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We prove that homological stability fails for the moduli space of any simply connected closed smooth
4-manifold in any degree of homology, unlike what happens in all even dimensions # 4. We detect also
the homological discrepancy between various moduli spaces, such as topological and smooth moduli
spaces of 4-manifolds, and moduli spaces of 4-manifolds with positive scalar curvature metrics. Some
of these discrepancies are special to dimension 4. To prove these results, we use the Seiberg—Witten
equations to construct a new characteristic class of families of 4-manifolds, which is unstable and detects
the difference between the smooth and topological categories in dimension 4.
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1 Introduction
1.1 Background and setup

Given a smooth manifold M, the classifying space BDiff(M) (also called the moduli space of M)
classifies smooth fiber bundles with fiber M. Cohomology classes of BDiff(M ) one-to-one correspond
to characteristic classes for such bundles. For this reason, understanding the (co)homology group of
BDiff(M) has been an important topic in manifold theory. A celebrated result of Harer [1985] proved
homological stability for mapping class groups of oriented surfaces. This result can be interpreted in terms
of moduli spaces of Riemann surfaces. More recently, Galatius and Randal-Williams [2018] established
analogous homological stability for moduli spaces of manifolds of even dimension > 6. This result is one
of the highlights in manifold theory in the last decade. It is the key ingredient in many recent breakthroughs
including the work on rational Pontryagin classes by Weiss [2021] and calculation 4 (Diffy(D")) ® Q
by Kupers and Randal-Williams [2025] and Krannich and Randal-Williams [2021]. (Similar homological
stability results have also been established for moduli spaces of manifolds of odd dimension [Perlmutter
2016a; 2018; 2016b; Krannich 2019; Lam 2015; Hatcher and Wahl 2010].) On the other hand, even in
the only unresolved even dimension 4, stabilization is an important operation. In particular, an important
MSC2020: 57K41, 57S05.
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principle in 4-dimensional topology is that most exotic phenomena are eliminated by sufficiently many
stabilizations [Wall 1964b; 1964a; Kreck 1999; Gompf 1984; Quinn 1986]. Therefore, it is natural to ask
whether homological stability holds in dimension 4. The main purpose of this paper is to develop new
gauge-theoretic techniques and use them to study moduli space of 4-manifolds. In particular, we discover
new cohomology classes of moduli spaces. And we establish a phenomenon in the opposite direction
of homological stability, which we call homological instability, in broad generality. Furthermore, we
obtain comparison results between various moduli spaces of 4-manifolds and 4-manifolds with metrics.
In particular, we will establish certain exotic phenomena that only appear in dimension 4.

We state the applications before discussing the gauge-theoretic techniques. Let us describe the standard
setup to discuss homological stability for moduli spaces of manifolds. Let W be a compact smooth
2n-dimensional manifold with nonempty boundary. Let Diffy(W') denote the group of diffeomorphisms
that are the identity near dW. We equip Diffy (W) with the C°°-topology. Define the stabilization map

s : Diffy(W) — Diffy(W #S™ x S™)

as follows. Form the connected sum of W with §” x §” by letting K = ([0, 1] x dW) # S" x S” be
the inner connected sum, and setting W # S" x §" = W Uaw —(01xow K. Then the map s is defined by
extending diffeomorphisms lying in Diffy(WW) by the identity of S” x S™. This induces the map, called
the stabilization map, between homologies of moduli spaces

s« : Hy (BDiffy(W); Z) — Hy (BDiffy(W #S" x S"); Z)
for every k > 0. If W is obvious from the context, for N > 0, we use
SN, : Hi (BDiffy(W # NS" x S™); Z) — Hy (BDiffy(W #(N + 1)S" x §"); Z)

to denote the stabilization map for W # NS" x S™.

The aforementioned results of Harer [1985] for 2n = 2 and of Galatius and Randal-Williams [2018] for
2n > 6 state that, for any simply connected W and any k, the stabilization map su « is an isomorphism
for any N > 0 large enough relative to k. As a consequence, the direct system

{(H; (BDiffy(W # NS" x §"); Z), SN,*)}?\]O:o

stabilizes after finitely many terms. This stability phenomenon is fundamental in the study of the homology
group of moduli spaces. It provides a stable range in which one can identify Hy (BDiffy(W #NS" x S"))
with the stable homology group

lim Hy (BDiffy(W # NS™ x S™)),
N—>+o00

which can be computed purely in terms of homotopy theory [Madsen and Weiss 2007; Galatius and
Randal-Williams 2017]. (Note that this method of computing stable homology group is valid in all even
dimensions including 4.)

A closely related object of interest is the diffeomorphism group with the discrete topology, denoted
by Diffy(W)%. The Eilenberg—Mac Lane space BDiffy(W)? classifies smooth fiber bundles with flat
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Homological instability for moduli spaces of smooth 4-manifolds 2995

structures. Homology of BDiffy(W)? is the group homology of Diffy(W) and it reflects the purely
algebraic (rather than topological) structure of Diffy(W).
One can similarly define the stabilization map

S.x - Hi(BDIffy(W # NS™ x §™)%: Z) — Hy (BDiffy(W # (N + 1)S" x S")%; 7).

When W is a punctured g(S” x S™) for g > 0 with 2n # 4, Nariman [2017a; 2017b] proved that s}sv 4 18
an isomorphism for any N large enough relative to k.

1.2 Homological instability

Now we present the first main result of this paper. Let us focus on when 2n = 4 and W is a punctured 4-
manifold. For a closed smooth 4-manifold X, choose an embedded 4-disk D* in X and set X=X \Int(D*).
We begin with a concise version of the theorem, which implies that, unlike dimensions # 4, homological
stability fails for the diffeomorphism group of any simply connected closed 4-manifolds, with either the
C °-topology or the discrete topology, in any positive degree of homology:

Theorem 1.1 (homological instability: concise version) Let X be a simply connected closed smooth
4-manifold and let k > 0. Then there are infinitely many positive integers N such that the stabilization
maps

SN.x : Hy (BDiffy(X # NS2 x §2): Z) — Hy (BDiffy(X # (N + 1)S2 x §2): Z)

are not isomorphisms. An analogous result holds also for S?V .

In fact, we shall prove a much more precise result. To state it, we let Homeog ()? ) denote the group of
homeomorphisms restricting to the identity near X and let i : Diffy(X) — Homeoy(X) be the inclusion
maps. We call an element of

ker(ix : Ha(BDiffy(X); Z) — Ha(BHomeoy(X); Z))

a topologically trivial homology class. The following is a more precise version of the main result of
this paper. It establishes a sequence of 2-torsion, topologically trivial unstable homology classes. Also,
the “nonisomorphic” result for infinitely many stabilization maps in Theorem 1.1 will be refined to
noninjectivity and nonsurjectivity results for infinitely many stabilization maps:

Theorem 1.2 (homological instability: precise version) Let X be a simply connected closed smooth
4-manifold and let k > 0. Then there is a sequence of positive integers Ny < Ny < --- — +o00 and a
sequence of nonzero, 2-torsion elements

a; € Hy (BDiffy(X # N; S x §2); Z)
that satisty the following properties.

(a) Topologically trivial: «; is topologically trivial.

(b) Noninjective: a; belongs to the kernel of the stabilization map sy, «. In particular, the map sy, « is
not injective.
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(c) Nonsurjective: a; does not belong to the image of the composition

SNi—1,%C " OSN; —k—1,%-
In particular, sy, « is not surjective for some l € {1, ...,k + 1}.

(d) Discrete: «; equals the image of a 2-torsion element
of € Hy (BDiffy(X # N; S% x §2)%. 7)
under the forgetful map
Hy (BDiffy(X # N; S x §2)%: Z) — H, (BDiffy(X # N; S? x S2); Z).

Furthermore, ozl‘.'s belongs to the kernel of sf\,l_ , and does not belong to the image of the composition
8 2

]
SNj—1,%° " OSSN —k—1,%

The above instability result shall be proven by using a new characteristic class of families of 4-manifolds,
explained in Section 1.6. This characteristic class shall turn out to detect subtle differences between
various moduli spaces of 4-manifolds, which is of independent interest. From now on, we shall describe
comparisons between moduli spaces derived from this characteristic class.

1.3 Smooth and topological moduli spaces

Theorem 1.2(a) reflects the homological discrepancy of the smooth and topological moduli spaces. In fact,
we prove a refinement which reflects an exotic phenomenon that is special to dimension 4. The result
holds both for a closed 4-manifold X and the punctured manifold X. For simplicity, we focus on the
former. We let Diff ™ (X) and Homeo™ (X) denote the groups of orientation-preserving diffeomorphisms
and homeomorphisms. As we mentioned, the spaces BHomeo™ (X) and BDiff ™ (X) classify topological
bundles and smooth bundles with fiber X respectively. Hence we call BDiff ™ (X) the moduli space of
smooth manifold X and call BHomeo™ (X ) the moduli space of topological manifold X. There is actually
a third moduli space BHomeoZ (X) as defined in Definition 4.11. To explain the geometric meaning
of this moduli space, we recall that a microbundle is a generalization of a vector bundle, as defined by
Milnor [1964]. A lift of a microbundle to an actual vector bundle is called a linear structure. Following
Knudsen and Kupers [2024], a formally smooth bundle means a topological bundle X < E — B equipped
with a linear structure on its vertical tangent microbundle .7 (E / B); see Definition 4.2. The moduli space
BHomeoZ (X) classifies formally smooth bundles X < E — B so is called the moduli space of formally
smooth manifold X. We have canonical forgetful maps

BDifft (X) — BHomeoZr (X) = BHomeo ™t (X).

The composition 7 o ¢ is homotopic to the map induced by the natural inclusion i : Difft(X) <
Homeo™ (X).
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For any manifold X of dim # 4, it follows from a celebrated theorem of Kirby and Siebenmann [1977]
that the map ¢ : BDiff ™ (X) — BHomeozr (X) is a weak homotopy equivalence to a path component of
BHomeozr (X); see Corollary 4.14. This implies, of course, that ¢ induces an isomorphism on homology
of positive degree. In contrast, an analogous statement in dimension 4 shall turn out to fail in any degree
of homology. We shall prove:

Theorem 1.3 (BDiff vs BHomeoy,) Let X be a simply connected closed oriented smooth 4-manifold and
let k > 0. Then there exists a sequence of positive integers Ny < N, < --- — +00 such that, for all i,
none of the maps

t : Hi (BDIff (X # N; S? x §?); Z) — Hy(BHomeo (X # N; S x §?): Z)
are injective, and none of the maps
t* : H*(BHomeo[ (X # N; S? x §2);Z/2) — H* (BDiff" (X # N; S? x $%); Z/2)
are surjective.

Theorem 1.3 illustrates the special nature of moduli theory of manifolds in dimension 4, as well as the
instability theorem (Theorem 1.2).

Remark 1.4 (BDiff vs BHomeo) Theorem 1.3 immediately implies that the induced map
ix : Hi (BDifft (X # N; S? x §?); Z) — Hyi(BHomeo™t (X # N; S? x §2); Z)

is not injective. This gives the first result that, in any degree k > 0, there is a 4-manifold M such that the map
ix : Hy(BDifft (M)) — Hy(BHomeo™ (M)) is not an isomorphism. We also prove an analogous state-
ment for the corresponding map i ,‘2 with the discrete topologies on the diffeomorphism/homeomorphism
groups; see Corollary 3.12.

Remark 1.5 (two types of exotic phenomena) The failure of ¢ and t to be weak homotopy equivalences
reflects two types of exotic phenomena in dimension 4. As suggested in [Knudsen and Kupers 2024], it
may be fruitful to study them separately. Theorem 1.3 fits into this direction. It is expected that the formally
smooth moduli space BHomeoZ (X') behaves much like the smooth moduli space of a higher-dimensional
manifold. While Theorem 1.2 shows that homological stability fails for the smooth moduli space, it may
still be possible to prove homological stability for BHomeoZ’ (X). Note that the unstable element o;; we
established in Theorem 1.2 becomes trivial when being mapped to the formally smooth moduli space.
Also note that Watanabe [2018] established exotic elements in 7; (BDiff " (S#)) ® Q using configuration
space integrals. By [Lin and Xie 2023, Theorem 1.4], these elements survive in 7; (BHomeozr(S HMH®Q.

Remark 1.6 (nontopological characteristic class) The cohomological part of the statement of Theorem 1.3
implies that, in any positive degree k, there exists a nontopological characteristic class which is defined for
all orientable smooth fiber bundle whose fiber X satisfies b (X) > k. It appears that characteristic classes
with such properties were unknown before. (See Remarks 2.30 and 3.11.) This also gives an explicit
construction of a new unstable characteristic class for smooth 4-manifolds bundles; see Section 1.6.
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Remark 1.7 The results up to here (Theorems 1.2 and 1.3) are closely related to work by Auckly and
Ruberman [2025], which generalizes Ruberman’s work [1998; 1999]. A significant difference between
[Auckly and Ruberman 2025] and this paper is which group of diffeomorphisms is considered. While we
consider Diff™ (X) in this paper, Auckly and Ruberman treat certain classes of proper subgroups G(X)
of Diff ™ (X), including (subgroups of) the Torelli group

TDiff(X) := { f € Diff(X) | fx =id on Hx(X;Z)}.

Also, for G(X) C TDiff(X), they detect torsion-free elements in the kernels of the stabilization maps
H.«(BG(X);Z) — H«(BG(X # 8? x S?); Z) for some X, while we detected 2-torsions for the whole
diffeomorphism group Diff ™ (X).

It is worth noting that the choice of group of diffeomorphisms can make essential differences in the
homology groups of moduli spaces. For instance, there is an example of a 4-manifold X for which the
kernel of the natural map

H,(BTDIff(X); Z) — H«(BDiff" (X); Z)

contains a subgroup isomorphic to Z*° = @, Z (Proposition 5.4).

1.4 Abelianizations of diffeomorphism groups

Next, we focus on homological instability in degree k = 1, which is closely related to the abelianized
mapping class group. Given X, we consider the smooth mapping class group MCG™ (X) = 7o (Diff T (X))

and the topological mapping class group MCG{E;p (X) = mo(Homeo™ (X)). We use Gy, to denote the

abelianization of a group G. Then by definition, we have
Hy(BDiff* (X): Z) = MCG*(X)sy and Hy(BHomeo™ (X); Z) = MCGY, (X)a.

By a series of deep results of Edwards and Kirby [1971] and Thurston [1974], the unit components of
Diff(X) and Homeo(X) are both simple. Therefore, we also have

H,(BDiff*(X); Z) = Diff " (X)s, and Hj(BHomeo™ (X);Z) =~ Homeo™ (X)qp.

Also note that when X is simply connected, the work of Freedman [1982] and work of Quinn [1986] and
Perron [1986] give the isomorphism

(1) MCGH,,(X) = Aut(Qx).

Here Aut(Qy) denotes the group of automorphism on H?(X; Z) that preserves the intersection form Qy.
Combining this isomorphism with a result of Wall [1964a, Theorem 2], we see that the forgetful map

() MCG™ (X #NS? x §?) - MCGH, (X # NS? x §2).

is always surjective when N > 2.
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Regarding the stabilization map for a closed manifold X, there is no well-defined stabilization map
from BDiff ™ (X) to BDiff ™ (X #.52 x S?) as there is no fixed ball to form connected sums. But as proved
in [Auckly et al. 2015, Theorem 5.3], there is indeed a well-defined stabilization map

MCGT(X) > MCG™T (X # 52 x §2).
With these results in mind, we can restate the k = 1 case of Theorems 1.3 and 1.2 as follows.

Theorem 1.8 (abelianizations of Diff and MCG) Let X be a simply connected closed oriented smooth
4-manifold. Then there exists a sequence of positive integers N1 < N < --- — 400 and a sequence of
nonzero, 2-torsion elements

Bi € Diff " (X # N; S% x §%)ap = MCGT (X # N; S% x §%)ap
such that the following properties hold for all i .

(i) Each B; can be represented by an exotic diffeomorphism (i.e., a diffeomorphism which is topolog-
ically isotopic to the identity but not smoothly so). In particular, B; belongs to the kernel of the
map

Difft (X # N; S? x §2) — Homeo™ (X # N; S2 x S?)..
(ii) Each B; belongs to the kernel of the map
MCG™T (X #N; S% x §%)p — MCGT (X #(N; +1)S% x §2)5p.
(iii) Each B; does not belong to the image of the map
MCG™ (X #(N; —2)S? x §2)p = MCGT (X #N; S% x S?)p.

Theorem 1.8 also implies that for all simply connected 4-manifolds, the degree-1 homological stability
of the smooth mapping class group fails.

Example 1.9 In dimension # 4, there are various tools to compute the mapping class groups and their
abelianizations. In particular, let Wg2” = g(8" x §™). Then Wg2 is just a closed surface of genus g and it
is proved by Mumford [1967] and Powell [1978] that

7/12 ifg=1,
MCGT (W) = 1 Z/10 if g =2,
0 otherwise.

For n > 3, Kreck [1979] described the group MCG+(Wg2”) up to extensional problems. These extension
problems have been solved in many cases [Galatius and Randal-Williams 2016; Krannich 2020]. As for the
abelianization, Galatius and Randal-Williams [2016] and Krannich [2020] computed MCG’L(WgZ”)ab for
alln >3 and g > 0. As proved in [Galatius and Randal-Williams 2016], one has Aut(QW;;)ab ~7/20Z]2
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whenever g > 2. Theorem 1.8 applied to X = S* shows that MCG™ (Wg4 ) is strictly larger than Z /2B 7Z /2
for infinitely many g. For such g, the kernel of the surjective map

fao :MCGY (W — Z/202/2
contains a 2-torsion element that is represented by an exotic diffeomorphism on Wg4 and is not stabilized
from a mapping class on W;_z.

Remark 1.10 All of our results also hold for twisted stabilizations (i.e., taking connected sum with
CP2#CP? instead of S%x S2). If one replaces S%x S with CP2#CP? in the statements of Theorems 1.1,
1.2, 1.3 and 1.8, the conclusions of these results still hold. See Remark 5.3 for a detailed explanation.

1.5 Moduli spaces of manifolds with metrics

Up to here we considered moduli spaces of manifolds. Now we discuss moduli spaces of pairs of
manifolds and metrics, in particular with positive scalar curvature. Given an oriented smooth manifold X,
let Z(X) and Z* (X) denote the space of Riemannian metrics and the space of metrics with positive
scalar curvature, respectively. The group Difft (X)) acts on Z(X) by pullback, and this action preserves
Z7(X). Define .#(X) and .# " (X) by

M (X) = EDiff* (X) Xpyet oy Z(X) and .2 (X) = EDiff " (X) Xpyt () 271 (X).

As we shall see in Section 2.10, .#(X) classifies oriented fiber bundles with fiber X equipped with
fiberwise metrics, and similarly .2+ (X) classifies fiber bundles with fiberwise positive scalar curvature
metrics. Let ¢ : .7 (X) < .#(X) denote the injection induced from the inclusion Z* (X ) < Z(X). The
moduli space .7 (X) gives a model of BDiff" (X), and ¢ is the same as the projection map .#Z ™ (X) —
BDiff (X). We shall prove the following comparison result:

Theorem 1.11 (moduli spaces of manifolds with metrics vs with psc metrics) Let X be a simply
connected closed oriented smooth 4-manifold and let k > 0. Then there exists a sequence of positive
integers N1 < N < -+ — +oo0 such that the induced maps

e He (T (X #N;S? x §?);2) — Hy(#(X #N; S? x §?);Z)
are not surjective for all i .

In Theorem 2.43 we shall also prove analogous results for pointed 4-manifolds and punctured 4-
manifolds, which are described in terms of observer moduli spaces ///);; (X) and relative versions
///(.;r ()? ). See Section 2.10 for the definition of these moduli spaces.

Theorem 1.11 gives the first result that in any degree k there is a 4-manifold X such that the map
e i Hi (A1 (X)) — Hy(#(X)) is not an isomorphism. Compared with higher dimensions, it is difficult
to study the space of/moduli space of positive scalar curvature metrics on a 4-manifold because of the
failure of surgery techniques. As one of few known results, Ruberman [2001] proved that AT (X ) are not
connected for some 4-manifolds X. In fact, the above nonsurjectivity result (Theorem 1.11) for k = 1
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implies that 2 (X # N; S? x §2) is disconnected (Lemma 2.42). Thus Theorem 1.11 can be regarded as
a higher-degree generalization of Ruberman’s result.

It is also worth noting that a recent work by Botvinnik and Watanabe [2023] combined with the work
of Watanabe [2018] on the Kontsevich characteristic class implies a result for D# in a complementary
direction to the above, detection of the image of (a relative version of) (.

Remark 1.12 If X is spin and sign(X) # 0, then X # NS? x S? do not admit positive scalar curvature
metrics for all N > 0. In this case, the claim of Theorem 2.43 is equivalent to the nonvanishing result
Hy (4 (X #N;S? x S?);Z) # 0. On the other hand, if X is either nonspin or sign(X) = 0, it follows
from Wall’s theorem [1964b] that X # NS? x S§2 admit positive scalar curvature metrics for all N > 0.

1.6 Tool: characteristic classes from Seiberg—Witten theory

To derive the results explained until the last subsection, we shall construct and calculate a new characteristic
class, which is based on Seiberg—Witten theory. The setup is as follows. For k > 0, let X be a closed
oriented smooth 4-manifold with 5™ (X) > k + 1. We shall construct characteristic classes

SWkK

tot

(X) € H* (BDiff " (X); Zgpirt ) and  SWye o (X) € H¥(BDff T (X): Z/2),

where Zgp. oo+ (x) 1s a certain local coefficient system with fiber 7, determined by the monodromy action
on what is called the homology orientation. We call SW¥ (X) and SWE .. (X) the k-th total Seiberg—
Witten characteristic class and the k-th half-total Seiberg—Witten characteristic class, respectively.

For some computational reason explained later, SWK . (X) will be used rather than SW¥ (X) in
our applications. Here are notable properties of SWK . (X). (Similar results hold also for SWX (X),
but we omit them here.)

J SWﬁalf_tot(X ) is a cohomology class of the whole moduli space BDiff" (X), rather than BG for a
proper subgroup G C Diff* (X). So this characteristic class can be defined for all oriented smooth
bundles with fiber X, with no constraint on the monodromy. This is a major difference from known
gauge-theoretic characteristic classes [Konno 2021].

. SWﬁalf_tot(X ) is unstable under stabilizations by S2 x S2 (Corollary 2.37). The nonsurjectivity result
in Theorem 1.2 is a consequence of this property.

e Just as the Seiberg—Witten invariant detects exotic structures of 4-manifolds, SWfalf_mt(X ) detects
subtle differences between smooth families of 4-manifolds. This yields the noninjectivity result in
Theorem 1.2 and the comparison results on the smooth and topological categories (Theorem 1.2(a),
Theorem 1.3).

. SWﬁalf_tot(X ) can be nontrivial on BDifft(X)3. Stated precisely, the pullback of SWﬁalf_mt(X )
to H*(BDifft(X)%;Z/2) under the map induced from the identity Diff*(X)® — Diff™(X) is
nonzero for some X. This makes it useful in the study of the algebraic structure of the discrete group
Diff*(X)% and yields homological instability for BDiff™ (X )8 (Theorem 1.2(d)).
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. SWﬁalf_tot(X ) vanishes for families that admit fiberwise positive scalar curvature metrics (Theorem
2.39 and Corollary 2.40). This yields a comparison result on moduli spaces of Riemannian metrics
and of positive scalar curvature metrics (Theorems 1.11 and 2.43).

J SWﬁalf_tot(X ) is capable of detecting several specialities of dimension 4: not only homological
instability discussed in this paper, but also the following infiniteness. In a subsequent paper [Konno
2024, SW}’falf_tot(X ) and its generalization are used to prove that there exist simply connected closed
4-manifolds X where Hy (BDiff(X); Z) are infinitely generated for given k > 1 (for k = 1, this follows
also from a result by Baraglia [2026]). In particular, this implies that the mapping class group of a
simply connected closed 4-manifold can be infinitely generated. In contrast, every simply connected
closed manifold of dim # 4 is known to have finitely generated mapping class group, which is a cele-
brated result by Sullivan [1977] in high dimensions. More generally, in dim # 4, there are established
and expected finiteness results for Hy (BDiff(X); Z) [Kupers 2019; Bustamante et al. 2024]. Thus
infinite generation of Hy (BDiff(X); Z) for 4-manifolds X is a special phenomenon in dimension 4.

From a technical point of view, the upshot of the characteristic classes SW¥ (X) and SWﬁalf_mt(X )
is that they are free from a choice of spin® structure, despite the dependence of the Seiberg—Witten
equations on a spin® structure. The construction is modeled on a characteristic class defined by the first
author [Konno 2021] based on the Seiberg—Witten equations, but the characteristic class in [Konno 2021]
does depend on the choice of a spin® structure. To get rid of such a constraint, we use an idea due to
Ruberman [2001] to define a numerical Seiberg—Witten-type invariant of a diffeomorphism that does not
necessarily preserve a given spin¢ structure. See Remark 2.30 for a detailed comparison of this work
with [Konno 2021] and [Ruberman 2001].

Here is a rough idea of the definition of SW{;(X ). Let d(s) denote the formal dimension of the
Seiberg—Witten moduli space for s, and let Spin® (X, k) denote the set of spin® structures on X with
d(s) = —k. The diffeomorphism group Diff* (X) naturally acts on Spin® (X, k). Once we fix a pair o of
a fiberwise metric and perturbation for the universal bundle EDiff " (X) — BDifft (X), we have a family
over BDiff™ (X) of “collection (indexed by elements of Spin® (X, k)) of the moduli spaces” of solutions to
the Seiberg—Witten equations. We define a k-cochain H’Wff)t(X , o) on BDiff* (X) by counting this family
of collections of moduli spaces over each k-cell of BDiff ™ (X). This cochain shall be shown to be a cocycle
and the cohomology class SW{&(X ) = [FW {‘Ot(X ,0)] will turn out to be independent of the choice of .

The other characteristic class SWﬁalf_tot(X ) is a variant of SWﬁ)t(X ), corresponding to the quotient of
all Seiberg—Witten moduli spaces divided by the charge conjugation on spin® structures. For our purpose
to prove the homological instability, SWﬁalf_tot(X ) shall be effectively used because the conjugation
symmetry annihilates SW{‘&(X ) in a lot of situations. See Section 2.1 for more detailed motivation for

introducing SW¥ .. (X).

1.7 Some open questions

We end this introductory section by discussing some open questions that naturally arise from our results.
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First, we let (M) = BDiffy (X #g(S2 x $2)). Then we have a sequence of stabilization maps
M(X) = M(X1) = M(X2) 2> e
which includes an inverse system of abelian groups
3) H*(U(X): Z) < HF(U(X1); 2) — HE(U(X2); Z) < -
Let M(X o) be the homotopy colimit of JM(Xg). Then we have the Milnor exact sequence [1962]
4) 0 — lim' H* "1 (M(Xg): Z) - H¥ (M(Xo0); Z) — lim H* (M(Xg): Z) — 0.

Here lim denotes the inverse limit and @1 denotes its 1st derived functor. Note that the stable cohomology
group H k(M(Xoo0); Z) can be computed using [Galatius and Randal-Williams 2017, Theorem 1.5]. Our
Theorem 1.1 implies that the sequence (3) does not stabilize, so the term liLnl HY(x ¢)) is not
necessarily zero (unlike in other dimensions). It is a natural question to compute the other two terms
in (4).

Second, it is an open question whether Theorem 1.1 can be generalized to rational coefficients.
Since our unstable classes are 2-torsion, they disappear in Hy(—; Q). Note that there are many exotic
diffeomorphisms of infinite order [Ruberman 1998; Auckly and Ruberman 2025], which are detected by

Seiberg—Witten theory. So one may generalize the constructions to find unstable classes in Hy (M(Xg); Q).

k
tot

the orientation of the family Seiberg—Witten moduli space (i.e., the homological orientation for smooth

To detect such classes, one needs a rational refinement of SW¢  (X). A major difficulty is controlling
families).

Third, it would be interesting to explore more applications of the Seiberg—Witten characteristic
class SWﬁa]f_tot(X ) € H*(M(X);Z/2), especially for irreducible X. For example, in a subsequent
paper [Konno 2024] by the second author (also independently by Baraglia [2026]), a variation of
SWﬁalf_mt(X ) € H*(M(X);7Z/2) is used to prove that the mapping class groups of some reducible,
simply connected 4-manifolds are infinitely generated. It is still open whether such phenomena can
occur for simply connected, irreducible 4-manifolds. Note that families Seiberg—Witten theory has been
successfully used to detect exotic diffeomorphisms on irreducible 4-manifolds [Baraglia and Konno 2026]
and to deduce nontrivial results about symplectic mapping class groups [Smirnov 2022; Konno et al.
2025]. One may try to approach this problem by computing SW{falf_tot(E ) for families E of irreducible
4-manifolds.

1.8 Outline

The remaining sections of this paper are as follows. In Section 2, we construct characteristic classes
SWe

tot
and subsections preceding that are devoted to giving technical preliminaries. We prove the vanishing of

(X), SW?P ir10:(X), and study some of the basic properties. The definition is given in Section 2.7,

these characteristic classes under stabilizations and positive scalar curvatures in Sections 2.9 and 2.10,
respectively. In Section 3 we calculate the characteristic class SWyaf.ot. A key computational result is
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Theorem 3.10. In Section 4, we define the moduli space BHomeoZ (X)) using simplicial sets. The main
results of this paper, Theorems 1.2, 1.3, 1.8 and 1.11, are proven in Section 5. The main ingredients
of their proofs are the key computation (Theorem 3.10) and a result on geography involving the usual
(i.e., unparametrized) Seiberg—Witten invariant, which is given as Theorem 5.1. Section 6 is devoted to
proving Theorem 5.1.

2 The Seiberg—Witten characteristic classes
2.1 Motivation

In Section 2, given k > 0 and a 4-manifold X with 5% (X) > k + 1, we define characteristic classes
SWﬁn(X ), SW}’falf_tot(X ) mentioned in Section 1.6. As the construction of SWﬁa]f_tot(X ) is rather more
complicated than that of SW¥,

motivate readers. First we describe why we adopt (twisted) Z-coefficient for SW . If one tries to define

(X), here we clarify why we need the characteristic class SWK . (X)) to

a characteristic class using the Seiberg—Witten equations in full generality, it would be natural to define a
refinement

SW,(X) € H*(BDIff* (X Z%)

of SWE (X), where Z%o is a local system with fiber §

action for EDiff ™ (X) on Spin® (X, k) and on the homology orientation. The class SW  can be recovered

sespin’ (X,k) Z determined by the monodromy
from @Wtot via a homomorphism EBseSPin" (x.k) Z — Z defined by summing up entries. However, the
action of Diff™ (X) on Spin‘ (X, k) may be quite complicated, and we do not have control of the local
system Z%" Thus we eventually pass to SWy, for a computational reason.

Moreover, even after passing to SW,, one still has to work with the local system Z g = ZEDiff+( X)
because the action of Diff™ (X) on the homology orientation is nontrivial in general. Since our main
interest is the homology of moduli spaces for untwisted coefficient, we may hope to study SWy after
the mod 2 reduction.

However, SWy corresponds to summing up the counts of the moduli spaces over Spin(X, k), so
almost every time the charge conjugation symmetry of the Seiberg—Witten equations kills the Z/2-
coefficient SW,. Now we arrive at the reason we need to take the “half” of Spin®(X, k), namely
Spin® (X, k)/Conj, to get interesting results for a broad class of 4-manifolds.

Nevertheless, in this paper we shall also describe the construction of SW (o, not only SW pi¢.¢0r, because
the construction of SW is a good guide in the construction of the more complicated object SW p,i.(ot-

2.2 Virtual neighborhoods for families

To define the characteristic classes SW¢  (X) and SWp ¢, (X) for a 4-manifold X, we need to treat the
issue of transversality in counting parametrized moduli spaces over BDiff ™ (X), which is not a finite-
dimensional smooth manifold. This may cause a complication, in particular, in proving that cochains

we construct to define SW{ (X) and SWy .., (X) are cocycles (corresponding to Proposition 2.27).
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Since we are studying the (co)homology group of BDiff™ (X), we may assume that BDiff " (X) is a
CW complex by passing to its CW approximation. Then we shall adopt the virtual neighborhood technique
of Ruan [1998] to bypass this transversality issue. This technique is easily generalized to a parametrized
setup [Konno 2021, Section 5.2]. Further, in Section 2.3, we need to introduce a slight generalization of
virtual neighborhoods for families. For the reader’s convenience, in Section 2.2, we summarize necessary
facts on and constructions of virtual neighborhoods for families following [Konno 2021, Section 5.2].

Remark 2.1 Another potential way to handle the transversality issue could be taking a particular model
of BDifft (X) that is an infinite-dimensional manifold, such as the space of embeddings of X into R*®
divided by Diff " (X) as in, e.g., [Galatius and Randal-Williams 2018], but we never checked details along
this line.

Convention 2.2 In this paper, unless otherwise stated, a section of a continuous fiber bundle over a
topological space means a continuous section.

We first fix our notation. Recall that the Seiberg—Witten equations give rise to a Fredholm section of a
certain Hilbert bundle over a certain Hilbert manifold. We shall consider a parametrized version of this
setup, and abstract it as follows; see [Konno 2021, Subsection 5.2] for the precise setup. The objects we
are going to introduce are summarized in the diagram

First, B is a Hausdorff normal space, which is used as the base space or parameter space in this section.
In the construction of the Seiberg—Witten characteristic classes, the family to which we apply the virtual
neighborhood technique is the pullback of the universal bundle of 4-manifolds over BDiff™ (X ) under the
characteristic map D¥ — BDiff* (X) of a cell of BDifft (X), equipped with a CW complex structure
(after a cellular approximation). We also consider the restriction of such a family to certain subspaces
of Dk, Concretely, we take B to be the disks D¥ (Definition 2.26) and the skeleta (Ak )(i ) of the standard
simplices Ak, which are used in the proof of a cocycle property (Proposition 2.27).

Next, 2" = Jpep Zp is a continuous locally trivial family of Hilbert manifolds over B with the
projection 7 : 2" — B, and & is a parametrized Hilbert bundle over B. Namely, & = | J,cp &p is a
continuous locally trivial family of Hilbert bundles &, — 23 with typical fiber a Hilbert space .#%3. By a
Hilbert bundle, we mean a bundle whose structure group is the unitary group of the (typical) fiber Hilbert
space. A proof of local triviality in our Seiberg—Witten setup is given later in Remark 2.10. Finally,
s : X — & is a parametrized Fredholm section. Namely, s is a continuous map commuting with the
projections onto B such that, at each b € B, the restriction s : 23 — &, of s is a smooth Fredholm
section.
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Set My = s;l (0) for each b € B, called the unparametrized moduli space at b. Let M denote the union

M=) M.

beB

of the unparametrized moduli space:

We call M the parametrized moduli space over B.
Assumption 2.3 Throughout this section, suppose that Jl is compact.

Suppose also that the index of d(s;(x))x is independent of x € .M. We denote by ind s the index. Let
detds — 2 denote the parametrized determinant line bundle of the parametrized linearized Fredholm
sections ds. Let & be the local system on 2~ with fiber Z given as the orientation local system of detds.
Pick a point b € B, and suppose that the monodromy action of 1 (.23) on a fiber of det dsj, is trivial. In
this case, & is isomorphic to the pullback of a local system over B, denoted also by &, along 2" — B.

An output from virtual neighborhood techniques we need can be summarized as follows. Let H C*]‘Dt(—)

denote the compactly supported cohomology group.

Proposition 2.4 Under the above assumptions, we obtain a cohomology class

M(s) € Hyp"'* (B: %)

with the following properties:
e It l = &, then M(s) = 0.

e Suppose that inds < 0. If B is a smooth oriented closed manifold of dimension —ind s and ¥ is a
trivial local system, and further if s is generic so that /M is a (O-dimensional ) smooth manifold, then

#M = (M(s), [B]).

Moreover, if the section s is nowhere vanishing over a subset B’ C B, we may obtain a relative
cohomology class
M(s: B') € Hyy"* (B, B': &)

cpt
with properties analogous to the above.

We shall use the following naturality result, which was given in [Konno 2021, Corollary 5.19] (there is
an obvious typographical error in [Konno 2021, Corollary 5.19], corrected below):

Lemma22.5 Let 2" — B, 8 — 2 — B,s: 2 — & be as above, described at the beginning of Section 2.2.
Let A be a normal space and f : A — B be a continuous map. Suppose that, for the pullback section
f*s: f*2 — f*&, the parametrized zero set (f*s)~'(0) is compact as well as s~1(0). Then we have

SEM(s) =M(f*s) in Hy™ o (A; 7).

cpt

Similarly, for subsets A’ C A, B’ C B with f(A’) C B’, if s is nowhere vanishing over B’, we have
F*M(s: B =M(f*s; A in HZ™5(A, A’ f*9).

cpt
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In the rest of this section, we sketch the construction of the cohomology classes M(s) and M (s; B').

First, under the above assumptions, we shall construct a (typically nonlocally trivial) family of smooth

=),

over B such that Jl is embedded in the interior of U for a natural topology on AU. This space U is called
a families virtual neighborhood for M (or for s) [Konno 2021, Definition 5.10].
The first step to construct U is to find a natural number N and a fiberwise smooth map

manifolds

ga:%'xRN—n?

that satisfies that 2" x {0} C ¢ ~!(0) and the following property: set 5 = s + ¢. Then, for each x € ., the
differential

dGr) .0)  Tx Zne) ®RY — 00
is surjective.

Such N and ¢ can be found by using the compactness of JL: at each point x € ., one can easily find a
natural number N, and a linear map fy : RVx — Hyxy suchthat dsp o)+ fx : T Z(x) ®RNx Hr(x)
is surjective. Since the surjectivity is an open condition, we may take an open neighborhood U, of x
in 2" so that, for all y € Ux NM, dsy(y) + fx are surjective. By the compactness of .Il, we may cover .l
with finitely many Uy. Let N be the sum of N, for such x, and then we may obtain ¢ above by summing
the pullback of fy to 2° x RY with multiplying cut-off functions on Us.

Again since the surjectivity is an open condition, we may find an open neighborhood .#" of Jil x {0}
in 2 x RN such that the differential of S(x(x),0) along the fiber-direction is surjective at any point
xes Lo)yn.r.

Definition 2.6 Set
WU =U(s, N, @, ) :=5L0)n.A.

We call U a families virtual neighborhood for M.

Denote by AU, the fiber of AU over b € B under the obvious map U — B. By the implicit function
theorem, Uy, is a smooth manifold of dimension ind(dsp) + N for each b. Clearly, AU is a neighborhood
of M x {0} in 2" x R¥, and A is a neighborhood of .ty in 23, x RY for each b € B.

Remark 2.7 9 is not uniquely determined by s: there are various choices of N, ¢ and .#". Also, U is not
necessarily a locally trivial family over B. For example, AU is supported only over (M) C B: if we have
My = @ for b € B, then (a small neighborhood of .l in) Uy is also empty.

Next, we consider a certain relative Euler class. Let hq : U — RY denote the “height” function,
defined as the restriction of the second projection 2" x RY — RN to U ¢ 2" x RV . The parametrized
moduli space JL is the level set for Ag of height zero: M x {0} = hoﬂl (0). The map hq : U — RY defines
a section of the trivial bundle U x RY — A by u > (u, ha, (1)), which we denote by hy, : U — U x RN,
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Consider the relative Euler class for 47, namely
en = (hy)*T(U xRN — ) € HY (U Z),

where 7(U x RY — A1) denotes the Thom class of the trivial bundle U x RY — al. Note that eq, is
compactly supported since /M was supposed to be compact.

As the last input, we have the integration along fibers for the family U — B, while U — B is not
necessarily locally trivial (see [Konno 2021, explanations below equation (21)]):

1 HEOZ) — Hiy TV (B 9).

cpt
Note that inds + N coincides with the dimension of Uy for any b € B.
Definition 2.8 We define a cohomology class M(s) € H_"5(B; %) by M(s) = m (eq)).

cpt
Now, suppose that the section s is nowhere vanishing over a subset B’ C B. Then 91(s) is supported
outside B’, and thus the following definition makes sense:

Definition 2.9 We define a cohomology class D(s; B') € HZ"S(B, B'; £) by M(s; B') = m (ea,).

cpt
As proven in [Konno 2021, Lemma 5.15], M (s) and 9N (s; B’) are independent of the choice of 9.

2.3 Family of collections of Hilbert bundles

For the purpose of this paper, it is important to note that all constructions in Section 2.2 can be generalized
to a Fredholm section of a “family of collections” of Hilbert bundles, defined below. To avoid confusion,
throughout we shall use the word “family” for the case that the parameter space is not discrete, and the
word “collection” for the case that the parameter space is discrete.

Let A be a set equipped with the discrete topology. (In our application to Seiberg—Witten theory, we
shall finally take A to be the set of spin® structures on a 4-manifold with a fixed formal dimension.)
Suppose that we are given a collection of (unparametrized) Hilbert bundles over Hilbert manifolds:

(&7 = 2D sen-

(The superscript O indicates that the object is unparametrized.) An automorphism of the collection
(é”)? - Z AO) », consists of a bijection « : A — A and a collection of isomorphisms of Hilbert bundles

0 0
T b

|

0 0
&VA ‘%oc (L)

Let Aut((é”)?) A) denote the set of all automorphisms of (6"/{) — X, AO) 1, which forms a group under
composition. We call an Aut((£),)-bundle a family of collections of Hilbert bundles modeled on
(&) — I

Let & - 2 — B be a family over a normal space B of collections of Hilbert bundles modeled
on (é”‘f) - For each b € B, let 2} denote the fiber of 2 — B over b, and similarly define &,. Then,
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on each b € B, we have a pair of noncanonical identifications

(5) 2p=| |20 and g=| &,
A€A A€A

and the set of choices of identification is given by Aut((g)?) ,1). Note that we have a natural map & — 2~
induced from the collection of the projections éf — X AO. Thus we have the notions of a (parametrized)
section s : & — &, which is a family of sections s : Zp — &p. Similarly, we have the notion that
s is (fiberwise) Fredholm. This is equivalent to saying that, for each b € B, once we fix a pair of
identifications (5), the induced sections (s)p, : 2 — &} are Fredholm for all A.

Let s : 2" — & be a parametrized Fredholm section. For each b € B, set Jy = S;I(O). Again, if we
fix a pair of identifications (5) and use the induced sections, there is a homeomorphism

My = | | (0).
AEA
Define

M= U Mp C X
beB
Suppose that Jl is compact, and the Fredholm indices of the linearizations of s, to the fiber-direction
are independent of A. Then we may repeat the constructions of a virtual neighborhood U for s and the
cohomology class M (s) in Section 2.2 word for word, and claims analogous to Proposition 2.4 and
Lemma 2.5 hold without any essential changes.

2.4 Collection of Seiberg—Witten equations

We shall apply the abstract machinery explained before Section 2.3 to the Seiberg—Witten equations. First
we fix our notation for the Seiberg—Witten equations. Let X be a closed oriented smooth 4-manifold.
As in [Konno 2021, Section 2], we define a spin® structure on X using the double covering of SL(4, R)
instead of Spin(4) to avoid using a Riemannian metric on X. Once we take a metric on X, then a spin®
structure in our sense gives rise to a spin® structure in the usual sense, and the isomorphism classes of
spin® structures in our sense bijectively correspond to those of spin® structures in the usual sense. Let
Spin€(X) denote the set of isomorphism classes of spin® structures on X.

Given a Riemannian metric g and a spin® structure s on X, let L denote the determinant line bundle
of s and let ST(X,s, g) and S™(X,s, g) denote the positive and negative spinor bundles respectively.
Let A$(X) denote the self-dual part of A*(X) for the metric g. Fix [ > 1, and let &/(X,s, g)1? and
LZZ(S £(X,s, g)) denote the space of U(1)-connections of L and sections of S*(X,s, g) completed by
the le—norms. Set

€¢(X,s,g) = (X, s,g)L]z X LZZ(S+(X, s, 2)),
¢ (X.5.8) 1=/ (X.5.8) 12 X (L(ST(X.5.2)) \ {0}),
2(X.s,.8) =L} |(iAf (X)) xL]_(S7(X.s,8)).
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Let Z(X) denote the space of Riemannian metrics on X. Here we work with C *°-class metrics. Although
one often considers C¥-class metrics with k < oo in order to make Z(X) a Hilbert manifold, with
the C*°-topology Z(X) remains a Fréchet manifold. Indeed, we do not need Z(X) to carry a Hilbert
manifold structure for our arguments.

Remark 2.10 Varying the metric g € Z(X), we obtain locally trivial families over % (X) with fibers
g (X,s, g) L and le (ST(X,s,g)). We explain how to prove local triviality for the family with fiber
le(S *(X,s, g)), making this family into a Hilbert bundle. (In fact, it follows directly from the argument
below that this family is globally trivial, without using the contractibility of Z(X) or Kuiper’s theorem.)
An analogous argument shows the local triviality of other families of functional spaces as well.

Set Hg = le(S T(X,s, g)) for g € Z(X). To prove local triviality, for g, g’ € Z(X) sufficiently close
to each other in the C *°-topology, we need to give a unitary isomorphism between the Hilbert spaces Hyg
and H, that depends continuously on g and g’. We construct such an isomorphism without assuming
that g and g’ are close.

As a first step, we construct an isomorphism between the frame bundles corresponding to g and g’.
Let Frg — X denote the oriented orthonormal frame bundle of X with respect to the metric g. We obtain
an isomorphism of SO(4)-bundles between Frg and Frg as follows. First, for each x € X, we can find a
linear isomorphism Ay : Ty X — T X that satisfies gx (v, w) = g\ (Axv, w) for all v, w € Ty X. If we
use local expressions g = Zi’j gijdx;dx; and g’ = Zi,j g;j dx; dx; and set g(x) = (gij(x));,; and
g'(x) = (g;;(x))ij, then Ay is given by

Ax = (g' () g ().

Thus, A, depends smoothly on x. Moreover, under the metric g, A is symmetric and positive definite
since g’ is also a Riemannian metric. Hence, A has a uniquely determined square root A)lc/ 2. T X > T X,
which depends smoothly on x as well. We regard an element of the fiber Frg (x) of Frg — X over x € X
as an orientation-preserving isometry u : R* — T, X. We define a map ®: Frg — Frgr by ®(u) = A ,lc/ Zou.
It is straightforward to check that ® is an isomorphism of principal SO(4)-bundles over X.

Using the spinor representation, the isomorphism @ induces an isomorphism between the spinor bundles
ST(X,s,g) and ST(X,s, g’), which gives rise to an invertible, bounded operator T = Ty g/ : Hg — Hg,
whose inverse is also bounded. Functional analysis allows us to define the operator (7°* Ty~ Y2:H ¢ — Hg,
since T*T : Hg — Hg is a self-adjoint, positive-definite operator. It follows that 7'(7"* Ty Y/2:H g —> Hg
is a unitary isomorphism that depends continuously on g and g’. This argument proves the local triviality
of the family (U, ep(x) Hg = Z(X).

Define

)= |J Li,6Afx).
gEX(X)

which is a Hilbert bundle over Z(X). (We shall consider a subspace of I1«(X) with a boundedness
condition, which will be denoted by I1(X), dropping *.) Let 7 : [14(X) — Z(X) denote the natural
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projection. Set

M.(X) = U L7 (G AF (X)) \Im(d) : L7 AN (X)) > L] (i A} (X))).
ge#(X)

This space 121* (X) is a subspace of IT,(X) of codimension-b™ (X). Since IT4(X) is contractible, IQL= (X)
is (b™ (X)—2)-connected.
For each € IT4(X), let
SuiC(X,s,m(pn) = 2(X,s, w(w))

be the map corresponding to the p-perturbed Seiberg—Witten equations
5u(4, @) = (F ™ = u—0(®, ), DaP),
where o (P, @) denotes the quadratic term for spinors in the Seiberg—Witten equations and Dy is the

spin® Dirac operator. Set ¥ = le 1 (X,U(1)) and

B(X,s,8)=7%(X,s,8)/9Y.
#*(X,s,8) =¢"(X,s,8)/9,
E(X,s,8)=(¢"(X,s,2) x 2(X,s,2))/9.

Then &(X,s, g) — #*(X,s, g) is a Hilbert bundle with fiber Z(X,s, g). Since 5, is ¥-equivariant, it
gives rise to a section
st B (X, s, m(w) — E(X, s, (1),

which is a Fredholm section of index
d(s) = 7 (c1(s)* —2x(X) —3sign(X)),

which is the formal dimension of the Seiberg—Witten moduli space for s.
Now we discuss isomorphisms of spin® structures. Let Aut(X,s) denote the automorphism group of a
spin® 4-manifold (X, s), and let s denote the isomorphism class of s. Then we have an exact sequence

1 — Map(X, U(1)) — Aut(X,s) — Difft(X).

The image of the last map is given as Diff(X, s), the group of orientation-preserving diffeomorphisms
that preserve the isomorphism class s. Let g be a metric on X and let s’ be a spin® structure on X that is

isomorphic to s. Once we choose an isomorphism from s to s’, we have an isomorphism
(6) ¢(X.s.8) > ¢(X,s\.g)

of Hilbert manifolds, and it gives rise to an isomorphism

) #*(X.s.8) > B (X.s\.g)
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of Hilbert manifolds. While the isomorphism (6) depends on the choice of isomorphism from s to s/,
the isomorphism (7) between quotients by ¢ is canonically determined by s and s’, since the choice of
isomorphism from s to s’ is in &. The same remark also applies to &(X, s, g). For this reason, we write
#*(X,s,g)and &(X, s, g) for *(X,s, g) and £(X, s, g), respectively.

Now we consider the collection of the above objects indexed by s. Set

#X)= || ) #*(X.s.9) and ()= || ) ¢(x.s.9).
5€Spin“(X) gez(X) 5€Spin“ (X) gez(X)
Here | J g€#(X) PB*(X,s, g) is regarded as a locally trivial family of Hilbert manifolds over Z(X), and
%*(X) is a disjoint union of such families of Hilbert manifolds. We note that Diff™ (X) acts on 2*(X)
and on £(X) in a natural way. To see this, let f € Diff"(X), s € Spin®(X) and g € Z(X). If we take a
representative s of s and an isomorphism ]7 . f*s— sthat covers f : X — X, we obtain an isomorphism

®) [T B (X, s.8) > Z(X, fTs. f78)

of Hilbert manifolds. However, for the same reason that the isomorphism (7) is canonically determined
by s and ', the isomorphism (8) is independent of the choice of s and f . Thus we obtain a canonical
isomorphism (8) determined only by f, and hence f yields a canonical isomorphism of %*(X), a disjoint
union of families of Hilbert manifolds. Thus Diff* (X) acts on %*(X), and similarly also on &(X) so
that the projection &(X) — #*(X) is Diff™ (X )-equivariant.

Also, we note that the above action of Diff* (X is compatible with the Fredholm section corresponding
to the Seiberg—Witten equations. Notice that we have a natural map &(X) — £*(X), and the sections
Syt B (X,s,m(n)) = &(X, s, w(n)) yield a section

s B (X)— &(X)

of this natural map. Since s, was induced from a ¢-equivariant map, again for the same reason as the
canonicality of (8), s is Diff ™ (X )-equivariant under the above actions on #*(X), &(X).

For the isomorphism class s of a spin® structure s on X, we set d(s) = d(s). Given an integer k, let
Spin® (X, k) denote the set of isomorphism classes s of spin® structures on X with d(s) = —k. We define
subsets Z*(X, k), &(X, k) of *(X), &(X) to be

#X.h= || ) Z*(x.s.9).

5€Spin° (X,k) gez(X)

cx. = || ) ¢x.s.9).
s€Spin‘ (X,k) g€#(X)
Then Diff* (X) acts on Z*(X, k), &(X, k) as well, and the section s¥ : 2*(X, k) — &(X, k) obtained
as the restriction of the above s is Diff * (X )-equivariant.
From now on, we shall consider a parametrized setup. Let X — E — B be a fiber bundle with fiber X,
with structure group Diff (X).
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Notation 2.11 Let A(X, a) be an object determined by X and a datum a, and suppose that A(X, a) is
acted by Diff T (X). We denote by

A(X,a) > A(E,a) > B
the bundle with fiber A(X, a) associated with E.

For example, all the objects above, which are acted by Diff™ (X), give rise to fiber bundles associated
with E:

B* (X, k) — #*(E k) — B,

&(X,k)— &(E, k) — B,

[M«(X) —> [I«(E) —> B,

T4(X) — [1.(E) — B,

Z(X)—> Z(E)— B.
Remark 2.12 The notation Z(E) does not mean “the space of metrics on the total space E”. (Even the
total space of E does not have a natural manifold structure if B is not a manifold.) Instead, a section of

Z(E) — B corresponds to a fiberwise metric on E. Similar remarks apply to many families over B that
shall appear later.

We denote the fiber of each bundle, say %™ (E, k), over a point b € B by #*(E}, k). Note that, since
sk . > (X, k) — &(X, k) is Diff* (X)-equivariant, this induces a section

sk B*(E k) — &(E, k)

that commutes with the projections #*(E, k) — B and &(E,k) — B.
To get some compactness of moduli spaces later, we consider bounded perturbations. Note that the
fiber of I1«(E) — B over a point b € B is of the form

(Mu(ENp = | L7 1GAF(Ep)).
g€Z#(Ep)

Let D (i A;," (Ep)) denote the open ball centered at the origin of radius 1 with respect to the le_l—norm.
Define a subset I1(E) of I1«(E) by

nE) =) | DGAF(E).
beB ge#(Ep)
We also set

[(E) = 114(E) N TI(E).

Now we choose a fiberwise metric and self-dual 2-forms on E. Recall that we denoted by 7 the
projection IT4(X) — Z(X). This gives rise to a map (denoted by the same symbol) 7 : [14(E) — Z(E).
Restricting this, we have a map 7 : IEI(E ) —> Z(E). Taking a section o : B — IEI(E ) corresponds to taking
a fiberwise metric and a fiberwise self-dual 2-form (with fiberwise boundedness) on E that continuously
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vary over B. Let us consider the projections Z*(X, k) — %#(X) and £(X, k) — %Z(X). For example, the
fiber of the projection *(X, k) — %Z(X) over a metric g € Z(X) is the collection (over Spin‘ (X, k))
of all configurations for the common metric g. These projections give rise to natural maps

pz: B (E k) —> Z(E), pe:EE k)— %(E).
We set
#*(E.k.0):= p;'(100(B). &*(E.k.0):= p;'(roo(B)).

The above section s* : #*(E, k) — &(E, k) corresponds to a union of families over B of Seiberg—
Witten equations over all fiberwise metrics and fiberwise self-dual 2-forms. Restricting this to the image

of o, we obtain a section
sk #*(E.k.o) > &(E.k.0).

k

The resulting section s

is a parametrized Fredholm section of a family of collections of Hilbert bundles,
in the sense of Section 2.3.

Definition 2.13 Set

) g = ) 51 ©).

beB

We call M the family of total collections of moduli spaces associated with o.
Lemma 2.14 If B is compact, M is also compact.

Proof Recalling that we use a common fiberwise metric 7 o o for all spin® structures to define My,
and lgl(E ) consists of bounded perturbations, the claim follows from the standard compactness of the
Seiberg—Witten moduli space: the compactness of the moduli space for a fixed spin® structure and the
finiteness of the numbers of spin® structures for which the Seiberg—Witten moduli spaces are nonempty. O

Thanks to Lemma 2.14, we may apply the virtual neighborhood technique in Sections 2.2 and 2.3
to sg. In particular, as described in Definition 2.8, we obtain a cohomology class

(10) M(s¥) e H*(B: ZE)

for compact B. Here Z g is a local system over B with fiber Z that is determined by the monodromy
action for E on the homology orientation, the orientation of H!(X;R)@® H*(X), where H ' (X) denotes

a maximal-dimensional positive-definite subspace of H?(X;R) with respect to the intersection form.
k

X is nowhere vanishing over a subset B’ C B, we have a

Similarly, as in Definition 2.9, if the section s
relative cohomology class

(11) M(sk: By e H*(B. B": Z)
for compact B.
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2.5 Charge conjugation

In this section, we shall consider the charge conjugation on the Seiberg—Witten equations in our context,
which is a preliminary to the half-total characteristic class SWy, .. .. (X). Henceforth, when there is no
risk of confusion, we call an isomorphism class s € Spin®(X) just a spin® structure.

Let X be a closed oriented smooth 4-manifold. Recall that, for each s € Spin®(X), there is a unique
spin® structure 5 on X called the charge conjugation of s, which satisfies ¢1(s) = —c1(s). The group
Z/2 acts on Spin®(X) by the charge conjugation. Let Spin®(X)/Conj denote the quotient.

Let s € Spin®(X), and take a metric g on X and a representative s of the isomorphism class s. Let
s denote the charge conjugation of s. The charge conjugation induces isomorphisms between Hilbert
(affine) spaces,

c: A (X,s, g)le — o (X,5, g)le,

¢ LA(SE(X,s,8) — LAH(SE(X,5,9)).

Let (—1) : Q:g" (X)) —» Q;," (X) be the (—1)-multiplication. Then the Seiberg—Witten equations are
compatible with these maps in the sense that the following diagram commutes for each y € L12—1 @ A; (X)):

CK(X,s,g)s—u>9()(,s,g)

cxc’l l(—l)xc’
5

%(X.5,8) —— 2(X.5.¢)
This implies that the diagram

B*(X,s,g) L E(X,s, g)

| ]

B*(X,5,8) = £(X,35, g)

commutes, where the vertical maps are the isomorphisms induced from the charge conjugation.
Now we consider collections over spin® structures. Fix k € Z henceforth. To avoid unnecessary
complications, let us make the following assumption for a while:

Assumption 2.15 Spin®(X, k) does not contain a spin® structure that comes from a spin structure.

Under this assumption, Z /2 acts freely on Spin‘(X). In Remark 2.19 we describe how to remove this
assumption.

Then the charge conjugation (together with the (—1)-multiplication) makes &(X) — #*(X) a Z/2-
equivariant bundle, and the above observation implies that s : *(X) — &(X) is a Z/2-equivariant
section. Similarly, for k > 0, s* : #*(X, k) — &(X, k) is also a Z/2-equivariant section. We let Z /2 act
on Spin (X, k) x IEI(X ) via the diagonal action given by the charge conjugation action on Spin‘ (X, k)
and multiplication by —1 on ISI(X ).
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Set
B*(X. k) = (#*(X,k))/(Z]2),

(X, k) 1= ((X,k))/(Z/2),

(X, k) = (Spin (X, k) x T1(X))/(Z/2).
The diffeomorphism group Diff™ (X) acts on these three spaces via the pullback, since the pullback
commutes with both of the charge conjugation and the (—1)-multiplication. Note that all of these
spaces are equipped with the natural forgetful map onto Spin® (X, k)/Conj. Also, Difft(X) acts on
Spin® (X, k)/Conj via the pullback. Thus we obtain fiber bundles associated with E whose fibers are

these objects, denoted by
B*(X, k) — #*(E,k) — B,

E(X, k) - &(E k) — B,
(X, k) — TI(E, k) — B,
Spin€ (X, k)/Conj — Spin°(E, k)/Conj — B.

Now, the forgetful map %2* (X, k)’ — Spin®(X, k)/Conj gives rise to a surjection
B*(E.k) — Spin°(E, k)/Conj,
and similarly, we have surjections
(12) &(E, k) — Spin°(E,k)/Conj and ﬁ(E,k)’ — Spin¢(E, k)/Conj.

Evidently, all of these maps commute with the projections onto B.
Since the natural map & (X, k) — %* (X, k) is Diff " (X)-equivariant and Z /2-equivariant, this induces
a map
E(E k) — B*(E, k)

that commutes both with the projections onto B and projections onto Spin(E, k)/Conj. Moreover, since
sk is Diff T (X )-equivariant too, and also Z /2-equivariant as seen above, it induces a section

sko: B*(E. k) — &(E. k)

that commutes both with the projections onto B and projections onto Spin®(E, k)/Conj.
In Section 2.4, we considered a families perturbation o. Here we consider a counterpart ¢’ which takes
into account the charge conjugation. Just like w, p», ps, we have natural maps

7 TIE. k) — Z(E), ply:®B*(E.kY > %), pl:&(E.k) — %(E).
Let g : B — Z(F) be a section and let
o' Spin® (E, k)/Conj — TI(E, k)’
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be a section that fits into the diagram

Spin®(E, k)/Conj —%— TI(E, k)’

I

B—% Z(E)
We set
B(E ko) = (p) (), EX(E.k0):= ()7 @.
Then the restriction of s{l‘alf gives rise to a section
(sk o 1 B*(E.k,0') — &(E.k,o').
The section (sllfalf)g/ constructed now corresponds to the collection of the families Seiberg—Witten
equations for the “half” of Spin®(X, k), namely Spin® (X, k)/Conj.

Definition 2.16 Set

Mo par = ) () (0).
beB

Just as in Lemma 2.14, we have:
Lemma 2.17 If B is compact, My’ phair is also compact.

We call My nair the family of half collections of moduli spaces associated with o’. Thus, as described
in Definition 2.8, we obtain a cohomology class

(14) M((skp)or) € HX (B 2,/2)

through the virtual neighborhood technique. If the section (s}]falf)gf is nowhere vanishing over a subset
B’ C B, we have also a relative cohomology class

(15) M((skyr)or: B') € H*(B. B': Z/2)
as in Definition 2.9. Note that we exclude g in our notation since it is determined by o”.

Remark 2.18 The pullback of Z g to Spin®(E, k)/Conj along a natural map Spin®(E, k)/Conj — B
does not necessarily give an appropriate local system over Spin®(E, k)/Conj that coherently takes into
account the collection of the orientations of the moduli spaces, essentially by the same reason that
the Seiberg—Witten invariant for s equals that for s only up to sign in general. Thus here we consider
7./ 2-coefficient cohomology rather than Z g -coefficients.

Finally, we discuss how to remove Assumption 2.15:

Remark 2.19 Let us suppose that there are spin structures on X with formal dimension —k. In this case,
let us decompose Spin€ (X, k) into two parts,

Spin‘ (X, k) = Sping (X, k) L Spin{ (X, k).
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Here Sping (X, k) denotes the subset of Spin®(X, k) consisting of spin® structures coming from spin
structures, and Spin{ (X, k) is the complement of Sping (X, k) in Spin®(X, k). Note that the Z /2-action
on Spin® (X, k) preserves this decomposition, and Z /2 acts trivially on Sping(X, k). Thus we can carry
out the construction of Section 2.4 for collections over Spin(c) (X, k), and the construction of this section,
Section 2.5, for collections over Spin{ (X, k). Thus we may define the moduli space g’ par and the
cohomology classes (14) and (15) as well.

2.6 Inductive families perturbations

In the constructions of the Seiberg—Witten characteristic classes, we shall use a specific way to construct
families perturbations. We summarize it in this section with basic examples.

Throughout Section 2.6, we fix k > 0 and let X be a closed oriented smooth 4-manifold with
bt (X) >k + 2. Let B be a CW complex, and let X — E — B be a fiber bundle with structure
group Difft(X). For an i-cell e C B, let ¢ : DL, — & C B denote the characteristic map of e, where D},
is the standard i -dimensional disk indexed by e.

First, as in [Konno 2021, Subsection 6.1], we inductively construct a section

@ BO 5 T1(E)| g0

for i <k + 1 as follows. Choosing a generic point in T1(Ej) for each b € B©, we have 0@ : B©
IEI(E)|B<0). Assume that we have constructed ¢@—1) : B=1) IO_I(E)lB(i—l) for i <k + 1 such that
Myi—1) = @, where M1 is the family of total collections of moduli spaces associated with ¢ (1,
introduced in (9). (Note that (9) is a collection of moduli spaces for spin€ structures s with d (s) = —k <0.)
Let e be an i-cell of B. Since the pullback bundle ¢ IEI(E )— Df; under the characteristic map is trivial,
there is a trivialization o o
Ve 192 TH(E) — Df x TI(X).

Let p:dD. x ﬁ(X ) — IEI(X ) denote the projection. Since b (X) > k +2, we can extend the continuous
map . . ° A o
PoVeo (@elyp) o™V 0D} — (gelypi ) *TI(E) — OD] x TI(X) — T1(X)

to a map from D é into IEI(X ), rather than I1(X), which corresponds to choosing a family of self-dual
2-forms avoiding the wall. This extended map gives rise to a section of IQI(E )| — e. We may choose the
extension generically so that M), = @ for i <k; see Remark 2.20 below. Thus we obtain a section
o p® II(E)|gw) fori <k + 1, which satisfies that M i) = @ if i < k. We call such o® an

inductive families perturbation (called an inductive section in [Konno 2021]).

Remark 2.20 Let us explain why one can extend a continuous map

©:= poyeo(elyp;) o™ :dDL — TI(X)
to a generic map
Dl - TI(X)

so that the parametrized moduli space over Dé is empty for i < k. First, recall that the parametrized
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moduli space over 8Df? was supposed to be empty. Take a smooth map @’ : an3 — lgl(X ) that is close
enough to ®. Since @’ is smooth, by a standard argument one can find a smooth and generic extension of
@’ to a map d:D i, — IEI(X ) for which the parametrized moduli space is empty.

On the other hand, since the emptiness of the moduli space is an open condition, we may suppose that
there is a continuous homotopy ®; between ® and @’ such that the moduli space is empty for all ®;.
Pick a collar neighborhood N(3D.) of D% in D! and define a continuous extension of ® to a map
d:N (8Dé) — IEI(X ) using ®; by assigning ¢ to the radial coordinate. Gluing ® with (rescaled) &', we
may obtain an extension of ® to D fz for which the parametrized moduli space over D i, is empty fori <k.

The above way to construct an inductive section shall be used to define the total characteristic class

SW .- We also describe a similar construction to define the half-total characteristic class SW¢ ¢ .- In
this case, we need to construct a section

'@ : (Spin® (E, k)/Conj) " — TI(E, kY
for i < k + 1 inductively. First, note that Spin“(E, k)/Conj is a covering space of B with fiber
Spin‘(X, k)/Conj, with the natural projection Spin°(E, k)/Conj — B. We equip Spin‘(E, k)/Conj

with the CW complex structure induced from that of B: the lifted CW complex structure along the map
Spin®(E, k)/Conj — B. For an i-cell e C B with the characteristic map @, : Dé — B, let

(€[s])[s]eSpin® (X, k) /Coni
be the corresponding lifted i-cells of Spin®(E, k)/Conj with the characteristic maps
Pery D! — Spin‘(E, k)/Conj,

which are lifts of ¢.. Note that the fiber of the natural map lgl(E k)" — Spin°(E, k)/Conj is given
by I1(X). Also, a trivialization ¥, : ¢ TI(E) — Dif x TT(X) induces trivializations

Ver : Par, TI(E. k) — D x TI(X).
Thus we may repeat the above construction of an inductive families perturbation using (e[s], Pe(.; (p\%])
in place of (e, @e, ¥e), and obtain a section ¢’@) : Spin®(E, k)/Conj — II(E, k)’ with the property that
M) e = @ if i < k. We call this o @ an inductive half-total families perturbation.

We give a few examples of (inductive) half-total families perturbations.

Example 2.21 Let X and k be as above, and let X — E — B be a Diff™ (X)-bundle with trivial
monodromy on Spin (X, k). Then the covering space Spin®(E, k)/Conj — B is just the product with an
obvious projection: B x Spin¢(X, k)/Conj — B. Therefore a section o’ : Spin®(E, k)/Conj — IQI(E k)
corresponds to a collection of sections

(01 1 B = TI(E)) [y1espine (x)/Con:

There is no constraint on this collection of sections; for example, we may take all 0[] to be a common
(e}
section 0 : B — [1(FE).
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Example 2.22 Let X and k be as above, and let f € Diff™(X). Let X — X =S ! denote the mapping
torus of f with fiber X. Then a continuous section

o’ : Spin‘(Xy, k)/Conj — ﬁ(Xf,k)’
corresponds to a family of continuous sections

(ot : (Spin‘ (X, k)/Conj) — ﬁ(X’ k)/)te[O,l]

that satisfies the condition f* oog = 010 f*.
We can describe such ¢’ in terms of maps to IT(X), once we fix a section
7 : Spin‘ (X, k)/Conj — Spin® (X, k)
of the surjection Spin¢ (X, k) — Spin®(X, k)/Conj. Let

(0[5] : [O’ 1] - 1_I(X))[S]ESpin"(X,k)/Conj

be a collection of continuous maps which satisfies that, for [s] € Spin® (X, k)/Conj,

opx5(1) if f*z([s]) € ©(Spin‘(X, k)/Conj),
—or«s)(1)  if f*7([s]) ¢ 7(Spin®(X, k)/Conj).

Here —o+[;(1) means keeping the metric unchanged and multiplying the perturbation by —1. Then it is

f * OJs] (0) =

easy to check that the collection (07(4])[s] gives rise to a half-total families perturbation
o’ : Spin (X, k)/Conj — T (X, k)

for the mapping torus X . Not as in the above Example 2.21, we may not take all o[ to be a common
map [0, 1] — T1(X) in general.

Example 2.23 Let X and k > 0 be as above, and let fi,..., f; € Difft(X) and suppose that they

mutually commute. Let X — E — T* denote the multiple mapping torus of fi,..., fi with fiber X.
Example 2.22 can be easily generalized to the multiple mapping torus as follows.

Foriy,....ije{l,... . k}withiy <---<ij,let fl’:” denote the composition of pullbacks f;T. ..., i;k'
Fort = (11,....1) € [0,1]F with ;) =---=1;, =0, define 7717 € [0, 1]¥ by T71+i1 = (1],....,1]),
where

I,- _ lj ifj ¢{i1,...,il},
4 1 ifjediy,..., i}
Fix a section 7 : Spin® (X, k)/Conj — Spin® (X, k). Let
(o151 : [0, 1% — 1<)_I(X))[s]eSpin“(X,k)/cOnj
be a collection of continuous maps. Suppose that, for all
e [s] € Spin®(X, k)/Conj,

e iy,....i;€{l,....k}withi; <---<ij, and
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e t=(t1,....tr) € [0, 1F witht;, =---=1;, =0,

we have

ae  f =1 i L@ i e(ls]) € t(Spint (X k)/Conj).
. . O] =< b o . . " . .
oty O] —ope @@ A £ () € T(Spin® (X, k)/Coni).

Then the collection (07s])[s] gives rise to a half-total families perturbation
o’ : Spin°(E, k)/Conj — I'OI(E, kY

for the multiple mapping torus E.
If we equip Tk with the standard cell structure, we may construct such a collection (0[s))[s] inductively
from O-cells, and it gives rise to an inductive half-total families perturbation o”.

2.7 The characteristic classes SW,; and SW yait.tot

In this Section 2.7, we shall define the characteristic classes SW iy and SW pait.10t-
To help our intuition, first we define the O-th degree part SW? (X) and SW{ .. .(X), which are
numerical invariants.

Definition 2.24 Let X be a closed oriented smooth 4-manifold with 5*(X) > 2. Fix a homology
orientation of X. Let 7 : Spin°(X, k)/Conj — Spin°(X, k) be a section. We define

SWo(X)= ) SW(X.s)€Z,
5€Spin¢ (X,0)
Swgalf—tot(x) = Z SW(X,s) e Z/2.
s€7(Spin© (X,0)/Conj)

Here SW(X, s) denotes the Seiberg—Witten invariant or its mod 2 reduction.

Note that the Z /2-valued invariant SW l?alf—tot(X ) is independent of T because of the formula SW(X, 5) =
+SW(X,s) in Z.

Example 2.25 A typical example of a 4-manifold X with SWI?alf—tot(X ) # 0 is a minimal algebraic
surface of general type, since it has a unique Seiberg—Witten basic class up to conjugation. One may
produce more examples by the fiber sum operation, which shall be discussed in Section 6. (See, for
example, Proposition 6.2.)

Now we define cohomological generalizations of the above numerical invariants, which are the
characteristic classes SW¢ and SWy .. with ¢ > 0. Henceforth, throughout this subsection, let kK > 0
and let X be a closed oriented smooth 4-manifold with b (X) > k + 2 and with a fixed homology
orientation. Let B be a CW complex, and let X — E — B be a fiber bundle with structure group Diff* (X).
We shall define cohomology classes SW{‘Ot(E )€ HX(B,ZE) and SWfalf_tot(E ye HK(B:;72/2), where
Z g is the local system with fiber Z defined in Section 2.4, which is determined by the monodromy action
for E on the homology orientation.
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Let

denote the cellular chain and cochain complexes with local coefficients Z g, and the cellular chain and
cochain complexes with coefficient Z /2, respectively. The boundary operator and coboundary operator
are denoted by 0 and § for any (co)chain complex. Here we adopt the following classical model due to
Steenrod [1943] as the definition of (co)chain complex with local coefficients: For each cell e, we choose
a reference point x(¢) in e. Let Z g (¢) denote the fiber of Z g over x(e). The i -th chain group C; (B;ZE)
is defined be the set of formal finite sums X.aee, where e runs over i-cells of B and a, € Z g (e). The
cochain group C'(B;Zg) is defined to be the set of functions that send each i-cell e to an element
of Z g (e). The (co)boundary operator is defined by twisting the ordinal definition by the automorphism
of Z corresponding to the paths connecting the respective reference points.

The first step of the construction of SWﬁ)t(E ) is to define a k-cochain of B, which will be shown to
be a cocycle and whose cohomology class is SW{&(E ). Let e be a k-cell of B, and let ¢, : Dif — B®
be the characteristic map of e. Take an inductive families perturbation

oc=0®.pk lg[(E)|B(k)
over the k-skeleton of B, explained in Section 2.6. Consider the pullback section
0io: DE = oI TI(E).

Note that gojIQI(E) C lgl(gojE), and hence ¢Jo gives a section of lel(go:E) — D¥. Applying the
construction in Section 2.4 to this pullback section ¢} o, we obtain a collection of Fredholm sections

S](;:O' B (9 E k9 0) > E(WFE k,¢)0)

and the parametrized moduli space Jl,*, parametrized over D é‘ Since any inductive families perturbation

was constructed to satisty M, i) = & fori <k, we have M(p?tfla = . Thus, as explained in Section 2.4,

Dk
we obtain a relative cohomology class ‘

Sﬁ(s’(;:(,; dDX) e H*(Dk, 0Dk 9} 7).

which is an application of equation (11) to (B, B, o) = (D¥,dD¥, ¢*0).
Note that there is a canonical isomorphism H* (Df, 8D§ ;02 ZE) = ZE (e) via @, without ambiguity
of Aut(Z) = 7Z /2. This isomorphism gives us a pairing

(— =) : H*(D¥,8D%. ¢} 7.g) ® Hy(D¥,0D*. 7) > 7.5 (o).
Instead of an inductive families perturbation o, if we take an inductive half-total families perturbation
o' = o'® : (Spin‘ (E, k)/Conj))® — TI(E, k),
the “half-total version” of the above argument works: For each k-cell e, the pullback under ¢, gives rise

Geometry & Topology, Volume 30 (2026)



Homological instability for moduli spaces of smooth 4-manifolds 3023
to a section
w20’ : ¢f (Spin® (E.k)/Conj) > ¢ (TI(E)).

Here we identified ¢} (Spin®(E, k)/Conj) with Spin®(¢} E, k)/Conj. Applying the construction of
Section 2.5 to this pullback section, we may obtain a relative cohomology class

M((sgr)pzor: ID5) € H¥ (DX, 0D%:2/2),
which is an application of equation (15) to (B, B',o”’) = (D¥,dD¥, ¢} o).
Definition 2.26 For an inductive families perturbation o and an inductive half-total families perturbation o,

we define cochains

Of

E]DOW{Ct(E’ U) € Ck(B; ZE) and Wﬁalf—tot(E’ 0/) € Ck(B)
by
W (E,0)(e) = (M(sysy: D), [(DE, ID)]) € Z g (@),

SWhtio(E. 07)(€) = (M(s5a) o7 IDE). (D, IDH)]) € Z/2

for each k-cell e of B, respectively.

In Section 2.8, we shall prove:
Proposition 2.27 The cochains $WX (E, o) and YWF ;.. (E.c") are cocycles.
Proposition 2.28 The cohomology classes

[(FWE(E,0) € H¥(B;Zg) and [9WEyeo(E,0')] € HX(B;Z/2)

are independent of the choice of o and o', respectively.

Thus we arrive at the following definition:
Definition 2.29 Define

SWk (E)ye H*(B:Zg) and SWE .. (E)e H¥(B:Z/2)

by
SWin(E) = [ Wiu(E.0)] and  SWiiye o (E) = [FWiyea(E. o).
where o : B®) — ﬁ(E)| B is an inductive families perturbation, and
o'+ (Spin‘ (E, k)/Conj)® — TI(E, k)

is an inductive half-total families perturbation, respectively. We define also

SW(X) € HX(BDIff " (X): Zgpig (x))  and  SWE o (X) € H¥(BDff (X): 2/2)
by
k o k cect k N k et
SWE (X):= SWk (EDiff* (X)) and SWF . (X):=SWE . (EDifft(X)).
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Remark 2.30 There are two preceding constructions deeply related to SW{&(X ) and SWE o (X).

Given (the isomorphism class of) a spin structure 5 with d(s) = —k, let Diff* (X, 5) denote the group of
diffeomorphisms that preserve orientation and s. A characteristic class SW (X, s) € H¥ (BDiffT (X, 5))
was constructed by the first author [Konno 2021], which is defined by counting moduli spaces for s over
k-cells. A significant difference between this paper and [Konno 2021] is that SW¥ (X)) and SWﬁalf_mt(X )
can be defined over the whole BDiff*(X); in other words, defined for all oriented fiber bundles with
fiber X. On the other hand, SW (X, s) in [Konno 2021] can be defined only for fiber bundles whose
monodromy preserve s.

The idea of the “total” construction is inspired by Ruberman’s construction [2001] of his total Seiberg—
Witten invariant of diffeomorphisms SWiy( f, 5). The invariant SWy( f, §) is a numerical invariant, and
our invariant SW {fn
SWiot(f,5) was defined by summing up the moduli spaces over the orbit {( f"*)*s},cz, to define an
invariant SWK
is why we need to consider also SWﬁalf_mt(X ), not as in Ruberman’s situation [2001]: in most cases, the

(X) is, roughly, a cohomological refinement of SW( f, ). More precisely, although
(X) independent of s, we shall use the sum over all spin® structures s with d(s) = —k. This

contribution from the orbit {( f™)*s}, <z cancels out that from the conjugate orbit {( /")*s},cz over Z/2.

2.8 Well-definedness

In this Section 2.8, we prove Proposition 2.27 (cocycle) and Proposition 2.28 (well-definedness). Some
parts of the proofs are simple adaptations of arguments in [Konno 2021, Subsection 6.2], and in such
cases we just indicate corresponding propositions of [Konno 2021].

First, we shall note naturality results. As in Section 2.7, let k > 0 and let X be a closed oriented smooth
4-manifold with b™(X) > k 4 2. Let B be a CW complex, and let X — E — B be a fiber bundle with
structure group Diff ™ (X). The following is a straightforward consequence of Lemma 2.5:

Lemma 2.31 In the setup of Definition 2.26, suppose that B is compact. Then we have
M(sk; BEDY = gwk (E,0) and M((sFp)os BED) = 9WE 1 ((E 0"
in H*(B® B*=1.7 )= CK(B;Zg) and H*(B®  Bk=1:7/2) = C*(B), respectively.

Proof We can adapt the proof of [Konno 2021, Lemma 6.13], described below. We give a proof for
W {gt(E ,0), as the proof for W' }’falf_tot(E ,0”) is similar.

Let e be a k-cell of B, and let ¢, : Dif — B be its characteristic map. Because of the compactness
of B and Df, we can apply Lemma 2.5 to ¢, : Dif — B, and thus we obtain

QFM(s: Bk = Em(gz):sé‘; 8Df§).

Then, from the definition of EPW&(E , 0), the isomorphisms

Ck(B:zp)=H"(B®, B*D;z5) S, @y Hk(DE 0Dk 917 )
e: k-cellof B

imply the desired equality SJT(slg; B&k=1)) = H’W{‘ (E,0). This completes the proof. m|

Of
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This Lemma 2.31 implies the naturality for cochains:

Proposition 2.32 Let B’ be a CW complex and f : B’ — B be a cellular map. Then we have

SIWGE.0) = IWG(fTE. f*0) and  [*IWiye o (E.0) = I Wi (/7 E. £70)
in Ck(B; Z+g) and in Ck(B), respectively.

Proof Using Lemmas 2.5 and 2.31, We adapt the proof of [Konno 2021, Proposition 6.14], described
below. We give a proof for HJW{&(E ,0), as the proof for 9°W§a]f_tot(E ,0') is similar.

Let e be a k-cell of B’, and let g, : DX — B’ be its characteristic map. Take a finite subcomplex K’
of B’ that contains <pe(D£c ), and also take a finite subcomplex K of B that contains f(K’). By applying
Lemma 2.31 to o|g«), we have

(17) Mm(sk K& D) =itgwk (E,0)

0|K(k 1’

in CK(K®):Zr) = CX(K:;ZE), where ig : K < B is the inclusion. On the other hand, since
K® k&) Df are compact, we can apply Lemma 2.5 to the restriction f : K’ ®) . K& and Qe»
and thus we obtain

(18) OISk KETD) = MZ fE | 0DE).
Since (p;"f*s§ = S](;:f*a’ it follows from (17) and (18) that
05 [*IWE(E, 0) = M(sk 1. :0DF),
which implies that
SrIWG(E 0)(e) = ([ *SWG(E . 0).¢) = (¢ [ *FW(E.0).[D. IDg])
= (M(sis fvq: 0DE). [DE,IDE]) = (FW(f¥E, f*0).e). =
It directly follows from Proposition 2.32 and the cellular approximation theorem that:

Corollary 2.33 Let B’ be a CW complex and f : B’ — B be a continuous map. Then

[*SWE(E) =SWE(f*E) and [*SWi e o (E) = SWpo(f*E)
hold in H*(B'; f*Z.g)(= H*(B';Zs+g)) and in H*(B'; Z/2), respectively.

Applying Corollary 2.33 to the identity map, we have that the cohomology class SWtot(E ) is indepen-
tOt(E ) can be
defined for any oriented smooth fiber bundle with fiber X over an arbitrary topological space, not only

dent of the choice of CW structure of B. It also follows from a formal argument that SW

over a CW complex; see [Konno 2021, Lemma 6.8].

Proof of Proposition 2.27 This corresponds to [Konno 2021, Proof of Proposition 6.2]. As the statement
for YWt is proven by a rather direct adaptation of [Konno 2021], here we give a proof of the statement
for Whait-tor for the reader’s convenience. As noted in Section 2.6, we can extend the construction of an
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inductive half-total families perturbation to the (k +1)-skeleton, thanks to the condition that 5* (X) > k +2.

Let

(k+1)

o’ : (Spin‘(E, k)/Conj) — TI(E, k'

be an extension of ¢’ to the (k+1)-skeleton.

Let e be a (k+1)-cell of B with the characteristic map ¢, : D¥*1 — B. Fix a homeomorphism
between Df +1 and AK*1 the standard (k+1)-simplex. Let Df‘H be equipped with a CW structure
using the standard CW structure on A*F1 via this homeomorphism. By cellular approximation, we can
suppose that @, is cellular.

We rewrite §F Wt (E, 0”")(e) as follows. First, from a direct computation with Proposition 2.32 it
follows that

(19) 8 Whattaor(E.07)(€) = SMWhaipaor(@) E. o) (DAFTT).
Next, it follows from Lemma 2.31 that
(20) m((sr]falf)wé‘a’l(AkJrl)(k)? (AFFHEDY — 99 e o(0F E, 0F o),

where ¢ 0'|( Ak+1yk) denotes the restricted section

. N (k+1 ©
0o0' (k1) : (Splnc(gojE,k)/ConJ)( * )|(Ak+1)(k) — (p; E. k)| ak+1y00 -

As a last piece of the proof, because of the vanishing of the moduli space over the (k—1)-skeleton, we
may obtain a cohomology class

m((sl]falf)(p;ka’; (Ak-i-l)(k—l)) = Hk(Ak+1, (Ak-i—l)(k—l); Z/z)
Let
i: ((Ak+l)(k), (Ak+1)(k—l)) s (Ak+1, (Ak+1)(k—l))
denote the inclusion. Then we have
. k . k k— k . k k—

1) I (st pzors (AFFTHED) = M(stian) ot i 1,00 (BFFHED).

Now, a straightforward calculation using (19)—(21) with i ARt = verifies § FWhat-ot (E, 0")(e) =0,
which proves that Wt (E, 07) is a cocycle. O

Proof of Proposition 2.28 This is an adaptation of [Konno 2021, Proof of Theorem 6.4]. Again we just
give a proof of the statement for SWhaeor. For j =0, 1, let

oj/. = a]/.(k) : (SpinC(E,k)/Conj)(k) — IEI(E,k)/
be inductive half-total families perturbations. Set

W) = Wi (E. 0).
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Let p: B x[0,1] = B be the projection. For each cell ¢ of B equipped with a characteristic map
Qe : Df — B, we fix a trivialization

Ve : (0o xid)* p*TI(E) — DYime x [0, 1] x T1(X).
As in Section 2.6, we regard Spin(E, k)/Conj as a covering space over B with fiber Spin° (X, k)/Con;.
Let p : (Spin°(E, k)/Conj) x [0, 1] — Spin®(E, k)/Conj be the projection. Recall that ¢, lifts to
characteristic maps S@e[g])[s]ESpinc (E k)/Conj OF Cells (e[s])[s]espin® (£,k)/Conj Of SPIn®(E, k)/Conj which
are lifts of e. Also, v, induces trivializations
Vep : (Pery xid)* p*TI(E, k) — DU™€ x [0, 1] x TI(X).
We inductively construct a section

5 =&® . (Spin‘(E, k)/Conj)® x [0, 1] — p*TI(E, k)’

as follows. Assume that we have constructed a section 5’1 for i < k such that

i~ / / )
5D spint (B 0y /Con) D (3 = T

for j =0, 1 and that Mz/i—1) pu = F. (This can be easily done for i = 0.) For an i-cell e of B, we take
a section

5'® - (Spin (E, k)/Conj)|s x [0, 1] — p*T(E, k)’
so that
o 5D guine Sty =010 | (spine ol for j = 0,1
(Spin® (E.J6)/Con)lex{j} = O | (spin© (B ) /Conple Tor j = 0.1,

. 5/(i)|(Spinc(E,k)/Conj)lg\{e}><[0,1] = o,(i_l)|(Spinc(E,k)/Conj)lg\{e}x[O,IL and

e the composition

@epyxid)* s’ Sk Ve 1, pi ; ;
P 72 7 (Pery x id)* p*II(E. k)’ Vet D' x[0.1] x II(X) % T1(X)

i
Dy, % (0,1)
is generic for every [s] € Spin© (X, k)/Conj, where p, is the second projection.

We may take the last composition map to be a map to IO'I(X ) rather than to IT(X) since we have
bt (X) >k + 2. Thus we obtain a section

5/ . (SpinC(E,k)/COIlj)(i) x [0, 1] — ﬁ*ﬁ(E’ k).

Equip [0, 1] with the standard CW structure and let / denote the unique 1-cell of [0, 1]. We define a
cochain FW € Ck=1(B) by

FW =SWE o (P*E.T)exT) fora(k—1)-cell e.
We claim that §FW = W1 + FWo, which completes the proof. First, we note the isomorphisms
C*(Bx[0,1], Bx{0,1}) = C*(B)® C'([0, 1]) = C*(B).
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Here the first isomorphism is the Kiinneth isomorphism and the second one is the map C*(B) —
C*(B)® C'([0,1]) given by u — u ® I. Let e be a k-cell of B. Using that Wﬁalf_tot is a cocycle
(Proposition 2.27) and the naturality (Proposition 2.32), we have

0=389WE . i(P*E. &) e®I)=9WE ;. (p*E.F)3(e®1))
= W (de) + SWE o (P*E.F)e®@ 1) +FWE . (p*E. &) e®1)
= 8FW (e) + SW1(e) + FWo(e).

which verifies the claim. O

2.9 Vanishing under stabilizations

In this Section 2.9, we give vanishing theorems for SWy and SWgy o under stabilizations. Let M, N
be closed oriented smooth 4-manifolds. Choose smoothly embedded open 4-disks in M, N, and let M , N
denote the manifolds obtained from M, N by removing the open disks. We denote by Diffy (1\04 ) the group
of diffeomorphisms that are the identities on collar neighborhoods of 9M . Consider the stabilization map

sp.m#n - Diffy(M) — Diff™ (M # N)
defined by extending elements in Diffy (]\31 ) with the identity of N.

Theorem 2.34 Letk > 0 and let M, N be closed oriented smooth 4-manifolds withb™ (M) > k + 1 and
bT(N) > 1. Then we have
Svman SWE(M #N) = 0.

Proof Set X = M # N, B = BDiffy(M) and E(M) = EDiffy(M). By gluing E(M) with the trivial
bundle B x N along B x S3, we obtain a bundle with fiber X, which we denote by E(X) — B. Let X,
denote the fiber of E(X) over b € B. We use similar notation also for other bundles.

By the construction of SWy, the claim of Theorem 2.34 follows once we construct an inductive
families perturbation o : B®) — IEI(E (X))|gw with the following property: for every b € B®) and
every spin‘ structure sy, € Spin°(Xp) with d(sy,) = —k, the Seiberg—Witten equations for (Xp, sx,)
perturbed by o (b) do not have a solution.

To construct such o, we shall consider a fiberwise neck stretching argument. Let us describe a setup to
discuss it. Let E(M*) — B denote the bundle with fiber M* = M U ([0, 00) x S3) obtained by gluing
E (Z\(/)I ) with B x ([0, 00)x S3). Fix the standard positive scalar curvature metric on the cylinder [0, co)x S3.
By requiring the restriction to the cylinder to be given by this standard metric and the zero perturbation
2-form, one has straightforward variants, such as 12[(1104 *), of spaces of perturbations introduced in
Section 2.4 for the cylindrical-end family M*. Whenever we consider the Seiberg—Witten equations on
a cylindrical-end 4-manifold, say M *, we impose the standard boundary condition: asymptotic to the
unique reducible solution on S3.

Similarly, we may also consider the space of perturbations, say 191(1\31 ), for a punctured 4-manifold by
imposing that the restriction to neighborhoods of IM is given by the standard positive scalar curvature
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metric on [0, €) x §3 with the zero perturbation 2-form for some € > 0. Whenever we consider the Seiberg—
Witten equations on a punctured 4-manifold, we impose the Atiyah—Patodi—Singer boundary condition.

By the assumption that ™ (M) > k + 1, as in Section 2.6, we can construct an inductive families
perturbation o5 : B®) IQI(A(/)I ), with an underlying families metric, that satisfies the following property:
for every b € B®) and every spin® structure s M, € Spin°(Mp) with d(spy,) < —k, the Seiberg—Witten
equations for (Aslb su,) perturbed by 0,7 (b) have neither reducible nor irreducible solutions.

On the other hand, by b (N) > 1, we can find a perturbation oy 9 e H(N ), with an underlymg metric,
that satisfies the following property: the Seiberg—Witten equatlons on N perturbed by oy 9 do not have
reducible solution for every spin® structure s € Spin®(N), and have neither reducible nor irreducible

solution for every spin® structure s € Spin®(N) with d(sy) < 0. We deﬁne o :B® ISI(B x N )
to be the constant families metrlc/perturbatlon for the trivial family B x N glven by (79>

We equip Mb for b € B and N with the underlying metrics of 0,5 (b) and oy ! For L > 0, define a
Riemannian manifold My #7 N by inserting a cylinder of length 2L between M » and N

My#;. N =M, U(—L,L]x S*)UN,

where the cylinder [—-L, L] x S3 is equipped with the standard positive scalar curvature metric. By
zero extension, we obtain from o5 (b) and U]% a new perturbation 0,5 (b) #1 0]% € ITI(E(X)p), whose
underlying metric is given by the metric on My #; N described above.

Now we define a function f : B®) — [0, c0) U {oo} by

J(b) = sup{L € [0, 00) | property (*),L}.

where property (*)p 1, is that My #7 N admits a solution to the Seiberg—Witten equations with respect
too,e (b)Y #1, 0]% for some spin® structure s on My # N with d(s) = —k. (Here we adopt the convention
that sup @ = 0.)

Now we claim that f(b) < oo for any b € B%®) so f is regarded as a function f : B® — [0, 00),
and further f is upper semicontinuous. Once we verify this, it is straightforward to inductively construct
a continuous function £ : B®) — [0,00) with £ > f over B®). Then the perturbations/metrics
037 (b) #4(p) 0]% on Mp #4@p) N yield the desired families perturbation o : B IEI(E (X)), which
completes the proof of Theorem 2.34.

To verify that f is finite-valued and is upper semicontinuous, it is enough to get a contradiction from
the following assumption: there are sequences {b; }°2, C B ®) and {Li}72, C R such that

o {b;} converges to some point boo € B®), and L; — +00 as i — oo,

e for each i, there exists a solution y; to the Seiberg—Witten equations for
0
(Mp, #; N, O'A‘}(bi) #L; 0;\’,)
and for some spin® structure 5; on M, # N with d(s;) = —k.
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To get a contradiction, first note that we have #{s; | i € N} < 0o, as in the proof of the finiteness of the
basic classes; see, for example, [Morgan 1996, Theorem 5.2.4]. Thus, after passing to a subsequence, we
may suppose that all s; coincide with a common spin® structure, denoted by s. Then the solutions {y; }
converge to a [;air of solgltions Voo = ()/é‘g , yo]g) on (]\2 Z‘Oo, N *) for the pair of perturbations (05 (boo). 01%,),
extended to M * and N* by zero, and for the pair of spin® structures (s|3s, 5|5 ). The existence of the
solution yol\é and the choice of 0]% implies that d(s|n) > 0. Now d(s|3r) < —k follows from this combined
with d(s) = —k and a general formula d(s|ps) + d(s|n§) + 1 = d(s). However, then the existence of the
solution yoj‘g contradicts the choice of o5. Thus we have proved the existence of the desired families
perturbation ¢, and this completes the proof of Theorem 2.34. |

For SWyaif.ot, @ statement analogous to Theorem 2.34 does not hold in general. The upshot is that, for
SW paif-tot, One may not take a constant families perturbation for N as in the proof of Theorem 2.34.

Example 2.35 To get a counterexample to a statement for SWp,¢.¢o¢ analogous to Theorem 2.34, let us
take N to be SZ x SZ and M to be a complete intersection of general type defined by real coefficient
polynomials so that M admits an involution f : M — M given by the complex conjugation. Then

(22) SM.M#N (SW pairio (M #N)) # 0.

As (22) is not needed in the proofs of our results, we only sketch the argument and summarize the
upshot. By isotopy, we may assume that f fixes a 4-disk in M. Let My — § ! denote the mapping
torus with fiber M defined by f. Let BMs : S 1 _ BDiffy(M) be the classifying map of M ' and define
o= (BMy)«([S 1) € H{(BDiff* (M); Z /2). The nonvanishing (22) follows from the fact that

(23) (SW et (M #N), (a1, 88 )5 (@) # 0,

which is derived by an argument similar to Theorem 3.10, which we shall prove. The point is, since f
sends the canonical class of M to its conjugate, one needs to take a families perturbation for N that
causes the wall-crossing in the calculation of the pairing (23).

However, we still have the following vanishing for SW p,i.(o¢:

Theorem 2.36 Letk > 0 and let M, N be closed oriented smooth 4-manifolds with b (M),b+(N) >
k + 1. Then

k
a1 N SWiairao (M # N) = 0.

Proof The proof is quite similar to that of Theorem 2.34, so we describe only the upshot. We use the
notation in the proof of Theorem 2.34. Also, set E(N) = B x N and use the notation E(N), E(N*) in a
similar manner to M.

First, note that the Z /2-actions induced by the charge conjugation make a natural bijection

(24) Spin(X, k)=~ X  (Spin(M, p) x Spin®(N, q))
k=p+qg+1
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7./ 2-equivariant, where the 7 /2-action on the right-hand side is the diagonal action. With this in mind,
we may modify the definition of (spaces of) half-total families perturbations in Sections 2.5 and 2.6 to a
pair of (punctured) 4-manifolds. We define

(M. N . k) = ( X ((Spin® (M. p) x (M) x (Spin° (N, ) x ﬁ(ﬁ)))) /@),
k=p+q+1

where 7 /2 acts as the diagonal action. Then, using the Z /2-equivariant bijection (24), E(M) and E(N)
induce a fiber bundle
T(E(M), E(N), k) — Spin®(E(X), k)/Conj

o [o)

with fiber IQI(M ,N.k)'. A half-total families perturbation is formulated as a section
oy - SPIN®(E(X), k)/Conj — TI(E(M), E(N), kY

that covers, as in the diagram (13), a pair of families metrics (2as, gn) for E (]\2 ), E (167 ) with cylindrical
metrics near boundary. We require that the self-dual 2-forms that appear in a half-total families perturbation
are zero near the boundaries of ]\04;,, ﬁb- Then we may glue G;W’ y hear 81\31;), 8]61;3 to get a half-total
families perturbation for £ (X) in the sense of Section 2.6. We denote by

ole #1 0% : Spin (E(X), k)/Conj — H(E(X). k)’

the glued half-total families perturbation obtained by inserting the cylinder [—L, L] x S3. Note also that
oy  induces half-total families perturbations

ol : Spin®(E(M). p)/Conj — [(E(M). p)’ and o’ : Spin°(E(N).¢)/Conj — II(E(N).q)

for E (]\31 )and E (]6/ ) in the sense of Section 2.6, only with the modification that we allow punctured
4-manifolds, not just closed 4-manifolds.

Let Jl/La;& Jhalf,k and Mak, Jhalf,k e the parametrized moduli spaces over B®) for 01/‘31 and G;Q, defined
by considering collections over | ;- Spin®(M, [)/Conj and |_|;; Spin®(N, [)/Conj, respectively. By
the inequalities b (M), b™(N) > k + 1, one can take an inductive half-total families perturbation oM N
so that A/LU;‘O/I half,k and J‘/Lak, Jhalf,k are empty. ,

Let 77 : Spin®(E(X), k)/Conj — B be the projection. Define a function f’: B® — [0, 00) U {oc} by

1'(b) = sup{L € [0, 00) | property (x);, 1 },

where property (*)Z’ 1 18 that My #1, Np admits a solution to the Seiberg—Witten equations with respect
to some perturbation that lies in (0]’& #1, ok,)(n_l (b)) and for some spin€ structure s on My # Np with
d(s) =—k.

Just as in the proof of Theorem 2.34, we have that f/ < 400 over B (&) and f’ is upper semicontinuous,
and there is a continuous function ¥ : B® — [0, 00) with &' > f’ over B®), and

ole #y(p) 07 Spin (E(X), k)/Conj — H(E(X). k)’
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is an inductive half-total families perturbation for which all moduli spaces relevant to
k
v, N SW o (M #N)
are empty, which completes the proof. |

Now, for an oriented closed smooth 4-manifold X, denote the stabilization map for X by S? x SZ by
sx : Diff(X) — Difft (X #52 x §2).

Theorems 2.34 and 2.36 immediately imply the following, which states that SW; and SWpy¢.¢o¢ are
unstable characteristic classes with respect to stabilizations by S2 x §2:

Corollary 2.37 Letk > 0 and let X be a closed oriented smooth 4-manifolds with b (X) > k + 1. Then
SYSWE(X#52%xS?) =0 and s§ o0}, 50SW (X # (k + 1)S? x $2) = 0.

Note that, in the above proof of Theorem 2.36, the triviality of the bundle E(N) = B x N is not used,
and a similar (actually rather simpler) argument applies also to SW ;. We record this below, while we
do not use it in the rest of this paper. Let M, N be closed oriented smooth 4-manifolds, and B be a
CW complex. Let E(M) — B and E(N) — B be oriented smooth fiber bundles with fiber M and N
with structure group Diffy (1\3[ ) and Diffy (]67 ), respectively. Then we can form an oriented fiber bundle
E(M)#r E(N)— B, with fiber M # N obtained by taking the fiberwise connected sum of E(M) and
E(N) along the trivial families of 4-disks in E(M), E(N) corresponding to the punctures of M and N.

Theorem 2.38 In the above setup, let k > 0, and suppose that bt (M),bT(N) >k + 1. Then

SWE(E(M)#r E(N) =0 and  SWf; o (E(M)#7 E(N)) =0.

2.10 Positive scalar curvature

The vanishing of the Seiberg—Witten invariant for a positive scalar curvature metric extends to invariants
for families, and this generalization is useful for studying the topology of spaces of positive scalar
curvature metrics [Ruberman 2001; Konno 2019]. In this section, we formulate a corresponding vanishing
theorem in our framework.

Given an oriented smooth manifold X, recall that we defined notation

Z(X), #Y(X), #(X), AT(X)

in Section 1.5. We start by noting that the space .# (X ) classifies pairs (£, gg) of oriented fiber bundles £
with fiber X and fiberwise metrics gg on E up to deformation equivalence, and .2 (X) classifies pairs
(E, gg) of oriented fiber bundles E with fiber X and fiberwise positive scalar curvature metrics gg up
to deformation equivalence. Indeed, let B be a CW complex and let X — E — B be an oriented fiber
bundle with fiber X over B. Let Z(X) — #Z(E) — B denote the fiber bundle associated with £ with
fiber Z(X). Suppose that £ is equipped with a fiberwise metric gg. This corresponds to a section of
Z#(E) — B, which gives a lift of the classifying map B — BDiff (X) of E to EDiff* (X) X pifft (X)%(X).
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Similarly, a fiberwise positive scalar curvature metric gg on E corresponds to a lift of the classifying
map B — BDIff* (X) of E to EDiff " (X) Xyt xy Z 7 (X):

EDiff ¥ (X) Xpige+ () 21 (X) = .+ (X)

(25) / l

B - BDifft (X)

There are also other kinds of natural moduli spaces. Fix a point x¢ € X, and let Diffy, (X ) denote the
group of diffeomorphisms that fix x¢ and act on T, X trivially. If we suppose that X is a closed manifold,
then Diffy, (X) acts freely on Z(X); see, e.g., [Botvinnik et al. 2010, Lemma 1.2]. The quotients

Mxo(X) = Z(X)/Diffxy(X) and 45 (X)=2%"(X)/Diffx,(X)

are called the observer moduli spaces of Riemannian metrics and metrics of positive scalar curvature,
respectively. These moduli spaces were introduced in [Akutagawa and Botvinnik 2002], and have been
extensively studied by several authors for higher-dimensional manifolds. See for instance [Botvinnik et al.
2010; Hanke et al. 2014].

Relative versions are also natural moduli spaces. Choose an embedded 4-disk D% in X, and set
X=X \Int(D*). Let % ()? ) denote the space of Riemannian metrics on X for which the restrictions
to collar neighborhoods of 9X coincide with the standard cylindrical metric of positive scalar curvature
on [0,1] x S3. Set %; ()?) = %’3()?) Nzt ()?) It is easy to see that Diffa()?) acts freely on %’; ()?)
Define

My(X) = Zy(X)/Diffy(X) and .7 (X) = 25 (X)/Difty(X).

Let us compare the various moduli spaces above. Let
CATX) S M(X), g ME(X) > Mg (X)), 1y M (X) > y(X)

be injections induced from the inclusion 21 (X) < Z(X). Since the actions of Diffy,(X) and Diffy ()? )
on spaces of metrics are free, the honest quotients by these groups are homotopy equivalent to correspond-
ing homotopy quotients. Also, let D* be equipped with the restriction of the standard round metric of S4.
Gluing relative metrics with this round metric on D*, we have natural extension maps % ()? ) > Z(X)
and %’; ()? ) < 21 (X). With homotopy inverses from honest quotients to homotopy quotients, the
injections Diffy(X) < Diffy,(X) < Diff " (X) and extensions %Z;(X) < Z(X), Z; (X) = & (X)
give rise to a homotopy commutative diagram

My(X) —— Myy(X) — M (X)

(26) La] lxo]\ L/y\

MFR) —— MF(X) —— aT(X)
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Now we discuss the vanishing of the Seiberg—Witten characteristic classes. Let k > 0 and suppose that
X is an oriented closed smooth 4-manifold with b (X) > k 4 2 so that the Seiberg—Witten characteristic
classes are well-defined. Since Z(X) is contractible, EDiff ™ (X) x #(X) is also contractible, and
EDiff* (X) x 2(X) is acted by Diff™ (X) freely. Thus . (X) gives a model of the classifying space of
Difft(X), and hence we may regard the Seiberg—Witten characteristic classes as cohomology classes
on .Z(X):

SWE(X) € HX (M (X): Lpigrr x):  SWiario(X) € HX (#(X): 2/2).
Theorem 2.39 We have

L*SW{gt

(X)=0 and (*SWE ;. (X)=0
in HX (o *(X); [/ (X)) and in H* (L« *(X);Z/2), respectively.

Proof Fix a model of the universal principal Diff* (X)-bundle EDiff* (X) — BDiff" (X). Then the
bundle EDiff ™ (X) x 2(X) — .#(X) gives another model of the universal principal Diff* (X )-bundle.
Let E — .#*(X) denote the pullback of this bundle EDifft (X) x %2(X) — .# (X ) under . The claim
of Theorem 2.39 is equivalent to that SWX (E) = 0 and SWF .. (E) =0.

We first prove SW{f)t(E ) =0. Let Ej, denote the fiber of E over a point b € .# " (X). Recall the notation
IM«(X) = Uge%’(X) L12—1 @@ A;’ (X)) and regard Z(X) as a subset of IT(X). From the construction of E,
we have E = EDiff" (X) x 2% (X). It follows from this that a Diff " (X )-equivariant map E — IT4(X)

gives rise to a section of the fiber bundle
M« (X) > .(E) 5> 27 (X),

which is a fiber bundle associated to £ with fiber IT1.(X) defined in Section 2.4. Similarly, we have an
associated fiber bundle Z (E) — .#+(X) with fiber 2 (X). Note that we have a fiberwise inclusion
#F(E) — I14(E) induced from the inclusion 21 (X) < T4 (X).

Let ¢ : E — I1.(X) be a Diff " (X)-equivariant map defined as the composition of the projection
EDiff T (X) x 21 (X) — %% (X) and the inclusion 2 (X) < I14(X). Let

o.M (X)— T4(E)

denote the section induced from ¢. Then o factors through % (E), and hence, for each b € .# ™ (X), the
Seiberg—Witten equations for (Ep, o (b)) have no irreducible solutions for all spin® structures because of
the standard vanishing for positive scalar curvature metrics.

Now we slightly perturb o to avoid reducibles. First, the nonexistence of irreducible solutions is
an open condition, hence there is an open neighborhood N C I1«(FE) of the image of o for which, for
every n € N, the Seiberg—Witten equations for n have no irreducible solutions for all spin® structures.
We may suppose that N lies in I1(E), the space of perturbations with uniformly bounded norms. Since
NN IEI(Eb) is a codimension-b™ (X subspace of N = {n € N'| m(n) = b}, it follows that N' N lgl(Eb) is
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(b*(X)—2)-connected, as well as lgl(X ). Thus, as in Section 2.6, we may construct an inductive families
perturbation & : .#Z T (X )& IO'I(E ) whose image lies in N'. This implies that SW{;(E )=0.

The proof of that SWﬁalf_tot(E ) = 0 is similar to the above. Let us take the subset N C I1«(E) as
above. Define IT. (X, k)" = (Spin(X, k) x I1«(X))/(Z/2). Recall that we let Z/2 act on I14(E) as
the fiberwise (—1)-multiplication, where we regard I1.(E) as a fiber bundle with fiber L12—1 @ A;(X ))
for a metric g. By taking N smaller, we may assume that N is preserved under the Z/2-action. This N
induces an open neighborhood N’ C T4 (E, k)’ of (Spin® (X, k) x 27 (X))/(Z/2) for which, for every
n € N’, the Seiberg—Witten equations for n have no irreducible solutions. Then we can construct an
inductive half-total families perturbation o’ : (Spin°(E, k)/Conj)®) — IEI(E , k)" whose image lies in N”.
This proves that SWfalf_tot(E ) =0. |

Corollary 2.40 Let X — E — B be an oriented smooth fiber bundle with fiber X that admits a fiberwise
positive scalar curvature metric. Then

SWE(E)=0 and SW . (E)=0.

Proof This is a direct consequence of Theorem 2.39 combined with the commutative diagram (25). O

Corollary 2.41 Suppose that there is a homology class o € Hy (BDiff (X); Z) such that either
(SWE(X).a) 0 or (SWhyp (X)) #0

holds. Then we have the following:

(i) The map
s He (Y (X);Z) - Hi(#(X):; Z)

is not surjective.
(ii) If « lies in the image of the map Hy (BDiffy,(X);Z) — Hy (BDiff* (X); Z), then the map
(txo)s : Hig (M3 (X); Z) = Hi (Mo (X); Z)
is not surjective.
(iii) If o lies in the image of the map Hj (BDiffy ()?); 7) — Hy (BDifft(X); Z), then the map
(t9)x : Hi (A5 (X): ) — Hy(Mty(X): Z)
is not surjective.

Proof It follows from Theorem 2.39 that « lies in the cokernel of (4, which proves the claim (i).
Claims (ii) and (iii) follow from the homotopy commutative diagram (26) with homotopy equivalences
Mxo(X) >~ BDiffy, (X) and .#3(X) ~ BDiffy(X). d

We remark that the nonsurjectivity result (Corollary 2.41) for k = 1 implies the disconnectivity of
BT (X):
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Lemma 2.42 Let X be a smooth manifold. If v, : Hi(.#V(X);Z) — H{(.#(X);Z) is not surjective,
then Z (X)) is not connected.

Proof Let y € Hi{(.#(X);Z) be a nonzero element in the cokernel of t,. Since the Hurewicz map
h:m(#(X)) = Hi(#(X); Z) is surjective, we may take an element 7 € A~ 1(y). Since the Hurewicz
maps are compatible with 14, we have that ¥ ¢ Im({ (#Z (X)) — m1(#(X))).

Now consider the commutative diagram induced from the fibrations Diff* (X ) — EDifft (X)x2(X) —
#(X) and Difft (X) — EDiff ™ (X) x 21 (X) — .# 1 (X):

0 —— m1 (M (X)) —— mo(Diff+ (X)) —— 0

T P

71 (27T (X)) —— T (A (X)) —— mo(DiffH (X)) —— mo(#T (X))
Here the two rows are exact. By y ¢ Im(m (AT (X)) > m(#(X ))), it is easy to check that the element
ix00(9) € mo(ZT (X)) is nontrivial. m|
In Section 5 we prove the following theorem, which generalizes Theorem 1.11 explained in Section 1:

Theorem 2.43 Let X be a simply connected closed oriented smooth 4-manifold and let k > 0. Then there
exists a sequence of positive integers N1 < N < --- — 400 such that for all i, none of the maps
et Hy (T (X #N;S?x S?);Z) — Hy (4 (X #N; S? x §?); 7),
(txo)w : Hi (M5 (X # N;iS? x 8?); Z) — Hy (Mxo(X #N; S* x §?): Z),

(co)w : Hi (At (X # N;S? x §2): Z) — Hy (My(X #N; S? x $2); 7)),
are surjective.
Remark 2.44 For the moduli space .# ()? ), we may consider stabilization. Let us fix a metric on
([0, 1] x S3)#S? x S2 whose restriction to a collar neighborhood of the boundary is a pair of the standard
cylindrical metrics on [0, 1] x 3. Then we may define a stabilization map Z(X) — Z(X #S? x S2) by
gluing the fixed metric on ([0, 1] x S3) # 52 x S2. This gives rise to a stabilization map between moduli

spaces, Sy : My ()? )= My ()? #52x5?). Seeing the proof of Theorem 2.43, one can find that the cokernels
of the maps (t3)« contain nonzero elements o; € Hy (#y(X # N; S? x §?); Z) which are unstable, i.e.,

a; € coker((ty)«) Nker((s.z)x).

3 Calculation
3.1 Multiple mapping torus

This section is devoted to giving preliminary results on multiple mapping tori, to carry out calculations of
the Seiberg—Witten characteristic class in subsequent discussions.

We start by setting up some notation. Let W be an oriented compact 4-manifold with (possibly empty)
boundary. We use Diffy(W) to denote the group of orientation-preserving diffeomorphisms on W that
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equals identity near the boundary. (So Diffy(W) is just Difft (W) when W is closed.) We use Diffy(W)®
to denote the same group equipped with the discrete topology. Consider a smooth oriented bundle
W — E — B with structure group Diffy(W). We also use E to denote the corresponding classifying
map E : B — BDiffy(W). This map is well-defined up to homotopy. Similarly, when E carries a flat
structure, we also use E to denote the corresponding map from B to the moduli space BDiffy(W)°.

Let f1,..., fr be mutually commuting orientation-preserving diffeomorphisms of W supported in
Int(W). Let
W — Wfl ,,,,, fi —T
denote the multiple mapping torus of f1,..., fg with fiber W. The bundle Wy, s carries a canonical

flat structure since it is the quotient of the product bundle W x R¥ by a free ZK -action. Hence we get an
induced map

Wy, ...z - TK — BDiffy(W)°.

.....

We give the following technical lemma, which shall be useful later.

Lemma 3.1 Let W’ C Int(W) be a compact embedded 4-dimensional submanifold with boundary and
let U be an open neighborhood of W \ W' in W. Suppose that, for any i > 2, the restriction f; |y is
the identity. Moreover, suppose that there is a smooth isotopy F} from fi to the identity that fixes U
pointwise. Then

Wh..... 1 x[T¥] = 0 € Hy (BDiffy(W)®; Z).

Proof By our assumption, the restriction fi|p belongs to the unit component of Diffy(W’), denoted
by Diffg(W’ ). By Thurston’s result [1974], the group Diffg(W’ ) is simple. So fi|w’ equals a product
of commutators of some elements in Diffg(W/ ). By extending these elements with the identity map on
W\ W’, we obtain diffeomorphisms g1, ..., gn,h1, ..., hy that satisfy

n
fi=T1eghig n.
=1

Furthermore, for any 1 < j <n and 2 <i <k, both g; and #; commute with f; since their supports
do not intersect. Let ¥ be a compact oriented surface of genus n with a single boundary component.
Consider a homomorphism

p: 71 (S x TK=1) — Diffy(W)

that sends the generators to g1,...,&n,M1,...,hn, f2,..., fx. Then p induces a flat bundle
W—-FE—XYXx Tk_l,

whose restriction to (X X Tk=1y s isomorphic to Wy, 7 . As aresult, the map

Ws,.... 5. : TF — BDiffy(W)?
can be extended to = x T5~1 This directly implies Wr, W,fk,*[Tk] =0. a
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Now we start calculating the families Seiberg—Witten invariants of multiple mapping tori. For the rest of
Section 3.1, we fix k > 0 and set W = X to be a closed oriented smooth 4-manifold with b (X) > k +2.
We first note that one may interpret the evaluation

(Swﬁalf—tot(Xfl fk)’ [Tk]) €L/2

.....

in the following way. Let us fix a section
7 : Spin°(X, k) /Conj — Spin (X, k).
As explained in Example 2.23, we can get a families perturbation for Xz, from a collection of maps

. k g
(0[5] : [0’ 1] - H(X))[s]ESpinC(X,k)/Conj

with the patching condition (16). For each s” € Spin®(X) and each oy, we may consider the parametrized
moduli space

M(X, s, opg) = U M(X, s, o1 (2)),
tefo,1]%

where (X, s', 0[5 (¢)) is just the usual Seiberg—Witten moduli space for the perturbation op,)(¢). If we
take generic 0[] so that the parametrized moduli spaces for o[5) over 9]0, 1]¢ are empty for all spin®
structures, this gives rise to an inductive families perturbation o : Spin®(E, k) /Conj — lgl(E ,k)’ in the
sense of Section 2.6. Also we take of so that the parametrized moduli spaces for o7, is smooth over
Int([0, 1]¥) for all spin® structures. Then

(27 (Swﬁalf—tot(xfl ,,,,, fi)s [TkD = Z #L(X. 5. 075))
s€t(Spin‘ (X,k)/Conj)

in Z /2, where # denotes the mod 2 count of the moduli space.

A main goal of the rest of this section is to reduce the right-hand side of (27) to a computable
quantity under a certain assumption. As a first step, it is convenient to introduce the numerical families
Seiberg—Witten invariant here. Given a family X — E — B with structure group Diff* (X) over a closed
manifold B of dimension k and s € Spin® (X, k), if the monodromy action of E fixes s, one may define
the numerical families Seiberg—Witten invariant [Baraglia and Konno 2020; Konno 2021]:

SW(E,s) € Z)2.

This is similar to the families Seiberg—Witten invariant defined by Li and Liu [2001] for families of spin®
4-manifolds, but one may define SW(E, s) for a family of 4-manifolds (rather than spin® 4-manifolds) as
long as the monodromy action fixes the isomorphism class s. If we have a generic families perturbation
as explained in Section 2.6, we can calculate SW(FE, s) by counting the parametrized moduli space for
the families perturbation. Using the characteristic class SW(E,s) € H kB:z /2) introduced in [Konno
2021], SW(E, s) can be written as SW(E,s) = (SW(E, s),[B]). The following lemma immediately
follows from the naturality of the characteristic class:
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Lemma 3.2 Let B’ be a closed manifold of dimension < k, and ¢ : B — B’ be a continuous map. Let
X — E’ — B’ be a Diff* (X)-bundle whose monodromy preserves s. Then SW(¢*E’, s) = 0.

Let ko € {1,...,k}, and let pg, : Tk — T* be a surjective map obtained as the product of ko-th
copies of a degree-2 map S! — S! and (k—kg)-th copies of the identity of S'. If ( fiz)* preserves a
spin® structure s for i < kg and f; preserves s for i > ko + 1, the monodromy of the bundle p,’c"o X1 fe
preserves s, and thus we can define SW(p,tonl’__.,fk ,6). o

For iy,...,i; € {1,...,k} with i; < --(;'< i; and for a;,,....a;, € Z, let (fll”ll ‘')* denote the

1

composition of pullbacks ( fi?il ) ( fz‘; )*.

Lemma 3.3 In the above setup, let s € t(Spin®(X, k)/Conj) and let kg € {1, ..., k}. Suppose that
e f*s#sand (f*)*s =sif i <ko,
» f*s=sfori >ko+1,and

o (f{"*)*s € ©(Spin® (X, k)/Conj) for all a; € {0,1}.

Then
alse..s a _
(28) Z #M(X’ (fl,.l..,k k)*ﬁ, O—(f]agl”k'ak)*[s]) = SW(p;:O Xfl ..... fk , 5)
(7 Y slay . ar €00,13)
inZ/2.
Moreover, if there are i € {1,...,ko} and a smooth isotopy F} between fiz and the identity such that

fEo L Fl. szo, Jko+1s - - -+ Ji mutually commute for all t, then SW(pg Xy, f,.5) =0inZ/2
and hence the left-hand side of (28) is also zero.

Proof We shall use the notation of Example 2.23. Set o( f;) =2 fori <kg and o(f;) =1 fori > ko + 1.
We prove (28) by showing that the both sides of (28) are equal to the count of a parametrized moduli
space #L(X, s, 0”) for some families perturbation ¢ : [0, 1] — ﬁ(X ).

First, by the patching condition (16) and our assumption

(0% *s € T(Spin® (X, k) /Conj),
it follows that, for each i < kg, 1 <ij <---<ij<kandt = (t,....t) €[0,1]% with z; = 0,

[z g ) = 0ps g g ().

Thus the families perturbations Ofr... £le] and Of fif... £1s] can be glued via f;* along Il.lfo_ U and Il.’fl_ 1
where fora =0, 1,

29 I =, €0 1F |1 = a}.
Figure 1 illustrates this gluing for k = ko = 2.
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f*

Ofsls] | ———| OF7 £5[s]
s

fz*l l/ J/fz*

f*
Os] [+ —| Of[s]

Figure 1: Gluing families perturbations for k = k¢ = 2. Families perturbations parametrized by
|1,[0, 1] are glued and form a families perturbation parametrized by [0, 2]°.

Therefore the collection

G0 LJ (%;ﬁwymﬂhena»
(150 s ayear €00,13)

of 2ko_tuple of maps is glued via fis with i < ko and forms a continuous map
o : 10,210 x [0, 1]~ %0 — T1(X).

Let o’ : [0, 1]F — IEI(X ) be the map obtained from o” by rescaling [0,2] by 1. Thus the left-hand side
of (28), which is the count for the disjoint union (30), coincides with #/M(X, s, o).
Next, one may see that, using (16) and ( fiz)*s = 5, the above families perturbation ¢’ satisfies the

following condition: for distinct i1,...,i; € {1,...,k} withiy <---<ijandt = (¢t1,...,t,) € [0, l]k
with t;;, =---=1;, = 0, we have
0(i1),...,o(i;) / o —11 yeeesl]
31 (SO0 (1) — o 71,
where 711 = (t1.-. - ) with ¢} =1 if j ¢ {i1,....i;} and ¢} = 1if j € {i1,...,i;}. Now it is easy

to see that #.L(X, s, o) coincides with the right-hand side of (28), which completes the proof of the claim.
This is because, just as in Example 2.23, the families perturbation ¢’ with the patching condition (31) gives

. e . . . * _ k
rise to a families perturbation for the multiple mapping torus Pro Xp, o fo=X FRrefR St S —T".

To see the “moreover” part, note that
* ~ ~
Pro X vt X212 frgtimnSic = XS it SR St fi
follows from the assumption, where id is in the i-th entry. Let ¢ : T — T*~1 be the projection onto the
{1,...,k}\ {i}-factors of S!. Then the above isomorphism implies that
p* Xf fi = ¢*X 2 > 2
ko 1s-esJk 7 ,...,ld,...,fko,fk0+1,...,fk’
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where id indicates that this entry is removed. It follows from this combined with Lemma 3.2 that
s 5)=0. O

Corollary 3.4 Let fi,..., f¢ € Difft (X) be mutually commuting diffeomorphisms with the following
properties:

e Foreveryi = 1,....k, f; preserves t(Spin®(X, k)/Conj), and the action on t(Spin® (X, k)/Conj)
satisfies the conditions that f;* # id and (fl.z)* =id.

o There exist isotopies (F});efo,1] from fl-2 to the identity for all i € {1,...,k} such that, for any
i # j and anyt € [0, 1], the maps F} and f; commute with each other.

Then

(32) (SWE it Xy 1), [TF]) = > SW(Xf, ... f,+5).

s€1(Spin‘ (X,k)/Conj)
S s=s Vie{l,....k}

Proof The diffeomorphisms fi, ..., f; give rise to a (Z/2)¥-action on the set 7(Spin® (X, k)/Conj).
Given s € t(Spin®(X, k)/Conj), if there is i € {1,...,k} such that f;*s # s, we may apply Lemma 3.3
to s (by renaming indices of f;) and obtain that the contribution of the (Z/ 2)k -orbit of s in the sum of
the right-hand side of (27) is zero.

As in Examples 2.21 and 2.22, if a spin® structure s € t(Spin° (X, k)/Conj) is preserved by the mon-
odromy of Xz, 7, the families perturbation o[, can be taken so that #L(X, s, 0[s)) = SW (X7, 7,.5).
Thus the claim of Corollary 3.4 follows from (27). O

Another important input in calculating the Seiberg—Witten characteristic class is a gluing formula
for the numerical families Seiberg—Witten invariant. To state this, we need to introduce some notation.
In general, for an oriented closed 4-manifold X and for an oriented fiber bundle X — E — B with
fiber X, there is an associated a vector bundle Rb+(X) — H"'(E) — B; see, e.g., [Li and Liu 2001;
Baraglia and Konno 2020]. Roughly, H*(E) is defined by the action of Diff™ (X) on the Grassmannian
of maximal-dimensional positive-definite subspaces of H2(X;R) together with the transition functions
of E. While H " (E) is determined by E only up to isomorphism, once we take a fiberwise metric on E,
the space of fiberwise self-dual harmonic 2-forms gives a model of H*(E).

Now let X be an oriented closed smooth 4-manifold with 5™ (X) > 2 and b1(X) =0, and let B be a
closed smooth manifold B of dimension k > 0. Let X — E{ — B denote the trivial bundle: £; = B x X.
Let kS? x S? — E; — B be a Diff " (kS?xS?)-bundle over B and suppose that E, admits a section
whose normal bundle is trivial. By choosing such a section and a trivialization of its normal bundle,
we may form a fiberwise connected sum X #k(S? x S?) — E; #r E» — B. Let 55 denote the spin
structure on kS?2 x S2. For a spin® structure t with d(t) = 0 on X, the connected sum t#sg is invariant
under the monodromy of Eq #¢ E> and we have d(t#ss) = —k. Thus the numerical families invariant
SW(E1 #7 Ez, t#55) € Z/2 makes sense.
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Proposition 3.5 In the above setup, suppose that the Stiefel-Whitney class wy (H " (E3)) € H kB:;z /2)
is nonzero. Then, for a spin® structure t on X with d(t) =0,

SW(E #7 Ez, t#s55) = SW(X, 1)

in Z /2. In particular,

Z SW(E # Ep. thsg) = SWpye o (X)
t€1o (Spin“ (X,0)/Conj)
inZ/2.

Proof This is a direct application of a families gluing formula proven in [Baraglia and Konno 2020,
Theorem 1.1]. O

3.2 Key calculation

In this section we calculate the Seiberg—Witten characteristic class for a special type of multiple mapping
tori (Theorem 3.10). This is the key computation to prove the main results explained in Section 1.

We again start with some notation. Let W be a smooth 4-manifold with a single boundary component.
We use Wy to denote the once stabilized manifold

W Uaw (([0, 1] x W) # S% x S2).

Here ([0, 1] x W) # S? x S? denotes the inner connected sum. For k > 1, we use Wyg to denote the k-th
stabilized manifold: we use W instead of W #kS? x S when we want to specify the way of doing
connected sums. Note that we have natural stabilization maps

(33) sw : BDiffy (W) — BDiffy(Ws),
(34) 5% : BDiffy(Wy.s)® — BDiffy(W 1 1)s)°,

defined by extending a diffeomorphism with the identity map. We write s% and s when W is clear from
the context.

We can also define the stabilization of a closed manifold X. We pick a smooth embedded D* in a local
chart and consider the punctured manifold X=X \ Int(D*). Then we define

Xis = Xps Ugs D*.

Note that the stabilization maps (33) and (34) are not well-defined for closed X. Next, we discuss a general
construction of multiple mapping tori with fiber Wy g. Let S = §2 x §2\ Int(D?) and let f € Diff;(S)
be a relative diffeomorphism that acts as the (—1)-multiplication on H»(S;7Z). Such f can be obtained
from the diffeomorphism defined as the product of two copies of the reflection on S? about the equator,
after deforming near D* by isotopy. Note that f2 is the boundary Dehn twist on S2 x S2 \ Int(D*).
Using the circle action on $2 x S2, one finds a smooth isotopy {F’} tefo,1] from f 2 to the identity.
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Note that there are k disjoint copies of embedded S in Wy g, which we denote by Si,..., Sk. By
extending the diffeomorphism f on S; with the identity map on W \ S;, we obtain diffeomorphisms

Sioooo St Wies = Wis

that mutually commute with each other. Furthermore, by extending the isotopy {F’};¢[o,1] on S; with
the identity map, we obtain a smooth isotopy

(35) {F} : Wis = Wis}iefo.1]

from fl.2 to the identity map, which is supported in S;.
Now we take the multiple mapping torus

(36) Wis = Wis)fi fonfic = TF

and denote it by EX(W). The fiber bundle EX (W) carries a natural flat structure and hence induces a
map
EX(W) : T* - BDiffy(Wys)°.

Lemma 3.6 For any W with zero or one boundary component, one has
2 EK(W)«[T¥] = 0 € H (BDiffy(Wis)®: Z).
Proof Consider the multiple mapping torus
Wiks — (WkS)fIZ,fz,,,,,fk — T
It is the pullback of E k(W) under a degree-2 map Tk — Tk Hence we have

.....

We can apply Lemma 3.1 to finish the proof. |

Lemma 3.7 For any W with a single boundary component, the diagram

BDiffy (Wk+1)s)°
EX(w.
(37) ) ngvks

Tk o BDiffy(Wy.s)®

commutes up to homotopy. Furthermore, let W' be another smooth manifold with boundary. Then E kw)
and EX(W') are isomorphic as smooth bundles with flat structures if W and W’ are diffeomorphic.
Similarly, E k (W) and E k(w'y are isomorphic as topological bundles with flat structures if W and W'
are homeomorphic.

Proof This is a straightforward check, using definitions. O
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Now we set W to be a closed manifold X and discuss the families Seiberg—Witten invariant.

Lemma 3.8 For any oriented closed smooth 4-manifold X with b™(X) > k + 2, we have
(SWiarao(EC (). [T¥]) = SW e (X).

Proof First, we fix a section
79 : Spin(X)/Conj — Spin® (X).

Then, for given [s] € Spin®(Xjs)/Conj, we set t([s]) to be the spin® structure s’ with [s'] = [s] that
satisfies s'|x = to([s'|x]). This defines a section

71 : Spin®(Xys)/Conj — Spin® (X s),
and restricting this we obtain a section
7 : Spin® (X5, k)/Conj — Spin‘ (X s, k).

Note that the isotopy {Fl.t} satisfies the conditions of Corollary 3.4. Thus we can reduce the calculation
of SWEK ... .(E’) to monodromy invariant spin® structures. By Corollary 3.4, we have

(38) (SW i (EX (X)), [T¥]) = > SW(EF(X).5).
s€t(Spin® (Xg s ,k)/Conj)
frs=s Vie{l,...k}

On the other hand, the action of f; on the second homology group equals —1 on (S§2 x S?); and
equals 1 on the other summands. From this, we see that a spin® structure on X g is preserved by all f; if
and only if it can be written as the connected sum t#sg between a spin® structure t on X and the spin
structure sg on k(S2 x S2). Thus we can apply Proposition 3.5 and get

> SW(EX(X),s) = > SW(EK(X), t#sg)
se€t(Spin® (Xk s ,k)/Conj) tet(Spin© (X,0)/Conj)
S s=s Vie{l,.. .k}

— Z SW(X.t) = SWga]f—tot(X)'
tet(Spin€ (X,0)/Conj)

This combined with (38) finishes the proof. O
Next, let us consider a natural map

(39) p : BDiff, ()?) — BDiff " (X)

induced from a map extending a relative diffeomorphism by the identity of D*. We call p the extension

map, and drop X from our notation. To state the main result of this section, we need one more definition.

Definition 3.9 Let X be a simply connected, closed, smooth, oriented 4-manifold. We say that X
dissolves if it is diffeomorphic to aCP2 #bCP? or ¢(S? x S?)#dK3 for some a,b,c € N and d € Z.
We say that X dissolves after n stabilizations if X #n(S? x S?) dissolves.
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Now we are ready to state the main result of this section.

Theorem 3.10 Letk > 0 and let X be a simply connected closed oriented indefinite smooth 4-manifold
with b (X) > k +2. Assume that SW. . (X) = 1inZ/2, that X dissolves after one stabilization, and
that X is not homotopic to K3. Then there exists an element

of (X) € H (BDiffy(Xes)”: 2)
that satisfies the following properties:
@) a,‘z (X) is 2-torsion.
(ii) a,‘z (X)) belongs to the kernel of the stabilization map
s ¢ Hy (BDiffy (Xg5)%: Z) — Hy (BDiffy (X 41)5)%: Z).
(iii) Let ax(X) be the image of (x,‘z (X) under the forgetful map
Hy (BDiffy(Xy5)%: Z) — Hy (BDiffy(X5): Z).

Then
0% (SWytio(Xis). px (@i (X)) € Z/2.

(iv) ax(X) and a,‘z (X)) are both topologically trivial. Namely,

a,‘z (X) e ker(Hk(BDiffa()?kS)‘g; 7) — Hy, (BHomeoa()?kS)‘s; Z)),
ap(X) e ker(Hk(BDiffa()?kS); Z) — Hy (BHomeoa()?kS); Z)).

Remark 3.11 Theorem 3.10 implies that SW p,s.0¢ detects topologically trivial nonzero homology class
of BDifft(X) in Z or Z /2-coefficient. On the other hand, the (generalized) Mumford—Morita—Miller
classes, which are basic characteristic classes for smooth fiber bundles, are generalized also for topological
fiber bundles over F = Q or Z/2 [Ebert and Randal-Williams 2014]. Thus the Mumford—Morita—Miller
classes do not detect kernels of Hy(BDifft(X);F) — H(BHomeo™ (X);F).

Proof of Theorem 3.10 By the assumption on the dissolving and that X is not homotopic to K3, there
is a 4-manifold X’ such that the following conditions hold:

(a) X #S? x S? is diffeomorphic to X' #52 x S2.
(b) X’ is homeomorphic to X.

(c) The Seiberg—Witten invariant vanishes for any spin® structure on X’. In particular, this implies
SW}?alf-tot(X/) =0.

Consider the bundles E* ()? ) and E¥ ()? ’). Since X ]/c 5 1s diffeomorphic to Xy g, we have two maps
E*(X), E¥(X') : TF - BDiffy(X;5)’.
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Then we set
af (X) := EX(X)a[T¥] = E*(X').[T¥].
Now we verify the four properties in the statement of Theorem 3.10 as follows:
e Property (i) directly follows from Lemma 3.6.
e By Lemma 3.7, we have
SYEF(X)[T¥] = E¥(X5)a[T¥],  sLEF(X)a[T¥] = EF(X5)4[T].

Since )? s is diffeomorphic to )2 %, (ii) is proved.
¢ Property (iii) is equivalent to

(SW o (E* (X)), [T¥]) # (SW e o (B (X)), [TF]).
By Lemma 3.8, this is equivalent to

Swgalf—tot(X) 5& Swgalf—tot(X/)’

which follows from our assumption and SW{, ;.. .(X’) = 0.

e Since X is homeomorphic to X', E¥ ()? ) and E* ()? ') are isomorphic as topological bundles with flat
structure. Therefore the maps EX(X) and EX(X”) are homotopic after composition with the forgetful map

BDiffy ()?kg)s — BHomeoy ()?ks)a .
This proves that a,‘z (X) is topologically trivial, which implies that oz (X)) is topologically trivial as well. O

Corollary 3.12 Let k > 0 and let X be a simply connected closed oriented indefinite smooth 4-manifold
with b (X) > k + 2. Assume that SWP . (X) =1 in Z /2, that X dissolves after one stabilization, and
that X is not homotopic to K3. Consider the forgetful map i : Diff* (X;g) — Homeo™ (Xjg). Then the
induced map

i : Hp (BDifft (Xs): Z) — Hy(BHomeo™ (Xis); Z)
is not injective, and the induced map
i*: H*(BHomeo™ (Xi5); Z/2) — H*(BDifft (X)5): Z/2)
is not surjective. Analogous results hold for the maps i fZ andig induced by the inclusion
i% . Difft (X;5)® < Homeo (X5)°.

Proof Set o = p«(ax (X)) € Hy(BDifft (Xys5); Z). By Theorem 3.10(ii), o # 0. By Theorem 3.10(iv),
o maps to zero in Hy (BHomeo™ (Xys); Z). This implies that SWﬁalf_tot(X ks) is not in the image of i *.
By using oel‘i (X) instead of a (X), one can prove analogous results for i and i 5 m|
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4 Moduli space of formally smooth topological bundles

The purpose of this section is to define the moduli space BHomeozr (X), which classifies topological
bundles whose vertical tangent microbundle is lifted to a vector bundle. This moduli space is essential in
our discussion of exotic phenomena that are special in dimension 4. We start by recalling some definitions
about microbundles; see Milnor [1964].

Definition 4.1 Let B be a topological space. A microbundle over B of rank n is a triple £ = (Y, p, s) of
a space Y and continuous maps p : Y — B and s : B — Y such that

e pos =id, and

e for any point x € B, there exists a neighborhood U C B of x, a neighborhood V C Y of s(U), and
a homeomorphism ¢ : R” x U =5 V that make the diagram

LN - UING I 5
U—=> vy

commute. Here so(x) = (0, x) and p, (¢, x) = x.

e
N

Definition 4.2 Let X — E — B be a topological bundle; i.e., a fiber bundle whose structure group is in
Homeo(X). The vertical tangent microbundle 7 (E /B) is the microbundle over E given by the triple
(ExpE,p,s). Here p: E xp E — E is defined as p(x1,x2) :=xp and s : E — E xp E is defined as

s(x) = (x,x).

Definition 4.3 Given two microbundles ¢ = (Y, p,s) and & = (Y’, p’,s’) over B, an isomorphism
o : € — &' is a homeomorphism V =5 V’ between a neighborhood V' C Y of s(B) and a neighborhood
V' C Y’ of s'(B) that is compatible with the maps p, p’, s, s’. We treat two isomorphisms as the same if
they coincide on a neighborhood of s(B).

Definition 4.4 A linear structure on a microbundle £ is an isomorphism p : W — £ from some vector
bundle W. We treat two linear structures p : W — & and p' : W' — £ as the same if there exists an
isomorphism ¢ : W — W' of vector bundles such that po y = p/.

To avoid delicate point-set topology issues in our construction of moduli spaces, we use simplicial sets,
which have been a standard tool in studying moduli spaces of manifolds. For readers’ convenience, we
summarize some key properties here and refer to [Goerss and Jardine 1999] for a detailed introduction.
Let A be the simplex category whose objects are the ordered sets [1n] := {0, ..., n} and whose morphisms
are order-preserving maps between these ordered sets. A simplicial set S is a contravariant functor

S:A — Set
to the category of sets. That means we associate to [k] a set S[k], called the set of k-simplices, and
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associate a structure map
* S — S[k]

to an order-preserving map ¢ : [k] — [/]. Any simplicial set S has a decomposition into its path components.

A map S — T between two simplicial sets is by definition a natural transformation between the
functors. We say the map is a Kan fibration if it satisfies the so-called “horn-lifting property”. Let * be
the simplicial set with a single k-simplex for each k. We say S is a Kan complex if the constant map
K — x is a Kan fibration. Kan complexes are those simplicial sets which resemble the simplicial set
of singular simplices of a topological space. In particular, given a Kan complex S and a 0-simplex x,
one can define its homotopy group 7 (S, x) for any k. A map S — T between Kan complexes is called
a weak equivalence if it induces a bijection between path components and induces an isomorphism on
all homotopy groups. A Kan complex S is called weakly contractible if it is path connected and has
vanishing homotopy groups.

A simplicial group is a contravariant functor

G : A - Group

to the category of groups. A left action (resp. right action) of a simplicial group G on a simplicial set S is
a left action (resp. right action) of G[k] on S[k] for each k. These actions are required to be compatible
with structure maps. We say the action is levelwise free if the action of G[k] on S[k] is free for each k.
And we define the quotient simplicial set S/ G by setting (S/G)[k] := S[k]/Gk].

Given a simplicial set S with a right G-action and simplicial set 7" with a left G-action, we define
S xg T by setting

(S xg T)[k] := S[k] xgx) T[k].

There is a way to associate to a simplicial set S a CW complex |S|, called the geometric realization

of S. We briefly recall its construction. For each k € N, we consider the standard k-simplex

n
A = {(xo,...,xk) ) X EO,in = 1% c RFFL.
i=0

Vertices of A¥ are canonically identified with elements in [k]. Given any order-preserving map 7 : [/]— [k],
we have an induced simplicial map AT : Al > Ak The geometric realization is defined as the quotient

S| = ( | | (akx S[k]))/~.

keN

space

Here we use the discrete topology on S[k] and the equivalence relation is generated by
(AT(x),0) ~ (x,7"(0))

for any morphism 7 : [k] — [I], any x € A¥ and any o € S[/]. This is a functorial construction, meaning
that any map f : S — T between simplicial sets induces a continuous map | /| : |S| — |T|. We note that
the homotopy group of a Kan complex coincides with its geometric realization.
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Now we start defining various simplicial sets associated to a connected, closed, oriented smooth
manifold X. For now, we do not assume that X has dimension 4. The following definitions are standard
and can be found, for example, in [Burghelea and Lashof 1974, Section 1] or [Kupers 2015, Section 2.1].

Definition 4.5 The simplicial homeomorphism group Homeo™ (X) is defined by setting Homeo™ (X)[k]
to be the group of orientation-preserving self-homeomorphisms on A¥ x X that covers idak. Similarly,
we define the simplicial diffeomorphism group Diff* (X) by setting Diff* (X)[k] to be the group of
orientation-preserving self-diffeomorphisms on A¥ x X that covers id Ak . Here we treat A¥ as a smooth
manifold-with-corners. Given a morphism ¢ : [k] — [/] in A, the associated structure maps of Homeo™ (X)
and Difft (X) are both defined using the bundle map

AT xidy : AR x X — Al x X.

Definition 4.6 The simplicial set Emb'®(X, R®) is defined as follows. For each k € N and n € N, we let
Emb'°(X, R")[k] be the set of locally flat topological embeddings A x X <> A¥ x R” that covers id Ak
Then we define
Emb'®(X, R®)[k] := colimit Emb'° (X, R")[k].
n—>oo

Here the colimit is defined using standard inclusion R” < R”*!. Given a morphism 7 : [k] — [/] in A,
the structure map

¥ : Emb'(X, R®)[I] - Emb'® (X, R*®)[k]
is defined as follows. Given an element in Emb'® (X, R°)[/] represented by an embedding f : A¥ x X <>

A¥ xR" we let 7*(f) € Emb'(X, R®)[k] be the unique embedding that makes the diagram

AR s x —Z D Ak g

(40) AT Xidxl lAfxian

Alx X — T AlxR?
commute.

There is a levelwise free right action of Homeo™ (X) on Emb'®(X, R®°) defined by precomposing an
embedding f € Emb'(X, R*)[k] with a self-diffeomorphism # € Homeo™ (X)[k]. Via the forgetful
map Diff T (X) — Homeo ™ (X), we also get a levelwise free right action of Diff ™ (X) on Emb'(X, R).

Definition 4.7 The simplicial set L (.7 X ), which corresponds to the space of linear structures on .7 X, is
defined as follows. For each k € N, we consider the vertical tangent microbundle .7 (A¥ x X /A¥) of
the trivial bundle AF x X — A¥. We let L(7 X)[k] be the set of linear structures on .7 (AX x X /A¥).
Given a morphism 7 : [k] — [[] in A, we define the structure map

™ L(ZX)[l] - L(7X)[k]
by pulling back a linear structure via the bundle map
AT xidy : AFx X — Al x X,
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Definition 4.8 The simplicial set R(7'X), which corresponds to the space of Riemannian metrics on 7'X,
is defined as follows. For each k € N, let R(T X)[k] be the set of smooth metric on the vertical tangent
bundle 7' (A¥ x X /A¥). Given a morphism 7 : [k] — [/] in A, we define the structure map

™ R(TX)[I] > R(TX)[k]
by pulling back a metric via the bundle map
AT xidy : AK x X — Al x X.
Lemma 4.9 The following conclusions hold.

(i) Homeo ™" (X) and Diff™ (X)) are Kan complexes.

(i) L(ZX) is a Kan complex.
(iii) Emb'®(X, R*®) is a weakly contractible Kan complex.
(iv) R(TX) is a weakly contractible Kan complex.

(v) Emb'(X, R%®) Xgomeot (x) L (7 X) is a Kan complex.
(vi) Homeo™ (X) Xyt (xy R(TX) is a Kan complex.

(vii) Emb'®(X, R%)/Homeo*(X) is a Kan complex, and its geometric realization is a model for
BHomeo™ (X).

(viii) Emb'°(X, R>) Xpirt (X) R(TX) is a Kan complex, and its geometric realization is a model for
BDifft (X).

Proof The underlying simplicial set of any simplicial group is a Kan complex [Goerss and Jardine 1999,
Lemma 1.3.4], which proves (i).

We let A7 be the “horn” obtained by removing interior of the i-th face from dA”. By the definition of
Kan complex, (ii) is equivalent to showing that any linear structure p € .7 (A? x X /A) can be extended
to a linear structure p’ on .7 (A" x X/A™). This is straightforward since we can construct p’ as the
pullback of p via the continuous retraction A" — A’

Conclusion (iii) is proved as in [Kupers 2015, Lemma 2.2].

The simplicial set R(7'X) is a Kan complex since any metric on 7' (A} x X /A”) can be extended to a
metric on 7 (A" x X/A"), and R(T X) is weakly contractible since any metric on T (dA” x X/dA") can
be extended to a metric on 7' (A" x X /A”). This proves (iv).

By (i) and (iv), the product Emb'(X, R®) x L(.7 X) is a Kan complex. By [Goerss and Jardine 1999,
Corollary V.2.6], the map

Emb'(X,R%) x L(7X) — Emb" (X, R*) X0+ (x) L(TX)

is a surjective Kan fibration. These two facts together imply that Emb'®(X, R°) XHomeot (x) L(7 X) is
also a Kan complex, namely (v). (See [Goerss and Jardine 1999, Proof of Lemma V.3.7].)
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Conclusion (vi) is proved by an argument similar to that used to show (v).

Conclusion (vii) is proved as in [Kupers 2015, Lemma 2.7], and (viii) can be proved similarly. O

Definition 4.10 A formally smooth X -bundle is a topological fiber bundle X — E — B equipped with a
linear structure on its vertical tangent microbundle. Given two formally smooth X -bundles 6y, 6; over B,
we say that they are isomorphic if there is an isomorphism between the bundles that respects the linear
structures, and we say that they are concordant if there exists a formally smooth X -bundle 6 over / x B
such that 0|¢;1xx is isomorphic to 6; fori =0, 1.

Definition 4.11 We define the moduli space of formally smooth manifold X as
BHomeo; (X) := [Emb'*(X, R*) Xy oo+ x) L(TX)|.
Definition 4.11 is justified by the following proposition.

Proposition 4.12 There exists a formally smooth X -bundle 6 over BHomeoiL (X) that satisfies the
following universal property: Given any simplicial complex K and any formally smooth X -bundle
over | K|, it is isomorphic to the pullback g*(g) under some map g : | K| — BHomeoZr (X). Furthermore,
25 (5) and g’l"(g) are concordant if and only if go and g, are homotopic.

Proof We first construct §. We denote Emb'°(X, R®) XHomeot (x) L(ZX) by S. For any k-simplex
o =[(f, p)] of S, we consider the bundle X — E(0) 7, Ak Here E(0) C A¥ xR is the image of f,
and 7 (o) is the projection map. The pushforward fi(p) gives a linear structure py on .7 (E(0)/AK).
Given any morphism t : [/] — [k], by (40), there is a bundle map

7« : E(t*(0)) = E(0)

that covers the map A’ : Al — A¥_We consider the quotient space

E =(|_| L E(o))/~,
keN oeS[k]

where ~ is generated by 7« (x) ~ x for any morphism 7 : [/] — [k], any o € S[k] and any point x € E(t*0).
By gluing {7 (0)}s together, one obtains a topological bundle

7:E—|S]|,

whose vertical tangent microbundle has a linear structure p obtained by gluing {ps }» together. The pair
(7, p) defines 6.

Now we prove the universal property of 6. Consider a formally smooth X-bundle 6 over | K|,
represented by a topological bundle X — E = | K| equipped with a linear structure p’ on .7 (E/|K|).
We fix an order o on 0-simplices of K. For each k-simplex n of K, we use o to fix a homeomorphism
A¥ =~ || € |K|. We pick a trivialization 71 (||) = A¥ x X. Then the restriction of p gives a linear
structure p, on 7 (AF x X /X). Furthermore, by Lemma 4.9(iii), we can inductively construct an
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embedding f, € Emb'°(X, R®)[k] for each 1 so that the following compatibility condition holds: for
any [-simplex 1’ C n, the diagram
~ S ~
() —— AFx X AL R® —=— || x R®
(41)

71_1(|r]|) = L AFK XX(i) AR xR = [n] x R*®

commutes. Set o (1) = [(f. py)] € S[k]. We use o to determine a homeomorphism
gn Il = A x{oy} € AR X S[k].

By (41), these homeomorphisms can be glued together to form a map g : |K| — |S|. Tt is straightforward
to check that g*(g) =6.

Given go, g1 : | K| — |S], itis obvious that g (5) and g’l“(g) are concordant if gg and g are homotopic.
Furthermore, suppose that g (5) and g’l"(é) are concordant. By the simplicial approximation theorem
[Rourke and Sanderson 1971, Sections 5.3 and 6.9], we may homotope go and g; so that they are both
simplicial. By a similar argument as above, we construct a simplicial map I x | K| — | S| that restricts
to g; on {i} x |K|. This completes the proof. |

We note that, for any g € R(TX)[k], the exponential map gives a linear structure
pg i T(A* x X/ A*) > 7(AF x X/ AF).
This gives a map R(TX) — L(Z X), and further induces a map
Exp : Homeo™ (X) Xpige+ (x) R(TX) = L(T X)

defined by Exp[(f, g)] := f«(pog) for any f € Homeo™t (X)[k] and g € R(TX)[k].
The following theorem is a reformulation of Kirby and Siebenmann’s classification theorem [1977,
Theorem V.2.2] of smooth structures.

Theorem 4.13 (Kirby—Siebenmann) Suppose that X is not 4-dimensional. Then the map Exp is a weak
equivalence to the union of path components that intersect the image of Exp.

We consider the forgetful map
id X g+ ) BXp 2 Bmb' (X, R%) Xy 5y (Homeo ™ (X) Xpyiget (3 R(TX))
— Emb" (X, R™) Xyomeo+ (x) L(TX).
Passing to the geometric realization, we obtain the map
¢ : BDiff " (X) — BHomeoZ (X).

Corollary 4.14 Suppose that X is not 4-dimensional. Then the map ¢ is a weak equivalence to the path
component of BHomeozr (X) containing the image of (.
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Proof This directly follows from Theorem 4.13 and [Kupers 2015, Lemma 2.6(iii)]. O
Now we turn to dimension 4. What we need is a refinement of Corollary 3.12 as follows.

Proposition 4.15 Let k > 0 and let X be a closed oriented 4-manifold that satisfies the conditions of
Corollary 3.12. Consider the forgetful map ¢ : BDiff* (X;5) — BHomeoZr (Xgs). Then the induced map

tx : Hi(BDifft (Xgs); Z) — Hy(BHomeo} (Xgs); Z)
is not injective, and the induced map

t*: H*(BHomeo] (Xys); Z/2) — H* (BDiff" (Xx5): Z/2)

is not surjective.
Before proving Proposition 4.15, we shall see the following. Set / = [0, 1].

Lemma 4.16 Let X and X' be two simply connected smooth 4-manifolds which are homeomorphic to
each other. Then there exist Riemannian metrics g on X and g’ on X', smoothly embedded disks D* C X
and D¥ C X', and a homeomorphism f : X — X’ such that

e f restricts to a smooth isometry from a neighborhood of D* to a neighborhood of D¥, and

o there is a linear structure p on .7 (I x X /1) such that p|oyxx equals pg, plg1yxx equals f*(pgr),
and p|y« pa equals the pullback of pg|pa.

Proof Pick smoothly embedded disks D% < X and D¥ <> X' Let f : X — X’ be a homeomorphism.
After an isotopy, we may assume f(D?*) C D¥. By the annulus theorem [Quinn 1982], D¥ \ f(D*%)
is homeomorphic to / x S3. This allows us to further modify f so that it restricts to a diffeomorphism
from a neighborhood of D* to a neighborhood of D¥ . Then we pick a metric g on X and extend the
metric fx(g|p4) on D* to a metric g’ on X’. The first condition is now satisfied and it remains to find a
linear structure p that extends the given linear structure p’ over the subspace

B=({0,1}xX)U( xD* cCIxX.

By the Kister—Mazur theorem [Kister 1964], the microbundle .7 (I x X /1) is equivalent to a topological
bundle R* — E — I x X. The given linear structure p’ on E|p gives a reduction of its structure group
from Top(4) to O(4). (Here Top(4) denotes the group of homeomorphisms of R* preserving the origin.)
It suffices to extend this reduction to the whole I x X. There is a series of obstruction classes for the
existence of such extension, which sit inside the groups

H'™(I x X, B; 7; (Top(4)/ 0(4)))

for 0 <i < 4. Since 7; (Top(4)/0(4)))) = 0,0,0,7Z/2,0 fori =0,...,4, respectively [Freedman and
Quinn 1990, Theorem 8.7A], the only possible obstruction is in the group

H*(IxX,B:7/2) =~ H\(X:;Z/2).
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Since X is simply connected, this group is trivial as well. So the extension exists and the proof is
completed. O

Proof of Proposition 4.15 Let o € Hy (BDiff" (Xj); Z) be the same as in the proof of Corollary 3.12.
Then it suffices to show that tx(c) = 0. Recall that « is presented as the difference of two smooth
Xis-bundles EX (X)and E k(X") over T*. Here X’ is a smooth 4-manifold homeomorphic to X. We just
need to show that EX(X) and E¥(X") are concordant as formally smooth Xj-bundles.

Note that E¥(X) is obtained by gluing together the bundles EX(D*) and (X \D°4) along their common
boundary. The same operation applied to X" gives the bundle E kx"). Applying Lemma 4.16, we obtain
the homeomorphism f : X — X’, a metric g on X and a metric g’ on X".

We have an isomorphism f : EK(X) — E*(X") of topological bundles, obtained by gluing

idgk X flx\Ba: T x (X \ D¥) — TF x (X'\ D%

with the identity map on EX(D?).

Next, we fix a families metric g on E k(D4). By gluing g and g’ with gy fiberwise, we obtain a
families metric § on E¥(X) and a families metric &’ on E*(X’). We use pgz and pgz  to denote the
induced linear structures. By gluing together the linear structure p provided by Lemma 4.16 and the linear
structure 7 (EX(D*) x I/T* x I') pulled back from %y, we get a concordance from pg and f *(pg)-
This shows that EX(X) and E¥(X”) are concordant as formally smooth bundles. m|

5 Proof of the main results

Now we have prepared all necessary results on families Seiberg—Witten theory to prove the main results
described in Section 1. The only remaining piece of the proofs of those is the following result on
geography involving the usual (i.e., unparametrized) Seiberg—Witten invariant:
Theorem 5.1 For any integer | € Z, there exists a sequence of simply connected 4-manifolds { X l.l 2
that satisfies the following properties:

(1) sign(Xl.l) =1.

(ii) bz(Xl.l) — +o00 asi — 4o00.
(i) X l.l is of Seiberg—Witten simple type.
(iv) SW(XH=1€2Z/2.

v) X l.l dissolves after one stabilization.

(vi) Suppose [ is divisible by 16. Then we can pick X l.l to be spin or nonspin.

To avoid a digression, we postpone the proof of Theorem 5.1 to Section 6. Let us give the proofs of
the main results in Section 1 assuming Theorem 5.1.

Proof of Theorem 1.2 We set / = sign(X) and denote by X; the 4-manifold X l.l in Theorem 5.1. Here,
we choose X; to be of the same type (i.e., spin/nonspin) as X. By Wall’s theorem [1964b], there exists a
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positive integer n(X) such that X,,(x)s dissolves. There exists an integer io such that for any i > i, the
manifold X; is indefinite, not homotopy equivalent to K3 and satisfies

by(Xi) 4 2k = by (X) + 2n(X).
For any i > 0, we set
Ni := 3 (ba(Xig+i) — b2 (X)) + k.

Then we have N; — +oo. Furthermore, (X;,+)xs is diffeomorphic to X, s since they have the same
signature, Euler number, type and both dissolve. We apply Theorem 3.10 to the manifold X;,+; and
obtain homology classes

ol (Xig+1) € Hy(BDiffy(Xn,5)°:Z) and  ag(Xiy+i) € Hy (BDiffy(Xn,5); Z).

We set af = a,‘z (Xip+i) and o; = o (Xjo+;). It remains to verify that they satisfy the desired property.
By Theorem 3.10(iv), af and o; are both topologically trivial. By Theorem 3.10(ii), ozl.g € ker S;SV,- - This
implies that o;; € kerspy; «. By Theorem 3.10(iii), we have

(42) (SWE o (XN;8), pxl)) # 0.

This combined with Corollary 2.37 show that

o ¢ Image(Sy; —1,4 0+ O SN, —k—1,%)-
This further implies that
8 8 )
o; ¢ Image(sNi—l,* ©---0 sN,-—k—l,*)’

which completes the proof. a

Proof of Theorem 1.3 Let N; be chosen as in the proof of Theorem 1.2. Then we apply Proposition 4.15
to the manifold X;,4; to conclude that ¢ is noninjective and ¢* is nonsurjective. The proof is finished by
the fact that (X;,+;)xs is diffeomorphic to Xn;s. O

Remark 5.2 In Theorem 1.3, all X # N;S?2 x S? are connected sums of CP?, 82 x $2, K3 and their
orientation reversals. This is because we choose n; in the proof of Theorem 1.3 so that X #n;S 2% 82
dissolve, and so do X # N; S? x S2.

Proof of Theorem 1.8 We set V; to be the same as in Theorem 1.2 and let 8; = p«(«;). It suffices to
show that B; can be represented by an exotic diffeomorphism, since all other assertions directly follow
from the corresponding assertions in Theorems 1.2 and 1.3.

By the construction of «; in the proof of Theorems 1.2 and 3.10, we see that 8;, when treated as a
homology class in H; (BDiff™ (X N;S); Z), can be expressed as the difference

(Xn;$) 1 [T = (Xn;5) 57 [T'] € Hi(BDItf " (X, S); Z).

Here (Xn,s)7, and (Xp;s) f{ are mapping tori for diffeomorphisms f1, f{ € Difft (X N; s). Furthermore,

by (1), there is a homeomorphism g : X, s — X, s such that f is topologically isotopic to g o fl’ og~l.
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We may assume g is actually a diffeomorphism since the map (2) is surjective for N = N;. Then
fogofTlog T i XNs > Xn;s

is an exotic diffeomorphism that represents ;. d

Theorem 1.11 is just a part of Theorem 2.43, which we prove here:

Proof of Theorem 2.43 Let «; € Hy (BDiffy ()? # N;S? x §2);Z) be the homology class that was
constructed in the proof of Theorem 1.2. Recalling (42), the pairing of «; with SWﬁalf_tot is nonzero.
Thus the claim of Theorem 2.43 follows from Corollary 2.41. |

Remark 5.3 As we mentioned in Remark 1.10, the whole argument can be adapted to twisted stabilizations,
i.e., taking connected sum with CP? #CP? instead of S2 x S2. We summarize the adaptations needed
here. For k > 0, we use X, g to denote X #k(CP? #W). For simply connected nonspin X, there is a
diffeomorphism between X} ¢ and X; § for any & [Wall 1964a, Corollary 1]. For such X, the multiple
mapping torus £ k(X ) is a smooth bundle with fiber X 5. (See (36).) Note that we do not adapt the
construction of E¥(X) so the monodromies are still diffeomorphisms supported on copies of on embedded
(S? x §2)\ Int(D*), not embedded (CP? #W) \ Int(D*). With this in mind, one can repeat the proof
of Theorem 3.10 and show that for nonspin X, the same result holds for the twisted stabilization map

52 Hp(BDIffy(X, 5)%: Z) - Hy (BDiffy(X 15" 2).

Moreover, by applying Theorem 2.36 to N = (k+ 1)((C]P’2#W), one obtains a variation of Corollary 2.37
for twisted stabilizations. With these results proved, we can repeat the proofs of Theorems 1.2, 1.3 and
1.8 word by word for twisted stabilizations on a nonspin X. For a spin X, we simply replace it with X§
and reduce it to the nonspin case.

5.1 Comparison with Torelli groups

Given an oriented smooth manifold X, let TDiff(X) denote the subgroup of Diff ™ (X) defined to be the
group of diffeomorphisms that act trivially on homology H«(X;Z). This subgroup TDiff(X) is often
called the Torelli group. Tools from families gauge theory known before have been effectively used to
study TDiff(X) rather than Diff ™ (X); see, for instance, [Ruberman 1999]. In this section, we remark that
H.(BTDiff(X)) and H, (Diff™ (X)) are significantly different, as are 71 (Diff* (X)) and H; (Diff*(X)).

For a closed oriented smooth 4-manifold X with a fixed spin® structure s and a homology orientation O,
let Diff(X, s, O) be the group of diffeomorphisms that preserve orientation of X, s and 0. Note that
TDiff(X) C Diff(X, s, 0). We are going to use a characteristic class

(43) SW(X,s,0) € H4®) (BDiff(X, s,0): Z),

which was defined in [Konno 2021]. Let 9B(X) denote the set of Seiberg—Witten basic classes of X of
formal dimension zero.
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Proposition 5.4 Suppose that X is a simply connected closed oriented indefinite smooth 4-manifold
with b (X) > 2. Assume that there are infinitely many smooth oriented 4-manifolds {X; 7=, such that
X; #52 x S? is diffeomorphic to X # S? x S? for every i, and #B(X;) — +oc. Then the kernels of both
of the natural maps

(44) H, (BTDiff(X #S? x §2); Z) — H,(BDiff" (X # 5% x §?); Z),
(45) 71 (BDifft (X #52 x §?)) — H(BDiff T (X # 52 x S?); Z)

contain subgroups isomorphic to Z*° = @, L.

Proof The proof is an adaptation of Ruberman’s argument [1999] in the Seiberg—Witten setup with
a help of the characteristic class (43). Set Z = X # S? x S2. By assumption, there is a sequence
{ti}; C Spin®(X,0) such that t; € B(X;) \ B(X;_1) for all i. Let s; € Spin°(Z, 1) be the connected
sum of ; with the spin structure on S2 x §2. By repeating the construction of the bundle £ — S! in
Theorem 3.10 using (X, X;) in place of (X, X”), we obtain a diffeomorphism f; € TDiff(Z) such that:
* f;i is decomposed into f; = g; o g}, where the squares of g;, g/ are smoothly isotopic to the identity.
o SW(E;,s;) # 0, where E; — S is the mapping torus of f; with fiber Z.
e SW(E;,s;) =0forall j >1i.
As we can see from the proof of Theorem 1.2, we have that (E;)«([S']) € H,(BDiff"(Z);Z) are

2-torsions. On the other hand, let E l.T : S — TDiff(X) be the classifying map of E; with structure group
TDiff(Z). Then, by evaluating {(EZ.T)*([S 11)}; on the homomorphism

Il

P (SW(Z.s.0).-): Hi(BIDiff(Z2):2) > @ Z=z>,
5€Spin“(Z,1) 5€Spin“(Z,1)

we have that {(El.T)*([Sl])}i are linearly independent in H,(BTDiff(Z);Z). Thus {2(EZ.T)*([S1])},~
generates a subgroup in the kernel of (44) isomorphic to Z°°. The claim on the map (45) immediately
follows from the above argument combined with the following commutative diagram, where 4 denotes
the Hurewicz map:

71 (BTDiff(Z)) —*— H,(BTDiff(Z): Z) —— H,(BDiff*(Z); Z)
gl Th
70(TDiff(Z)) —= mo(Difft (Z)) —— 71 (BDiff " (Z)) O

It is easy to find an example of X and X; that satisfy the assumptions of Proposition 5.4 by the knot
surgery formula due to Fintushel and Stern [1998].
6 Manifolds that dissolve after one stabilization

In this section, we prove Theorem 5.1. This will finish our argument. Our proof is inspired by the papers
[Gompf 1991; Hanke et al. 2003; Akhmedov et al. 2015], which constructed many examples of symplectic
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4-manifolds that dissolve after one stabilization. The idea is to start with some symplectic 4-manifolds
with a unique Seiberg—Witten basic class up to sign (e.g., minimal algebraic surfaces of general type) and
do fiber sum along embedded surfaces with self-intersection 0 and genus > 2. (We avoid doing fiber sum
along tori or spheres because they usually annihilate the half-total Seiberg—Witten invariants.)

We start with some notation. Let M, ..., M, be oriented closed smooth 4-manifolds. Let F' be an
oriented genus-g closed surface and let F; C M; be a smoothly embedded surface F; of the same genus,
and self-intersection 0. We let D%, ..., D2 be disjoint disks in S2. For each i, we pick an open tubular
neighborhood v(F;) and an orientation-reversing diffeomorphism

(pl-:Dl-sz—>v(F,~)

that covers a diffeomorphism F' — F;. Then the fiber sum is defined as

My#tp - -#p My = ((SZ\LID?) XF) U (|_|(Mi\v(Fl-)))-

wi'aDisz !

Of course, the result depends on the choice of gluing function ¢;. Using ¢;, we also get a boundary
parametrization d(M; \ v(F;)) = S x F. One has

n
sign(My #p -+ #F My) = )_sign(M;),

i=1

n
A(My#p - #p M) =) x(Mj) + (1= D)(dg —4).
i=1
Furthermore, by suitably choosing ¢;, one can always make M not spin. And suppose M; \ v(F;) is
spin for all i. Then one can also choose ¢; to make M #F ---#r My spin. In addition suppose that, for
each i, M; is symplectic and F; is a symplectic surface. By a theorem of Gompf [1995], for any choice
of gluing function, the manifold M, #r ---#r M, always carries a symplectic structure.

Proposition 6.1 Let M = M #F M> be the fiber sum of closed oriented smooth 4-manifolds M; along
a surface F of genus g > 2. We assume that b+ (M;) > 1, by (M;) = 0 and M; is of Seiberg—Witten
simple-type. Let s; be a spin® structure on M; \ v(F;). Let s be the unique spin® structure on F x S*
that is pulled back from F and satisfies (c,(s¥), [F]) = 2k. We consider the Seiberg—Witten invariants

SW(M,s1,57) := Z SW(M, s),
{s:slp;\v(F;)=5i,d(s)=0}
SW(M;,s;) = > SW(M;,s).

{s:slar;\v () =5i,d (s)=0}
Then

+SW(M1,51)-SW(My,55) if 81| pygt = 52|pxgt =sTED,

SW(M,s1,82) = otherwise
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Proof SetY = F x S'. We focus on the case 51|y = 52|y = s° because the other cases are proved by
Muiioz and Wang [2005, Theorem 1.2]' and Morgan, Szab6 and Taubes [Morgan et al. 1996, Corollary
9.10]. The argument here is adapted from [Mufoz and Wang 2005] and [Jabuka and Mark 2008] (which
proved an analogous result for Ozsvath—Szabd’s mixed invariants). We start by considering the graded
abelian group

g—1 P
. Ui-g+l.7[U]
X —1):= ANHYF;Z _— =
(6-2=1) ,Gjo FD® 5 7101

Here the degree of elements in A’ H!(F; Z) equals i, and the degree of U equals —2. We use X (g, g—1)x
to denote the degree-k component of X(g, g —1). Let 1 be the 1-cycle in Y given by * x S!. Then one
can use 7 to define a local system I';, over the configuration space for Y. The fiber of I'; equals the field
of formal Laurent series with rational coefficients,

$:=Q[ L. 1].

Under this local system, one has a canonical isomorphism between the two versions of monopole Floer
homology groups

ﬁl\//l*(Y, 59 Iy) = ﬁl\\/l*(Y, 50 I'y),

and we just denote it by #. The Heegaard Floer homology of Y is computed by Jabuka and Mark [2008,
Theorem 9.4].> We can translate their result to monopole Floer homology using the work of Kutluhan, Lee
and Taubes [Kutluhan et al. 2020]. (See [Lee 2019, Theorem 3.1] for a version for twisted coefficients)
or alternatively, the work of Colin, Honda and Ghiggini [Colin et al. 2011] and Taubes [2010]. This gives
us an isomorphism of vector spaces over & with relative Z-grading

(46) H=X(g.g—-1)RZL.

We use ¥ to denote the component corresponding to X(g,g — 1)y ® &£. Then #Hg = Hrg» = <.
The orientation-reversing diffeomorphism on Y given by the reflection in the S!-component induces a
nondegenerate pairing

() HReH — £

Elements in #; and ¥; can have nonzero pairing only if k 4+ = 2g — 2. The vector space ¥ is also a
graded module over the ring

A(F) = A*H\(F;Z) ® Z[U].

IThe first version of [Mufioz and Wang 2005] also included a proof for the remaining case, by assuming an inequality on the
rank of the monopole Floer homology of F x S for the torsion spin® structure. By the computation of Jabuka and Mark [2008,
Theorem 9.4] on Heegaard Floer homology, this inequality is now known to hold.

2Jabuka and Mark [2008] did the completion in the other direction and used the field Q[t~!, ¢] instead. We follow the
convention of [Kronheimer and Mrowka 2007] and do negative completion.
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The action of U is just the multiplication. For any y € H{(F;Z) and any @ € A’ H'(F; Z), the action is
given by
y-@@U)=4,e@U' + PD)A) U T +> " Bi®1.
i<0

Here ¢ denotes the contraction and 8; denotes an element in X (g, g —1). In particular, we see that for any
element in « € ¥ \ ¥, there exists an homogeneous 7 € A(F') with positive degree such that 7 -« is a
nonzero element in #g. To prove the claim, we consider the manifold N = F x D? with boundary Y and
the relative 2-cycle vy = % x D? bounded 7. Let s be the unique spin® that extends s°. Then the relative
Seiberg—Witten invariant of N gives a map that preserves the structure of Z-graded A (F)-modules

¢1€72/N (sn,—) :A(F) —> %K.
We claim that
@D o5V (5w, 1) € Hag—2 \ {0},

To see this, we consider the manifold N = N Uy N = F x §2. We let s§ be unique torsion spin®
structure on N and let v & be the 2-cycle * x § 2 We use PD[F] € H2(N;Z) to fix a component of the
positive cone

{a € H3(N:R) |- > 0,00 # O}.

This allows us to define the Seiberg—Witten invariant for the negative chamber
SW_(N,s,—):A(F) > Z

for any spin® structure s on N. By applying the gluing formula for Seiberg—Witten invariants [Kronheimer
and Mrowka 2007, Propposition 27.5.1], one obtains the equality

Y SW_(N.sg +nPD[F].US N*" = (g3 (sn. 1. UST 937 (5. 1)).

VN
keZ
Using the positive scalar curvature metric on N, we obtain that
SW_(N,sg +nPD[F],US™") = SW,(N,s5 —nPD[F,US 1) =0
for any n > 0. Using the wall-crossing formula [Li and Liu 1995, Theorem 1.2; Okonek and Teleman

1996, Theorem 16], we further obtain that

0 ifn>0,

SW_(N,sg +nPD[F], U7} =
(N.sy +nPDIF] L

In particular, this implies U#& ! -¢1‘€,VKN (sn, 1) # 0. Hence the homogeneous element ¢§]I’KN (sny, 1) must
be a nonzero element in #>g_>. This proves the claim (47). For i = 1,2, we let v; be a relative 2-cycle
in M; \ v(F) bounded by 7 and consider the relative Seiberg—Witten invariant

Papw(r) (i)t AF) > 9.
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Then the gluing theorem applied to M; gives the relation

Z SW(Mi,ﬁ, a)t(Cl(ﬁ),UiUUN) — <a .¢;\SZI<U(F)(51.’ 1)’ ¢1§],V11)/N (EN’ 1))>

{s:slm\wamd
for any o € A(F). We actually have (,b;fl?(v ( F)(sl-, 1) € #p. Otherwise we can find some « with positive
degree such that
Sw .

- ¢M[\U(F)(51 N 1) S %0

Then by (47), we have
(- paX iy i D).y (5. 1)) #0.

That implies SW(M;, s, &) # 0 for some s, which contradicts our assumption that M; is of Seiberg—Witten
simple type. Since any two elements in € pair trivially, we get

((prIIV\U(F)(EI’ 1)v¢f4?/\v(p)(52, 1)) =0.

As the last step, we apply the gluing formula to the manifold M and obtain that

Z SW(M, 5),1(01(5),v1Uv2) — (¢f}f’\v(m(51’ 1)’¢]fJI;V\v(F)(52’ 1))
{s:slp;\v(F;)=5i,d(5)=0}
=0e.

Comparing the coefficients of both sides, we finish the proof. a

Proposition 6.2 For2 <n and 1 <i <n, let M; be a closed symplectic 4-manifold with b (M;) > 1.
Let F; C M, be an embedded symplectic surface of genus g > 2 and self-intersection 0. Suppose that M
has a unique Seiberg—Witten basic class up to sign and suppose H{(M; \ v(F;);R) = 0. Take the fiber
sum M = M #f ---#r M,,. Then

(48) Swl?alf—tot(M) =1

Proof By the work of Taubes, the canonical spin® structure s7; on M; and its conjugate both have
Seiberg—Witten invariant 1. By our assumptions, all the other spin® structures on M; have trivial Seiberg—
Witten invariants. Note that s ; is not torsion since the adjunction formula (c1(sy;), [Fi]) = 2g —2
holds.

Let 5; be a spin® structure on M; \ v(F;). Consider the quantity

SW(M,s1,...,8,) = Z SW(M, s).
{s:slar;\v () =5i,d(s)=0}

The fiber sum of M; carries a symplectic structure so is of Seiberg—Witten simple type [Taubes 2000,
Proposition 4.3]. Via a repeated application of Proposition 6.1, we see that

+1 ifs; =s7i|m\v(F;) foralli,
(49) SW(M,s1,...,8,) =1 +1 ifs; =57i|mM\v(F; forall i,
0 otherwise.
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To deduce (48) from (49), it suffices to show that any spin® structure s that satisfies

s|pM\v(F;) = 8lm\v(F;) forany i

does not contribute to SWP . (M). Indeed, for such s, we have

n
c1(s) € ker(H*(M:R) — @ H*(M; \ v(F;): R)).
i=1
This implies that PD(c;(s)) can be represented by a cycle in (S 2\ s Dlz) x F. Therefore, cf(s) =0
and we have

n

_2x(M) +3sign(M) _ —Z 2x(M;) + 3sign(M;)
4 N 4

d(s) =

(n—1)(2g —2).

i=1
By Taubes’s result [2000], we have 2 y(M;) + 3 sign(M;) > 0. So d(s) < 0 and it does not contribute to
SVyl?alf—tot(ju ) U

As the next step, we will construct three symplectic manifolds M7, M», M3, which serve as the building
blocks in our construction of the manifold X l.l .

The manifold M; is constructed by Persson, Peters and Xiao [Persson et al. 1996]. We sketch its
construction as follows: Let Yo = CP! x CP! and let 7 : Yo — CP! be the projection to the second
factor. Consider a triple sequence of double covers

Y3 P3 Y2 D2 Yl D1 YO

with branched loci being B; C Y,, pl_l(Bz) C Y1 and B; C Y, respectively. Here B; and B, are
singular curves in Yy, and Bj is a singular curve in Y, that is linearly equivalent to p5 1 pl_l(B3) for
some B3 € Y. The algebraic surface Y3 has certain singularities coming from the singular points of the
branched loci. M is defined to be the resolution of Y3. By suitable choosing B1, B,, B3 and B}, the
manifold M; can be made into a simply connected algebraic surface of general type with sign(M1) > 0.
Suppose the bidegree of B; equals (a;, ;). Then one can ensure that M7 is spin by choosing B; so that
both a1 4+ a + a3z and by + b, + b3 are divisible by 4. Furthermore, the map p : M1 — CP! defined by
the composition

M1—>Y3p—3>Y2p—2>Y1p—l>Y0L>CP1

makes M into a fibration. We let F; be a generic fiber. Then F; isa Z/2 & Z /2 & 7. /2 branched cover
of CPP2. Using the Riemann—Hurewicz formula, we see that

1<g(F1)=2(b1+by+b3)—7=1 mod 8.

In [Persson et al. 1996], Persson, Peters and Xiao proved that M is simply connected. The same argument
implies the simple connectedness of M; \ F;. Indeed, using [Persson et al. 1996, Corollary F], they
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found a disk D? ¢ CP! such that p~!(D?) is simply connected. Since the fibration p : M; — D? has
no multiple fibers, by the same argument as [Persson 1981, Lemma 3.20], this implies 71 (M1 \ Fy) = 1.

The manifold M5 is constructed in [Persson et al. 1996, Proof of Corollary D] in a similar flavor. For
any positive integers a, b, we let Y, j, be the double cover of Y branched over

(CP! x {2a generic points}) U ({2b generic points} x CP!).

We let M, be the fiber product
Mé — Ya, b,

L

Ya5,b5 ? YO

Then M} has discrete singular points coming from double points of the branched loci. We let M; be the
minimal resolution of these singularities. Topologically, that means we remove tubular neighborhoods of
these singular points (which are cones over RP?) and glue copies of the disk bundle for the 7'S2. It is
proved in [Persson et al. 1996] that M> is a simply connected surface of general type, with signature

sign(M»>) = —8(aab4 + asbs) < 0.

Furthermore, M is spin if a4 + as, by + bs are even.
As before, we consider the composition

M2—>Y()L>CP1

and let F, be a generic fiber. Then F, is a Z /2 @® Z/2 cover of CP! branched at 2(b4 + bs) points, each
with two preimages. From this, we compute that g(F>) = 2(bg + b5) — 3. We set

F 7 Fi)—1
b4 = —g( 1) + and b5 = —g( 14) .
Then g(F>) = g(F1). Note that
sign(Mz) _ bs(as + as)
16 N 2

By picking suitable a4, as, we may assume that % sign(My), % sign(M>) are coprime to each other.
Since M5 is a minimal algebraic surface of general type, it has a unique Seiberg—Witten basic class up to
sign. One can use a similar argument as M7 to show that w1 (M> \ F>) = 1.

The manifold M3 is constructed by Fintushel, Park and Stern [Fintushel et al. 2002]. Unlike M,
and M5, the manifold M3 is not complex. In [Fintushel et al. 2002], the authors constructed many
symplectic manifolds with one Seiberg—Witten basic class up to sign. In particular, for any positive
integer p, they constructed a simply connected symplectic 4-manifold X, by taking the fiber sum of two
rational surfaces R(2p —3) and S(p) along a symplectic surface of genus 2p — 5. One has

sign(Xp,) =25—14p.
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We let M3 = X, with p = %(g(Fz) 4+ 5) and let F3 be the surface on which the fiber sum is conducted.
It is proved in [Fintushel et al. 2002] that 71 (M3 \ F3) = 1. Furthermore, one can find an embedded
surface in Sp \ F3 C X, \ F3 that has an odd self-intersection number.

So far, we have constructed the building blocks (M;, F;) and established some of their important
properties. We summarize these properties in the following lemma.

Lemma 6.3 There exist closed symplectic 4-manifolds My, M,, M3 and embedded symplectic surfaces
F; C M; of self-intersection 0 such that the following conditions are satisfied:

(i) g(F1) = g(F2) = g(F3) = 2.
(i) M; has a unique Seiberg—Witten basic class up to conjugacy.
(iii) M, and M are spin, and M3 is not spin.
(iv) my(M; \ F;) =1 fori =1,2,3.
(v) sign(M1) > 0, while sign(M5), sign(M3) < 0.
(vi) % sign(M1) and % sign(M>) are coprime to each other.
(vii) sign(M3) is odd.
(viii) M3\ F3 contains an embedded surface with odd self-intersection number.
The last ingredient we need is the following proposition.

Proposition 6.4 [Mandelbaum 1979; Gompf 1991, Corollary 5] Let M and M’ be smooth oriented closed
4-manifolds. Let F C M and F' C M’ be closed, connected, orientable surfaces with self-intersection 0
and the same genus g. Suppose that M is spin and suppose 71(M') = 71(M \ F) = 1. Then

M#M' #2g(S? x §?) if M #p M’ is spin,

M # M’ #2g(CP2#CP2) if M #5 M’ is not spin.

Proof of Theorem 5.1 For a,b,c > 0, we use M(a, b, ¢) to denote the fiber sum of a copies of M1,

(M #p M')#(S? x §?) =~

b copies of M, and ¢ copies of M, along the embedded surfaces Fi, F», F3. Then M(a, b, c) is always
simply connected. By Gompf’s result [1995], M(a, b, ¢) is symplectic for any a, b, ¢ and can be chosen
to be spin when ¢ = 0. When ¢ # 0, M(a, b, ¢) is not spin by Lemma 6.3(viii).
By Wall’s result [1964b], there exists n > 0 such that My, M,, M3 all dissolve after n stabilizations.
Now we construct nonspin X ll for any / € Z. By Lemma 6.3(v)—(vii), there exist integers a, b and a
positive integer ¢ such that

a-sign(My) + b -sign(M3) + ¢ - sign(M3) = 1.
Then we set
X! = M(a—(n+i)sign(M3), b + (n + i) sign(My), ¢).

By Proposition 6.2, SWgalf_tot(X l.l ) = 1. By Proposition 6.4, X l-l dissolves after one stabilization. (Again
note that for nonspin, simply connected manifolds, connected summing with S2 x S? is the same as
connected summing with CP2 # CP2.)
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Next, we construct spin X l.l assuming 16 | /. In this case, we can find a, b such that

a-sign(My) + b -sign(M») = 1.

We set

Xl-l = M(a— (n+i)sign(M),b + (n +i) sign(My), 0).
Again by Proposition 6.4, X l.l dissolves after one stabilization. O
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