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The quadratic form Eg and exotic homology manifolds

WASHINGTON MIO
ANDREW RANICKI

An explicit (—1)"—quadratic form over Z[Z>"] representing the surgery problem
Eg x T?" is obtained, for use in the Bryant-Ferry—Mio—Weinberger construction of
2n—dimensional exotic homology manifolds.

57P99

Dedicated to John Bryant on his 60th birthday

1 Introduction

Exotic ENR homology n—manifolds, n = 6, were discovered in the early 1990s by
Bryant, Ferry, Mio and Weinberger [1; 2]. In the 1970s, the existence of such spaces
had become a widely debated problem among geometric topologists in connection with
the works of Cannon [4], Edwards [9] and Daverman [8] on the characterization of topo-
logical manifolds. The Resolution Conjecture, formulated by Cannon in [3], implied
the non-existence of exotic homology manifolds — compelling evidence supporting
the conjecture was offered by the solution of the Double Suspension Problem. Quinn
introduced methods of controlled K —theory and controlled surgery into the area. He
associated with an ENR homology n—manifold X, n = 5, alocal index 1(X) € 8Z+ 1
with the property that (X)) = 1 if and only if X is resolvable. A resolution of X is
a proper surjection f: M — X from a topological manifold M such that, for each
x € X, f~1(x) is contractible in any of its neighborhoods in M . This led to the
celebrated Edwards—Quinn characterization of topological n—manifolds, n = 5, as
index—1 ENR homology manifolds satisfying the disjoint disks property (DDP) (see
the articles by Quinn [17; 18] and Daverman [8]. More details and historical remarks
on these developments can be found in the survey articles by Cannon [3], Edwards [9],
Weinberger [26] and Mio [14], and in the book by Daverman [8].

In [1; 2], ENR homology manifolds with non-trivial local indexes are constructed as
inverse limits of ever finer Poincaré duality spaces, which are obtained from topological
manifolds using controlled cut-paste constructions. In the simply-connected case, for
example, topological manifolds are cut along the boundaries of regular neighborhoods
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34 Washington Mio and Andrew Ranicki

of very fine 2—skeleta and pasted back together using e—homotopy equivalences that
“carry non-trivial local indexes” in the form of obstructions to deform them to homeo-
morphisms in a controlled manner. The construction of these € —equivalences requires
controlled surgery theory, the calculation of controlled surgery groups with trivial local
fundamental group, and “Wall realization” of controlled surgery obstructions. The
stability of controlled surgery groups is a key fact, whose proof was completed more
recently by Pedersen, Quinn and Ranicki [15]; an elegant proof along similar lines
was given by Pedersen and Yamasaki [16] at the 2003 Workshop on Exotic Homology
Manifolds in Oberwolfach, employing methods of Yamasaki [27]. An alternative proof
based on the o—Approximation Theorem is due to Ferry [10].

The construction of exotic homology manifolds presented by Bryant, Ferry, Mio and
Weinberger [2] is somewhat indirect. Along the years, many colleagues (notably
Bob Edwards) voiced the desire to see — at least in one specific example — an explicit
realization of the controlled quadratic form employed in the Wall realization of the local
index. This became even clearer at the workshop in Oberwolfach. A detailed inspection
of the construction of [2] reveals that it suffices to give this explicit description at
the first (controlled) stage of the construction of the inverse limit, since fairly general
arguments show that subsequent stages can be designed to inherit the local index.

The main goal of this paper is to provide explicit realizations of controlled quadratic
forms that lead to the construction of compact exotic homology manifolds with funda-
mental group Z2", n > 3, which are not homotopy equivalent to any closed topological
manifold. This construction was suggested in [2, Section 7], but details were not
provided. Starting with the rank—8 quadratic form Eg of signature 8, which generates
the Wall group Lo(Z) = Z, we explicitly realize its image in L,,(Z[Z>"]) under the
canonical embedding Ly(Z) — L,,(Z[Z*"]).

Let

Yo =

SO = = O O O O
S — = O O O O O
—_—_ 0 O O O O

S O OO O oo
S O oo o o~ O
S OO O O~ = O
S OO O = = O -
S OO = = O O O
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The quadratic form Eg and exotic homology manifolds 35

be the 8 x 8§ matrix over Z with symmetrization the unimodular 8 x 8 matrix of the
Eg—form:

(2001000 0\
02100000
01210000
10121000
*x —
Yo+ Yy =Es= 00012100
00001210
00000121
KO 0000012
Write
Z[Zzn] =Z[21’Zl_1,..-922n922_nl]
:Z[Zl,Zl_l]®Z[Zz,Zz_l]®"'®Z[22n’22_nl]‘
Fori =1,2,...,n define the 2 x 2 matrix over Z[z;_1.25;" | . 22,25} ]
1 =221 Z2i-122i —Z2i—1— Z2i
o = ’
1 I—ZZi

so that oy @ a2 @ -+ ® oy, is a 2" x 2™ matrix over Z[Z*"]. (See Section 6 for the
geometric provenance of the matrices ;).

Theorem 8.1 The surgery obstruction Eg x T?" € Ly,(A) (A = Z[Z*")) is repre-
sented by the nonsingular (—1)" —quadratic form (K, A, ;) over A, with

K=7"®@A* = A"
the f.g. free A—module of rank 8.2" = 2"*3 and
A=v+(—1)"y*: K— K* =Homp (K, A),
1x) =¥ (x)(x) € Oy (A) = A/{g + (=1)" g™ |g € 2"} (x € K)

with
Y=9%Q0; Qar R - Qay: K — K*.

Sections 2—-8 contain background material on surgery theory and the arguments that
lead to a proof of Theorem 8.1. Invariance of Eg x T'2"* under transfers to finite covers
is proven in Section 9. In Section 10, using a large finite cover 72" — T2", we
describe how to pass from the non-simply-connected surgery obstruction Eg x 72"
to a controlled quadratic Z—form over 72", Finally, in Section 11 we explain how
the controlled version of Eg x T2" is used in the construction of exotic homology
2n-manifolds X with Quinn index 1(X) = 9.
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36 Washington Mio and Andrew Ranicki

2 The Wall groups

We begin with some recollections of surgery obstruction theory — we only need the
details in the even-dimensional oriented case.

Let A be a ring with an involution, that is a function
A=A a—a

satisfying

a+b=a+b, ab=ba, a=a, 1=1€A.

Example 2.1 In the applications to topology A = Z[x] is a group ring, with the
involution

T Zn) > Zlr) Y agg > Y agg”' (ag €2).

gem gEm

The involution is used to define a left A —module structure on the dual of a left A—
module K
K* :=Homp (K, A),
with
AxK*— K*; (a, )~ (x = f(x).q).
The 2n—dimensional surgery obstruction group L,,(A) is defined by Wall [25, Sec-

tion 5] to be the Witt group of nonsingular (—1)" —quadratic forms (K, A, ;1) over A,
with K a finitely generated free (left) A—module together with

(i) apairing A: K x K — A such that
AMx,ay) = ak(x, ),
AXx,y+2z)=Ax,p)+ A(x, 2),
Ay, x) = (=1)"A(x,»)
and the adjoint A —module morphism
A K— K* x> (¥ Ax, p))

is an isomorphism,
(i) a (—1)"—quadratic function u: K — Qpyn(A) = A/{a+ (—1)"ta|a € A}
with
)\(X, X) = ,LL(X) + (—1)nm’
p(x +y) = pu(x) + pu(y) +Ax, p),
plax) = ap(x)a.
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For a f.g. free A—module K = A" with basis {e1, e,,...,e,} the pair (A, t) can be
regarded as an equivalence class of r x r matrices over A

v =Wijh<ij<sr Wij €A)
such that ¢ + (—1)"¢* is invertible, with ¥* = (Ej,-), and
v~y iy = =y + (—1)"+1X* for some r x r matrix x = (x;j).
The relationship between (A, i) and v is given by
Meinej) = Vi + (=)"j; € A,
piei) = vii € Q—1yn(A),
and we shall write

The detailed definitions of the odd-dimensional L—groups L,,+1(A) are rather more
complicated, and are not required here. The quadratic L—groups are 4—periodic

Ly (A) = Lm+4(A)-
The simply-connected quadratic L—groups are given by
Z if m =0(mod 4)
0 ifm=1(mod 4)

Zy ifm=2(mod4)
0 if m=3(mod4)

Li(Z) = P =

(Kervaire—Milnor). In particular, for m = 0(mod 4) there is defined an isomorphism

Ly(2) =, 7, (K,A,u)H— %signature(K, A).

The kernel form of an n—connected normal map (f,b): M*" — X from a 2n—
dimensional manifold M to an oriented 2n—dimensional geometric Poincaré complex
X is the nonsingular (—1)"—quadratic form over Z[r{(X)] defined by Wall [25, Sec-
tion 5]

with

Ky(M) =ker( fy: Hy(M) — Hy(X))

the kernel (stably) f.g. free Z[7r; (X )]-module, X the universal cover of X, M = f *X
the pullback cover of M and (A, i) given by geometric (intersection, self-intersection)
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38 Washington Mio and Andrew Ranicki

numbers. The surgery obstruction of Wall [25]

0x(f.b) = (Kn(M), A, ) € Lyp(Z[7r1(X)))

is such that o« (f,b) = 0 if (and for n = 3 only if) (f, b) is bordant to a homotopy
equivalence.

The Realization Theorem [25, Section 5] states that for a finitely presented group 7
and n = 3 every nonsingular (—1)"—quadratic form (K, A, ) over Z[r] is the kernel
form of an n—connected 2n—dimensional normal map f: M — X with 7 (X) =m.

3 The instant surgery obstruction

Let (f,b): M™ — X be an m—dimensional normal map with fy: 71 (M) — m1(X)
an isomorphism, and let f M—>Xbea m1(X) —equlvarlant lift of f to the universal
covers of M, X. The Z[r;(X)]-module morphisms f* H, (M )— H, (X ) are split
surjections, with the Umkehr maps

£ 1, (@) = 1 (@ L il = G,
such that
fuft=1: H(X) — H.(X).
The kernel Z[r(X)]-modules
Ky (M) = ker(fo: Hy(M) — Hy(X))
are such that
Hy (M) =K,(M)® Hy(X), K, (M) = Hy 11 ().
By the Hurewicz theorem, ( f,b) is k—connected if and only if
K,(M)=0forr <k,

in which case Ky (M) = mp41(f). If m = 2n or 2n + 1 then by Poincaré duality
(f,b) is (n + 1)—connected if and only if it is a homotopy equivalence. In the even-
dimensional case m = 2n the surgery obstruction of ( £, b) is defined to be

ox(f.0) = 0x(f'. b)) = (Kn(M'), M, 1) € Lon(Z[71 (X))

with (f/,b"): M’ — X any bordant n—connected normal map obtained from ( f, b) by
surgery below the middle dimension. The instant surgery obstruction of Ranicki [19] is
an expression for such a form (K, (M’), A", u’) in terms of the kernel 2n—dimensional
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The quadratic form Eg and exotic homology manifolds 39

quadratic Poincaré complex (C,¥) such that Hy(C) = K«(M). In Section 8 we
below we shall use a variant of the instant surgery obstruction to obtain an explicit
(—1)"—quadratic form over Z[Z>"] representing Eg x T?" € L,,(Z[Z*")).

Given a ring with involution A and an m—dimensional f.g. free A-module chain
complex

C: Cp N m—1 —> - —>Cp — Cp
let C™™* be the dual m—dimensional f.g. free A —module chain complex, with
dem— = (=1)"d*:
(C™*), = C"™ " = (Cp—r)* = Homp (Cy—y, A) — C™7F1L
Define a duality involution on Homy (C™~*, C) by

T: Homp (C?,Cy) —> Homp (C?,Cp); ¢ > (—1)P99*.

An m—dimensional quadratic Poincaré complex (C,¥) over A is an m—dimensional
f.g. free A—module chain complex C together with A —module morphisms

Ys: C" = Cry—s (s = 0)
such that
dys + (=) Ysd™ + ()" T W + (DT T ) = 0: C"TTT S G

for s = 0, and such that (1+T7)vg: C™* — C is a chain equivalence. The cobordism
group of m—dimensional quadratic Poincaré complexes over A was identified in Ranicki
[19] with the Wall surgery obstruction L,,(A), and the surgery obstruction of an m—
dimensional normal map ( f,b): M — X was identified with the cobordism class

ox(f,b) = C(f*), ¥p) € Ln(Z[1 (X))

of the kernel quadratic Poincaré complex (C(f"). V), with C(f*) the algebraic map-
ping cone of the Umkehr Z[7{ (X )]-module chain map

7 oX) ~cX)"* S C(M)Y"™™™ ~ C(M).

The homology Z[r1 (X )]-modules of C(f*) are the kernel Z[r;(X)]-modules of f

Hi(C(fY) = K«(M) = ker(fx: Hy(M) — Hy(X)).
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40 Washington Mio and Andrew Ranicki

Definition 3.1 The instant form of a 2n—dimensional quadratic Poincaré complex
(C,¥) over A is the nonsingular (—1)"—quadratic form over A

d* 0 _
(K, A, pn) = (coker(((_l)n+1(l + T)vo d) cr—1 ®Cpyr —> cn ®Cn+1)v

[Wo+(—1)”1ﬂg d] [Wo d])
—nra*  o|'lo ol)

If C; is f.g. free with ranky C, = ¢, then K is (stably) f.g. free with

n
rankp K = Z(_l)r(cn—r + Cnyr41) EZ.
r=0

If (1+T)vyo: C*"* — C is an isomorphism then
Cntr+1 = Cp—r—1, rankp K = ¢y,
with
(K, Ay ) = (C™ 90 + (=1)"¥g . ¥o).

Proposition 3.2 (Instant surgery obstruction, Ranicki [19, Proposition 1.4.3])
(i) The cobordism class of a 2n—dimensional quadratic Poincaré complex (C, V) over
A is the Witt class

(C’ w) = (Kv)" /’L) € LZH(A)
of the instant nonsingular (—1)" —quadratic form (K, A, u) over A.

(i) The surgery obstruction of a 2n—dimensional normal map (f,b): M — X is
represented by the instant form (K, A, t) of any quadratic Poincaré complex (C, )
which is chain equivalent to the kernel 2n—dimensional quadratic Poincaré complex

(C(f1): V)
0x(f.b) = (K. A, ) € Lap(Z[mr1(X)]).

Remark 3.3 (i) If (f,b) is n—connected then C is chain equivalent to the chain
complex concentrated in dimension n

C:0—»--->0->K,M)—-0—---—0
and the instant form is just the kernel form (K,(M), A, u) of Wall [25].

(ii) More generally, if (£, b) is k—connected for some k& <n then C is chain equivalent
to a chain complex concentrated in dimensions k,k +1,...,2n—k

C:0—>o0—>Copp—>—>Cp—rr—Cp—>0—-—0.
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For n >3 the effect of surgeries killing the ¢,,_ generators of H2"~%(C) = Ky (M)
represented by a basis of C 2n=k is a bordant (k + 1)—connected normal map

(f'.b)y: M- X
with €(f": C (X; )—>C (]\7 ")) chain equivalent to a chain complex of the type
C/:O_’"'_>O_>C£n—k—1_>"'_)Cr;_)"'_’C12+1 —->0—.:-.-—0
with

ker((d (14+ T)Yo): Cry ®C* 5 Cp) ifr=k+1

r

C, ifk+2<r<2n—k-1.

Proceeding in this way, there is obtained a sequence of bordant j —connected normal
maps
(fi.bj) Mj - X (j=k,k+1,...,n)
with
(Jie: bk) = (£.B). (fj+1.b541) = (fj. b))

The instant form of (C, 1) is precisely the kernel (—1)" —quadratic form

(Kn(My), An, fhn)

of the n—connected normal map ( fy,, b,): M, — X, so that the surgery obstruction of
(f,b) is given by
ox(f,b) =0x(fi,br) =+ = 0x(fn,bn)
= (Kn(Mp), An, ptn) € Lon(Z[m1 (X))).

4 The quadratic form Ejg

For m = 2 let M(;‘m be the (2m — 1)—connected 4m—dimensional PL manifold
obtained from the Milnor E's—plumbing of 8 copies of tg2», by coning off the (exotic)
(4m — 1)—sphere boundary, with intersection form Eg of signature 8. (For m = 1
we can take My to be the simply-connected 4—dimensional Freedman topological
manifold with intersection form Eg). The surgery obstruction of the corresponding
2m—connected normal map ( fo, bg): M, 6‘ m _ §4M represents the generator

04 (fo.b0) = (Kam(Mo), A, 1) = (Z%, Eg) =1 € Ly(Z) = Lo(2) =Z
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with
KZm(MO) = H2m(M0) =78

(20010000
02100000
01210000
10121000

A=Es=100012100
00001210
00000121

\00000012

5 The surgery product formula

Surgery product formulae were originally obtained in the simply-connected case,
notably by Sullivan. We now recall the non-simply-connected surgery product formula
of Ranicki [19] involving the Mishchenko symmetric L —groups. In Section 6 we shall
recall the variant of the surgery product formula involving almost symmetric L—groups
of Clauwens, which will be used in Theorem 8.1 below to write down an explicit
nonsingular (—1)"—quadratic form over Z[Z?"] (n > 1) representing the image of the
generator

l=Ege Lyp(Z)=7 (m=0)
under the canonical embedding
— X T?": Lam(Z) = Lam+20(Z[Z*"));
0x((fo.bo): Mg — S*™) = Eg > 04((fo. bo) x 11 Mo x T?" — S4™M 5 T21).,
An n—dimensional symmetric Poincaré complex (C, ¢) over a ring with involution A
is an n—dimensional f.g. free A—module chain complex

d d
C:Cp —=Cyg G Co

together with A —module morphisms

¢s: C" =Homp (Cr, A) = Cy—pys (s = 0)
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such that
dps + (=1)" ¢sd* + (=1)" " ps—1 + (=1)*Tps—1) = O:
Crrt5=1 5 C, (s=0,¢_; =0)
and ¢o: C"* — C is a chain equivalence. The cobordism group of n—dimensional
symmetric Poincaré complexes over A is denoted by L"(A) — see Ranicki [19] for a

detailed exposition of symmetric L—theory. Note that the symmetric L—groups L*(A)
are not 4—periodic in general

L™(A) # L"T4(A).
The symmetric L—groups of Z are given by
Z if n=0(mod 4)
Z, ifn=1(mod4)

0 ifn=2(mod4)
0 if n=3(mod 4).

L"Z) =

For m = 0(mod 4) there is defined an isomorphism

L4k(Z) =, 7; (C,¢)— signature(HZk(C),dm).

A CW structure on an oriented n—dimensional manifold with 71 (N') = p and universal
cover N and the Alexander—Whitney—Steenrod diagonal construction on the cellular
complex C (ﬁ ) determine an n—dimensional symmetric Poincaré complex (C (]v ), 9)
over Z[p] with

¢o =[N]N—: C(N)"™* — C(N).
The Mishchenko symmetric signature of N is the cobordism class
0" (N) = (C.¢) € L"(Z[p].

For n = 4k the image of 0*(N) in L*K(Z) = Z is just the usual signature of N .
For any rings with involution A, A’ there are defined products

L"(M)® L (A) = L™ (A @ N): (C.)® (C'.¢) > (CRC'.$®¢).

La(A) ® L™ (A) > Lotw(A®A'); (C.¥)®(C'.¢)) > (CRC .Y ®¢)
as in Ranicki [20]. The tensor product of group rings is given by

77\ @ Z[n'| = Z[x x 7).
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Theorem 5.1 (Symmetric L—theory surgery product formula, Ranicki [19])
(i) The symmetric signature of a product N x N’ of an n—dimensional manifold N
and an n’ —dimensional manifold N’ is the product of the symmetric signatures

o*(N x N')=0*(N)®@0c*(N') € L"" (Z[n1(N) x 71 (N"))).

(i) The product of an m—dimensional normal map ( f,b): M — X and an n—dimen-
sional manifold N is an (m + n)—dimensional normal map

(g.c0)=(f,b)yx1l: MxN —-XxN
with surgery obstruction
0x(g.¢) = 0x(/,0) ® 0" (N) € Lingn(Z[r1(X) x 1 (N)]).
Proof These formulae already hold on the chain homotopy level, and chain equivalent

symmetric/quadratic Poincaré complexes are cobordant. In somewhat greater detail:

(i) The symmetric Poincaré complex of a product N” = N x N’ is the product of the
symmetric Poincaré complexes of N and N’

(C(N"),¢") = (C(N)RC(N"),¢p ® ).

(ii) The kernel quadratic Poincaré complex (C(g'), %) of the product normal map
(g,c)=(f,b)x1: M x N - X x N is the product of the kernel quadratic Poincaré
complex (C(f), ¥p) of (f,b) and the symmetric Poincaré complex (C(N),$) of N

(g ¥e) = C(SYRC(N), ¥ ® p). O

Theorem 5.2 (i) (Shaneson [24], Wall [25]) The quadratic L —groups of Z[Z"] are
given by

n
n
Ln@z) =Y ( )Lm_r @) (m > 0),
r=0 r
interpreting Ly,—,(Z) form —r <0 as Ly—y44x(Z).
(i) (Milgram and Ranicki [13], Ranicki [21, Section 19]) The symmetric L —groups
of Z|7")] are given by

e =y (1)L @ o =0

r=0
interpreting L™~"(Z) for m <r as
0 fm=r—-1,r-2

Lm—r (Z) — .
Ly—r(Z) iftm<r—2.
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The symmetric signature of 7"
* n Tn n n =~ (n n—r
o*(T") = (C(T").¢)=(0.....0.) e L"(Z[2") = (r)L (2),
r=0
is the cobordism class of the n—dimensional symmetric Poincaré complex (C (?”), ?)
over Z[Z"] with

@) =R (8", rankypnCr(T") = (’:)

The surgery obstruction

n

EgxT"=(0,....0.1) € LyZZ") = (’:)Ln_,(Z)

r=0

is the cobordism class of the n—dimensional quadratic Poincaré complex over Z[Z7"]
(C.9) = (Z°. Ey) ® (C(T"). )
with
n
I'ankz[zn]cr =38 (r) .

6 Almost (—1)"—symmetric forms

The surgery obstruction of the (4m 4 2n)—dimensional normal map
(f.b) = (fo,bo) x 1: Mg™ x T*" — §4™ x T2"

is given by the instant surgery obstruction of Section 3 and the surgery product formula
of Section 5 to be the Witt class

05 (f.b) = (K., 1) € Lamy2n(Z[Z7"])
of the instant form (K, A, i) of the 2n—dimensional quadratic Poincaré complex
(C.y) = (Z% Ey) ® (C(T*"). ),
with
~on 2n
rank (720 K = 8 ranky[72011Cn(T°") = 8 .
n

In principle, it is possible to compute (A, p) directly from the (4m + 2n)—dimensional
symmetric Poincaré complex Eg ® (C(T"), ¢). In practice, we shall use the almost
symmetric form surgery product formula of Clauwens [7; 5; 6], which is the analogue

Geometry & Topology Monographs, Volume 9 (2006)



46 Washington Mio and Andrew Ranicki

for symmetric Poincaré complexes of the instant surgery obstruction of Section 3.
We establish a product formula for almost symmetric forms which will be used in

Section 7 to obtain an almost (—1)”—symmetric form for 72" of rank 2" < (Zn”) , and

hence a representative (—1)"”—quadratic form for o ( f,b) € L4m12,(Z[Z*"]) of rank
on+3 < 8(2")
0

Definition 6.1 Let R be a ring with involution.
(1) An almost (—1)"—symmetric form (A,a) over R is a f.g. free R—module A
together with a nonsingular pairing a: A — A* such that the endomorphism

B=1+(D)""1a"la* 4—> 4

is nilpotent, i.e. &Y = 0 for some N > 1.
(ii) A sublagrangian of an almost (—1)" —symmetric form (4, «) is a direct summand
L C A such that L € L+, where

Lt :={be Ala)(A) =a(A)(b) ={0}}.
A lagrangian is a sublagrangian L such that
L=L"%

(iii) The almost (—1)"—symmetric Witt group AL?"(R) is the abelian group of
isomorphism classes of almost (—1)" —symmetric forms (A4, @) over R with relations

(A,a) =0if (4, o) admits a lagrangian
and addition by
(A,a)+ (A", d)y=(Ad A ,add).

Example 6.2 A nonsingular (—1)"-symmetric form (4, «) is an almost (—1)"—
symmetric form such that

a=(1)"a*:4— A"
sothat 1 +(=1)"tla7la* =0: 4 — 4.
An almost (—1)"—symmetric form (R?,«) on a f.g. free R—module of rank ¢ is
represented by an invertible ¢ X ¢ matrix o = (¢5) such that the ¢ x ¢ matrix
1 + (_1)n+1a—1a*

is nilpotent.
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Definition 6.3 The instant form of a 2n—dimensional symmetric Poincaré complex
(C, ¢) over R is the almost (—1)" —symmetric form over R

(4,0) = (coker((_dqbg 2) CC" @ Cpyy > C B Cn+1), [?ﬁﬁfjﬁ g])

Example 6.4 If ¢o: C2"~* — C is an isomorphism the instant almost (—1)" —sym-
metric form is

(A,Oé) = (Cn? ¢0 + d¢l)

Every 2n—dimensional symmetric Poincaré complex (C, ¢) over a ring with involu-
tion R is chain equivalent to a complex (C’, ¢’) such that ¢: C’*"™* 5 C'is an
isomorphism, with
C:C'5Cls. .. 5" 4 5 Cp > > C = G
and
po+d ¢y =a:C"=4—C|=A*

(We shall not actually need this chain equivalence, since ¢: C2"~* — C is an iso-
morphism for C = C(T?"), so Example 6.4 will apply). The instant form defines a

forgetful map
L*™(R) — AL*(R); (C.,¢)r (4,a).

Proposition 6.5 (Ranicki [22, 36.3]) The almost (—1)" —symmetric Witt group of 7
is given by

AL (7) = Z ifn=0(mod 2)

0 ifn=1(mod 2)

with L**(Z) — AL**(7) an isomorphism. The Witt class of an almost symmetric
form (A, «) over Z is
(A, o) = signature(Q ® A, (@ + *)/2) € AL**(2) = L**(z) = 7.

The almost (—1)”—symmetric L—group AL?*(R) was denoted LAsy}(l) Sy (R)
in [22].

Definition 6.6 The almost symmetric signature of a 2n—dimensional manifold N 2"
with 71 (V) = p is the Witt class

o*(N) = (4,) € AL*"(Z[p])

of the instant almost (—1)" —symmetric form (A4, ) over Z[p] of the 2n—dimensional
symmetric Poincaré complex (C(N), ¢) over Z[p].
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The forgetful map L2*(Z[p]) — AL?*"(Z[p]) sends the symmetric signature *(N) €
L?"(Z[p]) to the almost symmetric signature o*(N) € AL>"(Z[p]).

For any rings with involution R, R, there is defined a product
AL?™(R{)® AL*"2(Ry) — AL *2"2(R; ® R»);
(A1, 1) ®@ (42, 22) = (A1 @ Az, a1 @ a2).

Proposition 6.7 The almost symmetric signature of a product N = Ny x N, of 2n; —
dimensional manifolds N; with w1(N;) = p; and almost (—1)" —symmetric forms
(Z[pil%,a;) (i =1,2) is the product

0* (N1 x N3) =0*(N1) ®0*(N2)
€ im(AL>"1 (Z[p1]) ® AL*"2(Z[p3]) — AL*"T2"2(Z[p; x p,])).

Proof The almost (—1)"! "2 _symmetric form (4, a) of Ny x N, is defined on

A=C"TR(N xN) = P CPN)®CP(N)
(P1,p2)€S
with
S ={(p1. p2) | p1 + p2 =n1 +n2}.
Define an involution
T:S—S8; (p1.p2)> 2ny—p1.2ny— pa),
and let U C S\{(n1,n,)} be any subset such that S decomposes as a disjoint union

S = {(n1,n)} UUUTU).

The submodule
L= P cN)eCr(N)c4
(p1,p2)eU
is a sublagrangian of (4, &) such that

(LY/L.[]) = (C" (Ny). 1) ® (C"2(N,), o).
The submodule
Api ={(b,[b)|be Ll} CA® (LL/L)
is a lagrangian of (A4, ) & (L+/L,—[a]), and
(Ad.) = (LY/L.[a]) = (C"(Ny). o1) ® (C™2(N2), @2)
€im(AL>" (Z]p1]) ® AL*"2(Z[p]) — AL*™1H12(Z[py x py])).

This completes the proof. m|
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The product of a nonsingular (—1)™—quadratic form (K, A, i) over A and a 2n—
dimensional symmetric Poincaré complex (C, ¢) over R is a 2(m + n)—dimensional
quadratic Poincaré complex (Kx—m ® C, (A, 1) ® ¢) over A’ = A ® R, as in Ranicki
[19], with K4«_,, the 2m—dimensional f.g. free A -module chain complex concentrated
in degree m

Kip:0—>--.>0—->K—->0—---—0.

The pairing

Lom(M)®L*"(R) = Lam12n(A®R); (K, 4, 1) ®(C, )= (Ks—m®C, (A, 1) @)
has the following generalization.

Definition 6.8 The product of a nonsingular (—1)"—quadratic form (K, A, ;) over

A and an almost (—1)"-symmetric form (A4, a) over R is the nonsingular (—1)"*7"—
quadratic form over A’ = A ® R

(K" M )= (K. A p) ® (4, )

with
K=K®A4, W, )= pea= +=)""y™ y)

determined by the A’-module morphism
vV =y Qu K=K®A—>K"=K*®A*
with ¢: K — K* a A—module morphism such that
)=+ D"y ).
In particular, if K = A® then ¥ is given by a p x p matrix ¥ = {;;} over A, and
if A = R? then o = {o,s} is given by a ¢ X ¢ matrix over R, so that
V=V Qu«

is the pg X pg matrix over A’ with

Uiy =VijQasift=3G—Dp+r,u=(G—-1)p+s.

If (A, @) is an almost (—1)"” —symmetric form over R with a sublagrangian L C A the
induced almost (—1)"”—symmetric form (L+/L,[x]) over R is such that

Apr={b.p)|beltycA®(Lt/L)
is a lagrangian of (4,«) ® (L+/L,—[«]), and
(K. 2, p) ® (A, @) = (K, A1) ® (LY /L. [e]) € Lam420(A).
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In particular, if L is a lagrangian of (A4, ) then
(K, A1) ® (A, @) =0 € Lopmyan(A),
so that the product
Lom(A) ® AL (R) = Lomi2n(A); (K, 1) ® (4, @) > (K ® A, (A, 1) @ @)

is well-defined.

Theorem 6.9 (Almost symmetric L—theory surgery product formula, Clauwens [7])
(i) The product

Lom(M)® LY (R) = Lam+2a(A®R); (K, 4, 1)®(C,¢) > (Kiem®C., (A, 1) @)
factors through the product
Lom(A)QAL*™(R) — Lomian(AQR); (KA, ) ® (A, ) > (KQA, (A, 1) ).
(i) Let (f,b): M — X be a 2m—dimensional normal map with surgery obstruction
ox(f.0) = (Z[x]?, %, p) € Lym(Z[r]) (7 = 71 (X)),
and let N be a 2n—dimensional manifold with almost (—1)" —symmetric signature
o™ (N) = (Z[p)".@) € AL*"(Z]p]) (p = m1(N)).
The surgery obstruction of the (2m + 2n)—dimensional normal map
(g.0)=(f,b)x1: M xN - XxN
is given by
ox(g,¢) = (Z[m x p]P1, (A, 1) @ @)
€im(Lypm(Z[r]) ® AL*"(Z[p]) — Laom+2n(Zlr X p])).
(iii) The surgery obstruction of the product 2(m + ny + n,)—dimensional normal map
(g.0)=(f,b)x1: M x Ny x Ny > X x Ny X N,
is given by
0x(g,¢) = (L x py x P12 (A, 1) ® 01 ® @2) € Lomyn, +ny) (27 X p1 X p2]).

Proof (i) By construction.
(i) It may be assumed that (f,b): M — X is an m—connected 2m—dimensional
normal map, with kernel (—1)™—quadratic form over Z[r]

(Km(M), A, 1) = (Z[x]P, L, ).
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The product (g,¢) = (f,b) x1: M x N - X x N is m—connected, with quadratic
Poincaré complex

(C, ) = (Km(M), h, 1) ® (C(N), ¢)

and kernel Z[r x p]-modules
Ko(M X N) = K;p(M) ® Hem(N).

Let (f/,b'): M' — X x N be the bordant (m + n)—connected normal map obtained
from (g, ¢) by surgery below the middle dimension, using (C, ¥) as in Remark 3.3 (ii).
The kernel (—1)"*" —quadratic form over Z[m x p] of (f’,b’) is the instant form of
(C, ), which is just the product of (K, (M), A, ;) and the almost (—1)"” —symmetric
form (Z[p]?, «)

(Km+n (M/)’ )‘,’ I’L/) =
d* 0 m+n—1 m+n
coker :C ® Cptnt2 > C ® Cntn+1 )

(=)™ A+T)yo d
Yo+ (=)™ d [Wo d )
—)mtngx ol o o

= (L x p]”?, (A, 1) ® ).

The surgery obstruction of (g, ¢) is thus given by

U*(g,C) = G*(f/’b/) = (Km-i-n(M/)v)\'/v /“L/)
= (Zr x plP9, (A, ) ® @) € Lom2n(Z[m X p]).

(iii)) Combine (i) and (ii) with Proposition 6.7. a

7 The almost (—1)"—symmetric form of T?"

Geometrically, — — xT'2" sends the surgery obstruction o« ( fo, bo) = Es € L4m(Z)
to the surgery obstruction

Eg x T*" = 0u(fn.bn) € Lamy20(Z[Z*"])
of the (4m + 2n)—dimensional normal map

(fusbn) = (fo,bo) x 1: My™ x T?" — S4™ x 72"
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given by product with the almost symmetric signature of
72" =St x St x...x S (2n factors)
=T2xT?x---xT? (n factors).

In order to apply the almost symmetric surgery product formula (see Theorem 6.9)
for N2" = T2" it therefore suffices to work out the almost (—1)—symmetric form
(CUT?),a) of T?.

The symmetric Poincaré structure ¢ = {¢s|s = 0} of the universal cover ST=R of
S is given by

d=1-z: C{(R) = Z[z,z7 ] = Co(R) = Z[z,z7 1],
1: COR)=Z[z,z7 '] - C;(R) = Z[z, z7 1]

{Z: CIR)=7Z[z,z7] - Cy(R) = Z[z,z71],

$p1=—1:C'(R) =Z[z,z7 '] - C;(R) = Z[z,z7"].

Write
A=Zx(T*] =2z, 27 22,25 ']

The Poincaré duality of T2 =R? is the A—module chain isomorphism given by the
chain-level Kiinneth formula to be

d*= ( 22—1 )
" 1—z7! d*=(1—-z7" 1-2,)
C(T*)X*¢o: CO=A Cl=A®A C2=A
0 —Z1 1
! (22_1 0 ) 172
d= 1—21
" 1—z;1 d=(z; =1 1—zy)
C(T?): Cy=A Ci=ABA Co=A

The chain homotopy
$1: g = Tgo: C(T?)*™* — C(T?)

is given by
(1 —zz):CleEBA—>C2:A

¢1= —Z1
| CP=A>Ci=ADA.
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Proposition 7.1 The almost (—1)—symmetric form of T? is given by (C!, &) with

—Z1 Z1Z2—Z1 — 22

a=¢>0—¢1d*:(11 ):Cle@A—>C1=AéBA.

1—22

Proof By construction, noting that

Lpater = [ “07m0=2) a-2)0-50),
-2z, (1—21)(1—21 ) (1_21)(1_22 )
Cl=A®A>Cl=ABA

is nilpotent, with
I+ala*)?=0:C'=AdA—>C'=ADA. O
Remark 7.2 An almost (—1)"—symmetric form (R?,«) over R determines a non-
singular (—1)"—quadratic form (R[1/2]9, A, ) over R[1/2], with
Ax, p) = (a(x, y) + (=D"a(y, x))/2, p(x) = a(x)(x)/2.

In particular, the almost (—1)—symmetric form (A @ A,a) of T2 determines the
nonsingular (—1)—quadratic form (A[1/2]@® A[1/2], A, 1) over A[1/2] = Z[Z?][1/2],
with

A =(@—a*)/2
B ( (z1)" 1 =z1)/2 (1—2122—21—22)/2)
14+ )@+ @) @) TH2 ()7 =2)/2

the invertible skew-symmetric 2 x 2 matrix exhibited in [11, Example, p120].

8 An explicit form representing Eg x T?" € Ly, 20 (Z[7*™))

Write the generators of the free abelian group 71 (72"%) = Z?" as

Z15225+++522n—1522n>

so that
2ny _ -1 -1 -1
277" =Zz1,2] 22,25 +---sZ2n: 29, -

The expression of 72" as an n—fold cartesian product of 7°’s

T =T?2xT?x...xT?
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gives

Z|7*" = Z[Zl,Zl_l,Zz, 22—1] ®Z[Z3,Z3_1,Z4, ZZI] Q& Z[ZZH—lvzz_nl_leZns Zz_,,l]-

For i =1,2,...,n define the invertible 2 x 2 matrix over Z[z5;_1, Zz_l.l_l,zzl-, Zz_il]
o = l =221 Z2i—122i — Z2i—1 — Z2i
! 1 1—zy; :

The generator 1 = Eg € Lo(Z) = Z is represented by the nonsingular quadratic form
(Z8, ) over Z with:

Yo =

S OO = = O O O
S O = = O O O O
S — = O O O O O

el eeoENoNeheol =
S OO O o o~ O
(e R i = e R
S OO O = = O -

Theorem 8.1 The 213 x 213 matrix over Z[7*"]

Yn=YoQa Quz---Qay

is such that
2)1-1—3

Egx T = (Z[Z*"""" \y) € Loy (Z[Z*)).

Proof A direct application of the almost symmetric surgery product formula (Theorem
6.9), noting that oy, oy, ..., o, are copies of the almost (—1)-symmetric form of
T? obtained in Proposition 7.1. O

9 Transfer invariance

A covering map p: T" — T" induces an injection of the fundamental group in itself
pr: T (T =7" - 7((T") = 7"

as a subgroup of finite index, say ¢ = [Z": p«(Z")]. Given a Z[Z"]-module K let
p'K be the Z[Z"]-module defined by the additive group of K with

Z[7" % p'K — p'K; (a,b) — ps(a)b.
In particular

p'zjzM = 7[7").

Geometry & Topology Monographs, Volume 9 (2006)



The quadratic form Eg and exotic homology manifolds 55

The restriction functor
p': {Z[7")-modules} — {Z[Z"]-modules}; K +— p'K
induces transfer maps in the quadratic L —groups

P\t L(ZIZ™) — L (Z[Z"));  (C.¥) = p'(C.¥).

Proposition 9.1 The image of the (split) injection

n

Lo(Z) — Ln(Z[7"]) = Z (}:)Ln—r (2); Eg+ EgxT"

r=0

is the subgroup of the transfer-invariant elements

La(Z[Z")NY = {x € L,(Z[Z")) | p'x = x forall p: T" — T"}.
Proof See Ranicki [21, Chapter 18]. O

Example 9.2 (i) Write
A =7[7%= Z[Zl,zl_l,zz, 22_1].
Here is an explicit verification that
P(EgxT? = EgxT* e Ly(A)
for the double cover
pT?=8"xS'>T% (wi,wy) > (w1)* wy)

with

pem(T?) =7 > 7% z1+ (21)% 22> 2
the inclusion of a subgroup of index 2. For any ji, j, € Z the transfer of the A—module
morphism z] ! J 2: A — A is given by the A-module morphism

conE oY,
0 (Zl)j'/zzé.2 .

PA=AB®A—>p' A=ADA if j;iseven

(Zl)(jl—l)/2zé'2 0 ’

PA=ABA—>pPA=ADA if j;isodd.

Voo
p'(Z{l 252) —
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The transfer of the almost (—1)—symmetric form of 7% over A

(CT)o)=(nenA (77 2772
1 1—22
is the almost (—1)—symmetric form over A
1 —Z1 —ZIp Z1Z2—Z1
ol 2 _ -1 1 z—-1 -z )
0 1 0 1—22

The A -module morphisms

21— Z122
i = (; TA>ADABDABA,
—<1
1
1 021—2122
z;bo o
=7 L |tAeAeA-AGAGABA
<1
0 0 1

are such that i = j|ogoea and there is defined a (split) exact sequence

x|

i“pa
0 ADADA ADADADA A 0
with
1—21 Z1Z2p —Z1 — 2 0
P*Qploj=| 1 -z, 0]:A@ABASABABA.

0 0 0

The submodule
L=i(A)CpPADAN)=ADABADA

is thus a sublagrangian of the almost (—1)—symmetric form p'(C (72), o) over Z[7?]
such that

(L*/L,[p'a)) = (C1(T?), o)
and _
P(EsxT?) = Eg® p'(CY(T?),a)

= Eg @ (L*/L,[p'a)
= Eg® (CUT?),0) = Es xT? € Ly(A).
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(i) For any n > 1 replace p by
pn — p X 1: T2n — T2 X T2]1—2 - T2}'l — T2 X T2n—2
to likewise obtain an explicit verification that

PL(Eg x T*) = Eg x T?" € Ly, (Z[7*")).

10 Controlled surgery groups

A geometric Z[r]|-module over a metric space B is a pair (K, ¢), where K = Z[x]"
is a free Z[r]-module with basis S = {e;,...,e,} and ¢: S — B is a map. The
(e, 8)—controlled surgery group L,(B;Z,¢€,8) (with trivial local fundamental group) is
defined as the group of n—dimensional quadratic Z—Poincaré complexes (see [19]) over
B of radius < §, modulo (n+ 1)—dimensional quadratic Z—Poincaré bordisms of radius
< €. Elements of L,,(B;Z,€,6) are represented by non-singular (—1)" —quadratic
forms (K, A, ), where K = 7" is a geometric Z-module over B, and A has radius
< 4§, ie., Alej,ej) =0 if d(p(e;), ¢(ej)) = 6. In matrix representation (K, /), this
is equivalent to ¥;; = 0 if d(gp(e;), ¢(e;)) = §. The radius of a bordism is defined
similarly.

In effect, Yamasaki [27] defined an assembly map H,(B;L) — L,(B;Z,¢,§), where
H.(B;L) denotes homology with coefficients in the 4—periodic simply-connected
surgery spectrum L of Ranicki [20, Chapter 25].

The following Stability Theorem is a key ingredient in the construction of exotic ENR
homology manifolds.

Theorem 10.1 (Stability; Pedersen, Quinn and Ranicki [15]; Ferry [10]; Pedersen and
Yamasaki [16])

Let n = 0 and suppose B is a compact metric ENR. Then there exist constants €y > 0
and k > 1, which depend on n and B, such that the assembly map H,(B;L) —
L, (B;Z,¢,6) is an isomorphism if €y = € = «§, so that

l(%nh%n Ly(B;Z,¢,8) = Hy(B;L).

We are interested in controlled surgery over the torus 72" = R2" /72" equipped with
the usual geodesic metric. Let (K, ¥) represent an element of L,,(Z[Z*"]), where
K = Z[Z*"]" . Our next goal is to show that passing to a sufficiently large covering
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space p: T?" — T?", (K, ) defines an element of L,,(T2";Z, €, §). For simplicity,
we assume that
P (T?") 2 22" — 7y (T?") = 2%

is given by multiplication by k > 0, so that p is a k2" —sheeted covering space.

Let (K, y) = Z[Z,zc”] ®z1z2n (K, ¥), where the (right) Z[Z?"]-module structure on
Z[Zi"] is induced by reduction modulo k. The Z-module K underlying K has basis
Zi” xS;if g € Z,ZC” and e¢; € S, we write (g,e;) = ge;. Pick a point xq in the
covering torus 72" viewed as a Zi” —space under the action of the group of deck
transformations. Let ¢(e;) = xg¢, for every e¢; € §, and extend it Z,zc” —equivariantly to

obtain ¢: Z;" x S — T". Then, the pair (K, ) is a geometric Z—-module over T2"
of dimension rk?".

We now describe the quadratic Z-module (f , {/;) induced by (K, ¥) and the covering

p. Write
V=2 gV
geZ,%”
where each Wg is a matrix with integer entries. For basis elements ge;, fe; € Zz” xS,

let W(ge,, fe]) = wg—lf(e,,ej) this defines a bilinear Z—form on the geometric

Z-module K. For a given quadratic Z[Z?"]-module (K, ), we show that (K W)
has diameter < § over the (covering) torus 72", if k is sufficiently large.

Elements of Z?" can be expressed uniquely as monomials
i_ i i2n
=z
where i = (i1, ...,i2,) € Z*" is a multi-index. We use the notation
|l| = max{|i1|, SRR |12n|}

Any z € Z[Z?"] can be expressed uniquely as

where «; € Z is zero for all but finitely many values of i. We define the order of z to
be

o(z) =max{|i| : a; # 0}
and let
[¥| =max {o(yij), 1 <i,j <r}.
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Then, (I? , 1;) is a quadratic Z-module over 72" of radius < &, provided that k >
2|v|/8. Similarly, quadratic Z[Z>"]-Poincaré bordisms induce quadratic Z—Poincaré
e-bordisms for k large.

10.1 The forgetful map

We give an algebraic description of the forget-control map
8: Lan(T*":Z,€,8) — Lon(@[Z*")),

for € and § small. Let 0 € L(T?";Z,¢,8) be represented by the (—1)”—quadratic
Z-module (K, ) over T?" of radius < §, where K has basis S = {e;,...,e,} and
prO_]eCtIOIl @: S — T?". Consider the free Z[Z*"]-module K of rank r generated by

={e1,...,e,} and let @: S — R2" be a map satisfying go@(e;) = p(e;), 1 <i <r,
where q:R?" — T2" = R2" /72" is the universal cover. If ¥;; # 0 and § is small,
there is a unique element g;; of Z*" such that d (§(2j) + gij. ¢(€;)) <&, where d

denotes Euclidean distance. Let J = (;/7, j), 1 <i, j <r be the matrix whose entries

in Z[Z?"] are

(1) Vi {0 iy =0;
v vfljglj’ ifl,lfij #0.

The quadratic Z[Z>"]-module (E , 1;) represents §(0) € Lo, (Z[Z*"). Likewise, qua-
dratic Z—Poincaré e—bordisms over 72" induce quadratic Z[Z>"]-Poincaré bordisms.

10.2 Controlled Eg over T

Starting with the (—1)"—quadratic Z[Z>"]-module Eg x T'*", pass to a large covering
space p: T?" — T2" to obtain a §—controlled quadratic Z—-module Eg over T2"
representing an element of L,,(T2";Z,€,8). It is simple to verify that Of'(Eg) =
p' (Eg x T?"), where p' is the L—theory transfer. The transfer invariance results
discussed in Section 9 imply that {G(E g) = Eg x T?". Thus, E g gives a 6—controlled
realization of the form Eg over T2".

10.3 Controlled surgery obstructions

Definition 10.2 Let p: X — B be a map to a metric space B and € > 0. A map
Y — X is an e—homotopy equivalence over B, if there exist amap g: X — Y and
homotopies H; from go f to ly and K; from f og to 1y such that diam (po f o
H;(y)) <€ forevery y € Y, and diam (p o K;(x)) < €, for every x € X . This means
that the tracks of H and K are e—small as viewed from B.
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Controlled surgery theory addresses the question of the existence and uniqueness of
controlled manifold structures on a space. Polyhedra homotopy equivalent to compact
topological manifolds satisfy the Poincaré duality isomorphism. Likewise, there is a
notion of e—Poincare duality satisfied by polyhedra finely equivalent to a manifold.
Poincaré duality can be estimated by the diameter of cap product with a fundamental
class as a chain homotopy equivalence.

Definition 10.3 Let p: X — B be a map, where X is a polyhedron and B is a metric
space. X is an e—Poincaré complex of formal dimension n over B if there exist a
subdivision of X such that simplices have diameter < € in B and an n—cycle y in
the simplicial chains of X so that Ny: C#(X) — C,—4(X) is an e—chain homotopy
equivalence in the sense that Ny and the chain homotopies have the property that the
image of each generator o only involves generators whose images under p are within
an e—neighborhood of p(o) in B.

To formulate simply-connected controlled surgery problems, the notion of locally trivial
fundamental group from the viewpoint of the control space is needed. This can be
formalized using the notion of U V! maps as follows.

Definition 10.4 Given § >0, amap p: X — B is called §—U V'! if for any polyhedral
pair (P, Q), with dim (P) < 2, and maps «p: Q — X and B: P — B such that
poag=plg.

0 > x

B

there is a map o: P — X extending «¢ so that p o« is §—homotopic to B over B.
The map p is UV! ifitis §—U V!, for every § > 0.

Let B be a compact metric ENR and n = 5. Given € > 0, there is a § > 0 such
that if p: X — B is a §—Poincaré duality space over B of formal dimension n,
(f.b): M" — X is a surgery problem, and p is §—U V'!. By the Stability Theorem
10.1 there is a well-defined surgery obstruction

ox(f,b) € 1(i£11<i8LnLn(B;Z,6,5) = Hy(B;L)
€

such that ( f, b) is normally cobordant to an e—homotopy equivalence for any € > 0 if
and only if o« ( f,b) =0. See Ranicki and Yamasaki [23] for an exposition of controlled
L—theory.
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The main theorem of Pedersen—Quinn—Ranicki [15] is the following controlled surgery
exact sequence (see also Ferry [10] and Ranicki—Yamasaki [23]).

Theorem 10.5 Suppose B is a compact metric ENR and n > 4. There is a stability
threshold €9 > 0 such that for any 0 < € < €, there is § > 0 with the property that
if p: N — B isa §—UV! map, with N is a compact n—manifold, there is an exact
sequence

Hyy1(B: 1) = Sc5(N., ) — [N, dN; G/TOP, ¥| — Hy(B:L).

Here, S¢ s is the controlled structure set defined as the set of equivalence classes of pairs
(M, g), where M is a topological manifold and g: (M, dM) — (N, dN) restricts to a
homeomorphism on dN and is a §—homotopy equivalence relative to the boundary. The
pairs (M1, g1) and (M>, g,) are equivalent if there is a homeomorphism /i: M| — M,
such that g; and s o g, are e~homotopic rel boundary. As in classical surgery, the
map Hy,1(B:;L) — S s(N, f) is defined using controlled Wall realization.

11 Exotic homology manifolds

In [1], exotic ENR homology manifolds of dimensions greater than 5 are constructed as
limits of sequences of controlled Poincaré complexes {X;,i = 0}. These complexes are
related by maps p;: X;j+1 — X; such that X;4 is €; 41 —Poincaré over X;, i =0, and
pi is an €;—homotopy equivalence over X;_;, i = 1, where ) _¢; < co. Beginning,
say, with a closed manifold Xy, the sequence {X;} is constructed iteratively using
cut-paste constructions on closed manifolds. The gluing maps are obtained using the
Wall realization of controlled surgery obstructions, which emerge as a non-trivial local
index in the limiting ENR homology manifold. As pointed out in the Introduction,
our main goal is to give an explicit construction of the first controlled stage X; of
this construction using the quadratic form Eg, beginning with the 2n—dimensional
torus Xo = 72", n > 3. The construction of subsequent stages follows from fairly
general arguments presented in [1] and leads to an index—9 ENR homology manifold
not homotopy equivalent to any closed topological manifold. Since an explicit algebraic
description of the controlled quadratic module E. g over T2" has already been given in
Section 10.2, we conclude the paper with a review of how this quadratic module can
be used to construct X .

Let P be the 2—skeleton of a fine triangulation of 72", and C a regular neighborhood
of P in T2". The closure of the complement of C in T?" will be denoted D, and
the common boundary N = dC = 0D (see Figure 1). Given § > 0, we may assume
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Figure 1

that the inclusions of C, D and N into 72" are all §—U V! by taking a fine enough
triangulation.

Let (K, ) be a geometric Z—module over 72" representing the controlled quadratic
form Eg, where K =~ 7" is a free Z-module with basis S ={e;,...,e,} and ¢: S —
T?" is amap. If Q C T?" is the dual complex of P, after a small perturbation, we
can assume that ¢(S) N (P U Q) = &. Composing this deformation with a retraction
T2"\ (P U Q) — N, we can assume that ¢ factors through N , that is, the geometric
module is actually realized over N .

Using a controlled analogue of the Wall Realization Theorem [25, Theorem 5.8] applied
to the identity map of N, realize this quadratic module over N C 72" to obtain a
degree-one normal map F:(V,N,N’) — (N x I, N x {0}, N x {1}) satisfying:

(@) Fly=1In.
(b) f = F|y:N'— N is a fine homotopy equivalence over 72",

(¢) The controlled surgery obstruction of F rel d over T2" is Ege Hyp(T?";L).

The map F can be assumed to be §—U V'! using controlled analogues of UV'! defor-
mation results of Bestvina and Walsh [12].

Let Cr be the mapping cylinder of /. Form a Poincaré complex X; by pasting
CrUps (=V) into T2" along N, that is,

X1 =CUNCrUpn (=V)un D,

as shown in Figure 2. Our next goal is to define the map p;: X; — Xy = T2".

Figure 2: The Poincaré complex X
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Let g: N — N’ be a controlled homotopy inverse of f. Composing f and g, and
using an estimated version of the Homotopy Extension Theorem (see e.g. [1]) and the
controlled Bestvina—Walsh Theorem, one can modify F toa §—U V! map G: V — Ce,
sothat Gly» =1y and G|y = 1 n.

Let X] = CUyx CrUpns Cg Uy D and pf: Xy — X| be as indicated in Figure 3.
Crushing CyUp/Cg to N =9C, we obtain the desired map p;: X; — T?"=CUpD.

ENCRCE
e

Figure 3: The map p{: X; — X|

To conclude, as in [2], we argue that X is not homotopy equivalent to any closed
topological manifold. To see this, consider the closed manifold

MZCUNVUN/N/XIUN/(—V)UND

and the degree-one normal map ¢: M — X depicted in Figure 4, where 7: N'xI — Cy
is induced by f: N’ — N . The controlled surgery obstruction of ¢ over 72" is the
generator

0x(¢) = Eg xT* =(0,...,0,1) € Lo(Z) = Lon(Z[7*")™NV

2n
C Hay (T¥:1) = Loy @(2*") = Y (2rn)L2,,_,(Z)

r=0

of the subgroup of the transfer invariant elements (Proposition 9.1). Let L(1) be
the 1-connective cover of [, the simply-connected surgery spectrum with Oth space
(homotopy equivalent to) G/TOP. Now

Lyn(ZIZ*™)) = Han(T?"; 1) = Han(T*";1{1)) @ Lo(Z)

with

2n
Hon(T?";L{1)) = [T, G/TOP| = } | (i")LZn_r (2) C Lan(@1Z"))

r=1
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C V INxI|-V D

C |NxI| Cr |-V D

Figure 4: The map ¢: M — X

the subgroup of the surgery obstructions of normal maps M; — T2". The surgery
obstruction of any normal map ¢;: M| — X is of the type

ox(¢1) = (1. 1) # 0 € L,,(Z[2*"]) = [T*". G/TOP|® Lo(Z)

for some 7 € [T?", G/TOP), since the variation of normal invariant only changes the
component of the surgery obstruction in [7'2", G/TOP] C L,,(Z[Z?*"]). Thus, X; is
not homotopy equivalent to any topological manifold. In the terminology of Ranicki
[20, Chapter 17] the total surgery obstruction s(X;) € &,,(X;) has image

(P1)xs(X1) =1 € S,(T*) = Lo(2).

The Bryant-Ferry—Mio—Weinberger procedure for constructing an ENR homology
manifold starting with p;: X; — T'>" leads to a homology manifold homotopy equiva-
lent to X7 . Thus, from the quadratic form Eg, we obtained a compact index—9 ENR
homology 2n-manifold Xg which is not homotopy equivalent to any closed topological
manifold.
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