in [Konno 2021] can be defined only for fiber bundles whose
monodromy preserve s.

The idea of the “total” construction is inspired by Ruberman’s construction [2001] of his total Seiberg–
Witten invariant of diffeomorphisms SWtot.f; s/. The invariant SWtot.f; s/ is a numerical invariant, and
our invariant SW k

tot.X/ is, roughly, a cohomological refinement of SWtot.f; s/. More precisely, although
SWtot.f; s/ was defined by summing up the moduli spaces over the orbit f.f n/�sgn2Z, to define an
invariant SW k

tot.X/ independent of s, we shall use the sum over all spinc structures s with d.s/D�k. This
is why we need to consider also SW k

half-tot.X/, not as in Ruberman’s situation [2001]: in most cases, the
contribution from the orbit f.f n/�sgn2Z cancels out that from the conjugate orbit f.f n/�xsgn2Z over Z=2.

2.8 Well-definedness

In this Section 2.8, we prove Proposition 2.27 (cocycle) and Proposition 2.28 (well-definedness). Some
parts of the proofs are simple adaptations of arguments in [Konno 2021, Subsection 6.2], and in such
cases we just indicate corresponding propositions of [Konno 2021].

First, we shall note naturality results. As in Section 2.7, let k > 0 and let X be a closed oriented smooth
4-manifold with bC.X/� kC 2. Let B be a CW complex, and let X !E! B be a fiber bundle with
structure group DiffC.X/. The following is a straightforward consequence of Lemma 2.5:

Lemma 2.31 In the setup of Definition 2.26, suppose that B is compact. Then we have

M.sk� IB
.k�1//D SWk

tot.E; �/ and M..skhalf/� 0 IB
.k�1//D SWk

half-tot.E; �
0/

in Hk.B.k/; B.k�1/IZE /D C k.BIZE / and Hk.B.k/; B.k�1/IZ=2/D C k.B/, respectively.

Proof We can adapt the proof of [Konno 2021, Lemma 6.13], described below. We give a proof for
SWk

tot.E; �/, as the proof for SWk
half-tot.E; �

0/ is similar.
Let e be a k-cell of B , and let 'e WDke ! B be its characteristic map. Because of the compactness

of B and Dke , we can apply Lemma 2.5 to 'e WDke ! B , and thus we obtain

'�eM.sk� IB
.k�1//DM.'�e s

k
� I @D

k
e /:

Then, from the definition of SWk
tot.E; �/, the isomorphisms

C k.BIZE /DH
n.B.k/; B.k�1/IZE /

L
e '
�
e���!

M
e : k-cell of B

Hk.Dke ; @D
k
e I'
�
eZE /

imply the desired equality M.sk� IB
.k�1//D SWk

tot.E; �/. This completes the proof.
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This Lemma 2.31 implies the naturality for cochains:

Proposition 2.32 Let B 0 be a CW complex and f W B 0! B be a cellular map. Then we have

f �SWk
tot.E; �/D SWk

tot.f
�E; f ��/ and f �SWk

half-tot.E; �/D SWk
half-tot.f

�E; f ��/

in C k.BIZf �E / and in C k.B/, respectively.

Proof Using Lemmas 2.5 and 2.31, We adapt the proof of [Konno 2021, Proposition 6.14], described
below. We give a proof for SWk

tot.E; �/, as the proof for SWk
half-tot.E; �

0/ is similar.
Let e be a k-cell of B 0, and let 'e WDke ! B 0 be its characteristic map. Take a finite subcomplex K 0

of B 0 that contains 'e.Dke /, and also take a finite subcomplex K of B that contains f .K 0/. By applying
Lemma 2.31 to � jK.k/ , we have

(17) M
�
sk� j

K.k�1/
IK.k�1/

�
D i�KSWk

tot.E; �/

in C k.K.k/IZE / D C k.KIZE /, where iK W K ,! B is the inclusion. On the other hand, since
K.k/; K 0.k/;Dke are compact, we can apply Lemma 2.5 to the restriction f W K 0.k/ ! K.k/ and 'e,
and thus we obtain

(18) '�e f
�M.sk� j

K.k�1/
IK.k�1//DM.'�e f

�sk� j
K.k�1/

I @Dke /:

Since '�e f
�sk� D s

k
'�e f ��

, it follows from (17) and (18) that

'�e f
�SWk

tot.E; �/DM.sk
'�e f ��

I @Dke /;

which implies that

f �SWk
tot.E; �/.e/D hf

�SWk
tot.E; �/; ei D h'

�
e f
�SWk

tot.E; �/; ŒD
k
e ; @D

k
e �i

D hM.sk
'�e f ��

I @Dke /; ŒD
k
e ; @D

k
e �i D hSWk

tot.f
�E; f ��/; ei:

It directly follows from Proposition 2.32 and the cellular approximation theorem that:

Corollary 2.33 Let B 0 be a CW complex and f W B 0! B be a continuous map. Then

f �SW k
tot.E/D SW k

tot.f
�E/ and f �SW k

half-tot.E/D SW k
half-tot.f

�E/

hold in Hk.B 0If �ZE /.ŠHk.B 0IZf �E // and in Hk.B 0IZ=2/, respectively.

Applying Corollary 2.33 to the identity map, we have that the cohomology class SW k
tot.E/ is indepen-

dent of the choice of CW structure of B . It also follows from a formal argument that SW k
tot.E/ can be

defined for any oriented smooth fiber bundle with fiber X over an arbitrary topological space, not only
over a CW complex; see [Konno 2021, Lemma 6.8].

Proof of Proposition 2.27 This corresponds to [Konno 2021, Proof of Proposition 6.2]. As the statement
for SWtot is proven by a rather direct adaptation of [Konno 2021], here we give a proof of the statement
for SWhalf-tot for the reader’s convenience. As noted in Section 2.6, we can extend the construction of an
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inductive half-total families perturbation to the .kC1/-skeleton, thanks to the condition that bC.X/�kC2.
Let

� 0 W
�
Spinc.E; k/=Conj

�.kC1/
! V….E; k/0

be an extension of � 0 to the .kC1/-skeleton.
Let e be a .kC1/-cell of B with the characteristic map 'e W DkC1e ! B . Fix a homeomorphism

between DkC1e and �kC1, the standard .kC1/-simplex. Let DkC1e be equipped with a CW structure
using the standard CW structure on �kC1 via this homeomorphism. By cellular approximation, we can
suppose that 'e is cellular.

We rewrite ıSWhalf-tot.E; �
0/.e/ as follows. First, from a direct computation with Proposition 2.32 it

follows that

(19) ıSWhalf-tot.E; �
0/.e/D SWhalf-tot.'

�
eE; '

�
e �
0/.@�kC1/:

Next, it follows from Lemma 2.31 that

(20) M..skhalf/'�e � 0j.�kC1/.k/
I .�kC1/.k�1//D SWhalf-tot.'

�
eE; '

�
e �
0/;

where '�e �
0j.�kC1/.k/ denotes the restricted section

'�e �
0
j.�kC1/.k/ W

�
Spinc.'�eE; k/=Conj

�.kC1/
j.�kC1/.k/ !

V….'�eE; k/
0
j.�kC1/.k/ :

As a last piece of the proof, because of the vanishing of the moduli space over the .k�1/-skeleton, we
may obtain a cohomology class

M..skhalf/'�e � 0 I .�
kC1/.k�1// 2Hk.�kC1; .�kC1/.k�1/IZ=2/:

Let

i W ..�kC1/.k/; .�kC1/.k�1// ,! .�kC1; .�kC1/.k�1//

denote the inclusion. Then we have

(21) i�M..skhalf/'�e � 0 I .�
kC1/.k�1//DM..skhalf/'�e � 0j.�kC1/.k/

I .�kC1/.k�1//:

Now, a straightforward calculation using (19)–(21) with i�@�kC1D0 verifies ıSWhalf-tot.E; �
0/.e/D0,

which proves that SWhalf-tot.E; �
0/ is a cocycle.

Proof of Proposition 2.28 This is an adaptation of [Konno 2021, Proof of Theorem 6.4]. Again we just
give a proof of the statement for SWhalf-tot. For j D 0; 1, let

� 0j D �
0.k/
j W

�
Spinc.E; k/=Conj

�.k/
! V….E; k/0

be inductive half-total families perturbations. Set

SWj D SWk
half-tot.E; �

0
j /:
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Let p W B � Œ0; 1� ! B be the projection. For each cell e of B equipped with a characteristic map
'e WD

k
e ! B , we fix a trivialization

z e W .'e � id/�p� V….E/!Ddim e
� Œ0; 1�� V….X/:

As in Section 2.6, we regard Spinc.E; k/=Conj as a covering space over B with fiber Spinc.X; k/=Conj.
Let yp W .Spinc.E; k/=Conj/ � Œ0; 1� ! Spinc.E; k/=Conj be the projection. Recall that 'e lifts to
characteristic maps .y'eŒs�/Œs�2Spinc.E;k/=Conj of cells .eŒs�/Œs�2Spinc.E;k/=Conj of Spinc.E; k/=Conj which
are lifts of e. Also, z e induces trivializations

yz eŒs� W .y'eŒs� � id/� yp� V….E; k/0!Ddim e
� Œ0; 1�� V….X/:

We inductively construct a section

z� 0 D z� 0.k/ W .Spinc.E; k/=Conj/.k/ � Œ0; 1�! yp� V….E; k/0

as follows. Assume that we have constructed a section z� 0.i�1/ for i � k such that

z� 0.i/j.Spinc.E;k/=Conj/.i/�fj g D �
0.i/
j

for j D 0; 1 and that Mz� 0.i�1/;half D¿. (This can be easily done for i D 0.) For an i -cell e of B , we take
a section

z� 0.i/ W .Spinc.E; k/=Conj/jxe � Œ0; 1�! yp� V….E; k/0

so that

� z� 0.i/j.Spinc.E;k/=Conj/jxe�fj g D �
0.i/
j j.Spinc.E;k/=Conj/jxe for j D 0; 1,

� z� 0.i/j.Spinc.E;k/=Conj/jxenfeg�Œ0;1� D �
0.i�1/j.Spinc.E;k/=Conj/jxenfeg�Œ0;1�, and

� the composition

DieŒs� � .0; 1/
.y'eŒs��id/�z� 0.i/
���������! .y'eŒs� � id/� yp� V….E; k/0

yz eŒs�
��!Di � Œ0; 1�� V….X/

p2
�! V….X/

is generic for every Œs� 2 Spinc.X; k/=Conj, where p2 is the second projection.

We may take the last composition map to be a map to V….X/ rather than to ….X/ since we have
bC.X/� kC 2. Thus we obtain a section

z� 0.i/ W .Spinc.E; k/=Conj/.i/ � Œ0; 1�! yp� V….E; k/0:

Equip Œ0; 1� with the standard CW structure and let I denote the unique 1-cell of Œ0; 1�. We define a
cochain eSW 2 C k�1.B/ by

eSWD SWk
half-tot.p

�E; z� 0/.e� I / for a .k�1/-cell e.

We claim that ıeSWD SW1CSW0, which completes the proof. First, we note the isomorphisms

C �.B � Œ0; 1�; B � f0; 1g/Š C �.B/˝C 1.Œ0; 1�/Š C �.B/:
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Here the first isomorphism is the Künneth isomorphism and the second one is the map C �.B/ !
C �.B/˝ C 1.Œ0; 1�/ given by u 7! u˝ I . Let e be a k-cell of B . Using that SWk

half-tot is a cocycle
(Proposition 2.27) and the naturality (Proposition 2.32), we have

0D ıSWk
half-tot.p

�E; z� 0/.e˝ I /D SWk
half-tot.p

�E; z� 0/.@.e˝ I //

DeSW.@e/CSWk
half-tot.p

�E; z� 0/.e˝ 1/CSWk
half-tot.p

�E; z� 0/.e˝ 1/

D ıeSW.e/CSW1.e/CSW0.e/;

which verifies the claim.

2.9 Vanishing under stabilizations

In this Section 2.9, we give vanishing theorems for SW tot and SW half-tot under stabilizations. Let M;N
be closed oriented smooth 4-manifolds. Choose smoothly embedded open 4-disks in M;N , and let VM; VN

denote the manifolds obtained from M;N by removing the open disks. We denote by Diff@. VM/ the group
of diffeomorphisms that are the identities on collar neighborhoods of @ VM . Consider the stabilization map

sM;M#N W Diff@. VM/! DiffC.M #N/

defined by extending elements in Diff@. VM/ with the identity of N.

Theorem 2.34 Let k � 0 and let M;N be closed oriented smooth 4-manifolds with bC.M/� kC 1 and
bC.N /� 1. Then we have

s�M;M#NSW k
tot.M #N/D 0:

Proof Set X DM #N , B D BDiff@.M/ and E. VM/D EDiff@. VM/. By gluing E. VM/ with the trivial
bundle B � VN along B �S3, we obtain a bundle with fiber X, which we denote by E.X/! B . Let Xb
denote the fiber of E.X/ over b 2 B . We use similar notation also for other bundles.

By the construction of SW tot, the claim of Theorem 2.34 follows once we construct an inductive
families perturbation � W B.k/ ! V….E.X//jB.k/ with the following property: for every b 2 B.k/ and
every spinc structure sXb 2 Spinc.Xb/ with d.sXb /D�k, the Seiberg–Witten equations for .Xb; sXb /
perturbed by �.b/ do not have a solution.

To construct such � , we shall consider a fiberwise neck stretching argument. Let us describe a setup to
discuss it. Let E. VM �/! B denote the bundle with fiber VM � D VM [ .Œ0;1/�S3/ obtained by gluing
E. VM/withB�.Œ0;1/�S3/. Fix the standard positive scalar curvature metric on the cylinder Œ0;1/�S3.
By requiring the restriction to the cylinder to be given by this standard metric and the zero perturbation
2-form, one has straightforward variants, such as V…. VM �/, of spaces of perturbations introduced in
Section 2.4 for the cylindrical-end family VM �. Whenever we consider the Seiberg–Witten equations on
a cylindrical-end 4-manifold, say VM �, we impose the standard boundary condition: asymptotic to the
unique reducible solution on S3.

Similarly, we may also consider the space of perturbations, say V…. VM/, for a punctured 4-manifold by
imposing that the restriction to neighborhoods of @ VM is given by the standard positive scalar curvature
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metric on Œ0; �/�S3 with the zero perturbation 2-form for some � >0. Whenever we consider the Seiberg–
Witten equations on a punctured 4-manifold, we impose the Atiyah–Patodi–Singer boundary condition.

By the assumption that bC.M/ � kC 1, as in Section 2.6, we can construct an inductive families
perturbation � VM WB

.k/! V…. VM/, with an underlying families metric, that satisfies the following property:
for every b 2 B.k/ and every spinc structure sMb 2 Spinc.Mb/ with d.sMb / < �k, the Seiberg–Witten
equations for . VMb; sMb / perturbed by � VM .b/ have neither reducible nor irreducible solutions.

On the other hand, by bC.N /� 1, we can find a perturbation �0VN 2
V…. VN/, with an underlying metric,

that satisfies the following property: the Seiberg–Witten equations on VN perturbed by �0VN do not have
reducible solution for every spinc structure sN 2 Spinc.N /, and have neither reducible nor irreducible
solution for every spinc structure sN 2 Spinc.N / with d.sN / < 0. We define � VN W B

.k/! V….B � VN/

to be the constant families metric/perturbation for the trivial family B � VN given by �0VN .
We equip VMb for b 2 B and VN with the underlying metrics of � VM .b/ and �0VN . For L > 0, define a

Riemannian manifold Mb #LN by inserting a cylinder of length 2L between VMb and VN,

Mb #LN D VMb [ .Œ�L;L��S
3/[ VN;

where the cylinder Œ�L;L� � S3 is equipped with the standard positive scalar curvature metric. By
zero extension, we obtain from � VM .b/ and �0VN a new perturbation � VM .b/ #L �

0
VN
2 V….E.X/b/, whose

underlying metric is given by the metric on Mb #LN described above.
Now we define a function f W B.k/! Œ0;1/[f1g by

f .b/D supfL 2 Œ0;1/ j property .�/b;Lg;

where property .�/b;L is that Mb #LN admits a solution to the Seiberg–Witten equations with respect
to �

VM
.b/ #L �

0
VN

for some spinc structure s on Mb #N with d.s/D�k. (Here we adopt the convention
that sup ¿D 0.)

Now we claim that f .b/ <1 for any b 2 B.k/, so f is regarded as a function f W B.k/! Œ0;1/,
and further f is upper semicontinuous. Once we verify this, it is straightforward to inductively construct
a continuous function L W B.k/ ! Œ0;1/ with L > f over B.k/. Then the perturbations/metrics
� VM .b/ #L.b/ �

0
VN

on Mb #L.b/ N yield the desired families perturbation � W B.k/ ! V….E.X//, which
completes the proof of Theorem 2.34.

To verify that f is finite-valued and is upper semicontinuous, it is enough to get a contradiction from
the following assumption: there are sequences fbig1iD1 � B

.k/ and fLig1iD1 �R such that

� fbig converges to some point b1 2 B.k/, and Li !C1 as i !1,

� for each i , there exists a solution 
i to the Seiberg–Witten equations for

.Mbi #Li N; � VM .bi / #Li �
0

VN
/

and for some spinc structure si on Mbi #N with d.si /D�k.
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To get a contradiction, first note that we have #fsi j i 2Ng<1, as in the proof of the finiteness of the
basic classes; see, for example, [Morgan 1996, Theorem 5.2.4]. Thus, after passing to a subsequence, we
may suppose that all si coincide with a common spinc structure, denoted by s. Then the solutions f
ig
converge to a pair of solutions 
1D .
M1 ; 


N
1/ on . VM �

b1
; VN �/ for the pair of perturbations .� VM .b1/; �

0
VN
/,

extended to VM � and VN � by zero, and for the pair of spinc structures .sjM ; sjN /. The existence of the
solution 
N1 and the choice of �0VN implies that d.sjN /� 0. Now d.sjM /<�k follows from this combined
with d.s/D�k and a general formula d.sjM /C d.sjN /C 1D d.s/. However, then the existence of the
solution 
M1 contradicts the choice of � VM . Thus we have proved the existence of the desired families
perturbation � , and this completes the proof of Theorem 2.34.

For SW half-tot, a statement analogous to Theorem 2.34 does not hold in general. The upshot is that, for
SW half-tot, one may not take a constant families perturbation for N as in the proof of Theorem 2.34.

Example 2.35 To get a counterexample to a statement for SW half-tot analogous to Theorem 2.34, let us
take N to be S2 �S2 and M to be a complete intersection of general type defined by real coefficient
polynomials so that M admits an involution f WM !M given by the complex conjugation. Then

(22) s�M;M#N .SW 1
half-tot.M #N//¤ 0:

As (22) is not needed in the proofs of our results, we only sketch the argument and summarize the
upshot. By isotopy, we may assume that f fixes a 4-disk in M. Let Mf ! S1 denote the mapping
torus with fiber M defined by f . Let BMf W S1! BDiff@.M/ be the classifying map of Mf and define
˛ WD .BMf /�.ŒS

1�/ 2H1.BDiffC.M/IZ=2/. The nonvanishing (22) follows from the fact that

(23) hSW 1
half-tot.M #N/; .sM;M#N /�.˛/i ¤ 0;

which is derived by an argument similar to Theorem 3.10, which we shall prove. The point is, since f
sends the canonical class of M to its conjugate, one needs to take a families perturbation for N that
causes the wall-crossing in the calculation of the pairing (23).

However, we still have the following vanishing for SW half-tot:

Theorem 2.36 Let k � 0 and let M;N be closed oriented smooth 4-manifolds with bC.M/; bC.N /�

kC 1. Then

s�M;M#NSW k
half-tot.M #N/D 0:

Proof The proof is quite similar to that of Theorem 2.34, so we describe only the upshot. We use the
notation in the proof of Theorem 2.34. Also, set E.N/DB �N and use the notation E. VN/, E. VN �/ in a
similar manner to M.

First, note that the Z=2-actions induced by the charge conjugation make a natural bijection

(24) Spinc.X; k/Š �
kDpCqC1

.Spinc.M; p/�Spinc.N; q//
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Z=2-equivariant, where the Z=2-action on the right-hand side is the diagonal action. With this in mind,
we may modify the definition of (spaces of) half-total families perturbations in Sections 2.5 and 2.6 to a
pair of (punctured) 4-manifolds. We define

V…. VM; VN; k/0 D

�
�

kDpCqC1

�
.Spinc.M; p/� V…. VM//� .Spinc.N; q/� V…. VN//

��.
.Z=2/;

where Z=2 acts as the diagonal action. Then, using the Z=2-equivariant bijection (24), E.M/ and E.N/
induce a fiber bundle

V….E. VM/;E. VN/; k/0! Spinc.E.X/; k/=Conj

with fiber V…. VM; VN; k/0. A half-total families perturbation is formulated as a section

� 0M;N W Spinc.E.X/; k/=Conj! V….E. VM/;E. VN/; k/0

that covers, as in the diagram (13), a pair of families metrics .zgM ; zgN / for E. VM/, E. VN/ with cylindrical
metrics near boundary. We require that the self-dual 2-forms that appear in a half-total families perturbation
are zero near the boundaries of VMb; VNb . Then we may glue � 0M;N near @ VMb; @ VNb to get a half-total
families perturbation for E.X/ in the sense of Section 2.6. We denote by

� 0VM #L � 0VN W Spinc.E.X/; k/=Conj! V….E.X/; k/0

the glued half-total families perturbation obtained by inserting the cylinder Œ�L;L��S3. Note also that
� 0M;N induces half-total families perturbations

� 0VM W Spinc.E.M/; p/=Conj! V….E. VM/; p/0 and � 0VN W Spinc.E.N /; q/=Conj! V….E. VN/; q/0

for E. VM/ and E. VN/ in the sense of Section 2.6, only with the modification that we allow punctured
4-manifolds, not just closed 4-manifolds.

Let M� 0
VM
;half;k and M� 0

VN
;half;k be the parametrized moduli spaces over B.k/ for � 0VM and � 0VN defined

by considering collections over
F
l>k Spinc.M; l/=Conj and

F
l>k Spinc.N; l/=Conj, respectively. By

the inequalities bC.M/; bC.N /� kC 1, one can take an inductive half-total families perturbation � 0M;N
so that M� 0

VM
;half;k and M� 0

VN
;half;k are empty.

Let � W Spinc.E.X/; k/=Conj!B be the projection. Define a function f 0 WB.k/! Œ0;1/[f1g by

f 0.b/D supfL 2 Œ0;1/ j property .�/0b;Lg;

where property .�/0
b;L

is that Mb #LNb admits a solution to the Seiberg–Witten equations with respect
to some perturbation that lies in .� 0VM #L � 0VN /.�

�1.b// and for some spinc structure s on Mb #Nb with
d.s/D�k.

Just as in the proof of Theorem 2.34, we have that f 0<C1 over B.k/ and f 0 is upper semicontinuous,
and there is a continuous function L0 W B.k/! Œ0;1/ with L0 > f 0 over B.k/, and

� 0VM #L0.b/ �
0
VN
W Spinc.E.X/; k/=Conj! V….E.X/; k/0
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is an inductive half-total families perturbation for which all moduli spaces relevant to

s�M;M#NSW k
half-tot.M #N/

are empty, which completes the proof.

Now, for an oriented closed smooth 4-manifold X, denote the stabilization map for X by S2 �S2 by

sX W Diff@. VX/! DiffC.X #S2 �S2/:

Theorems 2.34 and 2.36 immediately imply the following, which states that SW tot and SW half-tot are
unstable characteristic classes with respect to stabilizations by S2 �S2:

Corollary 2.37 Let k � 0 and let X be a closed oriented smooth 4-manifolds with bC.X/� kC 1. Then

s�XSW k
tot.X #S2 �S2/D 0 and s�X ı � � � ı s

�

X#kS2�S2SW k
half-tot.X # .kC 1/S2 �S2/D 0:

Note that, in the above proof of Theorem 2.36, the triviality of the bundle E.N/D B �N is not used,
and a similar (actually rather simpler) argument applies also to SW tot. We record this below, while we
do not use it in the rest of this paper. Let M;N be closed oriented smooth 4-manifolds, and B be a
CW complex. Let E.M/! B and E.N/! B be oriented smooth fiber bundles with fiber M and N
with structure group Diff@. VM/ and Diff@. VN/, respectively. Then we can form an oriented fiber bundle
E.M/ #f E.N/! B , with fiber M #N obtained by taking the fiberwise connected sum of E.M/ and
E.N/ along the trivial families of 4-disks in E.M/;E.N / corresponding to the punctures of M and N.

Theorem 2.38 In the above setup , let k � 0, and suppose that bC.M/; bC.N /� kC 1. Then

SW k
tot.E.M/ #f E.N//D 0 and SW k

half-tot.E.M/ #f E.N//D 0:

2.10 Positive scalar curvature

The vanishing of the Seiberg–Witten invariant for a positive scalar curvature metric extends to invariants
for families, and this generalization is useful for studying the topology of spaces of positive scalar
curvature metrics [Ruberman 2001; Konno 2019]. In this section, we formulate a corresponding vanishing
theorem in our framework.

Given an oriented smooth manifold X, recall that we defined notation

R.X/; RC.X/; M .X/; MC.X/

in Section 1.5. We start by noting that the space M .X/ classifies pairs .E; gE / of oriented fiber bundlesE
with fiber X and fiberwise metrics gE on E up to deformation equivalence, and MC.X/ classifies pairs
.E; gE / of oriented fiber bundles E with fiber X and fiberwise positive scalar curvature metrics gE up
to deformation equivalence. Indeed, let B be a CW complex and let X !E! B be an oriented fiber
bundle with fiber X over B . Let R.X/!R.E/! B denote the fiber bundle associated with E with
fiber R.X/. Suppose that E is equipped with a fiberwise metric gE . This corresponds to a section of
R.E/!B , which gives a lift of the classifying mapB!BDiffC.X/ ofE to EDiffC.X/�DiffC.X/R.X/.
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Similarly, a fiberwise positive scalar curvature metric gE on E corresponds to a lift of the classifying
map B! BDiffC.X/ of E to EDiffC.X/�DiffC.X/R

C.X/:

(25)

EDiffC.X/�DiffC.X/R
C.X/DMC.X/

��

B

gE

55

E
// BDiffC.X/

There are also other kinds of natural moduli spaces. Fix a point x0 2X, and let Diffx0.X/ denote the
group of diffeomorphisms that fix x0 and act on Tx0X trivially. If we suppose that X is a closed manifold,
then Diffx0.X/ acts freely on R.X/; see, e.g., [Botvinnik et al. 2010, Lemma 1.2]. The quotients

Mx0.X/DR.X/=Diffx0.X/ and MC
x0
.X/DRC.X/=Diffx0.X/

are called the observer moduli spaces of Riemannian metrics and metrics of positive scalar curvature,
respectively. These moduli spaces were introduced in [Akutagawa and Botvinnik 2002], and have been
extensively studied by several authors for higher-dimensional manifolds. See for instance [Botvinnik et al.
2010; Hanke et al. 2014].

Relative versions are also natural moduli spaces. Choose an embedded 4-disk D4 in X, and set
VX DX n Int.D4/. Let R@. VX/ denote the space of Riemannian metrics on X for which the restrictions

to collar neighborhoods of @ VX coincide with the standard cylindrical metric of positive scalar curvature
on Œ0; 1�� S3. Set RC

@
. VX/D R@. VX/\RC. VX/. It is easy to see that Diff@. VX/ acts freely on RC

@
. VX/.

Define

M@. VX/DR@. VX/=Diff@. VX/ and MC

@
. VX/DRC

@
. VX/=Diff@. VX/:

Let us compare the various moduli spaces above. Let

� WMC.X/ ,!M .X/; �x0 WM
C
x0
.X/ ,!Mx0.X/; �@ WM

C

@
. VX/ ,!M@. VX/

be injections induced from the inclusion RC.X/ ,!R.X/. Since the actions of Diffx0.X/ and Diff@. VX/
on spaces of metrics are free, the honest quotients by these groups are homotopy equivalent to correspond-
ing homotopy quotients. Also, let D4 be equipped with the restriction of the standard round metric of S4.
Gluing relative metrics with this round metric on D4, we have natural extension maps R@. VX/ ,!R.X/

and RC
@
. VX/ ,! RC.X/. With homotopy inverses from honest quotients to homotopy quotients, the

injections Diff@. VX/ ,! Diffx0.X/ ,! DiffC.X/ and extensions R@. VX/ ,! R.X/, RC
@
. VX/ ,! RC.X/

give rise to a homotopy commutative diagram

(26)

M@. VX/ // Mx0.X/
// M .X/

MC

@
. VX/ //

�@

OO

MC
x0
.X/ //

�x0

OO

MC.X/

�

OO
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Now we discuss the vanishing of the Seiberg–Witten characteristic classes. Let k > 0 and suppose that
X is an oriented closed smooth 4-manifold with bC.X/� kC2 so that the Seiberg–Witten characteristic
classes are well-defined. Since R.X/ is contractible, EDiffC.X/ � R.X/ is also contractible, and
EDiffC.X/�R.X/ is acted by DiffC.X/ freely. Thus M .X/ gives a model of the classifying space of
DiffC.X/, and hence we may regard the Seiberg–Witten characteristic classes as cohomology classes
on M .X/:

SW k
tot.X/ 2H

k.M .X/IZEDiffC.X//; SW k
half-tot.X/ 2H

k.M .X/IZ=2/:

Theorem 2.39 We have

��SW k
tot.X/D 0 and ��SW k

half-tot.X/D 0

in Hk.MC.X/I ��ZEDiffC.X// and in Hk.MC.X/IZ=2/, respectively.

Proof Fix a model of the universal principal DiffC.X/-bundle EDiffC.X/! BDiffC.X/. Then the
bundle EDiffC.X/�R.X/!M .X/ gives another model of the universal principal DiffC.X/-bundle.
Let E!MC.X/ denote the pullback of this bundle EDiffC.X/�R.X/!M .X/ under �. The claim
of Theorem 2.39 is equivalent to that SW k

tot.E/D 0 and SW k
half-tot.E/D 0.

We first prove SW k
tot.E/D0. LetEb denote the fiber ofE over a point b2MC.X/. Recall the notation

…�.X/D
S
g2R.X/L

2
l�1
.iƒCg .X// and regard R.X/ as a subset of…�.X/. From the construction of E,

we have E D EDiffC.X/�RC.X/. It follows from this that a DiffC.X/-equivariant map E!…�.X/

gives rise to a section of the fiber bundle

…�.X/!…�.E/
�
�!MC.X/;

which is a fiber bundle associated to E with fiber …�.X/ defined in Section 2.4. Similarly, we have an
associated fiber bundle RC.E/!MC.X/ with fiber RC.X/. Note that we have a fiberwise inclusion
RC.E/ ,!…�.E/ induced from the inclusion RC.X/ ,!…�.X/.

Let � W E ! …�.X/ be a DiffC.X/-equivariant map defined as the composition of the projection
EDiffC.X/�RC.X/!RC.X/ and the inclusion RC.X/ ,!…�.X/. Let

� WMC.X/!…�.E/

denote the section induced from �. Then � factors through RC.E/, and hence, for each b 2MC.X/, the
Seiberg–Witten equations for .Eb; �.b// have no irreducible solutions for all spinc structures because of
the standard vanishing for positive scalar curvature metrics.

Now we slightly perturb � to avoid reducibles. First, the nonexistence of irreducible solutions is
an open condition, hence there is an open neighborhood N�…�.E/ of the image of � for which, for
every n 2 N, the Seiberg–Witten equations for n have no irreducible solutions for all spinc structures.
We may suppose that N lies in ….E/, the space of perturbations with uniformly bounded norms. Since
N\ V….Eb/ is a codimension-bC.X/ subspace of Nb D fn 2N j �.n/D bg, it follows that N\ V….Eb/ is
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.bC.X/�2/-connected, as well as V….X/. Thus, as in Section 2.6, we may construct an inductive families
perturbation z� WMC.X/.k/! V….E/ whose image lies in N. This implies that SW k

tot.E/D 0.
The proof of that SW k

half-tot.E/ D 0 is similar to the above. Let us take the subset N � …�.E/ as
above. Define …�.X; k/0 D .Spinc.X; k/�…�.X//=.Z=2/. Recall that we let Z=2 act on …�.E/ as
the fiberwise .�1/-multiplication, where we regard …�.E/ as a fiber bundle with fiber L2

l�1
.iƒCg .X//

for a metric g. By taking N smaller, we may assume that N is preserved under the Z=2-action. This N

induces an open neighborhood N0 �…�.E; k/
0 of .Spinc.X; k/�RC.X//=.Z=2/ for which, for every

n 2 N0, the Seiberg–Witten equations for n have no irreducible solutions. Then we can construct an
inductive half-total families perturbation � 0 W .Spinc.E; k/=Conj/.i/! V….E; k/0 whose image lies in N0.
This proves that SW k

half-tot.E/D 0.

Corollary 2.40 Let X !E! B be an oriented smooth fiber bundle with fiber X that admits a fiberwise
positive scalar curvature metric. Then

SW k
tot.E/D 0 and SW k

half-tot.E/D 0:

Proof This is a direct consequence of Theorem 2.39 combined with the commutative diagram (25).

Corollary 2.41 Suppose that there is a homology class ˛ 2Hk.BDiffC.X/IZ/ such that either

hSW k
tot.X/; ˛i ¤ 0 or hSW k

half-tot.X/; ˛i ¤ 0

holds. Then we have the following:

(i) The map
�� WHk.M

C.X/IZ/!Hk.M .X/IZ/

is not surjective.

(ii) If ˛ lies in the image of the map Hk.BDiffx0.X/IZ/!Hk.BDiffC.X/IZ/, then the map

.�x0/� WHk.M
C
x0
.X/IZ/!Hk.Mx0.X/IZ/

is not surjective.

(iii) If ˛ lies in the image of the map Hk.BDiff@. VX/IZ/!Hk.BDiffC.X/IZ/, then the map

.�@/� WHk.M
C

@
. VX/IZ/!Hk.M@. VX/IZ/

is not surjective.

Proof It follows from Theorem 2.39 that ˛ lies in the cokernel of ��, which proves the claim (i).
Claims (ii) and (iii) follow from the homotopy commutative diagram (26) with homotopy equivalences
Mx0.X/' BDiffx0.X/ and M@. VX/' BDiff@. VX/.

We remark that the nonsurjectivity result (Corollary 2.41) for k D 1 implies the disconnectivity of
RC.X/:
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Lemma 2.42 Let X be a smooth manifold. If �� WH1.MC.X/IZ/!H1.M .X/IZ/ is not surjective ,
then RC.X/ is not connected.

Proof Let 
 2 H1.M .X/IZ/ be a nonzero element in the cokernel of ��. Since the Hurewicz map
h W �1.M .X//!H1.M .X/IZ/ is surjective, we may take an element y
 2 h�1.
/. Since the Hurewicz
maps are compatible with ��, we have that y
 … Im.�1.MC.X//! �1.M .X///.

Now consider the commutative diagram induced from the fibrations DiffC.X/!EDiffC.X/�R.X/!

M .X/ and DiffC.X/! EDiffC.X/�RC.X/!MC.X/:

0 // �1.M .X//
@

Š
// �0.DiffC.X// // 0

�1.R
C.X// //

OO

�1.M
C.X// //

OO

�0.DiffC.X//
i�
// �0.R

C.X//

OO

Here the two rows are exact. By y
 … Im
�
�1.M

C.X//! �1.M .X//
�
, it is easy to check that the element

i� ı @.y
/ 2 �0.R
C.X// is nontrivial.

In Section 5 we prove the following theorem, which generalizes Theorem 1.11 explained in Section 1:

Theorem 2.43 Let X be a simply connected closed oriented smooth 4-manifold and let k > 0. Then there
exists a sequence of positive integers N1 <N2 < � � � ! C1 such that for all i , none of the maps

�� WHk.M
C.X #NiS2 �S2/IZ/!Hk.M .X #NiS2 �S2/IZ/;

.�x0/� WHk.M
C
x0
.X #NiS2 �S2/IZ/!Hk.Mx0.X #NiS2 �S2/IZ/;

.�@/� WHk.M
C

@
. VX #NiS2 �S2/IZ/!Hk.M@. VX #NiS2 �S2/IZ/;

are surjective.

Remark 2.44 For the moduli space M@. VX/, we may consider stabilization. Let us fix a metric on
.Œ0; 1��S3/#S2�S2 whose restriction to a collar neighborhood of the boundary is a pair of the standard
cylindrical metrics on Œ0; 1��S3. Then we may define a stabilization map R. VX/!R. VX #S2 �S2/ by
gluing the fixed metric on .Œ0; 1��S3/ #S2 �S2. This gives rise to a stabilization map between moduli
spaces, sM WM@. VX/!M@. VX#S2�S2/. Seeing the proof of Theorem 2.43, one can find that the cokernels
of the maps .�@/� contain nonzero elements ˛i 2Hk.M@. VX #NiS2 �S2/IZ/ which are unstable, i.e.,

˛i 2 coker..�@/�/\ ker..sM /�/:

3 Calculation
3.1 Multiple mapping torus

This section is devoted to giving preliminary results on multiple mapping tori, to carry out calculations of
the Seiberg–Witten characteristic class in subsequent discussions.

We start by setting up some notation. Let W be an oriented compact 4-manifold with (possibly empty)
boundary. We use Diff@.W / to denote the group of orientation-preserving diffeomorphisms on W that
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equals identity near the boundary. (So Diff@.W / is just DiffC.W / when W is closed.) We use Diff@.W /ı

to denote the same group equipped with the discrete topology. Consider a smooth oriented bundle
W ! E! B with structure group Diff@.W /. We also use E to denote the corresponding classifying
map E W B ! BDiff@.W /. This map is well-defined up to homotopy. Similarly, when E carries a flat
structure, we also use E to denote the corresponding map from B to the moduli space BDiff@.W /ı .

Let f1; : : : ; fk be mutually commuting orientation-preserving diffeomorphisms of W supported in
Int.W /. Let

W !Wf1;:::;fk ! T k

denote the multiple mapping torus of f1; : : : ; fk with fiber W. The bundle Wf1;:::;fk carries a canonical
flat structure since it is the quotient of the product bundle W �Rk by a free Zk-action. Hence we get an
induced map

Wf1;:::;fk W T
k
! BDiff@.W /

ı :

We give the following technical lemma, which shall be useful later.

Lemma 3.1 Let W 0 � Int.W / be a compact embedded 4-dimensional submanifold with boundary and
let U be an open neighborhood of W nW 0 in W. Suppose that , for any i � 2, the restriction fi jW 0 is
the identity. Moreover , suppose that there is a smooth isotopy F t1 from f1 to the identity that fixes U
pointwise. Then

Wf1;:::;fk ;�ŒT
k�D 0 2Hk.BDiff@.W /

ı
IZ/:

Proof By our assumption, the restriction f1jW 0 belongs to the unit component of Diff@.W 0/, denoted
by Diff0@.W

0/. By Thurston’s result [1974], the group Diff0@.W
0/ is simple. So f1jW 0 equals a product

of commutators of some elements in Diff0@.W
0/. By extending these elements with the identity map on

W nW 0, we obtain diffeomorphisms g1; : : : ; gn; h1; : : : ; hn that satisfy

f1 D

nY
jD1

gjhjg
�1
j h�1j :

Furthermore, for any 1 � j � n and 2 � i � k, both gj and hj commute with fi since their supports
do not intersect. Let † be a compact oriented surface of genus n with a single boundary component.
Consider a homomorphism

� W �1.†�T
k�1/! Diff@.W /

that sends the generators to g1; : : : ; gn; h1; : : : ; hn; f2; : : : ; fk . Then � induces a flat bundle

W !E!†�T k�1;

whose restriction to @.†�T k�1/ is isomorphic to Wf1;:::;fk . As a result, the map

Wf1;:::;fk W T
k
! BDiff@.W /

ı

can be extended to †�T k�1. This directly implies Wf1;:::;fk ;�ŒT
k�D 0.
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Now we start calculating the families Seiberg–Witten invariants of multiple mapping tori. For the rest of
Section 3.1, we fix k > 0 and set W DX to be a closed oriented smooth 4-manifold with bC.X/� kC2.
We first note that one may interpret the evaluation

hSW k
half-tot.Xf1;:::;fk /; ŒT

k�i 2 Z=2

in the following way. Let us fix a section

� W Spinc.X; k/=Conj! Spinc.X; k/:

As explained in Example 2.23, we can get a families perturbation for Xf1;:::;fk from a collection of maps�
�Œs� W Œ0; 1�

k
! V….X/

�
Œs�2Spinc.X;k/=Conj

with the patching condition (16). For each s0 2 Spinc.X/ and each �Œs�, we may consider the parametrized
moduli space

M.X; s0; �Œs�/D
[

t2Œ0;1�k

M.X; s0; �Œs�.t//;

where M.X; s0; �Œs�.t// is just the usual Seiberg–Witten moduli space for the perturbation �Œs�.t/. If we
take generic �Œs� so that the parametrized moduli spaces for �Œs� over @Œ0; 1�k are empty for all spinc

structures, this gives rise to an inductive families perturbation � W Spinc.E; k/=Conj! V….E; k/0 in the
sense of Section 2.6. Also we take �Œs� so that the parametrized moduli spaces for �Œs� is smooth over
Int.Œ0; 1�k/ for all spinc structures. Then

(27) hSW k
half-tot.Xf1;:::;fk /; ŒT

k�i D
X

s2�.Spinc.X;k/=Conj/

#M.X; s; �Œs�/

in Z=2, where # denotes the mod 2 count of the moduli space.
A main goal of the rest of this section is to reduce the right-hand side of (27) to a computable

quantity under a certain assumption. As a first step, it is convenient to introduce the numerical families
Seiberg–Witten invariant here. Given a family X!E!B with structure group DiffC.X/ over a closed
manifold B of dimension k and s 2 Spinc.X; k/, if the monodromy action of E fixes s, one may define
the numerical families Seiberg–Witten invariant [Baraglia and Konno 2020; Konno 2021]:

SW.E; s/ 2 Z=2:

This is similar to the families Seiberg–Witten invariant defined by Li and Liu [2001] for families of spinc

4-manifolds, but one may define SW.E; s/ for a family of 4-manifolds (rather than spinc 4-manifolds) as
long as the monodromy action fixes the isomorphism class s. If we have a generic families perturbation
as explained in Section 2.6, we can calculate SW.E; s/ by counting the parametrized moduli space for
the families perturbation. Using the characteristic class SW .E; s/ 2Hk.BIZ=2/ introduced in [Konno
2021], SW.E; s/ can be written as SW.E; s/ D hSW .E; s/; ŒB�i. The following lemma immediately
follows from the naturality of the characteristic class:
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Lemma 3.2 Let B 0 be a closed manifold of dimension < k, and � W B! B 0 be a continuous map. Let
X !E 0! B 0 be a DiffC.X/-bundle whose monodromy preserves s. Then SW.��E 0; s/D 0.

Let k0 2 f1; : : : ; kg, and let pk0 W T
k ! T k be a surjective map obtained as the product of k0-th

copies of a degree-2 map S1! S1 and .k�k0/-th copies of the identity of S1. If .f 2i /
� preserves a

spinc structure s for i � k0 and fi preserves s for i � k0C1, the monodromy of the bundle p�
k0
Xf1;:::;fk

preserves s, and thus we can define SW.p�
k0
Xf1;:::;fk ; s/.

For i1; : : : ; il 2 f1; : : : ; kg with i1 < � � � < il and for ai1 ; : : : ; ail 2 Z, let .f
ai1 ;:::;ail
i1;:::;il

/� denote the
composition of pullbacks .f

ai1
i1

/�; : : : ; .f
ail
il
/�.

Lemma 3.3 In the above setup , let s 2 �.Spinc.X; k/=Conj/ and let k0 2 f1; : : : ; kg. Suppose that

� f �i s¤ s and .f 2i /
�sD s if i � k0,

� f �i sD s for i � k0C 1, and

� .f
a1;:::;ak
1;:::;k

/�s 2 �.Spinc.X; k/=Conj/ for all ai 2 f0; 1g.

Then

(28)
X

f.f
a1;:::;ak
1;:::;k

/�sja1;:::;ak2f0;1gg

#M
�
X; .f

a1;:::;ak
1;:::;k

/�s; �
.f
a1;:::;ak
1;:::;k

/�Œs�

�
D SW.p�k0Xf1;:::;fk ; s/

in Z=2.
Moreover , if there are i 2 f1; : : : ; k0g and a smooth isotopy F ti between f 2i and the identity such that

f 21 ; : : : ; F
t
i ; : : : ; f

2
k0
; fk0C1; : : : ; fk mutually commute for all t , then SW.p�

k0
Xf1;:::;fk ; s/D 0 in Z=2

and hence the left-hand side of (28) is also zero.

Proof We shall use the notation of Example 2.23. Set o.fi /D 2 for i � k0 and o.fi /D 1 for i � k0C1.
We prove (28) by showing that the both sides of (28) are equal to the count of a parametrized moduli
space #M.X; s; � 0/ for some families perturbation � 0 W Œ0; 1�k! V….X/.

First, by the patching condition (16) and our assumption

.f
a1;:::;ak
1;:::;k

/�s 2 �.Spinc.X; k/=Conj/;

it follows that, for each i � k0, 1� i1 < � � �< il � k and t D .t1; : : : ; tk/ 2 Œ0; 1�
k with ti D 0,

f �i .�f �i1 :::f
�
il
Œs�.t//D �f �

i
f �
i1
:::f �

il
Œs�.t

i
/:

Thus the families perturbations �f �
i1
:::f �

il
Œs� and �f �

i
f �
i1
:::f �

il
Œs� can be glued via f �i along I k�1i;0 and I k�1i;1 ,

where for aD 0; 1,

(29) I k�1i;a D f.t1; : : : ; tk/ 2 Œ0; 1�
k
j ti D ag:

Figure 1 illustrates this gluing for k D k0 D 2.
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�f �
2
Œs� �f �

1
f �
2
Œs�

�Œs� �f �
1
Œs�

f �
2

f �
1

f �
2

f �
1
f �
2

f �
1

Figure 1: Gluing families perturbations for k D k0 D 2. Families perturbations parametrized byF
4Œ0; 1�

2 are glued and form a families perturbation parametrized by Œ0; 2�2.

Therefore the collection

(30)
G

f.f
a1;:::;ak
1;:::;k

/�s ja1;:::;ak2f0;1gg

�
�f �
i1
:::f �

il
Œs� W Œ0; 1�

k
! V….X/

�

of 2k0-tuple of maps is glued via f 0i s with i � k0 and forms a continuous map

� 00 W Œ0; 2�k0 � Œ0; 1�k�k0 ! V….X/:

Let � 0 W Œ0; 1�k! V….X/ be the map obtained from � 00 by rescaling Œ0; 2� by 1
2

. Thus the left-hand side
of (28), which is the count for the disjoint union (30), coincides with #M.X; s; � 0/.

Next, one may see that, using (16) and .f 2i /
�sD s, the above families perturbation � 0 satisfies the

following condition: for distinct i1; : : : ; il 2 f1; : : : ; kg with i1 < � � � < il and t D .t1; : : : ; tn/ 2 Œ0; 1�
k

with ti1 D � � � D til D 0, we have

(31) .f
o.i1/;:::;o.il /
i1;:::;il

/�� 0.t/D � 0.t
i1;:::;il /;

where t
i1;:::;il

D .t 01; : : : ; t
0
k
/ with t 0j D tj if j … fi1; : : : ; ilg and t 0j D 1 if j 2 fi1; : : : ; ilg. Now it is easy

to see that #M.X; s; � 0/ coincides with the right-hand side of (28), which completes the proof of the claim.
This is because, just as in Example 2.23, the families perturbation � 0 with the patching condition (31) gives
rise to a families perturbation for the multiple mapping torus p�

k0
Xf1;:::;fk DXf 21 ;:::;f

2
k0
;fk0C1;:::;fk

!T k .

To see the “moreover” part, note that

p�k0Xf1;:::;fk ŠXf 21 ;:::;f
2
k0
;fk0C1;:::;fk

ŠXf 21 ;:::;id;:::;f
2
k0
;fk0C1;:::;fk

follows from the assumption, where id is in the i -th entry. Let � W T k! T k�1 be the projection onto the
f1; : : : ; kg n fig-factors of S1. Then the above isomorphism implies that

p�k0Xf1;:::;fk Š �
�X
f 21 ;:::;

{id;:::;f 2
k0
;fk0C1;:::;fk

;
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where {id indicates that this entry is removed. It follows from this combined with Lemma 3.2 that
SW.p�

k0
Xf1;:::;fk ; s/D 0.

Corollary 3.4 Let f1; : : : ; fk 2 DiffC.X/ be mutually commuting diffeomorphisms with the following
properties:

� For every i D 1; : : : ; k, fi preserves �.Spinc.X; k/=Conj/, and the action on �.Spinc.X; k/=Conj/
satisfies the conditions that f �i ¤ id and .f 2i /

� D id.

� There exist isotopies .F ti /t2Œ0;1� from f 2i to the identity for all i 2 f1; : : : ; kg such that , for any
i ¤ j and any t 2 Œ0; 1�, the maps F ti and fj commute with each other.

Then

(32) hSW k
half-tot.Xf1;:::;fk /; ŒT

k�i D
X

s2�.Spinc.X;k/=Conj/
f �
i
sDs 8i2f1;:::;kg

SW.Xf1;:::;fk ; s/:

Proof The diffeomorphisms f1; : : : ; fk give rise to a .Z=2/k-action on the set �.Spinc.X; k/=Conj/.
Given s 2 �.Spinc.X; k/=Conj/, if there is i 2 f1; : : : ; kg such that f �i s¤ s, we may apply Lemma 3.3
to s (by renaming indices of fi ) and obtain that the contribution of the .Z=2/k-orbit of s in the sum of
the right-hand side of (27) is zero.

As in Examples 2.21 and 2.22, if a spinc structure s 2 �.Spinc.X; k/=Conj/ is preserved by the mon-
odromy of Xf1;:::;fk , the families perturbation �Œs� can be taken so that #M.X; s; �Œs�/D SW.Xf1;:::;fk ; s/.
Thus the claim of Corollary 3.4 follows from (27).

Another important input in calculating the Seiberg–Witten characteristic class is a gluing formula
for the numerical families Seiberg–Witten invariant. To state this, we need to introduce some notation.
In general, for an oriented closed 4-manifold X and for an oriented fiber bundle X ! E ! B with
fiber X, there is an associated a vector bundle Rb

C.X/ ! HC.E/! B; see, e.g., [Li and Liu 2001;
Baraglia and Konno 2020]. Roughly, HC.E/ is defined by the action of DiffC.X/ on the Grassmannian
of maximal-dimensional positive-definite subspaces of H 2.X IR/ together with the transition functions
of E. While HC.E/ is determined by E only up to isomorphism, once we take a fiberwise metric on E,
the space of fiberwise self-dual harmonic 2-forms gives a model of HC.E/.

Now let X be an oriented closed smooth 4-manifold with bC.X/� 2 and b1.X/D 0, and let B be a
closed smooth manifold B of dimension k > 0. Let X!E1!B denote the trivial bundle: E1DB �X.
Let kS2 � S2! E2! B be a DiffC.kS2�S2/-bundle over B and suppose that E2 admits a section
whose normal bundle is trivial. By choosing such a section and a trivialization of its normal bundle,
we may form a fiberwise connected sum X # k.S2 � S2/! E1 #f E2 ! B . Let sS denote the spin
structure on kS2 �S2. For a spinc structure t with d.t/D 0 on X, the connected sum t # sS is invariant
under the monodromy of E1 #f E2 and we have d.t # sS /D�k. Thus the numerical families invariant
SW.E1 #f E2; t # sS / 2 Z=2 makes sense.
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Proposition 3.5 In the above setup , suppose that the Stiefel–Whitney class wk.HC.E2// 2Hk.BIZ=2/

is nonzero. Then , for a spinc structure t on X with d.t/D 0,

SW.E1 #f E2; t # sS /D SW.X; t/

in Z=2. In particular , X
t2�0.Spinc.X;0/=Conj/

SW.E1 #f E2; t # sS /D SW 0
half-tot.X/

in Z=2.

Proof This is a direct application of a families gluing formula proven in [Baraglia and Konno 2020,
Theorem 1.1].

3.2 Key calculation

In this section we calculate the Seiberg–Witten characteristic class for a special type of multiple mapping
tori (Theorem 3.10). This is the key computation to prove the main results explained in Section 1.

We again start with some notation. Let W be a smooth 4-manifold with a single boundary component.
We use WS to denote the once stabilized manifold

W [@W
�
.Œ0; 1�� @W / #S2 �S2

�
:

Here .Œ0; 1��@W /#S2�S2 denotes the inner connected sum. For k � 1, we use WkS to denote the k-th
stabilized manifold: we use WkS instead of W # kS2 �S2 when we want to specify the way of doing
connected sums. Note that we have natural stabilization maps

sW W BDiff@.W /! BDiff@.WS /;(33)

sıW W BDiff@.WkS /
ı
! BDiff@.W.kC1/S /

ı ;(34)

defined by extending a diffeomorphism with the identity map. We write sı and s when W is clear from
the context.

We can also define the stabilization of a closed manifold X. We pick a smooth embedded D4 in a local
chart and consider the punctured manifold VX WDX n Int.D4/. Then we define

XkS WD VXkS [S3 D
4:

Note that the stabilization maps (33) and (34) are not well-defined for closed X. Next, we discuss a general
construction of multiple mapping tori with fiber WkS . Let S D S2 �S2 n Int.D4/ and let f 2 Diff@.S/
be a relative diffeomorphism that acts as the .�1/-multiplication on H2.S IZ/. Such f can be obtained
from the diffeomorphism defined as the product of two copies of the reflection on S2 about the equator,
after deforming near D4 by isotopy. Note that f 2 is the boundary Dehn twist on S2 � S2 n Int.D4/.
Using the circle action on S2 �S2, one finds a smooth isotopy fF tgt2Œ0;1� from f 2 to the identity.
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Note that there are k disjoint copies of embedded S in WkS , which we denote by S1; : : : ; Sk . By
extending the diffeomorphism f on Si with the identity map on W nSi , we obtain diffeomorphisms

f1; : : : ; fk WWkS !WkS

that mutually commute with each other. Furthermore, by extending the isotopy fF tgt2Œ0;1� on Si with
the identity map, we obtain a smooth isotopy

(35) fF ti WWkS !WkSgt2Œ0;1�

from f 2i to the identity map, which is supported in Si .
Now we take the multiple mapping torus

(36) WkS ! .WkS /f1;f2;:::;fk ! T k

and denote it by Ek.W /. The fiber bundle Ek.W / carries a natural flat structure and hence induces a
map

Ek.W / W T k! BDiff@.WkS /
ı :

Lemma 3.6 For any W with zero or one boundary component , one has

2 �Ek.W /�ŒT
k�D 0 2Hk.BDiff@.WkS /

ı
IZ/:

Proof Consider the multiple mapping torus

WkS ! .WkS /f 21 ;f2;:::;fk
! T k :

It is the pullback of Ek.W / under a degree-2 map T k! T k . Hence we have

2 �Ek.W /�ŒT
k�D ..WkS /f 21 ;f2;:::;fk

/�ŒT
k�:

We can apply Lemma 3.1 to finish the proof.

Lemma 3.7 For any W with a single boundary component , the diagram

(37)

BDiff@.W.kC1/S /ı

T k

Ek.WS /
88

Ek.W /

// BDiff@.WkS /ı

sıWkS

OO

commutes up to homotopy. Furthermore , letW 0 be another smooth manifold with boundary. ThenEk.W /
and Ek.W 0/ are isomorphic as smooth bundles with flat structures if W and W 0 are diffeomorphic.
Similarly, Ek.W / and Ek.W 0/ are isomorphic as topological bundles with flat structures if W and W 0

are homeomorphic.

Proof This is a straightforward check, using definitions.
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Now we set W to be a closed manifold X and discuss the families Seiberg–Witten invariant.

Lemma 3.8 For any oriented closed smooth 4-manifold X with bC.X/� kC 2, we have

hSW k
half-tot.E

k.X//; ŒT k�i D SW 0
half-tot.X/:

Proof First, we fix a section
�0 W Spinc.X/=Conj! Spinc.X/:

Then, for given Œs� 2 Spinc.XkS /=Conj, we set �.Œs�/ to be the spinc structure s0 with Œs0� D Œs� that
satisfies s0jX D �0.Œs0jX �/. This defines a section

�1 W Spinc.XkS /=Conj! Spinc.XkS /;

and restricting this we obtain a section

� W Spinc.XkS ; k/=Conj! Spinc.XkS ; k/:

Note that the isotopy fF ti g satisfies the conditions of Corollary 3.4. Thus we can reduce the calculation
of SW k

half-tot.E
0/ to monodromy invariant spinc structures. By Corollary 3.4, we have

(38) hSW k
half-tot.E

k.X//; ŒT k�i D
X

s2�.Spinc.XkS ;k/=Conj/
f �
i
sDs 8i2f1;:::;kg

SW.Ek.X/; s/:

On the other hand, the action of fi on the second homology group equals �1 on .S2 � S2/i and
equals 1 on the other summands. From this, we see that a spinc structure on XkS is preserved by all fi if
and only if it can be written as the connected sum t # sS between a spinc structure t on X and the spin
structure sS on k.S2 �S2/. Thus we can apply Proposition 3.5 and getX

s2�.Spinc.XkS ;k/=Conj/
f �
i
sDs 8i2f1;:::;kg

SW.Ek.X/; s/D
X

t2�.Spinc.X;0/=Conj/

SW.Ek.X/; t # sS /

D

X
t2�.Spinc.X;0/=Conj/

SW.X; t/D SW 0
half-tot.X/:

This combined with (38) finishes the proof.

Next, let us consider a natural map

(39) � W BDiff@. VX/! BDiffC.X/

induced from a map extending a relative diffeomorphism by the identity of D4. We call � the extension
map, and drop X from our notation. To state the main result of this section, we need one more definition.

Definition 3.9 Let X be a simply connected, closed, smooth, oriented 4-manifold. We say that X
dissolves if it is diffeomorphic to aCP2 # bCP2 or c.S2 �S2/ # dK3 for some a; b; c 2N and d 2 Z.
We say that X dissolves after n stabilizations if X #n.S2 �S2/ dissolves.
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Now we are ready to state the main result of this section.

Theorem 3.10 Let k > 0 and let X be a simply connected closed oriented indefinite smooth 4-manifold
with bC.X/� kC2. Assume that SW 0

half-tot.X/D 1 in Z=2, that X dissolves after one stabilization , and
that X is not homotopic to K3. Then there exists an element

˛ık.X/ 2Hk.BDiff@. VXkS /
ı
IZ/

that satisfies the following properties:

(i) ˛ı
k
.X/ is 2-torsion.

(ii) ˛ı
k
.X/ belongs to the kernel of the stabilization map

sı� WHk.BDiff@. VXkS /
ı
IZ/!Hk.BDiff@. VX.kC1/S /

ı
IZ/:

(iii) Let ˛k.X/ be the image of ˛ı
k
.X/ under the forgetful map

Hk.BDiff@. VXkS /
ı
IZ/!Hk.BDiff@. VXkS /IZ/:

Then

0¤ hSW k
half-tot.XkS /; ��.˛k.X//i 2 Z=2:

(iv) ˛k.X/ and ˛ı
k
.X/ are both topologically trivial. Namely,

˛ık.X/ 2 ker
�
Hk.BDiff@. VXkS /

ı
IZ/!Hk.BHomeo@. VXkS /

ı
IZ/

�
;

˛k.X/ 2 ker
�
Hk.BDiff@. VXkS /IZ/!Hk.BHomeo@. VXkS /IZ/

�
:

Remark 3.11 Theorem 3.10 implies that SW half-tot detects topologically trivial nonzero homology class
of BDiffC.X/ in Z or Z=2-coefficient. On the other hand, the (generalized) Mumford–Morita–Miller
classes, which are basic characteristic classes for smooth fiber bundles, are generalized also for topological
fiber bundles over F DQ or Z=2 [Ebert and Randal-Williams 2014]. Thus the Mumford–Morita–Miller
classes do not detect kernels of H�.BDiffC.X/IF/!H�.BHomeoC.X/IF/.

Proof of Theorem 3.10 By the assumption on the dissolving and that X is not homotopic to K3, there
is a 4-manifold X 0 such that the following conditions hold:

(a) X #S2 �S2 is diffeomorphic to X 0 #S2 �S2.

(b) X 0 is homeomorphic to X.

(c) The Seiberg–Witten invariant vanishes for any spinc structure on X 0. In particular, this implies
SW 0

half-tot.X
0/D 0.

Consider the bundles Ek. VX/ and Ek. VX 0/. Since X 0
kS

is diffeomorphic to XkS , we have two maps

Ek. VX/;Ek. VX 0/ W T k! BDiff@. VXkS /
ı :
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Then we set

˛ık.X/ WDE
k. VX/�ŒT

k��Ek. VX 0/�ŒT
k�:

Now we verify the four properties in the statement of Theorem 3.10 as follows:

� Property (i) directly follows from Lemma 3.6.

� By Lemma 3.7, we have

sı�E
k. VX/�ŒT

k�DEk. VXS /�ŒT
k�; sı�E

k. VX 0/�ŒT
k�DEk. VX 0S /�ŒT

k�:

Since VXS is diffeomorphic to VX 0S , (ii) is proved.

� Property (iii) is equivalent to

hSW k
half-tot.E

k.X//; ŒT k�i ¤ hSW k
half-tot.E

k.X 0//; ŒT k�i:

By Lemma 3.8, this is equivalent to

SW 0
half-tot.X/¤ SW 0

half-tot.X
0/;

which follows from our assumption and SW 0
half-tot.X

0/D 0.

� Since X is homeomorphic to X 0, Ek. VX/ and Ek. VX 0/ are isomorphic as topological bundles with flat
structure. Therefore the mapsEk. VX/ andEk. VX 0/ are homotopic after composition with the forgetful map

BDiff@. VXkS /
ı
! BHomeo@. VXkS /

ı :

This proves that ˛ı
k
.X/ is topologically trivial, which implies that ˛k.X/ is topologically trivial as well.

Corollary 3.12 Let k > 0 and let X be a simply connected closed oriented indefinite smooth 4-manifold
with bC.X/� kC2. Assume that SW 0

half-tot.X/D 1 in Z=2, that X dissolves after one stabilization , and
that X is not homotopic to K3. Consider the forgetful map i W DiffC.XkS /! HomeoC.XkS /. Then the
induced map

i� WHk.BDiffC.XkS /IZ/!Hk.BHomeoC.XkS /IZ/

is not injective , and the induced map

i� WHk.BHomeoC.XkS /IZ=2/!Hk.BDiffC.XkS /IZ=2/

is not surjective. Analogous results hold for the maps iı� and i�
ı

induced by the inclusion

iı W DiffC.XkS /
ı ,! HomeoC.XkS /

ı :

Proof Set ˛ D ��.˛k.X// 2Hk.BDiffC.XkS /IZ/. By Theorem 3.10(ii), ˛ ¤ 0. By Theorem 3.10(iv),
˛ maps to zero in Hk.BHomeoC.XkS /IZ/. This implies that SW k

half-tot.XkS / is not in the image of i�.
By using ˛ı

k
.X/ instead of ˛k.X/, one can prove analogous results for iı� and i�

ı
.
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4 Moduli space of formally smooth topological bundles

The purpose of this section is to define the moduli space BHomeoCL .X/, which classifies topological
bundles whose vertical tangent microbundle is lifted to a vector bundle. This moduli space is essential in
our discussion of exotic phenomena that are special in dimension 4. We start by recalling some definitions
about microbundles; see Milnor [1964].

Definition 4.1 Let B be a topological space. A microbundle over B of rank n is a triple � D .Y; p; s/ of
a space Y and continuous maps p W Y ! B and s W B! Y such that

� p ı s D id, and

� for any point x 2 B , there exists a neighborhood U � B of x, a neighborhood V � Y of s.U /, and
a homeomorphism � WRn �U

Š
�! V that make the diagram

U
s0
// Rn �U

p2
//

�
��

U

U
s

// V
p

// U

commute. Here s0.x/D .0; x/ and p2.t; x/D x.

Definition 4.2 Let X ,!E! B be a topological bundle; i.e., a fiber bundle whose structure group is in
Homeo.X/. The vertical tangent microbundle T .E=B/ is the microbundle over E given by the triple
.E �B E;p; s/. Here p WE �B E!E is defined as p.x1; x2/ WD x2 and s WE!E �B E is defined as
s.x/ WD .x; x/.

Definition 4.3 Given two microbundles � D .Y; p; s/ and � 0 D .Y 0; p0; s0/ over B , an isomorphism
� W �! � 0 is a homeomorphism V

Š
�! V 0 between a neighborhood V � Y of s.B/ and a neighborhood

V 0 � Y 0 of s0.B/ that is compatible with the maps p; p0; s; s0. We treat two isomorphisms as the same if
they coincide on a neighborhood of s.B/.

Definition 4.4 A linear structure on a microbundle � is an isomorphism � WW ! � from some vector
bundle W. We treat two linear structures � W W ! � and �0 W W 0 ! � as the same if there exists an
isomorphism  WW !W 0 of vector bundles such that � ı D �0.

To avoid delicate point-set topology issues in our construction of moduli spaces, we use simplicial sets,
which have been a standard tool in studying moduli spaces of manifolds. For readers’ convenience, we
summarize some key properties here and refer to [Goerss and Jardine 1999] for a detailed introduction.
Let � be the simplex category whose objects are the ordered sets Œn� WD f0; : : : ; ng and whose morphisms
are order-preserving maps between these ordered sets. A simplicial set S is a contravariant functor

S W�! Set

to the category of sets. That means we associate to Œk� a set SŒk�, called the set of k-simplices, and
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associate a structure map
�� W SŒl�! SŒk�

to an order-preserving map � W Œk�! Œl �. Any simplicial set S has a decomposition into its path components.
A map S ! T between two simplicial sets is by definition a natural transformation between the

functors. We say the map is a Kan fibration if it satisfies the so-called “horn-lifting property”. Let � be
the simplicial set with a single k-simplex for each k. We say S is a Kan complex if the constant map
K ! � is a Kan fibration. Kan complexes are those simplicial sets which resemble the simplicial set
of singular simplices of a topological space. In particular, given a Kan complex S and a 0-simplex x,
one can define its homotopy group �k.S; x/ for any k. A map S ! T between Kan complexes is called
a weak equivalence if it induces a bijection between path components and induces an isomorphism on
all homotopy groups. A Kan complex S is called weakly contractible if it is path connected and has
vanishing homotopy groups.

A simplicial group is a contravariant functor

G W�!Group

to the category of groups. A left action (resp. right action) of a simplicial group G on a simplicial set S is
a left action (resp. right action) of GŒk� on SŒk� for each k. These actions are required to be compatible
with structure maps. We say the action is levelwise free if the action of GŒk� on SŒk� is free for each k.
And we define the quotient simplicial set S=G by setting .S=G/Œk� WD SŒk�=GŒk�.

Given a simplicial set S with a right G-action and simplicial set T with a left G-action, we define
S �G T by setting

.S �G T /Œk� WD SŒk��GŒk� T Œk�:

There is a way to associate to a simplicial set S a CW complex jS j, called the geometric realization
of S . We briefly recall its construction. For each k 2N, we consider the standard k-simplex

�k WD

�
.x0; : : : ; xk/

ˇ̌̌
xi � 0;

nX
iD0

xi D 1

�
�RkC1:

Vertices of�k are canonically identified with elements in Œk�. Given any order-preserving map � W Œl �! Œk�,
we have an induced simplicial map �� W�l !�k . The geometric realization is defined as the quotient
space

jS j WD

� G
k2N

.�k �SŒk�/

�.
�:

Here we use the discrete topology on SŒk� and the equivalence relation is generated by

.�� .x/; �/� .x; ��.�//

for any morphism � W Œk�! Œl �, any x 2�k and any � 2 SŒl�. This is a functorial construction, meaning
that any map f W S ! T between simplicial sets induces a continuous map jf j W jS j ! jT j. We note that
the homotopy group of a Kan complex coincides with its geometric realization.
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Now we start defining various simplicial sets associated to a connected, closed, oriented smooth
manifold X. For now, we do not assume that X has dimension 4. The following definitions are standard
and can be found, for example, in [Burghelea and Lashof 1974, Section 1] or [Kupers 2015, Section 2.1].

Definition 4.5 The simplicial homeomorphism group HomeoC.X/ is defined by setting HomeoC.X/Œk�
to be the group of orientation-preserving self-homeomorphisms on �k �X that covers id�k . Similarly,
we define the simplicial diffeomorphism group DiffC.X/ by setting DiffC.X/Œk� to be the group of
orientation-preserving self-diffeomorphisms on �k �X that covers id�k . Here we treat �k as a smooth
manifold-with-corners. Given a morphism � W Œk�! Œl � in �, the associated structure maps of HomeoC.X/
and DiffC.X/ are both defined using the bundle map

�� � idX W�k �X !�l �X:

Definition 4.6 The simplicial set Emblc.X;R1/ is defined as follows. For each k 2N and n 2N, we let
Emblc.X;Rn/Œk� be the set of locally flat topological embeddings �k �X ,!�k �Rn that covers id�k .
Then we define

Emblc.X;R1/Œk� WD colimit
n!1

Emblc.X;Rn/Œk�:

Here the colimit is defined using standard inclusion Rn ,!RnC1. Given a morphism � W Œk�! Œl � in �,
the structure map

�� W Emblc.X;R1/Œl�! Emblc.X;R1/Œk�

is defined as follows. Given an element in Emblc.X;R1/Œl� represented by an embedding f W�k�X ,!
�k �Rn, we let ��.f / 2 Emblc.X;R1/Œk� be the unique embedding that makes the diagram

(40)
�k �X

��.f /
//

���idX
��

�k �Rn

���idRn
��

�l �X
f

// �l �Rn

commute.

There is a levelwise free right action of HomeoC.X/ on Emblc.X;R1/ defined by precomposing an
embedding f 2 Emblc.X;R1/Œk� with a self-diffeomorphism h 2 HomeoC.X/Œk�. Via the forgetful
map DiffC.X/!HomeoC.X/, we also get a levelwise free right action of DiffC.X/ on Emblc.X;R1/.

Definition 4.7 The simplicial set L.T X/, which corresponds to the space of linear structures on T X, is
defined as follows. For each k 2N, we consider the vertical tangent microbundle T .�k �X=�k/ of
the trivial bundle �k �X !�k . We let L.T X/Œk� be the set of linear structures on T .�k �X=�k/.
Given a morphism � W Œk�! Œl � in �, we define the structure map

�� W L.T X/Œl�! L.T X/Œk�

by pulling back a linear structure via the bundle map

�� � idX W�k �X !�l �X:
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Definition 4.8 The simplicial set R.TX/, which corresponds to the space of Riemannian metrics on TX,
is defined as follows. For each k 2N, let R.TX/Œk� be the set of smooth metric on the vertical tangent
bundle T .�k �X=�k/. Given a morphism � W Œk�! Œl � in �, we define the structure map

�� WR.TX/Œl�!R.TX/Œk�

by pulling back a metric via the bundle map

�� � idX W�k �X !�l �X:

Lemma 4.9 The following conclusions hold.

(i) HomeoC.X/ and DiffC.X/ are Kan complexes.

(ii) L.T X/ is a Kan complex.

(iii) Emblc.X;R1/ is a weakly contractible Kan complex.

(iv) R.TX/ is a weakly contractible Kan complex.

(v) Emblc.X;R1/�HomeoC.X/L.T X/ is a Kan complex.

(vi) HomeoC.X/�DiffC.X/R.TX/ is a Kan complex.

(vii) Emblc.X;R1/=HomeoC.X/ is a Kan complex , and its geometric realization is a model for
BHomeoC.X/.

(viii) Emblc.X;R1/�DiffC.X/ R.TX/ is a Kan complex , and its geometric realization is a model for
BDiffC.X/.

Proof The underlying simplicial set of any simplicial group is a Kan complex [Goerss and Jardine 1999,
Lemma I.3.4], which proves (i).

We let ƒni be the “horn” obtained by removing interior of the i -th face from @�n. By the definition of
Kan complex, (ii) is equivalent to showing that any linear structure � 2 T .ƒni �X=ƒ

n
i / can be extended

to a linear structure �0 on T .�n �X=�n/. This is straightforward since we can construct �0 as the
pullback of � via the continuous retraction �n!ƒni .

Conclusion (iii) is proved as in [Kupers 2015, Lemma 2.2].
The simplicial set R.TX/ is a Kan complex since any metric on T .ƒni �X=ƒ

n
i / can be extended to a

metric on T .�n�X=�n/, and R.TX/ is weakly contractible since any metric on T .@�n�X=@�n/ can
be extended to a metric on T .�n �X=ƒni /. This proves (iv).

By (i) and (iv), the product Emblc.X;R1/�L.T X/ is a Kan complex. By [Goerss and Jardine 1999,
Corollary V.2.6], the map

Emblc.X;R1/�L.T X/! Emblc.X;R1/�HomeoC.X/L.T X/

is a surjective Kan fibration. These two facts together imply that Emblc.X;R1/�HomeoC.X/L.T X/ is
also a Kan complex, namely (v). (See [Goerss and Jardine 1999, Proof of Lemma V.3.7].)
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Conclusion (vi) is proved by an argument similar to that used to show (v).
Conclusion (vii) is proved as in [Kupers 2015, Lemma 2.7], and (viii) can be proved similarly.

Definition 4.10 A formally smooth X -bundle is a topological fiber bundle X !E! B equipped with a
linear structure on its vertical tangent microbundle. Given two formally smooth X -bundles �0; �1 over B ,
we say that they are isomorphic if there is an isomorphism between the bundles that respects the linear
structures, and we say that they are concordant if there exists a formally smooth X -bundle � over I �B
such that � jfig�X is isomorphic to �i for i D 0; 1.

Definition 4.11 We define the moduli space of formally smooth manifold X as

BHomeoCL .X/ WD jEmblc.X;R1/�HomeoC.X/L.T X/j:

Definition 4.11 is justified by the following proposition.

Proposition 4.12 There exists a formally smooth X-bundle z� over BHomeoCL .X/ that satisfies the
following universal property: Given any simplicial complex K and any formally smooth X-bundle
over jKj, it is isomorphic to the pullback g�.z�/ under some map g W jKj ! BHomeoCL .X/. Furthermore ,
g�0 .
z�/ and g�1 .z�/ are concordant if and only if g0 and g1 are homotopic.

Proof We first construct z� . We denote Emblc.X;R1/�HomeoC.X/ L.T X/ by S . For any k-simplex
� D Œ.f; �/� of S , we consider the bundle X!E.�/

�.�/
��!�k . Here E.�/��k�R1 is the image of f ,

and �.�/ is the projection map. The pushforward f�.�/ gives a linear structure �� on T .E.�/=�k/.
Given any morphism � W Œl �! Œk�, by (40), there is a bundle map

�� WE.�
�.�//!E.�/

that covers the map �� W�l !�k . We consider the quotient space

zE WD

� G
k2N

G
�2SŒk�

E.�/

�.
�;

where� is generated by ��.x/�x for any morphism � W Œl �! Œk�, any � 2SŒk� and any point x 2E.���/.
By gluing f�.�/g� together, one obtains a topological bundle

z� WE! jS j;

whose vertical tangent microbundle has a linear structure z� obtained by gluing f��g� together. The pair
.z�; z�/ defines z� .

Now we prove the universal property of z� . Consider a formally smooth X-bundle � over jKj,
represented by a topological bundle X !E

�
�! jKj equipped with a linear structure �0 on T .E=jKj/.

We fix an order o on 0-simplices of K. For each k-simplex � of K, we use o to fix a homeomorphism
�k Š j�j � jKj. We pick a trivialization ��1.j�j/ Š �k �X. Then the restriction of � gives a linear
structure �� on T .�k � X=X/. Furthermore, by Lemma 4.9(iii), we can inductively construct an
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embedding f� 2 Emblc.X;R1/Œk� for each � so that the following compatibility condition holds: for
any l-simplex �0 � �, the diagram

(41)

��1.j�0j/� _

��

Š
// �l �X

� �
f�0
// �l �R1

Š
// j�0j �R1� _

��

��1.j�j/
Š
// �k �X

� � f� // �k �R1
Š
// j�j �R1

commutes. Set �.�/D Œ.f�; ��/� 2 SŒk�. We use o to determine a homeomorphism

g� W j�j
Š
�!�k � f��g ��

k
�SŒk�:

By (41), these homeomorphisms can be glued together to form a map g W jKj ! jS j. It is straightforward
to check that g�.z�/D � .

Given g0; g1 W jKj! jS j, it is obvious that g�0 .z�/ and g�1 .z�/ are concordant if g0 and g1 are homotopic.
Furthermore, suppose that g�0 .z�/ and g�1 .z�/ are concordant. By the simplicial approximation theorem
[Rourke and Sanderson 1971, Sections 5.3 and 6.9], we may homotope g0 and g1 so that they are both
simplicial. By a similar argument as above, we construct a simplicial map I � jKj ! jS j that restricts
to gi on fig � jKj. This completes the proof.

We note that, for any g 2R.TX/Œk�, the exponential map gives a linear structure

�g W T .�
k
�X=�k/! T .�k �X=�k/:

This gives a map R.TX/! L.T X/, and further induces a map

Exp W HomeoC.X/�DiffC.X/R.TX/! L.T X/

defined by ExpŒ.f; g/� WD f�.�g/ for any f 2 HomeoC.X/Œk� and g 2R.TX/Œk�.
The following theorem is a reformulation of Kirby and Siebenmann’s classification theorem [1977,

Theorem V.2.2] of smooth structures.

Theorem 4.13 (Kirby–Siebenmann) Suppose that X is not 4-dimensional. Then the map Exp is a weak
equivalence to the union of path components that intersect the image of Exp.

We consider the forgetful map

id�DiffC.X/ Exp W Emblc.X;R1/�HomeoC.X/ .HomeoC.X/�DiffC.X/R.TX//

! Emblc.X;R1/�HomeoC.X/L.T X/:

Passing to the geometric realization, we obtain the map

� W BDiffC.X/! BHomeoCL .X/:

Corollary 4.14 Suppose that X is not 4-dimensional. Then the map � is a weak equivalence to the path
component of BHomeoCL .X/ containing the image of �.
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Proof This directly follows from Theorem 4.13 and [Kupers 2015, Lemma 2.6(iii)].

Now we turn to dimension 4. What we need is a refinement of Corollary 3.12 as follows.

Proposition 4.15 Let k > 0 and let X be a closed oriented 4-manifold that satisfies the conditions of
Corollary 3.12. Consider the forgetful map � W BDiffC.XkS /! BHomeoCL .XkS /. Then the induced map

�� WHk.BDiffC.XkS /IZ/!Hk.BHomeoCL .XkS /IZ/

is not injective , and the induced map

�� WHk.BHomeoCL .XkS /IZ=2/!Hk.BDiffC.XkS /IZ=2/

is not surjective.

Before proving Proposition 4.15, we shall see the following. Set I D Œ0; 1�.

Lemma 4.16 Let X and X 0 be two simply connected smooth 4-manifolds which are homeomorphic to
each other. Then there exist Riemannian metrics g on X and g0 on X 0, smoothly embedded disksD4 �X
and D4

0

�X 0, and a homeomorphism f WX !X 0 such that

� f restricts to a smooth isometry from a neighborhood of D4 to a neighborhood of D4
0

, and

� there is a linear structure � on T .I �X=I/ such that �jf0g�X equals �g , �jf1g�X equals f �.�g 0/,
and �jI�D4 equals the pullback of �g jD4 .

Proof Pick smoothly embedded disks D4 ,!X and D4
0

,!X 0. Let f WX!X 0 be a homeomorphism.
After an isotopy, we may assume f .D4/�D4

0

. By the annulus theorem [Quinn 1982], D4
0

n f .D4/

is homeomorphic to I �S3. This allows us to further modify f so that it restricts to a diffeomorphism
from a neighborhood of D4 to a neighborhood of D4

0

. Then we pick a metric g on X and extend the
metric f�.gjD4/ on D4 to a metric g0 on X 0. The first condition is now satisfied and it remains to find a
linear structure � that extends the given linear structure �0 over the subspace

B D .f0; 1g �X/[ .I �D4/� I �X:

By the Kister–Mazur theorem [Kister 1964], the microbundle T .I �X=I/ is equivalent to a topological
bundle R4!E! I �X. The given linear structure �0 on EjB gives a reduction of its structure group
from Top.4/ to O.4/. (Here Top.4/ denotes the group of homeomorphisms of R4 preserving the origin.)
It suffices to extend this reduction to the whole I �X. There is a series of obstruction classes for the
existence of such extension, which sit inside the groups

H iC1.I �X;BI�i .Top.4/=O.4///

for 0 � i � 4. Since �i .Top.4/=O.4////Š 0; 0; 0;Z=2; 0 for i D 0; : : : ; 4, respectively [Freedman and
Quinn 1990, Theorem 8.7A], the only possible obstruction is in the group

H 4.I �X;BIZ=2/ŠH1.X IZ=2/:
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Since X is simply connected, this group is trivial as well. So the extension exists and the proof is
completed.

Proof of Proposition 4.15 Let ˛ 2Hk.BDiffC.XkS /IZ/ be the same as in the proof of Corollary 3.12.
Then it suffices to show that ��.˛/ D 0. Recall that ˛ is presented as the difference of two smooth
Xks-bundles Ek.X/ and Ek.X 0/ over T k. Here X 0 is a smooth 4-manifold homeomorphic to X. We just
need to show that Ek.X/ and Ek.X 0/ are concordant as formally smooth Xks-bundles.

Note that Ek.X/ is obtained by gluing together the bundles Ek.D4/ and .X n VD4/ along their common
boundary. The same operation applied to X 0 gives the bundle Ek.X 0/. Applying Lemma 4.16, we obtain
the homeomorphism f WX !X 0, a metric g on X and a metric g0 on X 0.

We have an isomorphism zf WEk.X/!Ek.X 0/ of topological bundles, obtained by gluing

idT k �f jXn VD4 W T
k
� .X n VD4/! T k � .X 0 n VD4/

with the identity map on Ek.D4/.
Next, we fix a families metric zg0 on Ek.D4/. By gluing g and g0 with zg0 fiberwise, we obtain a

families metric zg on Ek.X/ and a families metric zg0 on Ek.X 0/. We use �zg and �zg 0 to denote the
induced linear structures. By gluing together the linear structure � provided by Lemma 4.16 and the linear
structure T .Ek.D4/� I=T k � I / pulled back from zg0, we get a concordance from �zg and zf �.�zg 0/.
This shows that Ek.X/ and Ek.X 0/ are concordant as formally smooth bundles.

5 Proof of the main results

Now we have prepared all necessary results on families Seiberg–Witten theory to prove the main results
described in Section 1. The only remaining piece of the proofs of those is the following result on
geography involving the usual (i.e., unparametrized) Seiberg–Witten invariant:

Theorem 5.1 For any integer l 2 Z, there exists a sequence of simply connected 4-manifolds fX li g
1
iD1

that satisfies the following properties:

(i) sign.X li /D l .

(ii) b2.X li /!C1 as i !C1.

(iii) X li is of Seiberg–Witten simple type.

(iv) SW 0
half-tot.X

l
i /D 1 2 Z=2.

(v) X li dissolves after one stabilization.

(vi) Suppose l is divisible by 16. Then we can pick X li to be spin or nonspin.

To avoid a digression, we postpone the proof of Theorem 5.1 to Section 6. Let us give the proofs of
the main results in Section 1 assuming Theorem 5.1.

Proof of Theorem 1.2 We set l D sign.X/ and denote by Xi the 4-manifold X li in Theorem 5.1. Here,
we choose Xi to be of the same type (i.e., spin/nonspin) as X. By Wall’s theorem [1964b], there exists a
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positive integer n.X/ such that Xn.X/S dissolves. There exists an integer i0 such that for any i > i0, the
manifold Xi is indefinite, not homotopy equivalent to K3 and satisfies

b2.Xi /C 2k � b2.X/C 2n.X/:

For any i > 0, we set
Ni WD

1
2
.b2.Xi0Ci /� b2.X//C k:

Then we have Ni !C1. Furthermore, .Xi0Ci /kS is diffeomorphic to XNiS since they have the same
signature, Euler number, type and both dissolve. We apply Theorem 3.10 to the manifold Xi0Ci and
obtain homology classes

˛ık.Xi0Ci / 2Hk.BDiff@. VXNiS /
ı
IZ/ and ˛k.Xi0Ci / 2Hk.BDiff@. VXNiS /IZ/:

We set ˛ıi D ˛
ı
k
.Xi0Ci / and ˛i D ˛k.Xi0Ci /. It remains to verify that they satisfy the desired property.

By Theorem 3.10(iv), ˛ıi and ˛i are both topologically trivial. By Theorem 3.10(ii), ˛ıi 2 ker sıNi ;�. This
implies that ˛i 2 ker sNi ;�. By Theorem 3.10(iii), we have

(42) hSW k
half-tot.XNiS /; ��.˛i /i ¤ 0:

This combined with Corollary 2.37 show that

˛i … Image.sNi�1;� ı � � � ı sNi�k�1;�/:

This further implies that
˛ıi … Image.sıNi�1;� ı � � � ı s

ı
Ni�k�1;�

/;

which completes the proof.

Proof of Theorem 1.3 Let Ni be chosen as in the proof of Theorem 1.2. Then we apply Proposition 4.15
to the manifold Xi0Ci to conclude that �� is noninjective and �� is nonsurjective. The proof is finished by
the fact that .Xi0Ci /kS is diffeomorphic to XNiS .

Remark 5.2 In Theorem 1.3, all X #NiS2 � S2 are connected sums of CP2; S2 � S2, K3 and their
orientation reversals. This is because we choose ni in the proof of Theorem 1.3 so that X #niS2 �S2

dissolve, and so do X #NiS2 �S2.

Proof of Theorem 1.8 We set Ni to be the same as in Theorem 1.2 and let ˇi D ��.˛i /. It suffices to
show that ˇi can be represented by an exotic diffeomorphism, since all other assertions directly follow
from the corresponding assertions in Theorems 1.2 and 1.3.

By the construction of ˛i in the proof of Theorems 1.2 and 3.10, we see that ˇi , when treated as a
homology class in H1.BDiffC.XNiS/IZ/, can be expressed as the difference

.XNiS /f1;�ŒT
1�� .XNiS /f 01;�

ŒT 1� 2H1.BDiffC.XNiS/IZ/:

Here .XNiS /f1 and .XNiS /f 01 are mapping tori for diffeomorphisms f1; f 01 2DiffC.XNiS /. Furthermore,
by (1), there is a homeomorphism g WXNiS!XNiS such that f1 is topologically isotopic to g ıf 01 ıg

�1.
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We may assume g is actually a diffeomorphism since the map (2) is surjective for N DNi . Then

f ıg ıf 0�1 ıg�1 WXNiS !XNiS

is an exotic diffeomorphism that represents ˇi .

Theorem 1.11 is just a part of Theorem 2.43, which we prove here:

Proof of Theorem 2.43 Let ˛i 2 Hk.BDiff@. VX # NiS2 � S2/IZ/ be the homology class that was
constructed in the proof of Theorem 1.2. Recalling (42), the pairing of ˛i with SW k

half-tot is nonzero.
Thus the claim of Theorem 2.43 follows from Corollary 2.41.

Remark 5.3 As we mentioned in Remark 1.10, the whole argument can be adapted to twisted stabilizations,
i.e., taking connected sum with CP2 # CP2 instead of S2 �S2. We summarize the adaptations needed
here. For k � 0, we use X

k zS
to denote X # k.CP2 # CP2/. For simply connected nonspin X, there is a

diffeomorphism between XkS and Xk zS for any k [Wall 1964a, Corollary 1]. For such X, the multiple
mapping torus Ek.X/ is a smooth bundle with fiber Xk zS . (See (36).) Note that we do not adapt the
construction ofEk.X/ so the monodromies are still diffeomorphisms supported on copies of on embedded
.S2 �S2/ n Int.D4/, not embedded .CP2 # CP2/ n Int.D4/. With this in mind, one can repeat the proof
of Theorem 3.10 and show that for nonspin X, the same result holds for the twisted stabilization map

zs ı� WHk.BDiff@. VXk zS /
ı
IZ/!Hk.BDiff@. VX.kC1/ zS /

ı
IZ/:

Moreover, by applying Theorem 2.36 toN D .kC1/.CP2#CP2/, one obtains a variation of Corollary 2.37
for twisted stabilizations. With these results proved, we can repeat the proofs of Theorems 1.2, 1.3 and
1.8 word by word for twisted stabilizations on a nonspin X. For a spin X, we simply replace it with X zS
and reduce it to the nonspin case.

5.1 Comparison with Torelli groups

Given an oriented smooth manifold X, let TDiff.X/ denote the subgroup of DiffC.X/ defined to be the
group of diffeomorphisms that act trivially on homology H�.X IZ/. This subgroup TDiff.X/ is often
called the Torelli group. Tools from families gauge theory known before have been effectively used to
study TDiff.X/ rather than DiffC.X/; see, for instance, [Ruberman 1999]. In this section, we remark that
H�.BTDiff.X// and H�.DiffC.X// are significantly different, as are �1.DiffC.X// and H1.DiffC.X//.

For a closed oriented smooth 4-manifold X with a fixed spinc structure s and a homology orientation O,
let Diff.X; s;O/ be the group of diffeomorphisms that preserve orientation of X, s and O. Note that
TDiff.X/� Diff.X; s;O/. We are going to use a characteristic class

(43) SW .X; s;O/ 2H�d.s/.BDiff.X; s;O/IZ/;

which was defined in [Konno 2021]. Let B.X/ denote the set of Seiberg–Witten basic classes of X of
formal dimension zero.
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Proposition 5.4 Suppose that X is a simply connected closed oriented indefinite smooth 4-manifold
with bC.X/� 2. Assume that there are infinitely many smooth oriented 4-manifolds fXig1iD1 such that
Xi #S2 �S2 is diffeomorphic to X #S2 �S2 for every i , and #B.Xi /!C1. Then the kernels of both
of the natural maps

H1.BTDiff.X #S2 �S2/IZ/!H1.BDiffC.X #S2 �S2/IZ/;(44)

�1.BDiffC.X #S2 �S2//!H1.BDiffC.X #S2 �S2/IZ/(45)

contain subgroups isomorphic to Z1 D
L

Z Z.

Proof The proof is an adaptation of Ruberman’s argument [1999] in the Seiberg–Witten setup with
a help of the characteristic class (43). Set Z D X # S2 � S2. By assumption, there is a sequence
ftigi � Spinc.X; 0/ such that ti 2 B.Xi / nB.Xi�1/ for all i . Let si 2 Spinc.Z; 1/ be the connected
sum of ti with the spin structure on S2 �S2. By repeating the construction of the bundle E! S1 in
Theorem 3.10 using .X;Xi / in place of .X;X 0/, we obtain a diffeomorphism fi 2 TDiff.Z/ such that:

� fi is decomposed into fi D gi ıg0i , where the squares of gi ; g0i are smoothly isotopic to the identity.

� SW.Ei ; si /¤ 0, where Ei ! S1 is the mapping torus of fi with fiber Z.

� SW.Ei ; sj /D 0 for all j > i .

As we can see from the proof of Theorem 1.2, we have that .Ei /�.ŒS1�/ 2 H1.BDiffC.Z/IZ/ are
2-torsions. On the other hand, let ETi W S

1! TDiff.X/ be the classifying map of Ei with structure group
TDiff.Z/. Then, by evaluating f.ETi /�.ŒS

1�/gi on the homomorphismM
s2Spinc.Z;1/

hSW .Z; s;O/;�i WH1.BTDiff.Z/IZ/!
M

s2Spinc.Z;1/

ZŠ Z1;

we have that f.ETi /�.ŒS
1�/gi are linearly independent in H1.BTDiff.Z/IZ/. Thus f2.ETi /�.ŒS

1�/gi

generates a subgroup in the kernel of (44) isomorphic to Z1. The claim on the map (45) immediately
follows from the above argument combined with the following commutative diagram, where h denotes
the Hurewicz map:

�1.BTDiff.Z// h
//

Š

��

H1.BTDiff.Z/IZ/ // H1.BDiffC.Z/IZ/

�0.TDiff.Z// �
// �0.DiffC.Z// Š

// �1.BDiffC.Z//

h

OO

It is easy to find an example of X and Xi that satisfy the assumptions of Proposition 5.4 by the knot
surgery formula due to Fintushel and Stern [1998].

6 Manifolds that dissolve after one stabilization
In this section, we prove Theorem 5.1. This will finish our argument. Our proof is inspired by the papers
[Gompf 1991; Hanke et al. 2003; Akhmedov et al. 2015], which constructed many examples of symplectic
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4-manifolds that dissolve after one stabilization. The idea is to start with some symplectic 4-manifolds
with a unique Seiberg–Witten basic class up to sign (e.g., minimal algebraic surfaces of general type) and
do fiber sum along embedded surfaces with self-intersection 0 and genus � 2. (We avoid doing fiber sum
along tori or spheres because they usually annihilate the half-total Seiberg–Witten invariants.)

We start with some notation. Let M1; : : : ;Mn be oriented closed smooth 4-manifolds. Let F be an
oriented genus-g closed surface and let Fi �Mi be a smoothly embedded surface Fi of the same genus,
and self-intersection 0. We let D21 ; : : : ;D

2
n be disjoint disks in S2. For each i , we pick an open tubular

neighborhood �.Fi / and an orientation-reversing diffeomorphism

'i WD
2
i �F ! �.Fi /

that covers a diffeomorphism F ! Fi . Then the fiber sum is defined as

M1 #F � � � #F Mn WD

��
S2 n

G
i

D2i

�
�F

� [
'i j@D2

i
�F

�G
i

�
Mi n �.Fi /

��
:

Of course, the result depends on the choice of gluing function 'i . Using 'i , we also get a boundary
parametrization @.Mi n �.Fi //Š S

1 �F . One has

sign.M1 #F � � � #F Mn/D

nX
iD1

sign.Mi /;

�.M1 #F � � � #F Mn/D

nX
iD1

�.Mi /C .n� 1/.4g� 4/:

Furthermore, by suitably choosing 'i , one can always make M not spin. And suppose Mi n �.Fi / is
spin for all i . Then one can also choose 'i to make M1 #F � � � #F Mn spin. In addition suppose that, for
each i , Mi is symplectic and Fi is a symplectic surface. By a theorem of Gompf [1995], for any choice
of gluing function, the manifold M1 #F � � � #F Mn always carries a symplectic structure.

Proposition 6.1 Let M DM1 #F M2 be the fiber sum of closed oriented smooth 4-manifolds Mi along
a surface F of genus g � 2. We assume that bC.Mi / > 1, b1.Mi / D 0 and Mi is of Seiberg–Witten
simple-type. Let si be a spinc structure on Mi n �.Fi /. Let sk be the unique spinc structure on F �S1

that is pulled back from F and satisfies hc1.sk/; ŒF �i D 2k. We consider the Seiberg–Witten invariants

SW.M; s1; s2/ WD
X

fs W sjMin�.Fi /Dsi ;d.s/D0g

SW.M; s/;

SW.Mi ; si / WD
X

fs W sjMin�.Fi /Dsi ;d.s/D0g

SW.Mi ; s/:

Then

SW.M; s1; s2/D

�
˙SW.M1; s1/ �SW.M2; s2/ if s1jF�S1 D s2jF�S1 D s˙.g�1/;

0 otherwise.
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Proof Set Y D F �S1. We focus on the case s1jY D s2jY D s0 because the other cases are proved by
Muñoz and Wang [2005, Theorem 1.2]1 and Morgan, Szabó and Taubes [Morgan et al. 1996, Corollary
9.10]. The argument here is adapted from [Muñoz and Wang 2005] and [Jabuka and Mark 2008] (which
proved an analogous result for Ozsváth–Szabó’s mixed invariants). We start by considering the graded
abelian group

X.g; g� 1/ WD

g�1M
iD0

ƒiH 1.F IZ/˝
U i�gC1 �ZŒU �

U �ZŒU �
:

Here the degree of elements inƒiH 1.F IZ/ equals i , and the degree of U equals�2. We useX.g; g�1/k
to denote the degree-k component of X.g; g� 1/. Let � be the 1-cycle in Y given by ��S1. Then one
can use � to define a local system �� over the configuration space for Y . The fiber of �� equals the field
of formal Laurent series with rational coefficients,

L WDQŒŒt�1; t �:

Under this local system, one has a canonical isomorphism between the two versions of monopole Floer
homology groups

zHM�.Y; s0I��/ŠbHM�.Y; s0I��/;

and we just denote it by H. The Heegaard Floer homology of Y is computed by Jabuka and Mark [2008,
Theorem 9.4].2 We can translate their result to monopole Floer homology using the work of Kutluhan, Lee
and Taubes [Kutluhan et al. 2020]. (See [Lee 2019, Theorem 3.1] for a version for twisted coefficients)
or alternatively, the work of Colin, Honda and Ghiggini [Colin et al. 2011] and Taubes [2010]. This gives
us an isomorphism of vector spaces over L with relative Z-grading

(46) HŠX.g; g� 1/˝L:

We use Hk to denote the component corresponding to X.g; g � 1/k ˝ L. Then H0 Š H2g�2 Š L.
The orientation-reversing diffeomorphism on Y given by the reflection in the S1-component induces a
nondegenerate pairing

h � ; � i WH˝L H! L:

Elements in Hk and Hl can have nonzero pairing only if kC l D 2g� 2. The vector space H is also a
graded module over the ring

A.F /Dƒ�H1.F IZ/˝ZŒU �:

1The first version of [Muñoz and Wang 2005] also included a proof for the remaining case, by assuming an inequality on the
rank of the monopole Floer homology of F �S1 for the torsion spinc structure. By the computation of Jabuka and Mark [2008,
Theorem 9.4] on Heegaard Floer homology, this inequality is now known to hold.

2Jabuka and Mark [2008] did the completion in the other direction and used the field QŒt�1; t �� instead. We follow the
convention of [Kronheimer and Mrowka 2007] and do negative completion.
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The action of U is just the multiplication. For any 
 2H1.F IZ/ and any ˛ 2ƒiH 1.F IZ/, the action is
given by


 � .˛˝U l/D �
˛˝U
l
C .PD.
/^˛/˝U lC1C

X
i<0

ˇi ˝ t
i :

Here � denotes the contraction and ˇi denotes an element in X.g; g�1/. In particular, we see that for any
element in ˛ 2H nH0, there exists an homogeneous � 2A.F / with positive degree such that � �˛ is a
nonzero element in H0. To prove the claim, we consider the manifold N D F �D2 with boundary Y and
the relative 2-cycle �N D��D2 bounded �. Let sN be the unique spinc that extends s0. Then the relative
Seiberg–Witten invariant of N gives a map that preserves the structure of Z-graded A.F /-modules

�SWN;�N .sN ;�/ WA.F /!H:

We claim that

(47) �SWN;�N .sN ; 1/ 2H2g�2 n f0g:

To see this, we consider the manifold zN D N [Y N D F � S2. We let s zN be unique torsion spinc

structure on zN and let � zN be the 2-cycle ��S2. We use PDŒF � 2H 2. zN IZ/ to fix a component of the
positive cone

f˛ 2H 2. zN IR/ j ˛ �˛ � 0; ˛ ¤ 0g:

This allows us to define the Seiberg–Witten invariant for the negative chamber

SW�. zN; s;�/ WA.F /! Z

for any spinc structure s on zN. By applying the gluing formula for Seiberg–Witten invariants [Kronheimer
and Mrowka 2007, Propposition 27.5.1], one obtains the equalityX

k2Z

SW�. zN; s zN CnPDŒF �; U g�1/t2n D h�SWN;�N .sN ; 1/; U
g�1
��SWN;�N .sN ; 1/i:

Using the positive scalar curvature metric on zN , we obtain that

SW�. zN; s zN CnPDŒF �; U g�1/D SWC. zN; s zN �nPDŒF �; U g�1/D 0

for any n� 0. Using the wall-crossing formula [Li and Liu 1995, Theorem 1.2; Okonek and Teleman
1996, Theorem 16], we further obtain that

SW�. zN; s zN CnPDŒF �; U g�1/D
�
0 if n� 0;
.�n/g if n� �1:

In particular, this implies U g�1 ��SWN;�N .sN ; 1/¤ 0. Hence the homogeneous element �SWN;�N .sN ; 1/ must
be a nonzero element in H2g�2. This proves the claim (47). For i D 1; 2, we let �i be a relative 2-cycle
in Mi n �.F / bounded by � and consider the relative Seiberg–Witten invariant

�SWMin�.F /.si ;�/ WA.F /!H:
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Then the gluing theorem applied to Mi gives the relationX
fs W sjMin�.F/g

SW.Mi ; s; ˛/t
hc1.s/;�i[�N i D h˛ ��SWMin�.F /.si ; 1/; �

SW
N;�N

.sN ; 1//i

for any ˛ 2A.F /. We actually have �SW
Min�.F /

.si ; 1/ 2H0. Otherwise we can find some ˛ with positive
degree such that

˛ ��SWMin�.F /.si ; 1/ 2H0:

Then by (47), we have
h˛ ��SWMin�.F /.si ; 1/; �

SW
N;�N

.sN ; 1//i ¤ 0:

That implies SW.Mi ; s; ˛/¤ 0 for some s, which contradicts our assumption thatMi is of Seiberg–Witten
simple type. Since any two elements in H0 pair trivially, we get

h�SWM1n�.F /.s1; 1/; �
SW
M2n�.F /

.s2; 1/i D 0:

As the last step, we apply the gluing formula to the manifold M and obtain thatX
fs W sjMin�.Fi /Dsi ;d.s/D0g

SW.M; s/ � t hc1.s/;�1[�2i D h�SWM1n�.F /.s1; 1/; �
SW
M2n�.F /

.s2; 1/i

D 0 2 L:

Comparing the coefficients of both sides, we finish the proof.

Proposition 6.2 For 2 � n and 1 � i � n, let Mi be a closed symplectic 4-manifold with bC.Mi / > 1.
Let Fi �Mi be an embedded symplectic surface of genus g � 2 and self-intersection 0. Suppose that Mi

has a unique Seiberg–Witten basic class up to sign and suppose H1.Mi n �.Fi /IR/D 0. Take the fiber
sum M DM1 #F � � � #F Mn. Then

(48) SW 0
half-tot.M/D 1:

Proof By the work of Taubes, the canonical spinc structure sJ;i on Mi and its conjugate both have
Seiberg–Witten invariant˙1. By our assumptions, all the other spinc structures onMi have trivial Seiberg–
Witten invariants. Note that sJ;i is not torsion since the adjunction formula hc1.sJ;i /; ŒFi �i D 2g � 2
holds.

Let si be a spinc structure on Mi n �.Fi /. Consider the quantity

SW.M; s1; : : : ; sn/ WD
X

fs W sjMin�.Fi /Dsi ; d.s/D0g

SW.M; s/:

The fiber sum of Mi carries a symplectic structure so is of Seiberg–Witten simple type [Taubes 2000,
Proposition 4.3]. Via a repeated application of Proposition 6.1, we see that

(49) SW.M; s1; : : : ; sn/D

8<:
˙1 if si D sJ;i jMin�.Fi / for all i;
˙1 if si D sJ;i jMin�.Fi / for all i;
0 otherwise.
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To deduce (48) from (49), it suffices to show that any spinc structure s that satisfies

sjMn�.Fi / D sjMn�.Fi / for any i

does not contribute to SW 0
half-tot.M/. Indeed, for such s, we have

c1.s/ 2 ker.H 2.M IR/!
nM
iD1

H 2.Mi n �.Fi /IR//:

This implies that PD.c1.s// can be represented by a cycle in
�
S2 n

F
i D

2
i

�
�F . Therefore, c21.s/D 0

and we have

d.s/D�
2�.M/C 3 sign.M/

4
D�

nX
iD1

2�.Mi /C 3 sign.Mi /

4
� .n� 1/.2g� 2/:

By Taubes’s result [2000], we have 2�.Mi /C 3 sign.Mi /� 0. So d.s/ < 0 and it does not contribute to
SW 0

half-tot.M/.

As the next step, we will construct three symplectic manifoldsM1;M2;M3, which serve as the building
blocks in our construction of the manifold X li .

The manifold M1 is constructed by Persson, Peters and Xiao [Persson et al. 1996]. We sketch its
construction as follows: Let Y0 D CP1 �CP1 and let � W Y0! CP1 be the projection to the second
factor. Consider a triple sequence of double covers

Y3
p3
�! Y2

p2
�! Y1

p1
�! Y0

with branched loci being B 03 � Y2, p�11 .B2/ � Y1 and B1 � Y0, respectively. Here B1 and B2 are
singular curves in Y0, and B 03 is a singular curve in Y2 that is linearly equivalent to p�12 p�11 .B3/ for
some B3 2 Y0. The algebraic surface Y3 has certain singularities coming from the singular points of the
branched loci. M1 is defined to be the resolution of Y3. By suitable choosing B1; B2; B3 and B 03, the
manifold M1 can be made into a simply connected algebraic surface of general type with sign.M1/ > 0.
Suppose the bidegree of Bi equals .ai ; bi /. Then one can ensure that M1 is spin by choosing Bi so that
both a1Ca2Ca3 and b1C b2C b3 are divisible by 4. Furthermore, the map p WM1!CP1 defined by
the composition

M1! Y3
p3
�! Y2

p2
�! Y1

p1
�! Y0

�
�!CP1

makes M1 into a fibration. We let F1 be a generic fiber. Then F1 is a Z=2˚Z=2˚Z=2 branched cover
of CP2. Using the Riemann–Hurewicz formula, we see that

1 < g.F1/D 2.b1C b2C b3/� 7� 1 mod 8:

In [Persson et al. 1996], Persson, Peters and Xiao proved thatM1 is simply connected. The same argument
implies the simple connectedness of M1 n F1. Indeed, using [Persson et al. 1996, Corollary F], they
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found a disk D2 �CP1 such that p�1.D2/ is simply connected. Since the fibration p WM1!D2 has
no multiple fibers, by the same argument as [Persson 1981, Lemma 3.20], this implies �1.M1 nF1/D 1:

The manifold M2 is constructed in [Persson et al. 1996, Proof of Corollary D] in a similar flavor. For
any positive integers a; b, we let Ya;b be the double cover of Y0 branched over

.CP1 � f2a generic pointsg/[ .f2b generic pointsg �CP1/:

We let M 02 be the fiber product
M 02

��

// Ya4;b4

��

Ya5;b5
// Y0

Then M 02 has discrete singular points coming from double points of the branched loci. We let M2 be the
minimal resolution of these singularities. Topologically, that means we remove tubular neighborhoods of
these singular points (which are cones over RP3) and glue copies of the disk bundle for the TS2. It is
proved in [Persson et al. 1996] that M2 is a simply connected surface of general type, with signature

sign.M2/D�8.a4b4C a5b5/ < 0:

Furthermore, M2 is spin if a4C a5; b4C b5 are even.
As before, we consider the composition

M2! Y0
�
�!CP1

and let F2 be a generic fiber. Then F2 is a Z=2˚Z=2 cover of CP1 branched at 2.b4Cb5/ points, each
with two preimages. From this, we compute that g.F2/D 2.b4C b5/� 3. We set

b4 D
g.F1/C 7

4
and b5 D

g.F1/� 1

4
:

Then g.F2/D g.F1/. Note that

sign.M2/

16
D�a4�

b5.a4C a5/

2
:

By picking suitable a4; a5, we may assume that 1
16

sign.M1/;
1
16

sign.M2/ are coprime to each other.
Since M2 is a minimal algebraic surface of general type, it has a unique Seiberg–Witten basic class up to
sign. One can use a similar argument as M1 to show that �1.M2 nF2/D 1.

The manifold M3 is constructed by Fintushel, Park and Stern [Fintushel et al. 2002]. Unlike M1

and M2, the manifold M3 is not complex. In [Fintushel et al. 2002], the authors constructed many
symplectic manifolds with one Seiberg–Witten basic class up to sign. In particular, for any positive
integer p, they constructed a simply connected symplectic 4-manifold Xp by taking the fiber sum of two
rational surfaces R.2p� 3/ and S.p/ along a symplectic surface of genus 2p� 5. One has

sign.Xp/D 25� 14p:
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We let M3 DXp with p D 1
2
.g.F2/C 5/ and let F3 be the surface on which the fiber sum is conducted.

It is proved in [Fintushel et al. 2002] that �1.M3 nF3/ D 1. Furthermore, one can find an embedded
surface in Sp nF3 �Xp nF3 that has an odd self-intersection number.

So far, we have constructed the building blocks .Mi ; Fi / and established some of their important
properties. We summarize these properties in the following lemma.

Lemma 6.3 There exist closed symplectic 4-manifolds M1;M2;M3 and embedded symplectic surfaces
Fi �Mi of self-intersection 0 such that the following conditions are satisfied :

(i) g.F1/D g.F2/D g.F3/� 2.

(ii) Mi has a unique Seiberg–Witten basic class up to conjugacy.

(iii) M1 and M2 are spin , and M3 is not spin.

(iv) �1.Mi nFi /D 1 for i D 1; 2; 3.

(v) sign.M1/ > 0, while sign.M2/; sign.M3/ < 0.

(vi) 1
16

sign.M1/ and 1
16

sign.M2/ are coprime to each other.

(vii) sign.M3/ is odd.

(viii) M3 nF3 contains an embedded surface with odd self-intersection number.

The last ingredient we need is the following proposition.

Proposition 6.4 [Mandelbaum 1979; Gompf 1991, Corollary 5] LetM andM 0 be smooth oriented closed
4-manifolds. Let F �M and F 0 �M 0 be closed , connected , orientable surfaces with self-intersection 0
and the same genus g. Suppose that M is spin and suppose �1.M 0/D �1.M nF /D 1. Then

.M #F M 0/ # .S2 �S2/Š
�
M #M 0 # 2g.S2 �S2/ if M #F M 0 is spin ,

M #M 0 # 2g.CP2 # CP2/ if M #F M 0 is not spin.

Proof of Theorem 5.1 For a; b; c � 0, we use M.a; b; c/ to denote the fiber sum of a copies of M1,
b copies of M2 and c copies of M2 along the embedded surfaces F1; F2; F3. Then M.a; b; c/ is always
simply connected. By Gompf’s result [1995], M.a; b; c/ is symplectic for any a; b; c and can be chosen
to be spin when c D 0. When c ¤ 0, M.a; b; c/ is not spin by Lemma 6.3(viii).

By Wall’s result [1964b], there exists n� 0 such that M1;M2;M3 all dissolve after n stabilizations.
Now we construct nonspin X i

l
for any l 2 Z. By Lemma 6.3(v)–(vii), there exist integers a; b and a

positive integer c such that

a � sign.M1/C b � sign.M2/C c � sign.M3/D l:

Then we set
X li DM.a� .nC i/ sign.M2/; bC .nC i/ sign.M1/; c/:

By Proposition 6.2, SW 0
half-tot.X

l
i /D 1. By Proposition 6.4, X li dissolves after one stabilization. (Again

note that for nonspin, simply connected manifolds, connected summing with S2 � S2 is the same as
connected summing with CP2 # CP2.)
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Next, we construct spin X li assuming 16 j l . In this case, we can find a; b such that

a � sign.M1/C b � sign.M2/D l:

We set
X li DM.a� .nC i/ sign.M2/; bC .nC i/ sign.M1/; 0/:

Again by Proposition 6.4, X li dissolves after one stabilization.

Acknowledgements

The authors thank Dave Auckly, David Baraglia, Yi Gu, Sander Kupers, Ciprian Manolescu, Mark Powell,
Oscar Randal-Williams, Danny Ruberman, Shun Wakatsuki and Tadayuki Watanabe for many enlightening
discussions and comments on an earlier version of the paper. We also thank the referee for an insightful
report. Lin was partially supported by NSFC 12271281. Konno was partially supported by JSPS
KAKENHI grants 19K23412, 21K13785, 25K00908 and 25H00586, and Overseas Research Fellowships.
This work was completed while Konno was in residence at the Simons Laufer Mathematical Sciences
Institute in Berkeley, California, during the Fall 2022 semester.

References
[Akhmedov et al. 2015] A Akhmedov, M Ishida, B D Park, Dissolving 4-manifolds, covering spaces and Yamabe invariant,

Ann. Global Anal. Geom. 47:3 (2015) 271–283 MR

[Akutagawa and Botvinnik 2002] K Akutagawa, B Botvinnik, The relative Yamabe invariant, Comm. Anal. Geom. 10:5 (2002)
935–969 MR

[Auckly and Ruberman 2025] D Auckly, D Ruberman, Families of diffeomorphisms, embeddings, and positive scalar curvature
metrics via Seiberg-Witten theory (2025) arXiv 2501.11892

[Auckly et al. 2015] D Auckly, H J Kim, P Melvin, D Ruberman, Stable isotopy in four dimensions, J. Lond. Math. Soc. .2/
91:2 (2015) 439–463 MR

[Baraglia 2026] D Baraglia, On the mapping class groups of simply connected smooth 4-manifolds, Algebr. Geom. Topol. 26:5
(2026) 1635–1653 MR

[Baraglia and Konno 2020] D Baraglia, H Konno, A gluing formula for families Seiberg-Witten invariants, Geom. Topol. 24:3
(2020) 1381–1456 MR

[Baraglia and Konno 2026] D Baraglia, H Konno, Irreducible 4-manifolds can admit exotic diffeomorphisms, Duke Math. J.
175:4 (2026) 717–733 MR

[Botvinnik and Watanabe 2023] B Botvinnik, T Watanabe, Families of diffeomorphisms and concordances detected by trivalent
graphs, J. Topol. 16:1 (2023) 207–233 MR

[Botvinnik et al. 2010] B Botvinnik, B Hanke, T Schick, M Walsh, Homotopy groups of the moduli space of metrics of positive
scalar curvature, Geom. Topol. 14:4 (2010) 2047–2076 MR

[Burghelea and Lashof 1974] D Burghelea, R Lashof, The homotopy type of the space of diffeomorphisms, I, II, Trans. Amer.
Math. Soc. 196 (1974) 1–36; ibid. 196, 37–50 MR

[Bustamante et al. 2024] M Bustamante, M Krannich, A Kupers, Finiteness properties of automorphism spaces of manifolds
with finite fundamental group, Math. Ann. 388:4 (2024) 3321–3371 MR

[Colin et al. 2011] V Colin, P Ghiggini, K Honda, Equivalence of Heegaard Floer homology and embedded contact homology
via open book decompositions, Proc. Natl. Acad. Sci. USA 108:20 (2011) 8100–8105 MR

[Ebert and Randal-Williams 2014] J Ebert, O Randal-Williams, Generalised Miller–Morita–Mumford classes for block
bundles and topological bundles, Algebr. Geom. Topol. 14:2 (2014) 1181–1204 MR

Geometry & Topology, Volume 30 (2026)

https://doi.org/10.1007/s10455-014-9445-x
http://msp.org/idx/mr/3318832
https://doi.org/10.4310/CAG.2002.v10.n5.a2
http://msp.org/idx/mr/1957657
http://msp.org/idx/arx/2501.11892
https://doi.org/10.1112/jlms/jdu075
http://msp.org/idx/mr/3355110
https://doi.org/10.2140/agt.2026.26.1635
http://msp.org/idx/mr/5079109
https://doi.org/10.2140/gt.2020.24.1381
http://msp.org/idx/mr/4157556
https://doi.org/10.1215/00127094-2025-0040
http://msp.org/idx/mr/5053586
https://doi.org/10.1112/topo.12283
https://doi.org/10.1112/topo.12283
http://msp.org/idx/mr/4575866
https://doi.org/10.2140/gt.2010.14.2047
https://doi.org/10.2140/gt.2010.14.2047
http://msp.org/idx/mr/2680210
https://doi.org/10.2307/1997010
http://msp.org/idx/mr/356103
https://doi.org/10.1007/s00208-023-02594-x
https://doi.org/10.1007/s00208-023-02594-x
http://msp.org/idx/mr/4721772
https://doi.org/10.1073/pnas.1018734108
https://doi.org/10.1073/pnas.1018734108
http://msp.org/idx/mr/2806645
https://doi.org/10.2140/agt.2014.14.1181
https://doi.org/10.2140/agt.2014.14.1181
http://msp.org/idx/mr/3180831


3066 Hokuto Konno and Jianfeng Lin

[Edwards and Kirby 1971] R D Edwards, R C Kirby, Deformations of spaces of imbeddings, Ann. of Math. .2/ 93 (1971)
63–88 MR

[Fintushel and Stern 1998] R Fintushel, R J Stern, Knots, links, and 4-manifolds, Invent. Math. 134:2 (1998) 363–400 MR

[Fintushel et al. 2002] R Fintushel, J Park, R J Stern, Rational surfaces and symplectic 4-manifolds with one basic class,
Algebr. Geom. Topol. 2 (2002) 391–402 MR

[Freedman 1982] M H Freedman, The topology of four-dimensional manifolds, J. Differential Geometry 17:3 (1982) 357–453
MR

[Freedman and Quinn 1990] M H Freedman, F Quinn, Topology of 4-manifolds, Princeton Mathematical Series 39, Princeton
Univ. Press (1990) MR

[Galatius and Randal-Williams 2016] S Galatius, O Randal-Williams, Abelian quotients of mapping class groups of highly
connected manifolds, Math. Ann. 365:1-2 (2016) 857–879 MR

[Galatius and Randal-Williams 2017] S Galatius, O Randal-Williams, Homological stability for moduli spaces of high
dimensional manifolds, II, Ann. of Math. .2/ 186:1 (2017) 127–204 MR

[Galatius and Randal-Williams 2018] S Galatius, O Randal-Williams, Homological stability for moduli spaces of high
dimensional manifolds, I, J. Amer. Math. Soc. 31:1 (2018) 215–264 MR

[Goerss and Jardine 1999] P G Goerss, J F Jardine, Simplicial homotopy theory, Progr. Math. 174, Birkhäuser, Basel (1999)
MR

[Gompf 1984] R E Gompf, Stable diffeomorphism of compact 4-manifolds, Topology Appl. 18:2-3 (1984) 115–120 MR

[Gompf 1991] R E Gompf, Sums of elliptic surfaces, J. Differential Geom. 34:1 (1991) 93–114 MR

[Gompf 1995] R E Gompf, A new construction of symplectic manifolds, Ann. of Math. .2/ 142:3 (1995) 527–595 MR

[Hanke et al. 2003] B Hanke, D Kotschick, J Wehrheim, Dissolving four-manifolds and positive scalar curvature, Math. Z.
245:3 (2003) 545–555 MR

[Hanke et al. 2014] B Hanke, T Schick, W Steimle, The space of metrics of positive scalar curvature, Publ. Math. Inst. Hautes
Études Sci. 120 (2014) 335–367 MR

[Harer 1985] J L Harer, Stability of the homology of the mapping class groups of orientable surfaces, Ann. of Math. .2/ 121:2
(1985) 215–249 MR

[Hatcher and Wahl 2010] A Hatcher, N Wahl, Stabilization for mapping class groups of 3-manifolds, Duke Math. J. 155:2
(2010) 205–269 MR

[Jabuka and Mark 2008] S Jabuka, T E Mark, Product formulae for Ozsváth–Szabó 4-manifold invariants, Geom. Topol. 12:3
(2008) 1557–1651 MR

[Kirby and Siebenmann 1977] R C Kirby, L C Siebenmann, Foundational essays on topological manifolds, smoothings, and
triangulations, Annals of Mathematics Studies 88, Princeton Univ. Press (1977) MR

[Kister 1964] J M Kister, Microbundles are fibre bundles, Ann. of Math. .2/ 80 (1964) 190–199 MR

[Knudsen and Kupers 2024] B Knudsen, A Kupers, Embedding calculus and smooth structures, Geom. Topol. 28:1 (2024)
353–392 MR

[Konno 2019] H Konno, Positive scalar curvature and higher-dimensional families of Seiberg–Witten equations, J. Topol. 12:4
(2019) 1246–1265 MR

[Konno 2021] H Konno, Characteristic classes via 4-dimensional gauge theory, Geom. Topol. 25:2 (2021) 711–773 MR

[Konno 2024] H Konno, The homology of moduli spaces of 4-manifolds may be infinitely generated, Forum Math. Pi 12 (2024)
Paper No. e25, 18 MR

[Konno et al. 2025] H Konno, J Lin, A Mukherjee, J Muñoz Echániz, Constraints on Lefschetz fibrations with four-
dimensional fibers from Seiberg–Witten theory (2025) arXiv 2511.00601

[Krannich 2019] M Krannich, Homological stability of topological moduli spaces, Geom. Topol. 23:5 (2019) 2397–2474 MR

[Krannich 2020] M Krannich, Mapping class groups of highly connected .4kC2/-manifolds, Selecta Math. .N.S./ 26:5 (2020)
art. id. 81 MR

Geometry & Topology, Volume 30 (2026)

https://doi.org/10.2307/1970753
http://msp.org/idx/mr/283802
https://doi.org/10.1007/s002220050268
http://msp.org/idx/mr/1650308
https://doi.org/10.2140/agt.2002.2.391
http://msp.org/idx/mr/1917059
http://projecteuclid.org/euclid.jdg/1214437136
http://msp.org/idx/mr/679066
http://msp.org/idx/mr/1201584
https://doi.org/10.1007/s00208-015-1300-2
https://doi.org/10.1007/s00208-015-1300-2
http://msp.org/idx/mr/3498929
https://doi.org/10.4007/annals.2017.186.1.4
https://doi.org/10.4007/annals.2017.186.1.4
http://msp.org/idx/mr/3665002
https://doi.org/10.1090/jams/884
https://doi.org/10.1090/jams/884
http://msp.org/idx/mr/3718454
https://doi.org/10.1007/978-3-0348-8707-6
http://msp.org/idx/mr/1711612
https://doi.org/10.1016/0166-8641(84)90004-X
http://msp.org/idx/mr/769285
http://projecteuclid.org/euclid.jdg/1214446992
http://msp.org/idx/mr/1114454
https://doi.org/10.2307/2118554
http://msp.org/idx/mr/1356781
https://doi.org/10.1007/s00209-003-0553-8
http://msp.org/idx/mr/2021570
https://doi.org/10.1007/s10240-014-0062-9
http://msp.org/idx/mr/3270591
https://doi.org/10.2307/1971172
http://msp.org/idx/mr/786348
https://doi.org/10.1215/00127094-2010-055
http://msp.org/idx/mr/2736166
https://doi.org/10.2140/gt.2008.12.1557
http://msp.org/idx/mr/2421135
http://msp.org/idx/mr/645390
https://doi.org/10.2307/1970498
http://msp.org/idx/mr/180986
https://doi.org/10.2140/gt.2024.28.353
http://msp.org/idx/mr/4711838
https://doi.org/10.1112/topo.12117
http://msp.org/idx/mr/3977876
https://doi.org/10.2140/gt.2021.25.711
http://msp.org/idx/mr/4251435
https://doi.org/10.1017/fmp.2024.26
http://msp.org/idx/mr/4831140
http://msp.org/idx/arx/2511.00601
https://doi.org/10.2140/gt.2019.23.2397
http://msp.org/idx/mr/4019896
https://doi.org/10.1007/s00029-020-00600-7
http://msp.org/idx/mr/4182837


Homological instability for moduli spaces of smooth 4-manifolds 3067

[Krannich and Randal-Williams 2021] M Krannich, O Randal-Williams, Diffeomorphisms of discs and the second Weiss
derivative of BTop(-) (2021) arXiv 2109.03500

[Kreck 1979] M Kreck, Isotopy classes of diffeomorphisms of .k�1/-connected almost-parallelizable 2k-manifolds, from
“Algebraic topology” (Aarhus, 1978) (J L Dupont, I H Madsen, editors), Lecture Notes in Math. 763, Springer (1979) 643–663
MR

[Kreck 1999] M Kreck, Surgery and duality, Ann. of Math. .2/ 149:3 (1999) 707–754 MR

[Kronheimer and Mrowka 2007] P Kronheimer, T Mrowka, Monopoles and three-manifolds, New Mathematical Monographs
10, Cambridge Univ. Press (2007) MR

[Kupers 2015] A Kupers, Proving homological stability for homeomorphisms of manifolds (2015) arXiv 1510.02456

[Kupers 2019] A Kupers, Some finiteness results for groups of automorphisms of manifolds, Geom. Topol. 23:5 (2019)
2277–2333 MR

[Kupers and Randal-Williams 2025] A Kupers, O Randal-Williams, On diffeomorphisms of even-dimensional discs, J. Amer.
Math. Soc. 38:1 (2025) 63–178 MR

[Kutluhan et al. 2020] Ç Kutluhan, Y-J Lee, C H Taubes, HFD HM, I: Heegaard Floer homology and Seiberg–Witten Floer
homology, Geom. Topol. 24:6 (2020) 2829–2854 MR

[Lam 2015] C H Lam, Homological stability for diffeomorphism groups of 3-manifolds, PhD thesis, Cornell University (2015)
MR Available at https://www.proquest.com/docview/1661461839

[Lee 2019] Y-J Lee, Floer theoretic invariants for 3- and 4-manifolds, from “Tsinghua lectures in mathematics” (L Ji, Y-S
Poon, S-T Yau, editors), Adv. Lect. Math. (ALM) 45, Int., Somerville, MA (2019) 243–264 MR

[Li and Liu 1995] T J Li, A Liu, General wall crossing formula, Math. Res. Lett. 2:6 (1995) 797–810 MR

[Li and Liu 2001] T-J Li, A-K Liu, Family Seiberg–Witten invariants and wall crossing formulas, Comm. Anal. Geom. 9:4
(2001) 777–823 MR

[Lin and Xie 2023] J Lin, Y Xie, Configuration space integrals and formal smooth structures (2023) arXiv 2310.14156

[Madsen and Weiss 2007] I Madsen, M Weiss, The stable moduli space of Riemann surfaces: Mumford’s conjecture, Ann. of
Math. .2/ 165:3 (2007) 843–941 MR

[Mandelbaum 1979] R Mandelbaum, Decomposing analytic surfaces, from “Geometric topology” (Athens, GA, 1977) (J C
Cantrell, editor), Academic, New York (1979) 147–217 MR

[Milnor 1962] J Milnor, On axiomatic homology theory, Pacific J. Math. 12 (1962) 337–341 MR

[Milnor 1964] J Milnor, Microbundles, I, Topology 3:suppl (1964) 53–80 MR

[Morgan 1996] J W Morgan, The Seiberg–Witten equations and applications to the topology of smooth four-manifolds,
Mathematical Notes 44, Princeton Univ. Press (1996) MR

[Morgan et al. 1996] J W Morgan, Z Szabó, C H Taubes, A product formula for the Seiberg–Witten invariants and the
generalized Thom conjecture, J. Differential Geom. 44:4 (1996) 706–788 MR

[Muñoz and Wang 2005] V Muñoz, B-L Wang, Seiberg–Witten–Floer homology of a surface times a circle for non-torsion
spinC structures, Math. Nachr. 278:7-8 (2005) 844–863 MR

[Mumford 1967] D Mumford, Abelian quotients of the Teichmüller modular group, J. Analyse Math. 18 (1967) 227–244 MR

[Nariman 2017a] S Nariman, Homological stability and stable moduli of flat manifold bundles, Adv. Math. 320 (2017)
1227–1268 MR

[Nariman 2017b] S Nariman, Stable homology of surface diffeomorphism groups made discrete, Geom. Topol. 21:5 (2017)
3047–3092 MR

[Okonek and Teleman 1996] C Okonek, A Teleman, Seiberg–Witten invariants for manifolds with bC D 1 and the universal
wall crossing formula, Internat. J. Math. 7:6 (1996) 811–832 MR

[Perlmutter 2016a] N Perlmutter, Homological stability for the moduli spaces of products of spheres, Trans. Amer. Math. Soc.
368:7 (2016) 5197–5228 MR

[Perlmutter 2016b] N Perlmutter, Linking forms and stabilization of diffeomorphism groups of manifolds of dimension 4nC 1,
J. Topol. 9:2 (2016) 552–606 MR

Geometry & Topology, Volume 30 (2026)

http://msp.org/idx/arx/2109.03500
https://doi.org/10.1007/BFb0088108
http://msp.org/idx/mr/561244
https://doi.org/10.2307/121071
http://msp.org/idx/mr/1709301
https://doi.org/10.1017/CBO9780511543111
http://msp.org/idx/mr/2388043
http://msp.org/idx/arx/1510.02456
https://doi.org/10.2140/gt.2019.23.2277
http://msp.org/idx/mr/4019894
https://doi.org/10.1090/jams/1040
http://msp.org/idx/mr/4810061
https://doi.org/10.2140/gt.2020.24.2829
https://doi.org/10.2140/gt.2020.24.2829
http://msp.org/idx/mr/4194305
https://www.proquest.com/docview/1661461839
http://msp.org/idx/mr/3337756
https://academic.hep.com.cn/engi/CN/chapter/978-7-04-050714-0/chapter09
http://msp.org/idx/mr/3971556
https://doi.org/10.4310/MRL.1995.v2.n6.a11
http://msp.org/idx/mr/1362971
https://doi.org/10.4310/CAG.2001.v9.n4.a5
http://msp.org/idx/mr/1868921
http://msp.org/idx/arx/2310.14156
https://doi.org/10.4007/annals.2007.165.843
http://msp.org/idx/mr/2335797
https://doi.org/10.1016/B978-0-12-158860-1.50016-2
http://msp.org/idx/mr/537731
https://doi.org/10.2140/pjm.1962.12.337
http://msp.org/idx/mr/159327
https://doi.org/10.1016/0040-9383(64)90005-9
http://msp.org/idx/mr/161346
http://msp.org/idx/mr/1367507
http://projecteuclid.org/euclid.jdg/1214459408
http://projecteuclid.org/euclid.jdg/1214459408
http://msp.org/idx/mr/1438191
https://doi.org/10.1002/mana.200310277
https://doi.org/10.1002/mana.200310277
http://msp.org/idx/mr/2141962
https://doi.org/10.1007/BF02798046
http://msp.org/idx/mr/219543
https://doi.org/10.1016/j.aim.2017.09.015
http://msp.org/idx/mr/3709135
https://doi.org/10.2140/gt.2017.21.3047
http://msp.org/idx/mr/3687114
https://doi.org/10.1142/S0129167X96000438
https://doi.org/10.1142/S0129167X96000438
http://msp.org/idx/mr/1417787
https://doi.org/10.1090/tran/6564
http://msp.org/idx/mr/3456177
https://doi.org/10.1112/jtopol/jtw004
http://msp.org/idx/mr/3509973


3068 Hokuto Konno and Jianfeng Lin

[Perlmutter 2018] N Perlmutter, Homological stability for diffeomorphism groups of high-dimensional handlebodies, Algebr.
Geom. Topol. 18:5 (2018) 2769–2820 MR

[Perron 1986] B Perron, Pseudo-isotopies et isotopies en dimension quatre dans la catégorie topologique, Topology 25:4 (1986)
381–397 MR

[Persson 1981] U Persson, Chern invariants of surfaces of general type, Compositio Math. 43:1 (1981) 3–58 MR

[Persson et al. 1996] U Persson, C Peters, G Xiao, Geography of spin surfaces, Topology 35:4 (1996) 845–862 MR

[Powell 1978] J Powell, Two theorems on the mapping class group of a surface, Proc. Amer. Math. Soc. 68:3 (1978) 347–350
MR

[Quinn 1982] F Quinn, Ends of maps, III: Dimensions 4 and 5, J. Differential Geometry 17:3 (1982) 503–521 MR

[Quinn 1986] F Quinn, Isotopy of 4-manifolds, J. Differential Geom. 24:3 (1986) 343–372 MR

[Rourke and Sanderson 1971] C P Rourke, B J Sanderson, �-sets, I: Homotopy theory, Quart. J. Math. Oxford Ser. .2/ 22
(1971) 321–338 MR

[Ruan 1998] Y Ruan, Virtual neighborhoods and the monopole equations, from “Topics in symplectic 4-manifolds” (Irvine,
CA, 1996) (R J Stern, editor), First Int. Press Lect. Ser. I, Int., Cambridge, MA (1998) 101–116 MR

[Ruberman 1998] D Ruberman, An obstruction to smooth isotopy in dimension 4, Math. Res. Lett. 5:6 (1998) 743–758 MR

[Ruberman 1999] D Ruberman, A polynomial invariant of diffeomorphisms of 4-manifolds, from “Proceedings of the Kirbyfest”
(Berkeley, CA, 1998), Geom. Topol. Monogr. 2, Geom. Topol. Publ., Coventry (1999) 473–488 MR

[Ruberman 2001] D Ruberman, Positive scalar curvature, diffeomorphisms and the Seiberg–Witten invariants, Geom. Topol. 5
(2001) 895–924 MR

[Smirnov 2022] G Smirnov, Symplectic mapping class groups of K3 surfaces and Seiberg–Witten invariants, Geom. Funct.
Anal. 32:2 (2022) 280–301 MR

[Steenrod 1943] N E Steenrod, Homology with local coefficients, Ann. of Math. .2/ 44 (1943) 610–627 MR

[Sullivan 1977] D Sullivan, Infinitesimal computations in topology, Inst. Hautes Études Sci. Publ. Math. 47 (1977) 269–331
MR

[Taubes 2000] C H Taubes, Seiberg Witten and Gromov invariants for symplectic 4-manifolds, First International Press Lecture
Series 2, Int., Somerville, MA (2000) MR

[Taubes 2010] C H Taubes, Embedded contact homology and Seiberg–Witten Floer cohomology, V , Geom. Topol. 14:5 (2010)
2961–3000 MR

[Thurston 1974] W Thurston, Foliations and groups of diffeomorphisms, Bull. Amer. Math. Soc. 80 (1974) 304–307 MR

[Wall 1964a] C T C Wall, Diffeomorphisms of 4-manifolds, J. London Math. Soc. 39 (1964) 131–140 MR

[Wall 1964b] C T C Wall, On simply-connected 4-manifolds, J. London Math. Soc. 39 (1964) 141–149 MR

[Watanabe 2018] T Watanabe, Some exotic nontrivial elements of the rational homotopy groups of Diff.S4/ (2018) arXiv
1812.02448

[Weiss 2021] M S Weiss, Rational Pontryagin classes of Euclidean fiber bundles, Geom. Topol. 25:7 (2021) 3351–3424 MR

HOKUTO KONNO konno@ms.u-tokyo.ac.jp
Graduate School of Mathematical Sciences, The University of Tokyo, Tokyo, Japan
RIKEN iTHEMS, Saitama, Japan

JIANFENG LIN linjian5477@mail.tsinghua.edu.cn
Yau Mathematical Sciences Center, Tsinghua University, Beijing, China

Proposed: András I Stipsicz Received: June 10, 2024
Seconded: Simon Donaldson, Nathalie Wahl Revised: February 8, 2026

Geometry & Topology Publications, an imprint of mathematical sciences publishers msp

https://doi.org/10.2140/agt.2018.18.2769
http://msp.org/idx/mr/3848399
https://doi.org/10.1016/0040-9383(86)90018-2
http://msp.org/idx/mr/862426
http://www.numdam.org/item?id=CM_1981__43_1_3_0
http://msp.org/idx/mr/631426
https://doi.org/10.1016/0040-9383(95)00046-1
http://msp.org/idx/mr/1404912
https://doi.org/10.2307/2043120
http://msp.org/idx/mr/494115
http://projecteuclid.org/euclid.jdg/1214437139
http://msp.org/idx/mr/679069
http://projecteuclid.org/euclid.jdg/1214440552
http://msp.org/idx/mr/868975
https://doi.org/10.1093/qmath/22.3.321
http://msp.org/idx/mr/300281
http://academic.hep.com.cn/fcse/EN/chapter/9781571462107/chapter05
http://msp.org/idx/mr/1635698
https://doi.org/10.4310/MRL.1998.v5.n6.a5
http://msp.org/idx/mr/1671187
https://doi.org/10.2140/gtm.1999.2.473
http://msp.org/idx/mr/1734421
https://doi.org/10.2140/gt.2001.5.895
http://msp.org/idx/mr/1874146
https://doi.org/10.1007/s00039-022-00600-z
http://msp.org/idx/mr/4408433
https://doi.org/10.2307/1969099
http://msp.org/idx/mr/9114
http://www.numdam.org/item?id=PMIHES_1977__47__269_0
http://msp.org/idx/mr/646078
http://msp.org/idx/mr/1798809
https://doi.org/10.2140/gt.2010.14.2961
http://msp.org/idx/mr/2746727
https://doi.org/10.1090/S0002-9904-1974-13475-0
http://msp.org/idx/mr/339267
https://doi.org/10.1112/jlms/s1-39.1.131
http://msp.org/idx/mr/163323
https://doi.org/10.1112/jlms/s1-39.1.141
http://msp.org/idx/mr/163324
http://msp.org/idx/arx/1812.02448
http://msp.org/idx/arx/1812.02448
https://doi.org/10.2140/gt.2021.25.3351
http://msp.org/idx/mr/4372633
mailto:konno@ms.u-tokyo.ac.jp
mailto:linjian5477@mail.tsinghua.edu.cn
http://msp.org
http://msp.org


GEOMETRY & TOPOLOGY
msp.org/gt

MANAGING EDITORS

Robert Lipshitz University of Oregon
lipshitz@uoregon.edu

András I Stipsicz Alfréd Rényi Institute of Mathematics
stipsicz@renyi.hu

BOARD OF EDITORS

Mohammed Abouzaid Stanford University
abouzaid@stanford.edu

Dan Abramovich Brown University
dan_abramovich@brown.edu

Ian Agol University of California, Berkeley
ianagol@math.berkeley.edu

Arend Bayer University of Edinburgh
arend.bayer@ed.ac.uk

Agnès Beaudry University of Colorado Boulder
agnes.beaudry@colorado.edu

Mark Behrens University of Notre Dame
mbehren1@nd.edu

Mladen Bestvina University of Utah
bestvina@math.utah.edu

Martin R Bridson University of Oxford
bridson@maths.ox.ac.uk

Tobias H Colding Massachusetts Institute of Technology
colding@math.mit.edu

Simon Donaldson Imperial College, London
s.donaldson@ic.ac.uk

Yasha Eliashberg Stanford University
eliash-gt@math.stanford.edu

David M Fisher Rice University
davidfisher@rice.edu
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