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Hypersurface representation and the image of the double
S 3—transfer

MITSUNORI IMAOKA

We study the image of a transfer homomorphism in the stable homotopy groups of
spheres. Actually, we show that an element of order 8 in the 18 dimensional stable
stem is in the image of a double transfer homomorphism, which reproves a result
due to PJ Eccles that the element is represented by a framed hypersurface. Also,
we determine the image of the transfer homomorphism in the 16 dimensional stable
stem.

55R12; 55Q45

1 Introduction and result

Let v* € n{¢ (S %) be an element of order 8 in the stable homotopy groups of spheres.
Throughout the paper, 7;(X) (resp. 77 (X)) denotes the homotopy group (resp. the
stable homotopy group) of a space X', and we use the notations of Toda [10] for elements
of 73(S?). Then, using a generators v € 3 (S% =7Z/24 and 0 € JT;V(SO) >~ 7/240,
v* is represented by the Toda bracket (o, 20, v) = —(0, v, o) with no indeterminacy.

As is known, v* is not in the image of the homomorphism Jy: 715(S0O) — nfS(SO)
induced by the stable J-map J: SO — Q®°E®S%. We shall show that v* is in the
image of the homomorphism J;: 719(2S0) — 74 (S 9) induced by the adjoint map
2SO — Q®x®S! to J. Actually, we prove that v* is in a double S3—transfer
image which is a subgroup of Im(Jy).

Eccles [3] has made clear that Im(J;) consists of elements represented by framed
hypersurfaces. Such study has also done by Rees [9]. Our result gives the following.

Theorem (Eccles [3, page 168]) v* is representable by a framed hypersurface of
dimension 18.

Here, a framed hypersurface of dimension 18 is a closed manifold of dimension 18
embedded in S'° and framed in S¥ for sufficiently large N, and the theorem means
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that v* is the framed cobordism class of such a framed hypersurface when we regard

i (S 9) as the framed cobordism group Q{ Sr .

The Bott map B: X3BSp — SO is the adjoint map to the homotopy equivalence
BSp x7 — Q3S0, where SO = U, SO(n) is the rotation group and BSp is the
classifying space of the symplectic group Sp = J,, Sp(n). Let HP*® = J,, HP" be
the infinite dimensional quaternionic projective space. Then, HP°® = BSp(1), and
there is an inclusion map i: HP* — BSp. We define a map ¢y as the composition

j B J
t: D3HP® - $3BSp — SO 5 QXOx®S0.

We denote by #3,: HP® — S —3 a stable map adjoint to 7z . It is not certain whether
t3; is stably homotopic to the stable map constructed by the Boardman’s transfer
construction [1] on the principal S*-bundle over H P> . However, since ¢y has the
following property in common with the Boardman’s S3 —transfer map, we call 7z and
ty, the S3 _transfer maps.

Lemma 1 The restriction ty;: S 75 Q®%*®S0 of ty to the bottom sphere represents
o€m; (S°) up to sign.

Let p: QPE®SONQXR®F0 Q0580 be the multiplication on the infinite
loop space Q®X®S0 given by composition, and p/: TQPE® SO A QXR®S0
Q>®x%°S! the adjoint map to . Then, we set

tH(2) = oS (tg Atgr): STHPP AHP® — Q®E®sT

and call 777 (2) a double S3—transfer map. Then, our main result may be stated as
follows:

Theorem 2 There exists an element a € w1,(HP AHP) satisfying

tr ()« (Xa) =v* in wig(SP).

Applying a result due to Eccles and Walker [4], we have Im(¢g(2)«) C Im(J1) (see
Proposition 6 and Corollary7). Hence, it turns out that v* is represented by a framed
hypersurface of dimension 18 as is stated in the first theorem.

In Carlisle et al [2], effective use of the S ! —transfer homomorphism t: 711.5_1 (CP®)—
i (S 0) shows that certain elements are represented by framed hypersurfaces. In this re-
spect, v* is not in the image of the double S! —transfer homomorphism 7, : i (CPPA
CP*>®) — nfS(SO). In fact, the image of 7, in nfS(SO) is equal to Z/4{2v*} by
Imaoka [5, Theorem 10].
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By Toda [10], 7{,(S°) = Z/2{n*} & Z/2{n o p}. Here, n € n5(S°) = 7/2 isa
generator, n* is an element in the Toda bracket (o, 20, ) and p is a generator of the
image of Jo: 715(SO) — 77{5(S 0). Mahowald [6] has constructed an important family
n; € n;i(SO) for i > 3, and n* =14 (mod nop).

By Lemma 1, we see the following:
Lemma3 Im(rg(2)«) =0 in nf6(SO).

Mukai [8, Theorem 2] has shown that both v* and n* are in the image of the S 1_
transfer homomorphism z: 77 (CP*°) — 7/ (S 9). Morisugi [7, Corollary E] has
shown that all Mahowald’s elements are in the image of the S 3 —transfer homomorphism
75 (Qo0) — m5(S?) given for the quaternionic quasi-projective space Qoo = U, On.

In contrast with these, we have the following:

Theorem 4 Im((¢3)«: 7}, (HP*®)— JrfG(SO)) =7/2{nop}, and thus n* ¢Im(t3; )« .
We also remark the following noted by Eccles [3], where J,: 713(2250) — Tie (S?)
is the homomorphism induced by the map £2S0 — Q*°X>®S? adjoint to the stable
J —map.

Proposition 5 n* € Im(J,).

In Section 2 we prove Lemma 1 and Theorem 2, and in Section 3 we prove Lemma 3,
Theorem 4 and Proposition 5.

2 Proof of Theorem 2

We first prove Lemma 1.

Proof of Lemma 1 Let £ be the canonical left H-line bundle over HP°°, and put
E: &—1p. Also, let {1 " be the adjoint to the restriction of E to HP! = S*. Then, the
restriction of the classifying map ¢ of E ! ®n § to the bottom sphere S8 = S* A §4
represents a generator of 7g(BSO) = Z. As is known, the adjoint map Z4HP>® —
BSO to the composition Boi: X*HP>® — SO is homotopic to ¢. Since o = Jo(7)
for a generator (7 € 77(S0O), ty; represents o up to sign. |
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Let H(m): XS0 A SO — XSO be the map defined by the Hopf construction on the
multiplication m: SO x SO — SO, and J*: £SO — Q®X*®S! the adjoint map to
the stable J—map J: SO — Q®°X*°S°. Then, Eccles and Walker have shown the
following [4, Proposition 2.2], in which p1/: Z(QPEZ®FOAQXETX %) - Qexegl
is the adjoint map to the multiplication p: QX E®SFO A QX E® S0 . QxR0 g0,

Proposition 6 The composition J* o H(m): £SO ASO — Q®X*®S! is homotopic
topu oX(JAJ).

Recall that the homomorphism Jy: 7;(£S0) — 77 (S 9) is induced by J*. Since
(JAJ)o(BoiAnBoi)isequal to tg A tg, by composing it with the maps of
Proposition 6, J* o H(m)o Z(Boi ABoi): Z(Z3HP® AT HP®) - QXE®s!
is homotopic to g (2) = ' o (g Aty ). Hence, we have the following.

Corollary 7 Im(ig(2)x) C Im(Jy) in $(S?).

Let B; € Hyj(HP®; Z) = Z be a generator. Then, we have Hy,(HP®° AHP®; 7) =
Z{P1 ® P2} & Z{P2 ® P1}-

Lemma 8 There exists an element a € w1,(HP%> AHP) satistying h(a) = 1 ®
B2 — B2 ® B for the Hurewicz homomorphism h.

Proof Notice that 771,(HP® AHP®) = 7§, (HP®° AHP). Since HP? = S*U, e®,
the 12—skeleton of HP > AH P> has a cell structure S8 Uy, (e!? Ue!?). Thus, we
have the following exact sequence:

73,(8%) = 0= 75, (HP® AHP®) s 73 (512 v §12) % 78 (S5,

Here, ¢: Jsz(Slz v S12)y=7{}® Z{,} — nfl(SS) = 7/24{v} satisfies ¢(i1) =
@(12) = v. Therefore, 7{,(HP*° AHP>) = Z{a} & Z{b} for some elements a and
b satisfying ¥« (a) =11 — i and V¥« (b) = 241,. Then, a is a required element up to
sign, since we have {Y«(B1 ® B2). ¥«(B2 ® B1)} = {h(t1), h(t2)} up to sign. o

Proof of Theorem 2 Let a € 1, (HP*> AHP) be the element in Lemma 8. Since
712(HP® AHP®) = 78 ,(HP* AHP?) and 157 (2)+ = (t3; A 15)x = for the sus-
pension isomorphism X% 719(S'HP2 AHP?) — 75, (HP2 AHP?), we identify a
with ¥%a € 7}, (HP? AHP?). Then, it is sufficient to show (tf; A tgp)«(a) = v* up
to sign.
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The following diagram is stably homotopy commutative up to sign:

B s

tor A1 1AL
stz 2, HP2AHP?2 2, §3AHPE —H, g6

- bo L

i 5. A1
S4ast AL qp2ass HD, g3 488,

where ¢ is the collapsing map to the top cell. The left hand square is stably homotopy
commutative because (1 A ¢)x«(a) is a generator of 7 (H P?) by Lemma 8. Hence,
go(ty ANl)oa~(tj;oi) Al >~ o by Lemma I, and thus (3; A 1) oa is a coextension
of 0. On the other hand, since 7§;: HP? — S73 is an extension of : S* — S73 by
Lemma 1,

(1 At «(a) = A A1)« (thy A Ds(a) € (o,v,0) = {—v™}

by definition of the Toda bracket. Thus, we have completed the proof. O

3 Transfer image in 73 (S*)

We remark that
717(STHP® AHP®) = 5 ((HP® AHP™®) = 75 (S®) = Z/2{n*}.
Then, using Lemma 1,
tr(2)x(") = ((t) () = (g 0m)* =0,
and thus we have Lemma 3.

Lastly, we prove Theorem 4 and Proposition 5.

Proof of Theorem 4 As mentioned in Section 1, nf6(S°) =7/2{n*} ®Z/2{no p}
by Toda [10], and we shall show

Im((t3)s: 735 (HP®) — 73(S9) = Z/2{n 0 p}.
Notice that 77, (HP>) = nf3([H]P3) and the attaching map ¢: S!'! — HP? of the

top cell in HP? is stably a coextension of 2v € 3 (S 0). We consider the following
exact sequence:

(723 s /S (23
75 ,(S1?) = 7f,(HP?) = 7f,(HP?) = 7§, (S'?) — 7, (HP?),
where i is the inclusion HP? C HP? and ¢ is the collapsimg map HP3 — S12 to

the top cell.
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Since HP? ~ S* U, e8, we have
11, (HP?) = Z/2{(i0)«(V)} ® Z/2{(i0)«(€)}
and 7}y (HP?) = Z/2{(i0)+(1)} & Z/2{(i0)+ (N0 €)}
for the bottom inclusion ig: S* — HP?, where
73 (S°) =7/2v} @7/2{e} and 7§(S°) =Z/2{u} ®Z/2noey & Z/2(v°}.

Since ¢ is a coextension of 2v, we have ¢« () = @ on € (ig)«({v,2v,n)) = (iy)«(€)
(mod ix(v)). Thus, @«: nf3(512) — nfz(I]-I]Pz) is a monomorphism. Similarly,
¢+ (n*) = @ on* is contained in (ip)({v,2v,7%)) = (ig)+(n 0 €) (mod (ig)«(v?)).
Hence, we have 77, (HP*) = 77}, (HP3 =7/2{(i¢)x(1)}.

Since f3;: Y3HP® — S° is an extension of 0: S7 — S by Lemma 1, we conclude
that Im ((z7;)+: 775 (HP*) — nf6(S0)) =7/2{cou}=27/2{no p}. |

Proof of Proposition 5 As mentioned in Section 1,
n* € (0,20,n) C 7j4(S?),
and the indeterminacy of (o, 20, n) is Z/2{no p}.

Recall that 0 = Jy(17) € n;‘(SO) up to sign for a generator 17 € 77(SO) = Z. By
Toda [10, Proposition 5.15, (5.16), Proposition 5.1], there exist elements ¢’ € 714(S 7)
and 16 € m17(S'®) which suspend to 20 and 7, respectively. Then, 17 00’ = 0 since
714(SO) = 0. Also, by [10, Theorem 7.1], (£20”) o ;¢ = 0. Hence, an unstable
Toda bracket {X217, £20”, ¢} is defined in 7;3(X2S0), and it satisfies

L ({2217, 220", n16}) N (0. 20, 1) # .

Hence, n* or n* +nop is in Im(J,). But, since no p € Im(Jy) and Im(Jy) C Im(J>),
we have the required result. |
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