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On the Stiefel-Whitney classes of the representations
associated with Spin(15)

MAMORU MIMURA
TETSU NISHIMOTO

We determine the Stiefel-Whitney classes of the second exterior representation
and the spin representation of Spin(15), which are useful to calculate the mod 2
cohomology of the classifying space of the exceptional Lie group Es.

55R40; 22E46

1 Introduction

The study of the cohomology of the classifying space of the Lie groups has a long
history; in particular, among the exceptional Lie groups G,, F4, E¢, E7, Eg, Borel
[4] first determined the algebra structure of the mod 2 cohomology of the classifying
spaces BG, and BF, using the Serre spectral sequence. In these cases, it is well
known that the numbers of generators as an algebra over the Steenrod algebra are 1 and
2 respectively. Kono, Shimada and the first author [7; 8] studied the mod 2 cohomology
of BE¢ and BE7, using the Rothenberg—Steenrod spectral sequence { E,} such that

E, = Cotory(Z/2,7/2) = H*(BE;;7/2),

where A = H*(E;;Z/2) for i = 6,7. Especially, Toda [11] announced that the
numbers of generators as an algebra over the Steenrod algebra are 2 for both BE¢ and
BE;. Obviously, the first generators are of degree 4 in the cases of BG,, BF,, BEg
and BE;. It is possible to represent the second generators as the characteristic classes
Wie6(04), c16(p6) and p16(p7) of some representations

P4 F4 —> S0(26),

Pe6- E6 — SU(27),

p7: E7 —> Sp(28),
in the case of BF4, BEg and BE; respectively (see Adams [2, Corollaries 8.1, 8.3
and 8.2] for the representations).
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142 Mamoru Mimura and Tetsu Nishimoto

Little is known about the structure of mod 2 cohomology of the classifying space BEg
of the exceptional Lie group Eg. However, it is quite natural to conjecture that the
number of generators as an algebra over the Steenrod algebra is 2.

Conjecture 1.1 The mod 2 cohomology of the classifying space BEg has two genera-
tors as an algebra over the Steenrod algebra; the first one is of degree 4, and the second
one is the 128—th Stiefel-Whitney class w1,g(pg) of the adjoint representation

ps = Adg,: Eg —> SO(248).

(For the adjoint representation Adg,, see Adams [2, Chapters 6 and 7].)

Based on the computation in Mori [9], we conjecture more precisely that the number
of generators as an algebra (not as an algebra over the Steenrod algebra) is 33 and the
action of the Steenrod square is expressed in the following diagram:

S 2 S 4 S 8 S 16 S 32 S 64
4 226 2 1020 18 2 34 2% 66 20130 128
Sql l Sql l Sql l Sql l Sql l Sql l Sq64l
7 11 19 35 67 131 192
qul qul qul qul qul Sq3zl

13 21 37 69 133 224

Sq4l Sq4l sq* Sq4l Sqlél
25 41 73 137 240
ng l ng ng l ng l
49 81 145 248
$q'6 Sq16l
97 161
Sq32l
193

where the numbers in the diagram indicate the degrees of the generators.

Our main tool to prove the conjecture on H*(BEg;Z/2) is the Rothenberg—Steenrod
spectral sequence.
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Our tactics to prove the conjecture may be stated as follows; firstly we calculate
E, = Cotory(Z/2,7/2) for A= H*(Eg;Z/2). We claim that generators are exactly
given by the elements of degree indicated in the above diagram; we will determine it
in the forthcoming paper (see Mori [9]), and secondly we show that these generators
are detected by the images of the Steenrod squares of the generator of degree 4 and by
the images of the Steenrod squares of the generator of degree 128. Observe that the
remaining generators except those in the right column in the above diagram come from
the mod 2 cohomology of the Eilenberg—Mac Lane space K(Z,4).

In order to prove the conjecture on the mod 2 cohomology of BEg, we need to find a
Lie group G and a homomorphism to Eg such that the structure of H*(BG;Z/2) as
an algebra over the Steenrod algebra is known and that the induced homomorphism
H"(BEg;7/2) — H"(BG;Z/2) is monic for n < N, where N is sufficiently large.
Using the homomorphism G — Eg with the above properties, we consider the Stiefel—
Whitney class of the induced representation

AdEg
G —> Eg —25% S0(248).

The natural inclusion map of the semi-spinor group Ss(16) C Eg might seem to be
the best homomorphism among others, since the homomorphism

H*(BEg;7/2) — H*(BSs(16);7/2)

is a monomorphism. However, calculating H*(BSs(16);Z/2) seems to be as difficult
as calculating H*(BEg;Z/2), since the Hopf algebra structure of H*(Ss(16);7/2)
is similar to that of H*(Eg;Z/2). The next candidate is the spinor group Spin(16)
which is the universal covering of Ss(16) with the obvious homomorphism

Spin(16) — Ss(16) — Eg.

According to Adams [2], the Lie algebra L(Eg) of type Eg can be constructed as the
direct sum L (Spin(16)) & A;Lﬁ with some Lie algebra structure, where L (Spin(16))
is the Lie algebra of type Spin(16) and AR is the spin representation of Spin(16):

A Spin(16) — SO(128).

Note that the Lie algebra L(Spin(n)) of type Spin(n) is isomorphic to the second
exterior representation

AZ: Spin(n) — SO(n) — S0((3)
as a representation of Spin(n). Thus the induced representation Spin(16) — Ss(16) —

Eg — S0O(248) is the direct sum )\f ¢ D A;%. The more appropriate homomorphism
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than Spin(16) — Eg is the composition map of the natural maps
Spin(15) — Spin(16) — Ss(16) — Ejg,

since the image of H*(BSs(16);7/2) — H*(B Spin(16);Z/2) is isomorphic to that
of H*(BSs(16);7/2) — H™*(B Spin(15);Z/2) and since Spin(15) is smaller than
Spin(16). Observe that the induced representation

Ad
Spin(15) —> Spin(16) —> Ss(16) —> Eg ——> S0(248)
is a direct sum of the first exterior representation (or the projection map)
Als: Spin(15) —> SO(15),
the second exterior representation
A3 Spin(15) —> SO(105),
and the spin representation
Aqs: Spin(15) — SO(128),

since we have fl*S)‘%G = )\%5 @ )\%5 and fl*SAi"6 = A5, where fi5: Spin(15) —
Spin(16) is the natural inclusion map. Quillen’s theorem (cf Theorem 2.4) states
that the 128—th Stiefel-Whitney class wi,3(A15) of the spin representation Ajs is
a member of a system of generators of H™*(B Spin(15);7Z/2) as an algebra over the
Steenrod algebra. Our calculation asserts (Theorem 5.1) that

wlzg()\{s 69)\%5 @ A1s) = wy28(A15) mod decomposables,

which implies (Corollary 5.2) that the 128—th Stiefel-Whitney class w;25(Adgg) can
be chosen as a member of a system of generators of H*(BEg;Z/2) as an algebra over
the Steenrod algebra.

The paper is organized as follows. In Section 2, we prepare some results on representa-
tions which will be needed for later use. In Section 3, we calculate the Stiefel-Whitney
classes of the second exterior representation )L%S of Spin(15). In Section 4, we calculate
the Stiefel-Whitney classes of the spin representation A5 of Spin(15). One can derive
the total characteristic classes w(p4), c(pg), p(p7) from the results (4-1), (4-2), (4—4)
respectively. In Section 5, we calculate the Stiefel-Whitney classes of the representation
)\15 <) )‘%5 @ Ays of Spin(15) which is the induced representation from the adjoint
representation of Eg.

Our main results are Theorem 5.1 and Corollary 5.2; the latter result assures the
existence of the first generator in the right column in the previous diagram. The former
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result will be used to show in the forthcoming paper that the action of the Steenrod
squares on this generator of degree 128, and hence on those of degrees 192, 224, 240,
248, by using the Wu formula. That is, the generators in the right column can be
represented by the 128—th, 192—nd, 224—th, 240—th and 248-th Stiefel-Whitney classes
of the adjoint representation respectively.

It is our pleasure to acknowledge that the present paper is motivated by the calculation
in Mori [9]. Most of the calculations were performed by programs using GAP which is
a system for computation in discrete abstract algebra. We thank Shingo Okuyama and
Yuriko Sambe who advised us about programming of the calculations.

2 Preliminary

In this section, we recall the mod 2 cohomology of the classifying spaces of O(n),
SO(n) and Spin(n) as well as the Stiefel-Whitney classes of representations.

Let Hj, be the subgroup of O(n) consisting of the diagonal matrices, which is isomor-
phicto (Z/2)". Let i,: H, — O(n) be the natural inclusion map. Let W = N(Hy)/H,
be the Weyl group of O(n), where N(H,) is the normalizer of Hy,. As is well known,
W is isomorphic to the n—th symmetric group X, . The mod 2 cohomology of BO(n)
is a polynomial algebra whose generators are defined as the invariants under the action
of the Weyl group:

H*(BO(n):2/2) = H*(B(Z/2)":2/)"
=7/2t. 1. ....1a]"
=7/2[wy, wy, ..., Wy,
where {¢; : 1 < j <n} is a basis of H'(B(Z/2)";Z/2) and w;, the i —th elementary

symmetric polynomial of #;, is called the i —th Stiefel-Whitney class. Similarly, the
mod 2 cohomology of BSO(n) is a polynomial algebra generated by w; for 2 <i <n:

H*(BSOn);72/2) =7/2[wy, w3, ..., wy).

Let G be a compact Lie group and p an n—dimensional real representation G — O(n).
Since a homomorphism induces a map between their classifying spaces

Bp: BG—> BO(n)

uniquely up to homotopy, we obtain a homomorphism between their mod 2 cohomolo-
gies:
Bp*: H*(BO(n);Z/2) — H*(BG:Z/2).
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We denote Bp*(w;) simply by w;(p). For a representation p: G — SO(n), we
also denote by w;(p) the induced element. One of the important properties of the
Stiefel-Whitney class is the Whitney product formula:

@-1) Wi (tmn) = Y wjxwy,

it+j=k

where 1, ,: O(m) x O(n) — O(m + n) is the obvious map, and w; and w; are the
i —th Stiefel-Whitney classes of H*(BO(m);Z/2) and H*(BO(n); Z/2) respectively.

The action of the Steenrod square on the Stiefel-Whitney classes is given by the Wu
formula:

J .

. i—k—1 ..

Sq/wi:Z( -k )wi+j_kwk 0=<j=<i).
k=0

Then, using it, one can easily see that generators of H*(BO(n);Z/2) as an algebra
over the Steenrod algebra are given by w,x for 1 < 2k <n.

Now we recall a result due to Borel-Hirzebruch [5]. Let H be an elementary abelian 2—
subgroup of G, and i: H — G the inclusion map. Suppose that there is a representation
p: G — O(n) satisfying the following commutative diagram:

H -5 m,

where p = p|g .
Proposition 2.1 (Borel-Hirzebruch [5]) There holds

Bi*(w(p)) = [ (1 + B7" @)).

i=1
Moreover, if G = O(m) and H = H,,, then Bi*(w(p)) is a symmetric polynomial of
t! for1 <i <m, wheret, € H' (BHn;Z/2).

Thus one can calculate w(p), if Bp*(¢;) is calculable.
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To state Quillen’s result [10] concerning H™* (B Spin(n); Z/2), we define Ay, as follows:

(n—2)/2, n=0 mod 8,
m—1)/2, n=1,7 mod 8,
n/2, n=2,4,6 mod S8,
n+1)/2, n=3,5 mod 8.

hn:

We often denote /1, by / if there is no confusion. Let J C H*(BSO(n);Z/2) be the
ideal generated by the elements

21’1—2 2h—3

wy, Sq'wy, Sq?Sq' wy, ..., Sq Sq ---8q% Sq' w;.

As is well known (see for example Adams [2]), Spin(n) has the spin representations:

AL, : Spin(8m) — SO 1),
Agma1: Spin(8m + 1) — SOQ24™),
Af,. o0 Spin(8m +2) — SUQ2*™),
Agm+3: Spin(8m + 3) —> Sp(2*™),
A¥, a0 Spin(8m +4) — Sp(2*™),
Agmas: Spin(8m + 5) —> Sp(24m+1,
AF, 6 Spin(8m + 6) — SUQ2™T2),
Agmi7: Spin(8m + 7) — SO(24™M*3),

where AT means that there are two representations A+ and A~

Notation 2.2 (1) For a real representation p: G — SO(n), we denote by pc a
complex representation

G 25 SO(m) — SU®).

(2) For a quaternionic representation p: G — Sp(n), we denote by pc a complex
representation
G2 Sp(n) — SU(2n).

(3) For a complex representation p: G — SU(n), we denote by pr a real represen-
tation

G 25 SU@m) — SO(2n).
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(4) For a quaternionic representation p: G — Sp(n), we denote by pr a real
representation

G 25 Sp(n) —s SUQ2n) —> SO(4n).
The following remark is well known (see for example Adams [1]).

Remark 2.3 For real representations p and o, pc = oc if and only if p = o. For
quaternionic representations p and o, pc = oc if and only if p =~ 0.

We sometimes denote by pgr a real representation p, and denote by p¢c a complex
representation p, by abuse of the notations. It is well known that w(pr) = c(p) if p
is a complex representation. It is also known that w(pr) = c(pc) = p(p) if p isa
quaternionic representation. Note that, if 7 = 4m + 2, the representations of (A;)g
and (A;)g are isomorphic, since A;” and A}, are conjugate to each other. We denote
Wwyn ((Ap)r) and wyn((A;F)g) simply by u,n for n odd and n even respectively.

Now the results due to Quillen [10] can be summarized as follows:

Theorem 2.4 (1) The algebra structure of the mod 2 cohomology of B Spin(n) is
given by

H*(B Spin(n): Z/2) = H*(BSO(n); Z/2)/J ® Z2[u]-

(2) The nonzero Stiefel-Whitney classes of the spin representation are those of degrees
2" and 2" — 21 for r <i < h, where
0 n=0,1,7 mod 8,
r=31 n=2,6 mod 8,
2 n=3,4,5 mod 8.

In order to choose a Grobner basis of the ideal of J (see for example Cox, Lit-
tle and O’Shea [6]), we need to int_roduce.a total order to the set of monomials in
H*(BSOn);Z/2). Let a = wgzwf c-wy" and b = w§2w§3 ... w*" be monomials
in H*(BSO(n);Z/2). Then we define a total order as follows:

dega < degb, or

a<b<— _ ) .
dega =degbh, jo=ks, ..., jiz1 =ki—1, ji > ki.

For the projection A': Spin(n) — SO(n), denote w;(A!) simply by y;, since we need
to distinguish the elements of H*(BSO(n);Z/2) from those of H*(B Spin(n);Z/2).
We exclude the elements y,, y3, ¥s and yg in the generators of H*(B Spin(n);Z/2),
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since Sq' y2 = y3. Sq* y3 = ys+y2y3 and Sq* ys = yo+ y2y7+ y36 + yays, that
is, they are 0 in H*(B Spin(n); Z/2). Now we can describe the algebra structure of
H*(B Spin(n); Z/2) for 3 <n <15 explicitly using the reduced Grébner basis {R;}
as follows:
H*(BSpin(3):Z/2) = 7/ 2[uy):
H*(BSpin(4); Z/2) = Z/2[y4, us);
H*(B Spin(5); Z/2) = Z/2[ya, us];
H* (B Spin(6);Z/2) = Z/2[ys. ys. us):
H* (B Spin(7);Z/2) = Z/2[ys. ys. y7. us]:
H* (B Spin(8); Z/2) = Z/2[ya. ys. 7. V8. s):
H*(BSpin(9); Z/2) = Z/2[y4. ys, 7, V8, U16);
H* (B Spin(10);Z/2) = Z/2[y4, ys. y7. ¥s, Y10, u32]/ (R1),
Ry =y7y10:
H*(BSpin(11); Z/2) = Z/2[y4, ¥, ¥7, ¥8, Y105 Y11, Uea)/ (R1, R2),
Ry = y71y10+tyeyii.
Ry = yi14+y3vsyi+yayiviy:
H*(BSpin(12);Z2/2) = Z/2[ya ¥, ¥7, ¥8, Y105 Y11, V12, Us4l/(R1, R2),
Ry = y71y10+tyeyii.
Ry =y} +¥3ysyii+y3via+tyayiviy:
H*(B Spin(13); Z/2) = Z/2[y4. y6. ¥7. ¥8. Y10- Y11, V12, V13- U128]/ (R1. R2, R3),
Ry =y7y10+yeyi1t+yaris,
Ry = yi1+ioyis 010+ Y7 vs i1 +33 via+ 6 y3 vis+ e vsyis+ra vy
+Y4y6Y1013+ Y5 V12013,
R3 = yi5+ 0yt Y13ty ioyi2ayis+ysyio 11 Vi 11 ysy11 i3 +33 Vi v vis
+33 VsV 1213+ Y5 V13 Y Vi st Ve Vo Vit Ve Y Ve v vt
Ve Vi1V yI vt Ve i 2y v 1oy vt ve vevis
Y V1YY H Ve VI Ve V12 13+ Ve Ve V123t Ve V1Ve Vit Vay i Vis
a3 VT 1213+ Y4y Ve Y V13 HYaYe Y1V Vis+VaYe Y1 Y11 Y12 )13
FYaYe VYT YiV1I0Y T V12V 13 Ve Vo1V s Vi sy yiavts
F VI VIV YT YEYI VI V12V 13V Y6 1V VI V1213 Ve VeV Via V13
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e VeIV Vi YiVe oy s+ Y Ve Viovayis+yivevis
VYV VY1V Ve yioyn Vs H Y vz v v
H*(B Spin(14);7/2) =
Z/2[y4, Y6, Y1, ¥8> Y10, V11, V125 V13, V14, U128]/ (R1, Ra, R3),

R1 = y1y10+y6y11+ryayis.

Ry =y} +¥oy13+ 11013493 Ve y11+Y3 Via+Veys Vis+Ye Vs Y13+ Vg V1 V14
+J’4y7y121+)’4)’6)’10J’13+J74%J’12y13+J’Z,V11)714,

Ry =y 4y o1 Y13+ riob12y13+ Vo 11 Viat Vs yio V11 Vi3 + Y108 V11013
+ VIV et YT e VT VY Ve v y12y 13+ Y3 sy Viat Y via v
FYIr1 Y 14tV Ve Vs + Y3 v viat Ve Y1y Y13Viat Ve VioVis
+ Y63 V81V Y6 VI VI V13 Y14+ Ve Ve YV ia+ Ve Vi Vis+ e Vv i
e VT V1213V V10V 11 VT3 Ve VioV13 Y14+ Ve Vs iz +Ye y1vs i vs
VI VeV F Ve VI3V VeV V12 13 F Ve Ve Vi V1at Ve v1 Vet
Ve Vs VI3 Y14FYaYT Vi3 HYaV10Y11 VT3 14+ VaVI VT V1213 +VaV3 Vs V14
Va3 VeV V13 Vays Vs Y11 ViatYaYs Vi2Y1a+YaYe V1V Vi3
Y46 YT V13 Y14+ VaYe VI V13V 14+ VaVe Vs Vs V13 Via+YaYe V3 Via
+YaYe VIV Y12V 13+ VaVe V11V i3+ VaYg V10V13 Y14+ V1011 V1213
Y Vo 11 VT3 Vi Vio Y13 Y14+ Ve Vs V11 V12V 3+ Vi Vi V13 V14
F VIV YA VIV Y2V 13 V14 VYT VT Viat Y2 V3 Y11 V12013
+yfy6y11)/123y14+y4%y6y7y8J/11ylzJ/13+J’fJ’6)’3y122y13+y2y6y72y11y123
+Ya Ve V10V i1 Y13+ Ve Ve Vioy12Y13+ Ve Ve Vioy11 Y14+ Y3 Ve Ve V10V13 D14
FVFYeV12V13 Y14+ Y3 Ve Via Y Ve YT V12V 13+ Y3 Ve V10V11 Vi
V3 V6VioY13V14 Y Ve V13ViatYivIYs V1 Y13 V14t Y3 YT Vi1 Vi
Y VI0V12V13 V14 Ve V11 V12V T H VY11 VT V1t Ya Vi vis e Ve viavi,
+YaV1Via;

H*(B Spin(15);7/2) =
Z/2[y4. Y6, ¥7. V8, Y10, Y11, V12, Y13, V14, V15, U128]/ (R1, R2, R3),
R1 = y1y10+y6y11+ryayis.
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Ry =y} 1+ V1oV 13+ 1013497 Veyi1+Y3 via+Veys Vis+Ye Vs Vi3 +Vg V1V 14
+y2y15+y4y7y121+y4y%y15+y4y6y10y13—I—yfylzym—I—yfy11y14
+Y3V10)15.

R; = J’153+J’foy121J/13+J/foJ/12y13+y;toJ/11J/14+J/150y15+y8y120J/11J’123
+Y7Y8Y11Y13 Y V1V 3 14+ VT Ve VT V133 Ve 11 V1213 + Y3 V8 Viy V14
F VIV YI Y 2y1at Y VT Vs H YTV s+ Vi vis T3 Vi va
18 ysyis+Y6y10YT 1 V13V 14+ Y6 Y1013 F V6o V11 V13 V15
Y6 VIV VT V15T V6 YT V8 V11V i3+ Y6 VT Ve Vi Vis Y6y Vi1 V13 V14
Y63 V11D12D15+ V6 Vs Ve Vst Ye Vi1V is e VI Vst Ve viviivis
VeI VY3 YIs Ve VT V12V13 Ve V10X 11 Vi3 + Ve Vio Vi Vis
Ve Vi3 1at Y Vs yis VeI Va Vst Ve v s yi2yi3Hye Vi3 vis
Ve Ve V12Y13F Ve Ve V11 V14t Ve Ve V1oV1s T Ve Y1 Vs Via+ Ve y1 Vs i1 vis
VY8 V13 Y14t YaYT Vi3 YaV10Y11 VT3V 14+ YaYT Vi V12 V13
+y4y$y8y11y13y15+y4y;’y123y14+y4y;y11y14y15+y4y$y82y11y13
a3 V811 V14T Y4V V1214t YaY3 i1 Vis+YaYe Y1V Vis
+FVaY6YTVi3V1s+YaYe I V11 VisTYaVeys Vs Y11 Y15+ VaVeYs Vi3V
a6y V12V1sTVaYe Vi V13 Y14+ YaYgioV 11 V13 V15 +VaVe V7 V8 Y13 V14
FVaYe VI ViatVaYe Vi Vi3 Vis+YaYe V111 Y1213+ VaVe Y11 )13
FVaYe VT isFYaYeVioV13V1atyaye v1Vis+YaViovi V12 Vs
VAV o 11V H VYT T Vs VI Vio 13 Y14+ V8 Y11 V12D15
Y Ys YT Y1314 F Y YsV1I0Y11 V13 V15V V111 Vi3 H VIV V1213 V14
+J’fy7)’121y124+y4%y7y121Y13y15+yZJ/3y11Y12y13+yZJ/6y11y123J/14
+y4%J}6yl1y12y13)’15+y2J}6J}10)7123J/15+JQ%YG)’10y1lylzs
+Ya VeV Vs VY12V 13+ Vi V6 VT ViV 13+ Ve VeV V11V i3+ Vi Ve vioyii Vi3
+YaVevioy12yi3tyavevioyniatya Ve Vioyis+Yive vsyii s
FVEYeVsY10Y13V14+ Vi Ve VIV11 V12V 15+ V4 Ve V12 Y1314+ Vi Ve Vi3
VI VIY1Y1aY15+ Y3 Ve VT V1213 V3 Ve V10Y11 Y13+ 3 Ve V10V Vs
Y2 Y6YToY13 Y14+ Y3 V6 Vs V1 V13 V15T V3 V61 V12V13V15+ V3 Ve V13 V14
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FYIVeVTaYIsHYIVIYs VI VI3 V14 Y3 VT V11 Via+ Y2 VI V11 V131
—l—yiyloylzyl3y14+y2y10y122y15+y1y11y12y123+y2y11y122y14
FY V11V Vi VsV Vs34t Ve Ve v s Vis+ Y4 Vs yi1 Vs
Y1Vt Ve VIV ay stV Ve avis+ Vi vey13yis+yivis,

where the first term of R; is the leading term.

In order to calculate the Stiefel-Whitney classes of the spin representation concretely,
we need some facts about the spin representations.

Notation 2.5 f;: Spin(n) —> Spin(n + 1) is the natural inclusion map.

As is well known (see for example Adams [2, Proposition 4.4]), we have that

Lo (B5)e = (Ag—pe.
foe(Boks1)e = (AT e @ (Mg )c.
Then, using these and Remark 2.3, we have the following:
TomBem+1 = A, © Ag,,,
foot1 A nts = (Agmt1)c.
Somar(Bame3)e = Ay, © Agpio.
(2-2) s 8msa = Bomes:
SomsaBsmts = Agy s ® Dgpias
Soms5D%mrs = (Agmss)c,
Somr6D8m+7 = (A;m+6)R = (Agm+6)Rs
f8*m+7A§tm+8 = Agm+7-

Notation 2.6 A': G(n) — G((’;)) is the i—th exterior representation, where G =
0,S0,U,SU.

For the usual inclusion map
e SUMm) — SO(2n),
there is a covering map

7. SU(n) — Spin(2n),
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since SU(n) is simply connected. According to Atiyah, Bott and Shapiro [3], there
are isomorphisms of the representations

[n/2]
(2-3) Fr(Af e =Y A,
i=0
[(n—1)/2]
(2-4) Fr(Ay)e= Y AL
i=0

3 The Stiefel-Whitney classes of the second exterior repre-
sentation

In this section, we calculate the Stiefel-Whitney classes of the representation
A%s: Spin(15) — SO(15) — O(15) — O(105)
induced from the second exterior representation A2: O(15) — O(105).

Let v be the nontrivial real representation of one dimension
v 72 = 0(1),
and v; a composition map
vt Hy = (22" 25 772 25 0(1),

where p; is the 7 —th projection map. Then it is easy to show that the induced represen-
tation

. in 22

i*\* Hy — O(n) — 0((5))
is isomorphic to ) ;< j<k<nVjVk- Using Proposition 2.1, we obtain

Bixw(A) =[] (+t+n).
1<j<k=<n
since the total Stiefel-Whitney class of the representation v; vy is given by 1+1¢; + 1.
Then we can write
go}‘%(wl’sz"'swn): 1_[ (1+tj+tk),
1<j<k=n

where w; is the i —th elementary symmetric polynomial. Since it is quite difficult
to calculate (p125 directly by using GAP because of the capacity of the computer,
we need to improve the algorithm to expand symmetric polynomials in terms of
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the elementary symmetric polynomials, that is, to calculate 2 by induction on 7.
Obviously go%(wl ,wy) =14 w;. Suppose that <p3_1 is obtained. Let w; be the i —th
elementary symmetric polynomial of #; (1 < j <n—1). Then we have

W1 + ty, ifi =1,
w; = yw; +w;—1t, ifl<i<n,
We define a function 2 by
n—1
Yp @y, Wpe )= [ O+4+0) [0 +4+10),
1<j<k=<n—1 i=1
which is equal to @2 (wy, ..., wy) as a polynomial of ¢ . Then we obtain

n—1 n—1-k n—1—1
Yn (@1, Wyeistn) = @y (W1, Da, .., Wy (l,]f > ( k )wl)-
k —

=0 =0

We define (p,fi(wl, ..., wy—1) for i > 0 by the equation
Ga(Wi, .o wn) = DO (Wi W)Wy
m

where it is easy to see that there holds the following identity

(p;io(éli s ’En—l) = wr%(él? s ’En—l’ 0),

as polynomials for any invariant element & . Now we calculate (pnz,m by induction on
m. Assume that gorfl is obtained for 1 </ <m —1. Put

2 (= — 2
wn,l(wl’ ...,wn_l,t,,) = (pn’l(wl,..‘,wn_l)

2 (= — 2= —
and Xn’m(wl’--’wn—lstn) :{wn (wl,--,wn—l»tn)
m—1
2 = — —] INn/=m .m
=0

Then (pr%,m(‘i:l""’én—l):XZ,m(EI?""EI’l—l’O)’

which gives ¢2(wy, ..., wy,) by the above equality. By induction on 7, namely, using
the improved algorithm, we obtain the following theorem.
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Theorem 3.1 The Stiefel-Whitney classes of degree 2! for 0 < i < 6 of the induced
representation )»%5: Spin(15) — O(105) are given as follows:
wi(A]s) =0,
wa(A5) = 0.
ws(A]s) = ya.
ws(A]s) = ys+y;.
wig(A]s) = yg+yiys+rave.
w32(A]s) = yayis+yeyis+syiatrioyia+tyiorti+ya Vi1 yis+ye yivis
+Yeviotyivu+ys+ys,
wea(A]s) = yayis+ysyistyavis+yaryeyisyis
+Yay1Y12V 1315+ VY8 Y11 Vi3V
+Yays Vit rayioy12y13Y1s+YayioVisViatyayi09t y1sdis
FVay10V11Y 3 Ve V12 Vis+ YT Vi2yis Ve ity v
+ Y8 Vi YsYio 1 Vs T Vs Yio Vi V1at Vs Yoyl s+ syt vz
ity H Vi Viov 2y is+Yivioyisviavis Ty v s
VIV Y12D14V15 Y VT2 V13 V1S
Y3 Y1213 014+ Y5 Y6 V10V12V13 V15
Y3 Ve 10V 18V V6 V11 V13 V15 Ve Ve V11 V3T Vi V3 V12 )is
Y V1Vs VT s TV VIV Y12y e iy V12V is T Vi Vs VisVia
+J’2J’8J’120J’124+J’2ysyloyl1y12y15+y£y8y121y12y14+y4%J/8yf2
+ YVl isTYa VoV FYivieriivia
+J’Z)/1oy131)/13+y4y2y12y125
+y4yéy13y14y15+y4y§y7y1zy14y15+y4y§ygyloy125
+YaYe Vs V11V1aY15+Vaye Vs y12Y13V1s+VaVe Vs Vs Via
+FVaYe VoY 13VisHVaveVioViatyayeviivis
+Yayeyiatyayeyivioris
+V4Y6Y1V8Y13+YaV6 Vs V10Y13V15+VaV6 Vs VioV11 V15
+aY6 Y810V 11 V14 Va6 Y8y Y13+ Yay3 ViaVis+Yays Vs Viavis
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+VaY3 VY oV iatVayr Vi Vs +Ya Y1V Vi Vis T Yay1 Ve Vi1 Vi
FVay1Ys YT V12 Vaye Vst Vays Vi Fyayotyeyi vsyts
+yeyaviayistye syt Hyevion
+YeVioVT1H VeI Vi +Y6ysvis

Y3 Vs Vit YI VoV Ve Vi Vs iz s oVt + Ve o
YTV sV VIV YISV V113 Vs

Vi1V Ta 13+ V6V Vs

V3 V6V 113 F VI VTV V1aY1sH Y V1Y YT Vs V1 yiovs

F VYTV oY 1V 14F VIV V12 VR Ve VI Vs TV Ve Ve Via

Vi Ve VoY1 V133 Ve VioVia

+Y5Y6 Y1V VI2V15+ Y3 V6 VT Ve V13 V14

+Y3V6Y1Y8Y10Y15 Y3 Ve V1 Vs V113 F Vi VI V13V 15+ ViV Vi
FYIVIv YV vE s+ ViV viviavia i vive vis
VYT VS YTV 14t VYT VST V12 H ViV v vi3HYaye Vi

Y4V y1V1aV1s+YaYeVI0ViatYaVe V1 VioVis+Yaye V1 Ve Vi1 Via
+J’4J’6J’;‘y1 115 +y4J’6y$y§)71 1 y13—|—y4y§y1 1 y14+y4y3y§y15
T4y Ve Y12t Y ViatYe Y1v12Y1sH Y VIV13 Y14+t Ve V1oY11 V13
F VYIS HYe VI V2 1a+ Ve VI Vst Ve 1y HYe Ve iy
Ve Ve Via Ve yIVaVistYe VI Ve v1at Y1y i3+ Ye Ve Vio
+V6y3 Vs Vis+Yeyiva izt yl vis+ S vsviatyi v vistyivavin
VYV YT 1At VIV s Y VIV Vi Y Ve Vi Via
+V4Y6 V1Yo Y15+ VY61V V13 F Ve YT V8V i+ Ve VI Vi V12
+YiVe VI Vit YiYI v Y3ty Ve vis
+Y3VeyIVIoV1s+ Y1 Ve V111 V14
+y§y§y7y12y13+yiy2ysy11y13+y4y2y1 1y13+y4y§y$y15
Y4V yI Vi3t Yay] i1+ YaYs Ve +Yey1vis+Ye i viatyeysyio
Ve Va3 +Yeys viatye Vet Yy Vst Vi VeVistYiyiViadis
+y2y§y124+y2J’6J’7J/12J/15 +J’2J’6J’7J’13y14
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+YVIVIIVIsH Y YIVI2 Y14

1Vl oH VI VEYTVI0V 15+ VI VEYT V11 V1a

+ Y3 Y6 VI V11 Y13+ Y3 V3 Vs Vis

FYiVI VY Ve Viat Vi Ve V1ysyis

V4 Ve VT Vs Y14t YL Ve Y3 Vs Ii3
VA3V VS VstV Ve F Vi Ye IVt Y Ve Vio T Vi Ve vy
FViVeVs+Ya VitV Vst YaViat i yivioyis+tysyiyii v

Yy Y1V 13 Y Ve V11 V13TV Vs Vi Ve Viev 12+ g vyt
VIV Y ve vivis IS VeI viat Y vevs v
VY6V Vst Y VI V12t VYAtV Ve vivia+ Y Ve VioTVive Ay

+Y3Vevstyavevstravel.

Remark 3.2 The total Stiefel-Whitney classes of the induced representation
)\,21: Spin(n) — O((g))
for 3 <n <9 are given as follows:
w(A3) =1,
wAl) =1,
w(2) =1+ ys.
w(Ag) = (1+ ya + y6)*,
w7 = (1+ ya + s+ y7)°,
w(hg) = (14 ya +ye + y7)*.
w(g) = (1 + ya+ ys +y7+ y8) (1 + ya + y6 + y1)*.

4 The Stiefel-Whitney classes of the spin representation

In this section, by making use of Theorem 2.4, we calculate the Stiefel-Whitney classes
of the spin representations (A,)r and (Aff)R for n < 15. Firstly, one can obtain them
for n <7 as follows:

w((A3)r) = p(A3) =1 +uy,
w((AD)R) = p(A]) =1+ ua,
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w((Ar) = p(Ay) =14 y4 +ua,
w((As)r) = p(As) =14 y4 +us.
w((Ae)r) = c(Ag) =14 ya+ ye +us,
w(A7) =1+ ys+ys+ y7 +us.
Secondly, it also follows from Theorem 2.4 that the total Stiefel-Whitney class of the
spin representation A; is given by
w(AY) =14 ys+ y6+ y7 +us.

According to Adams [2], the outer automorphism group Out(Spin(8)) of Spin(8)
is isomorphic to the symmetric group X3 of degree 3 which acts on the set of the
representations A!, A; and Ay, where Al is the natural projection Spin(8) —
SO(8). Then there is an automorphism o: Spin(8) — Spin(8) such that c*(A!) = Ay,
0*(A§r) = Al and o*(Ay) = A;. Since Bffw(Ay) = w(A7), we can write as
follows:
w(Ag) =1+ys+ye+y7+ug+arys.

where a; € Z/2. Then we have

Bo*yg = Bo*ws(hg) = wg(Ag) = us +ayys,

Bo*ug = Bo*wg(Af) = wg(hg) = ys.
and ug = wg(Ay) = Bo*ws(Ay) = ys +a1(us +ay ys).
Thus we obtain a; = 1, and the total Stiefel-Whitney class is given by

w(Ag) =1+ ya+ys+y7+ (us + ys).
Since the induced representation f¢"Ag is isomorphic to A; ® Ay by (2-2), the total
Stiefel-Whitney class of fg"Ag is given by
w(fg Ag) = w(AT)w(AY)

=1+ (s + 77 + (vays + y8) + (6ys + ¥7) + y7ys + (ug + ysus).
Since Bfg: H*(B Spin(9);Z/2) — H*(B Spin(8); Z/2) is a monomorphism, the
total Stiefel-Whitney class of the spin representation Ag is given by
@1 w(Ag) =1+ (s +13) + (vays +yg) + (Wes +¥7) + yys + use.

Recall from (2-3) that we have 7;" ATO =1® A2 @ A%, where A! is the i —th exterior
representation SU(5) — SU ((f)) In a similar way to the Stiefel-Whitney classes of

i —the exterior representations, we can calculate the mod 2 Chern classes of the 7 —th

Geometry € Topology Monographs, Volume 11 (2007)



On the Stiefel-Whitney classes of the representations 159

exterior representations A’ using the Borel-Hirzebruch method; the mod 2 total Chern
classes are given by

cA®)=14cr+c3+ (ca+ c%) +cs5 + (c§ + cg) + C§C3 + (c3c5 + C§C4 + cch)
+ (cg + c%cS) + (cg + cpe3es + C§C4),
cOH =14¢, +c3+cq+cs.
where ¢; € H*(BSU(5);Z/2) is the mod 2 i —th Chern class. By (2-1), we obtain
wi6(FE(ATR) = cs FEAT)) = c3e5 +¢f + 5.
Since B7:: H'(B Spin(10);7/2) — H'®(BSU(5);Z/2) is an isomorphism, the
above equality gives
wis((AT)R) = yeyio+ vs + i
Using the Wu formula, we obtain the total Stiefel-Whitney class
w((Afr) = c(ATy
=1+ (yey10+ v + 74
(4-2) + (7ayio + Yeysyio+ Viveyio + Vivi + )
+ (8210 + Y310 + Yaveysyio + yeyio + vers + ¥7)
+ (Vo + yaverio + vevsyio + ¥7v) + usa.

Note that c(ATO) = c(A7,), since AI"O and A7, are conjugate to each other. Using
it, we can obtain the total Chern class c¢(pg) for the representation pg: E¢ — SU(27)
mentioned in the introduction, since we have by Corollary 8.3 of [2] that the induced
representation

Spin(10) — E¢ —> SU(27)

is a direct sum of the one dimensional trivial representation, A;ro and the composition
map
Spin(10) — SO(10) — SU(10).

Recall from (2-2) that f7{((A11)c) = A;ro ® A7, which gives w(f5(A11)r) =
w((ATO)R)w((AIO)R)' We consider the homomorphism

Bfjy: H*(B Spin(11);Z/2) — H*(B Spin(10);Z/2),
where we see that a basis of Ker Bf[j of degree 32 is given by

{V10Y3, VayeYil, Yey1ysyit, YVavit, Vaveyivii)-
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So we can write as follows:

w32 ((A11)R) = a1V10V3, +a204Y6¥3, +a3Vey7ysyi1 +asys v
+asy;yeyivii+ Yeyio + vs + Vi

where a; € Z/2. By Theorem 2.4, we have

0=Sq" w3a((A11)r) = a1y}, +aayay7yi, +azy3ysyis +asyiyivin,

which implies a; = a; = a3 and as = 0. Again by Theorem 2.4, we have

0=Sq* wy2((A11)r) = asyi i) + 7).
which implies a4 = 1. Further by Theorem 2.4, we have

0=3Sq" w3 ((A11)r) = (a1 + D yeyiorts + versvii + yiovin)

which implies @; = 1. Thus we obtain the total Stiefel-Whitney class

w((Arr) =c((Ar1)c) = p(A11)
=1+ (y1oyi; + Vaveyi, + Yey1ysyit + y3yii + Yevio + vs + ¥3)
+ (Vg y10XT1 + VaveYsyiy + viviovi + Yiveyis + vaveviovts
+ Yeysyiy + VeV yit + YeVio¥i1 + Vi Vey1ysyin
+ YaVIVsyiL+ ViV vi + Yavayi + 3 va v + vevavio

+VaVio+Viveyio+ yive +ve)

+ (Ve ys Vi + Viveviovty + ViveYsviy + vayeyii + yeviovty
+ Yayio¥iy + ViVeyioyiy + Vive syt + YeVsVioVii
+ V2VeyTIYVa VI + Yey1Ysyil + Yevivii + Yiveyivio + vevio
+Y§rto +ivte + vsrs +17)

+ (Ve ¥ToVts + ViViovts + ViVeVioVii + Vavevioyiy + Ve vsvi
+ Y8YToVTL + Yey1Yavii + Yeyavis + yiyvi + viviveviy
+yaveVio+yeveyio+ya i+ vl + iyt + 78

+ Ugq.

Recall from (2-3) that 7f (A;r o = 2@ A% @ A%, where A is the i—th exterior
representation SU(6) — SU ((i))' In a similar way to the case of the i —th exterior
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representation SU(5) — SU ((f)), we obtain the mod 2 total Chern classes

c(A?) =c*) =1+ (e3¢5 +¢; +¢3)
+ (265 4 ¢5¢6 + 30405 + (50305 + €505 + €5+ ¢f)
+ (c3¢5¢6 + c4c§ + c%cg + czc§c6 + crc3c405 + C§C5 + c%cf
+ (cg’ + C26’3C§ + C;CG + c§0405),
where ¢; € H*(BSU(6);Z/2) is the mod 2 i —th Chern class. Then by (2-1),

w3z (Fg (AT)R) = c16(Fs(AT,)e) = ¢5¢5 +¢§ + 5.

Recall from (2-2) that £ ATz = A1y, which gives fl*lw((A;rz)R) =w((A11)r). We
consider the homomorphism

Bf{, ® BF¢: H*(BSpin(12);Z/2) — H*(B Spin(11);Z/2) & H*(BSU(6); Z/2),
where we see that a basis of Ker Bf{"; ® B7 of degree 32 is given by

{ysyiylz}-

So we can write as follows:

w32 ((AF)R) = a1y6y7 12 + Vioviy + Vayeyiy + Yey1vsyin

+ Y3y +vevio + g + i,

where a; € Z/2. By Theorem 2.4 we have

0=Sq" w3 ((A)R) = a1y3y1a + yiy + yayiyiy + ¥ivsynn,
which implies @y = 1. Thus we have
w32 (AR =267 12+ V10011 +Vaye i1 +Yey1ysyii+y3 vii+ysvig+vs+vs,
and the total Stiefel-Whitney class is given by

w((ATQ)IR) = c((Aii_z)C) = p(Aii_z
(4-3) =1+ w((AT)r) + 59" war (A)r) + 89> w32 ((AT)R)
+59* wy((AT)R) + ugs.

In a similar way, we can obtain w3,((A7,)r) which is equal to w32((AT2)R). In
order to determine the total Stiefel-Whitney class of (A7,)r, we need to calculate
we4((AT,)r). From (2-4) we have 7} ((A],)c) = A @ A3 @A’ for A! the i—th
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exterior representation SU(6) — SU ((f.)). Similarly to the case of the i —th exterior
representation SU(5) — SU ((f )), we obtain the mod 2 total Chern class

cAH =1 +c§ —|—c§ +(c§ +c§)—|—c§ +(cé —I—cg1 +cg)+cgc§
+(c3ei +c5cq +c5c3) +(crc5 + ) + (cf +c5eg + e5e5es + c5ef),

e =c(A%) =14c¢p +c3+cq + 5+ cs.

Then by (2-1) we obtain
we4 (Fa (ATy)R) = c32(Fg (ATy)e) = cg(cs + c5cg + c3c3¢3 + c5¢f).
Recall from (2-2) that /" AT, = Ay, which gives w( ] (AT,)r) = w((A1)r), and
hence we obtain
wea(ATL)R) = es + VioVia + ViVl T Viveyiovia + veVirts
mod Ker Bf}, @ B7,
where Bf{: H*(B Spin(12); Z/2) — H™*(B Spin(11):Z/2),
BF¢: H*(B Spin(12);2/2) — H*(BSU(6): Z/2).

In order to determine weq((A7,)r) exactly, we use the method of indeterminate
coefficients; using the equations Sq"” we4((AT,)r = 0 for n = 1,2,4,62, we can

determine all the indeterminate coefficients, and hence the 64—th Stiefel-Whitney class
is given as follows:

e (ATp)R) = ea + ¥oVis + ¥ioV 1212 T Y7 Vi + ViV10911 012
+ YaYI VTV VeV Vi + VIV YT, + VI VErTivin
4 4 2. 2.3 3.2 2 2 2

T Va4V T VEV6YTVia T V4V6 V11 V12 T V2V6V1V8V11 V12
T YIVIVIYT T VaVe VIV T ViVeVioVia + VeVeia
+ 1e Y3y, + VIvEviovhvia + vayivayiivia
+ y§y7y§yny12 + yé‘yém.

Thus we obtain the total Stiefel-Whitney class

w((AT)Rr) = c((AL)e) = p(ATL)

_ + 16 + 24 +

(4-4) =1+ w32((A7,))r) +Sq 7 w32 ((AT,)Rr) +Sq°" w32 ((AT,)R)

+8q%* w3 ((AT)R) + wea(AT)R).

Using it, we can obtain the total Pontrjagin class p(p7) for p7: E; — Sp(28), the
representation mentioned in the introduction, since we have by Corollary 8.2 of [2]
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that the induced representation
Spin(12) — E7 — Sp(28)
is a direct sum of
AT,: Spin(12) —> Sp(16)
and the composition map
Spin(12) — SO(12) — SU(12) — Sp(12).
Recall from (2-2) that f[% A3 = A]"z @ A7,. Then we have

w(/fi5(A13)r = w(AL)R)w(AT)R).

In order to determine wg4((A13)R), we use the method of indeterminate coefficients;
using the equations Sq” wgs((A13)g) =0 for n =1,2,4, 8,62, we can determine all
the indeterminate coefficients, and hence the 64—th Stiefel-Whitney class is given as
follows:
wea((A13)R) = Y12)73 + Ve Vi3 + Yayioy11¥is + V3 y11Vis + Vayii Vizdis

+ Y7IY8Y11 V12V + Y6VioV12V13 + Ve Y101 Vis + Vs Vi V11 V12V13

+ ¥ oy ys + ViVt + iveyiivis + vayivis + veysyiavis

+ VeV V12Vis + Yey1ysy11Yis + VeVi Vi1t + Vi Ve V11 y1a 0

+ YaYeV1V11 V1213 + ViVioV11 V12013 + Ve Y1oV11 V12013

+ y§y§y11y12y13 + J’6J’$y8yIIJ’12J’13 + )’%’11)’12)’13 =+ y$y8y121y13

+VaVeV1Vis + Vi Viviayis + Viveviavis + vivsvivuvis

+ ViV Va Vs + Vayeyiveyis + vaveyi vis + ¥iveyioyiyiayis

+ VY6V VIIV12Y13 + YaYe V11 V1213 T Ve V1Vs12b13 + Yays Vi2Via

+ViYeVioy iy + YeViyiiyis + yays veyuyis + ¥3vivis + vyt

+ ViV TiViz + Y70y Virori v + ey + et

+VIveyiity + VIVEyhivia+ vt + Vi veyivi, + viveriivt,

+ ViVey1Ye V1V + VaVivi1Via + VaYevivuyiy + YaVeVioia

+ Ve Vs Vst Ve VI VsVia + VaVey10V T V12 + Yayi Ve yi1 iz

+VeVIyErIIYI2 + VI Vavia + Yevevis + vyt +viveyt

+Yeyaveyi + Syt + veyte+vs + 1.
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Thus we obtain the total Stiefel-Whitney class

w((A13)r) = c((A13)c) = p(Ar3)
=1+ wea((A13)R) + 597> wea (A13)m) + Sq*° wesa (A13)R)
+5¢°% wea((A13)r) +59°° wes (A13)R) + U125
Recall from (2-3) that if A’ is the i—th exterior representation SU(7) — SU((]))

then 77 ((Aa)@) =1®12PA*®A°. In a similar way to the case of the i —th exterior
representation SU(5) — SU ((f )), we obtain the mod 2 total Chern classes

c(A?) = 1+catcs +C4+c5+c6+C7+(03cs+c§+c§)+(C2C3cs+czc§+c§)

—i—(cgcs +c3c‘%+cgc’3)

+(cg+eaci+eieste] +ese3es+cycs+cs+escateacser)

+(C3C§+6265+Cgc5)

+(C2Cé+cic6+C4C§+C§C5 +c§ci+c§c6+CS’C3C5 +c§ci+czc§
+cac507 +c$)

+(C3Cé+€§’+€§€§c5 +C§C3ci+c35+036507 +cic’7+cg(:7)

+(c4c§+62C3c5c6+c§C4c6+C3cfcs +c§c§+c§c§c6 -l—c%ci +czc§c5
—i—czc%cf—i-cg‘m+CZC3C4C7+C§’C7+CS(:3C7+czc$)

+(cscg+ciescs+crcies+cic;+escd)

+(cg +czc§c6+c§cé+c3c§’ +CZC§+C§C365(35+C§C‘%C6+C§C4C§
+czc§(34c6+czc§c§+CZC3C§C5 +C§Ci+€26’366€7 +C26’4C5C7+C§C5C7
+C§C3 C4qC7 +C4C%)

+(C3c§c6—|—c§c; +czc§05c6+c;’C4c6+c§’c§+c§C7 +C§C6C7+C3C4C5C7
+c§c3c5C7 +c§ch7+czc3ZC4C7+c5c§+czc3c$)

+(C3C5c§+64c§c6 +Cg+C§C§CG+CzC§Cé+CzC3C4C5CG+CzC3C§ +c§c§c6
+c§C4c§+czc5c6C7 +C3c§C7+C§C4CSC7+C6C$+c§’c$)

—I—(cgc6 +czc3c§06 +c§’c§+c§C4C5cs+C3C5c6C7 +C4C§C7 +CaC3C4C5C7
+ejciertercseiteseses+es),

c(Ah = 1+C§+C§+C3C5+C§+(62652+C§C6+C3C4C5 +cac3¢7)

2,22 2 2
+(C3C5c6+0405+c2c5 -‘1-6’26‘3C6+6’2€3C4C5+C205C7+C2C3C7)
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+(c§ +CZC3C§+C33CG+C§C4C5 +czc§c7)

(62 c6 3 c5 +c3 c4 Cs +c4 +62 c5 +c‘2 c3 Cé +c2 €3C4C5 +c2 —1—02 cs5C7
+c3 C7+C26‘3C7)

+(C26’é+€3cg ~|—ch'§+c§C3cSc6+c§C4c§+6'2c§c'§+c§c6+c3C4C5
—I—czc5 +c2 C3 C6+C263C4C5 —I—czcsc7 +czc3 Ccq +02 c3Cq +cz c7)

+(c5ed+eiesei+eseicetescscaes+eieier)

+(C3C5c§+cg+czczc§—i—c;C506+c§c£c6+c§C4c§+03c2c’5 +c§cé
+C2C3C405 —i—c2 c4 +czc3 c6+czc3 C4Cs +c2c5 +c2c3 C6 —i—c2 €3C4Cs —i—c2
+C3C5 C7+CZC3CGC7+62(33C4C7+C3 Cc4C7 +czcsc7 +62 c3¢7+¢3 c%
+C§c2)

—i—(c3 c5 +czc3 c5 +c3 Cs +c3 C4C5+CoCy 4e7)

—i—(c5 c6 +C2C5 -|—c3 05 cetcC3 c4 C5C6+C3C4C5 +C2C§+C§C3 cg’ +Czc§cic6
+czc3c4c5 —|—c3c5 +c3 c4c5—|—c3c4 +czc3c566+czc4c5 —l—c2 c5 —|—c2 3c6
+CZC3C4C5 +c2c3 +05 C7+CZC5C6C7+62€305 C7+CzC4C5C7+C3 C4C5C7
+C§C3CGC7+C§C3C‘%C7 +czc§C4C7 +c§C7 +c§c507+cgc¢7+03c5c$
+62C3 )

-l—(c4 c5 +czc3c4c5 +c3 c4 C6 +c3 c4 Cs -|—c2 c5 +62 C3c5 -|—c2 c3 C6 +c’2 c3 €4Cs
+c3 c5 c7 —1—62 c3 Cc6C7 +CzC33€5C7 —I—czc3 c4 Cc7 +c3 C4C7 +62 c3 c7 —i—cchcg
+c3 c5 +CZC3C$

+(C4+6’26566+C3C6+C3C4C5C6+C3C Ce+C4Cs +6263C566+C§C‘% g
—|—02c5 +czc3 05 CetCaC3 C46’5 —I—czc3 c5 +c3 Co +c3 C4Cs —I—c2 Cg +c§c§c§
+CZC3C4 Cs +02 c4 —I—c3 +02 c5 —|—02 c3 Ce +c2 C3C4Cs5 +c2 C3Cs +czc3c6 c7
Fc3c4C5 C7+CZC5CGC7+6’2C3C4C6C7+CZC‘%C5C7 +czc3 c7 —i—cz Cc5C7
+c5e3er+e)escrtesel+eseacy)

—i—(c5 —i-C2C3c5 +c3 csc6+c§04c§+czc§c§07)

+(C3cscg -1—(?4(:§cé+c2 Cs c6 +czc3 c6 +C2C3C4C506 +c3 C5Cg +c§cic§
+c3SC5c6+C§C4c§+cgc3zc§+czqcs —I—cé‘cic?—l—c%c?c?—l—qq Cg
+C2C3SC4C5 +C§C3C5C6 +cy C4c§+c§c§c§+cz C3C6 +czc3 C4Cs5+C, c§c6
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7 2 2 2 2
+CZC3C4(35+CQC5C6C7+C3CSC6C7+C4C§C7+CZC4C5C6C7+Czch7
2 2 3 3.2 2.2 4

FC205C506C7+HC2C3C4C5C7+C3C4C6CTHC3C5CTHC5CLC5CT+C2C5C5CT
2.5 7 5.3 8 22,2, 2 2
Fc50307+C,C5¢7+C563C7+C5C3C7+CaC5¢7+C5C6C7+C3C4C5C7

+c3c6c5+crcierteacieacs+cSeeacses)

+(C566+02€3CSC6—|—C366+C3C4C5C6+C3CS +62€3C5 +c3c6+c36405
+c c5—|—czc3c5 +CZC3C6+CZC30405+CSC7+CZCSC6C7+6263C6C7

2
+02C305 c7 +c3 0405 c7 —I—czc3 c7 —I—cz c3 c7 +C3c5 c7 —I—c2 €3C6Cq

2 2,.3.3
+cycacscs+csycq)
2,22 4 4
+(c3cscé+c3c5 +c4(:5 —I—czc c5 +c3c505+c3C465 +62C3C5C6+0265
242 522

+c5c5¢0¢ —i—c3 c5 +c3 c4(25 +c3 c4 +cyc5¢5 +c2c3 C5C6+CZC3 c4c6

+c2 c3 6465 +62 c3 c4 Cs —I—c‘2 c3 Cs +c2 c3 Cq ~|—62 c3 C4Cs +c2 c6 +c, C3Ci6‘5
2 2

+c c4 -1—02 c3 Co +02 c3 C4Cs +02 c3 —|—c5 C6C7+C203C5C6CT —|—c3 CeC7

+c3 C4C5CCT +czc3 c5 c7 —|—c2 c3c5 c7 —l—c2 c3 Ccs5C7 +c3 c7 —|—c2 Cc3C6CT

+C§C3 0207 +C§C§C4C7 +c§’ 035(:7 +C§C5C7 +C3C5C6C%+C4C5 c5 +c§c§c$
+C2C3C4c5c$+c§c§c$+c§c§c$ +02 c7 +czc5c7 +C2C3C7 +c7)
—I—(céc%c? +c§c§’c§+czc3 Cs +02 c3 C4Cs —I—cz 3 4e7)
+(c3 c5 C6 +c3 C4C5 +c§c§c§+c§c§cg+czc3 C5Ce +C2c3 C405 +c3 c6 —i—c3 c5
—i—c?cﬁc?—i—cz Cs +c§c§c§c6 +c, 63626566 +62 C3C4(:5 +c, ci’cg
+02 c3 C5Cq +c2c3 C4C5 +czc§c§ +c§c6 +c370405 +C§C3 s +c2 c3 0206

S, .3 4.2 4 2.3
+62636465+62636465+C26364+626366+62636465+C +czc3c5c7
2 2
+02CSC7—|—C2636’5C7+C2C5C6C7—|—C2C3C5C7+C204C5C7+6’2C3C4C5C7

3 2
+c2c3 c5C7 —I—C2c3 c7 —|—c2 C3C6C7 +c2 c3c4 c7 +02 €3C4C7 —|—c2 €3C5C5

2.4 2
+c5e5¢5 +6’2 3 c7)

3,.2.4.3 2.2
+(c3c5 +czc c5 —i—cg,cs06-1—030405 +c2c4c5+c2c3c5+02(Z3c4c5

4.3 2 4.2 3 4.2
+CZC3C4C6+62C3C465+626’3C5+CZC3C6+C2(33C4C5+62(33CSC7

4.2.2
+cyc5¢5¢7 —i—c2 c3 C6C7 +c2 c3 C5C7 +02 c3 c4 c7 +c2 c3 C4C7 +c2 c3 c7

4.3 2
+cSesei+cyciea+e]ezcd)

2.2.2 2,.5,.2.2.4
(C566+6’2C5 +c3c c6+C3C405 +c2c6+czc3csc6 +c5c3c5+c5¢4¢5
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422, .44, 5272, 423, 4 2, .4, 3 4. 4
FC3¢4C6+C3C5+C5C5C6+C,C3C5+C5C3C4C5CE+C5C3C5C6+C,C4C5

32.4,.2.402 2.3, .3 422 7 6.2 6, .2
F¢563C5+C5C505C6+C5C504C5+C2C3C,C5+C3C5C6+C5C,C6+C3C4C5

+c§c2 Cs +cz603 Cs cé+c§cic§+c§c§+c§c§c§cﬁ +C256’3C4C§ +cgc§cé
+c§c§c2cs +c§c§c’2+czc38c6 —i—czc37C4cs +c39cs —i—cgc7 +c§cg C6Cq

+cac3 ch7 +c§c§csc7 +c§ c3 c§c607 —1—05030207 +C§C§C4C5C6C7
+czc§'c5c607 —|—c3SC4c6C7 +c§c2c507 +6256‘3 c§C7 +CgC3C4C§C7 —I—c§c§c§c7
+C§C§C6C7 —i—czc;ch +c37(:467 +CZC5C6C7 +C§C3C4C6C7 +C§CZC5C7

4.4 3.2, 2 2,.2, .22, 4. 2,3 2
+cyc50507+C30507+C5C3C5C6C7+C5C4C5C7+C3C6C7+C3C4C5¢

3 2,.2.22.2,. 4, 2, 62,342, 7 2, 3, 6 3
F¢5C3¢04C5¢5+C5C5C4CT7+CaC504C7+C5C7+C5C505+CHC407+C5C5C5
3.3, 4. 3

+eaezes+c5ce309)
—l—(cgcg—i-cgcg’+c§c‘3c§+cgc§c§cﬁ+c§c§C4cg+czc370§+c39C5+c3SC4C5

5202 8
+eyc5c507+cac5¢7)

5 6, 2.6 2 4 , 5,35, 224, 4 3
+(c3¢506+C405+C5C5+C205C5C6+C203C4C5+C5C5+C5C5Cs5+C5C3C5¢C

4, 22, 233 22, 4,52 432,622
FC5CaC5CE+C5C5C5C6+C5C5C4C5+HC5C C5C6+C5CC5+CHC5C

5.2.3, .5 2,43, 2, 420272, 424, 3.4.72
+C5¢5C6+€5C3C4C5C5+C,C3C5CE+C5C5C4C6+CyC5C5+C5C5C5C6

33..3,.2.523 6.2 5.3 7.2 6 .4 5
F¢56304C5+C5C3C05+C203C5C6+C205C,C5+C3C,C5+C3C,+CaC5C7

2., 4 4.3 5.2 4, 2 4, 3 3.2.3

Fc5630507+C30507+C5C5C5C7HC5C3C5C6C7+C,CaC5C7+C5C5C5C7
2 .4 42 6 6 6.3

F¢5C3C5C6C7+C205C5C5C7+C5C4C5C7+C5C4C5C6CT+CHC5CT

5.2 5 2 4.3 422 3.5
F¢563C5C6C7+C5C3C4C5C7+HC5C3C4C6CT+CHC5CLC5CT7+C5C5C6CT

2.5.2, Y 9. 22,22, .5, .2, .5.2.72, 42,6 .2
Fcic3ciC7 0304070507+ C5C505¢7+C3C5¢7+C5C5¢5+C5C5C6C5

4 . 2,. 62,7, 2,622, .52 2,5 3
—|—C2C3C4C5C7+C2C3C7—|-CZC6C7+CZC4C7+CZC3C4C7+C2€3C7)

7 4 2 432, 202 42 2.2
+(05—|—CZC3C§+C§C5c6+c3C4c§+czcgc6+c2c3c§+c3c4c§+cgqc566

433, 4.2 2,.33.4,.2.52 2.4, 3 522
FCyC3C5+C5C3C4C5CE+C5C3C5+C5C3C5C6+C5C3C4C5+C2C5C4C5

7.2 6,3 2.4 4.4 6.2 6,2 5.2.2
Fejcicetceycies+ercicserte,csertegeserte,c5cecrHeyc5cECT

+C§C3cg07+C§C§C4C§C7+C§C§C§C7+C§C§C6C7+CzCZC5C7+CzchiC7

8, 4.4, .22, 24, 2,772, 6 2, .6 2, .3.5.2
Fc3c407+C50305¢5 45050505 +C307+C5C3C6C7+C5C4C5¢7+C5C5C7
7.3

(M) = 14+cr+c3+ca+es+ce+eg.
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By (2-1), we obtain

2 4 2 42 2 2,222
(1A ertarb) = C3C§C7 +c§c7 +c5cg +c§c5c$ + c5c3¢050607 + c50405C7

+ c§c§c6c’7 + czcgc; + cgc6c$ + C§C465€% + C33€52€6C7

4, 3 422 4.4 3 2 3.2
F 50307 50507 +C5C6 +C5C3C4C5¢CT7 + €5C3C5C6CT

2.3,..2 4 .2.3.2, 2,222 2.2, .
+cyc30507 fe5c3c607 5050507 +€563C4C5C6C7

2.2.3 2.2.2.2 4, 2 4 6.2
+¢5¢3¢5C7 +¢5¢5C5CE + €205C4C57 + C2C5C5C6CT7 + €305

5 , 4.2 4.2 2 4 .4 8 , .16
+c3c4¢6C7 +C5¢,05¢7 +C3¢,C6 + 03¢5 +¢4 ¢y

Recall that f1*3A;r4 = (Ay3)c, which gives w( /]’ (AE)R) = w((A13)gr). In order to
determine wg4 ((AL)R), we use the method of indeterminate coefficients; using the
equations Sq" w64((AT4)R) =0 for n =1,2,4, we can determine all the coefficients,
and hence the 64—th Stiefel-Whitney class is given as follows:

wea(ATDR) = V117730144 VaY6 VT3V T4+ Ve V11013V 4+ Yay10V11 V14t VeVioia
+J’4J/7y133y14+J/4J/10y1 1y12y13y14—|—y§y11y12y13y14
+y7J/8y121 J/13y14+J/6y10y121 y12y14+J/8y120y121 y14+y150y14
F VY104t VaYeViat ViV V13V T4t V2 VeVi0V12) 14
FVaY6 YT V12V st Ve V12V st YaYe V1 V811 VT4t Ve Y111 V14
VY8V TV et Ve Ve V10V T4t Vi Ve VsV 1a+Yi Ve 11V12V13V14
+Y4J/73y12)/13y14+)’fJ/7y121y13y14+ny8)710y1 1Y13)14
Y4V VS YIIVI3 V14V VY13V 14+ Y2 VIV 1 V2 Y14+ VaYe Vi1 V12V 14
+J’6y;y1 1y12y14—|—yfy130y12y14—|—y2y120y12y14—i—y6y72ygy121y14
Y4 Y6VIat Y VIVI3V L4V Ve VIV Viat Ve VioVis
Y36 Y8 V10V T4t Vi Ve 10V T4t Vi Ve Ve Viatyayeysyis
FVaYe VI Vst Ve VAt Ve s Y11 Y1314+ Y3 VI V11 V13 V14
Y2V V1YE 13 V14t Vs Ve ViaV1a+ Vi VeVioV12 V14
+y2y§y8y10y12y14+y4ygy10y12y14—|—yfy$y§y12y14
Y4y Y3 Vs V2 V1at Ve Vs Vi2V1a+YaVe I V12 Y14+ Vi Ve Vs Vi Via
Y4y Y3 V811 V14V Ve VioV1a+Ye Ve VioVia+ Ve 7 Vg Via
Y67 Vs V1at Y12Vt Ve vzt rayioni vz + 3 viivis
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Y4ty HY1Ys 11 V12V 3 Ve Vo123 H Ve V10V Vs
Vs Vio 11 Y1213 F Vo 11 V1313 Vi3 H Vi vey11 Vi3 +Vays vis
+Yeysy12Vis Ve Vi Viayvis+Ye v1veyiiVis+ Ve i vi1 i3
—I—yfygyl1y122y13+y4y6y7y121y12y13—|—yfy120y11y12y13
—l—yéyloyl1y12y13+y§y§y11y12y13+y6y$y8y11y12y13
VIV 13V Y8YT V13 + Y3 Yey1Yis Y Vi viadis
F VY2Vt VYo VIV Vi H Vi VT Ve Vst Vave V3 Vs vis
+4Y6 Y5 VT3V V6 V10Y11 V12013V V6 V3 V11 V1213
+y4y§y11y12y13+y§y7ysylzy13+y4y75y12y13+y§y§y120y11y13
Ve Ve r1y13t ey vs i1 yis Y3 Vi vis Yot Vot bz
VIV Vi 0V Vit VeI Vi Vi Ve v VitV Ve v,
VIV VT 2V Vit Vi VeI Vit Vi Ve Vi1 VitV V61811 V1s
VIV VI YAV YTV 1Y+ V2 Ve VioViat Ve Ve Via
F Ve VIV VotV Ve Y1oVii V12 Yay3 Vs V11 V12 + Ve V1V V11 V12
Y7Vt g VI Yo YV Ve v v v+ v
+ygyiotrg s’
Thus we obtain the total Stiefel-Whitney class
w((AT)r) = c(A],
=14 wes((ATDR) + 54’2 wea (A)r) +Sq*® wea (AT,)R)
+3q°% wes (ATR) +594°° wea (ATDw) +59° wea (ATR)

+ ui2s-

Note that c(AE) =c(A7,), since Aa and A7, are conjugate to each other.

Recall from (2-2) that f% A5 = (A;:)R, which gives w(f5A5) = w((Aa)R).
In order to determine wg4(A;s), we use the method of indeterminate coefficients;
using the equations Sq” we4(A1s) = 0 for n = 1,2,4, 8, we can determine all the
indeterminate coefficients, and hence the 64—th Stiefel-Whitney class is given as
follows:

wea(A15) = V1013 V15T V5 Vi3V is+VaYe V11013V 1s+V3V13V1s+VaYioVis

+Y4Y7Y11Y13)V14)15 +y4y120y1 1V14Y15+tYays )1 1y123y15
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+Y6y1Y11V12V13 Y15+ Va Y10V V13 Y15+ V6 Vs Vi V13V1s+Y7 Vi V13 V1s
+Y6yfoy13Y15+y6y120y11y12J/15+y8y130J’11y15+J’2Y7y135

F VIV RY s F YT VsV YTV 11 Vst Vaye Y11 Vis+ Ve Vs Vis
—I—yfy5y7y124y15+y2y10y13y14y15+y4y§y13y14y15

+y¢%y6y10yl 1 y14y15+y4y6y$y1 1y14y15+ny/6y121 Y13)15
+Y4Y6y1V8Y11V13V15FVaVgVioV13 V15T VaV6 Vg V10V13 V15
+ygy8y10y13y15+y6y$yz%y13y15+y;‘J/SJ/13JJ15+J/fJ’6y11y122y15
Y4V Vi 1s+Ye VIV V12 15T Va1 Ve Vi Vis+Ye V1Vs Y is
+Y6¥3 V11 V15 Vs Vio Y1115+ Ve VioY11 Y15+ V3 V1aVis+ Vs Vs VioVis
FViVe Ve Vst Ve Vs Vist Vi Ve i vistYayevis+YaVeV13Yiayis

F VYTV 18 V15TV V1Y V1aVIsH Y Ve V1 YsY1aVis+ e VIV s Vs
+y2y8y12J’13y15+J’iJ’§J’12J’13J’15+JG%J’§)’§)’13J’15+J’2}’13)’15
FY3Y6Y1V T s+ Y VI0Y11 V12V 15 V5 Ve VT Vs V12V15+VaYe V3 V12V
+y2y6yfoy1 1)1 5+y4yéJ/1oy1 115 +yfy$y§y1 1 y15+y4y§y$ygy1 115
Ve V8Y11 Y15+ Va6 Yy V1 V15T Ve VT V11 Y15+ Yayi Vi Vis+Ye V1Vayis
FYeVI Ve is T Y6y Vs Vis+ya visH VS viovis 3 VI VTs Vi Ve vis
+J/fy11y14y15+y2y§J/7y14y15+JQ?J/12J/13y15+yzy6y10y13y15
—I—yiyéygyl3y15+y2y6y$y13y15+y2y3y12y15+y2y7y121y15

F Y3V Vs IV F V1113014 Va6 VT3V iat Ve V1013V s

F V410V Viat V610V st VaV1VisViatYaYioyi1 V12V 13 V14

—I—y%yl 1)’12)’13y14+Y7YSy121y13y14+y6y10ylz1y12y14+y8J’120y121J’14
Y o4+ Vi V10V 14T VaYeViat ViV V13V T4t Vi Ve 101214
FYaV6yI V12V T4t Ve V12V T4t VaYe V1 V811 V4t Ve V1V V14

V2 V8 YTV Tt Ve Vs V10Tt Y2 Vs Vs Y14+ Vi Ve V11 V12V 13 )14
+y4y3y12y13y14+yfy7y121y13y14+yfy8y10y11y13y14

Y4V VS YIIVI3 Y14+ Y3 VY13 V14V VIV 11 V2 Y1+ VaYe Vi V12V 14
+ysy3y11y1zy14+yfy130y1zy14+y§y120y12y14+y6y3ysy121y14
Va4tV VI3V Tt YA V6 Y11 VT4t Ve VioViat Vi Ve ysyioVis
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Y Ve 10V T4t YiVe Ve ViatVaYe Vs ViatVaye vaviatyeria
+J’2)’6)’8J/11y13yl4+ygy72y11y13y14+y§y6y7y§y13Y14+yfyéy122y14
V3 V6VioY12V14F Y Ve s Y10V12V14+VaVe Y10 V12V14+ Y5 V7 Ve V12 V14
V4V VIVs V12V 14t Ve Vs V12V 14+ VY6V V1214V VE Vs VT V14
+14Y6)3 V811 V14+ Vi Ve VigV1a+ Ve Ve VioYia+Ye V3 ve Via

+Y6 V5 Ve V14t Y12V 3 VeV T Vayioy11yi3 Y3 V11 V13

Y4yt V123 YIYs Y1 V12V i3+ Y6 Vi V12V 3 F Ve V1011 V13

F Y8 YToX 11 V12013 F Vo V11 V13 H V3 Vi3 Ve Ve V11 Vi3 +Vayi vis
+YeV8Y12V i3+ Ve VI V12V s+ Ve V1V Vis+Yeya V11 Vi3

F VYV VT3 VaYe YTV V12V 13+ Vi VoY1 V12 D13

+J’§y10y1 1y12y13—|—y§y§y1 1y12y13+y6y$y8h1y12y13+y;'y1 1Y12)13
+ 13 Vs V11 V13V Ve V1V 3 H Vi Vi V12V is Ve Ve 12V it Vi Ve Y11 s
ViV Vs Vit Yaye YT VeYistYaVeys Vi TVi Ve 1011 V12713
+JG%)’6)’%)’1 1V12)13 +J’4J’§y1 1V12)13 +ygy7ysy12J/13 +y4y§y12y1 3
FViYeVio 11V 13+ Ve Vs V11 Y13+ Yays yey11y13+Y3 va i3+ ioia
FVRoV i 2ty Vi Vi viov i Vi vy v v T s v v

VI VsV YT F VIV VT 12 Ve Vit Vi Ve T Vi Vi Ve Vi Vs

VY6 VIV VIV 2 H ViV V1V VaYe VIV 11 V2t ViVe VioVia

Ve Ve Vit Ve VI Vs Ve Ve V1oVt Via+Yayi e i1 vz

Y VIVEY I V12V VA V12t Ve VI Vit Yoy ViV VeI vavh

+yS vt +yeriotys+r,°.

Using the above result on wgq(A15), we have the following theorem.

Theorem 4.1 The total Stiefel-Whitney class of the representation Aqs: Spin(15) —
0(128) is given by

w(Ays) =1+ weqg(Ars) +Sq°2 weq(A1s) +Sq*® wea (A1s) +Sq° wea(Ass)
+ 0% wea(A1s) +Sq% wea(A1s) +Sq% wea(A1s) +upas,

where 1128 = w128(A1s).
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S The Stiefel-Whitney classes of the induced representation
from the adjoint representation of Eg

Summing up all the calculations in the previous section, we have the following:

Theorem 5.1 For the representation A5 @ )\%5 &) )‘%53 Spin(15) — SO(248), the
Stiefel-Whitney classes of degree 2" are given as follows:
wi(A1s®his B AT5) = wi(his ®ATs5) =0,
wa(A1s®hys ®A5) = wa(his ®ATs) =0,
w4(A15€9)\%5 6B)‘%s) = w4(k%5 EB)“%5) =0,
wS(AIS@)‘%s EB)‘%5) = wSO‘is EB)‘%5) =0,
wie(A1s®A{s ®ATs) = wis(his B ATs) = vy,
w32(A1sBAs ®Ajs) = waz(Ais B ALs)
= YiV1yis + yeyivis + Yevio + iy + vs.
Wea(A1sBA1s DATs) = wea(Ars) + wea(Ais BATs)
= Y10Y13V1s + V11 Y1 ia + vyt + v visvis
+ VaY6Y11V13Vis + VaY6YisVis + Vay1Vi1V13V14D15
+ Vay1YisVia + Vaysyiiyiais + Yayiois
+ VaYToV11V1aY15 + YaY10VT V13 V15 + VaVi0Vi1 Via
+ Vayioyi1Vi2V13)V14 +y4y121y12y123 +y(25y11y13y124
+ Yey1y11Y12Y13)15 + y6y8y121y13y15 + y6y130y13y15
+ Y6 Y10Via T V6YToV11 V12015 + VeVioV12)1s
+ Y6Y10V 11 V1214 + V3 V13Vis + VIV V13 dis
+ygy11J/12y13J/14 +J/7J/8ylzly13J’14 +J/7J/SJ’11J’12)’123
+ Y8 Y111 V15 + Vs Vo1 V1a + VsVl V11 V1213 + YioVi4
+ yiorhy + Vo via + ¥ivivis + vivioyisyianis
+YaVioYia T Viviivis + yivnyisvis + vy
+ J’fJ’6y7y124y15 + yf)’s)ﬁoyn)/myls + yf)’s)’10y12y124
+ VIV6Y11YTa V15 + ViVeV11V12V13 V14 + V3 V3 V12V is
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+ YIVIYSVIIVTs + Vi1V Y1a + V2 VIVi1 V12V

+ ViVsYiaVia+ ViV ioYia+ Viveyi0y11 Y1314

+ VsV iav1s + ViViey1ivis + Vi Vio Y12 D14
+y2y120J’11y12J’13 +y§y10y121y122 +J’4J’2J/13yl4J/15

+ VaYeVia + YaYeY1y11Vis + Vayeyioyiavis

+ Vaye Vi V12V1a + VaVeYa Vi1 V1aVis + VaVe Vi ViaVis
+ V4Y6Y71Y8¥11Y13V15 + y4y6y7y8y11y124

+ VaYeV1VT1 V12D13 + VaYe Vg V10V13V1s + Yay3 Vi1 V13 vis
+ Va3 V12 V15 + Yayi Vi2V13Yia + Vayi VsVi1 V13 Via

+ YaVIVTiVh + VayiYaviivis + Yeyiavis
+y2y7y11y13y15 +J’2J’7y11y124 +y2y8y10y13y15

+ Ve Vs V10Via + Ve Veyiayis + ¥ viorivis

+ yéyfoyuym + y2y10y11y12y13 + yéyi"lylzz
+y§y$y11y12y15 +y§y%y11y13y14 +y§y$y12y123

+ Ve y1ysyivis + VeV yuiyiayis + veyivis

+ Y6y VT Vs + Y6 Y3 V11 V12V 14 + Y6 Y3 Ve V13 V15

+ Y6Y7V8YT1 V14 + Y6 V3 Vs V11Y12V13 + V3 V8 V13 V15

+ V32 VIVEVsYia+ VIVs YT, + VIV VT2

+ Vi V14Vis + YiYeV13V1aVis + Vi VeVia + V4 VIVI1 Vs
+y2y7y12y14y15 +J’2J’8J/10J’125 +J’2J’8J’12J’13)’15
+J/3J/10y11J/12y15 +y2y11y122y13 +y2y§y12y13y15

+ Y3V6 YTV Vs + Vi V61 V11V 1y + Vi V61V iais

+ ViV6Ys¥is + ViVeVsVioVis + Vi VeVs V11 V13V 14

+ Y3 V6YioV11 V15 + V3 VeVioV12V1a + Y3 V6 V10V11V12V13
+ VIVt VTy + Vi1V V1aY1s + ViVeysVis + ViVeyioVia
+ ViVeViaia+ ViVeviayis + Ya Ve V1Vsyiadis

+ VIVEVEYIIYIs + Va Ve Vs Via+ ViveVsVioViaDia
+Vavevsyiivia + yiveviona+ yivevioriz
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F YIVEVI0YTI Y12+ YiYeyI Vi1 V1213 + Va Ve VI Vi

+ yiymyéyuyls + yfy6y7y§y13y14 + yfy6y7y8y11y122
FYIVIVIYT F VIV VEYUIYLs T VYT VY12 ia

+ yfyé‘yuym + y4y2y125 + y4y§ysy124 + y4ygy10y11y15
+ y4ygy10y12y14 + y4ygy11y12y13 + y4yéy§y13y15

+ VaYeVIViat VaYeyiyi1Vis + YaVeyivizyis

+ y4y§y$y13y14 + Y4y§Y$y8J’11)’15 + y4y§y$y8y12y14
+ Y4y Y3 V11¥1s + YaYe Vs V12V1a + VaVey3 Vs V1114

+ )’4)’3)’3)’15 + y4y73y§y11y12 + ygysyllyls + yéysyuym
+ VeV Vs + Ve y1ysyi2V1s + Ve Ve VioYia + VeVs Via

+ YeVio + VeVIVsyis + VeV yis + Ve vy vz
+VEVavivis + yEVIvaivia+ yEvivers + vivevi

+ Y63 V815 + VeV Vi yia + YI¥i + Y3 va vz + ¥3 vy
+ Yiy1VTivis + Yayieyiivis + iyt + vaveyiyioris

+ VY6 y1VTIV13 + Vi VI Viovia+ Vi vii vz

+ V4 y1V8Yioy1s + Yay1ysyiy + VaVeVis + Viyiyiadis
+ Vi Vi0X11Y1s + YiyioYis + viviivia + yiviiyiavis

+ YVeyi3vis + Y§vevia + VeYey1y12Yis + V5 Ve V113 V14
+ Y5yeysyis + ViVivieyia + Yy vis + ¥ y1vsyiovts
+ J’fy7y8y11y14 + J’f)’7y8y12y13 + yf)’é)’ll)’ﬁ + yfyi‘o
+VAYeriVis + YiVerts + VaVevsVio + ViV v

+ 10011013+ Y VEyTyis + Y Veyie + Yivivin + vive
+ 7,

wi2s(A1s Al DATs) = wias(Ars) + wia(Ars)wie(h]s ®ATs)

+ wos(A15) w3z (A5 D ATs) + wea(Ars)wea(hys D ATs)

=uj1p3 mod decomposables.
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Since the element wi,5(A15 @ )\% s )»% 5) is a member of a system of generators of
H*(B Spin(15); Z/2) as an algebra over the Steenrod algebra, we obtain the following
corollary.

Corollary 5.2 The Stiefel-Whitney class w128(Adg) of the adjoint representation
Adgy: Eg — SO(248) can be chosen as a member of a system of generators of
H*(BEg;Z/2) as an algebra over the Steenrod algebra.
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