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9. Exponential maps and explicit formulas

Masato Kurihara

In this section we introduce an exponential homomorphism for the Milnor K -groups
for a complete discrete valuation field of mixed characteristics.

In general, to work with the additive group is easier than with the multiplicative
group, and the exponential map can be used to understand the structure of the multi-
plicative group by using that of the additive group. Wewould like to study the structure
of K,(K) for acomplete discrete valuation field /& of mixed characteristicsin order
to obtain arithmetic information of K. Note that the Milnor K -groups can be viewed
as a generalization of the multiplicative group. Our exponential map reduces some
problems in the Milnor K -groups to those of the differential modules Q;,  whichis
relatively easier than the Milnor K -groups.

As an application, we study explicit formulas of certain type.

9.1. Notation and exponential homomor phisms

Let K be acomplete discrete valuation field of mixed characteristics (0, p). Let Ok
be the ring of integers, and F' beitsthe residue field. Denote by ord,: K* — Q the
additive valuation normalized by ord,(p) = 1. For n € O we have an exponential
homomorphism

exp,: 0 — K*,  aw expna) =Y (na)"/n!
=)

if ord,(n) > 1/(p —1).
For ¢ > 0 let K,(K) bethe ¢thMilnor K -group, and define K ,(K) asthe p-adic
completion of K (K), i.e.

K (K) =limK,(K) ® Z/p".
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For aring A, we denote as usual by Qi the module of the absolute differentials,
ie Q} =Q,. Forafield F of characteristic p and a p-base I of F, Qf isan
F-vector space with basis dt (t € I). Let K be as above, and consider the p-adic
completion Q}  of Q}

Qp, =limQs, ©Z/p".

Wetakealifting I of a p-base I of F, andtakeaprimeelement 7 of K. Then, ﬁl

isan Ox-module (topologlcally) generated by dm and dT (T € I) ([Ku1, Lemma
1.1]). If I isfinite, then Q1 is generated by dm and dT (T € I) in the ordinary
sense. Put

QY =04,
Theorem ([Ku3]). Let n € K bean element such that ord,(n) > 2/(p — 1). Thenfor
q > 0 there exists a homomor phism

exp@: QY — K (K)

such that
db db,_
expﬁf)(ab—l Ao A LY = {exp(na), b, . .., by_1}
1 q—
forany a € O andany by, ...,b,—1 € OF.
Note that we have no assumptionon F' ( F' may beimperfect). For by, ...,b,_1 €
Ok wehave

exp(a-dby A -+ Adby_1) = {expnaby - - bg_1),b1, ... bg-1}.

9.2. Explicit formula of Sen

Let K be afinite extension of Q, and assume that a primitive p" th root ¢, isin
K. Denoteby Ky thesubfield of K suchthat K /Ky istotally ramified and Ko/Q,
is unramified. Let = be a prime element of O, and g(T') and h(T) € Ok, [T] be
polynomias such that g(r) = 5 and h(rm) = (,», respectively. Assumethat o satisfies
ord,(a) > 2/(p— 1) and 3 € O}. Then, Sen'sformula([S]) is

1
@H=Gr o= T, (2510

where (o, 3) isthe Hilbert symbol defined by (c, 5) = v 1Wg(a)(y) where 4?" = 3
and Wy isthe reciprocity map.

The existence of our exponential homomorphism introduced in the previous sub-
section helps to provide a new proof of this formula by reducing it to Artin—Hasse's

log )

Geometry & Topology Monographs, Volume 3 (2000) — Invitation to higher local fields



Part 1. Section 9. Exponential maps and explicit formulas 93

formulafor (o, (pn). Infact, put £ = Q,((,»), andlet n bean element of £ such that
ord,(n) = 2/(p — 1). Then, the commutative diagram

~ ex ~
0L 2 Ry(K)

Trl Nl
QL P Rk

(N: IA(Z(K) — I?z(k) is the norm map of the Milnor K -groups, and Tr'ﬁ1 —

Q1 is the trace map of differential modules) reduces the calculation of the H|Ibert
symbol of elements in K to that of the Hilbert symbol of elements in k& (namely
reduces the problem to Iwasawa' sformula[l]).

Further, since any element of ﬁ%}k can be written in the form ad,» /(,», we can
reduce the problem to the calculation of (c, (,n).

In the same way, we can construct a formula of Sen’stype for a higher dimensional
local field (see [Ku3]), using a commutative diagram

~ exp,  ~
Qo epry —— Kea(K{TH)

r&sl resl
~o_1 exp,, ~
Q%K K(J(K)
where the right arrow is the residue homomorphism {«, T} — « in[Ka], and the left

arrow is the residue homomorphism wdT'/T' +— w. Thefield K{{T}} is defined in
Example 3 of subsection 1.1 and O x {{T'}} = O g7y

9.3. Some open problems

Problem 1. Determine the kernel of exp%‘I) completely. Especidly, in the case of a

d-dimensional local field X, the knowledge of the kernel of exp{® will give alot of
information on the arithmetic of K by classfield theory. Generally, one can show that

pdQ% % C ker(expl?: Q% bt — K, (K)).

For example, if K isabsolutely unramified (namely, p isaprime element of K) and
p > 2, then pdQ% 2 coincides with the kernel of exp@ ([Ku2]). But in general, this
is not true. For example, if K = Q,{{T}(¥/pT) and p > 2, we can show that the
kernel of expl? isgenerated by pdOx and the elements of the form log(1 — 2?)dx /x
forany © € M where Mg isthe maximal ideal of O.
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Problem 2. Can one generalize our exponential map to some (formal) groups? For
example, let G be a p-divisible group over K with |K : Q,| < co. Assume that the
[p"]-torsion points ker[p”] of G(K39) arein G(K). We define the Hilbert symbol
K* x G(K) — ker[p"] by (o, 8) = Wk(a)(7) —¢ v where [p"]y = 3. Benois
obtained an explicit formula ([B]) for this Hilbert symbol, which is a generalization
of Sen’s formula. Can one define a map expG:Q(ng ® Lig(G) — K* x G(K)/ ~
(some quotient of K* x G(K)) by which we can interpret Benois's formula? We also
remark that Fukaya recently obtained some generalization ([F]) of Benois'sformulafor
ahigher dimensional local field.
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