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Milnor operations and the generalized Chern character

TAKESHI TORII

We have shown that the n—th Morava K —theory K*(X') for a CW—spectrum X with
action of Morava stabilizer group G, can be recovered from the system of some
height—(n 4+ 1) cohomology groups E*(Z) with G,41—action indexed by finite
subspectra Z . In this note we reformulate and extend the above result. We construct
a symmetric monoidal functor F from the category of E/(E)—precomodules to the
category of K (K)—comodules. Then we show that K* (X)) is naturally isomorphic
to the inverse limit of F(E*(Z)) as a K4(K)-comodule.

55N22; 55N20, 55S05

Dedicated to Professor Nishida on the occasion of his 60th birthday

1 Introduction

From the chromatic point of view, the complex K—theory is a height—1 cohomology
theory and the ordinary rational cohomology is a height—0 cohomology theory. As
geometric aspects, the rational cohomology is defined by means of differential forms,
and the K—theory is defined by means of vector bundles. The classical Chern character
associates to a complex vector bundle the sum of exponentials of formal roots of the total
Chern polynomial. It may be regarded as a multiplicative natural transformation from
the K—theory to the rational cohomology, that is to say, from a height—1 cohomology
to a height—0 cohomology. There is a height—-2 cohomology theory, which is called the
elliptic cohomology. Conjecturally, the elliptic cohomology may also have a geometric
interpretation analogous to the rational cohomology and the K —theory. A generalization
of Chern character to the elliptic cohomology has been considered by Miller [15]. The
idea is that the formal group law on the moduli stack of elliptic curves is degenerate to
the multiplicative formal group law when it is restricted around a cusp. Miller’s elliptic
character is a multiplicative natural transformation from the elliptic cohomology to the
K —theory with coefficients in the formal Laurent series ring, hence from a height—2
theory to a height—1 theory.

The elliptic character may be regarded as the g—expansion map of modular forms
parametrized by spaces. The g—expansion is the Fourier expansion of modular forms
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at a cusp, which associates a formal Laurent series with variable ¢ = exp(2n V-1 7).
The g—expansion map has been extended at more general algebraic setting, and it has
been shown that it has a very good property, which is called g—expansion principle (cf
Deligne—Rapoport [3] and Katz [11]). In particular, the g—expansion map is injective,
and hence the modular forms are controlled by their g—expansion. The analogous
property on the elliptic character has been studied at odd primes by Laures [13]. At
the prime 2, there is a more elaborate cohomology theory related to elliptic curves
and modular forms. It is defined by the spectrum tmf of topological modular forms,
which is introduced by Mike Hopkins. The g—expansion map (evaluation at the Tate
curve) also induces a ring spectrum map from tmf to K[g]. In [14] Laures studied the
K(1)-local topological modular forms at the prime 2, and discussed the relationship
between the g—expansion map, Witten genus and M O (8)—orientation of tmf".

A generalization of Chern character to higher chromatic level has been considered by
Ando, Morava and Sadofsky [1] under geometric background. Their generalized Chern
character is a multiplicative natural transformation from (n 4 1)—th Morava E —theory
E, 11 to the n—th Morava E —theory with coefficients in some big Cohen ring. In [23]
we studied the degeneration of formal group law, which is used to construct their Chern
character. By using the results in [23] we refined their generalized Chern character in
[22]. Then we were able to control it algebraically. In this note we reformulate and
extend some results in [22].

Let S be the stable homotopy category of p—local spectra for some prime p. It is
known that there is a filtration of full subcategories of S, which corresponds to the
height filtration of the moduli space of one-dimensional commutative formal group
laws; see Devinatz, Hopkins and Smith [5], Hopkins and Smith [7], Morava [17] and
Ravenel [19]. The layers of this filtration are equivalent to the K(n)-local categories,
where K(n) is the n—th Morava K—theory. Hence it is considered that the stable
homotopy category S is built from K(n)-local categories. In fact, the chromatic
convergence theorem (cf Ravenel [19]) says that for a p—local finite spectrum X,
the natural tower -+ — L, 11X — L, X — -+ = LoX recovers X, that is, the
homotopy inverse limit of the tower is homotopy equivalent to X . Furthermore, the
chromatic splitting conjecture (cf Hovey [8]) implies that the p—completion of a finite
spectrum X is a direct summand of the product [ [, Lx )X . This means that it is
not necessarily to reconstruct the tower but it is sufficient to know all Lg,)X to
obtain some information about X . In [8] Hovey observed that the weak form of the
chromatic splitting conjecture should imply many interesting results. The weak form
means that the canonical map L, (S 0);,\ = LyLgm+1)S 0 is a split monomorphism.
In [16, Remark 3.1(i1)] Minami indicated that the weak form implies that there is a
natural map py for a finite spectrum X from the K(n + 1)-localization L g ,+1)X
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to the K(n)—localization L g,)X such that the following diagram commutes:

X

NKn+1) NK@n)
(1) / \
0

Lgm+nX LgmX

where ng(n): X — Lk X and ng(n+1): X — Lg41)X are the localization
maps.

In [22] we considered the modulo [,, version of the algebraic analogue of the dia-
gram (1). The Morava E—theory E, defines a functor from the K(n)-local category
to the category of twisted E,«—Gp—modules, where G, is the n—th extended Morava
stabilizer group. The Adams—Novikov spectral sequence based on E,—theory has its
Er—term H}*(Gp; En+(X)) and converges to m«(L g, X) strongly if X is finite,
where H}*(Gy;—) is the continuous cohomology group of G, . Hence the category
of twisted E;x—G,—modules can be considered as an algebraic approximation of the
K(n)-local category.

Let BPs be the Brown—Peterson spectrum at an odd prime p and [, the invariant
prime ideal generated by p,vq,...,v,—1. There is a commutative ring spectrum
E = E, /1I,, which is a complex oriented cohomology theory with coefficient ring
Ey = Epy14/In = Flun][u™']. We denote by K*(—) a variant of n—th Morava
K —theory with coefficient Flw®!]. The modulo I,,—version of the algebraic analogue
of the diagram (1) is

Sf
E K
) / \
n

f
Mn-H M’{

where S/ is the stable homotopy category of finite spectra, M,{ 41 1s the category
of finitely generated twisted E«—G,41—modules and M, is the category of finitely
generated twisted Ks—Gp—modules. So the question is: Does there exist a functor p
from M,{ 4 to M,{ which makes the diagram (2) commute?

In [23] we constructed a Galois extension L of the quotient field of F[u,], over
which the formal group F, 4 associated with E is nicely isomorphic to the Honda
group law Hj,. By using this result, we constructed a natural transformation ® from
E —cohomology to K—cohomology with coefficients in L in [22]:

®: E*(X) — L*(X).
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This is regarded as a generalized Chern character since it is a multiplicative natural
transformation from the height—(n 4+ 1) cohomology E to the height—n cohomology
K with coefficients in L. Then it is shown that ® is equivariant with respect to
the action of G,41, and © induces Ly« ®fg, E*(Z) =~ L« Qk, K*(Z), a natural
isomorphism of G—modules for any finite spectrum Z, where G =T" X (S, X Sy+1)
and L, = L[u*!]. By these results, we have shown that there is a natural isomorphism
of twisted K+—G,—modules:

K*(X) QI}LH HO(Sn-l-l; Ly ®E, E*(Z))
zZ
for any CW-spectrum X where Z ranges over finite subspectra of X [22, Corollary 4.3].
Hence if we set the functor u(—) = H%(S,+1; L« ® g, —), it makes the diagram (2)
commute.

Essentially, the twisted Kx—G,—module structure gives K*(X') the stable cohomology
operations except for Milnor operations. So in this note we would like to extend the
above result in the form which includes the action of Milnor operations. Note that
the twisted K4—Gy—module structure on K*(X') with Milnor operations is equivalent
to the Kx(K)—comodule structure. In this note we construct a symmetric monoidal
functor F from the category of profinite E} (E)-precomodules to the category of
profinite K, (K)—comodules. Roughly speaking, a profinite E}/(E)—precomodule is a
filtered inverse limit of finitely generated Ey«—module

M =1imM /M,
<«
such that M ¢ has a complete E)(E)—comodule structure, where
M€ =lim M/ M; +w' M.
<«
For a profinite £ (E)-precomodule M , there is a natural twisted Ex—Gj41-module
structure on M . Hence M ® E,. L« is atwisted Lx—G,41—module. We set

F(M)=HSp+1: MR g, Ly).

Theorem A (Corollary 6.5) The functor F extends to a symmetric monoidal func-
tor from the category of profinite E (E)—precomodules to the category of profinite
K. (K)—comodules.

For a spectrum X we denote by A(X) the category whose objects are maps Z Lx

with Z finite. We associate to X a cofiltered system E*(X) ={E*(Z)} and [<*(X) =

{K*(Z)} indexed by A(X). Then E*(X) = lim F*(X) and K*(X) = lim K*(X).
<« <«

The following is the main theorem of this note.
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Theorem B (Theorem 6.11) For any spectrum X , the generalized Chern character
® induces a natural isomorphism of cofiltered system of K (K)—comodules:

F(E* (X)) = K*(X).

If X is a space, then this is an isomorphism of systems of K (K)—-comodule algebras.

The organization of this note is as follows. In Section 2.1 we summarize well-known
results on generalized cohomology theories which are Landweber exact over P(n). In
Section 2.2 we review our main result in [23] on degeneration of formal group laws. In
Section 2.3 we review on the construction of the generalized Chern character.

In Section 3.1 we study the category of complete Hausdorff filtered modules and the
action of a profinite group on a complete module. In Section 3.2 we recall complete
Hopf algebroids and their comodules.

In Section 4.1 we describe the structure of complete Hopf algebroid C(G, R€), where
C(G, R°) is the ring of all continuous functions from a profinite group G to an
even-periodic complete local ring R¢. In Section 4.2 we show the well-known fact
that the category of complete C(G, R)—comodules is equivalent to the category
of complete twisted R¢—G-modules. Usually, we use and study the category of
complete twisted Fpn —G,—modules. In Section 4.3 we show that there is no essential
difference between the category of complete twisted F—G,—modules and the category
of complete twisted F,n—G,—modules. In Section 4.4 we reformulate a result of
[22]. We construct a symmetric monoidal functor F from the category of profinite
C(Gp+1, ES)—precomodules to the category of profinite C (G, K«)—comodules, and
show that there is a natural isomorphism between F(E*(X)) and K*(X) as systems
of C(Gy, Ky)—comodules.

In Section 5.1 we define a complete co-operation ring Ay (A4) for A = E, /I, and
study a A}/ (A)-(pre)comodule algebra structure on the A—cohomology of the projective
space C P and the lens space S2P"~1/(Z/p). In Section 5.2 we study a twisted E—
Gp+1—module structure on the exterior algebra A g, and show that F(AEg,) = Ak,
as twisted K,—Gp—modules. In Section 5.3 we define Milnor operations Q;“ for a
A 4,—comodule M . In Section 5.4 we study A4 (A)—comodule structures in terms of
Cy4, —comodule structures and A 4, —comodule structures. We show that an A (A4)—
comodule structure is equivalent to a C4, —comodule structure and a A 4, —comodule
structure which satisfy some compatibility condition.

In Section 6.1 we extend the symmetric monoidal functor F from the category of
profinite £ (E)—precomodules to the category of profinite Kx(K)—comodules. In
Section 6.2 we prove the main theorem.
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In this note p shall be an odd prime except for Section 2.2, F a finite field containing
Fpn and Fjn+1, and Gal the Galois group Gal(F/Fp). We think a group G acts on
aring R from the right and denote by r8 the right action of g € G on r € R. For
a power series a(X) = Y o; X' € R[X], we set a8 (X) =Y af X' for g€ G. An
R-module means a left R—module if nothing else is indicated.

2 The generalized Chern character

2.1 Landweber exact theories over P (n)

Definition 2.1 A graded commutative ring R, is said to be even-periodic if R is
concentrated in even degrees and R, contains a unitin R, . A multiplicative generalized
cohomology theory /#*(—) is said to be even-periodic if the coefficient ring /1, = h* (pt)
is even-periodic.

For a spectrum X', we denote by A(X) the category whose objects are maps Z Sx
such that Z is finite, and whose morphisms are maps Z > Z’ such that u'v = u.
Then A(X) is an essentially small filtered category.

Definition 2.2 Let 4*(—) be a generalized cohomology theory. For a spectrum X, we
define a filtration on 2*(X) indexed by A(X) as

FZh*(X) = Ker(h*(X) — h*(2))

for Z € A(X). We call this filtration the profinite filtration and the resulting topology
the profinite topology.

Remark 2.3 If 4*(—) is even-periodic and the degree—0 coefficient ring /¢ is a
complete Noetherian local ring, then 2*(Z) is a finitely generated /—module for all
Z € A(X), and the canonical homomorphism
h*(X) — lim h*(Z)
<«
ZeA(X)

is an isomorphism. This implies that 2*(X) is complete Hausdorff with respect to the
profinite topology.

Let BP be the Brown—Peterson spectrum at an odd prime p, whose coefficient ring is
given by BPy = Z,)[v1, vz, .. ] with |v;| = 2(p' —1). Let I, be the invariant prime
ideal generated by p,vy,...,v,—1. There is a commutative BP —algebra spectrum
P(n), whose coefficient ring is P(n)x = BP«/I,. In particular, P(0) = BP. Let
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X = C P the infinite dimensional complex projective space, and Y = S22"~1/(Z/ p)
the lens space of dimension 2 p” — 1, where Z/ p is the cyclic group of order p acting
on the unit sphere S 2p"=1 jp " by standard way. These spaces are important test
spaces to stable cohomology operations of complex oriented cohomology theories (cf
[2, Section 14]). The P(n)—cohomology of X and ) are given as follows:

P(n)*(X) = P(n)«[x].
Pm*(Q) = A() ® P(m)«[x]/(x?"),

where x € P(n)?(X) is the orientation class and y € P(n)' ().

Let F be a p—typical formal group law over a commutative ring R. By universality
of the p-typical formal group law Fpp associated to BP, there is a unique ring
homomorphism f: BP, — R such that F is the base change of Fpp by f. If
f(v;) =0 for 0 <i <n, then f induces a ring homomorphism f: P(n)x — R. In
this case we say that a p—typical formal group law F is of strict height at least n.
Hence P(n) is the universal ring of p—typical formal group law of strict height at least
n. We say that a ring homomorphism P (n)« — R is Landweber exact over P(n), if the
SeqUence vy, Vu41, ... is regular in R. In this case, the functor R« ® p(n), P(1)«(—)
is a generalized homology theory by Landweber—Yagita exact functor theorem [12; 25],
where Ry is the even-periodic commutative ring R[u*!] with |u| = —2. Furthermore,
if R is a complete Noetherian local ring, then

R*(X) =lim (R« ® p(n).. P(n)*(2))
A(X)

is a generalized cohomology theory.

Let F be a finite field which contains the finite fields Fpn and Fpnt1. Let E;(—) be a
variant of Morava E —theory whose coefficient ring is given by

Epe = WE)[uy. ... up_Ju™"],

where W(F) is the ring of Witt vectors with coefficients in F. The grading is given
by u; =0 for 1 <i <n and |u| = —2. Then the degree—0 formal group law F,
associated to Ej is a universal deformation of the Honda group law H,, of height
n over F. For 0 < k <n, there is a commutative multiplicative cohomology theory
(En/It)*(—) whose coefficient ring is just E,x /I, where I is the invariant prime
ideal (p,uy,...,Up—_1).

We define even-periodic graded commutative rings E4 and K as follows:

Ex = Flun]u™"].
K+ = Flw*!],
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where the gradings are given by |u,| =0, |w| = |u| = —2. The ring homomorphisms
P(n)x — E« given by v, — upu— "1, Upt1 > u_(l’nﬂ_l), vi>0fori>n+1,
and P(n)x — K given by v, — w_(pn_l),v,- 0 for i > n, make Ex and Ky
Landweber exact P(n)s—algebras, respectively. Hence

E*(X) = lim (Ex®p, P(1)*(Z)),

K*(X) = 1im (Ku®py, P(1)*(Z2),

define generalized cohomology theories. Note that there are no limit one problems
since the degree—0 subrings are complete Noetherian local rings, respectively. The
cohomology theory K™*(—) is a variant of Morava K —theory and the associated degree—
0 formal group law is the Honda group law H, of height n over F. Since the
cohomology theory E*(—) is (Ep+1/1n)*(—), the associated degree—0 formal group
law is the base change of F,; to Flu,].

We set xgp=1®x e E%X),
ye=1®yeE'(Y),
xg =1®xe K'X),
yk=18yeK'().

Then we have E*(X) ~ E«xE],

E*(V) = A(yg) ® E+lxg)/(x2),
K*(X) = K[xk],

K*(V) = A(ykg) ® Kalxx ]/ (x2).

2.2 Degeneration of formal groups

In this subsection we review some results in [23]. In this subsection p is any prime
number. Let £, 1 o be the degree—0 coefficient ring of the variant of Morava E —theory
Eyyq:
Eny1,0=W®E)|uy,..., unl

The associated degree—0 formal group law Fj 4 is a universal deformation of the
Honda group laws H,,; of height n + 1 over F. The extended Morava stabilizer
group G4 = Gal x Sy, is the automorphism group of Fj,1; in some generalized
sense (cf Strickland [21] and Torii [23]), where Gal is the Galois group Gal(F/F,) and
Sp+1 is the n—th Morava stabilizer group. Note that S, is the automorphism group
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of Hy,41 in the usual sense. The extended Morava stabilizer group G, 41 is a profinite
group and acts on £, 1,0 continuously, where the topology of Ej, 1o is given by the
adic-topology. Since the ideal I,, = (p,uy,...,uy—1) of E, 1,0 is stable under the
action, G4 also acts on the quotient ring E, 41,0/, = F[u,] continuously.

We regard the formal group law Fj,; as being defined over F[u,] by the obvious base
change. This situation is a kind of degeneration and a fundamental technique to study a
degeneration is to investigate the monodromy representation. Let M = F((u5)) be the
quotient field of F[u,] and M 5P its separable closure. Then the height of Fj,+; on M
is n. Hence the fibre of Fj,4; over M 5P is isomorphic to H,, since the isomorphism
classes of formal group laws over a separably closed field are classified by their height.
The monodromy representation of Fj; around the closed point gives the following
homomorphism:

Gal(M*®?/ M) = (M) — Aut(Hy,) = Sjp.
This homomorphism was studied by Gross in [6].
Let @ be an isomorphism over M *°P between F,; and H,:
P(Fr1(X.Y)) = Hy(P(X), D(Y)).

Let L be a separable algebraic extension of M obtained by adjoining all the coefficients
of ®(X). Then the above homomorphism Gal(M*®?/M) — S, induces an isomor-
phism Gal(L/M) = S, and this extends to an isomorphism Gal(L/F,((un))) = Gy.
Let G be the semidirect product Gal x (S, x Sy +1). Then G is a profinite group, and
contains G, and G,y as closed subgroups.

The following theorem is a main point of [23].

Theorem 2.4 [23, Section 2.4] The profinite group G acts on the formal group law
(Fu+1, L) in generalized sense. The action of the subgroup G,41 is an extension
of the action on (Fy+1,F[u,]). The action of the subgroup G, on (Fy, 41, L) is the
action of Galois group on L and the trivial action on Fy. Under the isomorphism
®: F,y; — Hy, the induced action of G on (Hy, L) is encoded as the following two
commutative diagrams. For g € G, 41, there is a commutative diagram

te(g)
Fuy1 —= Fyyi®

3) “’l ifpg

Hn —=>H’§’
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where tg(g)(X) is an isomorphism from Fy; to F,+18 corresponding to g. For
h € Gy, there is a commutative diagram

Fuyt — Fpyt”

@) q>l l“’h
h
Hn tK( ) Hrfl’

where tg (h)(X) is the automorphism of H, corresponding to h.

2.3 The generalized Chern character

In this subsection we review the generalized Chern character ® constructed in [22].
The co-operation ring P (1)« (P (n)) is isomorphic to
Pm)«lt1,t2,...]® A(a(o), ... ,a(n_l))

as a left P(n)«—algebra, where |t;| = 2(p’ — 1) and lagy| = 2p' — 1. In particu-
lar, P(n)«(P(n)) is a free P(n)x—module. Hence (P (1), P(n)x(P(n))) is a Hopf
algebroid over F, . By formalism of Boardman [2], there is a natural P(n)«(P(n))-
comodule structure on the completion P(n)*(X)”" with respect to the profinite topol-
ogy:

pi P()*(X)" —> P()«(P()® p(y. P(m)* (X)".

The set of F,—algebra homomorphisms from P(n)«(P(n))/(a().....au—1)) to an
even-periodic F, —algebra R is naturally identified with the set of triples (F, f, G),
where F and G are p-typical formal group laws over Ry with strict height at
least n, and f is an isomorphism between them. Let L, be an even-periodic E—
algebra L[u®']. By Theorem 2.4 and the above moduli interpretation of the ring
P(n)«(Pn))/(ay,---,a@u—-1)), there is a ring homomorphism 6: P(n)«(P(n)) —
P(n)«(P(n))/(acy,---,amu-1)) — Lx such that the following diagram commutes:

Hﬂ
P(n)x K,

| l

P(n)«(P(n) —— L.

I

Fy
Pn)y — ~ E,.
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That is, 6 corresponds to the triple (F,4+1, P, Hy) over L. For Z € A(X), by
extending the natural ring homomorphism

P)*(Z) 2 P1)w(P()®p(y, P()*(Z)
o8 Le®p@y, P (Z)

~ L*(Z)

to E*(Z) = Ex ®p), P(n)*(Z) — L*(Z), we obtain a multiplicative natural
transformation

®) O:E*(X) — L*(X),
which we call the generalized Chern character.

The following lemma is easily checked.

Lemma 2.5 O(xg) =®(xg) and O(yg) =1Q® yg.

3 Complete Hopf algebroids

3.1 Complete modules

Let k be a commutative ring. We say that (M, {F* M}, c,) is a filtered k—module if
M is an k—-module and {F* M }; ¢, is a family of k—submodules indexed by a (small)
filtered category A. Then M can be given a linear topology. We denote by FMody, the
category of filtered k—modules and continuous homomorphisms. A filtered k-module
(M, {F AM }aea) is said to be complete Hausdorff if the canonical homomorphism

M —lim M/F*M
<A

is an isomorphism. We denote by FMod{, the full subcategory of FMod; whose
objects are complete Hausdorff. We say that (M, {F* M },cp) € FModyj is a profinite
k-module if M/F*M is a finitely generated k—module for all A € A. We denote by
ProFGy the full subcategory of FModj whose objects are profinite.

Since FMod;_ is a symmetric monoidal category with tensor product ® and unit
object k, we can define commutative monoid objects in FMod{ , that is, complete
commutative k—algebras. We denote by FAlg; the category of complete commutative
k —algebras. For R € FAlgz, we can define an R—module in FModi , and we denote
by FMod$, the category of R—modules. For Ry — R, € FAlgj , there is a base change
functor

(—)® r, R2: FMod%,, —— FMod, .
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If R is a complete Noetherian local k—algebra with maximal ideal m, then R with m—
adic filtration can be regarded as an object in FAlgj . We denote by R the k-module
R with m—adic filtration, and simply by R the k-module R with trivial filtration {0}.
Note that the base change M ® g R for M € FMod$% is given by

limM/(F*M +m' M)
<~

with inverse limit topology. Since M is isomorphic to the inverse limit of M/m’ M
for a finitely generated R—module M, we see that M ® RRE =~ M as (abstract)
R-modules for M € ProFGpg.

Example 3.1 Let #*(—) be a generalized cohomology theory and X a spectrum. We
defined the profinite filtration on 4*(X') in Remark 2.3. If 2*(—) is even-periodic and
the degree—0 coefficient ring /¢ is a complete Noetherian local ring, then /*(X) is a
complete Hausdorff profinite /x«—module. Hence the cohomology theory 4*(—) gives
a functor from the stable homotopy category to ProFGy,, .

Lemma 3.2 Let M € FMod; and M the underlying k —module. If M € FMod%,
then M is an R—module in the usual sense.

Proof The map R® M — RQM — M gives an R—module structure on M. O

Lemma 3.3 If M € FMod$%, then for any open k —submodule M), there is an open
R-—submodule N such that N C M), .

Proof The fact that M € FMod% implies that the map RIM — M — M/M,
factors through R ® M /M|, for some open k—submodule M, . Hence R- M, C M, .
We take N as R- M, . Since M, C N, N is an open R—submodule. This completes
the proof. a

Corollary 3.4 Let M € FMod$. There is a fundamental (open) neighborhood system
at 0 consisting of R—submodules.

Corollary 3.5 Let M and N be objects in FMod% . Then

M & N ~1lim (M/F*M)®g (N/F*N),
R <

A

where {F* M}, and {F* N}, are families of all open R—submodules of M and N,
respectively.
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Lemma 3.6 Let M € FMod$%. Then M is an R°-module compatible with given
R -module structure if and only if for any open R—submodule N there is a nonnegative
integer i such that m' M C N .

Proof If M is an R°-module compatible with given R-module structure, then there
is a continuous map R° ® rRM — M , which makes M an R¢—module. Then the
map RE® gRM — M — M/ N factors through R /m‘ ® g M /N’ for some i and some
open R—submodule N'. This implies that m' M c m M + N’ C N.

If for any open R—submodule N there is i such that m’ M C N, then there are
compatible maps R°® gkM — R/m! ® g M/N — M/ N , which induce a continuous
map R°® gM — M . This map defines an R°-module structure on M compatible
with given R-module structure. a

Lemma 3.7 Let M € FModj . If a profinite group G acts on M continuously as k —
module homomorphisms, then for any open submodule M, there is an open submodule
N suchthat G- N C M,,.

Proof For any g € G, there are an open submodule Ng of M and an open neighbor-
hood Uy of g such that Ug - Ng C M,,. Since G is compact, G = Ug, U---UUg,,.
Take an open submodule N such that N C Ng, N---N Ng, . Then for any g € G,
g € Ug, for some i, and for any x € N C Ng,, g-x € Ug, - Ng; C M, . Hence we
obtain that G- N C M. a

Corollary 3.8 Let M € FModj . If a profinite group G acts on M continuously
as k —modules homomorphisms, then for any open submodule M), there is an open
G —submodule N such that N C M), .

Proof By Lemma 3.7, there is an open submodule N’ such that G- N’ C M . Let
N be the submodule generated by G- N’. Then N is a G—submodule and N C M}, .
Since N' C N, N is an open submodule. This completes the proof. O

Corollary 3.9 Let M € FMod; and G a profinite group. Suppose that G acts
on M continuously as k —-module homomorphisms. There is a fundamental (open)
neighborhood system at 0 consisting of G —submodules.

Theorem 3.10 Let G be a profinite group acting on R¢ continuously as k —algebra

homomorphisms, and M a complete twisted R¢—G-module. For any open R-
submodule M} , there is an open R—G —submodule N such that N C M.
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Proof By Corollary 3.8, there is an open k—G—submodule N’ such that N’ C M), .
Let N be the R—submodule generated by N’. Then N is an open G —submodule such
that N C M, . m|

Corollary 3.11 Let M be a complete twisted R°—G —module. Then there is a funda-
mental (open) neighborhood system at 0 consisting of R—G —submodules.

3.2 Complete Hopf algebroids and complete precomodules

Let A and T" be objects in FAlg; . We suppose that there are maps in FAlg) :

ng: A — T,
nL: A —> T,
x: I' — T,
e I' — A.

If the maps (ng, nr, X, €) satisfy the usual Hopf algebroid relations [18, Appendix 1],
then we say that the pair (A4, I') is a complete Hopf algebroid over k. A Hopf algebroid
is a complete Hopf algebroid with discrete topology. Since P(n)«(P(n)) is free over
P(n)«, P(n)«(P(n)) is a Hopf algebroid, hence, a complete Hopf algebroid over F, .

Let A — B be a map in FAlg; . We set
I'p:=BR4I'®4B.
Then (B, I'p) is a complete Hopf algebroid over k as usual.

Example 3.12 Let #*(—) be an even-periodic Landweber exact theory over P (n)
such that /¢ is a complete Noetherian local ring. Put

T'(h) = h5® p(uy, P(1)«(P (1)) ® p(ny, hS.

Then (h$, T'(h)) is a complete Hopf algebroid over F, .

An object M € FMod¢; is said to be a complete I'—comodule if there is a continuous
map p: M — I'®4M such that obvious co-associativity and co-unity diagrams
commute.

Definition 3.13 Let R be a complete Noetherian local ring, and (R, ") a complete
Hopf algebroid over k. An object M € FMod$ is said to be a complete I"—precomodule
if there is a continuous map

pr M —TQrM

such that the following two conditions are satisfied:
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(1) For any open R—submodule M; of M, there is an open R—submodule M, such
thatthemap M & T® gM — I'® g M/ M, factors through M /M, . When the
above condition is satisfied, p induces a continuous map p¢: M€ — I'® ge M.

(2) The continuous map p¢ makes M€ a complete I'—comodule.

Furthermore, if M is a complete Hausdorff commutative R-algebra and p¢ is a map
of complete R€-algebras, then M is said to be a complete I"'—precomodule algebra.

For Z finite, the coaction map P (n)*(Z) — P(n)«(P(n)) ® p(n), P(n)*(Z) induces
a natural continuous map

h*(Z) — T(h) @, h*(Z).

Proposition 3.14 Let 2*(—) be an even-periodic Landweber exact theory over P(n)
such that /1 is a complete Noetherian local ring. Then A*(Z) has a natural T"(h)—
precomodule structure for finite Z. Furthermore, if Z is a finite CW-complex, then
h*(Z) is a T'(h)—precomodule algebra.

Proof Since h*(Z) is discrete if Z is finite, the condition (1) is trivial. Actu-
ally, h*(Z) is a hx ®p), P()«(P(n)) ®p), hx—comodule. Hence h*(Z)¢ =
h, @h*h*(z ) is T'(h)—comodule. If Z is a finite CW-complex. it is easy to see that
h*(Z) is a I'(h)—precomodule algebra. |

4 Complete Hopf algebroid C(G, R¢)

4.1 The Hopf algebroid structure of C(G, R¢)

Let k& be a commutative ring and R, an even-periodic graded commutative k—algebra
such that the degree—0 subring R is a complete local ring with maximal ideal mgy. We
denote by R¢ a graded topological ring Ry with m—adic topology, where m = mg R.
Let G be a profinite group, which continuously acts on RS as k —algebra automorphisms
from the right. Let C = C(G, R%) be the set of all continuous maps from G to R§.
Then C is an even-periodic commutative ring from the ring structure on R. It is
known that the pair (RS, C) is a graded complete Hopf algebroid over k. In this
section we describe the structure of (RS, C) (cf [9, Section 6.3]).

First, note that there is an isomorphism of commutative rings
C = C(G, RS) ~lim C(G, Ry/m’),
A

1
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where C(G, Ry/m') is the ring of all continuous map from G to the discrete ring
R./mi. We give the inverse limit topology to C, where C(G, R4 /m’) is discrete. The
projection RS x G — RS gives a continuous ring homomorphism ng: RS — C. By
the ring homomorphism k — Rin—R>C , we regard C as a commutative k —algebra. The
action RS x G — RS gives a continuous ring homomorphism ng: RS — C, which is
a k—algebra homomorphism.

Let C(G x G, RS) be the ring of all continuous maps from G x G to RS. Then
C(G x G, R) is a complete commutative k —algebra as in C'.

Let G be a profinite group. We denote by C(G, M) the set of all continuous maps
from G to M € FModj . Then it can be given a k—module structure on C(G, M)
from the k—module structure on M . There is an isomorphism of k—modules

C(G, M) = limlim F(G/U, M/N),

N U

where F(G/U, M/N) is the set of all maps from G/U to M/N, N ranges over
all open submodules of M, and U ranges over all open normal subgroup of G. We
regard C(G, M) as an object in FModj_ by inverse limit topology.

Lemma 4.1 For a profinite group G and M € FMod , there is a natural isomorphism
in FMody, :
C(G.k)®rM =~ C(G, M).

Proof We have an isomorphism
C(G,k)®M = limlim F(G/U,k)® M/N.
<« —>

Since G/ U is a finite set, F(G/U,k)® M/N =~ F(G/U, M/N). Hence we see that
C(G,k)@Mglenli_n)lF(G/U,M/N);C(G,M). O

Let m: C xC — C(G x G, RS) be a map given by m(«, B)(g1,g2) = «(g1)%28(g>2)
fora,BeC, g1, g, € G. The map m induces an isomorphism of complete commutative
k —algebras:

C®C =5 C(GxG,R).
R

*0

We define a map by

~

v CKC(GxG,Ri)gC&x?c,
R
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where J is the map induced by the multiplication G x G — G . Then we can check
that ¥ is a continuous k —algebra homomorphism.

Let x: C — C be the map given by x(x)(g) =a(g™ )8 fora € C,g € G. Then it is
easy to see that y is a continuous k—algebra automorphism. Let ¢: C — RS be the
map given by (o) = a(e) for ¢ € C, where e is the identity element of G. Then it is
also easy to see that ¢ is a continuous k—algebra homomorphism.

Theorem 4.2 (cf Hovey [9, Section 6.3]) The pair (RS, C) with (ng,nL, ¥, X, €) is
a graded complete Hopf algebroid over k .

Remark 4.3 Let C(G, k) be the ring of all continuous maps from G to k. There
is an isomorphism C = C(G, k) ®y RS of complete k—algebras by Lemma 4.1, and
C(G, k) is a Hopf algebra over k by Theorem 4.2. The right action of G on RS gives
RS a graded (left) C(G, k)—comodule algebra structure. Let p: RS — C(G, k) ®y R
be the comodule algebra structure map. In this situation we can construct a split Hopf
algebroid (RS, C(G.k)®y RS). In fact, p = 5z under the above isomorphism, and
the graded complete Hopf algebroid (RS, C) is isomorphic to (RS, C(G, k)@ RS).

4.2 Twisted modules

In this subsection we show that there is an equivalence of symmetric monoidal categories
between the category of complete C —comodules and the category of complete twisted
R —G —modules.

Definition 4.4 A complete Hausdorff filtered RS -module M is said to be a complete
twisted (right) RS —G-module if G acts on M continuously (from the right) such that
(am)g =a8-(m)g forallme M,ac Ry, g €G.

Remark 4.5 The category of complete twisted RS —G —modules is a symmetric mon-

oidal category under complete tensor product ® and unit object RE.
RS

Definition 4.6 A complete Hausdorff filtered R$-module M is said to be a complete
(left) C —comodule if there is a continuous left RS —module homomorphism ppr: M —

C ® M, which makes co-associativity and co-unity diagrams commute.
RS

Remark 4.7 The category of complete C —comodules is a symmetric monoidal cate-

gory under complete tensor product ® and unit object RS
RS
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Lemma 4.8 For a complete (left) C —comodule M , there is a natural complete twisted
(right) RS —G —module structure on M .

Proof We denote by ev(g): C — RE the evaluation map at g € G. Then the map

M—C & m 2O

RE® M =M
RS RS

defines a twisted R,—G—-module structure on M . Hence it is sufficient to show that
the action map M x G — M is continuous.

Let N be an open R—submodule of M . Then m’ M C N for some i, since M is an
R¢-module. In this case, C(G, R/m) ® g M/N = C(G, M/N). Then there is an
open R-submodule N’, which makes the following diagram commute:

M COM

| |

M/N' —— C(G,M/N).

We note that for any element of M /N’ the image under the bottom arrow factors through
F(G/U, M/N) for some open normal subgroup U of G. The above commutative
diagram gives us the following commutative diagram:

MxG——M

| |

M/N'xG —— M/N.
By the above remark, the bottom arrow is continuous. Hence top arrow is also continu-
ous. This completes the proof. |
Lemma 4.9 Let M be an RS -module and G a profinite group. Then there is an
isomorphism of left RS —modules
C®M=C(G, M),
RS
where the left RS —-module structure on C ® M comes from ny, of C, and the left

R¢ —module structure on C(G, M) is given by (r - f)(g) = r8 - f(g) forr € R,
feClG,M),ged.
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Proof There is an isomorphism C = C(G, k) ®; RS by Lemma 4.1. Hence C ® ReM
is isomorphic to C(G, k)® ;M . Then we have

C(G,k)QxM = limlim F(G/U, k) ®; M/N
~N U
o~ L%nh_;)n F(G/U,M/N)

=~ lim C(G, M/N)

N
~ C(G, M).

It is easy to check that this isomorphism respects the left RS -—module structures. O

Lemma 4.10 For a complete twisted (right) RS -G —module M , there is a natural
complete (left) C —comodule structure on M .

Proof The G -module structure map M x G — M gives amap M — C(G, M). By
Lemma 4.9, we obtain a map M — C @ M . If this map is continuous, it is easy to
check that it defines a complete C —comodule structure on M . Hence it is sufficient
to show that M — C(G, M) is continuous. For any open submodule N of M and
g € G, there are open submodule Ny of M and an open neighborhood Uy of g
such that Ny - Uy C N. Since G is compact, G = Uy, U---U Uy, . Let N’ be an
open submodule such that N’ C Ng, N---N Ng,. Then N'-G C N. Hence the
map M x G — M — M/N factors through M /N’ x G . This implies that the map
M — C(G,M)— C(G,M/N) factors through M/N’. Hence M — C(G, M) is
continuous. This completes the proof. a

Theorem 4.11 There is an equivalence of symmetric monoidal categories between
the category of complete twisted (right) RS —G —modules and the category of complete
(left) C —comodules.

Proof By Lemma 4.8 and Lemma 4.10, there is an equivalence of categories between
the category of complete C —comodules and the category of complete twisted RS—G—
modules. It is easy to check that this equivalence respects the symmetric monoidal
structures. |

4.3 Remark on twisted modules

In this subsection we let G = Gal(Fyn/Fp) x Sy,. Usually, G is called the n—th
extended Morava stabilizer group, and it is important to study the category of complete
twisted Fp»—G—modules. In this subsection we compare the category of complete
twisted Fp» —G —modules and the category of complete twisted F—Gy—modules.
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There is an exact sequence:
1 - Gal(F/Fpn) — G, — G — 1.

Hence, for a twisted F—G,,—module M , the submodule M Gal(F/Fpn) jnvariant over
Gal(F/Fpn) is a twisted F,n—G—module. Conversely, for a twisted F,»—G-module
N, we can give F ®F,n N an obvious twisted F—G, —module structure.

Lemma 4.12 For a finite dimensional twisted F—G,—-module M , M Gal(F/Fpn) jg 4
finite dimensional twisted Fyn —G —-module, and F ®y,,, M Gal(F/Fpn) js jsomorphic to
M as a twisted F-G, —module.

Proof Let mm = dimgM . We obtain an isomorphism M =~ F Qg o M GalE/Fpr) oq
twisted F—Gal(F/F,n)-modules, since we have H!(Gal(F/Fpyn); GLy,(F)) = {1}
(cf Serre [20, Proposition X.1.3]). By the above exact sequence, M Gal(F/Fpn) s a
twisted Fp»—G—module, and we see that this is an isomorphism of twisted F-G,—
modules. i

Remark 4.13 Since the cardinality of M is finite, the action of G, on M and the
action of G on M SA®/¥p") are continuous by Lemma 4.20.

Let M be a profinite twisted F—G,—module. By Corollary 3.11, we can take a
fundamental neighborhood system { F M } at 0 consisting of open F—G,—submodules.
Then

MGal(F/Fpn) ~ lim (M/F)»M)Gal(F/Fpn) ,
<«

and M G2 F/Fpn) 5 a profinite twisted Fpn —G —module with filtration F* (A G2 ®/Fp)y,
where F*(M G /¥pn)) s the kernel of the map M SAF/For) s (pg/ FA pp) Gal(F/Epn)
Conversely, for a profinite twisted Fp»—G-module N, we can give F@FpnN an
obvious profinite twisted F—G,—module structure. By Lemma 4.12 and Remark 4.13,
we obtain the following proposition.

Proposition 4.14 The functor M +> M G2 F/Fpr) gives an equivalence of symmetric
monoidal categories between the category of profinite twisted F—G —modules and the
category of profinite twisted Fpn —G —modules. The quasi-inverse of this functor is
given by N — F@FpnN.

By Proposition 4.14, there is no essential difference between profinite twisted F—G,—
modules and profinite twisted F,» —G —modules.
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4.4 Reformulation

In this section we reformulate the results in [22]. Set
Cg, = C(Gpt1, EY),
Ck, = C(Gy, Ky).

*

Then (Eg,CEg,) and (K4, Ck,) are graded complete Hopf algebroids over F, by
Theorem 4.2.

Let M be a profinite Cg,_—precomodule. Then M€ is a complete twisted ES—Gp4q—
module by Lemma 4.8. Note that M ¢ = M as an abstract £x-module. Since the G, 41
action on L is compatible with the G, 4—action on M, G, acts on M ® E.Lx,
where Ly = L[u®'] is regarded as a discrete module. We define F(M) to be the
Sp+1—invariant submodule of L. ® E.M:

F(M)=H(S,+1: L« %5 M).

We regard K, = Flw®!] as a subring of Ly = L[u®!] by w = q)alu. The following
lemma was proved in [22, Lemma 4.2].

Lemma 4.15 HO(S,,_,_I;L*) = K.
Note that E, with discrete topology is a Cg,—precomodule.
Corollary 4.16 F(Ex) = K.

Lemma 4.17 Let My be a finite dimensional twisted L+—G41—module. Then the
dimension of H®(S,41; My) over K, is finite.

Proof We prove the lemma by induction on the dimension of My . Suppose that
dim My =1.1If H°(S,,1; M) =0, thenitis okay. Suppose that H°(S, 4 ; M) #0.
Take a nonzero a € H°(S,41; My). Then My is isomorphic to Ly as a twisted Ly—
G, +1-module. Hence this case follows from Lemma 4.15.

Suppose that dim My, = n > 1, and that the lemma is true for M, of dimension
<n.If H°(S,41; M) =0, then it is okay. Suppose that H°(S, ;M) # 0. Let
a € H°(S,41; Mr) be a nonzero element, and Ny the L,—submodule generated by
a. There is an exact sequence of K,-modules:

0— H°(Syt1:Np) — HO(Spp1; M) — H(S,41: M /Nyp).

By hypothesis of the induction, the dimension of H°(S,41; My /Ny) is finite and
dim H°(S,41;Nr) = 1. Hence we obtain that dim H°(S,; M) is finite. This
completes the proof. |
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Remark 4.18 More precisely, we see that dimg, H 0(S,11:Np) < dimy , Ny, by the
proof of Lemma 4.17.

Corollary 4.19 If M is a finitely generated discrete Cg, —precomodule, then the
dimension of F (M) over K is finite.

The following lemma is fundamental on the topology of G,,.

Lemma 4.20 (cf Hovey [9, Theorem A.2]) A subgroup of G, is open if and only if
its index in G, is finite.

Let 1 € G, and o the image of the projection G, — Gal. For g € S;,+1, god =0g? in
Gny1,and gh = hg® in G. Hence the following diagram commutes for all g € Sy, :

L:®@M °® .M
E E

* *

g®gl J{ga@g”

L@ M °® [ & M.
E E

* *

This diagram induces an action of G, on F(M), and it is easy to check that F(M) is
a twisted Kyx—Gy,—module.

Lemma 4.21 If M is a finitely generated discrete Cg, —precomodule, then F (M)
has a natural complete twisted K« —G,—module structure.

Proof By Corollary 4.19, F(M) is a twisted K,—G,—module of finite dimension.
Then the action of G is continuous by Lemma 4.20. |

If M is a complete Cg, —precomodule, then there is a fundamental system {F MY
of (open) neighborhoods at 0 consisting of Ey—G,4+1—submodules by Corollary 3.11.
Hence there is an isomorphism

F(M) = lim F(M/F*M).
Y
We give F (M) the inverse limit topology. Note that this topology is independent of a
choice of fundamental system of neighborhood at 0. Furthermore, if M is profinite,
then F (M) is also profinite by Corollary 4.19, and complete twisted K«—G,—module
by Lemma 4.21. Hence we obtain the following proposition.
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Proposition 4.22 F defines a symmetric monoidal functor from the category of
profinite Cg, —precomodules to the category of profinite Ck, —comodules.

Proof Since the construction of twisted K.«—Gp,—module structure on F (M) is natu-
ral, we see that F defines a functor from the category of profinite Cg, —precomodules to
the category of profinite twisted K«—G,—modules, which is equivalent to the category
of profinite Cg, —comodules by Theorem 4.11. It is easy to check that the functor F
respects the monoidal structures. |

Definition 4.23 Let C[{ (resp. Cujg ) be the category of finitely generated discrete Cg, —
precomodules (resp. Ck, -(pre)comodules). Define Cg (resp. Ci) to be the procategory
of C[{ (resp. Cj¢ ), that is, the category of (small) cofiltered system of objects in C[{
(resp. Cj¢ ). These are symmetric monoidal categories.

For a finite Z, E*(Z) is a natural finitely generated discrete Cg,—precomodule
by Proposition 3.14. Furthermore, if Z is a finite CW-complex, then E*(Z) is a
CEg. —precomodule algebra.

Definition 4.24 We define E*(X') € Cg to be the system

{E*(Z)} zen(x)
indexed by A(X'). We also define IK*(X') € C by the same manner.

Then we have lim E*(X) = E*(X),
am
lim K (X) = K*(X),
am

as profinite Cg, —precomodules and profinite C, -(pre)comodules, respectively. By
Corollary 4.19 and Lemma 4.21, we can extend the functor F from Cg to Ck by
obvious way:

F: C[E e CK.

Note that F is a monoidal functor.

By [22, Theorem 4.1], the generalized Chern character (5)
0: EX(X) — L*(X)
induces a natural isomorphism of twisted L4—G-modules:

Ly®p, E*(Z) —> Ly ®x, K*(Z)
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for finite Z. The following theorem is a reformulation of [22, Corollary 4.3].
Theorem 4.25 For any spectrum X , the generalized Chern character ® induces a
natural isomorphism in C :

F(E* (X)) = K*(X).

If X is a space, then this is an isomorphism of cofiltered systems of finite Ck, —
comodule algebras.

S Milnor operations

5.1 Complete co-operation ring

In this section we let A = E,,+ /I, forsome k >0. Hence A=F if k=1and A=K
if kK = 0. The coefficient ring Asx = Flun, ..., uprx—11tt4], lug| = —2 is a graded
complete Noetherian local ring with maximal ideal my = (up, ..., Uy+x—1). Put
G4=Guyk and Cyq, = C(G4, Ax). We denote by AA A the K(n + k)-localization
of AN A. Since A is a commutative ring spectrum, So is AA A. We define a graded
commutative ring AY (A4) to be mx(AAA).

Since A4 is Landweber exact over P(n), there is an isomorphism of commutative
F,, —algebras:

(6) Tk (ANA) = Ax @ pny, P(M)«(P(n)) @ pny, Ax.

Lemma 5.1 There is an isomorphism of graded commutative ¥, —algebras
AY(A) = AS® p(ny, P()£(P(1)® p(n), A5,
where AS is a graded topological ring A« with m4—adic topology.

Proof By [10, Proposition 7.10(e)], we see that AY (A) is the I, —adic completion
of m+(A A A). Hence the lemma follows from the isomorphism (6). a

By Lemma 5.1, we see that A (A) has a graded complete Hopf algebroid structure
induced from P(n)«(P(n)). We say that A} (A) is the complete co-operation ring of
A.

Let Az be the graded commutative algebra over Z generated by a(;) for 0 <i <n,
where the degree of a(;y is 2 p' — 1. Hence Ay is an exterior algebra. For an evenly
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graded commutative ring Ry, we set Ag, = R« ® Az. There is an isomorphism of
commutative F,—algebras

P(n)«(P(n)) = P(n)«[t1,t2,...]® Ag,
where |t;| = 2(p’ —1). Let Cp(n), be the P(n)«—subalgebra of P(n)«(P(n)) gener-
ated by 71,17,,...:
Cp(n)* = P(I’l)*[tl, b, .. ]
Then itis known that Cp ), is a sub-Hopf algebroid of P (1)« (P (n)) (cf Wurgler [24]).

Hence we can give A4S ® Pn).CP).. ® P(n). A% the induced graded complete Hopf
algebroid structure.

Lemma 5.2 There is an isomorphism of graded complete Hopf algebroids over F,, :
(A4S, Ca,) = (A5 AS® P(n). CP(n). ® P(n), AS)-

Proof We let Dy = mx(Ep ik AEynyr), where E, x AE,  is the K(n + k)—
localization of Ejix A Eyyi. Then Dy = ES ,  ®pp, BP«(BP)®pp,ES ;.
Hence (E€ D) is a graded complete Hopf algebroid over Z,). Furthermore,

n+k,x’
(E D,) = (E€ C(Gpyk, E )) [4; 9]. Hence

n+k,x’

Dy/In = AS® p(ny, Cr(n). ® Pn). AS

c c
n+k,x’ n+k,x

by Lemma 5.1. By Lemma 4.1, C(Gpiks Entsx) = C(Guik,Z)® Eyif «. This
implies that C(G 4k, Epntk )/ In = C(Gyyk, A+). Hence we have the isomorphism
Cy, = AS ® P« CP(n)s ® P(n). A% . We can check that this isomorphism induces the
desired isomorphism of Hopf algebroids. a

Corollary 5.3 There is an isomorphism of graded complete commutative ¥, —algebras:

AY(A) = Cyq, ®Az.

Recall that A*(X)¢ = A$® 4, A*(X). The natural P (n)« (P (n))—comodule structure
on P(n)*(Z) gives a natural AY(A)—comodule structure on A*(Z)¢, for any finite
spectrum Z. By Lemma 4.1 and Corollary 5.3, this induces an A} (A4)—comodule
structure on A*(X)¢:

pr A*(X) —> AY(A)® 4 A* (X
If X is a space, then p defines an A} (A4)—comodule algebra structure on A*(X)°.
In the following of this subsection we describe the comultiplication ¥ on aZL . For

) @
0<i<n,weset

b{}) =ull ®ag).
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Then |b(})| = —1 forall i. In particular, uy =u if A=F and uy =w if A = K.
We put

ta(X) =Y 1Fa Ay ey [X)

i=0
n—1 )

and ba(X) =) b X" € AY(A)[X],
i=0

where F4 is the base change of the universal deformation Fj, i ; on E, i to
En+k,0/ Iy.

The comodule algebra structure map p: A*(X)¢ — AY(A) @AgA*(X)C on x4 is
given by the following lemma (cf [2, Section 14]).

Lemma 5.4 4(x4) =14(x4).

The comodule algebra structure map p: A* (V)¢ — AY(4)® A< AT (V)€ on y4 is given
by the following lemma (cf [2, Section 14]).

Lemma55 p(y4)=1Qyq4+ba(xy).

Let i; and i, be the left and right inclusion of AY(A) into AY(A4)® 4¢ AY(A). The
comultiplication map i on bg) is encoded in the following lemma.

Lemma 5.6 ¢ (ba(X)) = ir (b4)(X) +i1(ba)(ir (t4)(X)) mod (X7").

Proof This follows from the fact that (¥ ® 1)p(y4) = (1 ® p)p(y4) and Lemma 5.4
and Lemma 5.5. |

Lemma 5.7 Let F be a p—typical formal group law of strict height at least n over an
F, —algebra R. Then fora; € R (0 <i <n),

n—1
ZF ai X? =apX +a; X? %—---—}—cz,,_lXpn_1 mod (X?").
i=0
Proof This follows from the fact that F(X,Y)= X +Y mod (X, Y)?". a

The following theorem describes the structure of graded complete Hopf algebroid
(45, 47(4)).
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Theorem 5.8 The pair (A%, AY (A)) is a graded complete Hopf algebroid over F, .
There is an extension of graded complete Hopf algebroids

Cyq, — A (A) — Ay,

where the algebra A 4c = AL ® A(b&l)), - ,bé_l)) is an exterior Hopf algebra over
AS generated by primitive elements b(}) for 0 <i < n. The comultiplication { and
the counit € on bg) for 0 <i < n are given as follows:

i
Ay _ A A A \p’
V) = 10bG + ) bl ® @A )P,
j=0
e(bg)) = 0.
Proof The comultiplication i on b{}) is obtained by Lemma 5.5 and Lemma 5.7. O

5.2 Exterior algebras Ag, and Ak,

We can give A 4¢ a structure of right C4, —comodule algebra by

TAQTC

i ” R R
p(g),A: Aag —> A (A) — A::(A)‘X’AQLA:(A) —— A e ®4cCy,,

where 7 is the canonical inclusion, m¢ = 1c ® €5 and mpA =ec ® 15 . Hence A 4,
is a profinite right C4,—precomodule algebra.

Lemma 5.9 07 - (ba(X)) = ba(ta(X)) mod (X?").
Proof This follows from Lemma 5.6. O

The left A -module homomorphism ev(g) o x: C4, — C4, — A defines a right
action of G4 on A 4¢ by

op
PA.Cc ~ 1®(ev(g)ox)
AAi E— AAEF®A§<CA* _—> AAC.

Then A 4¢ is a twisted A5 -G 4—module.
Corollary 5.10 For g € G4, b48(X) = by(t4(2)" (X)) mod (XP").
Proof This follows from Lemma 5.9 and z4(g~ )& (X) = t4(g) "1 (X). |

Since A g, isatwisted Ex—Gpy1—-module, Ay, = L« ®E, AE, isatwisted Ly—G—
module. We define b(X) = Z;:é b(,-)XP' € Ar,[X] by

b(X)=bg(® (X)) mod (X?").
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Lemma 5.11 Forany g € G,41, Zg(X) = 5()().

Proof By definition and Corollary 5.10, /b\g(X) =bgot(g) ' o(d )8 (X) mod
(X?"). By the diagram (3) in Theorem 2.4, ®% o7(g)(X) = ®(X). This implies that
t(g) 1o (@) 1(X) = d(X). Hence b &(X) =bod ! (X) mod (X?"). m|

By Lemma 5.11, we see that the coefficients of Z)\(X ) are invariant under the action of
Gut1-

Lemma5.12 F(Ag,) =K« ® A(/b\(o), e, E(n_l)) as a graded commutative ring.

Proof We have 2)\(0), . ,En_l € F(AE,). Since Z)\(,-) is a linear combination of
b(]f), e ,b(En_l), we see that Ky« ® A(b(o), - ...bu-1)) C F(AE,). Then the lemma
follows from the fact that dimg, F(A g, ) < 2" by Remark 4.18. a

Recall that tg (4)(X) is the automorphism tg (h): H, — H,i‘ = H, corresponding
to h e G,.

Lemma 5.13 Forany h € G, we have b "(X) = b o tx ()~} (X).

Proof By definition and the fact that G, acts on L as Galois group, we have bt (X)=
bo(® Y (X) mod (X?"). By the diagram (4) in Theorem 2.4, tx (h) o ®(X) =
®"(X). This implies that (®")~1(X) = &' o 1x (h)~!(X). Hence the congruence
bH(X)=bod ' otxg(h)~1(X) mod (XP") holds. O

Theorem 5.14 As a Ck, —comodule, (A g, ) is isomorphic to Ak, .

Proof The map i)\(i) — b(If.) gives an isomorphism of twisted K«—Gy—modules by
Corollary 5.10, Lemma 5.12 and Lemma 5.13. O

5.3 Milnor operations

Let A= E,yx /1, for some k > 0. In this section we study Milnor operations in A.
We abbreviate Cy4, to C and A 4¢ to A. In this section we discuss in the category of
complete Hausdorff filtered A¢-modules. We recall that A is a Hopf algebra such that
b“} is primitive for all . We take monomials of b“} as a basis of A, and denote the
dual of b(}) by Qlf‘1 in the dual basis. Then the monomials of Qlf‘1 form the dual basis.
We call Qlf4 the Milnor operations.
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Let M be a left A—comodule with comodule structure map p. Then the Milnor
operation Qlf“ defines a A¢-—module homomorphism as follows:

P ~ Q§4®1M
M—AQM —— M.

We abbreviate this homomorphism also to Qlf4. Note that we write the action of

Ql‘.4 from theright: if p(x) =1®@x+ ) ; aé) ® x;j +---, then (x)Qlf‘1 = (—1)¥IF1y;
There is a relation in the endomorphism ring of M for any i and j:

(7) 00+ 0f0f =0.

. A A . . A
In particular, Q7" Q7" = 0. Conversely, if there are A{—module homomorphisms Q
for 0 <i < n such that (7) holds, then we can construct a A—comodule structure on
M , and this construction gives an equivalence of categories.

The category of complete A—comodules is symmetric monoidal under complete tensor
product & 4¢ and unit object AS.

Lemma 5.15 Let M and N be complete A —comodules. For any x € M and y € N,
@0 =x®M O+ D)0 ®yin MEN.

Proof Let ppr(x) =1 ®x + Zl (1) ®Xi + -+ with x; = (= l)|x|+1(x)Ql‘.4, and let
pN() =1®y+ Y af) ® yi +--- with y; — DYH1(y) Q. Then

Pugn(®N =18x@y+ (- 1)""Za(,)®x®y, +Za(,)®x,®y+

Hence we have (x ® »)Q# = (-1)¥IFVIH1(—1)¥x ® y; + x; ® »), which equals
x®(MO+ (P x)0d®y. o

We say that a natural endomorphism Q of complete AS—modules is a derivation of odd

degree with respect to exterior products if (x ® y)Q =x® ()0 + DO (x)0®y
for any x € M and y € N . Hence the Milnor operations QI.A is a derivation of odd
degree with respect to exterior products.

Let A* be the dual module of A: A* =Hom 4¢ (A, AS). Then A* is also a Hopf
algebra over A, and A* =~ A ® A(Qa“, e, Q;;‘_l) such that Qlf‘1 are primitive for
all i. Recall that A is a twisted 4S—G4—module. We can also define a twisted
A —G g4—module structure on A* by

(M)(O%) = ((A-g~Ho)g.
for0 e A*, geGyq,AeA.
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Lemma 5.16 For g € G4,
n—1 )
(0% =) i ()7 0.
j=i

Proof This follows from Corollary 5.10. |

Let M be a profinite AY(A)—comodule. Then M is a twisted 4$—G 4—module and
A —comodule. The following proposition gives us an interaction of the actions of G4
and Qlf‘1 on M.

Lemma 5.17 Let M be a profinite A} (A)—comodule. For x € M and g € G 4,
()0g = (1g)(QE.

Proof By Lemma 5.16, we see that the map

" ~ (Qf'oma)®1
O1: A (A) — A (A)® A (A) — A7 (4)

ev(g)omc

A5
is equal to the map

(ev(g)omc)®1 (QH%omp
_—

br: AY(A) L 4V (B AY(4) AC.

Hence ((x)Q7)g = (61 0 p)(x) = (620 p)(x) = ((x))(Q{)%. O

AL(4)

These are all relations on the A} (A4)—comodule M between the G 4—action and the
A*—action. We give interpretation of these relations in terms of comodule structures in
Section 5.4.

In the following lemma we show that a derivation of odd degree with respect to exterior
products in the category of stable cohomology operations of K*(—) is characterized
by the action on yg € K*())).

Lemma 5.18 Let Q be an odd degree stable cohomology operation of K*(—). Sup-
pose that Q is a derivation with respect to exterior product. Then Q is characterized
by the action on yx € K'()).

Proof A stable cohomology operation Q € K*(K) is a derivation if and only if
Q is primitive in K*(K). Since K4 (K) is free over K4, the primitive submod-
ule P(K*(K)) is the dual of the indecomposable quotient Q(K(K)) of the co-
operation ring K« (K). Recall the isomorphism K« (K) = Ck, ®k, Ak, . Then we
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have Q(K«(K)) = Q(Ck,) ® O(Ak,) = Q(Ak,), and Q(Ag,) is isomorphic to
K*{a(KO), e ,a(Ig_l)}. Hence Q is a linear combination Z:-:é quiK with g; € K.
Since we know that QiK(yK) = xgP?', wehave Q(yg) = Z?;é gixg? in K*()).
Since xg? for 0 <i <n—1 are linearly independent, this uniquely determines ¢; .
Hence Q is characterized by the action of yg . O

5.4 Complete A (A)-comodules

Let A = E, 4 /I, for some k > 0. In this section we give a description of complete
A} (A)—comodules in terms of C4, —comodule structure and A 4c —comodule structure.
In this section we discuss in the category of complete Hausdorff filtered A$—modules,
and abbreviate C4, to C and A4¢ to A.

Let M be a complete AY (4)—comodule with pps: M — AY (A)® M . By Theorem 5.8,
AY(A) = C®A as an F, —algebra, and there is an extension of complete Hopf alge-
broids:

(8) C— AY(4) 25 A.
Hence M is a A—comodule by
pav 25 AL HBM B ABM.

The counit of A induces a morphism of Hopf algebroid 7¢: AY(A4) — C, which is a
splitting of the above extension (8). Then M is also a C—comodule by

po: MES Ay @M IS cem.
We recall that A is a (left) C —comodule algebra by the structure map
. _ R ® _ _
pen: A AL cdMBCERN TS ASC T CBA,

where i is the canonical inclusion and 7 is given by A®c +— x(c¢) ® A. For a complete
C —comodule M , we denote by p CABM the C —comodule structure map of the tensor
product of A and M . ’

Lemma 5.19 Let M be a complete A/ (A)—comodule. Then p ps is a morphism
of C —comodules. In other words, the following diagram commutes:

PA.M

M AM
pC’MJ/ lpC.AéM
~ 1c®oA,. M PR
CRM CRARM.
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Furthermore, p ., A@m O PAM = (1c ® pa.m) © pc.yr is the AY (A)—comodule
structure map Py .

Proof Let f = (np®mnc)oy: AY(A) — A®C. By the co-associativity of AY(A)—
comodule M , the following diagram commutes:

PA.M —~
M ARQM
PMl J/IA®,0C,M
~ o~ ®R1ps ~ o~
CRARQM ARCRM.

Let g=(1c®1pA®ec)opc,ARC: A®C — CQ®A. Then we can check that go f
is the identity map of C® A . Since (g @ 1p7) o (1 ® pCc.M) = Peaem Ve obtain
that par = P\ &1, ©PAM - ’

Let h = (re®mp)oy: AY(A) — AY(A). By the coassociativity of 4Y (A4)—comodule
M , the following diagram commutes:

PC.M

M CRM
PMl i1C®P/\,M
~ o~ h®1pr ~ o~
CRARM CRARM.

But it is easy to check that / is the identity map of 4} (A). Hence we obtain that
pm = (1c ® pa,m) o pc,m - This completes the proof. O

Definition 5.20 We say that a complete module M is a C—A—comodule if M is
a C—comodule and also a A—comodule such that the structure map of A—comodule
oA, Mm is a map of C—modules.

Corollary 5.21 A complete A) (A)—comodule has a natural C —A —comodule struc-
ture.

Let p, co,=(@a®1®1Doy: CRN—> ARCRA.

Lemma 5.22 The following diagram commutes:

¥ ~
A = ABA
PC,A\L J/IA®/)CA
,0 o~
~ A.CRA ~ o~
CRA RCRKA.
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Proof Note that this is a diagram of F,—algebras. So it is sufficient to show the
equality /(b)) = g(b(;)) holds forall 0 <i <n, where f = (15 ® pc,A) o¥A and
g = PA,c®A © pc,A - We easily obtain that

l .
f@) =bon®1®1+18 Y x(si-))” ®bj).
j=0

On the other hand,

i J

j k
gbey) = Y (1@ x(si-)P @1)-(1@1®bjy+ Y _ bay ®s7_, ®1)
j=0 k=0
i Jj d ! j—k pk
= Z 1® x(si—j)?” @by + Z Z by ® (Sj_kx(si_j)P ) ®1
j=0 k=0j=k
i .
= Y 1®x(si—))” @b +boH®1®1.
j=0
This completes the proof. |

Corollary 5.23 If M is a complete C —comodule, then the following diagram com-
mutes:

o~ YA®Inm

ARM ARARM
(9) C,A@)M 1A®pC,A®M
o ~ Qlp
PN A CRA ~ o~ o~
CRARQM ARCRARM.

Lemma 5.24 Let M be a complete C —A —comodule with C —comodule structure
map pc,m: M — C ® M . Then the following diagram commutes:

PA.M ~ pC,AQ/Z\)M ~ o~

M ARM CRARM
PA.M 1®pA. M 1Q1®pA. M
—~ YA®1 ~ o~ pc,A@)A@M ~ o~ o~

AQM AQARM CROARARM
PCAGM 1®pC!A®M 1®1®pC'A®M
—~ pAC@A ! ~ ~ pC ®C®1®1 ~

CRAR® ARCRA CRIARCRIARXM
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Proof The top left square commutes since M is a A—comodule. From the assumption
that pa, as is @ morphism of C—comodules, sois 15 ® pa ar. Hence we see that the
top right square commutes. The bottom left square commutes by Corollary 5.23. Since
,o.C A@M 182 morphism o.f C —comodules, sois 1A ® Pe @M Hence the bottom
right square commutes. This completes the proof. |

Lemma 5.25 The map (,oc ABC ®1p)0 (,oA c @A) is the comultiplication .

Proof Let /' = (pc,Aa®@c ® 1a) o (pa,c®n)- Since f is a map of F, —algebras, it
is sufficient to show that f(c) = ¥ (c) for all ¢ € C and f(b;)) = ¥ (b(;)) for all
0 <i <n. Ttis easy to check that f(c) = ¥ (c). On the other hand,

i Jj oi—Jj
k j i—I
Slay) = D3N w0 s @bay ®sf ®1+18101®bg

Jj=0k=0[=0
k
i—l ) P )
p!*k ptfl
= Z ZX(Sj—k)Si_j_[ ®b(k)®sl +1®1®1®b(1)
k>0 \j=k
k+I1<i

i
k
= 1®1®1®b(i)+z1®b(k)®5ip_k®1'
k=0

Hence f(b¢)) = ¥ (b(;)). This completes the proof. |
Let M be a complete C—A —comodule with C —comodule structure map pc apr: M —
C ® M . We define amap ppr: M - CROARM by

p o~
onp: MM e S8 ceAB M.

By Lemma 5.24 and Lemma 5.25, we see that pps gives M a complete A (A)—

comodule structure.

Proposition 5.26 Let M be a complete C —A —comodule. Then M has a natural
A} (A)-comodule structure pps such that the induced C —A —comodule structure coin-
cides with the given one.

Note that if M is a complete C—A—comodule obtained from a complete 4} (A)—
comodule, then the induced A4} (A4)—comodule structure coincides with the given one
by Lemma 5.19.

By summarizing the results in this section, we obtain the following theorem.
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Theorem 5.27 There is an equivalence of symmetric monoidal categories between
the category of complete A} (A)—comodules and the category of complete C—A —
comodules.

6 Main theorem

6.1 Symmetric monoidal functor F

In Proposition 4.22 we showed that F is a monoidal functor from the category of
profinite Cg,—precomodules to the category of profinite Cg,—comodules. In this
section we show that the functor F extends to a monoidal functor from the category of
profinite £ (E)—precomodules to the category of profinite K4 (K)-comodules.

We let M be a profinite E) (E)-precomodule. Then M is a profinite Cg_—precomod-
ule and also a A g_—comodule such that the A g_—comodule structure map ppr: M —
A g ® M isamap of profinite C E.,.—precomodules by Corollary 5.21. We note that A g,
is a Cg,—precomodule and there is an isomorphism of Cg, —comodules: F(AE, ) =
Ak, by Theorem 5.14.

Lemma 6.1 If M is a profinite Cg,—precomodule, then the natural map

Ak, B, F(M)—=> F(Ap,)®x, F(M) — F(Ag, 8, M)

is an isomorphism of Cg, —comodules.

Proof Since F(Ag,) is isomorphic to Ag, asa Cg,—comodule, Ag, ® g, Lx =
Ak, ® k.. L« as twisted L,—G-modules. Hence there are isomorphisms of twisted
L«—G—modules:

Ag,®p, Mg, Ly = (AE*®E*L*) L, (M<§>E*L*)
(Ak, Bk, L+)®L, (M&E, L)

12

12

By taking S;, 41 —invariant submodules, we obtain an isomorphism of twisted Ks«—Gp,—
modules: F(Ag, ® g, M) = Ag, ® g, F(M). This implies that the above map is an
isomorphism of profinite Cg, —comodules. |

By Lemma 6.1, we obtain a map

FWap,): Ak, =F(Ag,) — F(Ag, ®p,AE,) = Ak, ®k, Ak, .
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Lemma 6.2 The map F (Y5, ) coincides with the comultiplication map Y, on
Ak

*

~E
Proof This follows from the fact that the algebra generators b(;) of F(AE,) are
given by linear combinations of the algebra generators bg) of A g, with coefficients
in Ly (see Lemma 5.12). O

Corollary 6.3 Let M be a profinite E (E)—precomodule with corresponding A g, —
comodule structure map ppr: M — Ap, ® g, M . Then the map F(ppr): F(M) —
F(AE, ® E.M) = Ak, ® K. JF (M) defines a natural A g, —comodule structure on
F(M).

Proposition 6.4 If M is a profinite E) (E)—precomodule, then F (M) has a natural
K (K)—-comodule structure.

Proof Since F is a functor and the A g, —comodule structure map ppr: M —
AE®M is amap of C E, —precomodule, F(pps) is a map of Cg, —comodules. Hence
the proposition follows from Theorem 5.27. |

Corollary 6.5 F extends to a symmetric monoidal functor from the category of
profinite E) (E)-precomodules to the category of profinite K(K)—comodules.

Proof By Proposition 6.4, we see that F extends to a functor from the category of
profinite £ (E)—precomodules to the category of profinite Ky (K)—comodules. It is
easy to check that F respects the symmetric monoidal structures. a

6.2 Main theorem

In this section we prove the main theorem (Theorem 6.11). The theorem states that for
any spectrum X, F(E*(X)) is naturally isomorphic to IK*(X) as a cofiltered system
of finitely generated discrete K4 (K)—comodules. Furthermore, if X is a space, then
this equivalence respects the graded commutative ring structures.

Definition 6.6 Let M[{ (resp. M&) be the category of finitely generated discrete
E} (E)—precomodules (resp. K«(K)-(pre)comodules). We define Mg (resp. M) to
be the procategory of M{ (resp. Mé ).

By Corollary 6.5, we can extend the functor F from Mg to M by obvious way:
F: M[E —> MK.

Note that F is a monoidal functor. As in the cases of Cp and Ci, we have the following
lemma.
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Lemma 6.7 For any spectrum X , E*(X) € Mg and K*(X) € M.

Hence F(E*(X)) € M. The natural A Ak. —comodule structure on F(E*(X)) gives
natural Ky-module homomorphisms Q ;on K*(X) = hm]-" (E*(X)) for 0 <i <n
with respect to the algebra generators b of Ak, .

Lemma 6.8 For0 <i <n, Q,- is a stable cohomology operation on K*(X).

Proof 1Iti is sufficient to show that Q, commutes with the suspension isomorphism X.
Letse K" (S!) the canonical generator E(l) Then the suspension 1somorphlsm is
given by the (exterior) product with s. Since Q ; 1s an odd degree operation, Ql acts
on s trivially. Hence we see that Qi commutes with the product with s since Q ;isa
derivation. This completes the proof. |

Recall that Y is the lens space Szl’n_l/Cp, and K*()) = A(up) ® K*[xK]/(xl‘?n).
Lemma 6.9 For0<i<n, Ql-(uK) = xKPi

Proof By Lemma 5.5, p(yg) =1® yg +bE(xE). Since bg(X) = b(dD(X)) mod
(X?") by definition, we have p(1Qug)=1®1Q ug + bE(CD(xE)) From that fact
that ug = 1 Q@ ug and ®(xg) = xg, we obtain that Q (ug) =xg? . O

Corollary 6.10 For 0 <i <n, Q,- = QI.K.

Proof By Lemma 6.8, Q ; 1s an odd degree stable cohomology operation, which is
a derivation with respect to the (exterior) product. Hence Q); is characterized by the
action on ux € K'()). Then the corollary follows from Lemma 6.9. O

Recall that the generalized Chern character (5)
0: E*(X) — L*(X)
induces a natural isomorphism in Ci
FE*(X)) = K*(X)
by Theorem 4.25. The following is our main theorem of this note.

Theorem 6.11 The generalized Chern character ® induces a natural isomorphism in
Mi:

F(E*(X)) = K*(X).
If X is a space, then this is an isomorphism of cofiltered systems of finite K (K)—
comodule algebras.
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Proof By Theorem 4.25, there is a natural isomorphism F(E*(X)) == K*(X) in Ck.
Corollary 6.10 implies that the isomorphism F(E*(Z)) =~ K*(Z) respects the Ag, —
comodule structures for all Z € A(X). Hence the theorem follows from Theorem 5.27.

O
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