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Inverse mean curvature flow with outer obstacle

KA1 Xu

We develop a new boundary condition for the weak inverse mean curvature flow, which gives canonical
and nontrivial solutions in bounded domains. Roughly speaking, the boundary of the domain serves
as an outer obstacle, and the evolving hypersurfaces are assumed to stick tangentially to the boundary
upon contact. In smooth bounded domains, we prove an existence and uniqueness theorem for weak
solutions, and establish C '* regularity of the level sets up to the obstacle. The proof combines various
techniques, including elliptic regularization, blow-up analysis, and certain parabolic estimates. As an
analytic application, we address the well-posedness problem for the usual weak inverse mean curvature
flow, showing that the initial value problem always admits a unique maximal (or innermost) weak solution.
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1 Introduction

The theme of this paper is to further investigate the analytic aspects of weak inverse mean curvature flow.
We are focused on the study of an outer obstacle boundary condition, and are guided by primary questions
on the existence of solutions.

Background and motivation The classical form of the inverse mean curvature flow (IMCF) is an
evolution of hypersurfaces given by the equation

(1 1) 32, _ Vv
ot  H’
where {3} is a smooth foliation of hypersurfaces in a Riemannian manifold M, and v, H denote the

outward unit normal and mean curvature of ;. For analytic considerations, we usually transform (1-1)
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3070 Kai Xu

to the level set equation (see [Lee 2019, Section 4.2.2])

(1-2) div( 2L = Vul
- 1 —
A% |Vu| uj,

by setting u as the arrival time function, so that ¥; = {x : u(x) = t} for each ¢.

The long-time existence of (1-1) is well studied in the ambient space R"; see for the case of compact
initial hypersurfaces [Gerhardt 1990; Huisken and Ilmanen 2008; Urbas 1990] and noncompact initial
hypersurfaces [Choi and Daskalopoulos 2021; Daskalopoulos and Huisken 2022]. In general, however,
we cannot exclude singularity formation in IMCF due to the vanishing of mean curvature. Therefore, we
shall consider weak solutions. Huisken and Ilmanen [2001] developed the notion of weak IMCEF, which
resolves the singularity issue. This was done by establishing suitable variational principles for (1-2),
inspired by [Chen et al. 1991; Evans and Spruck 1991] on the level set form of mean curvature flow.

A weak solution u of the IMCF (1-2) is defined as a locally Lipschitz function that locally minimizes
the functional

(1-3) JE(v) = /K(|Vv|+v|Vu|).

Namely, u is a weak solution if JuK(u) < JuK(v) for all v € Lip,,.(2) with {u # v} € K € Q. An
equivalent definition is that each sub-level set E; := {u <t} minimizes the perimeter-like energy

(1-4) JEKE):= P(E:K) - |Vul,
ENK

in the sense that JX(E,) < JX(E) whenever E A E; € K € Q. Here we use P(E:; K) to denote the
perimeter of a set £ in K. A main feature of weak solutions is the jumping (or fattening) phenomenon,
where the level set 0E; can “jump” to its outermost area-minimizing hull, leaving ¥ = ¢ in the skipped
region. Weak solutions are guaranteed with nice regularity on manifolds: the current existence theories,
namely elliptic regularization and p-harmonic approximation, provide locally Lipschitz solutions. Also,
each level set 0E, of a weak solution is a priori C "% up to a codimension-eight singular set. (On the
other hand, the main issue for existence is the behavior at infinity; see below.) See Section 2 for more
background on the smooth and weak IMCF.

The weak IMCF has been a powerful tool in studying scalar curvature problems in dimension three;
we refer to [Bray and Miao 2008; Bray and Neves 2004; Huisken and Ilmanen 2001; Huisken and
Koerber 2024; Lee and Neves 2015; Shi 2016; Xu 2025]. The applications are based on the well-known
monotonicity of Hawking mass, initially discovered by Geroch [1973] for smooth flows and extended by
Huisken and Ilmanen [2001] to weak flows.

Let us turn to the main focus of this paper, which is the analytic aspects. A motivating question is the
well-posedness of the initial value problem

d(vu) IVu| weakly in @\ Eo
iv = |Vu| weakly in ,
(IVP) V| Y 0

ulpe, =0, ulg\g, =0,
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where €2 is a domain and Eg C €2 is an initial set. Let us consider two particular cases:
(1) =M, and
(2) 2 is a bounded domain with smooth boundary.

To obtain a unique solution of (IVP), a boundary condition must be assigned at infinity (when Q2 = M)
or at 02 (when 2 is bounded).

(1) The case 2 = M was the major consideration in the literature. Commonly, one imposes the properness
condition

(proper) lim u(x) =400 uniformly.
X—>00

This is equivalent to the more familiar form £; € M for all ¢ > 0. Properness is natural from the geometric
point of view, and is necessary for obtaining the monotonicity of Hawking mass. Regrading the solvability
of (IVP) + (proper), it was previously established that

(1) if there is a proper weak sub-solution of IMCF with bounded initial value [Huisken and Ilmanen
2001], or

(2) if M admits a certain global isoperimetric inequality [Xu 2024], a particular case of which is a
Euclidean-type one |3E| = C|E|®~D/" forall E € M,

then (IVP) + (proper) has a unique solution for all bounded Eg. On the other hand, little was known about
nonproper solutions in general. Note that there are abundant cases in which proper solutions do not exist,
for instance, when M has a cylindrical end (see [Xu 2024]; the flow must jump to infinity when it fully
enters the end). Also, properness is not an expected condition when considering a noncompact initial
value Ey, such as in [Choi and Daskalopoulos 2021]. As no condition was known to work universally,
it is natural to ask, in general,

Q) to what extent does (IVP) admit a unique solution?

Example 1.1 To test for a suitable answer, we consider a capped cylinder g = dr? + f(r)?d#?, where

£y = { 1

sinr if0§r§5n,
1

1 ifr> .

Let Eg = {r < &} be an initial value with ¢ < %77.’. The unique solution that we seek in (Q) should be
invariant under rotations. Thus, we shall restrict our search within radial functions ¥ = u(r). It turns out
that all radial solutions of (IVP) take the form
f(r)
f(e)

See Lemma 2.7 for the proof. Among the solutions in (1-5), there is a maximal one uo (r) =log[ f(r)/f(¢)]:

(1-5) u(r) = min{log[ },to} for some 9 > 0.

it represents a smooth IMCF motion until reaching the equator r = %n, then followed by a jump over the
whole cylinder {r > %n} The other solutions are truncations of 1, representing sudden jumps to infinity

at an earlier time #¢. In this example, the best candidate for (Q;) seems to be the maximal solution uy.

Geometry & Topology, Volume 30 (2026)
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Another case appears in [Choi and Daskalopoulos 2021], where maximal solutions are shown to exist
for noncompact convex initial values in R”. There one employs the phrase innermost solutions, which is
equivalent to maximal solutions (a function being maximal means that its sub-level sets are innermost).

In Theorem 1.8, we confirm in general the existence of maximal solutions of (IVP), thus answering (Q;)
in the way observed here.

(2) We turn to the case where €2 is smooth and bounded. A natural question is thus
(Qy) to find a boundary condition that gives rise to nontrivial unique solutions of (IVP).

We observe that the classical conditions, Dirichlet and Neumann, both have limitations in this situation.
The Neumann (or free boundary) condition

(Neumann) (Vu,vq) =0 on 022,

where vg is the outer unit normal of €2, was studied by Marquardt [2017] and Koerber [2023]; see also
[Lambert and Scheuer 2016; Marquardt 2013] for the smooth flow. Geometrically it means that each
hypersurface in the flow stays perpendicular to d2. For weak solutions, the Neumann version of the
energy (1-4) is
(1-6) TE(E)=P(E:QNK) - |Vul;
ENQNK

see [Marquardt 2017]. However, note that (IVP) + (Neumann) only admits the trivial solution ¥ = 0 in a
bounded €2. This follows by [Marquardt 2017, Lemma 5.5]. Intuitively, since P(E; 2) only counts the
interior perimeter, jumping over the whole €2 at # = 0 is the most economic choice.

The classical Dirichlet condition u |y = ¢ often does not admit solutions. Considering, for example,
Q ={|x| <2} C R? and E¢ = {|x| < 1}, then all the weak solutions of (IVP) are bounded above by the
smooth solution log | x|, due to Theorem 1.7. Thus, the boundary value ¢ cannot exceed log 2. However,
we shall notice later that the obstacle condition that we develop in this work is a certain relaxation of the
Dirichlet condition.

The outer obstacle condition In the present work, we consider the new boundary condition

Vu(x)
im =
x—=0Q |Vu(x)|

in a sense to be made precise below. This states that each flowing hypersurface sticks tangentially to 02

(OBS) VQ,

after arrival (since Vu/|Vu| is the outer unit normal of the flowing hypersurfaces). Both in the sense of
energy comparison (see Summary of Definitions/Theorems 1.5 below), and in the geometric sense, the
boundary 02 plays the role of an outer obstacle. Our main results include developing suitable weak formu-
lations of IMCF + (OBS), and establishing a first existence and regularity theorem in smooth bounded €2.

Expanding curvature flows with outer obstacle condition, to the author’s knowledge, has not been
extensively studied in the literature. The obstacle considered here is different from the one considered by
Moser [2008] (see Section 1 below for more details).

Geometry & Topology, Volume 30 (2026)
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Figure 1: Translating cycloids.

We first present some examples:

Example 1.2 (translating cycloids) It was observed by Drugan, Lee, and Wheeler [Drugan et al. 2016]
that cycloids are (the only) translating solitons of IMCF in R?. With suitable positioning, let us view the
cycloid y as sliding in a strip region © C R?; see Figure 1. The curve y can be parametrized by angle
using the formula

y(0) = %(1 —c0s26,20 —sin20), 0 € (0,n).

Note that y has two singularities at its endpoints, where it is asymptotic to a graph y = +£Cx3/2. This
implies that the arrival time function u generated by translating y satisfies (OBS). By the asymptotic of y,
each sub-level set of u is a globally C 1,1/2 curve (note that the sub-level set contains a translation of y
and two horizontal radial lines).

Example 1.3 (expanding nephroid) Let y be a half of the nephroid curve, positioned in a half-plane as in
Figure 2. An explicit angle parametrization of y is given by

y(0) = —sin(%@)ieie + %cos(%@)eie, 0 € (0,2m).

Then the family of curves

e3t/4y, telR,

generate a smooth IMCF u that satisfies (OBS) at the boundary {y = 0}. Each sub-level E; is bounded
in R? and has C 1:1/2 boundary. Moreover, note that limy—,¢ u(x) = —o0 and limy_, o U(x) = +00. We
refer to Appendix A for general computations of homothetic solitons, along with discussions relating to
blow-up/blow-down behaviors.

The nephroid soliton is an important example that shapes the sharpness of several main results. For
instance, see the discussions around Theorem 1.9 below.

Figure 2: Expanding nephroids.

Geometry & Topology, Volume 30 (2026)
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Figure 3: IMCF with obstacle in a punctured ellipse.

Example 1.4 Figure 3 qualitatively depicts a 2-dimensional flow, where
e the ambient domain €2 is the light gray region (it is a solid ellipse with a puncture),
e the obstacle 0€2 is the bold solid curve,
e the initial data E) is the dark gray region,
e the slim solid curves are level sets in the flow,
e the shaded region is a jump that happens in the weak setting.

The puncture blocks the movement of the flowing curves, so the latter move forward in the left and right
channels around the puncture. At a certain time 7', the two branches of dE7 merge together through a
jump. See the left part of Figure 3: at the jump time we have A+ C = B + D.

The variational definitions The formal definition of weak IMCF with obstacle is made as below, which
is distilled from Definitions 3.1, 3.2, 3.17, and Theorem 3.18. It is stated concisely here for the ease of
understanding; we refer the reader to Subsections 3.1 and 3.3 for the full version, and Remark 3.3 for the
well-definedness of the energies. When K & €2, note that the energies (1-7) and (1-8) are the same as the
interior ones (1-3) and (1-4).

Summary of Definitions / Theorems 1.5 Let 2 be a locally Lipschitz domain in a smooth Riemannian
n-manifold (n = 2), and let u € Lip,,.(£2). We say that u is a weak solution of IMCF in 2 that respects
the outer obstacle d<2, if either of the following equivalent conditions hold:

(i) Each sub-level set E; := {u < t} locally minimizes the energy E + P(E) — [ |Vu|. This means
that for any E C Q2 and any domain K satisfying E A E; € K € M, we have qu (Er) < qu (E), where

(1-7) qu(E)=P(E;K)—/ |Vul.
ENK
Here P(E; K) denotes the perimeter of E in K.

Geometry & Topology, Volume 30 (2026)
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(ii) u locally minimizes the energy

(1-8) v|—>/(|Vv|+v|Vu|)—/ v
Q 193

among all functions v € Lip,,.(S2) such that {u # v} € M, in a similar manner (see Definition 3.17,
Theorem 3.18).

In item (i), we view E; as a subset of €2, and hence a subset of M (we assume this convention for this
paper). The difference set E A E; is allowed to touch d€2 (this can be compared with the interior case (1-7)).
Additionally, the perimeter P (E’; K) includes the boundary portion dE Nd2N K. This is also important
for us: without including this portion, one results in the free boundary formulation (1-6) discussed above.

The role of calibration The following calculation shows the compatibility between (1-7) and the
boundary condition (OBS). Suppose u € C°°(2) solves the IMCF in Q and satisfies (OBS) at 0€2.
Assume (an ideal scenario of) sufficiently strong regularity and convergence. Let E; be a sub-level set,
and let £ C Q2 be a competitor with £ A E; € M. By the divergence theorem, we have (where v denotes
the outer unit normal of the objects)

(1-9) P(E;)= H'" YQE,NQ) + H'"'OE,NIN)

where v, = Vu/|Vu|  where vg, =vg = Vu/|Vuy|

/ Vu / Vu +/( ) di Vu
— Ry = -V — 1V
og, IV BT Jag (vl VE T Jg B T AV (g

< P(E) +/(XE, — xE)|Vul,

which is exactly Ju(E) < Ju(E).
For weak solutions, the vector field Vu/|Vu| is not everywhere defined, and the suitable replacement
is an abstract calibration. We say that a weak solution u of the IMCEF is calibrated by a vector field v, if

(1-10) lv| <1, (Vu,v)=1|Vul| ae., and div(v) =|Vu| weakly.

When u is a smooth solution, Vu/|Vu| is clearly a calibration of u. When u is constant in a certain
region, (1-10) reduces to |v| < 1 and div(v) = 0, which corresponds to a usual calibration. Thus, we may
view v as providing extra information in the jumping regions. The formulation (1-10) first appeared in
[Huisken and Ilmanen 2001, Section 3] with a brief mentioning, and played major roles in several analytic
studies of equations involving the 1-Laplacian; see [Kawohl and Schuricht 2007; Latorre and Segura de
Leén 2018; Mazén and Segura de Leon 2015]. We refer to Section 2.4 for a more details on (1-10). The
following criterion states that, in the weak setting, the condition (OBS) should be understood in terms of

the calibration:

Lemma 1.6 (identical with Lemma 3.19) Let Q2 C M be a locally Lipschitz domain, and u be a weak
solution of IMCF in 2 which is calibrated by v. If v-vg = 1 on 0S2 in the trace sense, then the solution u
respects the outer obstacle 0S2.

Geometry & Topology, Volume 30 (2026)
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Main theorems: existence and regularity The following main theorem states the existence and
regularity of solutions with smooth bounded obstacle, thus answering (Q,) raised above.

Theorem 1.7 (concise version of Theorem 6.1) Let 2 € M be a smooth domain, and let Eg € S2 be
a CY! domain. Then there is a unique weak solution u of the IMCF with initial value Ey and outer
obstacle 0€2, in the sense of Definition 3.6. Regarding u we have the following conclusions:

(i) u € Lip,,.(2) NBV(2) N C%¥(Q).
(i1) wu is calibrated by a vector field v satisfying (v,vq) =1—Cd(x, 0Q)%.

(iii) For eacht > 0, the boundary of the sub-level set E; = {u <t} is a C "* hypersurface in some small
neighborhood of 0€2.

(iv) u is maximal among all weak solutions of IMCF in 2 with initial value Eo (the comparison solution
need not respect the obstacle 0S2).

We remark on the statements of this theorem:

(1) Initem (ii), v is any smooth extension of the outer unit normal of €2. By Example 1.2, the regularity
result of u cannot exceed C%2/3, and the regularity of E; cannot exceed C 1,1/2 " The Holder
exponent « in the theorem depends only on the dimension (but we do not know its optimal value).

(2) Item (iii) in particular implies that £; do not have singularity near d2. On the other hand, when
n = 8, minimal hypersurface singularities may occur in the interior.

(3) An intuitive understanding of item (iv) is this: the solution of (IVP) + (OBS) makes the minimal
amount of “jumps at dQ2” relative to other solutions of (IVP). Essentially, item (iv) is a consequence
of Theorem 3.8, which states that every interior weak solution of IMCF is a weak subsolution for
the outer obstacle boundary condition.

(4) A direct corollary of (i) is that u € L°°(2), i.e., the flow sweeps out 2 within finite time. This is
closely related to the smoothness of d<2. If © forms a cone at some point x¢, then a shrinking soliton

could form near xg; see Example A.3. In this case, the maximal solution would grow at the order
of O(|logd(-, xo)|) near xo.

Applying Theorem 1.7(iv) in an exhausting sequence of precompact domains, and then taking the limit,
we can prove the following general existence theorem. This answers (Q;) raised above.

Theorem 1.8 (identical with Theorem 7.1) Let M be a (possibly incomplete) manifold, and Eo C M
be a (possibly unbounded) C'>! domain. Then there exists, up to equivalence, a unique maximal weak
solution of IMCF on M with initial value E, in the sense of Definition 2.5.

Further properties of maximal solutions are summarized in Theorem 7.2. Building upon Theorem 1.8,
we can write down a neat proof of the main result of [Xu 2024]; see Theorem 7.6 for more details.

Geometry & Topology, Volume 30 (2026)



Inverse mean curvature flow with outer obstacle 3077

Ideas in proving existence: blow-up and parabolic estimates We briefly describe the main ideas for
proving Theorem 1.7. Assume that €2 is a bounded smooth domain. Let us focus on deriving the core
item (ii) of Theorem 1.7. By Lemma 1.6, this implies that the solution respects the obstacle 0<2.

We start with constructing a family of approximate solutions, where the obstacle d<2 is replaced
by a soft curvature well. Consider a family of smooth functions g, defined such that ¥s|g = 0 and
Ys(x) — +oo when d(x, Q) — §. So g is defined in the §-neighborhood of 2. Tt follows that

if x € 2,

0
li =
SBR)IPS(X) {oo if x ¢ Q,

and we recover a hard obstacle when § — 0. Then consider the weighted version of weak IMCF

v
(1-11) div(e‘”b‘ |VZ§|) — V5| V).

The rapid growth of 15 ensures the existence of a solution ug such that

lim wug(x) = +4oc.
d(x,Q2)—6 8( )

Then we take a subsequential limit ¥ = limg_,¢ ug. Note that (1-11) is the usual IMCF inside €2, and

thus u is an interior solution of (IVP) by a standard compactness theorem. The level sets of us are bent

drastically by 5 when going outside €2, and when § — 0, a large amount of level sets pile up at 0<2.
We need to obtain a uniform control on the calibrations of ug (denoted by vg), and pass it to the

limit § — 0. For simplicity, assume for the moment that ug are smooth solutions of (1-11), so vg are the

outer unit normals of the hypersurfaces. Several new ingredients are involved in the next step: a blow-up

argument, a new Liouville theorem on the half-space, and finally, a new near-obstacle parabolic estimate.
The blow-up argument is aimed at showing

(i) the normal vector vg is uniformly converging to vg on 9€2,

@) (vg,0r) = % in a neighborhood of 02 that is independent of §.

Here 0, = —Vd(-,dRQ) is the outpointing radial vector orthogonal to d€2. The two claims are proved
through similar ideas, so let us explain (ii). Suppose, on the contrary, that as § — 0, there is a sequence
of “bad points” x; — d2. Then we take suitably rescaled solutions near x;, and obtain a “bad” blow-up
limit. The limit turns out to be a weak solution of IMCF in the half space {x, < 0}, which respects the
boundary obstacle. This eventually contradicts the following Liouville theorem, thus proving claim (ii):

Theorem 1.9 (identical with Theorem 4.1) Let 2 = {x, <0} C R", and u is a weak solution of IMCF
in 2 that respects the outer obstacle 0S2. Assume further that

(1-12) [Vu(x)| < |C

and inf(u) > —oo.
nl Q

Then u is constant.
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Here the condition inf(u#) > —oo is not removable, due to Example 1.3.
Next, the parabolic estimate is used to derive the following: based on the results (i) and (ii) above, the
control on vg can be strengthened to

(1-13) (vs,9,) = 1—Cd(x, Q) —og(1)

for some y = y(n) € (0, 1). Roughly speaking, to derive (1-13) we compute the evolution of the quantity
F=d(-,0Q)77[1 —(vg, d;)], which yields

(1-14) (at - %)F < —C(I’;’zy)d(- L0921 — (v5, ) + ().

The terms omitted here are caused by the curvature of M and d€2, and are of lower order than the negative
main term. Then the estimate (1-13) comes from the parabolic maximum principle. In view of the
nephroid Example 1.3 (which does not satisfy (1-13) for # < 0), the uniform condition (ii) cannot be
removed in this parabolic estimate.

For a more detailed demonstration of ideas (which involves more setup), see Section 6.2. We remark
here that the parabolic estimate is a necessary part in proving the existence theorem (not only an auxiliary
technique to upgrade the regularity). See the proof of Lemma 6.9 for what it involves.

Many of the ideas above only work when u g are smooth solutions. Particularly, no analogue of parabolic
estimate has been found for weak solutions. So we instead need to consider the elliptic regularized
equations, first introduced in [Huisken and Ilmanen 2001]. For ¢ < 1, the e-regularized IMCF equation is

v
(1-15) div(¢) = Ve + |Vug|?,
V&2 4+ |Vug|?

(with slight modification for the weighted case (1-11)), which is strictly elliptic, and thus can be solved
by standard PDE theories. Then as ¢ — 0, the approximating solutions u, converge to a genuine weak
IMCEF. The equation (1-15) has the geometric meaning that, if u, solves (1-15) in €2, then the graph
of e~ 1u, forms a downward translating soliton of IMCF in the product £ x R. So the parabolic estimates
may be performed on this (smooth) soliton, then sent to the limit ¢ — 0. This method was used by
Heidusch [2001] to prove the C !:! regularity of level sets in proper solutions.

Finally, Theorem 1.7 is used to prove Theorem 1.8 in the following way. Consider an exhaustion of Ey
and M by precompact domains E(} E Eg €--- and Q1 € Q22 €---. Applying Theorem 1.7 for each Eé
in 2;, we obtain a localized solution u;. Then the (descending) limit ¥ = lim;_, ¥; is the desired
maximal solution. Indeed, for any other solution v on M, we may compare in each €2; to conclude
that u; = v, and then let i — oo to derive u > v.

Relation with nonlinear potential theory A main analytic branch of the weak IMCF is the p-harmonic
approximation scheme, initiated by Moser [2007] and pursued in [Agostiniani et al. 2022; Fogagnolo and
Mazzieri 2022; Kotschwar and Ni 2009; Mari et al. 2022]. The core relation is the following. Suppose
vp > 01is a p-harmonic function, meaning that

Apvp = div(|Vv,y|P 72 Vu,) = 0.

Geometry & Topology, Volume 30 (2026)
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Moreover, suppose that for a sequence p — 1, the functions u, := (1 — p) log v, converge to u in C12c~
Then it can be shown that u is a weak solution of the IMCF. Usually, one considers the p-capacitary
potential associated with an initial set Eg. Namely, one sets v, € Wol’p (M \ Ey) as the p-harmonic
function with vp|yg, = 1. Under various conditions (for example, when Eq is a C L1 domain in R”
[Moser 2007]), the resulting function u is a weak solution of (IVP).

When €2 is a smooth bounded domain, the p-capacitary potential carries a Dirichlet condition v, |3g = 0.
Note that each v, is the minimal positive p-harmonic function in & with v,|g, = 1. Therefore, Moser’s

transformation u, = (1 — p) log v, yields a maximal solution of the equation
up =0 on 0Ey,

in Q. As p — 1, one expects that the limit is also a maximal weak solution of the initial value problem
for IMCF. In view of Theorem 1.8, we thus pose the following question:

Question 1.10 Let  be a bounded smooth domain, and Eq € Q be a C':! domain. Let vp solve the
boundary value problem
(1-16) vp =1 on dEy,
vp =0 on 0LQ2.
Setu, = (1 — p)logv,. Does (a subsequence of) u, converge in ClgC(Q \ Ey) to the solution stated in
Theorem 1.7, as p — 1?
We hope to address this question in forthcoming works.
Comparison with Dirichlet condition The IMCF involves the 1-Laplacian Aj(u) = div(Vu/|Vu|),
which is the Euler-Lagrange operator of the energy u +— | |Vu/|. The Dirichlet problem for 1-Laplacian-

type equations is known to often have outer obstacle interpretations. An instance is the following: for
domains Ey € €2, the 1-capacitor with Dirichlet condition is a solution of the minimization problem

(1-17) Cap,(2; Eo) = inf{/ |Vul : u € Lip(), ulg, = 1, ulpg = O}
Q

(1-18) =inf{ ||Du||(§2)+/ |u| : u € BV(R2), MIEOBI}.
Q2

The former form (1-17) may not admit a minimizer, while the latter form (1-18) always does. A minimizer
of (1-18) need not be zero on 9€2, but a penalty term aq U 1s introduced to control the boundary behavior.
If u is a minimizer of (1-18), then every super-level set of u solves the double obstacle problem

inf{P(E): Eg C E C Q}.

Similar facts hold for the first Dirichlet eigenvalue of A; see [Kawohl and Fridman 2003; Kawohl and
Schuricht 2007].
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Shifting our attention back to IMCF: (1-8) may be viewed as a relaxation of the interior energy
J1Vv| 4+ v|Vu|. The boundary term — [, v in (1-8) is thus a penalty for v “not attaining +oo at 2.
In view of these thoughts, we may make the metaphor that the IMCF with outer obstacle is a relaxation

\%
div ) = [Vul,
|Vul

ulge, =0, ulpg = +oo.

of the Dirichlet problem

This is consistent with the p-harmonic and soft obstacle approximations introduced above. In both
schemes, note that the approximating solutions attain 4oc at the boundary, but this property is lost when
one takes the limit.

Further relations with existing works Moser [2008] studied a different obstacle problem for the weak
IMCEF. Given a barrier function ¢, one considers the problem

. Vu
u < ® and div

> |Vu| in Q,
IVuI) [Vl

(1-19)

\%
div )= [Vu| in {u < &}.
[Vu|

This problem is close to an inner obstacle problem, corresponding to forced jumps indicated by sub-level
sets of the function ®. Note that u is a subsolution of IMCF, and it can be a strict subsolution in {u < ®}.

A particular case of (1-19) is
0 ifxe Eo,

) = {+oo if x ¢ Eo:

see [Moser 2008, p.2238]. In this case, (1-19) becomes equivalent to (IVP) [Moser 2008].

The obstacle problem for the mean curvature flow has been studied in some depth. See, for example,
[Almeida et al. 2012; Logaritsch 2016; Mercier and Novaga 2015] for the smooth flow, and [Giga et al.
2019; Mercier 2016; Rupflin and Schniirer 2020] for the level set flow. The flow is based on viscosity
characterizations in these works, and one often obtains C !+! regularity for the solution; see, e.g., [Mercier
and Novaga 2015; Rupflin and Schniirer 2020].

Organization of the paper Section 2 contains some preliminary materials and auxiliary results. This
includes a review of the smooth and weak IMCEF, and the definition of calibrated and weighted solutions,
an introduction to elliptic regularization, and a few technical lemmas. In Section 3, we build the definitions
and basic properties for the IMCF with outer obstacle, surrounding what summarized in Summary of
Definitions / Theorems 1.5. In Sections 4 and 5 respectively, we prove Liouville theorems on the half
space and derive the main parabolic estimate. These results aid the proof of the main existence theorem.
Finally, in Section 6 we prove the main existence Theorem 1.7, and in Section 7 we prove Theorem 1.8
and discuss maximal solutions. Further outlines of content are included at the beginning of Sections 3-6.
In Appendix A we collect several planar solitons and discuss the asymptotic limits of solutions.
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2 Preliminaries
2.1 Notations

We use M to denote a smooth manifold, which is always assumed to be connected, oriented, without
boundary, and carries a smooth Riemannian metric g. The metric need not be complete unless particularly
specified. Let n = dim(M ), and assume # = 2 (note: we do not assume n < 7). We use 2 to denote a
domain in M, and always assume that it is connected. We write A € B if the closure of A is compact in B.

We say that a domain 2 is locally Lipschitz, if for every x € dS2 there is a cylindrical coordinate chart
centered at x, in which €2 is the sub-graph of a Lipschitz function. By Rademacher’s theorem, the outer
unit normal of € (denoted by vg in this paper) exists for %"~ !-almost every point on 9S2.

For a (two-sided) hypersurface X, we use vy to denote the outward unit normal, and A, H to denote
the second fundamental form and mean curvature. Our sign convention is that the mean curvature of
Sl cR"isn—1.

For a function u, we define

(2-1) Ecu):={u<t}, Efu):={u<t)

When there is no ambiguity, we write E;, E t+ for brevity.
Let u be a function on Q. We call u proper in Q if E;(u) € Q2 forall ¢ € R.

Remark 2.1 When u is defined on a domain 2 C M, the sets E;, E ,+ are viewed as subsets of €2, and
hence as subsets of M.

Remark 2.2 The following fact is useful: if u;, u are continuous functions such that u; — u in C 0 and

loc®
E;(u;) converges to aset E in L! ,then E;(u) C E C E;r (1) up to measure zero.

loc’

For a function u defined in a domain €2, we say that:
e u € Lip,,.(2), if u € Lip(K) for all K € 2.

e u € Lip,..(R), if u € Lip(K N Q) for all K € M. Namely, the regularity holds up to d$2 but remains
local in M.

e u € BV,(R),if u e BV(KNQ) forall K € M. (The space BV () is still defined in the traditional
sense: u € BV(R) means u € L1(Q) and || Dul|(R) < c0.)

e u € Lipy(2), if u € Lip(2) and spt(u) € 2.
Given a set £ with locally finite perimeter, and a domain €2, we denote by
e P(E;Q) and P(E) the perimeter of E inside €2, and P(E) := P(E; M);
e EM the measure-theoretic interior of E ;
e 0*F and vg the reduced boundary and outer unit normal of E;

* | Dy Eg| the perimeter measure of E.
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We refer to Appendix B for more explanations on these notations, as well as geometric measure theory
background.

The main symbols IMCF(-), IVP(-), IMCF(-)+ OBS(-), IVP(-) 4+ OBS(-), corresponding to various
forms of weak IMCEF, are introduced in Definitions 2.4, 2.5, 3.2, 3.6 respectively. The regular radius
o(x; 2, g) arises in Definition 2.14.

2.2 Smooth and interior weak solutions

We say that a family of hypersurfaces {X;} is a smooth solution of IMCF in Q, if

aEt V
2-2 — = — in
(2-2) 5 7 &,

where v, H are the outer unit normal and mean curvature of X;. We say that a function u € C*°(Q2) is a
smooth solution of IMCF in €2, if u has nonvanishing gradient, and

v
(2-3) div( — ) = |Vu| in Q.
[Vul

The two equations are related in this way: if u is a parametrizing function for the hypersurfaces {¥;},
namely, if ¥; = {u = ¢} for each 7, then we may calculate H = div(Vu/|Vu|) and (0;Z;,v) = 1/|Vu|,
and thus (2-2) is equivalent to (2-3).
The following facts are not hard to see:
(1) The family of circles ¥; = {|x| = !/®~D}, or the function u(x) = (n — 1) log|x|, is a smooth
solution of the IMCF in R”.
(2) If {X;}a<r<p is a compact solution of IMCF, then we can compute
d|X]
dt

and hence |X;| = ! 5|Xs| forall a < s, <b.

= |2,

(3) If u solves (2-3) in (€2, g), then u solves (2-3) in (2, Ag) for all A > 0. This observation tells
us the appropriate way to blow up or blow down a solution; see [Choi and Hung 2023; Choi and
Daskalopoulos 2021] for works that make use of this observation.

If ¢ C R” is star-shaped, compact, and with H > 0, then it was proved in [Gerhardt 1990; Urbas
1990] that the smooth flow exists for ¢ € [0, 00) and converges to round spheres as ¢t — oco. If X is
noncompact and convex, then it was proved in [Choi and Daskalopoulos 2021] that (2-2) exists until X
becomes a hyperplane (then H = 0 and the flow stops). The maximal time of existence depends on the
asymptotic cone of X. In particular, if 3¢ is a complete graph with superlinear growth, then we have
long time existence (see also [Daskalopoulos and Huisken 2022]).

We next review the definition of weak solutions, following [Huisken and Ilmanen 2001]. We also refer
the reader to [Lee 2019] as a helpful introduction.
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Definition 2.3 Let K € 2 C M be domains. For u, v € Lip,,.(£2) we define the energy

(2-4) JEw) = /K(|Vv|—|—v|Vu|).

For a set E with locally finite perimeter in €2, we define the energy

(2-5) JE(E):= P(E:K) - |Vul.
K

EN

We say that a set E locally minimizes J,, (resp. minimizes from outside, inside) in €2, if for all F (resp.
forall F D E, F C E) and domain K satisfying E A F € K € Q, we have JX(E) < JK(F).

Definition 2.4 (interior weak solutions; see [Huisken and Ilmanen 2001, pp.364-367]) We say that
u € Lip;,.(€2) is a (sub-, super-) solution of IMCF(£2), if one of the following equivalent conditions holds:

(1) For any v € Lip;,.(€2) (resp. for any v < u, v > u) and any domain K satisfying {u # v} € K € €,
we have JuK(u) < JuK(v).

(2) For each ¢t € R, the sub-level set E; := {u < ¢} locally minimizes J;, (resp. locally minimizes from
outside, inside) in €2, as in Definition 2.3.

Solutions satisfying Definition 2.4 are often called interior solutions (to separate from weak solutions
with obstacles). When there is a need to clarify the background Riemannian metric, we will write
IMCF(£2, g) to denote weak solutions of IMCF in the domain £ with the metric g.

Definition 2.5 (initial value problem; see [Huisken and Ilmanen 2001, pp. 367-368]) Given a domain
Q C M and a C1! domain Eg C Q such that 3Eq N Q2 = &, we say that u € Lip,,.(R) is a (sub-, super-)
solution of IVP(2; Ey), if one of the following equivalent conditions holds:

(1) Eo = {u <0}, and u|g, g is a (sub-, super-) solution of IMCF(2 \ Eo).
(2) Eg ={u <0}, and for any ¢ > 0, any set E D Eq (resp. any E D E;, Eg C E C E;) and domain K
with E A E; € K € , we have JX(E;) < JX(E).
We say that two solutions u1, 1, are equivalent, if uq = u, in Q \ Ej.

Similarly, we will write IVP(£2, g; E¢) when we need to clarify the background metric.

Item (2) here is formulated slightly differently but equivalently as in [Huisken and Ilmanen 2001].
Also, from this item we see that the initial value problem of IMCF has the form of an inner obstacle
problem, which reflects an observation in [Moser 2008].

Suppose u € Lip;,.(£2) solves IMCF(§2). Then for each ¢ and any competitor set £ with EAE; € K € €2,
we have by the minimization of (2-5)

(2-6) P(E:; K) < P(E; K)+sup |Vul-|E A Ey|.
K

Therefore, each sub-level set E; is a (A, rp)-perimeter minimizer in K for all K € 2, r9 > 0; see
Appendix B for the definition of (A, rg)-perimeter minimizers. The classical results in geometric measure
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1
2
singularity. In dimension less than eight, the result of Heidusch [2001] strengthens this regularity to C 11,

theory then imply that each E; is a C 1'% hypersurface, where a < 1, except for a codimension-eight

if the solution comes from the elliptic regularization process (see Section 2.5).

We say that a set E is locally outward minimizing in € (resp. strictly outward minimizing), if for
all F D E and domain K satisfying F\ E € K € 2, |F \ E| >0, we have P(E; K) < P(F; K) (resp.
P(E;K) < P(F; K)).

Lemma 2.6 (see [Huisken and Ilmanen 2001, Property 1.4 and Lemma 1.6]) Suppose u solves IMCF(£2).
Then:

(1) Each E; is locally outward minimizing in 2, provided that it is nonempty.
(i) Each E ,+ is strictly outward minimizing in 2, provided it is nonempty.
Suppose u solves IVP(2; Eo) with Eq € Q2. Then for all t = 0 we have:
(iii) P(E;) <e'P(Ey)if E; € Q.
(iv) P(E;) =e'P(Ey) if E; € Q and E| is locally outward minimizing in Q.
Another conclusion is that £ t+ is the “strictly outward minimizing hull” of E;, whenever E ,+ \E; €Q.
A more general statement is included in Section 3.2, and thus we do not make repetition here.

The following lemma proves Example 1.1; the reader may verify that the functions in (2-7) are indeed
solutions of IVP(L2; Eg). The lemma no longer holds if we drop the radial symmetry of u.

Lemma 2.7 Let 0 < rg < Rp < o0, and let f € C°°(0, Ry) be positive and nondecreasing. Define
Q = S"1x(0, Ro) with the metric g = dr? + f(r)>ggn—1, and Eq = {r < ro}. Then any radial solution
of IVP(2; Ey) takes the form

2-7) u(r) :min{(n— l)log[%},m}
o

for some ty = 0.

Proof First, note that each E; takes the form of {r < r(¢)} for some r(¢) € [ro, Ro]. Indeed, if there are
a <b < c<d < Ry such that

{a<r<byCE;, {c<r<d}CE; {b<r<c}ZE;,

then we would have JuK(Et Ub<r<ce))< JuK(Et), where K = {a < r < d}. This contradicts the
energy minimizing of u. Now let

to =sup{t = 0: E; € Q}.

Since f is nondecreasing, Ey is locally outward minimizing in . By Lemma 2.6(iv), P(E;) = ¢! P(Eq)
for all 7 < to; hence f(r(r)) = /@D f(rg). Next, we claim that f(r") < e/ ®=V f(ro) forall ' < r(z).
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To see this, by the definition of r(7), we note that there exists ¢’ < ¢t with {r < r’} C E;. Hence
|S*= 1 f(r" L < P(Ey) = e’/P(Eo) = |sn—1 |e’/f(r0)”_1, proving our claim. As a result of these
conclusions, we have

@) <ty=E = {r <r(®)}={f(r) < f(r@)} = {f(r) <D f(rg)}

for all ¢ <tg. For ¢ > 19, the set E; must be equal to €2, since it is noncompact and takes the form {r < r(¢)}.
Based on these facts, it is elementary to verify (2-7). a

Theorem 2.8 (interior maximum principle, [Huisken and Ilmanen 2001, Theorem 2.2]) Let u,v €
Lip,..(£2) be respectively a supersolution and subsolution of IMCF(S2), such that {u <v} € Q2. Thenu = v.

Theorem 2.9 (interior compactness) Let & C M be a domain, and g be a fixed smooth Riemannian
metric on 2. Suppose

(1) ; is a sequence of domains that locally uniformly converges to €2,

(2) g; are smooth metrics on 2;, which locally uniformly converge to g,

(3) u; € Lip,.(S2;) solves IMCF(L2;, g;), and u; — u in Clgc for some u,

(4) foreach K € Q we have supg |Vu;|g; < C(K) for all sufficiently large i.

Then u solves IMCF(£2, g). Moreover, if a sequence of sets E; locally minimizes J,; in (2;, g;), and E;

1

converge to a set E in L,

then E locally minimizes Jy, in (2, g).

Proof To prove u solves IMCF(€2; g), one argues as in [Huisken and Ilmanen 2001, Theorem 2.1]. The
minimizing property of £ follows from a standard set replacing argument. See, for example, the proof of
[Maggi 2012, Theorem 21.14]. In this argument we need that [, [Veu|g d Vg =1imj o0 [ |V tilg; d Vg,
for all measurable A € 2. This is proved as follows. For any ¢ € Lipy(€2) with ¢ = 0, by (2), (3), (4)
and lower semicontinuity we have

(2-8) /(p|Vgu|ngg $li_minf/ga|Vgiu,~|gi dVg,.
O i—oo JO

On the other hand, we have the energy comparison Julf (uj) < Julf (pu + (1 —@)u;), where K is chosen
with spt(p) € K € Q N Q; for large i. Expanding this inequality we have

/Q‘p|vgiui|gi dVg; < /Q‘/)|Vgi“|gi dVg, + /Q|” —ui| (Vg uilg; + Vg ¢lg;) d Ve,
Taking i — oo, by the items (2), (3), (4) and (2-8), we obtain exact continuity
(2-9) / ¢|Vgulg dVg = lim / @|Vguilg; dVg,.
Q =00 JQ

Combined with item (4), this implies our claim. |
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2.3 Weak solutions with weights

Given a function ¢ € C*°(2), consider the following weighted version of IMCF:
) " Vu
(2-10) div| e

= e¥|Vul.
|W|) er|Vul

In the smooth regime, this corresponds to the curvature flow
82, _ V
at  H+0oy/dv

We call u a subsolution (resp. supersolution) of (2-10), if the equality sign is replaced by “=" (resp. “<”).

Lemma 2.10 Regarding a function u € Lip,,.(S2), the following are equivalent:

(1) Forallv € Lip,,.(S2) and every domain K with {u # v} € K € 2, we have
(2-11) /e‘/’(|Vu|+u|Vu|)$/e"[’(|Vv|—|-v|Vu|).
K K

(2) Setting Q =Qx S! with the warped product metric § = g + e2¥Y ¥ dz2 the function ii(x, z) = u(x)
is a solution of IMCF(Q, g).
(3) u is a solution of IMCF(2; g’), where g’ = e%g.

We call u a weak solution of (2-10), if any of the above conditions hold.

The characterization (3) allows the standard theory of IMCF to be extended to the weighted case.
In particular, if u weakly solves (2-10), then each E; locally minimizes

(2-12) E eV d?—l”_l—/ eV |Vu|
0*E E

in the same sense with Definition 2.3. The notion of weak sub- and super-solutions can be defined
similarly. The maximum principle (Theorem 2.8) holds for weighted solutions as well. When ¢ =0 in a
certain region, u reduces to a usual weak solution of IMCF.

In the context of mean curvature flow, similar warping and conformal transformations are used to relate
mean curvature flow to minimal surfaces; see [[lmanen 1994; Mari et al. 2024; Smoczyk 2001].

Proof of Lemma 2.10 (1)=(2) Let v(x,t) be a function and K be a domain with {u#£v} € KeQxs!.
By enlarging K, we may assume that K = K x S! for some K € 2. We need to show

(2-13) /N(ﬁm +a|Vi|)dV; < /N(ﬁm +|Vi|) dV;,
K K

where ﬁ | denotes the norm of gradient with respect to g. Using the facts d V3 (x, z) = eV Ve(x)dz,
u(x,z) =u(x) and |[Vi(x, z)| = |Vx0(x, z)|, it is sufficient to show

27 / eV (|Vul 4+ u|Vul) dVg < f VO |V, (x, 2)| + 5(x, 2)|Vit(x)]) d Vg (x) dz.
K KxS1
However, this follows from Fubini’s theorem and (2-11).
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(2)=(1) It is now our hypothesis that (2-13) holds for any competitor v. Choosing v(x,¢) = v(x) and
K=K x S1 we find that (2-13) implies item (1).

(1)<=(3) Note that d Vg = e%dVg and |V f| = e_%wgﬂ for all f. Therefore, u being a
solution of IMCF(£2, g’) is equivalent to

[ (€™ =T |Vgu| + ue 1 |Vau|)e -1 d Vg < / (e~ 75T [Vgu| + ve 7T |Vgul)e it dV,
K K
whenever {u # v} € K € Q. This inequality is identical to (2-11). |

2.4 Calibrated weak solutions

The notion of calibrated weak solutions of IMCF plays a central role in the main existence theorem. The
following definition first appeared in [Huisken and Ilmanen 2001, Section 3]:

Definition 2.11 Let 2 be a domain in a manifold M, and u € Lip,,.(£2). We say that u is a calibrated
solution of IMCEF in €2, if there is a measurable vector field v such that

(1) esssupg |v| <1, and (Vu,v) = |Vu| almost everywhere,

(2) for all ¢ € Lip,y(£2) we have

(2-14) /(V(p-v+(p|Vu|)=O.
Q

Given a solution u of IMCF(£2), we say that u is calibrated by v, if (1), (2) are satisfied for the data u, v.

A calibrated solution is always a weak solution satisfying Definition 2.4. Indeed, given v € Lip,,.(£2)
and K with {u # v} € K € M, the inequality J,X (u) < J,K(v) follows by taking ¢ = u — v in (2-14).
Remark 2.12 Suppose a solution u# of IMCF(£2) is calibrated by v. Then for almost every ¢, we have
Vg, = v a.e.on 9" E; N Q. This follows from (Vu,v) = |Vul.

In item (6) of the theorem below, we say that a sequence of vector fields v; converges to v weakly
in L], if for all L> vector field X with supp(X) € 2, we have [ (v, X) = limj o0 [ (vi, X). This
notion of convergence is independent of the choice of background metric.

Theorem 2.13 (compactness of calibrated solutions) Let 2 C M be a domain, and g be a fixed smooth
Riemannian metric on 2. Suppose

(1) 2; is a sequence of domains that locally uniformly converges to €2,

(2) g; are smooth metrics on 2;, which locally uniformly converge to g,

(3) u; € Lip;.(£2;) solves IMCF(2;, g;) and are calibrated by v;,

(4) foreach K € Q we have supg |Vu;|g; < C(K) for all sufficiently large i,

(5) u; locally uniformly converges to a function u on €2,

1
loc*

Then u solves IMCF (€2, g) and is calibrated by v.

(6) v; converges to a vector field v weakly in L
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Proof From items (2), (4) and (5) we have u € Lip;,.(€2). From (2), (6) and ess sup |v;|¢; < 1 we have
esssup |v|g < 1. We have argued in (2-9) that for any ¢ € Lipy(£2) with ¢ = 0,

(2-15) /§0|Vgu|g dVg = lim /§0|Vgi“i|gf dVy;.
1 —>00

Clearly, this identity holds for all ¢ € Lip,(£2) as well.
Suppose ¢ € Lipy(£2). It follows from items (2) and (6) that

(2-16) /(V,Vggo)ngg =il_i)rgo/(v,',vgigo)g,. dVg,.

Recall that each pair (u;, v;) satisfies

/((Vi»vgi(p>gi +‘P|vgiui|gi)dvgi =0.

Taking i — oo and combining with (2-15), (2-16), the identity (2-14) is verified.
Finally, we show (v, Veu)gs = |Voulg a.e. Taking ¢ = u; ¥ in the calibration condition (2-14) for u;
(where ¥ € Lipy(€2) and i is sufficiently large), we obtain

0= /(Ui,uivgiw + Y Vguj)g AV, +/u,~1ﬂlvgiu,~|gi d Vg,
(2-17) = /(Vi»“ivgi‘ﬂ)gi dVg, + /(1 +u) Y| Vg ilg; dVg;.
By items (2), (5) and (6), the first term of (2-17) converges to [(v,uVgy)e dVy. By (2-15) and

items (2), (4), (5), the second term of (2-17) converges to [ (1 4+ u)y|Vgu|g d V. Therefore,

0= /(v,quW)g dVg —i—/(l +u)y|Vgul|g dVy.

On the other hand, since we have already verified (2-14) for the pair (u, v), we may apply ¢ = ur there
to obtain

0= /(v, uVg¥)g + (V. ¥ Vgu)g +uyy|Vgulg.
In comparison,

vt Ve = [viveul.

Since  is arbitrary, we conclude that (v, Vgu)s = |Vgoulg a.e. This proves that u is a weak solution
calibrated by v. O

2.5 The elliptic regularization process

In [Huisken and Ilmanen 2001], the initial value problem of weak IMCEF is solved by means of elliptic
regularization. In this subsection, we recall the analytic results obtained there. We assume the following
setup: Ej is a precompact C I*! domain in a complete manifold M, and v is proper function on M, such
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that {v < 0}  Ep, and v is a smooth subsolution of IMCF in M \ {v < 0} with nonvanishing gradient
there (namely, v is a smooth proper subsolution with an initial value containing Ey).

For each € > 0 and L > 2, consider the region F; = {v < L} (which is smooth and precompact by our
assumptions), and the boundary value problem

\% _
(2-18) div( teL ) =Ve* 4+ |Vugr|*> on Fr\ Ey,
Ve + |Vus,L|2

(2-19) ug,, =0 on dEg,
(2-20) Ug, =L—2 on 0Ff.

Equation (2-18) has the following meaning: if u. is a solution of (2-18) in a domain €2, then the function
Ug(x,2) =ug(x) —ez
is a smooth solution of IMCF in 2 x R. Equivalently, the family of hypersurfaces

£5 = graph(e ™ (s (1) — 1)

is a downward translating soliton of IMCF (with translation speed ¢ 1).
The gradient estimate for the smooth IMCF follows from a parabolic estimate. The following is proved
in [Huisken and Ilmanen 2001]; see also [Choi and Daskalopoulos 2021].

Definition 2.14 Let €2 be a domain in M, and g be a Riemannian metric on M. For x € 2, we define
o(x; €2, g) to be the supremum of radius  such that

(1) Bg(x,r) € Q, and Ricg > —1/(100n72) in Bg(x,r),
(2) the distance function p = d(-,x)? is smooth and satisfies VZ p < 3g in Bg(x,r).
When there is no ambiguity, we write o (x) and omit the dependence on €2, g.

Theorem 2.15 (gradient estimate for smooth solutions, [Huisken and Ilmanen 2001, (3.6)]) Let{X;},<:<b

be a family of smooth hypersurfaces that solves the IMCF in 2. Denote by H; the mean curvature of ;.

Suppose x € ¥; andr < 0(x; 2, g). Define the maximal mean curvature on the parabolic boundary as
Hr =max{ sup Ha sup ( sup Hj)}.

X.NB(x,r) s€la,t] 0XsNB(x,r)
Then we have

2-21) H,(x) < max{ u, €O } :

Corollary 2.16 Letu € C°°(L2) solve the smooth IMCF div(lg—z|) = Vu in Q, with |Vu| nonvanishing.
Then

Cn)

(2-22) [Vu|(x) < o Q.2)

forall x € 2.
In particular, when Q is precompact, we have |Vu|(x) < C(R)-d(x, Q)7 L.
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Combining Lemmas 3.4 and 3.5 in [Huisken and Ilmanen 2001], we have the following existence
theorem for the regularized equation:

Theorem 2.17 (approximate existence) Let M be complete, and Eq € M be a C ! domain. Suppose
v € C®(M) is proper, such that {v < 0}  Ey, and v is a subsolution of IMCF in M \ {v < 0} with
nonvanishing gradient there. Then for each L > 2 there is a small (L) > 0 such that (2-18)—(2-20) admits
a smooth solution u, 1, for all0 < ¢ < ¢(L). Moreover, we have the lower bound

uer =—¢ inF\ Eo,

(2-23) -
Ug, Zv—2 in Fp \{v <0},

and the gradient estimate

C(n)

(2-24) |[Vue r(x)] < max{ sup  Hi, sup |Vu8,L|} +2e+
B(x,r)NAEg B(x,r)NoF,

forallx € Ff \ Eg and0 <r <o(x; M, g), where Hy = max{HjyEg,,0}.

To recover a solution of IMCF(2), we take sequences L; — 0o, &; — 0, and take the limit of the
corresponding solutions u; = ug, ;. The following theorem follows [Huisken and Ilmanen 2001,
Theorem 3.1], and is proved in more generality for the need of blow-up analysis.

Theorem 2.18 (convergence to calibrated solutions) Let 2 C M be a domain, and g be a fixed smooth
Riemannian metric on 2. Suppose

(1) 2; is a sequence of domains that converges locally uniformly to €2,

(2) gi are smooth metrics on €2;, which converge locally smoothly to g,

(3) {&; > 0} is a sequence with &; \ 0, and u; € C°°(2;) are solutions of the equations

Veo.u;
divgi( = ) = Vel +|Vgui Zi'
\/81~2+|Vgiu,'|§i

Then a subsequence of u; converges in ClgC(SZ) to a function u € Lip,,.(2), which solves IMCF(£2, g).

We have the gradient estimate

C(n)
2-25 \Y% <—— forall x eQ.
( ) |Veu(x)| o 2.2) orall x
Moreover, on 2 and Q x R the vector fields
Ve, u; Vg ui — &0
Vi gi i and v; giti —8i0z

(&7 + [Vgui|2)1/2 (2 + |Vgui[2,)1/2

converge to some v, v in the weak topology of LL (), L. (Q x R) respectively, such that v is the

loc loc
projection of v on the 2 factor, and v calibrates u in the sense of Definition 2.11.
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Proof On Q; x R with the product metric g; + dz2, the functions U; (x, z) = u; (x) — &; z are smooth
solutions of the IMCF. By Theorem 2.15 and Definition 2.14 we have the estimate

Cn+1) _ Co+1
o((x,0); 2 xR, gi +dz2) ~ o(x;:Qi,gi)

By condition (2) of the theorem, for all K € 2 x R there exists ig such that

(2-26) |V ui ()| < |V, 142U (x,0)] <

inf inf o(x;Q; xR, g; +dz?) > 0.

xeKiz=ip
By the Arzela—Ascoli theorem, there is a subsequence such that u; — u locally uniformly for some
element u € Lip,,.(2). Set U(x,z) := u(x), which is clearly the Clgc limit of U;(x,z). Note that

o(x;2,g) <20(x; R, gi) for sufficiently large i. Thus (2-26) passes to the limit and gives
C'(n)
o(x;Q,8)

Since U; are smooth solutions, they are calibrated by the vector fields

[Veu(x)| <

I Vei+a2Ui Vgui—g0;
I +— — .
|Vgi+d22 Uil (‘912 + |vg[ui |§l—)1/2

By the Dunford-Pettis theorem and a diagonal argument, there is a subsequence such that v; converges

to some v weakly in Lll0 (£ xR). Now all the conditions of Theorem 2.13 are met, and it follows that U

solves IMCF(Q2 x R; g + dz?) and is calibrated by v.

Note that v; are invariant under vertical translation, and this property passes to the limit v. Let v be

1
loc

Finally, we show that u is a weak solution in Q calibrated by v. Indeed, we have |v| < |v| < 1
and Vu(x) - v(x) = VU(x,0) - v(x,0) = |VU(x,0)| = |Vu(x)| almost everywhere. To verify the
condition (2-14), we fix a cutoff function n € C*°(R) with n|(_c0,—1] = 0 and 75|[g,c0) = 1. For R >0

the projection of v on the 2 factor. It is easily seen that v is the L; . weak limit of v;.

we set pr(z) = n(z)n(R —z). Now for a fixed ¢ € Lip,,.(£2), we test the calibration property of U with
the function ¢ (x)pr(z) and find

0= /Q R(Vx¢(x)PR(Z) +¢(x)pR(2)3z) v + ¢ (x)pr(2)| Vxu(x)| dx dz
& [ Vovrpvul+ | (Ve ()pR() + ()P ()9:) - v
Q Qx([-1,0]x[R,R+1])
+ ¢ (x)pr(2)[Vxu(x)|dx dz.
Taking R — oo, we have 0 = fQ V¢ -v + ¢|Vu|. This verifies that v calibrates u. |

In [Huisken and Ilmanen 2001], the elliptic regularization finally leads to this existence theorem:

Theorem 2.19 [Huisken and Ilmanen 2001, Theorem 3.1] Suppose M is complete, and there exists a
proper weak subsolution with a precompact initial value. Then with any C 1! initial data Eq € M, there
exists a unique proper solution of IVP(M ; Ey).
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Remark 2.20 When a weighted IMCF is considered, with the interpretation of Lemma 2.10(3), the
corresponding elliptic regularization takes the form

\Y
(2-27) div(e‘/’ ! ) = eV y/e2e2V/ (=1 4 |Vu|?.
\/82821/f/(n—1) + |Vu?
To derive this, we note that the regularized equation writes
Vo
divg/(g—u) = Ve +|Vgul>, where g’ = enszlg.
V2 + |Vgul?

Since Vgru = e_z'”/("_l)Vgu and |Vgru|? = e_z'/’/("_l)Wgulz, this is equivalent to

divg/ (e_W(n_l) Vu ) — V(=D /2,29/(n—1) | |Vu 2.

Ve2e2¥/(n=1) 4 V|2

Since divg/(X) = divg X + 5 (X, Vg )¢ for all X, from this we obtain (2-27).

2.6 An excess inequality

By Lemma 2.6(i), each E; in a weak solution is locally outward minimizing. On the other hand, the
following useful lemma provides a quantitative inward-minimizing of E;. Similar arguments played a
major role in proving the main theorem of [Xu 2024].

Lemma 2.21 (excess inequality) Suppose u € Lip,..(£2) is a supersolution of IMCF(2), andt € R. Let
F € Q be a set with finite perimeter. Then for any domain K with F' € K € 2, we have
t

(2-28) P(E;; K) < P(E/\ F:K) +/ ¢! P(F; Ey)ds.

inf 7 (u)

In particular,
(2-29) P(E;;K) < P(E(\ F; K) + (¢™F0) _ 1) P(F; Ey).

Proof Define 79 = infr(u). By a zero-measure modification, we may assume F = F M From the
energy comparison JX(E;) < JX(E; \ F) and the coarea formula, we have

t t

(2-30) P(E;;K)<P(EN\F;K)+ | H" YO*EsNENF)ds = P(E\F;K)+ | H" Y 0*EsNF)ds.
to to

If #"~1(9* E;N3* F) = 0 (which holds for a.e. t), then we apply the decomposition identities (B-1), (B-2)

and Lemma 2.22 to obtain

t
(2-31) H'"LYO*E,NF)< P(F E))+ | H'" Y (3*EsN F)ds.
to
By a standard Gronwall argument, (2-31) implies

t
(2-32) H*VO*E, N F) < P(F;Et)—i—f ' SP(F;E)ds for ae. 1.

o
The lemma follows by inserting (2-32) into (2-30). O
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2.7 Further analytic properties of weak solutions

We include several technical lemmas that are frequently used later.
Let us summarize that, if €2 is locally Lipschitz and u is a solution of IMCF(£2), then u has the following
a priori regularity: Lip,,.(2) (given by the definition), BVio(22) (by Lemma 2.24(i)), and Lf;c () for

all p = 1 (by Lemma 3.16). In fact, the proof of Lemma 3.16 implies a stronger fact: for all K € M
there exists ¢(K) > 0 such that e¢®ll ¢ L1(Q N K).

Lemma 2.22 Suppose u € Lip,,.(2) is a solution of IMCF(2). Then for every t we have E; = El(l)
(which is the set of points with density 1 with respect to E;).

Proof Since E; is open, it is sufficient to show E t(l) NJE; = @. Suppose x € IE;. Since u is continuous,
there exists a sequence of times #; /' ¢ and points x; € 0* E;, with x; — x. Since E; = Ul- E;;, by (2-6)
and Lemma B.1(i) it follows that x ¢ E ,(1). O

1
loc

|Dyg;| — |Dyq| weakly as measures. Then for any K € M with H"~1(3*Q N dK) = 0 and any set
A C Q with locally finite perimeter, we have

Lemma 2.23 Suppose €2;, 2 C M are sets with locally finite perimeter, such that o, — xq in L, . and

P(A;K) = lim P(ANQ;;K).
1 —>00
Proof It is well known that
(2-33) P(A;K) <liminf P(ANQ;; K),
1—>00
and moreover
(2-34) P(Q2;K) <liminf P(AUQ;; K), P(Q;K)= lim P(Q;;K).
1 —>00 1 —>00
To show the reverse direction of (2-33), we note that
P(4; K)+ P(Q: K) = P(ANQ;; K) + P(AUQ;; K).
Taking i — oo and using (2-34), we obtain
P(A;K)+ P(Q2; K) = limsup P(AN Q;; K)+ P(Q; K). a
i—00
Lemma 2.24 (a priori global regularity) Let 2 C M be a locally Lipschitz domain, and u € Lip;,.(€2).

(i) Ifu is a subsolution of IMCF(S2), then forall K € M,

(2-35) / |Vu| < P(2NK) and P(E;; K) S P(QNK) forall t €R.
QNK

In particular, u € BV () and each E; has locally finite perimeter in M .
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(ii) If u is a supersolution of IMCF(£2), and for all K € M we have infong u = T (K) for some T'(K),
then each E; has locally finite perimeter in M . More precisely, we have

(2-36) PE;:QNK)<e TEOP@QNK), PE;K)<2/ TEPQNK)
for all domains K € M. We also have

(2-37) / IVu| <! TE p(QnK).
E:.NK

In particular, if u € Lﬁ;(ﬁ) then u € BV} ().

Proof Fix t € R. We find a sequence of locally Lipschitz domains 21 € Q5 € --- C €2, such that
H'L(0*E, N 0*Q;) = 0 for each i, and Q; — Q locally uniformly, and |Dyg,| — | Dyq| weakly as
measures. For K in either statements of the lemma, we choose another smooth precompact domain
K’ 2 K with " 1(0*Q N 3K') = 0.

(1) Suppose u is a weak subsolution. For each i we have infg,  ,nx’u = T; for some T; € R; thus
E1, N (Q;+1 N K') = @. Using the subsolution property, we have

Qi.l,.]ﬂK/

(2-38) 0=J (Er,) < JoinnK

(Q;,NK)=P(Q;NK)— |Vul.
Q;NK

Letting i — oo in (2-38) and using Lemma 2.23 (there with the choice A = 2 N K and with K replaced
by K’), we obtain [ |Vu| < P(Q N K). To prove the second statement of (2-35), we recall that
E; is locally outward minimizing in 2; hence P(E;; K') < P(E; U (R2; N K); K’) for each i. This
implies P(E; NQ; N K; K') < P(R; N K; K'). Taking i — oo and applying Lemma 2.23 to both sides,
we conclude that P(E; N K) < P(Q2 N K). In particular, P(E;; K) < P(2N K). This proves (2-35).
To obtain u € BV}o.(Q2) we need u € LllOC (Q) as well, but this follows from u € Lip,,.(S2) and (2-35) and
that €2 is locally Lipschitz.

(2) Suppose u is as in the statement. We first assume that ¢ satisfies H"*~1(0* E; N dK) = 0. From
Lemma 2.21 we obtain

P(E;; QU1 NK)<PEAN\(QiNK):Qir1 NK)+ (" TE 1) P(Qi N K Ey).

Since H*1(0*E, N0*K) = H"1(3*E; N 9*Q;) = 0 for all i, we can decompose the first two terms
using (B-1), (B-2) and Lemma 2.22, and obtain
P(E;;QiNK) < P(E;(QinK) D)< P nK ED) + (e T® _ 1) P(Q; N K)
< TE p(Q; N K).

Taking i — oo, this implies the first inequality of (2-36). The case of all ¢ follows by lower semicontinuity.
The second inequality in (2-36) holds since P(E;; K) = P(E;; QN K) + H'"LO0*E; N 0*Q N K).
Finally, (2-37) follows by the coarea formula. O
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3 Weak formulations with outer obstacle

In this section, we set up the general framework for IMCF with outer obstacle. We make precise the
variational principles summarized in Summary of Definitions/Theorems 1.5 (see Subsections 3.1, 3.3),
and address some basic implications (see Subsections 3.1, 3.2). In Section 3.4 we prove Lemma 1.6.
Then, in Section 3.5, we prove a weak maximum principle.

3.1 Formulation using sub-level sets

We use the following variational principle as the starting point of the theory. Recall that all the manifolds
are assumed to be smooth, connected, oriented, without boundary.

Definition 3.1 Let M be a manifold without boundary, and €2 C M be a locally Lipschitz domain. For a
function u € Lip,,.(£2), a domain K € M, and a set E C 2, we define the energy

(3-1) TK(E):= P(E;K)- |Vul,
ENK
whenever the two terms are not both infinite.

We say that a set £ C €2 locally minimizes Ju (resp. minimizes from inside, outside), if for any F' C Q2
(resp. for any FF C Q with ' C E, F D E) and any domain K that satisfy E A F € K € M, we have

(3-2) TE(E) < TE(F),
whenever both energies are defined.

Definition 3.2 (outer obstacle, I) Let M be a manifold without boundary, and 2 be a locally Lipschitz
domain in M. Given u € Lip,,.(€2). We say that u is a (sub-, super-) solution of IMCF(£2) + OBS(0€2),
if E; := {u <t} locally minimizes Ju (resp. minimizes from outside, inside) for each ¢ € R.

We emphasize once more that £ are viewed as subsets of 2, and hence of M, and its perimeter P (E; K)
contains the area of * E N K NQ and 0*E N K N 9. Note that:

(1) A solution of IMCF(£2) 4+ OBS(0€2) is clearly a solution of IMCF(£2).
(2) If M = Q, then IMCF(£2) + OBS(0€2) is equivalent to IMCF(£2).
Given an interior solution u (i.e., u solves IMCF(2)), we say that u respects the obstacle 02 if u

actually solves IMCF(2) + OBS(02). When we need to clarify the background metric, we will write
IMCF(£2, g) + OBS(0€2).

Remark 3.3 (integrability in the definition of J.) The energy (3-1) is not a priori defined, since u is
only guaranteed interior regularity. However, if u is a subsolution of IMCF(£2), then qu (Ey) is always
defined and is finite, due to Lemma 2.24(i). By the same lemma, J~uK (E) is defined and finite provided £
has locally finite perimeter (which will always be the case in specific energy comparisons). Hence, there
is no integrability issue for interior subsolutions.
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The case of supersolution is more complicated. If u is a supersolution of IMCF(£2) with

(3-3) inf u>—-oc0 forall K @M,
QNK

then qu (E;) is always defined and is finite, by Lemma 2.24(ii). Since any competitor set E is contained
in Ey, it follows that [ [Vu| < [ g [Vul; thus JK(E) is also defined with finite value. On the
other hand, see Remark 3.4 below that J,, = —o0 may occur for general supersolutions.

Remark 3.4 (a supersolution not belonging to BV},c(2)) Consider = {(x,y) : —1 <x < 1} C R? and
the function u(x, y) = tan(%nx). We argue that u is a supersolution of IMCF(£2) + OBS(92). First, it is
easy to see that u is a supersolution of IMCF(R2). Let F C E; be a competitor with E; \ F € R2. One of
the following two cases must occur for F:

(1) E; A F € Q. In this case the energy comparison is entirely interior.

(2) E; A F has nonempty intersection with {x = —1}. In this case juK(Et) =-—ooforall K3 E; A F;
thus JX(E;) < JK(F) trivially holds.
Therefore, u is a supersolution satisfying Definition 3.2.
On the other hand, for any increasing function f € C°(—1, 1) with limy_,_; f(x) > —o0, the interior

supersolution u(x, y) = f(x) does not respect the obstacle d€2. Informally speaking, such a function is
only a supersolution of IMCF(2) + OBS({x = 1}).

The following remark includes several useful observations regarding the definitions.

Remark 3.5 (properties and relations) (i) Note the differences between Definitions 3.1, 3.2 and the
interior formulation:

(a) The comparison set £ must be contained in €2, but the difference set £ A E; is allowed to touch 92
(this characterizes an outer obstacle problem).

(b) The boundary portion of perimeter 0* E N 92 is contained in the energy Ju.

If we remove the boundary portion in item (b), then we obtain the energy

J§u(E) = P(E:QNK) - [Vul,

ENQNK
which describes the weak IMCF with free boundary [Marquardt 2017]. For a constant 6 € (—1, 1), we
may vary the energy to be
JRJE)=PE:QNK)+0-H'" ' (9*ENd*QNK) - |Vul.
ENQNK

This describes weak solutions with capillary boundary condition, corresponding to the flow such that
each hypersurface keeps the contact angle arccos(6) with 2. No existence result is known for the weak
IMCF with capillary conditions, except for the free boundary case 8 = 0 [Koerber 2023; Marquardt 2017]
and the obstacle case 8 = 1 considered by us.
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(i) The following inequality is useful:
(3-4) JTKENF)+TK(EUF) < TKE)+ TK(F)

for all E, F C 2 with finite perimeter in K and u € BV(2 N K). It follows that u is a solution of
IMCF(€2) + OBS(9€2) if it is both a subsolution and supersolution.

(iii) Let u be a solution of IMCF(£2) + OBS(0€2). If each E; is precompact in M, then the energy
comparison forces ZAK (Es) = j;K (Ey¢) for all s < ¢. This implies

t t

(3-5) P(Es) = P(Ey) —/ P(E,;Q)dr = P(E;) —/ P(E,)dr.
N s

In particular, we have sub-exponential growth of area

(3-6) P(E;) <e'™P(Es;) forall t>s,

with strict inequality when H"~1(3* EsN0*2) # 0. In Example A.4 of expanding epicycloids, for instance,
P(E;)=e°"=5) P(E,) where ¢ € (0, 1) is the expanding rate defined there. From J~uK (E5) = j;K (E;) we
alsohave P(E;; Q)= P(E;; Q)—fst P(E,;Q)dr,sothe function e~ P(E;; Q) is also nonincreasing.

(iv) For u a solution of IMCF(£2) + OBS(9€2), the set E t+ also locally minimizes J,, for each ¢ € R. This
follows from the fact E;" =
2012, Theorem 21.14])).

(v) When Q @ M, the constant function on 2 is not a solution of IMCF(2) + OBS(0€2). Indeed,
setting u = ¢ we find that J;K(EcH(u)) =P(Q)>0= ff(@) for any K 3 Q2. For a noncompact €2,
constant functions are solutions of IMCF(2) + OBS(9€2) if and only if 2 is locally inward perimeter-

minimizing. An interesting example for this is M = H? xR and Q = {—%n <z< %n}, where z is

¢>; Es and the standard set-replacing argument (see, for example, [Maggi

the coordinate in the R-direction. This set is inward-minimizing since it is calibrated by the vector field
v =sin(z)d,; — cos(z) tanh(%r)ar.

(vi) When Q is precompact, there exists no solution u of IMCF(£2) 4+ OBS(9€2) such that infg (u) > —oco.
Indeed, if infq (1) = —T > —o0, then by (3-6) we have P(E;) <e!TTT1P(E_r_;) =0 for all #, which
is impossible. On the other hand, Example A.5 shows that there do exist solutions that are unbounded
below. For these solutions u, P(2) = [, |Vul, and in general, P(E;) = [ E, |Vu| for all z. This follows
by combining Lemma 2.24(i) and the comparison J, (E;) < Jy, (D).

(vii) The validity of (3-2) is not affected by the specific choice of K, as longasu € BV(Q) and K 3 E, AE.
Therefore, we will usually choose K at our convenience.

Definition 3.6 (initial value problem, I) Let M be a manifold without boundary, and €2 be a locally
Lipschitz domain in M, and Eq C Q2 be a C!:! domain with dEq N 92 = @. A function u € Lip,,.(2)
is called a (sub-, super-) solution of IVP(2; Eg) + OBS(d2) in M, if

(i) Eo = {u <0},
(ii) ”|Q\ET) is a (sub-, super-) solution of IMCF(Q2 \ Eg) + OBS(3%2).
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We say that two solutions u1, 1, are equivalent, if uq; = u on Q\ Ep.
Similar to the interior case, we have an equivalent formulation stated below.

Theorem 3.7 (initial value problem, II) Let M, 2, Eq be as in Definition 3.6, and suppose u € Lip,,.(£2).
Then u is a solution of IVP(2; Eo) + OBS(3dS2) if and only if

(i) Eo={u <0j,

(ii) for any t > 0, any set E with Eg C E C €2, and any domain K with E A E; € K € M, we have
TE(Ew) < TE(E).

Proof The “only if” part In the item (ii) here, if we additionally assume dE; N0Eg = 0E NJdEg = @,
then it holds E A E; € M \ Ey, and the result is directly implied by Definition 3.6(ii). We always have
0E: N dEy = @ by condition (i). The other assumption dE N dEy = @ can be achieved by perturbing F
outward with a small increase of qu (E).

The “if” part We only need to verify that for each r <0 and any E C Q \ Eo satisfying the relation
EAE; € K €M\ Ey, we have juK(Et) < qu(E). Since E;(u) N (R \ Eo) = @, this is equivalent
to showing that qu(E) > 0. To prove this, take s > 0 such that H"~1(0* E; N 0* E) = 0. Comparing
j;K (Es) < qu (E U E5) by condition (ii), and decomposing the perimeters using (B-1), (B-2), we find

/ Vul < P(EU Eq: K)— P(Ey: K)
(E\Es)NK
=H"TO*ENEQNK) -1 (9 E;sn EQ N K).

The right-hand side is trivially no greater than P(E; K). Taking s — 0, the left-hand side converges to
f(E\E(;F)nKWW:fEmKW”l'This shows JX(E) = 0. m]

The following observation is important in relating interior solutions to solutions with outer obstacles.
See also Theorem 3.21.

Theorem 3.8 (automatic subsolution) Suppose 2 is a locally Lipschitz domain, and u is a subsolution
of IMCF(S2). Then u is a subsolution of IMCF(£2) + OBS(9%2).

Proof Let a competitor set E satisfy E; C E C Q and E\ E; @ M. Choose K 3 E \ E; such that
H'1(3*Q N K) = 0. Choose 21 € 2y € --- € Q a sequence of locally Lipschitz domains, such that
U =Qand |[Dygq,;| — |Dyxq| weakly as measures. By the interior variational principle, we have

Q1 1NK Q1 1NK
Ju U (E) < BT T (B UEN Q)
< g K gy L g0 K a1 E N EnQ))
Qi11NK
= I EN+ IKENQ) - TKENQ).

Thus
JEE nQ) <sKENQ).
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Applying Lemma 2.23 to both E; and E, and noticing ¥ € BV(K N 2) by Lemma 2.24(i), we have
JEENQ) - TEE), JKENQ)—-TKE) asi— . O
We end this subsection with the following connectedness lemma.

Lemma 3.9 Suppose Eog € 2 € M, and E is connected, and u is a solution of IVP(2; Eg) + OBS(02).
Then E;(u) is connected for all t > 0.

Proof Otherwise, there is a connected component of E;(u), denoted by S, that does not intersect Eo.
Pick a domain U with S e U € M \ Eg and E;(u)NU = S. Define i = ”|Q\Fo and T = infy (1) = 0.
For each s < ¢, note that Eg(1)) N U C E;(ti)NU &€ U, and hence we may compare

TY(Es(it)) < TY (Es(@)\U) =TV (2) =0

and obtain ;
P(Es(ﬁ);U)S/ |Vu|$/ P(Ey(w);U)ds’.
E;m)NU T
Then by Gronwall’s inequality P(E(i1); U) = 0 for all s < ¢, which is a contradiction. |

3.2 Outward minimizing properties

For a weak solution u respecting an outer obstacle, the sub-level sets of u satisfy certain outward
minimizing properties subject to the outer obstacle 2. When M = €, the conclusions here reduce to
the interior case [Huisken and Ilmanen 2001, Property 1.4].

Definition 3.10 Given a locally Lipschitz domain €2, we say that a set £ C 2 is locally outward
minimizing in © (namely, outward minimizing subject to the outer obstacle d€2), if for any competitor F
and domain K satisfying E C F C Q and F\ E € K € M, we have

3-7) P(E;K) < P(F;K).
We say that E is strictly locally outward-minimizing, if (3-7) is a strict inequality whenever |F \ E| > 0.
We will often drop the word “locally” for the ease of notation.

Definition 3.11 Given two sets E, E’ with E C E’ C 2, we say that E’ is the strictly outward minimizing
hull of E (or minimizing hull, for brevity) in Q, provided that

(i) E’ is strictly outward minimizing in €,

(ii) if E” is another strictly outward minimizing set in Q, with E C E” C , then we have E' C E” up

to a set with zero measure.

It can be verified that, if Eq, E5 are both strictly outward minimizing, then E; N E; is also strictly
outward minimizing (we do not need E1 A E; € M). Therefore, any set E C €2 has at most one
minimizing hull, up to modifications of zero measure.

Similar to the interior case, we have the following statements.

Geometry & Topology, Volume 30 (2026)



3100 Kai Xu

Theorem 3.12 (minimizing properties) Let u be a solution of IMCF(2) + OBS(0€2). Then for allt € R,

(i) E, is locally outward minimizing in Q whenever it is nonempty,
() E t+ is strictly locally outward minimizing in Q whenever it is nonempty,
(iii) E; is the minimizing hull of E, in Q, provided E;} \ E, € M.

Proof Items (i) and (ii) follow from Definition 3.2 and Remark 3.5(iv), by arguing verbatim as in
[Huisken and Ilmanen 2001, Property 1.4]. In the argument we need €2 to be connected, but this is our
assumption throughout the paper. As item (iii) is stronger than the version in [Huisken and Ilmanen 2001],
we present a proof. Suppose E’ D E; is another strictly outward minimizing set in Q. It follows that
E ,+ N E’ is strictly outward minimizing in Q. Choose K such that E t+ \ E;: € K € M. We may compare
the energy JK(E;") < JK(E;F N E’), see Remark 3.5(iv), and obtain P(E;"; K) < P(E}} N E’; K).
This shows | E;" \ E’| = 0 by the minimizing property of E;” N E’. Hence E;” C E’ up to a null set. 0

For solutions of initial value problems, the initial time # = 0 is not included. Hence we also state:

Theorem 3.13 Let M, 2, Eg be as in Definition 3.6, and suppose that the function u is a solution
of IVP(R2; E¢) + OBS(02). Then for each t = 0, E;r is the minimizing hull of E; in Q, provided
that EF\ E, € M.

Proof The case ¢t > 0 is covered by Theorem 3.12, since dE; N dEg = &. Taking Theorem 3.7(ii) and
approximating t — 0, it follows that qu(E;F) < j;K(E) whenever Eg C E C Qand E A ESL €EKeM.
Then the same argument as in Theorem 3.12 shows that E(;r is the strictly minimizing hull of Ey. a

Corollary 3.14 Let M, 2, Ey be as in Definition 3.6, and suppose that the function u is a solution of
IVP(R2; Eg) + OBS(02). Then for any 0 < s <t with E; € M, we have sub-exponential growth of
area P(E;) < e' S P(Ej).

Proof The fact E; € M implies E9 € M. In particular, it implies Eog € 2 as we have assumed
dEo N 9 = @ in Definition 3.6. Since u € Lip,,.(R), for every 0 < s <t we have E; \ E; € M \ E.
Hence the energy comparison forces .‘qu (Es) = qu (Ey) for any K 3 Q. Arguing as in Remark 3.5(iii),
this implies P(E;) < e'™5 P(Ey).

Then we consider the case s = 0. By Theorem 3.7 and the standard approximation argument, each £
(s = 0) has the same minimizing property as described in Theorem 3.7(ii). By mutual energy comparison,
this implies P(E;") < esP(EJ') by arguing in the same manner. For almost every s <7 we have E; = E';
hence we obtain P(E;) < e’P(E(T). Finally, by Theorem 3.13 we have P(EJ) < P(E)y). a

Note, P(E;) < e’ P(Ey) may still be strict even if E¢ is outward minimizing in ©; see Remark 3.5(iii).

Example 3.15 Consider M = R? with the metric g = dr? + f(r)?>d6?, where f(r) = sinr inside
[0, %n], and f'(r) <0 inside (%JT, JT), and f(r) = % in [, 00). Let B be a small geodesic ball centered
atr = %n, 6 = 0, with |0B| = 2me. Consider the domain 2 = {r < 5} \ B and the initial value
Eo={r <im}. Set T =log(l+2¢), determined by e’ |dEq| = |0Q|. Let u be the function defined such
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that its level sets evolve by 1/H in [0, T') and then jump over the whole €2 at time 7". Such solution u can
be verified to respect the obstacle 0€2. Thus, the ball B delays the jumping time in the obstacle setting.

3.3 Formulation using 1-Dirichlet energy

Similar to the interior case, there is another variational principle in terms of a 1-Dirichlet-type energy.
The presence of obstacle results in a boundary term

(3-8) fu(v)=/(|vU|+v|W|)—/ v dnrt,
Q 9*Q

where we use v? to denote the BV boundary trace of v. The choice of sign in the boundary term becomes
manifest in the proof of the equivalence theorem (and heuristically suggests that u wants to be maximal
along 0€2).

We set up a definition based on (3-8) and show its equivalence with Definition 3.2. The proofs are
mostly technical and are not used elsewhere.

To prove the equivalence between (3-8) and (3-1), we need |u| | Vu| to be locally integrable, so that Jy, (i)
is defined. This holds for all subsolutions (see Lemma 3.16 below) but not necessarily for supersolutions
(see Remark 3.4). Therefore, we will impose the integrability condition (3-13) for supersolutions.

Lemma 3.16 (higher integrability) Suppose 2 C M is locally Lipschitz, and u € Lip,,.(€2) is a subsolution
of IMCF(S2). Then
(3-9) / [u|? |Vu| <oo forall KEM, p=>1.

QNK

Proof For each K € M, one can find another precompact Lipschitz domain Q' C 2, such that
Q' N K = QN K. Therefore, it is sufficient to prove the case 2 € K € M. We assume this case
for the rest of the proof. By [Luukkainen and Viiséld 1977, Theorem 7.4], Q2" admits a Lipschitz collar
neighborhood. This implies that there exists a neighborhood N C Q of dQ and a Lipschitz retraction
map ®: N — 09Q.

Since u € Lip;,.(2), we have supg\ y |u| < T for some 7. By Theorem 3.8, u is a subsolution of
IMCF(£2) + OBS(0€2). Comparing qu (Ei(u)) < qu (£2), by the coarea formula we obtain

(3-10) P(E;(u))+ /OOP(ES(M); Q)ds < P(Q).
t

Fort > T we have E;(u)  Q\ N; thus ® maps 9* E; (1) surjectively to 9*Q up to a H”~!-null set. By
the area formula we have

(3-11) P(Q) < H" Y0*E;(u) N3*Q) + Lip(®)" L P(E; (u); Q).
Canceling the common portion of perimeters in (3-10) and (3-11), we obtain
o0
/ P(Es(u); Q) ds < (Lip(®)" ' —1)P(E;(u); Q) forall =T
t
Hence P(E;(u); ') exponentially decays, and fuz 7 uP|Vu| < oo by the coarea formula.
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For t < —T, we compare Ju(Es(u)) < Ju(E;(u)) and take s — —o0, to find

[ " P(E, () Q) ds < P(E: ().

Since E;(u) € N, projecting via ® we find that
P(E;(u)) < (Lip(®)" ™" + D) P(E; (u): Q).

The combined inequality implies that P(E;(u); 2) exponentially decays when t — —oo. By the coarea
formula, we have

/ (—u)?|Vu| < oc.
us-T
Finally, we have

/ |u|?|Vu| <2T? P(Q)
lu|<T

by Lemma 2.24(i), and thus (3-9) is proved. |

Definition 3.17 Let 2 C M be a locally Lipschitz domain. For a function u € Lip,,.(€2), a domain
K € M and another function v € Lip,,.(€2), define the energy as

~x / (|Vv|+v|Vu|)—/ v a1 ifve BV(QNK), v|Vu| e LY(Q N K),
J, (v) =1{Jank 3*QNK
undefined otherwise.

We say that u locally minimizes Ju (resp. minimizes from below, from above), if for all v € Lip;.(£2)
(resp. for all v < u, v = u) and any domain K satisfying {u # v} € K € M, we have

(3-12) TEw) < 7K ).
whenever both sides are defined.

Theorem 3.18 (outer obstacle, II) Let 2 C M be a locally Lipschitz domain, and u € Lip,,.(€2). Then
u is a solution (resp. subsolution) of IMCF(2) + OBS(dS) if and only if u locally minimizes J,, (resp.
locally minimizes .7,4 from below). If we further assume

(3-13) ue BV]OC(Q)’ lu| [Vu| € Llloc(ﬁ)’
then u is a supersolution if and only if u locally minimizes Jy from above.

Proof The proof is a direct generalization of the interior case [Huisken and Ilmanen 2001, Lemma 1.1].

(1) Suppose u is a weak (sub-, super-) solution of IMCF(£2) + OBS(d2). By Lemmas 2.24 and 3.16 or
by our assumption (3-13), we have u € BV () and |u| |Vu| € L}, () in either case. Let v € Lip;,.(Q)

loc
be a competitor (with additionally v < u or v = u for the case of subsolution or supersolution), with
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{u#v} €K &M and .’];K(v) is defined. For b € R, we set v, = min{v, b} and truncate the integrals
(we suppress the boundary measure d H" 1)

(3-14) [ovei= [ vels [ (9l
QNK (w>b}NK QnK
(3-15) / vd =/ W=b) +bH" 1 O*QNK)— (b—vp)?,
*QNK *QN{v?>b}NK 0*QNK
(3-16) / v|Vu|:/ (v—b)qu|+b/ |Vu|—/ (b —vp)|Vul.
QnK (w>b}NK QNK QnK

The first term on the right-hand sides converge to 0 as b — 400, by our integrability assumption for v.
Then by Cavalieri’s formula and the coarea formula for BV functions (see [Evans and Gariepy 2015,
Sections 5.4, 5.5]), we have

b

/ (|va|—<b—vb>|w|>+/ <b—vb)*’=/ TK(E/(v)) d.
QNK *QNK —00

As a result,

b
(3-17) JK () =0(1)+/

—00

JK(E; (v))dt +b/ |Vu| —bH" 1 (0*Q N K).
QNK

Decomposing qu (u) in the same manner, applying Definition 3.2, canceling the common terms in (3-17)
and finally taking b — oo, we find that qu (u) < qu(v)

(2) Suppose u satisfies (3-13) and locally minimizes Jy from above; let us verify the supersolution
condition: qu(Et(u)) < qu(E) forall E C E; with E; \ E € K € M. The proof here differs only
slightly from [Huisken and Ilmanen 2001, Lemma 1.1]. By selecting a qu —minimizer among all the
sets F with E C F C E;, we may assume that qu(E) < ];K(E’) forall E C E’ C E;. Next, we define

the function
t onFE;\E,

u elsewhere.

It is easy to see that v < v < max{u, ¢} and {u # v} € K. Writing v = u + (t —u) xg,\ g, we find
v € BVioe(R) and |v] |Vu| € LL () by (3-13). Note that Eg(v) = Es(u) N E for all s <, and therefore

loc
(3-18) TE(Es(v)) < TR (E; ) + TE(E) - TK(Es(v) U E) < TK(Es ().

By the standard approximation results (see [Ambrosio et al. 2000, Theorems 3.9 and 3.88]), there exist
nonnegative functions w; € C°° () NBV(R2) supported in K, such that

wi L5 =), [[Dw[[(Q) — D —-w)|(K), f wd— | @ —ud).
0*Q 0*Q

Since |Vu| € L% (€2), with a slight modification of [Ambrosio et al. 2000, Theorem 3.9] we can achieve

/Qw,www/g(v—u)wm.
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Utilizing qu (u) < qu (u + w;) from our hypotheses, then taking i — co, we find that j;lK (u) < qu (v)
in the BV sense. Truncating the integrals at an arbitrary b > ¢ as in (3-14)—(3-16), and noting that
u = v € Lip,,.({u > t}), we find that

(3-19) / t JK(Esu))ds < / t JK(Eg(v)) ds.

The combination (3-18) and (3-19) implies J~uK(Es(v)) = J;K(Es(u)) for a.e. s < t. This implies
JK(Es(u)UE) < JK(E), and taking s /' ¢ implies JX (E,(u)) < JK(E).

This argument verifies the supersolution case. For subsolutions we argue in the same manner, where
the integrability condition for ¥ comes from Lemmas 2.24 and 3.16. The case of solution follows by
combining the supersolution and subsolution case. |

3.4 Boundary orthogonality of calibration

Recall from Section 2.4 the notion of a calibrated solution: there exists a measurable vector field v
satisfying |v| < 1 and v - Vu = |Vu| almost everywhere, and div(v) = |Vu| weakly in Q. Moreover,
recall by Lemma 2.24(i) that |[Vu| € L1 (). Here we show that if (v, vq) = 1 on 9 in the trace sense,

loc

then u solves IMCF(€2) + OBS(0€2).
Let us first introduce the notion of boundary trace. Suppose 2 is locally Lipschitz. Define the space

X ={vel®(TQ):div(v) e L} .(Q)}.

There is a well-defined operator v — [v - vg] from X to L™®(9Q2, H" 1), called the normal trace, with
the following properties:
(i) For all v € X we have |[[V-vg]lloo < ||IV]lco-
(ii) For H"* !-a.e. x € 9 we have
n 1

. . o 1 . Vdy),
(3-20) [v-val(x) |Bn—1| Py rt LmB(x,r)(v i

where dy = d(-, x) is the distance function from x. In particular, if Q is a C! domain and v € C1(Q),

then [v - vq] = v - vgq in the classical sense.

(iii) This divergence formula holds: for ¢ € BV(2) NLip,..(2) with spt(p) € M and ¢ div(v) € L1(Q),

(3-21) /(pdiv(v) + (v, Vo) =f [v-vale? dH L.
Q Q2

Properties (i) and (iii) can be found (as the Riemannian and local version) in [Anzellotti 1983, Section 1].
Property (ii) is proved in [Silhavy 2005, Theorem 4.4]. The formula (3-21) is proved in [Anzellotti 1983,
Theorem 1.9] assuming ¢ € BV(£2) N Lip,.(£2) N L°, but what is stated here follows by a truncation
argument. The divergence formula in fact holds in a much broader sense: it suffices to assume that div(v)
is a Radon measure and ¢ € BV(2) has bounded support. In this case, the second term in (3-21) needs to
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be replaced with an abstract pairing. We refer the reader to [Anzellotti 1983; Chen and Frid 1999] for
more details; the current formulation is enough for our purpose.

Lemma 3.19 Suppose 2 C M is locally Lipschitz, and u solves IMCF(2) and is calibrated by v.
If [v-vg] =1 H" !-ae. on 0, then u solves IMCF(Q2) + OBS(32).

Combining Lemma 3.19, (3-20), and an elementary computation, we obtain this convenient criterion:

Corollary 3.20 Let Q, u, v be as in Lemma 3.19. If for H"~!-almost every x € 3*2, and in some
geodesic normal coordinate near x, we have

(3-22) lirr%) ess sup{|v(y) —vo(x)|:y e QN B(x, r)} =0,
r—

then u solves IMCF(2) + OBS(0%2).

Proof of Lemma 3.19 Since div(v) = |Vu/|, and u € BVo.(Q) due to Lemma 2.24, we indeed have
v € X. Let v € Lip,.(£2) be a competitor, such that {u # v} € K € M and qu (v) is defined. Applying
(3-21) with the function ¢ = v — u, we obtain

/ W2 —udydur! :/ [v-vale? dH ! = /(v—u)|Vu| +/ v-(Vv—Vu)
IQ IQ Q Q
< [@=wivul+ [[4vol-(u).
Q Q
since v+ Vu = |Vu| a.e. This exactly implies qu(u) < qu(v). ad

3.5 A weak maximum principle

We extend the interior maximum principle (Theorem 2.8) to a version with the presence of an obstacle.
In complement with Theorem 3.8, this has the following consequence: for an initial value problem, the
weak solution respecting the boundary obstacle (if it exists) is maximal among all interior weak solutions
of IVP(2; Ep). Some technical explanations are included in Remark 3.22.

Theorem 3.21 (weak maximum principle) Suppose we are given 2 C M a locally Lipschitz domain. Let
u, v € Lip,,.(€2) be respectively a solution and subsolution of IMCF(£2) +-OBS(d2). If {u <v} € M, and

(3-23) anfKu > —o0 for some K with{u <v} @ K € M,
N

thenu = v in Q2.

Proof We may add a common constant to u, v and assume that u = 0 in K. Replacing v with min{v, T'}

(which is still a weak subsolution by Definition 3.2) and taking 7" — 400, we may assume that v < T
u
T—¢*

Then it is sufficient to show that u; = v. Suppose that this fails to hold. Then we may increase u by an

for some T > 0. Thus we are reduced to the case u = 0, v < T. For a constant € > 0 we set Uy =

appropriate constant, and assume that u; > v — ¢ but {u, < v} # @.
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From Theorem 3.18, it is not hard to see that u, satisfies a strict minimizing condition
Javud=vuh= [ d—w®)<1-e) fw—uoiTu

for all competitors w = u, such that {w # u.} € M and qu(w) is defined. Setting w = max{u,, v}
(which is a valid competitor), we obtain

(3-24) / (IVute| — Vo) — o @l-v)<(-e) (v —ug)| Vg|.
{v>u,} *QN{vd>u?}

{v>ue}

Testing the subsolution property of v with the competitor min{u,, v}, we find that

(3-25) [ vel-1vue) - o< [ oVl
{ug<v} *QN{ud <vd} {ug<v}

Adding (3-24), (3-25) and canceling the common terms, we obtain
(3-26) [ emugvelsa-o [ @-ulVul
{v>ug} {v>ue}
Next, for s = 0 we compare fuli(us) < j;{g (max{ug, v —s}) to obtain

/ (|Vu8|—|Vv|)—/ , (ug—v3+s)$/ (v —s—ug)|Vug|.
{v—s>u.} *QN{vd—s>u?} {v—s>u.}

The boundary term has the favorable sign and thus can be discarded. Integrating this inequality over
0 < s < oo (the integrand is nonzero only within a bounded interval of s), by Fubini’s theorem we obtain

(3-27) 0< [ (0 — 1) (V0] — [Vate]) + L (v —100)2|Vatg .
{v>u,
Combining (3-26), (3-27) we have
1
(328) ef -Vl <) [ -u V.
{v>ug} {v>ug}

Recall our reduction hypothesis at the beginning, that u, > v — ¢ and {v > u — ¢} # &. Then (3-28)
implies that u., hence u as well, is constant on {v > u,}. Then (3-26) implies in turn that v is constant
on {v > ug}. Then the only possibility is that {v > u.} is a precompact connected component of 2.
However, this contradicts the supersolution property of u; see Remark 3.5(v). |

Remark 3.22 (i) The lower bound (3-23) is not removable due to Example A.5. Indeed, the function u
therein is a solution of IMCF(£2) 4+ OBS(9%2) for some Q € R2. Setting v = u + 1, we have {u < v} € R?
but obviously u# # v. In the above proof, the condition (3-23) is used only in the initial reduction, and is
not involved in deriving (3-28).

(i) The proof here is a minor adaptation of [Huisken and Ilmanen 2001, Theorem 2.2]. We assumed
u to be an exact solution, while the proof works when u is a supersolution with enough integrability
ueBV(QNK),u|Vu| e L' (2NK). These assumptions can actually be removed, by invoking the original
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Definition 3.2 (hence avoiding Theorem 3.18). By comparing Ju(E:(ug)) < Ju(E;(ug) N E+(v)) and
Jo(E; )< Jo (E:(v)UE¢(ug)), and integrating over ¢, we can recover the intermediate inequality (3-26).
The other inequality (3-27) can similarly be obtained by comparing among various sub-level sets. For
technical simplicity, we do not pursue proving the case with the widest possible generality.

Corollary 3.23 (maximality) Let 2 € M be a Lipschitz domain and Eq C Ej € Q be C L1 domains.
Suppose

(1) u € Lipy.(£2) is a solution of IVP(S2; Eg) + OBS(0%2),
(2) v € Lip,,.(R) is a subsolution of IVP(Q; Ej)).

Then u = v in Q \ Ej. In particular, the weak solution of IVP(S2; Eq) + OBS(3<2) is unique up to
equivalence (if it exists).

Proof For any € > 0, the functions u + & and v are respectively a solution (by Definition 3.6 and restriction)
and subsolution (by Theorem 3.8) of IMCF(Q \ E,)+OBS(d$2). Moreover, we have {v>u+¢c} € M\ E,.
Then we have v = v in Q \ E|), by Theorem 3.21 and by taking ¢ — 0. Finally, the uniqueness follows
from maximality. |

4 Liouville theorems on the half space

The aim of this section is to establish Theorems 4.1 and 4.3. They are Liouville theorems in the half
space, for weak solutions that respect the boundary obstacle and a “soft obstacle” respectively. See
Theorem 4.3 for the precise description of the latter. These results enter the existence theorem in
showing that there are only trivial limits in the blow-up procedures; see Section 6 for further details. The
Liouville theorems are proved by combining barrier arguments (involving the interior maximum principle)
and blow-up/blow-down arguments (which involves analyzing the perimeter-minimizing effects). The
techniques presented here may also be of their own interests.

We adopt the following notation: for a point x = (x1, X2, ..., X;) € R”, we define x’ = (x1,...,Xp—1)
and write x = (x’, x,,). Moreover, set ¢, = (0,...,0,1).

Theorem 4.1 Let 2 = {x, < 0} C R”, and suppose that u € Lip,..(£2) is a solution of the equation
IMCF(€2) + OBS(9€2). Moreover, suppose

C
4-1) igf(u) > —00 and |Vu(x)| < — forae. x € Q.

| |

Then u must be constant.

The condition infg (#) > —oo cannot be removed, due to the Poisson-kernel-type Example A.6. In the
proof we need the following direct extension of Lemma 2.21.

Lemma 4.2 Suppose 2 is a locally Lipschitz domain, and u € Lip,,.(€2) is a supersolution of the equation
IMCF(€2) + OBS(02), such that infg (1) =ty > —o0. Suppose F has finite perimeter, and K is a domain,
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such that F € K € M. Then we have

t
(4-2) P(E:: K) < P(E,\F;K)+/ 'S P(F; Ey) ds.

to

Proof By Lemma 2.24(ii), both JX (E,) and JX (E,\ F) are finite. From the fact JX (E,) < JK(E,\ F)
and the coarea formula, we see that

t
P(Et;K)sP(E,\F;K)Jr/ H'" Y O*EsNE;NFN)ds
to

t
$P(E,\F;K)+/ H" Y (9*Ey N F) ds.

to

The remaining proof is the same as in Lemma 2.21. O

Proof of Theorem 4.1 Shifting u by a constant, we may assume infg (#) = 0. Thus we are aimed at
showing u = 0. We separate the proof into two cases:

Case (i) Suppose there exist sequences #; N\ 0 and 6; \ 0, such that

(4-3) essinf(vg, ,e,) = cosb;.
0*E;,

For this case we use a barrier argument. Suppose that u is not identically zero, so there exists xog €
with u(xg) > 0. We may remove finitely many terms in the sequence and assume u(xg) > ¢; for all i. By
continuity and infg (1) = 0, for each i there exists a point y; = ylf + Yinen (¥i,n <O0) that lies on 9* Ey, .
By Lemma B.2, (4-3), and Lemma 2.22, we have

(4-4) Eg; DX xn) 1 xn < yin —|x" = yj| tan 6;}.
For a constant N > 1, consider the family of sets
Fy = B} + Nyinen,em1 (N = D)|yin| cos 6),
whose boundary smoothly solves the IMCF. By the interior maximum principle and the fact that Fo C Ey,,
F; C E¢yy;,  whenever F; € Q.
The condition F; € 2 holds precisely whent < T :=(n—1) log(m). Taking ¢ /' T, we obtain
E 41 D B(Y! + Nyinen, N|yin|).

Finally, taking N — oo and then i — oo, we find that E; D {x, < 0} for any # > 0. This implies u = 0.

Case (ii) Suppose the hypothesis of case (i) fails. This implies that we can find a constant 6y < 1,
a sequence of times #; \, 0, and a sequence of points y; = (!, yi,x) € 0* E,;, with (vE, (¥i), en) < cos bp.
The points y; are necessarily contained in the interior of Q2 (otherwise v E, (yi) = vg = ep). Consider
the rescaled sets

Fi =

(Et,' _yl/) - Q,

|Yionl
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where clearly —e, € 0* F; and (v, (—ep), en) < cos 6. We investigate the minimizing properties of F;:
By Theorem 3.12, each F; is locally outward minimizing in Q, and hence locally outward minimizing
in R”, by direct verification. On the other hand, by Lemma 4.2 and the scale invariance of (4-2), we

obtain the inward-minimizing property
P(Fi;:K) < P(F;\G;K)+ (e —1)P(G) forall G € K € R".

Taking i — oo, a subsequence of F; converges locally to some Foo C €2. Taking the limit of the
minimizing properties stated above, and by a standard set replacing argument, it follows that Fi is locally
perimeter-minimizing in R”.

The gradient estimate in (4-1) and energy comparison implies the following: for all x € €2 and any
competitor set £ with E A E; € B(x, %|xn |), we have

C
P(E:; B(x,|xal)) = P(E; B(x, L|xal)) + mw A Eyl.
n

Rescaling this, we see that F; satisfies the condition
P(F;; B(—en,3)) = P(F;B(—en, %)) + C|F A F|

for all F with FAF; € B(—en, %) Thus F; are uniform (A, r¢)-perimeter minimizers in B(—en, %),
in the sense stated in Appendix B. Then we apply Lemma B.1(i) to obtain —e, € spt(|DyF..|), and
subsequently apply Lemma B.3 to obtain Fx = {x, < —1}. Finally, by Lemma B.1(ii) we have the
convergence of normal vectors Vf, (—e,) — VF, (—en) = ey, contradicting our hypothesis. |

We also establish the following approximate Liouville theorem, where the obstacle {x, = 0} is replaced
by a “soft obstacle”, represented by the weight function ¥ (x,) unbounded near x,, = 1. See Section 2.3
for the definition of weighted weak solutions.

Theorem 4.3 Fix a smooth function y : (—oo, 1) — [0, 00) that satisfies Y| (—c0,0] =0, and ¢ > 0, ¥’ > 0,
v” >0,v"” >00n(0,1), and limxy—1 ¥ (x) = +00. Let 2 = {x, < 1} CR", and u € Lip,.(Q) be a
weak solution of the weighted IMCF

%
(4-5) div(e‘”(x”)—u ) = eV (V|

|Vl
in 2. Moreover, assume there is a constant C so that
1) uz= lﬁ(xn) — C in 2 (in particular, infg (1) > —00),
2) |Vu(x)| < forae x € {x, <0}
Then u(x’, x,) = W(x,,) — C' for some other constant C’.

Condition (1) is not removable. Consider the (nonsmooth) weight ¥ (x) = (n—1) log — 1 - for x > 0. By
Lemma 2.10, we may equivalently consider the usual weak IMCF in the metric g’ = ez‘”(x")/ (n—=1) g (which
is hyperbolic in {0 < x, < 1}), that initiates with the horoball {x, < 0}. Without condition (1), the weak
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solution may choose to first “jump” to the totally geodesic hypersurface E+ {xn =1-VI—|x)? },
and then continue to evolve by X; = {x : d(x, E(')F) = arccosh e?/ (=1},

Proof Shifting u by a constant, we may assume infg (#) = 0. We are aimed at proving u(x’, x,) = ¥ (x5,).
The proof consists of three steps: we first show u = v (x,) using outer barriers, and next show that u = 0
on {x, < 0} by arguing similarly as in Theorem 4.1, and finally prove u < ¥ (x,) using inner barriers.

Step1 We show that u = v (x,). The following fact can be directly verified: if X; are graphs of functions
f = f(-,t) over R*~! then %, is a solution (resp. subsolution, supersolution) of the smooth weighted

IMCF 352 if and only if

H—I—Bt/f/a

(4-6) %(—div Vi L V) )_(resp > 9 VI+|VSP
o VIHIVIP VI |VfP

For > 0 and R > 4, consider the function

(4-7) SO =0+ (O +p+R-VR =[x,

where ¥~ is the inverse of y. Note that f is smooth in the region {(x",1) eR" 1 x(0, 00) :I(x’, t)<1}.
We claim that there exists Ro depending on ¥ and p, such that f is a subsolution of (4-6) whenever
R = Ro,t>0and f <1. To verify this, we compute

af o 1+u . vVf _n—1

and div =

a YY) VI+|V /1 R

To evaluate the second term in (4-6), we note that f <1 implies R — v R? —|x'|? < 1, which further
implies |x’|> < 2R — 1. Therefore, by direct estimation

(4-8)

R? R? 4
<14+ —, whenever I <1,

4—9 1 V 2: $ ~ ’
-3) VI = o S ®oe R

where we used R = 4. Moreover, using the convexity of ¢ and " we have

(4-10) VNPT O+ )+ (T O+ ) (f v O - )
='W )+ 9" (31) - Su
Combining (4-8), (4-9), and (4-10), we obtain
of ( vf v'(/f) ) 1+ p ( —1 YT+ (%u)w”(%u))
w/1+|Vf|2 VI+|Vf2 (@) R V1+4/R '

As a result, if we choose Ry sufficiently large so that

/ 4 n—-1 I+p 4
1 (1
Py () >4/ 1+ —- and ———=>/1+— for all R = Ry,
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then combined with (4-9), it follows that I is a strict subsolution of (4-6) whenever ¢ > 0 and I < 1.
Switching to the level set description, we find that the function

u(x’,xn)=¢( Y R x/R—|x’|2)),

I+ p

defined such that {u = ¢t} = graph(f(-,t)), satisfies the subsolution condition

\%
div(e‘” |VZ|) > eV |Vu|
u

in the region Q' = {u+ R—VR?>—|x'|*> <x, <1} C Q.
For ¢ > 0, we apply the interior maximum principle (Theorem 2.8) to the functions u’ = u + ¢ and u.

By our hypothesis we have u = max{0, ¥ (x,) — C}. Hence

Xn
14+

u'(x) <u(x) = W(xn)—C<w( ) = x,<C’ forall x € Q/,

where C’ < 1 is a constant depending only on C, u, ¥. On the other hand, u’(x) < u(x) implies u(x) > &,
therefore the closure of {u’ < u} does not intersect {x, =+ R— v R* —|x'|? }. As a result, we have
{u' <u} @ Q. By Lemma 2.10(3) and Theorem 2.8, we obtain u’ > u. Taking ¢ — 0, R — oo and

then u — 0, we obtain u = ¥ (x5).

Step 2 We show that u = 0 on {x,, < 0}, using similar methods as in Theorem 4.1. Due to the presence
of a weight function, the discussion here is more complicated. Recall that we have assumed inf(u) = 0
and showed that E; C {x, < ¥~ 1(¢)} forall t > 0.

Case 2(i) Suppose for any ¢ > 0, there exists § > 0 such that 0* E; C {x = —¢} for all 0 < < §. Thus
for each ¢ € (0, 8] there are only two possibilities: either £; D {x, < —¢}, or E; C {—& < x, < ¥ 1(t)}.
We claim that the latter case never occurs. Once this is proved, we have {u < 0} D {x, < —¢&},
which by taking ¢ — 0 proves the goal of Step 2. It remains to prove our claim. Suppose we have
E, C{—e<x <y~ 1(t)} for some ¢, § and ¢ € (0, §]. Let 7 : (x, x,,) — x’ be the projection map. Note
that P(E;; AxR) = £" 1(n(E;) N A) for any open set A C R”~!. Lemma 2.21 is easily generalized to
the weighted case, which implies that

(4-11) / eV du! s/ VAU 4+ (e = 1) eV du"t,
0*E;NK *(E\F)NK 0*FNE;

whenever F € K € Q. If H* 1 (0*E; N9*F) =0and F = F_ then (4-11) is reduced to

(4-12) / eV dH Tl < e / eV du!,
*ENF 0*FNE;

Since e¥ > 1 everywhere and e¥ < e’ in E;, we have
(4-13) P(E;;F)<e* P(F; E;).
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Now for a radius R > 0 we choose F = B’(0, R) x (—% %), where B’ denotes open balls in R”~!, For
almost every R, (4-13) implies
LN (w(E)NB'(0,R)) < P(E;: B'(0. R) xR) = P(E;: F) < ¢* P(F: Ey)
< (e+ Y (1)H" (0B’ (0, R) N7 (Ey)).
Define f(R) = £" Y (n(E,;) N B'(0, R)); thus f(R) < e? (s 4+ ¥~ (¢)) f/(R). Since infq(u) =0, we
have f(R) > 0 for some R, and therefore f(R) is exponentially growing as R — oo. This is impossible.
From the setups made above, this proves the desired result for Case 2(i).

For the rest of Step 2, we may assume the contrary of Case 2(i): that there is a fixed ¢ > 0 and a
sequence of times #; — 0, such that 9* E;, N {x, < —¢} # @ for all i.

Case 2(ii) Assume that there are angles 6; — 0, such that for each i,

essinf  (Vg, .en) =cosb;.
0*E; N{xn<—¢} ¢

Then arguing similarly as in Case (i) of Theorem 4.1, we have E; D {x, < 0} for all # > 0. This proves
the desired result for Step 2.

Case 2(iii) Suppose the hypothesis of Case 2(ii) does not hold. Then passing to a subsequence, there is a
constant 6 > 0 and points y; = (!, yi,n) € 0* E;; N{x, < —¢}, such that ("Ezi (yi), en) <cosBy. We argue
that this is impossible. For convenience, we define E; = E;;. Recall from Step 1 that E; C {x, < w_l (t)}.
We start with investigating the minimizing properties of E;.

(1) E; are local outward minimizers of the weighted perimeter E + [ 9*E eV dH" Vin {x, <1}, by
Lemma 2.10(ii). This immediately implies that E; are local outward minimizers of the weighted
perimeter E — [y, g emin{otit 79" =1 in {x, < ¥ ~1(t;)}. Then by direct verification, E; locally
outward minimizes the same functional E + [, p e™"V:i} g3~ in R,

(2) The inward minimizing effect of E; is given by (4-11). Since all the integrals in (4-11) occur inside
the set { < ¢;}, it makes no difference to replace each ¥ by min{, #; }.

Combining the inward and outward minimizing properties, we conclude that

/ emin{l/f,tl-} dan—l S[ emin{x/r,l,-} den—l + (eti . 1)/ emin{x//,t,-}d/Hn—l’
0*E;NK *FNK 0*(E;\F)

whenever F A E; € K € R”. This directly implies
P(E;;K)<e'"P(F;K)+eé'i(e"" —1)P(E; \ F).

Next, consider the rescaled sets F; = (E; — y;)/|yi nl. It follows that F; C {x, < 1/&}, —e, € 0* F;,
and (vF; (—ep), en) < cos tp, and F; satisfy the minimizing property

(4-14) P(Fi1K) <" P(F:K) +efi (e = 1)P(F; \ F),

Geometry & Topology, Volume 30 (2026)



Inverse mean curvature flow with outer obstacle 3113

whenever F A F; @ K € R". Moreover, since ¥; = 0 in {x, < 0}, and by the gradient estimate
|Vu| < C/|x,|, we have the uniform (A, ro)-minimizing property

(4-15) P(F;;B(—en.3)) < P(F;B(—en.3)) + C|F A Fil,

whenever F A F; € B( én, 1).

We are in a position to pass to the limit: there is a subsequence of F; that converge to a set Fio in Lloc.
By (4-15) and Lemma B.1(i) we have —e, € 0* Foo. By (4-14) and the fact t; — 0 and the standard set
replacing argument, the limit F, locally minimizes the perimeter in R”. By Lemma B.3 and the fact
Foo C{xn <1/}, we have Foo = {Xx, < —1}. Finally, by Lemma B.1(ii) we have convergence of normal
vectors Vg (—en) — Vi (—en) = ey, contradicting our hypothesis. This completes the proof of Step 2.

Step 3 We have shown that u = ¥ (x,) and u = 0 on {x, < 0}. In this step we use inner barriers to show
that ¥ < ¥ (x,), which completes the proof of the theorem. For constants u < 1, R >> 1 and for ¢ > 0,
we consider the function

_ t d
f(x’,t):(l—,u)/o VTS a — R+ VR*—|X)%.

)+ (n—1/R

We claim that f is a supersolution of (4-6) whenever ¢ > 0 and f > 0. Note that
Fetom [ Gt <a-puo
SU=pu T ey — MK .
o V(W(s)

In particular, f < 1 always holds. To verify the supersolution property, according to (4-6) we compute

8—f_— 1= and div(—vf )__n—l
ot _W’(lﬂ_l(l))—i-(n—l)/R '/1+|Vf|2 - R

By the convexity of ¥, we have w/(f) < v/ (y=1(1)). Therefore,
af( LA 4 )< I
\/1 FIVFRE Vi v V@O +@e-D/R
=1-p<VI+|ViP

(" +verio)

Thus f is a supersolution of (4-6).

Consider the unique positive function i on {0 < x,, < 1}, such that E; (it) = {(x’, xp) :0<x, < f (x, 1)}
for all ¢ > 0. Then # is a smooth supersolution of IMCF in the region Q' := {0 < x,, < 1, % < 0o}. For
& > 0 we wish to compare u with the function © 4 ¢. Assembling the facts: ¥ = 0 on {x, = 0}, and
{u <oo} C {xn <l—p—R+VR?>—|xX| } and u € Lip,,.({x, < 1}), we conclude that {u > u+¢} € Q.
By Lemma 2.10(3) and Theorem 2.8, we obtain u < u + ¢. Taking ¢ — 0 and then R — oo and then
u — 0, we eventually obtain u < ¥ (xy). O
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5 Parabolic estimates near smooth obstacles

In this section, we compute several parabolic evolution equations for the smooth IMCF near a smooth
obstacle. The aim is to show the following: if X; evolves under the IMCF in a smooth domain €2, such that

(1) vy, is approximately equal to vg on d€2 (where v denote the outer unit normal of the corresponding
objects),

(2) in some neighborhood of 92 we have (vy,, d,) = % (where 0, is an extension of vg; see below),

then (vx,,d;) = 1—Cr¥ —o(1) in some smaller neighborhood of 9€2. This estimate enters the proofs

in Section 6 in showing the C ¢ regularity of level sets and boundary regularity of blow-up limits.
The following notations are used consistently in the present and the next sections. Suppose €2 is a

smooth domain in a Riemannian manifold M. Define the signed distance function

—d(x,0) if x € Q,

d(x,0Q2) ifx¢Q.

For § € R, we define Q5 :={x € M :r(x) <&}. We use rg to denote a radius such that r(x) is smooth

in Q\ Q_;,. In Lemmas 5.1-5.3, the existence of such a radius is implicitly assumed. In  \ Q_,, we

r(x):=

define the outer radial vector field 9, := Vr.

For a hypersurface ¥ C Q \m, we use v, A, H to denote the unit normal vector, second fundamental
form and mean curvature. We use |- |5, Vx, Ay to denote the (Hilbert—-Schmidt) norm, gradient and
Laplacian on X;, and use |- |, V, A for objects with respect to the ambient manifold M. Also, define

p=(v,0r).

The algebraic fact |v — pd,| = |3, — pv| = |Vsr| = V1 — p? is useful.

When there is a family of hypersurfaces {X; }, we often omit the dependence on ¢ in the above notations.
When X; evolves under the IMCF, we denote by (1 = d; — #Ag the associated heat operator.

We start with evaluating Ay p. The main formula (5-1) is arranged such that each term vanishes when
3 = 02—, for some r, and the terms with unfavorable sign become small when M and d<2 are close to
being flat.

Lemma 5.1 Let X be a smooth hypersurface in Q \ 2_,,, such that p > 0 on X. Then we have
(5-1) Axp <(VsH,dy)—plA—p ' V2r|3 + V2> p~ (1 - p*) + (IRic| + 1|V, ) V1 - p.
(In the second term, the expression V2r means the restriction of V]%lr to X.)

Proof Near a given point x € X, we let {¢;}1<i<n—1 be a local orthonormal frame on X, such that
Vefjej =0 at x. We compute

Azp =) eiei(v.dy) =) eil{A(ei). )+ (v. Ve,0)]
(5-2) =3 [(Ve; (A(e0)). ) +2(A(er). Ve, 0r) + (v, Ve, Ve, )]
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Here A(e;) is understood as a tangent vector field of X. First observe that

(5-3) 2) (Aler). Veydr) =2 ) V2r(A(ei).ei) = 2{A. V2r)s.

Next, the first term in (5-2) is calculated as

(5-4) D (Ve Alei). dr) = D (Vo A)ei) + A(V o ei) — Alei, Ale))v, dy)
i i
= (divg A —|A[}v, d)
= (divg A. 9, — pv) — p|A[?
<(VsH,d)— p|A|% +|Ric|V1-p?

where we use the traced Codazzi equation and note that divy A, Vy H are tangent to X. It remains to
simplify the last term in (5-2). We calculate

Y (0. Ve Ve, 0r) = Y [{v = pdr. Ve; Ve, 0r) + p(0r. Ve, Ve, 0r)]
i

i

(5-5) <n|V29 V1= p> = p Y Ve, dr [
i

Continuing to evaluate the second term in (5-5),
(5'6) Z|v€iar|2:Z<Velar,eJ +Z Velar,v >Z Velar,ej> :|V2r|§:.
i ij ij
Inserting (5-3)—(5-6) into (5-2), we obtain
Asp <(VsH, )= plA% +2(4, V?r)s — p|V?r|% 4 | Ric | V1= p? +n|V?d,| V1 - p2.
This implies (5-1) by completing the square and noting that |V?r|x < |V?r|. |
Lemma 5.2 Suppose {Z;} evolves under the IMCF in Q \ Q_,, such that p > 0 holds everywhere. Then

A—p~1v2r|2 v2 2 Ri V29
| p |z;p | rl (1_ 2)_| 1C|'|‘n| r| /1—[?2-

5-7 Up =
(5-7) P e

Proof We compute
dp
ot

For the second term, we use the fact V27 (9,, X) = 0 for all X to evaluate

=0;(v,0,;) = (H Vs H,0;) 4+ (v, Vg-1,0,).

1 1 1
(v, Vg-1,0,) = Evzr(v, V) = Evzr(v — por,v—pdy) = —E|V2r|(1 - p?).

Combined with (5-1), we obtain

|A— p~1V?2r|2 1 |V r|2 [Ric| + n|V2d,|
(58) Opz———Zp——|Vr|(1—- 2)— H2p (1—P2)—Tr\/1—l)2-

H? H
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We bound the second term in this expression as

1, 5 5 H-p lugV2r+plugVir _, 5
—|V2r|(1= p?) = T V2r|(1= p?)
A— —lv2 -1 V2
<1V VTS g2y )
Using Young’s inequality, we continue the estimate and obtain
! A=p VAR v2rp?
V2|1 = p?) < z V2 12(] — p2)2 1= »2).
vl =pd < [P0 v 22 - p2)
The result follows by combining this with (5-8) and noting that 0 < p < 1. |

Lemma 5.3 Assume the same conditions as in Lemma 5.2. Let n = n(r) be a smooth radial function, and
definey’ = dn/dr,n" = d?n/dr?. Then we have

2p1 _ n’ n|n'|
(5-9) Uns< =5 (H—p~'try Vzr)—ﬁ(l—l?z)‘l‘ﬁwzﬂ
and
2pn’ 7" nln'|
(5-10) On< == 25 (1=p") + 75 V2],

Proof This is obtained by combining

o (Vn, o
o _ {Vm.v) _pn_ pn (H—p lug V?r+p~lug Vr)

¢  H H H?
with
Asn=n'Asr+1"|Ver|> =1 (rs V?r — pH) + 1" (1 = p?),
and noting that trs V2r < +/n —1|V?r|g <n|V?r|. a

Lemma 5.4 Suppose Q2 is a smooth domain, and ro > 0 is a radius such that r (x) is smooth in 2 \ Q_,.
Assume that

(5-11) Ric| <rg2, |V?r|<rgt, V20, <ry?

hold inside Q \ Q_,,. Let {3; C @\ Q_,,} be a smooth family of hypersurfaces evolving under the
IMCE. Assume additionally that p > L on all Y.;. Then there exist constants y € (O, %) and C1,C, >0
depending only on n, such that if we set

-y
r
(512 i =(b=5) " F=a-pm
with any choice b € (0, 1], then we have the evolution inequality

C
(5-13) (1-p)? 'H?OF 4 (Vs F,X) < 2 (—F 7 +C2)

=1

2
o
on X4, where X 1is a certain smooth vector field.
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Proof Note that r < 0 inside €2, and hence 1 > 0 and 7 is increasing when approaching d$2. Combining
Lemma 5.2 and (5-9) in Lemma 5.3, then using (5-11) with % < p <1 to simplify the resulting expressions,

DF:—nDp+(1—p)Dn——(Vz(1 p), Vsn)
|A— p~1V?2r|2 |V2r|? |Ric | +n|V23,| /——
§—TE77P+211 H2p n(1—p) + H2 “nv1-p?
- n’ 7’|
PIH = p~ trs V2r) = L5 (1= p)(1 = p?) + 5 [V2r|(1 = p)
2 2
_H_ZU(VER V):77>+H—2]7(1—P)|V271|2
|A—p~1V2r|5 8n 4nn
S Ve np+H2rgn(1—p)+H2r§~/1—p
_ | |
p)(H—p~lux Vzr)— (1= p)
2 (n)?
—H—Z(VEF,VEU)‘Fm (1—p)*(1+ p).
We use Young’s inequality to estimate the fourth term:
- (H—p~'us Vzr)2 (n’)2
PIH = p~ g V2r) < Sl £ 8= D p(1 = p)?
|A—p~'V?r|3 (77/)2
S8 p(l—p)2
Further, we calculate
p_ Y oyt y Yy +1) r+2
= — Y = —— 14
n r077 i rg n
Inserting these into the main estimate, we obtain
8n 4n v+2
H?OF < —Zr)(l—p)+—2n\/1—p+8ny—2r] 7 (1= p)?
"o "o "o
y(y +1) ri2
— = (1-p)? (+p)+2% 77 -p)
o o
2 2y? yi2
= (VEF.Ven) 4+ =5y (1-p)*(1+p).
0

Multiplying both sides by (1 — p)%_l, and using the facts 0 < p <1, 1 — p < v/ 1 — p, we obtain

12
(5-14) (1—p)? "H2OF < (1= p)» 7% + Xy’ (1= p)¥ — (Vs F, X)
ro 0

1 5 5 y+2 y+2
+r—2[8nV +4y*—y(y+Dln v (1=p) v,
0
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where X is a certain smooth vector field. Choosing y sufficiently small (depending only on ), we realize
(5-15) Sny? +4y2 —y(y +1) < =3y~

Using Holder’s inequality, we have

+2 +2 _@4=3y)Q2+y)
(5-16) 2ap(—p)r 2 <y (1 =p) 5 +Cayy~
and
y+1 2 o ¥i2 r+2 _ngﬂ/)
(-17) nyn v (1=p)y7» <y*n v (I—-p) v +Cm)yn

Notice that n = 277 in Q \ Q_ro, which bounds the last terms uniformly by constants. Inserting
(5-15)—(5-17) into (5-14), we finally obtain

212 1 2 242
(1—p)y 'H2OF + (Vs F, X) < — (—y*F 7 +C(n)). O
r
0

Lemma 5.5 Suppose b,y € ( ) are constants, 2 is a smooth domain, and ro > 0 is a radius such that
r(x) is smooth in Q \ Q_,,. Assume that

(5-18) Ric| <rg?, |V3r|<ryt, V20, <ry?
holds inside Q2 \ Q—,. Suppose {X; C Q\ Q_,} evolves by the IMCFE. Additionally, assume p =5 L and
1—p <Cs3(b—r/rg)Y oneach X;. Set

1-y
(5-19 1= (b= L) @b G =rotno).
ro
Then in Q_p,, \ 22—, we have the evolution inequality

G C
(5-20) 0G + (VsG, X)<——+—+C4 A —5—1
G ro G

where X is a certain smooth vector field, and the constants C4, C5 depend on n, Cs.

Proof Recall the evolution equation of the mean curvature:
2 1
OH = —mIVzle — (|A4]? 4 Ric(v, v))ﬁ.
Combining (5-10) and (5-18) we have

2
1o '0G = nIZIH—l—HDn—H—(VgH, Vsn)

nH n nly'l 2
<——v H|?>— —_ —L (1-p? Vs H,Vs(H Vs H
| =t H+ pn ( PI+t—F roH — g3 (VeH. Ve (Hn)—nVeH)
2 1 /
n nn 2 |
= 2pn — 1— L1l _(VsG,X).
n—Dre TGt pn'=ro—— g 1=P)+—( —(VsG.X)
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Note that
/ —1 r 4 Vi -2 r ! v

o o
These imply that |n7n/| < 2r0_1 in Q_pp, \ 2_p, since y < % Also, n<2and 1 — p? <2(1— p). Hence

442 R4 1 — —2y
06 <-S 4220 oha—p(b-L) toa-p ZE(p-L)
n G ro G ro

Inserting our assumption 1 — p < C3(b —r/r¢)”, we obtain

G 4n r\7’ C
DGs——+—+(b——) |:—2p(1—y)—|——i|—(VEG,X)_
n G 7o G
Since p = 3.y < } implies —2p(1—y) < —3. -

6 Initial value problems in smooth domains

In this section we prove the main existence and regularity theorem, which is stated below. In Section 6.1,
we set up some definitions and preliminary estimates, then we define the approximation scheme mentioned
in the introduction, which gives a candidate solution u (it is temporarily only an interior solution). In the
end of Section 6.1 we state the remaining tasks needed to conclude that u satisfies Theorem 6.1. Then in
Section 6.2 we make an outline of the blow up strategy, and finally prove these results in Section 6.3.

Theorem 6.1 Let 2 C M be a precompact domain with smooth boundary, and Eq € Q be a C'>! domain.
Then there exists a solution u of IVP(2; Eo)+OBS(02), unique up to equivalence. There exists y € (0, 1)
depending on n, such that the following holds:

(i) We have u € Lip,,.(2) NBV(2) N C %Y (). More precisely,

C
6-1) Vuwl<  sip Het S xe@\Eor<on:.e),
dEoNB(x,r) r
where 0 (x; €2, g) is as in Definition 2. 14, and
(6-2) |Vu(x)| < Cd(x,d2)"", xeQ\ Eo.

for some constant C > 0.

(ii) The solution u is calibrated in Q \ Eo by a vector field v, which satisfies
(6-3) (v,0;)(x) =1—Cd(x,9Q)”

in some small neighborhood of d€2. Here C > 0 is a constant, and d, := —Vd(-,0RQ) is the outpointing
unit vector perpendicular to 0€2.

(iii) Each level set dE; is a C /2 hypersurface in some small neighborhood of 9.

(iv) Ifv € Lip,.(S2) is some other solution of IVP(2; Ey), thenu = v in Q2 \ Ej.
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6.1 Setup, notations, and the approximating scheme
We have the following setup and constructions.

The signed distance r (x) and regular radius r; Fix Q, E¢ as in Theorem 6.1. Let r(x) be the signed
distance function to 92, taking negative values in Q and positive values in M \ . For § € R, we set
Qs ={xeM:r(x) <8} Thus Qs D Q2 for § >0 and Qg C 2 for § < 0. Let r; be a sufficiently small
radius, such that:

(1) d(dEg, 0R2) > 3ry.

(2) r(x)is smoothin Q3,, \ 2_3,,. Define the radial vector field d, := Vr, which is smooth in the same
region. We further decrease r; such that the following hold:

(a) In Q3,, \ 2-3,, we have

1

6-4 Ric| < —.
4 [Ric] 100n2r3

[Va |V29,| <

W’ rl < 100n2r,"
(b) Forall x € \ Q_,, and r, s < ry, we have H" "1 (B(x,r) N 0Q_y) < 2|B"1|r"~L,
(c) Forallx e 2\ Q_,, we have 0(x;2,g) = %|r(x)| (see Definition 2.14).

The weight functions 5 We fix a function g : (—o0, 1) — R4 such that

(1) the conditions of Theorem 4.3 are satisfied (in particular, Vg is strictly increasing and convex in (0, 1),
and Yol[—o00,0] = 0, limx—1 Yo(x) = +00),

(2) Yo(3) > 1, and y{(x) > 1 forall x € [1,1), and yro(x) > o (%) + 3 forall x € [2,1).

(3) Yo(x) = (n—1)log 1 forall x € [3,1).

For each § € (0, r7), we define the (smooth) weight function

0 if x € 2,

Vs(x) = {wo(a—lr(x)) if x € 5\ Q.

Note that limy_, 50, ¥s(x) = +o0.

The approximating equations For ¢ > 0, we consider the weighted IMCF

\Y
(6-5) div(e'/"S ﬁ) = e¥5|Vul,

and its elliptic regularization (see Remark 2.20)

\Y
(6-6) div(e‘/"* " ) = e¥5Ve2e2Vs/=D) 4 |yy 2,
Ve2e2¥s/ (=1 4 |yy 2

The following technical lemma provides upper and lower barriers for solving (6-6):
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Lemma 6.2 (barrier functions) Suppose § € (0, ry). Then the function

(6-7) ug(x) = Ys(x) —vo(3) — (% - %)

is negative in 25/, \ 2 and positive in Qs \ Q25/,. Moreover, ug is a strict subsolution of (6-5) with
nonvanishing gradient in Qg \ $25/,. The function

(6-8) 5 () = ps 0+~
ry

is a strict supersolution of (6-5) in the region Q25 \ Q_,,.

Proof The claim on the sign of ug follows from WO(%) > % and the strict convexity of Y. In Q4 \ Q5/2,

ad 1 1 0 1
Vsl = |52 - 5| = 5 (o~ ) —1) =8 L

3 3 [Wo(r(x)—1]= o 5

So| =

The third equality is because ¥y > 1 on [% 1). The same facts imply that |Vug| # 0 everywhere
in Q5 \ /2. On the other hand, we calculate

) Vu . oY ) oV 1
s Y28 ) _ ¥s 7Y adl vs 9V8
dlv(e | 748|) div(e¥30,) =e (8r —|—d1v8r) > e (8r 100”),

where the last inequality comes from (6-4). Hence us is a strict subsolution on 25 \ Q5/5.

Next, inside Q25 \ €2_,, we calculate

. Viug 31,03 1 31,03 1 _
d Vs 70 ) <p¥s 20 4 Vs 22 + — ) = |Vig],
1V(e |Vﬁ3|) ¢ ( ar + 1007y =¢ ar + rr Vids|

confirming the supersolution property. O

Lemma 6.3 (approximating solutions) For each§ < ry and A € (%, 1), there exists (8, A) > 0 such that
the boundary value problem

Vu _
© div(e% — 2) = V22N I0D 4 Vs, P in @45\ Eo,
Ve2e2Vs/ =D |V 5
(6-10) ugs. =0 on dEg,
(6-11) Ug sy =us—2 on dQs

admits a solution u, s ; € C®(Qy5 \ Eo) forall 0 < & < &(8,1). We have the C° bounds
(6-12) max{—e, Y5(x) —C} Sugs s(x) <yYs(x)+C forall x € Q)5 \ Eo

for some constant C > 0 independent of ¢, §, A. In particular, —e <u, s 3 < C in Q \ Ejp.

We also have the gradient estimate
Cn
(6-13) [Vugs(x)| < sup  Hy+2e+ @
0EoNB(x,r) r

forallx € Q\ Eg and0 <r <o(x;,g), where Hy = max{Hyg,,0}.

Geometry & Topology, Volume 30 (2026)



3122 Kai Xu

Proof In Qs we consider the conformally transformed metric g’ = e2¥s / (=1 g The inequality
Yo = (n—1)log ﬁ in [% l) ensures that g’ is a complete metric in Q5. Let ug be as in (6-7).
For convenience, we modify ug inside €2, so that it is smooth with negative value there (this does not
affect any argument below). Then u is smooth and proper in 25, with {us <0} = Q5/,. By Lemmas 6.2
and 2.10(3), ug is a smooth subsolution of IMCF in the region (25 \W/Z, g’), with nonvanishing gradient
there. Finally, note that 2, is a sub-level set of ug (namely, 2,5 = {ug < L} for some L > 2). Thus
we may invoke Theorem 2.17 on (25, g’) to obtain that there is &(§, 1) > 0 such that the regularized
equation (2-18)—(2-20) admits a solution for all & < &(§, A). But under the present settings, the regularized
equation is exactly (6-9)—(6-11), by Remark 2.20. This shows the existence of the solution u, g ;.
To obtain (6-13), we note that the gradient estimate in Theorem 2.17 states that

|Verttg s, (x)| <max{  sup  Hy, sup [Vgrttesalg | + 26+ e
B/ (x,r)NIEg B/ (x,r) N3 s r
forall x € Q5 \ Eo and r < o(x;Qs,g’). Since g’ = g inside , and o (x; Q5. g') = o (x; R, g) for all
x € Q,and Bg/(x,r)N 02,5 = @ whenr < o(x;Q, g), this gradient estimate directly implies (6-13).
Next, the lower bound in (6-12) follows from (2-23) and (6-7). The upper bound is derived as follows: by
(6-13) we have

(6-14) sup{ug s a(x):x € Ry, } < C,

where C > 0 is independent of ¢, §, A. We compare u, s 3 with ug + C + 1 inside Q5 \ Q—r,, where
g is as in (6-8). On 02_,, we have

ugsr<C=us+C+1.
On 02,5 we have
Ugs ) =Us—2<Ug <ug+C+1.

Since ug is a strict supersolution of (6-5) in the compact set 2,5 \ 2—,,, by continuity, we may further
decrease (8, A) so that g is a strict supersolution of (6-9) in the same region. By the maximum principle,
we obtain ug 5 3 <ug+C +1in Q5 \ Q2—p,. This implies the desired upper bound along with (6-14). O

Convergence to an interior solution The following lemma is used to obtain a candidate solution of
IVP(R2; Ep):

Lemma 6.4 For any sequences §; — 0, A; — 1, &; — 0 with g; < &(8;, A;), there exists a sequence of
(Q\ Eg)toa
function u € Lip,,.(2 \ Eo) asi — oo, and u solves IVP(S2; Ey) and is calibrated by some vector field v
inQ\ Eo.

solutions u;j := ug; s, 3, of (6-9)-(6-11). Moreover, a subsequence of u; converges in Clgc

Proof The approximate solutions u; are directly given by Lemma 6.3. Applying Theorem 2.18 to the data
Q; =Q\ Eo, gi = g (note that Vs, = 01in €2, so the weighted equation is reduced to the ordinary IMCF),

we find a subsequence of u; that converges in C2 (22 \ Eo) to a calibrated solution u € Lip,..(R \ Eo).

loc
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Additionally, due to (6-13), the functions u; are uniformly Lipschitz up to dEg. Therefore, the uniform
convergence and Lipschitz regularity of u holds up to dEg. Then by (6-12) and (6-10), we have u = 0
in 2\ Eg and ulyg, = 0. Extending u with negative values in Eg, we obtain a solution of IVP(R2; Eg). O

The remaining tasks Take any sequences §; — 0, A; — 1 and &; < &(8;, A;) with &; — 0. Let u be the
limit solution given by Lemma 6.4, and v be the corresponding calibration. Note that v is not an arbitrary
calibration, but one that comes from the use of Theorem 2.18 (later we will make use of the statements
in Theorem 2.18). We would prove Theorem 6.1 if we show that u respects the boundary obstacle and
satisfies conditions (i)—(iv) there.

We note that since Theorem 6.1 contains a unique statement, it in turn implies that the limit function u
in Lemma 6.4 is independent of the choice of §;, A;, &;.

For the clarity of proofs, we split the nontrivial tasks into the following lemmas:

Proposition 6.5 Let u, v be the solution and calibration obtained in Lemma 6.4. Then there is a radius
ro € (0, r7) and dimensional constants y = y(n) € (0, 1), C = C(n) > 0, such that

(6-15) 1—(v,0,) <Cry " |r|”
and
(6-16) |Vu| < Cry ¥ |r|? !

hold inside Q \ Q—y,. In particular, u solves IMCF(Q \ Eo) + OBS(IR).
Proposition 6.6 u can be extend continuously to 3$2, and we have u € C%7(Q \ Q_yy/2)-

Proposition 6.7 There exists a sufficiently small radius ri € (0,rg) such that for all t > 0, the set
0E\Q_, isaC LY/2 hypersurface.

Proof of Theorem 6.1 It is stated in Proposition 6.5 that u respects the obstacle dS2. The condition
u € Lip,,.(2) N BV(Q) N C%Y(Q) follows by interior regularity and Lemma 2.24 and Proposition 6.6.
The gradient bound (6-1) follows by taking limit of (6-13). The boundary regularity (6-2) follows from
(6-16) inside Q2 \ Q_,, and follows from the interior regularity inside $2_,,. The bound on calibration
follows from (6-15). Finally, the regularity of level sets follows from Proposition 6.7, and the maximality
follows from Corollary 3.23. The uniqueness of solution follows from maximality. |

6.2 The spacetime foliation; strategies of the proof

The approximation process described above, which essentially invokes the elliptic regularization in
Theorem 2.18, gives another set of data. For each i, the family of hypersurfaces X/ := graph(el._1 (uj —1))

forms a downward translating soliton of the IMCF in the product domain (£2;,5, xR, exp (ivfl’ )g+dz?),
due to Remark 2.20 and the geometric meaning of elliptic regularization. Equivalently, the function
U;i(x,z) =u;(x)—¢; z solves the smooth IMCF (2-3) in the same region. The proof of Proposition 6.5-6.7

is done by obtaining the corresponding estimates on X%, and then passing to the limit.
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To distinguish from objects on M, we will use bold symbols to denote objects on M x R. We denote
by r(x,z) = r(x) the signed distance to 92 x R. Note that r is smooth in (23,, \ 2—-3,,) x R. Then
define the product metric g = g + dz? and radial vector field 8, = Vgr. In the region (2\ Ep) xR, let

Vg Ui Vu; —¢id,
(6-17) vi = -
IVeUile Ve +|Vu;|?

be the downward unit normal vector field of the foliation Z’; (we recall that 5, = 0 in Q, so the weighted

IMCEF is reduced to the usual one). According to Theorem 2.18, the vector fields v; converge to some v
in the weak sense in L}OC(Q \ Ep), and the projection of v onto the 2 factor is the calibration v given in
Lemma 6.4.

The above propositions are proved via the following steps:

(1) We show that when i — oo, we have infyoxr(vi.9r)g — 1 (Lemma 6.8). The proof uses a blow-up
argument: if there is a sequence of exceptional points x; € 2 X R, then we may rescale the solutions u;
near x; and obtain an exceptional blow-up limit. The limit function will be a weak solution of

\%
diV(ev’O(x”)ﬁ) — eWO(x”)|Vu|.

However, Theorem 4.3 implies that this limit must have the form u = ¥ (x,) — C. Then, standard
geometric measure theory is used to show that the space-time graphs E’; converges to a hyperplane at x;
in C! sense, contradicting our hypotheses for bad points.

(2) Let r; be the largest radius so that (v;, d,)g = % holds inside (2 \ 2_,;) x R. We show that r;
is uniformly bounded below (Lemma 6.9). If this is false, then we find a subsequence of radii r; — 0
and exceptional points x; € 0Q2_,, X R, with (v;,d,)g(x;,0) = % Using the result of Step (1) and the

parabolic estimate in Lemma 5.4, we will obtain the bounds

Iy
(6-18) 1—(vl-,a,)gsc(o(1)+7)

1
for some uniform constants C, y. Then consider a blow-up sequence centered at x;. The limit is an
exceptional weak solution u’ on {x, <0} C R*T1. The bound (6-18) passes to the limit and implies that 1’
respects the obstacle {x, = 0}, due to Corollary 3.20. This eventually contradicts Theorem 4.1, by looking
at the convergence of the space-time graphs Zl; (this is more involved compared to the previous step).

(3) Combining the above two steps, we eventually obtain (6-15) through another application of parabolic
estimate (Lemma 5.4). The boundary gradient estimate (6-16) and Holder regularity follows by applying
Lemma 5.5. Finally, Proposition 6.7 follows by an e-regularity theorem for almost perimeter-minimizers
(in the sense of (6-42) below).

6.3 Proof of Propositions 6.5-6.7

We assume all the setups and notations made in Sections 6.1 and 6.2.
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Lemma 6.8 For any 0 < 1, there exists ip € N such that for all i = iy we have

inf (v;,d,)g = 0.
AL 1 3r)e

Proof Suppose that the conclusion does not hold. Then passing to a subsequence (which we do not
relabel), we can find a constant 8y < 1 and a sequence of points ¢; = (x;,z;) € 02 x R, such that
(vi,0r)g(xi,zi) < 0. Since v; is invariant under vertical translation, we may assume z; = 0. Passing to
a further subsequence, we may assume x; — xg € 052.

Consider the domains

Qi = Bg(xi. V8 )N Q5. Ri=Qx(=1,1)
with the rescaled and conformally transformed metrics
hi = 6872e2Vsi /" Vg p; = h; 4+ 872d22.

Set the normalized function u} (x) := u; (x) —u; (x;). By (6-9), Remark 2.20 and the scaling invariance
of IMCEF, the functions U/ (x, z) := u}(x) — &; z are smooth solutions of the IMCF in (8;, k;).

To properly state the blow-up process, we define some suitable coordinate maps. In each tangent
space Tx; M, fix an orthonormal frame {e; } such that eq,...,e,—1 are tangential to 02, and e, = 0.
With respect to this frame, the g-exponential map at x; (denoted by expy) is a diffeomorphism from a
small ball in R” to its image. Define the maps

®; x> expy, (8ix), ®;:(x,z) > (expy, (dix),8iz2),
and set the preimages! Q= CIDI._1 (2;) CR”, Q= <I>l-_1 ()= Qi ><(—8i_1, 81-_1). Also, set the pullbacks
hi = @7 h;, hi:= O7h; =h;j+dz2, and ii; := uiod;, IAJ:.’ :=U/o®;. Note that 171./(0) =U/(x;,0)=0and
Ui (x,z) = it} (x) —&;6;z. By diffeomorphism invariance, (7; are smooth solutions of IMCF in (ﬁi Jhy).
Therefore, #; solves the (g;§;)-regularized equation

Vﬁ.ﬁi
div( 53 L
(81- 51- +|V}~liu,’|2)l/2

) — Ve [V wl? in @),

Next, we take limit of the rescaled objects. Note that 5,- — {x, < 1} C R” locally, since §; — 0 and
Ai = 1. Also, hj — h:= ez‘/’O(x")/(”_l)(dx% + -+ + dx2) locally smoothly. Apply Theorem 2.18 with
the data 51', ﬁ,- and ;. As a result, there is a subsequence such that ﬁ; converge in Clgc to a function
it € Lipy.({xn < 1}), and @@’ solves IMCF({x, < 1}, ). By Lemma 2.10(3), i’ is a weak solution of the
weighted IMCF

~/
div(e%(x”) VO_”) — oVolxn) |V01Z/|,

IThe rule for setting up this notation: boldface — objects in M x R; tilde — objects in the pulled-back spaces; prime —
normalized functions (so that the value at x; is zero).
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where V denotes the Euclidean gradient. The gradient estimate (2-25) implies

~/ vt C(n) C(n)
[Vou' (x)| = |Vju' (x)| < o e oy < 1}’];) < ] for all x € {x, <O0}.

Furthermore, the C° bounds in Lemma 6.3 gives (recall u; =u; —u;(xi))
W)z Y5 —2C = () > Y5, (expy, (6:x) — 2C = Yo(xn) +o(1) —2C.

This passes to the limit and gives the bound %’ (x) = ¥¢(x,)—2C. Now all the assumptions of Theorem 4.3
are met, and we obtain %' (x) = ¥ (x,) — C’ for some other C’.

Set U'(x,z) := i/ (x) = ¥o(xn) — C’, which is the C2. limit of ﬁi’. The sub-level sets Eo(ff;/) have
locally uniformly bounded perimeter, by Lemma 2.24(i). Thus passing to a further sequence, we may
assume Eo(ﬁi/) — E in L} for some set E C {(x,z) : x, < 1}. Since l7i’ — U’ in CQ., we have
(see Remark 2.2)

(6-19) Eo(U')CE C Ef (U

up to zero measure. Next, by Corollary 2.16 and the nice convergence ¢ of hj, the gradients |V}, U | are
uniformly bounded in Bgn+1 (0 ) for all large i. Then by (2-6), EO(U ) are uniform (A, rg)- perlmeter
minimizers in (Bo(0, 3). h;). By Lemma B.1(i) and the fact 0 € 8E0(Ui’), we have 0 € spt(|lDyg|).
Combined with (6-19) and the expression U = ¥ (x,) — C, we see that there are only two possibilities:

() C'>0and E = {x, <0}, or

(2) C'=0,U'(x,z) = Yo(xn), and E C {x, <O}

Suppose the second case holds. By Theorem 2.9, the limit set E locally minimizes the energy Ji,
in{(x,z):x, <1}. As U =0in {(x,2) : x, <0}, this implies that E is locally inward-minimizing.
On the other hand, E is an outward minimizer of the weighted perimeter |; 9*E e¥o. By direct verification,
this implies that E is locally outward perimeter-minimizing in R”? 1. As a result, E is locally perimeter-

minimizing in R?*!. By Lemma B.3 and the facts E C {x, <0}, 0 €spt(|Dyg|), we have E = {x, <O0}.
So in either case we conclude that £ = {x, < 0}. Then by Lemma B.1(ii), we have

VEo(@) (0) > vE(0) = dx,,.

where v o @) is the outer unit normal of EO(U ) with respect to h;. On the other hand, we may evaluate

by unravehng the pullbacks
(¥ g @y iy (O = (97, 81 )g (i, 0).
This contradicts our initial assumption (v;, d,)g (x;,0) < 6p. |

Lemma 6.9 There exists ro < ry and ig € N, such that for all i = iy we have

inf ) >
(sz\szlgo)xmm rlg
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Proof By Lemma 6.8, we have infygxr (vi,0r)g = % for all sufficiently large i. Suppose that the lemma
is false. Then passing to a subsequence, we may find radii r; € (0, ry), r; — 0, and a sequence of points
qi = (xi,z;) € 0Q_;, xR, such that

(6-20) (vi,0r)g(xi zi) < 4.

By translation invariance, we may assume z; = 0. By reselecting each x; to have the smallest distance
to 02 (and decreasing r; correspondingly), we can further assume that

(6-21) (vi,d,;)g =5 inside (Q\Q_r)xR.

Finally, passing to a further subsequence, we may assume x; — xg € d2. By Lemma 6.8, there exist
numbers §; — 1 such that

(6-22) asizI;me’ Or)g = 0;.

Step 1 We establish a uniform bound on v; by parabolic estimates.

Recall that ¥ = graph(e—:i_l (u;j — t)) forms a downward translating soliton of the usual IMCF
in (Q\ E¢) xR. We apply Lemma 5.4 to the flow X}, with Q replaced by Q xR and with the choice ro = r;.
The small curvature condition (5-11) is implied by (6-4), and the condition p > % there comes from (6-21).
Choosing the parameter b; = (1 — 9,-)1/1’ there, it follows that F = (1 —(v;,d,)g)(b; —r/r;)~7 satisfies

2_ C y+2
(1= (v;.8,)g)” " H?OF + (Vs F.X) S 5(=F 7 +C2)
r:
1
inside (2 \ Q_,,) xR, where 0 =0, — H ~2 Ay is the heat operator associated to the IMCEF, and the
subscripts ¥ are shorthands for X%. Since X! evolves as translating soliton in the z-direction, we have
d; F = (Vx F,Y) for some smooth vector field Y. Hence

2_1 C] y+2
—(1=(v1.3,)¢)? "AsF + (V5 F. Z) < —=(—F "% + C3)
r:
1
1
. — ’ 2
LN ((R2\ Q2-r,) xR) is compact. By the maximum principle and invariance in the z-direction,

for some y € (O ) and Cjp, C, > 0 depending only on n. Since E’; is graphical, the intersection

v
max F) <max{ max (F), max (F), C/"
(Q\Q_ri)xR( ) {anR( ) BQ_,-ixR( ). &
)4
Smax{l, % Cy 2}.

From this we have

Y
6.23) L= (v.9,)g < C3 (bl- —i) in @\ Q) xR.
.

1

Step 2 We establish an inward minimizing property of the level sets of U;, where U; (x, z) = u; (x) —¢&;z.
Define & = Q x R. Fix ¢ € R, and consider E = E;(U;) N R. Suppose F € K € (M \ Ey) x R. Using
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the boundary condition (6-22), the fact vg = v; in , and the smooth IMCF equation div(v;) = |VgU;|,
we obtain, by the divergence theorem and writing |- | = #"~1(+),

P(E:RNK)—P(E\F:NK)+6,(|0"ENdQ N K|—[0*(E\ F)Nok N K])
S/ (VE.vi)g —/ (VE\F.Vi)g +/ (Xo*E — Xo=(E\F)) (Ve Vi)g
P*ENRNK I*(E\F)NRNK IRNK

=/ Ve Uil
ENF

Next, by the coarea formula we have

t
/ |VgU,-|g=f [0*Es(Ui)) NN Flds.
ENF inf pre (U;)

By a perimeter decomposition and Gronwall argument, as in Lemma 2.21, these imply
(6-24) P(E;QRNK)+60"ENINK|<P(E\F;QNK)+0;|0"(E\ F)Ndok NK]|
t
+/ e P(F; Es(U)NR)ds.
infrne (U;)

Notice that P(E; K) = P(E; N K)+ |0*E NJdR N K|, since E C 2. So the above inequality clearly
implies (where we have plugged in the definition of E)

(6-25) 0; P(E:(U;j) N @; K) < P((E.(U;) NR) \ F; K) + (" Mrne W _ 1) p(F),

We remark that, in the spirit of Theorem 3.8, outward-minimizing properties are sort of automatic.
On the other hand, the inward-minimizing property is closely related to the boundary condition. This
explains why (6-22) is invoked in this step.

Step 3 We are ready for the blow-up argument. Let y; € Q2 be the unique point with the smallest
distance from x;, and thus d(x;, y;) = r;. Consider the domains

Qi :=Bg(yi.V/ri)NQ, Q;:=Q; x(-1,1),
with the metrics
hi = ri_zg, h; = rl-_z(g+d22).

Define u} (x) :=u(x)—u(x;), U/(x,z) :=u}(x)—ez. Near y; we set up a geodesic normal coordinate in
the same way as in Lemma 6.8. Let exp,, be the induced exponential map; thus we have exp,, (—rien) = X;.
Consider the scaled coordinate maps

®; :x >exp), (rix), @i:(x,z) > (expy, (rix),riz).

Define Q; := ‘Di_l(Qi) CR" and €; := <I>l~_1(SZ,~) = Q; X (—rl._l, ri_l) C R**1, equipped with the
metrics and functions

fli = CI);-kh,', ill' = (I>;-kh,' = f;[ —|-de,

! . 7R 2 .
u;:=u;o®;, U :=U;o®,.
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So Q; is the intersection of Brn (O, 1//ri ) with a set that locally approximates {x, < 0} as i — co. Also,
notice that @;l(asz_,,.) locally approaches {x, = —1} when i — co. Let us view i}, (71/ as functions
defined only on Qi, §,~ (thus we are discarding the values outside these domains).

As usual, define e, = (0,...,0, 1) € R”. Further define e,, = (e,,0) € R”*T1. Note that x; = ®; (—e,)
and (Z/(x, z) =il (x)—¢&riz,so a’(—en) = 0. Also, 171-/ solves the smooth IMCF in (;, &;), by scaling
and diffeomorphism invariance.

We have @; — {(x,2) 1 xp <0} CR"*t! and h; — euc := =dx?+--+ dxn+1 locally smoothly. By
Corollary 2.16, we have the gradient estimate

~ C
(6-26) 9, T/l (xo2) < )
! ! |Xn |

where the o(1) term is uniform in all compact sets and goes to zero as i — 0o.

By Theorem 2.18 (applied with the data €;, k;, l7 ), up to a subsequence we have ﬁ ' U in .
for some U’ € Lipj. ({(x, 2) : xn < 0}), and the calibrations v; := Vj, U /IVy. U | converges to some v
in the weak L1 . topology. Finally, v calibrates U U’ as a solution of IMCF({xn < 0}: euc).

Taking the 11m1t of (6-26) and the C° bounds in Lemma 6.3, we have
C(n)

|Xn|

(6-27) Vi, U'ls = Ux,2)=—C

For (x,z) € ﬁi with —1 < x,, <0, we may calculate by unraveling the pullbacks and using the asymptotics

of the exponential map that

(6-28) (Pi. Ox, )5, (X, 2) = (vi, 0r) g (i (x). 7i2) + 0(1),

where the o(1) term locally uniformly converges to zero as § — 0. By (6-23) this implies

(6-29) (01, 9x, )5, (x,2) = 1= C3(bi — 7t (@i(x)))” —o(1).

Note that lim; oo rl._lr(@i (x)) = x5, and lim; 550 b; = 0. Thus taking the limit i — oo, we obtain
(6-30) (P, 0x, Jeuc(x,2) = 1—C3|x,|Y ae. when —1<ux, <0.

Then by Corollary 3.20, U’ actually solves IMCF({x, < 0}, euc) + OBS({x,, = 0}). Then applying
Theorem 4.1 with (6-27) with U’(—e,) = 0, it follows that U’ = 0.

Step 4 We argue similarly as in Lemma 6.8, to obtain a contradiction from the level sets. Recall
—e, € BEO(IZ’ ). Applying Lemma 2.24(i) to ﬁi C R”*1, we have the uniform bound (recall that we are
treating Eo(ﬁ[ ) as subsets of €;)

P(Eo(U):K)< P(R;NK) forall K € R"*1,
Thus, a subsequence of Eq(U/) converges to some E C {(x,z) : x, <0} in LL (R"*1).
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The gradient bound (6-26) and (2-6) implies the uniform (A, ro)-minimizing effect
(6-31) P(Eo(T)); B(~en. %)) < P(F: B(=en, 1)) + C|Eo(T}) A F),

whenever E()(a;,) AF e B(—en, %) Then by Lemma B.1(i), we obtain (—e,,0) € spt(|DyEg|). By
Theorem 2.9, E is a local minimizer of Jg, in {(x, z) : x, < 0}, and since U’ is shown to be constant,
E is actually a local perimeter minimizer in {(x, z) : x, < 0} (with respect to the Euclidean metric). At
this point, the minimizing is unknown to hold up to the boundary. However, one may show that E is
locally outward-minimizing in R”*!, by an approximation argument as in Theorem 3.8.

If we can show that E is locally inward perimeter-minimizing in R?*!, then Lemma B.3 implies
E ={(x,z2):xy, <—1}, and then Lemma B.1(ii) implies the convergence of normal vectors

vi(—en) = VEO(fjl/)(_en) — Oy,

This would contradict (6-20) due to (6-28), and thus prove the lemma. It remains to show the (nontrivial)
inward-minimizing of E.

For each fixed R, we define Qg = {|x’| < R, |xn| < R, |z| < R} C R"*1, Let us prove the following
almost constancy conclusion: for each R = 2 we have

(6-32) lim min{U/(x,z): (x.z) € QrNQ;} =0.
1 —>00

Recall the direction bound (6-21) and the definition v; = Vg U//|VgU/|,. Pulling back to Q;, these
imply that
U/
>

=
0xy,

~
i

0 in {—1<x,<0|xX|<R|zZ|<R}NQ

for sufficiently large i. Therefore, the minimum in (6-32) is attained at a point with —R < x < —% for
each large i. Since ﬁl.’ —>U'=0 uniformly on the compact set {|x’| SR, —R<x, < —%, |z] < R}, our
claim (6-32) immediately follows.

Now we pull back (6-25) via ®@;. In this process we notice that U; and Ul/ differ only by additive
constants, so (6-25) holds for (71.’ as well. Also, (6-25) is invariant under scaling. Moreover, notice a
subtlety in notation: in our setting, EO(IZ/ ) is the pull back of Eo(U/) N (i.e., the intersection with £

is already done via ®;). So for any F € Qg € Bgn+1(0,1/4/r; ), we have

6; P(Eo(T!): Or) < P(Eo(T)\ F: Q) + (¢ ™08 P) _ 1y p(F),

where the perimeters are with respect to the rescaled and pulled-back metric h;. Taking i — oo,

using (6-32), 6; — 1, and the convergence h; — euc in C° (R”*1), we obtain by the standard set

loc
replacing argument

P(E;QRr) < P(E\ F;QRg),

where the perimeters are with respect to the Euclidean metric. This proves the inward minimizing of E
in R"+1, m
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Proof of Proposition 6.5 Combining the results of Lemmas 6.8 and 6.9, by taking a subsequence we
can assume that there is a radius ro < ry such that

(6-33) inf (v;,0,)g=>1— l,

inf v;,0 >1 for all 7.
IQxR i (sz\sz_,o)xR<’ rlg = 3

Next, we apply Lemma 5.4 with the domain 2 x R in place of €2, and with the smooth solutions
E’; = graph(si_1 (u; —t)) and the parameter b = i~1/7_ The small curvature and p= % condition there
are satisfied by (6-4) and (6-33). Arguing verbatim as in Step 1 of Lemma 6.9, we obtain

y
(6-34) 1—(v;, a,)g < Cj (i_l/” — L) in (2\Q_,)xR.
ro

We next apply Lemma 5.5 in the region (€2 \ £2_,,) x R. Consider the quantity

-y
G=ro ((i—l/y — 1) — (2i_1/”)1_”)H,
o

where H is the mean curvature of E’;. The conditions in Lemma 5.5 are satisfied by (6-4), (6-33) and (6-34)
respectively. By the result (5-20) and the fact that E’; forms a translating soliton, we obtain

1 G 4n r\7(Cs
——AxG+ (VG Y) S ——+ —+ Cy[i7V7 — — = _1
sz+(z ) n+G+4(z ro) (G )

in (2 \ Q_,,) xR, for some C4, Cs > 0 independent of i. By the maximum principle, this implies

(6-35) max (G) <maxy max (G), max (G),2n+Cs
(Q—pro\Q2—ry)xR {BQ_rOXR 0Q2_pry xR }

< max{C(n),0,2n + Cs}.

Here, the control of G on 9Q2_,, x R follows by Corollary 2.16 and the assumptions for r;:

2C(n+ Dro <2C(n—i—1)r0<c IO xR
o(x;Q2xR,g)  o(x:Q.g) —ro '

G(x)<ro-2-H(x) <
So (6-35) implies

C -1
(6-36) Ve 1 |Vu?| = H < rg

(1Y =r[ro) 7 = i1V

As i — oo, we pass (6-34) to the limit and project onto the €2 factor, and obtain

d

Y
(6-37) 1—(v,d;) < C3( ) ae.in Q\ Q_;

o
see below (6-17) for the convergence to v. Passing (6-36) to the limit, we obtain

IVul < C(nyrg "|r[?™! in (Q\ Q) xR.
Finally, by Corollary 3.20 and (6-37), the solution u respects the obstacle 9€2. |
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Proof of Proposition 6.6 Let go be the product metric on 32 x (0, rg), and ® : dQ x (0, r9) — Q\ Q_,
be the normal exponential map. By (6-4), we have %go < d*g < 2g¢. By (6-16), (pulling back via ®),
we may view u = u(y, r) as a function on 92 x (0, r9) with |Vg,u| < Cro_yr”_l.

ForO<ry,rp < %ro, from the gradient bound we have

(6-38) u(y.r) —u(y.r)| <Cy~rg|rl =rJ | <Cy~lrg Y Iri—ral”.

Note that this implies u € LOO(BQ X (O, %ro)). Next, for r < %ro and dyq (v1, ¥2) <r, we have

(6-39) u(y1,r) —u(y2.7)| < Cry 'r’ daq(y1. y2) < Cry ' daq (31, y2)" .
Finally, suppose r < %ro and dyo (y1, y2) =r. If dyg(y1, y2) = %ro, then we have
(6-40) e ) =2, < 2l oo a0 (0,10/2)) (370) " - daa(y1,y2)".
If r <dsgq(yy, y2) < %ro, then we set s = djyq(y1, y2) and estimate
[u(yr.r) —u(y2, )l < fuyr, r) —u(yr, )| + [u(yz2, r) —u(y2, $)| + [u(yr, s) —u(y2. s)|
<20y g Ms =l + Cry sV dag(v1, y2)
< QCy™' +CO)rg " daa(y1. y2)" .

Combined with (6-38)~(6-40), it follows that u can be extend to a C %Y function on 92 x [0, 3¢ ]. Finally,
by the smallness of rg, there is a constant C such that dygx[o,r,/2](X, ) < Cdg(P(x), ®(y)). This
shows that u extends to a C % function on Q \ Q_;y/2- m]

Proof of Proposition 6.7 Forany x € Q\Q_, /3 and r < %ro, by (6-16) and the choice of r; we have

[r(x)|+r
(6-41) / |Vu| < / H* Y (B(x,r)NQ_s)CryVs¥ 1 ds < C'ry Vr" 117,
B(x,r)NQ max{0,|r(x)|—r}

It is already known that u respects the obstacle d2. For all ¢ > 0 and each competitor set £ C M
satisfying £ A E; € B(x,r), we compare the energy fuB(x’r)(Et) < fuB(x’r)(E N ) and obtain (note
that £; A (ENQ) € B(x,r) since E; C Q)

P(E:B(.r) < PENR:BG.n)+ [ 1Vul
E;A(ENQ)
< P(E; B(x,r)) + P(Q; B(x,r))— P(EUQ; B(x,r)) + Cry ' r* 117,
It is directly verifiable, using the C 2 smoothness of 02 (see [Tamanini 1984, Section 1.6]), that
P(Q2; B(x,r)) < P(EUQ; B(x,r)) + Cro_zr'H'l.
Thus we obtain the almost-minimizing condition

(6-42) P(E;; B(x,r)) < P(E;B(x,r))—l—Cro_yr"_lJ”’,
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Next, combining (6-15) and Remark 2.12, we obtain that almost every E; satisfies
(6-43) 1= (vE,,dr) < Carg " Ir]”.

In addition, on 0* E;N0*Q it is clear that vg, = d,. Since 9, is smooth, this has the following consequence:
for any / > 0 there exists a sufficiently small radius r(/), such that for all x € Q \ Q_,q),s<r(l), the
set E; N B(x,s) is representable as the sub-graph of a /-Lipschitz function in some geodesic normal
coordinate near x. Combining (6-42) and this small slope condition, the classical small excess regularity
theorem (see [Tamanini 1982; 1984; Almgren 1976]) implies the following: there is a sufficiently small
r1 < ro, such that almost every E; \ Q_,, isa C Ly/2 hypersurface. By the Arzela—Ascoli theorem, the
same conclusion holds for all > 0. O

7 On maximal solutions

Let E9 C M be an initial value. Recall that u is a maximal solution of IWVP(M ; Eg) if u = v on M \ Eg
for any other solution v of IVP(M; Ep). In this section, we prove the existence and basic properties of
such a solution.

7.1 Existence and properties

The following is a restatement of Theorem 1.8. In the proof we note that since the limit solution u is
unique, it (a posteriori) does not depend on the choice of Eé and ;.

Theorem 7.1 (existence) Let (M, g) be a (possibly incomplete) smooth Riemannian manifold, and
Eo C M be a(possibly unbounded) C !>! domain. Then there exists, up to equivalence, a unique maximal
solution of IVP(M ; Ey), in the sense of Definition 2.5.

Proof Find a sequence of precompact C 1 domains Eé such that Eé C Eg C---CEpand ;5 Eé =FEy,
and that for all K € M, the sets Eé N K eventually stabilize (i.e., Eé NK = Eé“ NK = Eé+2 NK=---
for large enough i). Next, find a sequence of smooth precompact domains 2; 3 Eé“ such that
Q1 EQyE---€M and | J;5, Q; = M. Let u; be the (unique) solution of IVP(2;; Eé) + OBS(0€2;),
given by Theorem 6.1.

Applying Corollary 3.23 to each 2;, we have u; = up; = uz = --- outside Ey. By the interior
gradient estimates (6-1) and Arzela—Ascoli theorem, some subsequence of u; converge in Clgc to a
function u € Lip; (M \ Eyo). By Theorem 2.13, u is a calibrated weak solution in M \ Ey. Since (6-1)
provides a uniform gradient estimate up to dEg, the resulting function u is Lipschitz up to dEg, and
satisfies u = 0, u|yg, = 0. Extending u by negative values inside Eg, we obtain a solution of IVP(M; Ey).

It remains to show that u is maximal. Suppose v € Lip,,.(M) is another solution of IVP(M ; Ey). For
each i we find functions v; € Lip;.(€2;), such that v; = v on ©; \ Ep, and v; =0 on Eg \ El and
v; <0 on Eé. By Definition 2.4(ii) it can be verified that v; is a subsolution of IVP(€2;; E(i)). Then by
Corollary 3.23, we obtain v; < u; on ; \Eé, and hence v < u; on ; \ Eg. As u is the descending limit
of u;, it follows that v < u on M \ Ej. O
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The following theorem summarizes the useful properties of maximal solutions.

Theorem 7.2 (properties) Let M, g, Eo be as in Theorem 7.1, and u be the maximal solution of
IVP(M; Eo) given there. Then the following hold:

(i) We have the interior gradient estimate

C
[Vul|(x) < sup H++l), xeM\Ey, r<o(x;M,g),
dEoNB(x,r) r

where H denotes the positive part of the mean curvature of dE¢, and o (x; M, g) is as in Definition 2.14.

(i1) If E¢ is connected, then E; is connected for all t > 0.

(iii) If Eg € M, then we have P(E;) < e' P(Ey).

Proof By the proof of Theorem 7.1, the maximal solution u arises as a limit of the solutions u; of
IVP(L2;; Eé) + OBS(0€2;), where Eé and 2; are precompact exhaustions of Egy and €2 as stated in
Theorem 7.1. Moreover, u does not depend on the choice of these exhaustions (since it is a unique object).

Given this setup, item (i) follows by passing Theorem 6.1(i) to the limit. Item (iii) follows by passing
Corollary 3.14 to the limit and using the lower semicontinuity of perimeter. It remains to prove (ii).
Given that Ey is connected, we claim that there is a sequence of connected precompact C ! domains
Eé C Eg C---CEpwith| JE ! — Ey. Once such an exhaustion is found, Lemma 3.9 implies that each
E;(u;) is connected. Then note that each E; (u;) is connected as well: otherwise, since u; € C°(Q;) by

Theorem 6.1, there will be a slightly smaller ¢’ so that E;(u;) is disconnected, contradiction. Finally, as
E¢(u) = ;> E:(u;), it follows that E;(u) is connected.

The connected exhaustion {Eé} is constructed as follows. Fix a basepoint xg € Eg. We start with an
arbitrary precompact C 1! exhaustion E (1) CE % C -+ C Eyp. Then let Eé be the connected component
of E 6 containing x¢. It follows that {Eé} is also an exhaustion: for any x € Ey, there is a path y € Ey
joining x and xo. We have y € E{) for all large i; hence y € Eé as well. Thus x € Eé. a

When € is a noncompact domain, the fact that u solves IVP(Q2; Eg) + OBS(d€2) does not imply
that it is the maximal solution of IVP(2; E¢). Intuitively, the maximal solution respects not only the
obstacle d€2, but also the “invisible obstacle” at infinity. Note that item (iii) may be a strict inequality,
whereas we always have equality for proper solutions. Thus, a portion of the perimeter may be lost at
infinity for nonproper solutions.

We mention the following examples of maximal solutions:

(1) In [Choi and Daskalopoulos 2021], one considers the (smooth) IMCF with a convex, noncompact,
C 1 initial domain Eg C R”. A compact approximation argument is employed to obtain a solution: one
finds bounded convex domains Eé C Eg C .-+ with ;5 E(i) = FE), and then takes u; to be the proper
(hence maximal) solution of IVP(R”; Eé), and finally take the descending limit ¥ = lim; o u;. Arguing
similarly as above, it follows that u is the maximal solution of IVP(R"; Ey).
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ul

Figure 4: An example of disconnected sub-level set.
(2) In the setting of Lemma 2.7, the function

wo(r) = (1 — 1)1og[ S ) }

f(ro)

is the maximal solution of IVP(R2; Ey).

(3) Consider Eq a half-space in the hyperbolic space, and let u be the maximal solution of IVP(H"; Ey).
By uniqueness, the function u|g»\ g, must be invariant under any isometry that preserves Eg. Therefore,
the level sets of u are equidistance sets from Eg. This reduces the flow to a one-dimension problem: the
maximal solution must be

u = (n—1)logcoshd(x, Eyp).

Remark 7.3 The connectedness of level sets (Theorem 7.2(ii)) only holds for maximal solutions, but not
general solutions. A concrete counterexample is as follows. Let Eg, E/ C H" be two disjoint half-spaces
that are sufficiently far separated. Define /; = arccosh(e!/ 1) and I, = arccosh(e?/®~1)). Define
u € Lip,.(H") such that

(1) ulgy, <0, and u|y(E,,1,) = (n—1)logcoshd(-, Ep);

(2) ulgr =1, and u|y(gr 1) =1+ (n—1)logcoshd(-, E');

(3) ulEn\(N(Eo 1) UN(E" 1)) = 2.

It follows that u solves IVP(H"; Ep), but E»(u) is not connected. See Figure 4 for an example of

disconnected sub-level set.

Remark 7.4 By the outward perimeter-minimizing property, each M \ E; (¢ > 0) has no compact
connected components. When M satisfies certain topological properties (for example, when M has one
end and Hy(M, Z) = 0), Theorem 7.2(ii) and this will together imply that dE; is connected as well. This
observation was already made in [Huisken and Ilmanen 2001, Lemma 4.2] for proper solutions.
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Remark 7.5 When Ey € M, a sufficient condition for the maximal solution to be nontrivial (i.e., u 5 0) is
there is A > P(Eo) and K € M, so that P(E) > A for any C! domain E with K € E € M.

Indeed, if the maximal solution is trivial, then the sequence of solutions in the proof of Theorem 7.1
satisfies u; — 0 in ClgC(M\Eo)- So for any § > 0 and K € M, we may find a large enough i with u; |g < 4.
Therefore, we find bounded a C! domain E = Eg(u;) ® K that satisfies P(E) < e® P(Ey). This is
exactly the converse of the above statement.

7.2 Properness and isoperimetry revisited

The purpose of this subsection is to reprove the properness criterion [Xu 2024, Theorem 1.2]. The proof
presented here essentially captures the technical core [Xu 2024, Lemma 4.4], while the conic cutoff
argument in [Xu 2024] is replaced here by Theorem 6.1. This proof is conceptually cleaner (but not actually
simpler since it relies on Theorem 6.1). Define the isoperimetric profile of a Riemannian manifold as

ip(v) = inf{|0*E|: E € M has finite perimeter, |E| = v}.

Theorem 7.6 (identical with [Xu 2024, Theorem 1.2]) Suppose (M, g) is a complete, connected, non-
compact Riemannian manifold with infinite volume and with dimension n = 2, such that the isoperimetric
profile satisfies

Yo dv
ip(v)
Then for any C'-! domain Eg € M, the maximal solution of IVP(M ; Ey) is proper.

(7-1) liminfip(v) = o0 and / < oo for some vg > 0.
V—>00 0
Proof Define the upper inverse isoperimetric profile
sip~!(a) = sup{|E| : E € M has finite perimeter, |0*E| < a}.

Clearly a +— sip_1 (a) is nondecreasing, and is finite for all @ > 0 due to (7-1). Under (7-1), it is proved
in [Xu 2024, Subsection 3.1] that v + 1/ip(v) is locally bounded in (0, c0).

Fix an exhaustion Eog € Q21 € 2, € - - -, with ©; smooth and Ul;l Q; = M. Let u; be the solution of
IVP(R2;; Eg) + OBS(0€2;) given by Theorem 6.1. Fix a basepoint xo € Ey, and define B(r) = B(xo, ).
Foreachi € N, ¢ > 0, and for almost every r > diam E¢ (so that 0 B(r) is rectifiable), we apply Lemma 4.2
with F = Q; 41\ B(r) to find

P(E:(u;)) < P(E;(u;) N B(r)) + (¢' = ) P(B(r): E; (u;)).
Using the decomposition identities (B-2), this further implies
H"V(E;(u;): B(r)®) <e' P(B(r); E;) forae. r > diam Ej.
Consider V(r) := |E;(u;) \ B(r)|, so V'(r) = —P(B(r); E;(u;)) for a.e. r. We also have
H'H(E (ui); Br) @)+ P(B(r): E/) = P(E((u;) \ B(r)) = ip(V(r))
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for almost every r. Combining all these inequalities, we obtain

_ip(V(r)

(7-2) Vi<

for a.e. r > diam Ej.

Also, V(diam Eo) < |E(u;)| < sip ' (P(E(u;))) < sip~ ' (e’ P(Ep)), where we used Corollary 3.14.
Hence solving the ODE inequality (7-2), we obtain

sip™! (e P(E0)) 4y

V(r)y=0 forall r>r*(t):=diamEo+(1—|—e’)/ - .
0 ip(v)
This implies E;(u;) C B(r«(¢)) for all ¢ > 0, which is a bound independent of i. By (7-1) and the
observations at the beginning of the proof, we have r4 () < oco.
Now we take the descending limit ¥ = lim; _, o, #;. Arguing as in Theorem 7.1, such a limit exists and
is the maximal solution of IVP(M; Eg). The bounds E;(u;) C B(r«(¢)) pass to the limit and this gives
E;(u) C B(r«(t)) € M. Hence u is proper. |

Appendix A Soliton examples in R?

Here, we collect several smooth solitons of IMCF in the plane. We also refer to [Castro and Lerma 2017;
Chang 2020; Drugan et al. 2016; Kim and Pyo 2019; 2020]. In these works, it was already noticed
that planar solitons of IMCF are usually incomplete. However, due to the nature of singularities at their
endpoints, the soliton curves contact tangentially with the boundary of the region that they sweep out.
Therefore, the solutions that they generate would respect the boundary obstacle. This observation provides
us the first class of nontrivial explicit examples.

We expect that the solitons presented here, as well as their analogies in more general circumstances,
appear as the blow-down limits at infinity or the blow-up limits at nonsmooth boundary points. See
Questions A.7 and A.8 for more elaborations. Another role of the examples is to provide insights in
forming the main theory in Sections 3 and 4.

The following setups are assumed. Suppose y C R? is a smooth curve with nonvanishing curvature, with
unit speed parametrization s. Let 7 := d'y/ds be its unit tangential vector, and 6 be the angle function so
that T = (cos 6, sin 0), and v := (sin 6, —cos 6) be the normal vector, finally x := d6/ds be the curvature.
Set the support function & = x - v, where x is the position vector. The following formula is well known:

(A-1) =h +dh
) Y=g

where dh/df = % = %Ms is a well-defined quantity.

Example A.1 (cycloids) By [Drugan et al. 2016, Theorem 8], any translating soliton y of IMCF in R? is
isometric to a cycloid. Indeed, after a scaling and rigid motion, we may assume that y is translating in
the positive x-direction with speed 1. Then the soliton equation reads % = (v, dx) = sin . Solving this
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Figure 5: Translating cycloids in a strip region. The bold curve represents JF;.

(see [Drugan et al. 2016]), we obtain a cycloid equation
(A-2) y(0) = 3(1—cos26,20 —sin26), 6 € (0, 7).

The curve y is embedded into the strip region = R x (0, 37), and its endpoints y(0), y(r) lie on 9<2.
By Taylor expansion, near y(0) the curve is the graph of

(A-3) y = %ﬁx3/2 + 0(x5/2), x> 0.

A similar result holds near y(;r) by symmetry. By Corollary 3.20, the translations of y generate a solution
of IMCF(2) + OBS(9€2) (which is actually smooth).

In the solution generated, each sub-level set E; is the unbounded region enclosed by the translation
y + (¢, 0) and the two lines (—oo, ) x {0}, (—o0, 1) X {%n} By the expansion (A-3), each dE; is globally
a C11/2 curve. See Figure 5.

Remark A.2 (homothetic solitons) Let ¢ € R \ {0}. If a curve y satisfies

(A-4) he =c~,
then the family of curves y; = e’y solves the IMCF. Urbas [1999] computed that (A-4) is equivalent to
d?h

For a full classification result based on this equation, see [Castro and Lerma 2017; Drugan et al. 2016;
Urbas 1999]. Furthermore, we refer to [Chang 2020] for a classification of more complex solitons with
simultaneous scaling and rotating behaviors.

We are interested in the case ¢ < 1. Solving (A-5), we obtain up to a normalization 4 (6) = sin(m 9).
Since the curve y becomes singular when /(8) =0, due to (A-4), we restrict the parameter to a single period
0e (O, n/v1—c¢ ) Then we insert the expression into (A-1) and obtain the curve y(6) in complex form,

(A-6) y(0) = —sin(«/ l—c G)ieie ++V1l—c cos(v l—c Q)eig.
. _1_ — _ 1+4/1—c : _

Settingu =1—+/1—cand k = i’ we can rewrite (A-6) as

(A7) y(0) = 3 (ke —e'kh?),

Comparing with the classical equations [Lawrence 1972, Sections 6.3, 6.5], we find that (A-7) describes
a hypocycloid (¢ < 0) or epicycloid (¢ > 0). This was previously observed in [Castro and Lerma 2017;
Drugan et al. 2016].
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Figure 6: Shrinking hypocycloids and expanding epicycloids, expanding nephroids. These
correspond to Examples A.3, A.4, A.6 respectively.

The following examples are illustrated in Figure 6.

Example A.3 (¢ < 0, shrinking hypocycloids) Assume ¢ <0, and set T = /+/1 —c. From (A-6) we

have y(0) = V1 —c and y(T) = +/1—c e!™/¥17¢=i7 Hence y is supported in a planar cone 2 with
1

1—c
fact limg_,o 7(0) = limg_, 1 h(8) = 0, the normal vector of y converges to the outer normal vector of 02

angle (1 — )71. Now the family of curves y; = e’y form a smooth solution of IMCF in Q. By the
when 6 — 0, T. Then by Corollary 3.20 and scaling invariance, the solution generated by y respects
the obstacle d€2. In such a solution, the sub-level set E; is the unbounded region enclosed by y; and
the two radial lines emanating from y;(0) and y;(7"). The boundary of E; isa C L1/2 curve, by similar
calculations as above.

This provides examples of solutions of IMCF that approach +oo near 9€2.

Example A.4 (¢ > 0, expanding epicycloids) Assume ¢ > 0. Similarly as above, the family of curves

y: = €'y form a solution of IMCF in a cone domain 2 with angle ( \/11: — l)zr, which respects the

obstacle d2. The sub-level set E; is the bounded region enclosed by y; and the two line segments
joining 0 and y;(0), v; (n/ V1—c ) Note that y is embedded in R? only when ¢ < %. For the case ¢ > %,
we may view y as being embedded in the universal cover of R? \ {0}.

This provides examples of solutions that approach —oo near 952.

Example A.5 (solution in bounded domains) Let u be a solution in Example A.4 generated by an
epicycloid. The restriction of u inside E;(u) is another solution that respects the obstacle dE;(u). This
provides an example of nontrivial solutions in precompact domains. See Remark 3.5(vi) and Theorem 3.21
for related discussions.

Example A.6 (c = %, nephroid) In the special case ¢ = % in Example A.4, the supporting domain 2

becomes a half plane. The corresponding curve y is often called a nephroid. This particular example
shows that the condition infg (1) > —oco in Theorem 4.1 cannot be removed.

In [Huisken and Ilmanen 2001, Proposition 7.2], it is proved that for a proper weak solution u in R”,
the rescaled limit at infinity is the unique proper eternal solution in R” \ {0}, which is uso = (n—1) log | x|.
It is natural to ask whether similar facts hold under the present of obstacles. Below we say that Q C R”
is a conic domain with smooth link, if AQ = Q for all A > 0 and dQ \ {0} is a smooth hypersurface.

Question A.7 Let Q C R” be a locally Lipschitz conic domain with smooth link. Then there is a unique
expanding soliton that generates a solution of IMCF(Q) + OBS(dQ). Suppose 2 C R” is smooth and
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asymptotic to Q at infinity. Consider the maximal solution of IVP(S2; Eg) for some Ey € 2. Then at
spatial infinity, a suitably normalized blow-down sequence converges to the expanding soliton supported

in Q.
On the other hand, shrinking solitons are related to the asymptotic limit near a rough boundary point,

when the boundary converges nicely to a convex tangent cone. In this respect, we raise the following:

Question A.8 Let Q@ C R” be a convex conic domain with smooth link. Then there is a unique shrinking
soliton that generates a solution of IMCF(Q)+ OBS(dQ). Let 2 C R” be a bounded domain, with 0 € 9<2,
and 02 \ {0} is smooth, and 2 is asymptotic to Q near 0. Consider the maximal solution of IVP(2; Ey)
for some Ey € 2. Then at x, a normalized blow-up sequence converges to the shrinking soliton supported

in Q.
The solution u in both questions is characterized as the maximal solution. Since the main existence

Theorem 1.7 requires smoothness of the domain, we did not state that u is a solution of the equation
IVP(2; Eg) + OBS(0€2), although this is expected.

Appendix B Background in geometric measure theory

We collect relevant results in geometric measure theory, which are used in the main text. We assume that
the reader is familiar with the notions of sets with locally finite perimeter and reduced boundary. For a
detailed introduction on this topic, we refer to the books [Ambrosio et al. 2000; Evans and Gariepy 2015;
Maggi 2012]. Given a set E with locally finite perimeter, we denote by 0* E the reduced boundary of E,
and vg the measure-theoretic outer unit normal, and | D y g | the perimeter measure. De Giorgi’s structure
theorem implies that |Dy g | = #"*~!1L0* E. For an open set 2, we denote by P(E; Q) = |Dyg|(RQ) the
perimeter of E inside U.
Given a measurable set E, and « € [0, 1], we define

E N B(x.
E@ e tim ENBOD]
r—>0 |B(x,r)|

The set E( is often called the measure-theoretic interior. Federer proved that if E has locally finite

perimeter, then we have a disjoint union

(B-1) M=EWUEOUyEUZ

for some Z with #"*~1(Z) = 0. See [Maggi 2012, Theorem 16.2]. For sets E, F with locally finite

perimeters, such that H"~1(3* E N 9* F) = 0, we have the decomposition of perimeters
P(ENF;K)y=H""YO*ENFONK)+ 1 Y @*FNEVNK),

(B-2) P(EUF:K)=H"10*ENnFONK)+H" ' (@*FNE®NK),
P(E\F:K)=H"1YENnFONK)+H" @ FNnEYNK);

see [Maggi 2012, Theorem 16.3].
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Let Q be a domain in a Riemannian manifold (M, g), and A, rg > 0 be two constants. We call £
a (A, ro)-perimeter minimizer in (2, g), if for all balls B(x,r) € M with r < rp, and all comparison
sets F with E A F € B(x,r) N2, we have

(B-3) P(E; B(x,r)) < P(F;B(x,r))+ A|EAF]|.

This definition follows [Maggi 2012, Chapter 21] except that we do not assume spt(|Dyg|) = JdE. It is

well known [Almgren 1976; Maggi 2012; Tamanini 1982] that the measure-theoretic boundary of a (A, rg)-

perimeter minimizer is a C 1% hypersurface, where a < %, except for a codimension-eight singular set.
The following regularity and convergence results follow by combining (the Riemannian analogue of)

Theorems 21.11, 21.14 and 26.6 in [Maggi 2012]; see also [Tamanini 1982; 1984].

Lemma B.1 Let (M, g) be a Riemannian manifold. Suppose the domains €2; converge to 2 locally, and
the metrics g; — g locally smoothly. Suppose E; C Q; are (A, ro)-perimeter minimizers in (£2;, g; ), and
xi € spt(|DyxE;|), such that E; — E in L and x; — x. Then:

(1) E is a (A, ro)-perimeter minimizer in (2, g), and x € spt(|D xg|), and the upper density of E at x
is bounded above by a dimensional constant ¢ < 1.

(i) If x € 0*E, then x; € 0* E; for sufficiently large i, and we have vg, (x;) — VE (X).

Finally, we prove two technical lemmas that are used in the main text. We denote by {e¢; } the standard
basis of R”, and for a point x = (x1,...,Xs—1,Xn) € R", we write x = (x/, x,) for short.

Lemma B.2 Let @ C R" be a convex domain. Fix 6 € (0, %n) Suppose E C R" has locally finite
perimeter. Moreover, assume that

essinf(vg,e,) = cos .
0*ENQ

If E has nonzero lower density at a point x = (x’, x,) € Q, then E has density 1 on the set
(B-4) QN{(' yn) €R" 1 yp <xp— |y —x'[tan 6}

Proof Let p. (¢ > 0) be a family of standard mollifiers, and set f, = y g * ps. Let Q" € Q be another
convex domain. For any smooth vector field X with supp(X) C Q' and any ¢ < d(3Q2’, 92), we compute

—/ st-X:/ fsdivX:/div(ps*X):/ (e x X)-vEg dH" L
R7 R”? E 0*E

Let w be any constant vector field with (w, e,) = sin@ (thus (vg,w) = 0 a.e.). Setting X = pw for
arbitrary ¢ € C§°(R2'), ¢ = 0, we obtain

0
[ o= [ erptwn =0
n w >*E

This implies % <0in Q’. Let © > 0 be the lower density of E at the given point x. For all sufficiently
small & we have fg(x) = %@, and it follows by the convexity of Q’ that f, > %@ in the region

0 :=Q'N{0  yn):yn <xn— |y —x'| tan 0}.
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Taking ¢ — 0, we conclude that E has density at least %@ almost everywhere in Q. Therefore E occupies
full measure in Q. The result follows by taking Q" — Q. |

Lemma B.3 Let E C {x, <0} be nonempty and locally perimeter-minimizing in R"”. Then E must be a
half space, i.e., there exists ¢ > 0 such that E = {(x', x;,) : xn, < —c}.

Proof Choose x € 0* E. There exists a sequence A; — 0o, such that the limit Eoo = lim; 00 A; (E — X)
exists and is a perimeter-minimizing cone. Since Eo, C {x, < 0} and 0 € spt(|Dyg_,|), it follows by
a strong maximum principle [White 2010, Theorem 4] that 0E» = {x, = 0}. Then by the classical
monotonicity formula (see [Maggi 2012, Theorem 28.17] for details), dE itself is a cone centered at x.
Thus dE must be a flat hyperplane. O
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