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On the Stiefel-Whitney classes of the representations
associated with Spin(15)

MAMORU MIMURA
TETSU NISHIMOTO

We determine the Stiefel-Whitney classes of the second exterior representation
and the spin representation of Spin(15), which are useful to calculate the mod 2
cohomology of the classifying space of the exceptional Lie group Eg.

55R40; 22E46

1 Introduction

The study of the cohomology of the classifying space of the Lie groups has a long
history; in particular, among the exceptional Lie groups G,, F4, E¢, E7, Eg, Borel
[4] first determined the algebra structure of the mod 2 cohomology of the classifying
spaces BG, and BF, using the Serre spectral sequence. In these cases, it is well
known that the numbers of generators as an algebra over the Steenrod algebra are 1 and
2 respectively. Kono, Shimada and the first author [7; 8] studied the mod 2 cohomology
of BEg and BE7, using the Rothenberg—Steenrod spectral sequence { E,} such that

E, = Cotory(Z/2,7/2) = H*(BE;;7/2),

where A = H*(E;;Z/2) for i = 6,7. Especially, Toda [11] announced that the
numbers of generators as an algebra over the Steenrod algebra are 2 for both BE¢ and
BE;. Obviously, the first generators are of degree 4 in the cases of BG,, BF,, BEg
and BE;. It is possible to represent the second generators as the characteristic classes
wi6(04), c16(ps) and p1g(p7) of some representations

P4 F4 — 50(26),

Pé6- E6 — SU(27),

p7: E7 —> Sp(28),
in the case of BF,, BEg and BE; respectively (see Adams [2, Corollaries 8.1, 8.3
and 8.2] for the representations).
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Little is known about the structure of mod 2 cohomology of the classifying space BEg
of the exceptional Lie group Eg. However, it is quite natural to conjecture that the
number of generators as an algebra over the Steenrod algebra is 2.

Conjecture 1.1 The mod 2 cohomology of the classifying space BEg has two genera-
tors as an algebra over the Steenrod algebra; the first one is of degree 4, and the second
one is the 128—th Stiefel-Whitney class w1,g(pg) of the adjoint representation

ps = Adg,: Eg —> SO(248).

(For the adjoint representation Ad g, see Adams [2, Chapters 6 and 7].)

Based on the computation in Mori [9], we conjecture more precisely that the number
of generators as an algebra (not as an algebra over the Steenrod algebra) is 33 and the
action of the Steenrod square is expressed in the following diagram:

S 2 S 4 S 8 S 16 S 32 S 64

4 246 2L 1020 18 2 34 2% 66 20 130 128
Sql l Sql l Sql l Sql l Sql l Sql l Sq64

7 11 19 35 67 131 192

qul qui qui qui qul sq32

13 21 37 69 133 224

Sq4i Sq4i Sq4i sq* $q'6
25 41 73 137 240
qul qul Sq? Sq?
49 81 145 248
Sqlsi $q'6
97 161
Sq32
193

where the numbers in the diagram indicate the degrees of the generators.

Our main tool to prove the conjecture on H*(BEg;Z/2) is the Rothenberg—Steenrod
spectral sequence.
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Our tactics to prove the conjecture may be stated as follows; firstly we calculate
E, = Cotory(Z/2,7/2) for A= H*(Eg;Z/2). We claim that generators are exactly
given by the elements of degree indicated in the above diagram; we will determine it
in the forthcoming paper (see Mori [9]), and secondly we show that these generators
are detected by the images of the Steenrod squares of the generator of degree 4 and by
the images of the Steenrod squares of the generator of degree 128. Observe that the
remaining generators except those in the right column in the above diagram come from
the mod 2 cohomology of the Eilenberg—Mac Lane space K(Z,4).

In order to prove the conjecture on the mod 2 cohomology of BEg, we need to find a
Lie group G and a homomorphism to Eg such that the structure of H*(BG;Z/2) as
an algebra over the Steenrod algebra is known and that the induced homomorphism
H"(BEg;7/2) — H"(BG;Z/2) is monic for n < N, where N is sufficiently large.
Using the homomorphism G — Eg with the above properties, we consider the Stiefel—
Whitney class of the induced representation

AdE8
G — Eg—— S0(248).

The natural inclusion map of the semi-spinor group Ss(16) C Eg might seem to be
the best homomorphism among others, since the homomorphism

H*(BEg:;7/2) — H*(BSs(16);7/2)

is a monomorphism. However, calculating H*(BSs(16);Z/2) seems to be as difficult
as calculating H*(BEg;Z/2), since the Hopf algebra structure of H*(Ss(16);7/2)
is similar to that of H*(Eg;Z/2). The next candidate is the spinor group Spin(16)
which is the universal covering of Ss(16) with the obvious homomorphism

Spin(16) — Ss(16) — Es.

According to Adams [2], the Lie algebra L(FEg) of type Eg can be constructed as the
direct sum L (Spin(16)) & A;% with some Lie algebra structure, where L (Spin(16))
is the Lie algebra of type Spin(16) and A]LG is the spin representation of Spin(16):

A Spin(16) — SO(128).

Note that the Lie algebra L(Spin(n)) of type Spin(n) is isomorphic to the second
exterior representation

A2: Spin(n) — SO(n) — SO((3)
as a representation of Spin(n). Thus the induced representation Spin(16) — Ss(16) —

Eg — S0O(248) is the direct sum )\f ¢ D A;%. The more appropriate homomorphism
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than Spin(16) — Eg is the composition map of the natural maps
Spin(15) — Spin(16) — Ss(16) — Ejg,

since the image of H*(BSs(16);7/2) — H*(B Spin(16);Z/2) is isomorphic to that
of H*(BSs(16);7/2) — H*(B Spin(15);Z/2) and since Spin(15) is smaller than
Spin(16). Observe that the induced representation

Ad
Spin(15) —> Spin(16) —> Ss(16) —> Eg — SO(248)
is a direct sum of the first exterior representation (or the projection map)
Als: Spin(15) —> SO(15),
the second exterior representation
A3s: Spin(15) — SO(105),
and the spin representation
Aqs: Spin(15) — SO(128),

since we have fl*S}‘%6 = )»15 ® )‘%5 and f1*5AI"6 = A5, where fis: Spin(15) —
Spin(16) is the natural inclusion map. Quillen’s theorem (cf Theorem 2.4) states
that the 128—th Stiefel-Whitney class w1,3(A15) of the spin representation Ajs is
a member of a system of generators of H*(B Spin(15);7Z/2) as an algebra over the
Steenrod algebra. Our calculation asserts (Theorem 5.1) that

wlzg(k%s @)\4%5 @ Aqs) = wi28(A15) mod decomposables,

which implies (Corollary 5.2) that the 128—th Stiefel-Whitney class wi25(Adgg) can
be chosen as a member of a system of generators of H*(BEg;Z/2) as an algebra over
the Steenrod algebra.

The paper is organized as follows. In Section 2, we prepare some results on representa-
tions which will be needed for later use. In Section 3, we calculate the Stiefel-Whitney
classes of the second exterior representation )\% 5 of Spin(15). In Section 4, we calculate
the Stiefel-Whitney classes of the spin representation A5 of Spin(15). One can derive
the total characteristic classes w(04), ¢(pg), p(p7) from the results (4-1), (4-2), (4—4)
respectively. In Section 5, we calculate the Stiefel-Whitney classes of the representation
)‘%5 <) )\%5 @ A5 of Spin(15) which is the induced representation from the adjoint
representation of Eg.

Our main results are Theorem 5.1 and Corollary 5.2; the latter result assures the
existence of the first generator in the right column in the previous diagram. The former
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result will be used to show in the forthcoming paper that the action of the Steenrod
squares on this generator of degree 128, and hence on those of degrees 192, 224, 240,
248, by using the Wu formula. That is, the generators in the right column can be
represented by the 128—th, 192—nd, 224—th, 240—-th and 248—th Stiefel-Whitney classes
of the adjoint representation respectively.

It is our pleasure to acknowledge that the present paper is motivated by the calculation
in Mori [9]. Most of the calculations were performed by programs using GAP which is
a system for computation in discrete abstract algebra. We thank Shingo Okuyama and
Yuriko Sambe who advised us about programming of the calculations.

2 Preliminary

In this section, we recall the mod 2 cohomology of the classifying spaces of O(n),
SO(n) and Spin(n) as well as the Stiefel-Whitney classes of representations.

Let H, be the subgroup of O(n) consisting of the diagonal matrices, which is isomor-
phicto (Z/2)". Let i,: H, — O(n) be the natural inclusion map. Let W = N (Hy)/H,
be the Weyl group of O(n), where N(H,) is the normalizer of Hj. As is well known,
W is isomorphic to the n—th symmetric group X, . The mod 2 cohomology of BO(n)
is a polynomial algebra whose generators are defined as the invariants under the action
of the Weyl group:

H*(BO(n);2/2) = H*(B(Z/2)";2/2)"
— Z/Z[[l, th,..., ln]W
= Z/z[wl, w, ..., wn],
where {¢; : 1 < j <n} is a basis of H'(B(Z/2)";Z/2) and w;, the i —th elementary

symmetric polynomial of 7;, is called the i —th Stiefel-Whitney class. Similarly, the
mod 2 cohomology of BSO(n) is a polynomial algebra generated by w; for 2 <i <n:

H*(BSO(n);72/2) =7/2[wy, w3, ..., wy).

Let G be a compact Lie group and p an n—dimensional real representation G — O(n).
Since a homomorphism induces a map between their classifying spaces

Bp: BG — BO(n)

uniquely up to homotopy, we obtain a homomorphism between their mod 2 cohomolo-
gies:
Bp*: H*(BO(n);7Z/2) — H*(BG:Z/2).
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We denote Bp*(w;) simply by w;(p). For a representation p: G — SO(n), we
also denote by w;(p) the induced element. One of the important properties of the
Stiefel-Whitney class is the Whitney product formula:

@2-1) We(tmn) = Y, wjxwy,

it+j=k

where 1,0 O(m) x O(n) — O(m + n) is the obvious map, and w; and w; are the
i —th Stiefel-Whitney classes of H*(BO(m);Z/2) and H*(BO(n); Z/2) respectively.

The action of the Steenrod square on the Stiefel-Whitney classes is given by the Wu
formula:

i .

. i—k—1 S

Sq’ wi =) ( ik )wi+j—kwk 0=y =i
k=0

Then, using it, one can easily see that generators of H*(BO(n);Z/2) as an algebra
over the Steenrod algebra are given by w,x for 1 < 2k <.

Now we recall a result due to Borel-Hirzebruch [5]. Let H be an elementary abelian 2—
subgroup of G, and i: H — G the inclusion map. Suppose that there is a representation
p: G — O(n) satisfying the following commutative diagram:

H -5 m

"

where p = p|g.
Proposition 2.1 (Borel-Hirzebruch [5]) There holds

Bi*(w(p)) = [ (1 + B7" (@)).

i=1
Moreover, if G = O(m) and H = H,,, then Bi*(w(p)) is a symmetric polynomial of
t! for 1 <i <m, where t € H' (BHu;Z/2).

Thus one can calculate w(p), if Bp*(;) is calculable.
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On the Stiefel-Whitney classes of the representations 147

To state Quillen’s result [10] concerning H™* (B Spin(n); Z/2), we define Ay, as follows:

(n—2)/2, n=0 mod 8§,
(mn—1)/2, n=1,7 mod 8,
n/2, n=2,4,6 mod 8§,
m+1)/2, n=3,5 mod 8.

hn:

We often denote %, by h if there is no confusion. Let J C H*(BSO(n);Z/2) be the
ideal generated by the elements

2h—2 2h—3

wy, Sq'wy, Sq?Sq' wy, ..., Sq Sq ---Sq*Sq! wy.

As is well known (see for example Adams [2]), Spin(n) has the spin representations:

AL, : Spin(8m) — SOQ*™ 1),
Agma1: Spin(8m + 1) — SO(2*™),
AE,1,: Spin(8m +2) — SUQ2*™),
Agm+3: Spin(8m + 3) —> Sp(24™),
AE,1 40 Spin(8m +4) —> Sp(2*™),
Agmas: Spin(8m 4 5) —> Sp(24m+1,
AE, 16 Spin(8m + 6) — SUQ2Y"*2),
Agm7: Spin(8m + 7) — SO(24"3),

where AT means that there are two representations A* and A™.

Notation 2.2 (1) For a real representation p: G — SO(n), we denote by pc a
complex representation

G 25 SO(n) —s SU(@n).

(2) For a quaternionic representation p: G — Sp(n), we denote by pc a complex
representation
G2 Sp(n) — SU(2n).

(3) For a complex representation p: G — SU(n), we denote by pr a real represen-
tation

G 2 su@m) — S0@n).
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(4) For a quaternionic representation p: G — Sp(n), we denote by pr a real
representation

G 25 Sp(n) —> SUQn) —> SO(4n).
The following remark is well known (see for example Adams [1]).

Remark 2.3 For real representations p and o, pc = oc if and only if p =~ o. For
quaternionic representations p and o, pc = oc if and only if p =~ 0.

We sometimes denote by pgr a real representation p, and denote by pc a complex
representation p, by abuse of the notations. It is well known that w(pgr) = c(p) if p
is a complex representation. It is also known that w(pr) = c(pc) = p(p) if p is a
quaternionic representation. Note that, if 7 = 4m + 2, the representations of (A;")g
and (A;)r are isomorphic, since A;" and A, are conjugate to each other. We denote
wyn ((Ap)r) and wyn ((A;)R) simply by u,n for n odd and n even respectively.

Now the results due to Quillen [10] can be summarized as follows:

Theorem 2.4 (1) The algebra structure of the mod 2 cohomology of B Spin(n) is
given by

H*(BSpin(n);Z/2) =~ H*(BSO(n);2/2)/J @ Z/2[u,n].

(2) The nonzero Stiefel-Whitney classes of the spin representation are those of degrees
2" and 2" — 2! for r <i <h, where
0 n=0,1,7 mod 8,
r=41 n=2,6 mod 8,
2 n=3,4,5 mod 8.

In order to choose a Grobner basis of the ideal of J (see for example Cox, Lit-
tle and O’Shea [6]), we need to introduce a total order to the set of monomials in
H*(BSO(n);Z/2). Let a = wézwg3 cewi" and b= w§2w§3 .. w*" be monomials
in H*(BSO(n);Z/2). Then we define a total order as follows:

dega < degb, or

a<b<— . . .
dega =degh, jo =ks, ..., ji-1 =ki—1, Ji > ki.

For the projection A': Spin(n) — SO(n), denote w;(A!) simply by y;, since we need
to distinguish the elements of H*(BSO(n);Z/2) from those of H*(B Spin(n);Z/2).
We exclude the elements y,, y3, ¥s and yg in the generators of H*(B Spin(n);Z/2),
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since Sq' y2 = y3. Sq% y3 = ys+y2y3 and Sq* ys = yo+ y2y74 y3¥6 + yays. that
is, they are 0 in H*(B Spin(n); Z/2). Now we can describe the algebra structure of
H*(B Spin(n); Z/2) for 3 <n <15 explicitly using the reduced Grobner basis {R;}
as follows:
H*(B Spin(3):Z/2) = 7/ 2[uy);
H™ (B Spin(4):Z/2) = Z/2[y4, ual:
H*(BSpin(5); Z/2) = Z/2[y4, us);
H™ (B Spin(6): Z/2) = Z/2[ya, ys. us):
H* (B Spin(7); Z/2) = Z/2[ys. ys. 7. us]:
H* (B Spin(8):Z/2) = Z/2[ys. ys. y7. 8. s]:
H*(BSpin(9); Z/2) = Z/2[ya. s, 7, V8. 16);
H* (B Spin(10);Z/2) = Z/2[y4, ys. y7. ¥s, Y10, u32]/ (R1),
R = yino:
H*(BSpin(11); Z/2) = Z/2[ya, ¥, ¥7. ¥8, Y105 Y11, Uea)/(R1, R2),
R1 = y71y10+Ye6)11.
Ry = yi14+y3ysyi+yayivi:
H*(BSpin(12);Z2/2) = Z/2[y4. y6, ¥7, Y8, Y105 Y11, V12: Usal/ (R1, R2),
Ry =y71y10+Yeri1.
Ry =y} +¥3 s+ via+tryayiviy:
H*(BSpin(13);Z2/2) = Z/2[y4. y6, ¥7, Y8, Y10: Y11, Y12, Y13, U128]/ (R1, Rz, R3),
Ry =y7y10+yeyii+yayis,
Ry = yii+yioria+ 110+ 7 vsyi1+13 via+ve 3 vis+ e vsyis+raviviy
+YaY6Y10013+ V5 V12013,
R3 = yi3+yi0yt Vst o123+ ysyio V11 Vs + 1708 )11 i3+ V3 Ve Vi V13
33 VsV 12D13+ Y5 Vi 13 Y Vi vis Ve Viovis T Ve VT Va1 Vi
Ve VsV e VIVt Ve vt 2yt v vioy i Vit Ve vevis
Ve V1IVEIIYI3H Ve VI Ve V12 13+ Ve Vs V12V 13t Ve V1 Vs Vit Vi Vis
+Vay3 YT V12Y13FVay3 Ve V11 V13 F Va6 Y1 V11 Vi +VaYe V1V11 V12 V13
FYaYe VYT YiVI0Y T V12V 13V Vo 11V s+ Y sy V12 vts
F Va1V YV VY12V 13V Ve V1V VI V1213 T Ve VeV Via V13
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Ve Ve IVt Ve oyt s+ Yive vioyiayis+yivevis
Y3y Ty tyiveyiorn ity vy H vy
H*(BSpin(14);7/2) =
Z/2[y4, Y6, Y1, V8> Y10, V11, V12, V13, V14, U128]/(R1, R2, R3),
Ri = y71y10+Yeyi1+ryayis.
Ry =y} 1+ ¥ oy13+ 1013403 Ve yi1+3 Via+Yeys Vi3 + Ve Vs Vi3 + Ve V1 V14
+J’4J’7y121+Y4y6J/10y13+J&%J/12)/13+J/§y11Y14,
Ry = yi34yio Vi1 Y13+ Vior 1213+ Vo 1114+ VsV io V11 Vi3 + V18 V11013
FYI VYT et YT Ve VT vy vy yi2y13+ Y3 vs Vi Viat Y v
F VIV Y14+ YT Ve Y13+ Y7 Ve Viat Ve V10V V13 Y14+ VeVioVis
Y613 V8V Y13+ Y6 VI V11V13 Y14+ Ve Va1 Via Ve V3 Vis+ Ve Vi Vi1 Vis
F VeV 1213V V10V 11 Vi H Ve VioV13 Y14+ Ve Vs Yis Ve y1 Ve i1y
+Ye VI vsy12Y13t Ve V13V iat Ve Vi V12Y 13+ Ve Ve V1 V1at Ve v1Ye v
Ve Vs V13 V14t YaYi Vi3 F Va0 11 Vi st yayI v via vt yayi visvia
+Y4Y3 Ve V1 V13 VaYT V811 Via+YaV3 V12 Yia+YaVe V1 Vi Vis
+Y4Y6 VT V13 V14 VaVe VT V13V 14+ VaYe VT Ve V13 Y14t YaYe V3 Via
YV VIV Y1213+ VaVe V11V i3+ VaYg V10V13 Y14+ Y4 V10VT1 V1213
YV oV 11 VT3 YV io 13V 1t Vi Ve V11 V12 3+ Va8V V13V 1a
F VIV VIV Y Y1314 VYT VT VAt YA VI Y11 V12013
YRV V1V s 14V Y6 Y18 V11 V12013 Ve Ve VT Vi Y13+ Y3 V6 VI V11 Vi3
VYoV Y13V Ve vio Y12V 13 e Ve oY1 Via+Ya Ve Vs V10Y13 V14
TV YeV12V13 Y14+ Ve Vis+ Vi Ve Vi1 V12V13+ Y3 V6 Y1011 V13
+yiy6y120y13y14+y2y§y13y124+y2y7y8y11y13y14+y2y%y11y124
FVV10V12Y13 V14 Ve V11 V12V 3 Ve V11 Vi V1t Ve Vi3V veyiavis
+YiV1Vias
H*(BSpin(15);7/2) =
Z/2[y4. Y6, ¥7. V8, Y10, Y11, V12, Y13, V14, V15, U128]/ (R1, R, R3),
Ry = y71y10+Y6yi1+ryayis.
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Ry =y} 1+ yioy13+ 1013403 Ve yi1+3 Via+Yeys Vi3 + Ve Vs Vi3 +Ye V1 V14
+y§y15+y4y7y121+y4y$y15+y4y6y10y13+yfy12y13+yfy11y14
+Y3 V10015

R; = y153+y130y121y13+yf0y12y13+yf0y11y14+y150y15+y8y120y11y123
+Y7Y8Y11Y 3V VIV s 14+ YT Ve VT V13V Va1 vi2y13+ Y3 s Vi Via
VIV YI Y214t Y VT Vs F YTV sy vis T Y3 Vi via
+ 18 ysyis+Y6y10YT1 V13 V14 F V6 Y1013+ V6 VoV 11 V13 V15
+F Y6 VIV VT V15T V6V V8 V11V 3+ Y6 VT Ve Vi Vis T Y6 YI Vi1 V13 V14
Y63 V11V12D15+ V6 Y3 Ve Vst Vi1 Vs Ve Vi Vst Ve Vi viivis
VeI VY3 YIsHYe Vi V1213 F Ve V10X 11 Vis Ve V1oV Vis
Ve Vior13 et Ve Vs s Y1 VE Vst Ye v vey12yi3 e Vi3vis
FYeVaV12Y13 T Ve Ve V11 V14t Ve Ve VioVis+ Ve Y1 Vs Via+ Ve y1Vsyiivis
Ve Vs V13 V14t Ve Vi3 YaV10Y11V T3 14+ VaVT VT V12 V13
+y4y$ygy11y13y15+y4y;y123y14+y4y$y11y14y15+y4y$y§y11y13
Va8V V14T YaYI V1214 YaY3 i1 Vis+YaYe V1T Vis
+V4Y6YTVi3V15+YaVeys V11 Vis+VaYeys Vs V11 V1s+VaVeYs V13 V14
+ Va6 YT V12V1sTVaVe Vi V13 Y14+ YaYg V10V 11 V1315 VaVe VT Ve Y13 V14
FVaYe V3 ViatVaYe i Vi3 Vis+YaYe V111 Y1213+ VaVe Y11 Vi3
FVaYe VT 1sFYaYeVioVi3ViatVaye V1¥is+YaViovi V12 Vs
YV o 11V T Y Vi T Vs TV Vo 13 Y14+ YE Vs Y11 V12015
VYV TI Y 13Y14F VY8V 10Y11 Y1315+ Y5111 Vi3 H VYT V1 V1213 V14
Ve VIV TVt YiyIY T s Yis+ Y Vi1 yi2 Y13+ Y Ve V11 Vs V1a
+JQ%)76)711YI2)713J}15+)74%)/6)’10J/123)/15+JG%)76)710,V11)7125
FVZY61Y8Y11V12V13+ V3 V6 YT Vi Y13+ Y5 V6 YT V11 V13 + Y5 Ve VioVii V13
+YaVerioyi2yistya vevioynyiatya Ve vioyis+yive vs iy s
FVZYeVsY10Y13V14+ Vi Ve VIV11 V12V 15+ Y4 Ve V12 Y1314+ Vi Ve Vi3
VI VIY13Y1aY1s Y3 Ve VT V12131 V3 e V10Y11 V133 Ve V1oV i Vs
Y2 Y6YTo¥13¥14+ Y3 V6 Vs V11 V13153 Ve 1¥12V13 015+ V3 Ve V13 Via
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+ Ve yTs s+ Yy Y13 Y14+ Y VI V11 Vit V2 VI V11 V13 V1
Y4 VI0V12V13 014+ V3 V10V 12 V15V V11 V12V i+ Ve V11 Vs Vis
F VYT Y1215 F Y Vi V13t Ve Vs 13 Vit Ve Ve v s yis+ Y Va1 Vi
VYTVt Ve VIV sV Ve ViV 1s TV Ve Y13V is T Vi s

where the first term of R; is the leading term.

In order to calculate the Stiefel-Whitney classes of the spin representation concretely,
we need some facts about the spin representations.

Notation 2.5 f;: Spin(n) — Spin(n + 1) is the natural inclusion map.

As is well known (see for example Adams [2, Proposition 4.4]), we have that

S (B5e = (Ag—1)e.
foeBoks1)e = (AT )e @ (A% )e.
Then, using these and Remark 2.3, we have the following:
SomDsmi1 = AF,, ® Ag,,.
fomni1Bamsr = (Dsme1)c,
Ssma2(Dsmy3)e = AE;Fm+2 © Agmras
(2-2) fstn+3A§tm+4 = Agm+3.
TompaBemes = Ag 10 ® Agyps.
fgﬁn+5A§tm+6 = (Agm+s)c,
SomseDsmer = (A3, o)k = (Agie)r.
f8*m+7A§:m+8 = Agm+7-

Notation 2.6 A': G(n) — G(('l.’)) is the i—th exterior representation, where G =
0,50,U,SU.

For the usual inclusion map
. SUMm) — SO(2n),
there is a covering map

7. SU(n) — Spin(2n),
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since SU(n) is simply connected. According to Atiyah, Bott and Shapiro [3], there
are isomorphisms of the representations

[n/2]
(2-3) Fr(Af e =Y A%,
i=0
[(n—1)/2]
(2-4) Fr(Ay)e= Y AL
i=0

3 The Stiefel-Whitney classes of the second exterior repre-
sentation

In this section, we calculate the Stiefel-Whitney classes of the representation
A1s: Spin(15) — SO(15) — O(15) — O(105)
induced from the second exterior representation A%: O(15) — O(105).

Let v be the nontrivial real representation of one dimension
v 7/2 =5 0(1),
and v; a composition map
vt Hy = (22" 25 772 2% 0(1),

where p; is the 7 —th projection map. Then it is easy to show that the induced represen-
tation

. in )\‘2

i*\% Hy = O(n) — 0((5))
is isomorphic to Zl§j<k§n vj vk . Using Proposition 2.1, we obtain

BiqwA» =[] (+4+n).
1<j<k=<n
since the total Stiefel-Whitney class of the representation v; vy is given by 1+17; + 7.
Then we can write
2wy, Wy, ..., Wy) = 1_[ (I+¢t +1),
1<j<k=<n

where w; is the i —th elementary symmetric polynomial. Since it is quite difficult
to calculate <p125 directly by using GAP because of the capacity of the computer,
we need to improve the algorithm to expand symmetric polynomials in terms of
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the elementary symmetric polynomials, that is, to calculate 2 by induction on 7.
Obviously (p% (wy,w3) =14 w;. Suppose that goﬁ_l is obtained. Let w; be the i—th
elementary symmetric polynomial of #; (1 < j <n—1). Then we have

W1 + ty, ifi =1,
w; =3 w; +w;_1t, ifl<i<n,
wn_ltn ifi =n.
We define a function 2 by
n—1
Yoy, t) =[] Q+4+0) [0+ +0),
1<j<k<n-1 i=1
which is equal to @2(wy, ..., wy) as a polynomial of ;. Then we obtain
n—1 n—1—k n—1—1
k=0 =0
We define <p3 ;(wy,...,wy—1) for i >0 by the equation

2 2
G wn) = Y @R Wi )W
m

where it is easy to see that there holds the following identity

(p}io(élw .. »én—l) = Wf@l, . 9§n—lv0)v

as polynomials for any invariant element &;. Now we calculate (p,%’m by induction on
m. Assume that (pnzl is obtained for 1 </ <m —1. Put

2 (= — 2
lﬂn’l(wl, e Wy, ty) = (pn’l(wl, ce, Wy—1)

2 — — 2= —
and Xn,m(wlv--vwn—lﬁtn):{Wn(wl’--’wn—lstn)
m—1
2 (= . —/ IN =
— Z wn,l(wl’ s Wy, b)) Wy /W 1
=0

Then ¢ (Ers o €n1) = X (G 601, 0),

which gives ¢2(wy, ..., wy) by the above equality. By induction on 7, namely, using
the improved algorithm, we obtain the following theorem.
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Theorem 3.1 The Stiefel-Whitney classes of degree 2! for 0 < i < 6 of the induced
representation )‘%5: Spin(15) — O(105) are given as follows:
wi(A}5) =0,
wa(Afs) =0,
wa(As) = ya,
wg(As) = ys+z.
wie(Als) = ys+yiys+ryave,
w32(A]s) = yayia+Veyis+ysyiatrioyiatyiovti +ya i1 yis+ye yivis
+yeyiotyivn+ya+ys
wea(ATs) = Vayis+ysyiatyiViatyayeyishis
+Yay1Y12V1315+ Va8 Y11 Vi3 V1s
+Yaye Vit rayior2y13yis+yayioVisyiatvayiort; yis s
FYay10V11Y13 T Yayi yeyis+yayi 2yt ye vty v
+ Y8 Vi rsyio Y1 Vs sy io VT ViatYsyi0y Y3+ ys ¥ iz
+ytoryistyiort i H i viov 2y is+yivioyisyiavis+ya v s
Y V1IV12V18Y15H V3 VY1301
+Y3V12V 13V 14+ Y V6 Y1012V 13 )15
+ Y2 V6 V10V 1314V V6 VT V13 Y15+ Ve Ve V11 V3T Vi VI V12 )ts
+ Y V1Vs ViV IsF Y VIV V12 Yy 2yt Ve Vs Viavia
+J’4%YSJ’120J’124+J’£J’8J’10J/11y12y15+J’2y8y121y12y14+y2y8yf2
+ Y2 Yioy Vs +Yivioyistyivioriivia
+ Y3 V100T V13t Yaye vy
+y4yg’y13y14y15+y4y§y7y12y14y15—|—y4y§y8y10y125
+DaYe Vs V11 V14Y15+VaVe Ve V1213 Y15+ VaYe Ve Vi3 Via
+YayeVioX13Vis+tYayeVioYiatvaye Vit vis
+YayeViatrayeyiviovis
+V4Y6V7V8Y 13+ VaV6 Ve V10V13V15+V4V6 Vs VoY1 V15
+aY68Y10VT1 Y14+ VaV6 VsVl Vi3 +Yayi ViaVis+ayi veyiayis
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+VaY7 YV oV it Vayr Vi Vst Ya Y1V Vi Vis+Yay1 Ve Vi1 Vi
+Yay1Y8YT V12 F Vaye Vst Yays Vi Fyayotyeyiveyis
+yevaviayistyevsyiiHyeviovz

+YE iyt ye i v+ s ys i

13 VsViat I ViovTs e Vi s vioYiz e oyt + Vs o
YTV s Ve VIV YISV 1Y 13 Vs

ViV 13+ Y3 V6 Ve Vi

13 V6 Vi1 V13 Y31V V1aY1sH Y2 V1V YT Vis+ Y V1 Yiobis

F VYTV o V14t Y VIV V12 Vi Ve VT Vst Vi Ve v vis

Y3 Ve VoY1 Y13+ Y2 Ve Viovia
+yfy6y7y§y12y1s+y§y6y7y§y13y14

+Y3V6Y1Y8Y 10V 15V Ve V1V V1 V13 F Y3 VI V13 Vs + ViV Vi
VIV sty vEvI s+ Vi Vi viviaviat i vive v,
VYT VS YToV1at VYT VST V12 H VY v v13+Yaye Vi

Y4V V1Y1aV15+YaYeV10Vi3+VaVey1Vs Vi0V1s+YaYe V1Va V1114
+J’4J’6J’§y1 1)1 5+)’4)’6J’$)’§y1 113 +y4J/?J/1 1y14+y4y$y§y15
T4V Ve 11 Y12t YV Tt Ye vV Y15+ Y V1V13 V14 Ve V1oY11 V13
VYIS HYe VIV s+ Ve VI Vit e vivi Hye vy
Ve Ve Viat Ve 1V vistYe VI Ve v1at Y1y i3+ Ye Ve Vio
V613 Vs V1s+YeViVa i3yl vis+yS vsviatys vevis+y3 vaviz
Y3V VYT 1At VIV s YV Vs Ve Ve Vi Via
Y4 V6 V1Yo Y15+ Ve Ve 1Y V13 H VYT V8V T+ Ve VI Vi V12
Y3V VI Vit Yy v Y13tV Vevis

F Y3 VeyIVioVIs+ VI Ve V1V Via

+y§y§y7y12y13+y§y§ysy1 1y13+y4y2y11y13+y4y§y3y15
+YaYeya Vi3 +Yay] i1+ Yays Ve +Yevivis+ ey viatyeysyio
+Ye VA Vs +Yeys viatye Vet Vet Vi VeVistYiyiyiayis
+y2y§yf4+y2yey7ylzy1 sHYSV6YTV13 V14
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VI VIIYIs YV V2 D14

5 viot i veyivioyis+yi Ve yiviivia

Y2 V6 VI V11Y13 Y3 V3 V8 P1s

F VIV VeV H Vi Ve V18 Ys

Y4 VeyIvsyiatyiVey3 sy

Y VA3V VT Vs Y12 F Y Ve F Vi Ve vIVIs Y Ve Viot Vi Ve Vi v
ViV VstV VSt Yyt Yaviat Y yviyiovis+ s viviivia

Vs y1Y Y13V Vs 11 Y13+ Vs Vi F Vs VioVia+ Vs Viovi

VI VIvisH iy vV Ve vivis SV viatyE Ve vs v,
a6 I V13 + Y VitV Vet Vi Ve vivis Y Ve ViotYive va v

+ Y VeV +yivevs+rayel.

Remark 3.2 The total Stiefel-Whitney classes of the induced representation
kf,: Spin(n) — 0((;))
for 3 <n <9 are given as follows:
w(A3) =1,
wAi) =1,
w(A3) =1+ ya,
w(g) = (1 + ys+ ye)*.
w7 = (1+ ys + 6 + y7)°,
w(g) = (14 ys+ys + y7*,
w(§) = (1 + ya+ys + y7+ ye) (1 + ya + ys + y1)*.

4 The Stiefel-Whitney classes of the spin representation

In this section, by making use of Theorem 2.4, we calculate the Stiefel-Whitney classes
of the spin representations (A,)g and (Ani)[pg for n < 15. Firstly, one can obtain them
for n <7 as follows:

w((A3)r) = p(A3) =1+ uy,
w((AD)R) = p(A]) =1+ ua,
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w((Ar) = p(Ay) =1+ ya +ua,

w((As)r) = p(As) =14 ys +us.

w((Ae)r) = c(Ag) =14 ya+ ye +us,

w(A7) =1+ ys+ ys + y7 +us.
Secondly, it also follows from Theorem 2.4 that the total Stiefel-Whitney class of the
spin representation A; is given by

w(AF) =14 ys+ ys + y7 +us.

According to Adams [2], the outer automorphism group Out(Spin(8)) of Spin(8)
is isomorphic to the symmetric group X3 of degree 3 which acts on the set of the
representations A!, A; and Ay, where Al is the natural projection Spin(8) —
SO(8). Then there is an automorphism o: Spin(8) — Spin(8) such that o*(A!) = Ay,
0*(A;) = A! and 0" (A7) = A;. Since Bffw(Ay) = w(A7), we can write as
follows:
w(Ag) =1+ys+ys+y7+ug+ays.
where a; € Z/2. Then we have
Bo*ys = Bo*wg(hy) = wg(Ay) = ug +ay ys.
Bo*ug = Bo*wg(AF) = ws(Ag) = ys.
and ug = wg(Ay) = Bo*wg (A7) = ys + a1 (us + a1 ys).
Thus we obtain a; = 1, and the total Stiefel-Whitney class is given by
w(Ag) =1+ ys+ ye+ y7 + (ug + ys).
Since the induced representation fS*Ag is isomorphic to Ag’ ® Ay by (2-2), the total
Stiefel-Whitney class of fg*Ag is given by
w(fg Ag) = w(ADw(A)
=1+ (8 + 23 + (Vays + ¥&) + (eys + y7) + y7ys + (ug + ysus).
Since Bfg: H*(B Spin(9);:Z/2) — H*(B Spin(8); Z/2) is a monomorphism, the
total Stiefel-Whitney class of the spin representation Ag is given by

A1) w(Ag) =1+ s+ )+ (ays + 13 + (Veys + y3) + y7ys + 16

Recall from (2-3) that we have 7;‘ A;LO =1® A2 @ A%, where A is the i —th exterior
representation SU(5) — SU ((f )). In a similar way to the Stiefel-Whitney classes of
i —the exterior representations, we can calculate the mod 2 Chern classes of the i —th
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exterior representations A’ using the Borel-Hirzebruch method; the mod 2 total Chern
classes are given by

cA)=14cr+c3+ (ca+ c%) +cs5 + (cg + cg) + C§C3 + (c3c5 + C§C4 + czc_,z,)
+ (cg + c%cs) + (cg + cac305 + C’§C4),
cOH =14¢, +c3+cq+cs.
where ¢; € H*(BSU(5);Z/2) is the mod 2 i —th Chern class. By (2-1), we obtain
wis(FE (AT R) = cs (XA = c3e5 +cf +c5.
Since B7:: H'(B Spin(10);Z/2) — H'®(BSU(5);Z/2) is an isomorphism, the
above equality gives
wis((AT)r) = yeyio + g + Vi
Using the Wu formula, we obtain the total Stiefel-Whitney class
w((Afpr) = (AT,
=1+ (veyi0+ g + 74
(4-2) + (vayio + Yeysyio+ Viveyio + vivg + vg)
+ (8270 + Y350 + Yaveysyio + yeyio + vevg + ¥7)
+(1io + Vaveio + V5 ysyio + ¥ivg) +usa.

Note that c(Ai"O) = c(A7,), since ATO and A7, are conjugate to each other. Using
it, we can obtain the total Chern class c¢(pg) for the representation pg: E¢ — SU(27)
mentioned in the introduction, since we have by Corollary 8.3 of [2] that the induced
representation

Spin(10) — E¢ —> SU(27)

is a direct sum of the one dimensional trivial representation, ATO and the composition
map
Spin(10) — SO(10) — SU(10).

Recall from (2-2) that f{{((A11)c) = ATO ® A7, which gives w(f]5(A11)r) =
w((Afo)R)w((Afo)R). We consider the homomorphism

Bf{y: H*(BSpin(11);2/2) — H*(B Spin(10);Z/2),
where we see that a basis of Ker Bf}} of degree 32 is given by

(V1071 YaYeYii, Yey1ysyit, VaVit, VaveYivii)-
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So we can write as follows:

w32 ((A11)R) = a1V10V3) +a204y6¥i, +a3yey1ysyi1 +asys v
+asy;yeyivii + yeyio + vs + i,

where a; € Z/2. By Theorem 2.4, we have

0=Sq' w3 ((A11)R) = a1y}, +a2yay7yi, +azysysyi +asyiyiyia,

which implies a¢; = a; = a3 and as = 0. Again by Theorem 2.4, we have

0=Sq* wir((A11)r) = aay3 iy + ¥7viy,
which implies a4 = 1. Further by Theorem 2.4, we have

0=3Sq w32 ((A11)r) = (a1 + D3 Ve yiorts + Vers Vit + Vioyi)

which implies @; = 1. Thus we obtain the total Stiefel-Whitney class

w((A1)r) = c((A11)e) = p(A11)
=1+ (y1oyi; + Vaveyi, + Yey1ysyir + y3vii + yevio + vs + ¥3)
+ (Vg V1011 + YaYeya vty + Viviort: + ¥iveyii + vavevioyi
+ Yeysyi + Y61y yit + YeVioVii + Vi Vey1ysyin
FYIVIVsYIL+ YAV ViL + Yiyayi + 3 va i + ey vio

+ViVio+ Yiverio + vivs + v¢)

+ (e yeyi + Yiveyiovii + ¥iveys vis + vaveyii + veviovy
+ ViVt + Viveyiori + Vivevsyii + VeVsYiovii
2 3 5 4.3 2.2.2 2 6.2
+ V4Y6V1Yg V11 T Ve V1Y8V11 + Vg V7V11 T V5V6 Vs V1o T Ve V10
+ i + Vayio + v6vs + ¥3)
+ (Veyiorti + ViViovii + Yiveyiovis + vayeyiovis + Ve syt
+ V8Viort F Ve y1yavil + Veyivii + vivi + Yivive v
+Vaverio + Veysvio+ Vet + i+ yavt + 38
+ Ugq.
Recall from (2-3) that 7;‘ (A;r e = 2@ A2 @ A%, where A is the i—th exterior
representation SU(6) — SU ((l.)). In a similar way to the case of the i —th exterior
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representation SU(5) — SU ((15.)), we obtain the mod 2 total Chern classes

c(A) =c*) =1+ (e3¢5 +¢; +¢3)
+ (265 + ¢5¢6 + 30405 + Che30s + €5¢f + €5+ ¢F)
+ (c3¢5¢6 + c4c§ + c%cg + czcgcs + crc3c405 + C§C5 + cgcf
+ (cg’ + czc3c§ + c§c6 + C§C4C5),
where ¢; € H*(BSU(6);Z/2) is the mod 2 i —th Chern class. Then by (2-1),

w32(Fg(ATZ)R) = 016(76(AT2)C) = C;%Cg + Ci + 03-

Recall from (2-2) that £} A;rz = A1y, which gives f7 w((ATz)R) =w((A11)r). We
consider the homomorphism

Bf{| ® BF¢: H*(B Spin(12); Z/2) — H*(B Spin(11); Z/2) & H*(BSU(6):Z/2),
where we see that a basis of Ker Bf{"} ® B/ of degree 32 is given by

{y6y72y12}-

So we can write as follows:

w32 (AF)R) = a1y6y7 12 + Vioviy + VaYeyis + Ve y1vsyin

+ Y3011+ g i + vg + i,

where a; € Z/2. By Theorem 2.4 we have

0=5Sq" w3 ((A)R) = a1y3y1a + yi) + yayiyiy + ¥ivsyn,
which implies a¢; = 1. Thus we have
w3 (AR =267 yi2+ V1091 +Vaye i1 +Yey1ysyii+y3 v +ysvip+vs+ v,
and the total Stiefel-Whitney class is given by

w((A)R) = c((AT))e) = p(AT,
(4-3) =1+ w((AF)r) + 59" war(AT)r) + Sq** w32 (AT)R)
+89* wi((AT)R) + Ugs.

In a similar way, we can obtain w3,((A7,)r) which is equal to u)32((AT2)R). In
order to determine the total Stiefel-Whitney class of (A],)r, we need to calculate
we4((AT,)r). From (2-4) we have 77 ((A7,)c) = A @ A3 @A’ for A! the i—th
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exterior representation SU(6) — SU ((16.)). Similarly to the case of the i —th exterior
representation SU(5) — SU ((15 )), we obtain the mod 2 total Chern class

cAH) =1 —I—c% +c§ —i—(ci +c§)+c§ +(c§ +c§+c§)+cgc§
+(c3ei +c5cq +c5¢3) +(chcs +¢S) + (cd + c5eg + c5e5es + c5ef),

e =cW)=14¢, +c3+cq+cs+cq.

Then by (2-1) we obtain
wea (Fa (ATR) = c32(Fa (ATy)c) = cg(cd + ¢3¢t + ciciet +cied).
Recall from (2-2) that /" AT, = Ay, which gives w( ]| (AT,)r) = w((A1)r), and
hence we obtain
wea(ATL)R) = es + VioVia + ViVl + Viveyioyia + veVeris
mod Ker Bf}|, @ B7y,
where Bf{: H*(B Spin(12); Z/2) — H™*(B Spin(11):Z/2),
BF¢: H*(B Spin(12);Z2/2) — H*(BSU(6):Z/2).

In order to determine wes((A7,)r) exactly, we use the method of indeterminate
coefficients; using the equations Sq” w64((A1_2)R =0 forn =1,2,4,62, we can

determine all the indeterminate coefficients, and hence the 64—th Stiefel-Whitney class
is given as follows:

wea(AT)R) = Uea + VioVia + Vio¥i1 V12 + V3 ¥is + Vivioyiiiia

+ Va3V Vs T VeV Via T VIVsV11Via + VI Vs Vi
+ ViVt VaVeyi Vi + ViVeyii Vi + ViVeV1V8¥11V1a
F VA VIVIYTs + VaVe YTV, + ViVe ViVt + Ve Viia
+ Ve YIvsyi, + Viveyiov vz + vayiva vy
+ yé)’7)’§)’11y12 + y;‘yéylz.

Thus we obtain the total Stiefel-Whitney class

w((AT)r) = c((A1y)e) = p(ATL)
(4-4) =14+ w3 ((A)R) + 59" w32 ((AL)r) +S¢** w32 ((AT,)R)
+5¢*% w3 ((AT)R) + wea (AT)R).

Using it, we can obtain the total Pontrjagin class p(p7) for p7: E7 — Sp(28), the
representation mentioned in the introduction, since we have by Corollary 8.2 of [2]
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that the induced representation
Spin(12) — E7 — Sp(28)
is a direct sum of
A7,: Spin(12) —> Sp(16)
and the composition map
Spin(12) — SO(12) — SU(12) — Sp(12).
Recall from (2-2) that [, A3 = A]"z @® A7, . Then we have

w(/15(A13)r = w(A)RW(I(AL)R).

In order to determine wg4((A13)r), We use the method of indeterminate coefficients;
using the equations Sq” wgs((A13)r) =0 for n =1,2,4, 8,62, we can determine all
the indeterminate coefficients, and hence the 64—th Stiefel-Whitney class is given as
follows:
wea((A13)R) = Y12Y73 + Ve ¥is + Yayioy11is + Yiyi1vis + vayii vzt

+ Y1Y8Y11V12Y13 + Y6VioV12V13 + Ve V10V Vis + V8 Vio V11 V12)13

+ ¥ o113 + ViVt + Vivey11¥is + vayivis + yeysyiavis

+ VeI V12Vis + Vey1ysy11Yis + VeVi V11Vt + Vi Ve V1 v b

+ YaYeV1VT1 V12013 + Vi VioV11 712013 + Ve Y10V11 V12013

+ yéyéynylzm + ys)’%)’shlylzyn =+ y?}’ll}’lZ}’U =+ y;ysylz1J/13

+VaVeV1Vis F VaViviayh + Viveviavis + vivyvivuvis

+ ViVIVEVTs + VayeyIVeyis + vaveys vis + ¥iveyioyiiyiayis

+ )’2)%)’%)’1 1Y12)y13 + J/4y2ylly12y13 + J/gy7ysy12y13 + y4y75y12y13

+ViVeVioyyis + Yeviyiiyis + yayy veyuyis + ¥3yivis + yioris

+ViodTiViz + 7¥ia + Virorii v + ey + et

+YIveyniiy + VIVEyhivia + vt + viveyiviy + yiveriivt,

+ ViV6y1YeVII VT + VaVivi1Yia + Yavevivuyiy + YaVeViovia

+ Ve Ve Vst Ve VI Vsia + VaVeyioVT V12 + Yayi ve i1z

+VeyryEynIYiI2 + VI Vavia + YEVI Vi, + Vit + Vivert

+Yeyavsyi + Syt + veyie+ys + v
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Thus we obtain the total Stiefel-Whitney class

w((A13)r) = c((A13)c) = p(A13)
=1+ wea((A13)r) + 597> wea (A 13)r) + Sq*° wea (A13)R)
+5¢°% wea((A13)r) + 9% wes (A13)m) + t12s.
Recall from (2-3) that if A’ is the i—th exterior representation SU(7) — SU((]))

then 7;‘((A;r4)@) =1®A2®A1* P A In a similar way to the case of the i —th exterior
representation SU(5) — SU ((15)), we obtain the mod 2 total Chern classes

c(A\?) = 14cr+c3+ca+cs+ce+cr+(cscs +cZ+c§)+(CZC3C5+czci+c§)

+(C§C5 +c3cf+c§(:3)

+(ci+eaci+eiestel +ereses+cres+es+escateacser)

+(c3c§+cfcs+cgc15)

+(czc§+c§CG+C4c§+c§’C5 +c§c§+cgc6+c§’C3C5 +c§c§+czc§
+6‘2€5C7+C$)

—I—(C3C§+C§ +C§C§C5 +C§C3cf+c§+030567 +Cic7 +0307)

+(c4c§+cz03c5c6+c§c=4c6+03cics+c§’c52+c§c§c6+c§c2+czc§c5
+czc§c§+c§‘C4+czc3C4C7 +c§’c’7+c§(:367+czc$)

+(cscg+ciescs+cieies+cics+e3cs)

+(cg+czc§66+c§c§+c3cg—i—cﬁc?—i—c%qC5c6+c§c2c6+c§(:4c§
+C2C§C4CG +czc§c§+02030205 +c§ci +cpac306CT7+CoC4C5CT +C§C5C7
+C§C3C4C7 +C4C$)

+(C3C§C6+C§C§’ +czc§C5c6+c§C4c6+c§’c§+c§c’7 +c§c607 “+c3cq05C7
+c§c3c507 +C§Ci€7+CzC§C4C7+Csc$+Czc3C$)

+(C3C5C§+C4C§C6+C§+C§C§C6+62€§Cé+C263C4C5C6+62€3C§+C§CZC6
+C§C4c§+czc5c6(:7 +C3C§C7 +c§C4c5(J7 +c6c§+c§’c$)

+(C§C6+CzC3C§C6+C§C§+C§C4C565+C3050667 +C465267 +CaC3C4C5C7
+ejcierterescteseser+ed),

c(Wh = 1+c§+c§—|—c3c’5+c§+(czc§+c§c6+C3C4cs+CZC3C7)

2,22 2 2
+(c3cscetcqac5+cyc5+crc506+C20304C5+C2C507+C5C3C7)
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+(c§+02C3c§+c§c6+c§C4cs +czc§c7)
+(c c6 +c3 05 +C3C465 +c4 +62 c5 —i—czc3 Co +(72 €3C4C5 +(72 +C265C7
-|—c3 cq +c2 c3C7)
—i—(czcé—i-c3c3 +cic§ +C§C3C56’6 +C§C4c2+czczc§ +c§c‘6 —i—c304cs
+(32 05 —I—c2 c3 Cq +cz C3C4C5 +cz Cc5Cq +czc3 c7 +02 c3Cq —1—02 c7)
+(c5ed+e3esei+ese;cetescicacs+eieser)
+(C3C5c§+c§+czczc§+c§c’5c6+c§0206+c§04c§+03cic5 +c§c§
—i—c2 (:3(:4 Cs -|—c2 c4 +czc3 Ce —i—czc3 C4Cs +c2 c5 +c2c3 C6 -|—c2 €3C4Cs -|—c2
+C3c507 +62 C3C6CT +62C3c407 +c3 c4C7 +CZC5C7 +C263C7+C3 c%
+c5¢7)
+(c 05 +czc3 c5 +c3 Cg +c3 C4C5+CaC3 4e7)
+(c5 c6 +6205 +c3 c5 Cé +C3C4C5C6 +C3C4cg +ci c§+c§C3cg +czc§cic6
+czc3c4c5 —l—c3 c5 —I—c3 c4cs —l—c3 c4 —I—c2c3c5c6—|—czc4c +c —l—c2c3 Ce
+cz C3C4C5 +62 c3 +C5 C7+6265666‘7+6263C5 C7+CzC4C5C7+C3 C4C5C7
+C§C3C6C7 +C§C3c207+czc§C4C7+c§C7+CSCSC7+CSC3C7+C3c5c$
+CzC3 )
+(c4 c5 +CQC3C4 c5 +c3 c4 Cg +c3 c4 Cs +czc5 —i—c2 3 c5 +c2 c3 C6 +c2 c3 €4Cs5
+c3 c5 C7+C263 C6CT +czc§C5C7 +czc32c4c’7+c3 C4C7+C263 c7+¢5 05(:3
-|—c3 c7 +CZC3C7
+(c —I—czc +c 66+C3C4C566+63C C6+C4C +626365C6—|—C§CZ g
+(32 05 —I—czc3 C5 Cé +C2C3C4c5 +czc3 05 —I—c3 C6 —I—c3 C4Cs —|—C2 Cg +cgc§c§
+c2 C3c4c5 +c? c4 +c3 +c! c5 +62c3 C6+CZC3C405 +CZC305 +CzC3C6C7
+63C4C§C7 +62 C5C6CT +62 C3C4C6CT +c2c§0567 +czc3 c7 +CZC5C7
+cycier+cgcserteser+cieqcs
—I-(c5 +cac3 c5 +c3 c5 Cs +C§C4C5 +czc3zc§c*7)
+(c3c5 cé +C4c§cé —i—c2 c5 c6 +czc3 c6 +cac3 C4C5C6 +c3 Cs5Cg +c§cicé
+c3SC5c6 —i—c?c;;c?—l—cé’c%cé—l—cz €3C5 +c§cic§ +62 c3 s +czc§66
+C2C§C4C5 +C§C3C5CG +c, 04c§+c§c§c§+czc3 Cé -|—c2 c3 C4Cs +czc§06
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7 2 2 2 2
+cz<:3(:4c5+C2c506C7+C3csCGC7+C4c§<:7+c2(Z4c5c6cZ7+c2c§c7
2 2 3 3.2 2.2 4
FC205C5C6C7HC2C3C4C5C7+C3C4C6CTFHC3C5CTFHC5CLC5¢7+C2C5C5C7
2.5 7 5.3 8 22,2, 2 2
Fc5¢307+C5C5¢7+C563C7+C5C3C7+CrC5¢5+C5C6CT+C3C4C5¢7
3.2,.222, 2 2,62, . .3
+c5 060550 07 +Cac5c407+C5cT+Ca03C7)
—|—(6’5C6+62C3656’6—|—C3C6+C3C4C506+C3C5 +czc3c5 —|—C366+C3C4C5
+6205+C2C3CS +Czc3C6+CZC36405+CSC7+CZCSC6C7+02036607

2
+62C3c5 c7 +c3 04c5 c7 +czc3 c7 —I—c2 (:3 c7 +6365 c7 —I—c2 €3C6C7

2 2,.3.3
+cycacsc5+c507)
222 4 .4
+(C3CSC6+C3C5+C4CS+CzC3C5+C3CSC6+C3C4C5+6263C566+02C5
242 5.2.2

+c5ye5¢ +c3 c5 —|—c3 c4 Cs +c3 c4 +c5c5¢5 —|—c2 c3 C5C6 +02 c3 c4 C6
2
—i—c2 c3 C‘4C5 +62 C3C4 Cs +62 c3 c5 +62 c3 Cq —i—czc3 C4Cs +62 c6 +CZC3C4 Cs
2 2
+02 c4 +c2 c3 Cq +62 c3 C4Cs +02 c3 -|—c5 C6C7+C203C5C6CT +c3 CeC7

+c3 C4C5CCT —l—czc3 c5 c7 +c2 c3 c5 c7 —|—c2c3 Cc5C7 +c3 c7 +c2 C3C6C7

+CSC3ch7 +cgc§C4C7+c§c§C7 +C§C5C7 +C30506c$+04czc$+c§c§c$
+62C3C4c5c$+c§cic$+c§c§c$+c2 c5 +czc5c7 +c2 €305 +c7)

+(02c3 3 +c§c§c§+czc3 c6+czc3 C4Cs +czc3 4e7)

+(c3 c5 C6 +c3 C4C5 +cgc§c§+c§c§c§+czc3 C5Ce +czc3 C4CS +c3 c6 +c3 c5
—l—c?cic?%—czcs +C;C§C§C6+C26‘3C‘%C565+6‘263C465 +c, ci’cg
-|—c2 c3 C5C¢q —i—c2 c3 C4C5 +626366§+C§66 +C;C4C5 +c§(33 Cs +c2 c3 0206

S .3, . 4.2 4 \ 2.3
+62c3c4c5+czc3c4cs+czc3c4+czc366+czc3c4cs+c —I—czc3c5c7
2 2
+C205C7—|—CZC3CSC7+02C5C6C7+02C3CSC7+C264C5C7+6263C4C5C7

5.3 2
+c2 c3 c507+czc3 C7+CZC3C6C7+CZC3C4C7 +cyc3¢407 +CZC3CSC7

2
+62 c3 c7 +cz 3 c7)

423, .2.4.3 2.2
+(c3c5+czc3c5+c3c5c6+c3(:4c5+c2c4c5+czc3c5+CZC3c4c5

4.3 2 2
+cyc3¢5C6 +62 c3 c4 Cs +czc3 c5 —|—02 c3 Ce +62 c3 C4Cs —I—czc3 cs5¢7

4.2.2
+c,c5¢507 +02 c3 C6C7 +(32 c3 C5C7 +02 c3 c4 c7 +c2 c3 c4C7 +c’2 c3 c7

4.3 .2
+cSesei+ceycicate]escd)

2222, 2. 5, 2724
(65C6+62C5 +C3C5C6+C3C4C5 +czc6+czc3csc6+czc305 +c5c,¢5
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422, 4.4, 5272, 423, 4 2, .4, 3 4., 4
FC305C6+C3C5+C5C5C+C,C3C5+C,C304C5C5+C5C3C5C6+C,C4C5

32.4,.2.472 2.3, .3 422 7 6.2 6, .2
FC505C5+C5C5C5C6+C5C3C4C5+C2C5C4C5+C3C5C6+C3C,C61C3C4C5

+C§Cic5 +C§C3C5Cé +c§cicé+c§c§+c§c§c§c6 +02503 0402 +c§c§c§
+c§c§c2cS —i—c%c?ci—l—czcg% —i—czc;qcs —i—c?cs +c§c'7 +C§C§C6C7
+CzC3C§C7 +C§C§C6C7 +C§C3C§C6C7 —i—c%c;’cgcv —|—C§C§C4C5CGC7
+CzC§C5C6C7 +C§C4c667 —l—cg‘cicSw +C§C3 c§C7 +C;C3C4CSZC7 +c§ c§c§c7

+c§c§c607 +626§C‘%C7 +CZC4C7 +C;C5CGC7 +C§C3C4CGC7 +c§cf0507

4.4 3.2, .2 2,2, .22, .4, 2, 3 2
+c 05050730505 +C503C5C607 05040507 +C3C6C7+C3C4C5¢

3 2,.2.2.2.2,. 4, 2, 62,342, 7, 2,3, 6 3
F€5¢3C4C5C5+C5C5C,C5+CaC5C04C5+C3¢5+C5C507+C5C405+C5C5C7
3.3, 4, 3

+eaeze;+c5e309)
+(63055+c36cg—i—céqc?+cgc3305266+cgc§04c§+czc;c§+c§cs+c§0405

5202 8
+cyc5c507+cac507)

5 6, .2,.6 2.4 5,.3.5,,2.2.4, 4 3
+(C3c506+c4c5—|—62c5+czc3c5c6+czc3c405+c3c5+c3c4cs+c203c5c6

4, 22,233 22, 4, .52 432,622
FC5C4C5C6+C5C5C5C6+CHC5C4C5+HC3C C5C6+C3C,C5+CHC5¢C,

5.2.3, .5 2,,4.3, 2, 42272, 4724, 34.2
+C505C6+C503C4C5C5+C,C3C5C5+C,C5C,C6+CC3C5+C5C5C5C6

33,.3,.2.5.3 6.2 5.3 7.2 6 .4 5
F€503C4C54C5C3C5+C2C5C C6+CaC3C,C5+C3C5C5+C5C4+CaC5C7

2, 4 4.3 502 4, 2 4. 3 3.2.3

+e5¢3¢507+C50507+C5C5C5C7+C5C3C5C6C7+C5C4C5C7+C5C5C5C7
2.4 4.2 6 6 6.3

+€5¢3C5C6C71+C2C5C4C5C7+C3C4C5C7+C5C4C5C6C7+CHC5C7

5.2 5 2 4.3 422 3.5
FC5C3C5C6C7+HC5C3C4C5CT+CoC3C4C6CT+CHC5C4C5CT+HC5C3C6CT

2.5.2 Y 9. 2.2.2.2,.5, .2,.5.2.2, 4.2,k .2
Fey03¢,507F 02030407+ C5C07FC5 50507036505 +C5C5¢7+C5C5C6C

4, . 2,.62,.7,.2,.6272, 52 2, 5 3
+C203C4C5C7+026’3C7—|—C266C7+02C4C7+02C3C4C7+6203C7)

7 6, .3 .4 2,5, 432, 225, 423, .5 22
+(6’5+Czc305 Fc3c5c6tcycacsteyc5cc+c5c5¢5+c5c505+0503C5C¢

4,33, 4.2 2,.33.4,.2.,52 2.4, 3 522
FCyC3CEFCHC3C4C5CE+C5C3C5+C5C3C5C6+C5C3C4C5+C2C53C4C5

7.2 6.3 2.4 4.4 6.2 6.2 5.2.2
Feycicetesciesterciescrte,csertesgeserte,cscecrt+eyc5cEcr

+C§C3C§C7+C§C§C4C§C7+C;ch§C7+C§C:?06C7+626;C5C7+C2€g6267

8, .44, .22, 24, 2,772, 6 2, .6 2,.3.5.2
Fc3c407+C5 0305055050505 +C305+C,C3C6C7+C5CaC5¢5+C505¢5
7.3

(M) = 14+cr+c3+ca+es+cg+eg.
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By (2-1), we obtain

2 14 2 42 2 2, .2.22
(1A’ pr*erb = C3c§c7 +c§c7 +cscg +c§csc$ + c5c3¢050607 + C5c40507

2.3 3.3 4, 2 3 2 3.2
+ ¢5¢506C7 +C203¢7 + C5¢6C7 + €3C4C5¢7 + C3¢C5C6C7

4, .3 422 4.4 3 2 3.2
+ 03¢5 F+C5C5¢5 +C5C6 +C5C3C4C5¢7 + €5C3C5C6C7

2.3, .2 2,32 2,222, 2.2 i
+ 3030507 +0503C5C7 +C5C5C4C7 + C5C5C4C5C6CT

2.2.3 2.2.2.2 4, 2 4 6.2
F¢5¢35C5C7 +¢5¢35C5CE + €2C3C4C5 + C2C5C5C6CT7 + C3C5

5 . 42 4.2 2 4 4 8 16
Fc3c4c6C7 + 3050507 +C5¢,¢6 03¢5 +¢4 5.

Recall that f1*3A;L4 = (Ay3)c, which gives w( /% (AL)R) = w((A13)r). In order to
determine w64((AT4)R) , we use the method of indeterminate coefficients; using the
equations Sq" w64((A;r4)R) =0 for n =1, 2,4, we can determine all the coefficients,
and hence the 64—th Stiefel-Whitney class is given as follows:

wes(AfDR) = Y11V13 014+ Va6 VT3 VT4t Ve V1 V13V ia+Vayiovt Via+VeVioria
+y4y7y133y14+y4y10y11y12y13y14—|—y3y11y12y13y14
+J/7y8y121J’13y14+J/6Y10y121y12y14+Y8)/120y121Y14+y150)714
Vi V101 4+ VaYe Via T Vi y13ia+Yiveyioviayis
V4V YT VI2V 4t Ve V12V et VaYe V1 Vs V11 Viat Ve VIV 11 V14
VY8 ViV iat Ve Ve V10ViatYa Vs ViaY1atYa Ve V11 V12V13 )14
+y4y$y12y13y14+yfy7y121y13y14—|—yfygy10y1 1V13)14
+ Y4 Y3 V811 V13V 144V Vs V13 V14V VIV VL V14 VaYe Vi V12 V14
+y6y73y1 1y12y14+y4%y130y12y14+y2y120y12y14+y6y$y8y121y14
Y4 V6 i VYTV Y Ve v 1Vt Ve Vi e
Y2 V6 Vs Y10V T4t Vi Ve V10ViatVaVe Vs Viatyayeysyiy
Y4V VT ViatVeyiatyiveysy1 V13 Y1at i Vi Vi1 V13Y4
VY6 V1V V13 V14t V2 Ve ViaV1a+YiVeVioY12V14
+J&%J’§)’8)’10y12)/14+y4ygy10J/12)’14+)&%J’$J’§)’12Y14
+YaYe VT VeV121at Yo Vsyi2ViatYaYe Vs iayiatya Ve Veyii Vs
+YaY6 V3 V8y11 Y14+ Y3 Ve VioV1a+ Ve Ve V10Y1a+Ye Y3 va va
+Y6y7 Vit ynyhtye v yaviovnyis iyt
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+yayii 12V Y18y V1213 F VeV o Y12V i3 V6 V10V 11 Vi3
Y8 yo 11 V12013V o 11 V13V Vi F Vi Ve y11 V1 +ays vis
+ Ve vsY12V 3+ Ve Vi Viayis+ Ve v1veyii iz + Ve i yi1 i3
FVVSVIIYT V13 VaYe Y1V V1213V Vi 11 V12013
+y§y10y11y12y13+y§y82y11y12y13+y6y$ysynylzy13
YTy Y Ve YT Vs + Vi Ve V1 yis i V3 Viavis
Y Ve V23tV Ye VIV Vi H Vi VT Ve Via+Yaye V3 Vs Vi
Va6V Vi3 Ya V6 V10V11¥12V13+ V2 VYT V11 V12013
+y4y§y11yuyla+y§y7ysy12y13+y4y?y12y13+y§y§yfoy11y13
Ve VeV V13 ey Vs i1 Y3y Vi vis Yot Vot Vi
YT iV 0V VT2t Ve YT Vi Vi Ve v VstV vy v,
VIV V2 VeVt Ve Ve Vi Vit Vi VeVt Via+Va Ve V1 Vs V11 Via
VYV YAV YTV Y2 Ve VioVia T Ve Vi Via
Ve V3 VsV ia+Ya Ve Y10yt Y12+ Vay3 Vi1 Viz+Ye y1 Vs Y1y
SR AR PR A s o SN R S VR v SR S A LA T ST RN A o
+ygriotys+ys’.
Thus we obtain the total Stiefel-Whitney class
w((ATPr) = c(AT,
=14 wes((AT)R) +S4°2 wea(AT)r) +Sq*® wesa (AT,)R)
+39°° wes (ATR) + 5% wea (ATDr) +59° wea (AT DR)

+ uUi2s-

Note that c(Aa) = ¢(A7,), since AE and A7, are conjugate to each other.

Recall from (2-2) that [ A5 = (AE)R, which gives w(f[,Ays) = w((AL)R).
In order to determine wg4(A1s), we use the method of indeterminate coefficients;
using the equations Sq" we4(A15) = 0 for n = 1,2,4, 8, we can determine all the
indeterminate coefficients, and hence the 64—th Stiefel-Whitney class is given as
follows:

wea(A15) = Y10Yi3 V15T V3 Vi3 V15 +VaYe V11013V is+Y3 V13V1s+VaVioVis

+Yay1y11 y13y14J’15+y4y120J’1 1V14Y15+Y4Y8 )11 J/123)/15
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+Y6¥7V11 71213 V15T VaV10V 11 V13 V15 + Ve Ve Vi1 V13 V1s+ Y3 Vi Viavis
+Y6¥10V13Y15+ Y6V To 1171215+ Y8 Y10V 11 Y15+ V3 V7 Vis

Y VI VY YAV VistYa VIV Vs T YaYe Vv Vis+ Ve Vs vis
+y2y6y7y124y15+y2y10y13y14y15+y4y63y13y14y15

+,VZJ/6J/10)’1 1Y14)15 +J/4J/6J/$J’1 1 y14y15+y2y6y121y13y15
+YaY6y178V11Y13 Y15+ Va Ve VioV13V15+VaVe Vs V10 V13 V15
+;V2y8y10y13y15+y6J/%y§y13J/15+y§y8y13y15+y2%)41;V122)hs
a3V s T Ve VIV V12V 15+ Ya Y1V Vi Vis+ Ve V1Ye Vi Vs
Y673 VT V15TV Vo 11 V15 + Ve ViV 11015+ V1aYis+ Y4 Vs yi0)is
Ve Ve VIsT ViV Vs Vst Ve Ve Vi Vst yayeyis+yiveyiavians
+yﬁy7y12y14y15—I—y2y7y82y14y15—i—yfy§y7y8y14y15—|—y2y7y123y15
VY8V 12Y13V1sH YL Ve V1213 Y15+ Vs VeV Vi3 vis+ Ve yiavis
+y2y6y7y122y15+yiy10y11y12y15+y§y6y7y§y12y1s+y4y§y73ylzy15
FV3V6V oY1 V15 Vaye V10Y11V15H VYT Ve V11 V1s+YaYe Ve Vs Y11 Vs
e VsV YIsTVaYe VT V11 VIs+ Ve VI VIV isTYayy Vs Vis+Yeyivavis
+Yey3 v yis+Y6y3 ysyis+ya yist e vioVistyi v vis+yavevis
FYSVIIYIaY1sHY Ve VI YiaYis+ Y V12V13 Y15+ Y3 Ve V1o V1315

Y4 YeVsY13V1sH VY6V V13Vis+YaYa Vi2ayis+Y V1V Vs

F YLV VSVIIVIsF IV 3V 14+ YaVe Vi3V iat Ve V11 V13 )14

+YaY10V11 V14tV 10V a4t Yay1Vis V14t Yay10Y11 V12D13 14

+y$y1 1y12y13y14+Y7J/8J/121yl3J/14+y6y10y121y12y14+y8y120y121J/14
0014 VR V10V 4T VaYe Vgt Vi1 3V veyi0y1201,
+1aY6 Y3 V12V 4t Ve V12V 14+ VaVe V1 Vs 11 Viat Ve VIV 11 D14

VY8 ViV iat Ve Ve V10ViatYa Vs ViaY1atYa Ve V11 V12Y13 V14
+J’4J/73y12J’13y14+y4%y7y121J’13y14+)’fJ78)710y1 1Y13)14

+YaY3 V81V 13V14 V3 Ve V13 V14V VIV VLV 1a+ VaYe VT V12 V1a
FY6¥3 V11 V12014 V2 VioV12V14+ Ve VioV12V1a+ Y6 V3 VsV V1a

Y4 V6 it VYTV Y Ve V111Vt VeV io et Vi Ve Vs Y10ty
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VY 10V T4t Vi Ve Ve ViatVaYe Vs ViatVaye vaviatyeria
+J’2y6y8y1 1y13y14—|—y2y72y1 1y13y14+y§y6y7y§y13y14+y§y§y122y14
V3 V6VioY12V14F Y Ve Vs 10Y12V14+VaVe V10 Y1214+ Y5 V7 Ve V12 V14
V4V VIVs V2 V14t Ve Vs V12V 14+ VaVe V3 V12 Y14+ Vi VEVs T Via
+VaY6Y3 V811 Y14+ Vi VeVioV1at+Ye Ve VioViat+ Ve yi Vs Via

+Y6 V3 Ve V14t 12V 3 VeV T Yayi0Y11 713+ Y3 V11 D13

F YAyt V12T Y18 Y11 V12V T3+ V6 V1o V12V 3 F Ve V10V Vi3
Y8V Y12V 13F Y o 1 V13 Y3 VT F Vi Ye 11 Vs +Yaya i

Ve V8Y12V 13+ Ve VI V12V i3+ Ve V1YV Via+ Y6 Ya V11 Vi3

+)/2J’8J/1 1y122y13+y4J/6J/7J/121J/12J/13+J/fy120)/11y12)/13
+y§yloy11y12y13+y§y§y11y12y13+y6y72y8y1 1y12y13+y§y1 1Y12)13
Y3 V8 YT Y13+ Va6 y1Vis Ve VI V12Vis e Ve Y12 Vis Y Ve YTV Vi3
VYT Ve VTt YaYe YT Vs ViatYaYe Vs i+ Ya Ve VioV11Y12)13
+y2ysy$y11y12y13+y4y;‘y11y12y13+y2y7ysy12y13+y4y?y12y13

F VY VTo 11 V13 + Ve Ve V11 Y13+ Ya Y Vs Y11 y13+ Y3 Ve i3+ 1o is
FYRo VT 2ty T Vi Ve iov i Vi vay v v T v v v

V3 Vs V1Y YTV VT 12 Ve Vit Vi Ve T Vi i Ve Vi Vs

VY6 VTIVS VIV T2 H ViV V1 Vi VY VIV 11 Vst Vi Ve VioVia

Ve VeVt Ve VI VsVt Ve Ve V10Vt Via+Yayi vy b1z

Y VIVEV IV VIV V12 H Ve Ve Vit Yoy T Vive T HYevI vy,

+y8 vt +yertotys+14°.

Using the above result on wg4(A15), we have the following theorem.

Theorem 4.1 The total Stiefel-Whitney class of the representation Aqs: Spin(15) —
0(128) is given by

w(A1s) =1+ wea(A1s) +Sq>% wea(A1s) + Sq*® wea(A1s) +Sq°¢ wea(Ass)
+5q% wea(A15) +Sq° wea(A1s) +Sq°° wea(Ays) + upas,

where 1128 = w128(A1s).
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S The Stiefel-Whitney classes of the induced representation
from the adjoint representation of Eg

Summing up all the calculations in the previous section, we have the following:

Theorem 5.1 For the representation A5 @ )‘%5 <) )‘%5: Spin(15) — S0O(248), the
Stiefel-Whitney classes of degree 2" are given as follows:
wi(Ays®Ais BATs) = wi(Ais BAT5) =0,
wa(Ays®Ais B ATs) = walhis B ATs) =0,
wa(As®Als ®AL) = we(M s dA5) =0,
ws(A1sDris BATs) = ws(A{s DAT5) =0,
wig(Ars®Ais ®ATs) = wis(his D ATs) = vy,
w32 (A1s®ris ®ATs) = wa(his B ATs)
= YiV1y1s + Yeyivis + Yevio + iy + vs.
wea(A1sBA s ®ATs) = wea(Ars) + wea(his B ATs)
= Y10Yi3D1s + V11Vl Ve + y1avis + ¥ visvis
+ Y4y Y11 V13V1s + VaY6YisVis + Vay1Vi1 V13 V14V1s
+ Vay1YiaVia+ Vays Vvt vis + Yayiois
+ VaYioV11V1aV15 + YaY10VT V13V1s + VaV10V 1 Via
+ YayioVii1y12Y13 V14 + J/4J/f1y12)/f3 + J’§Y11J/13y124
+ YVeY1Y11Y12)13)15 + y6y8y121y13y15 + y6y130y13y15
+ Y6 Yi0Via T V6YToV11 V12015 + VeVioV12V1s
+ Vey10¥T1 V12014 + Y3 V13 Vs + VI VT V13 Vis
+y$y11y12y13y14 +y7y8y121y13J/14 +J/7J/8y11)f12y123
+ Y8YioY11 15 + Vs VioVTi V14 + YsVio V11 V12013 + Yo V14
+ ¥ vt + Viortivia + yivivis + yivieyisyiavis
+YaVioYia T Vavhivis + yivnyivis + vy
+ yzy6y7y124J715 + yé%%yloy”ymyls + ny6y10y12y%4
+ VA V6Y11Y1aV1s + Vi VeV11V12V13 V14 + V3 V3 V12V 1s
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+ YR VIYsV1IVEs + Vi1 YiaYia + V2 V1yiiviabis

+ ViVEyiavia+ Yivsyioyia+ Vivsyioyi1yi3yia

+ Vi Vs 11V iab1s + Viyiey1iVis + Vi VioY12D14
+y4%y120y11y12y13 +yZyloy121y122 +J’4J’63y13y14y15

+ VaYeVia + VaYe Y111 Vis + Vaveyioy13 s

+ VeV V12V1a+ VaYe YT Vi1 V1aVis + VaVe Vi Vi2Via
+ Va4Ye6Y7Y8Y11Y13)V15 + ;V4;V6y7y8y11y124

+ VaYeY1VT1V12V13 + VaYe Vg V10V13V1s + Yay3 i1 yi3vis
+ y4y3y122y15 + y4y;y12y13y14 + J’4J’%)’8)’11y13)ﬁ4

+ VaYI ViV + Yay1vs Y Vis + Ve yi2ia

+ y2y7y11y13y15 + y§y7y11y124 + ygy8y1oy13y15

+ Ve Vsy10Via+ Ve Vsy1aVis + Ve Vioy1i s

+ yéyfoylzym + y2y10y11y12y13 + yéyflyfz

+ Ve VI VIIYI2V1s T Ve VIV Y13Via + Ve Vi vievis

+ Ve y1yeyiivis + Yeviyiiyiayis + ey vis

+ Y6y3 VT V15 + Y6 Y3 V11 V12014 + Y6 Y3 Ve V13 V15

+ Y6 Y3 V8YT1 V14 + Y6 YT V8Y11V12V13 + V3 Vs V13 V15

+ 15y F VIvavisvia+ VI vsynyi, + Vaviviive

+ Vi V14VTs + ViYeV13V1aY1s + Vi VeVia + Vi VIVi1 Vs
+ y:)’7J/12y14J/15 + J’iJ/syloyfs + y2y8y12y13y15
+y2yloJ/11y12J715 +y2y11y122y13 +yiy§y12y13y15

+ Y3V6YIV1113Y15 + V3 VeVIV11 V14 + Vi VeV1ViaV1s

+ Vi VeYsis + ViVeVsVioVia + Vi VeVs Y11 V13 V14

+ Y3 VeVioV11Y1s + Vi VeVioY12V14 + Vi V6 Y1011 V12013
+ ViVe Vi + Vi V1VEV1aYis + ViVeYsVis + ViVeVioVis
+ ViVeViabia+ ViveviaVis + VaVeV1VsViavis

+ ViVEVaVIIVIs + VaVe Vs Via+ Viveysyi0V1aVia

+ Y Ve sy via + Yiveyiovia+ yaveviovta
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FYiVeyioYTi Y12 F YiVeyI Vi1 V12V13 + V2 Ve VI Vi,

+ J’fy6y7y§y12y15 =+ yfy6y7y§y13y14 + yfy6y7y8y11y122
F VIV VIV VEYUIYLs + VYT VY2 ia

+ yiyéynyn + y4y65y125 + y4)’2)’8y124 + y4ygy10y11y15
+ y4ygy10y12y14 + J’4yg)711y12)i13 + y4)’§)’§)’13)’15

+ VaYe VI Vit VaYeVIVi1 Vi, + YaVeya vizis

+ y4y§y$y13y14 + y4y§y$)’8y11y15 + y4y§ygysy12y14
+ V4V Y3 V1115 + YaY6 Vs V12V1a + VaVey3 Vs V11 V14

+ y4y3y§y15 + y4y$y§y11y12 + yéysyuyls =+ yéysylzyu
"+ VeVIVEs + Ve y1VsYi2b1s + Ve Ve Viovia + VeVsia

+ VeVt Veyivsyi, + Ve y1yayis + Ve ¥y yiivia

+ VEVIvEvis + VeYIvavia+ vEy1ysvis + Yeveyio

+ Y63 Y815 + VeV Ve yia+ YIVi + Y3 vaviz + ¥3 gy
+ Vi1 vis + Yayieyiivis + iyt + vaveyiyioyis

+ VaVey1yT1 Y13 + ViV Viovia+ Vi yivii vz

+ V4 Y1V8YioYis + Yay1ysyiy + VaVeVis + Viviyiayis
+ Y yi0Y11Y1s + Yiviovis + vayiivia + viviiviavia

+ YVey3Vis + Y§vevia + VeYey1y12Vis + Y Ve V113V 1a
+ V§yeysyis + Viyivieyia + Y§yI vty + ¥iy1veyiovts
+ J’fy7J/8J/11y14 + J’fy7y8J/12y13 + yfyéyuylz + ;VEJ’?O
FVaVe Yz + Yive s + VivevsVio + Vayivia

+ 1,0V 013 + Vv yTyis + Y Vevio + iy vin + Yive
+3,°.

wi2s(A1s ®Ajs D ATs) = wias(Ars) + wia(Ars)wis(h]s ®ATs)

+ wos(A15)wia(A s BATs) + wea(Ars)wes(his ® A3s)

=u1p3 mod decomposables.
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Since the element wi,5(Aqs @ )»% 5D k% 5) is a member of a system of generators of
H*(B Spin(15); Z/2) as an algebra over the Steenrod algebra, we obtain the following
corollary.

Corollary 5.2 The Stiefel-Whitney class w123(Adgy) of the adjoint representation
Adgg: Eg — SO(248) can be chosen as a member of a system of generators of
H*(BEg;Z/2) as an algebra over the Steenrod algebra.
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