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Evens norm, transfers and characteristic classes for
extraspecial p—groups

PHAM ANH MINH

Let P be the extraspecial p—group of order p?"*!, of p-rank n+ 1, and of exponent

p if p>2. Let Z be the center of P and let k, , be the characteristic classes of
degree 2" —27 (resp. 2(p"—p")) for p =2 (resp. p >2), 0 <r <n—1, of adegree
p" faithful irreducible representation of P. It is known that, modulo nilradical, the
tth powers of the k,,’s belong to 7 = Im(H*(P/Z, Fp)/\/ﬁl—n;H* (P, Fp)/\/a) ,
with t=11if p =2, 1= p if p > 2. We obtain formulae in H*(P, Fp)/\/ﬁ relating
the «,, , terms to the ones of fewer variables. For p > 2 and for a given sequence
ro,...,Fn—1 of non-negative integers, we also prove that, modulo-nilradical, the
element ]_[,l, K;fi belongs to 7 if and only if either ro > 2, or all the r; are multiple
of p. This gives the determination of the subring of invariants of the symplectic
group Sp,,(Fp) in 7.

20J06; 55510

1 Introduction

Let p be a prime number. For a given group P , denote by H*(P) the mod—p coho-
mology algebra of P. We are interested in the case where P = P, the extraspecial
group p—group of order p?"*1 of p-rank n + 1, and of exponent p if p > 2. It s
known (see the work of Green—Leary [4] or Quillen[12]) that, for p > 2 (resp. p =2),
there are exactly n Chern (resp. Stiefel-Wihitney) classes «, , of degree 2(p" — p”)
(resp. 2" —2"), 0 <r <mn—1, of a degree p" faithful irreducible representation of
P these classes restrict to maximal elementary abelian subgroups of P as Dickson
invariants.

Set E = E, = P/Z, with Z the center P, E is then a vector space of dimension
2n over F,. Set h*(P) = H*(P)/+/0 (so h*(P) = H*(P) for p =2, by [12] and
denote by 7 = 7, the subring of A*(P) equal to the image of the inflation InfZ,
modulo nilradical. For p = 2, it follows from [12] that all the «,_, terms belong to
T . For p > 2, this fact does not hold, as shown by Green and Minh [3; 5]; however,
in [5], it is also proved that all pth powers of the «y , terms, are in turn, belonging to

7.
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180 Pham Anh Minh

For convenience, set t = 1 for p = 2, and ¢« = p for p > 2. It follows that, for
0<r <n—1,there exists fy , € H*(E) such that Inf( f ) = «;, , . Here and in what
follows a = b means a = b modulo /0. Via the inflation map, as elements of 1*(P),
Jn,r can be identified with «, ,, 0 <r <n—1. The first aim of this paper is to get an
alternating formula expressing f, by means of f,_; ,—; and f,—; ,. This work is
motivated from the elegant formula, for p > 2 (resp. p = 2), expressing Chern (resp.
Stiefel-Whitney) classes of the regular representation r4 of the elementary abelian
p—group A via such classes of fewer variables. It is known that, if A is of rank m and
p >2 (resp. p=2), then the 2(p" — p”)th Chern (resp. (2™ —2")th Stiefel-Whitney)
class of r4 is the Dickson invariant Q, , of the same degree with variables in a basis
X1....Xm of BH'(A) (resp. H'(A)), with the Bockstein homomorphism. These
invariants are related by

—1 p
Qm,r = Qm—l,r V,ﬁ + Qm—l,r—l’

where
m—1
V=[] Gaxi 4+ Amo1Xme1 +xm) = (D™D " (=1)* Qmor,5x5 .
Ai€F), §s=0

is the Mui invariant.

In so doing, we need to use the Evens norm and transfers from maximal subgroups of
P. Some basic properties of the Evens norm, in the relation with modular invariants,
are recalled in Section 2. In Section 3, we show how to obtain characteristic classes of
P by means of the Evens norm (Theorem 3.7). Theorem 3.8 describes the image of
such classes via the Evens norm. From this, we obtain formulae relating characteristic
classes with such classes of fewer variables (Corollary 3.9).

Let rg,...,r,—1 be a sequence of non-negative integers. In Section 4, we prove that,
for p > 2, modulo nilradical, the product [[;, K;l ; belongs to 7 if and only if either
ro = 2, or all the r; are multiple of p Theorem 4.1. This generalizes a result, given
by Green and Leary [3; 4], proving that K;;’O belongs to 7 provided either s > 2", or
s >2 and n < 2. As a consequence, we obtain in the last section the determination of
the subring of invariants of the symplectic group in 7 Theorem 5.1.

For convenience, given a subgroup K of a group G, any element of H*(G) is also
considered as an element of H*(K) via the restriction map Reslcé. Also, if K is
normal in G, then any element of H*(G/K) can be considered as an element of
H*(G) via the inflation map Infg/ K
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Characteristic classes for extraspecial p—groups 181

2 Evens norm and Mui invariants

Given a polynomial algebra F' = F,[t1,...,#%] and 1 <m < k — 1, define the Mui
invariant [10]

(D Vm+1 = Vm+1(llv .. -vtm+1) = l_[ ()‘ltl + oo+ Amitm +tm+1)-
ri€F,

It follows from the work of L E Dickson [1] that

m
Vig1 = (=1)" > (=1)* Ot} |

s=0
with Qs = Oms(t1,. ... 1) the Dickson invariants defined inductively as follows
(we shall omit the variables, if no confusion can arise).
Qm,m =1
Qm,OZ 1_[ ()\lt1+"'+)\mtm)

Aj€F,
Aj not all equal 0

—1 P
Qm,s = Qm—l,sVrg + Qm—l,s—l'

By (1) the Qs are independent of the choice of generators #1,. .., 1y, of Fp[t1,. .., 1m].
Hence, if (t1,...,tn) is a basis of H'(W) (resp. BH'(W)) with W an elementary
abelian 2—group (resp. p—group with p > 2) of rank m, we may write

Oms(t1,....tm) = OQs(W)
Vin+1(t1, .. 15, X) =V(W, X).

The Mui invariants can be obtained by means of Evens norm map Ny_. with U
a subgroup of W (see Corollary 2.2 below). Let us recall that, for every maximal
subgroup K of a p—group G, and for § € H"(K), we may define the Evens norm
map

Nk—g(€) € HP(G).

Here are some properties of Nx .. For details of the proof, the reader can refer to
the work of Evens [2], Minh [9] or Mui [10].

Proposition 2.1 Let G, G’ be p—groups and let K be a subgroup of G .
(i) If N is asubgroup of K, then

Nnos6 =Nk oNyo k.
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182 Pham Anh Minh

(i) If H is asubgroupof G and G = |[,.p KxH, then, for £ € H"(G),

ResfNk -6 () = [ | Munxk—mResgh g (78).
x€D
(iii) If K is a subgroup of G' and f: G' — G is a homomorphism such that f(K') C
K and f induces a bijection G'/K’' =~ G/K of coset spaces, then, for & €
H"(K),
Nirsa (fik)* ) = f* Nk=6 ().
In particular, if N is a normal subgroup of G and N C K, then, for £ €
H"(K/N),

N cInfE™N (&) = nfSN N w6/ (6).
(iv) If& & € H"(K), then
NikseE+E) =NgoeE) + Ngsg(E)

modulo a sum of transfers from proper subgroups of G containing the intersection
of the conjugates of K . Hence, the norm map is in general non-additive, although
Nk_go Resg is.

(v) Ifé e H" (K), £ € H*(K), and [G : K] = n, then
nn—1)
Nk E)=(=1) 7 "Ng6E)WNk-c(@E).

(vi) Assume that G = K x E, with E = (Fp)™. Consider E as the group of all
translations on a vector space S of dimension m over ¥, and let W(m) be an
E —free acyclic complex with augmentation e: W(m) —F,. Let C be a cochain
complex of which the cohomology is H*(K) and set C® = ®.,e5Ce, Co = C.
Then

NK—)KXE = d;;Pm7
where Pp,: H' (C) — Hgmr (W(m) ® CS) is the Steenrod power map, and
g Hgmr (W(m) ® CS) — H*(E)® H*(C) is induced by the diagonal C —
C*$ and the Kiinneth formula.

In the rest of this section, suppose that W is an elementary abelian p—group of rank
n+ 1 and U a subgroup of W of index p™.

By Proposition 2.1(vi), Ny_w = d,}, Pm. The first part of the following corollary is
then originally due to Mui [10] and reproved by Okuyama and Sasaki [11]; the second
one was given by Hung and Minh [6, Proof of Theorem B].
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Characteristic classes for extraspecial p—groups 183

Corollary 2.2 For p = 2 (resp. p > 2) and for every x € H' (W) (resp. x €
BH'(W)),

(i) Ny—w(Res) (x))=V(W/U,x)

(i) with T the maximal subgroup of W satisfying ResTW(x) = 0 then
i-‘,—l_pr-‘rl

(D' N7ow (0, (1) =Y (=) Q7 (T)x?

i=r

—[ ) (—1)"Q,~<T>x1”'—P"“}[Z(—l)"gimxp"]

i=r+1 i=0

p—1

In the following corollary, G is supposed to be a p—group given by a central extension
and

{O}—)Z/p—)GL>W—>{O}
and K = j~1(U). Set

H*(U) p=2

W) = {ano H>™(U) p>2.

The following is straightforward from Proposition 2.1.
Corollary 2.3 The composition map
InfY Ni—s
H(U) -5 H*(K) " 55° H*(6)
is a ring homomorphism.

In [9] we proved the following proposition.

Proposition 2.4 Let & € H1(G). Set u(q) = (—=1)"h! with h = (p—1)/2 for p > 2.
If K =ker(u) withu € H'(G), u # 0, then, by setting v = B(u), we have

> Sq'(Eul . . . p=2
NisgRes$ () = 1ulg) Y. (DT BP EWU2Dheys p>p
€=0,1
0=<2i<g—e

where Sq' (resp. P! ) denotes the Steenrod operation for p =2 (resp. p > 2).
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3 Characteristic classes for extraspecial p—groups

Let E = E,, n > 1, be the elementary abelian p—group of rank 2n. Let x1,..., X3,
be a basis of H'(E) = Hom(E, Fj) and define

o {xi p=2
g Blxi) p>2.

1 <i <2n, with B the Bockstein homomorphism. We have

Fp[yls---s)@n] p=2

H*(E) =
A[xlvvxzn]®Fp[yl”y2n] p>2’

with Afs,t,...] (resp. Fp[s, ¢, ...]) the exterior (resp. polynomial) algebra with gener-
ators s,17,... over F,. Let P = P, be the extraspecial p—group given by the central
extension
{1} — Z/p—> Py — E —> {1}

classified by the cohomology class x{x5 + -+ + X2,—1X2, € H?(E). The following
notation will be used. Set Z = i(Z/p), the center of P. For every elementary
subgroup A of P containing Z, write A/Z = Z',s0 A = A’ x Z, and A’ is of
rank 7 if A maximal elementary abelian in P. Fix a generator y of H!(Z) (resp.

BH'(Z)) for p =2 (resp. p > 2). This element, and also every element of H*(A4’),
are then considered as elements of H*(A) via the inflation maps.

Denote by A the set of maximal elementary abelian subgroups of P. Set h*(P) =
H*(P)/~/0. By the work of Quillen [12], the map induced by the restrictions

*(P) <> T h*(4)
AeA

is injective. Therefore the maps

InfE es
W(E)—5h*(P)  and  h*(E) =S ] h*(4)
AeA

have the same kernel. Let 7 = 7, be the subring of 4*(P) equal to the image of the
inflation Inff . For elements &, n of h*(E), it follows that Infg &) = Infl.jﬁrr (n) if and
only if Resf, &) = Resf,P(n), for every A € A.

We are now interested in Chern (resp. Stiefel-Whitney) classes, for p > 2 (resp p =
2), of a degree p" faithful irreducible representation of P. Fix a nontrivial linear
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Characteristic classes for extraspecial p—groups 185

character x of Z. We have then an irreducible character ¥ of P given by

. JP"x(g) geZ
x(g) = .
0 otherwise.

Let p be a representation affording the character ¥ and set

ng:{ww p>2

wan(p) p=2,
_JED T epnpr(p) p>2
Kn,r =
wan_ar () p=2,

0 <r < n. We have the following theorem.

Theorem 3.1 (Green—Leary [4], Quillen [12])
(i) Inh*(P),

c(p) p>2

I —=knp—1 4+ (=1 "kn0+ 5 =
w(p) p=2,

the subring of h*(P) generated by non-nilpotent Chern classes is generated by

Kn,O’---’Kn,n—l,YI’u-’J’va;n-
(i) Forevery 0 <i <n—1 and forevery A € A
Resf (§) = V(4',y)
Res} (kni) = Qi(4).

In the article [5] by Green and Minh, Chern classes of P are also obtained by means
of the inflation Infg and transfer maps trfg with K maximal in P. Similar results
for the case p = 2 can also be obtained by using the same argument. The result can
be stated as follows. Let x be a non-zero element of H!(P) and set Hy = ker(x).
Pick a rank one subgroup U # Z of the center of Hyx. So Hy = P,_; x U. By the
Kiinneth formula, we can consider any element of H*(P,_1) (and of H*(U)) as an
element of H*(Hy). For 0 <r <n—1, set

H —1
{trPX(Kn—l,r§5_1 ) n=2
Xr.x =

H. -1
trPx(ff_l n=1.
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For r > 0, define

o _ | B2 v2ivaia P=2.r=0
Zn - i=n [pl‘ [pr )
2 (Vg1 V2i — y2i—1Y,; ) otherwise,

with ¢t =1 for p =2, and ¢ = p for p > 2. Let Ay be an element of .A. We have the
following theorem.

Theorem 3.2 (Green—Minh [5])
(i) In H*(P) for0<r <n-—1,
Kn,r = Qr (P/AO) - Z Xr.x-
xePH!(P/Ay)

(i) There exist fy ..., fan—1 € H*(E), viewed as elements of H*(P) via the
inflation map, such that

n—1
243 (=)D f =0,
i=0

and, forevery A € A, Resﬁ(K,‘l,,) = Resj(fn,r), 0<r=<nmn-—1.
(iii) There exist hj, 0 <i <n—1, and a unique n of H*(E) such that

n—2

2D = yan+ Y iz,
i=0
and in h*(P), X;l_l’xM = —Inf(n?~'). Furthermore, for all 0 <r <n—1 and

allp e PH(E), X, € Im(IanL;), as elements of h*(P).
By Quillen [12] it is known that, for p = 2, all the k5, and x, 4 belong to 7. For

p > 2, it follows that the above theorem that all p"—powers of the Kn,r and X, g
belong to 7. In fact, by setting

—1
vy = vy p>2
(p_
Yan—1 p=2’

we have the following corollary.

Corollary 3.3 In h*(P),

6)) K,‘”=f,,,r,05r§n—1
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(i1)

n—1
_ . i i_l
n=(-1)"" |:§0fn—1,0 + Z(—l)l (y;f,_l — Van—1Vsy ) fn—l,i:|

i=1

(iii) with K = ker(x35),

B p=2
- —1 \n— i D

(D) 1uk [Qf—l Yo (—1)')/5),1_1/%—1,1'} p>12;
@iv) forO0<r <n-1,

n—1 p—1

. i i1
Xlr,xz,, =—fu—1,r |:(/’fn—1,0 + Z(—l)l (ytzl;_l _)’Zn—lytzl,; ) fn—l,ii|
i=1

Proof Part (i) follows from Theorem 3.2 (ii), by noting that the restriction map from

h*(P) to [[4e4 H* A is injective.

We have, by Theorem 3.2,
— -1 n—1 n—1
Z,(,n D= Z,(,n_l )+ (ylzl,;_l Yan _,V2n—1yL21,Jl )
n—1 n—1 n-2 . ;
= (yé’i,_l Yan = Yan—1Vy ) + (=" Z(_l)lz,(,lllfn—l,i
i=0

Lp"_l Lp”_l
(y2n—1 Yon = V2n—1),,
n—2

+(=1)" [Z(—l)"z,@fn_l,,- — V2P fu1,0

i=0

n—2

- Z(—l)i (ylzl,),_lyzn — Von—1Yon ) fn—l,ii|

i=1
n—2
= (-1)" {Z(—l)’z,s”fn_l,i —yznx} ,
i=0
with

n—1
. i i_l
X =¢fu-10+ Z(—l)l(ytzf,_l — Va1V ) St

i=1

So n = (=1)"*1.X; (ii) and (iv) are proved.
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Pick an element A € A. By [5, Lemma 7.1] and its proof, we have

Res’n = —V(B"yan-1)' ACK
otherwise.

Set
v {tr}.? (1) p=2
= g et i
(=D ke Y vy ikn1il P> 2.
If A ¢ K, then Resj (Y) = 0, by the Mackey formula. Suppose 4 C K. Set B =
AN P,_1. For p>2, we have

n—1 .
ResH (V)= (—1)""" Y &> ResK((-1)'y8, _ kn14827)

geP/K i=0
n—1 .
=Dt Y B (=)iyd  0i(B)T)
geP/K i=0
n—1 .
= (="' Y (=Diyp,_ Qi(B) Y gL
i=0 gEP/K

since the y5,—1 and the Q;(B’) are invariant under the action of P/K . Thus

Res?, (trk (64-1)) p=2
/ P K (+P—1
V(B', y2n—1)Resg (tp (§,_1)) p>2.

Following [5, Proposition 4.4] we have

Resg(Y) = {

_1 —
Res/ (trf (¢271)) = =V(B'. yan—1)? 7.
So Res{ (Y) = =V(B', yon—1)".

Since n—Y restricts trivially to every element of A, it follows that n =Y . |

Proposition 3.4 For0<r <n-—1,

Kn,r =— E Xr.x-

xePHL(P)

Proof Let A be an element of A. There exist exactly 1;"_—11 elements of PH!(P) of

which the kernel contains 4. The subset of those elements is nothing but PH!(P/A).

Let x be an element of PH!(P). It is clear that Res? ,x)=0if x dPH(P/A).
A Xa
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Hence
Resj( Z Xr,x) = Resﬁ( Z Xr,x).
x€ePHL(P) x€EPHL(P/A)
Therefore, by [5, Theorem 5.2]

Resf( Z Xr,x) = Resﬁ(Qr (P/A)— Kn,r)

x€ePH(P)

=-0,(4),
since Resj(Qr(P/A)) =0 and Res{fiJ (kn,r) = Qr(A’). The proposition follows. O

We are now going to obtain characteristic classes of P by using the Evens norm map.
We first need the following lemma.

Lemma 3.5 Fix a generator e of Z. Let H = AN B with A, B € A and let
(hi,...,hy,e) be abasis of H. Then there exist elements g1, ..., gy of P satisfying
: L i#] .
) [g,gi]zl,[g,-,hj]z{ ST and1<i,j<k.
e =]
i) P= ]_[geG AgB is a double coset decomposition of P with G = (gq,..., gk).

Proof The existence of the g; satisfying (i) follows from [8]. Assume that agh =
a'g’b’ with a,a’ € A, b,b' € B, g,¢g’ € G. It follows that [g,h;] = [g’, hi] and
1<i<k,hence g =g’. As |G| = p¥, (ii) is obtained. a

The following notation will be used. Let C be the cyclic group of order p and fix a
generator  of H'(C) (resp. H*(C)) for p =2 (resp. p >2). Set ' = Px C. If
H is a subgroup of P, every element of H*(H) (resp. H*(C)) can be considered as
an element of H*(H x C). We have the following lemma.

Lemma 3.6 Let A, B be elements of A andlet ve H'(A x C) (resp. H*(Ax C))

for p =2 (resp. p > 2). Assume that Reséig (v) = puy + Au with u, A € Fp,, then

ResgchAxC—J‘(U) = uV(B',y)+AV(B',u).

Proof Let P =UgcgAgB be the double coset decomposition of P given in Lemma
3.5.Set H= BN A. We have
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g
Resh, cNaxc—r(v) = l_[ N(BﬂAg)xCQBxCReS(IB%(gg)Xc(gv)

geG
= l_[ NHxc—Bxc © Resfl);% (év) (A is normal)
geG
= NHxC—BxC ( [ ] Resirxe (gv)) (Corollary 2.3)
geCG
= NHxC—>BxC ( 1_[ (n&y + )\u))
geCG
= Nuxc—pxc(V(H', py + Au)) (Lemma 3.5)
= Nzxc—sBxc(y + Au) (Corollary 2.2)
=uV(B',y) + AV (B u) (Corollary 2.3)
as required. |

The following shows that characteristic classes of P can be obtained by means of the
Evens norm map.

Theorem 3.7 Let A be an element of A and let v be an. element of H'(A) (resp.
BH'(A)) for p =2 (tesp. p > 2) satistying Res% (v) = y. Set
Ca,0 = Naxc—1 (0 +u) = Ngxc—sr (V).

As elements of h*(P) then

Saw=(=1" D (=1 knsu”".

s=0
Proof For every B € A, by Lemma 3.6 we have
Resh, 7 (Ca,0) = Resh, s Naxz—r (v + u) —Respx zNaxz—r (v)
= V(B/’ Y + u) - V(B/’ J/)
= V(B',u),
since V(B’, X), as a function on X, is additive. By Theorem 3.1 (ii),

n

Resp, 7 (Caw) =Resp, ,[(=1)" Y (=1 kn,su”"].
s=0

So {40 = (—=1)" Z?:o(_l)s’(n,sups- O
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Remark Write Nyxc—r =N . It follows from the above theorem and from Corol-
lary 2.2 that

N@+u)=N@©) =N@) = (=" (1) lkns — Qs (P/A)u?".

s=0

According to Proposition 2.1(iv), the k5 ¢ can be expressed as sums of transfers from
maximal subgroups of P x C. Such formulae are the ones given in Theorem 3.2.

Let aj,az,...,azu—1,a2, be elements of P satisfying x;(aj) = 8;; with §;; the
Kronecker symbol, 1 <i,j < 2n. Suppose that K is a maximal subgroup of P
given by K = ker(x»,). So K =~ P,_1 X {arp—1) = Py—1 X Z/p. Write y,,, = y,
Ngkxc—r =N, and, for 0 <r <n—1, xrx,, = xr. Define

On_1.r = Res® (x,) € H*(K),

and

n—1

Ot =" 4 3 [ U (O 4D, ] € HHK XO)
r=0

with the convention that k,_1, _; = 0.

Theorem 3.8 As elements of h*(P),

(1N Get) = Y (Dicf u?”™

s=0
n—1 . . N
(_l)rN(K,L,_Lr) = Z(—I)IKZP_LZ.J;L(I’ =p')
i=r
S i e\ A ) -1
_( Z (=1 lKrtz—l,iyl(p P )) |:Z(—1 ’Kr‘l_l,l.y‘P:| ,
i=r+1 im0

for0<r<n-2.

Proof For convenience, write k,_1,, =k, for 0 <r <n—1. Let 4 be an element
of Aandset X =N(0,_1) and Y, = N(k!_, ). Let

n—1,r
n—1 ) - " n—1 ) ) " n—1 ) ap—1
Z, = Z(_l)l,{lfpyt(p’ -p" )_( Z (—1) ity P =" )) [Z(—l)’xﬁy‘pl]
i=r i=r—+1 i=0

for 0 <r <n—2. Consider the following cases:
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Casel A C K Bysetting B=AN P,_1,wehave A =B X {ay,—1). So

Resk - (X) = 1_[ 1.

x€(azn)

As the 6,_1 belong to Im(ResII;), they are invariant under the action of a@,,. Hence

Resl, - (X) = l_[ Res& € (*6,-1)

x€{azy)

=Res5xE (67 )

n+1
= uP

n—1 p
+[Z(—1)"—’u1’ (QAB/)V(BGyzn_l)P—1+Q£’_1<B’))]
r=0
= V(A u)?
" 1
=Res), ¢ ((—1)” Z(—l)sx,g{sup” )
s=0
Also,for 0 <r <n-2,
Resng (Y”) = nxe(aZn) Res,{l(;g (xKrtz—l,r)
p
= [Res§xC (kn1,)']" = QP (B) = (1) Resh o (Z)).
Case2 A ¢ K By setting H =K N A, we have

Resgxc(X) = NHXcﬁAXcResgf(g (X)
= Nuaxc—axc(V(H' u)?)

= V(A u)?
n o
= Resly, ¢ ((—1)" > o (=kf u? )
s=0
and
Resl o (Y}) = Ngxc— axcResm 26 (Yr)
= NHxc—axc(Q,(H/Z))
= (—1)"Res’, - (Z)).
This completes the proof. |
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Formulae relating the «,, , to such classes of fewer variables are given by the following
corollary.

Corollary 3.9 For 0 <r <n—1, as elements of h*(P),
n-l _ qp-1

Kn,p = ":11)—1,r—1 + K, [Z(_l en—1,i ¥ }
i=0

+ [KZ—1,0¢+Z(_1 l"rlz—l,i(yg;—l_ym—lyw _1)] :

i=1

Proof By Corollary 2.3 we have

Nty =N+ 3 (0" (b 0y )]
r=0

n—1

=V + 3 )"V [N(_e,,_l,,) +N(K,§’_1,,_l)]

r=0
= (P —uy?H?"

n—1
+ 3 )T @~y [/\/(—9,1_1,,) +N(K5_1J_l)]

r=0
n—1
_ ot n Z(_l)n—rupr-i—l |:N(—9n—1,r) +N(K:—1,r—l)
r=0
+ y(p_l)Pr+l (N(_en—l,r-i-l) +N(K5—l,r)>:|
+ (=" uy? T N (=p—1,0).

By the Frobenius formula, the cup-product of x, with each of x5, , y,, vanishes.
As the transfer commutes with Steenrod operations, we have, by Proposition 2.4 and
Theorem 3.8,

r+1

n—1
n+1 _
WP Y (D) RE P = N (1)
r=0
n—1
n+1 _ r+1
0 | A,
=0
’ (p=Dp' Tt (_p N(k?
+y Xr—H + (Kn—l,r)

n—1
—uP"! + Z(—l)n_r”er [_Xﬁ) +N(K;f—1,r—1) + y(p_l)erN(Kp )] ’

n—1,r
r=0
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Therefore

n—1 n—1 )

Z(_l n—rK’Ll’rutp ZZ(_I)n—rutp |:_Xtr+N(K'L1_l’r_l)+yt(p—l)17 N(K;t—l,r)]'
r=0 r=0

Hence
K ==Xy TNy ) + 7PV NGy ).

Since

n—1 -1
N("Z—l,r—l)"‘y(p_mp N(K:t—l,r) #Kizp—l,r—l_{—’(r[l—l,r |:Z(_1 l"é—l,iytp i| ;
i=0

by Theorem 3.8, we obtain

n—1 p=l
Kb = oyt +KLP 4t (—l)iKL !
n,r Xr n—1,r—1 n—1,r n—l,iy .
i=0

The corollary follows from Corollary 3.3. |

4 The subring Fplk,0,... knn1]NT

In this section, p is supposed to be an odd prime. It was proved by Green and Leary
[3; 4] that «;, , € T, provided that s > 2", or s > 2 and n < 2. This result can be

sharpened as follows. Let R, be the set consisting of sequences R = (rg, 71, ..., —1)
of non-negative integers. For R = (rg,...,r,—1) € R, and for m > 0, set
SR= )T,
i=0
R _ =g ey m=n
Km = Hi;n—l ri ’
iz Kmi m>n.

The main purpose of this section is to prove the following theorem.

Theorem 4.1 Let R = (rg,...,ry,—1) be an element of R,. As an element of

h*(P), K,f belongs to T if and only if one of the following conditions is satisfied:
(Ry) ro=2;

(Ry) ro =0 and all the r; terms with i > 0, are multiples of p.

The rest of the section is devoted to the proof of the theorem.
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Proof By Corollary 3.3, kX € 7 if R satisfies (R,). We shall prove the following
proposition.

Proposition 4.2 If R € R,, satisfies (R;), then K,f eT.

By [4; 7], the proposition holds for » = 1. Suppose inductively that it holds for
n—1. Set K =ker(xy,) = P,—1 xZ/p and T’ = Im(IanIg/Z) + /0. Write w =
Resg(yz,,_l) and ¥ = (—1)""! Z;';g)(—l)j/cn_lgjij . We have

P - P -1 .
Resg (kn, ;) = Ky_1,j—1 +Kp—1,j¥P7, 0= j=n.

So, for every element R € R, as elements of 71*(K),

n—1

i
P/ R )4 —17%
Resg (k') = | | [Kn—l,j—l +Kkp—1,;¥F ]
Jj=0

n—1
i
N ) V()(P—l)l_[ p o1
=Kp_1,0V Kn—t1,j—1 tKn=1,j¥

j=1
(2) =Ry P=Dsr 4 Z PRVA
—
ro<t<sSp
with p; € h*(P,—1).
Lemma 4.3 Let S = (sg,...,5,—1) be an element of R,, with sq > 1, and let x be a
non-zero element of H'(P). Then
K,fXO’x eT.

Proof Without loss of generality, we may assume that x = x,,. So K = ker(x).
Since s¢ > 1, by (2), we have

3) Resg(kp) = Y iy jw'y
Ueu

with U a subset of
{R=(ro,....1h—2) €Ry—1]ro = 1}.

Let U = (ug,...,uy—») be an element of /. Since

n—2
U _ o up+l1 u;
Kp—1Kn—1,0 =K, _1 o 1_[ Kn—1,i

i=1
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and ug + 1 > 2, it follows from the inductive hypothesis that Kg_lKn_l’(), and hence

U
Kn—l

7.

Kn_l,oth belong to 7’. So, via the inflation map, Kg_lKn_l’Oth belongs to

We then have as elements of 4*(P),

K -1
K Xo,x = kptrs (kn—1,0827))
= trfg (Resllg (K}S(:).Kn_l,oé' 5__11) by Frobenius formula

—1
= > uf (e k1,00 Y by (3)
Ueu

U K -1
= > k¥ knr 0w g (W),
Ueu

which implies K;f Xo,x € 7, by Corollary 3.3 (iii). O

Proof of Proposition 4.2 Let R = (rg,...,",—1) be an element of R,,. By Corollary
3.3(31), K,f €7 if R satisfies (R,). Suppose that ro >2. Set S = (ro—1,71,...,7p—1).
We then have
K = k0 == ) Ky X0
xePH!(P)

by Proposition 3.4. Since ro — 1 > 1 by Lemma 4.4 K;f)(o,x e 7, for every x €
PH!'(P);so K,f € 7 . The proposition is proved. m|

Consider ¥, and also the right hand side of (2), as polynomials with variable w and
with coefficients in 2*(P,_1). We have the following lemma.

Lemma4.4 Let R = (rg,...,"y,—1) be an element of R, with sg # 0 mod p. Then
for0<i <n-2,

. . i —1 _ _ [
(1) ResII;(Kf);SR(—I)’+”K5_1K,,_1,,-an [(p=Dsr=11+7" 4 other terms;

(i) «R kp_1;eTifkReT.

Proof For ¢ < spg, deg(yP~1") < p"1(p—1)sg— p" + p" ! hence

deg(y P~V <min(p" N (p—Dsg— 1, p" [(p — Dsg — 2]+ p').
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So (1) follows from (2) and the fact that

n—1

YR = [ (=1 kg P PR
i=0

n—2
. _ _1 _ _ /
= —SR Z(—l)l+" lKn—1,iwpn [(P=Dsr=11+P" | other terms.
i=0

Write
RGSII;(K,f) = Z piw'
i=0
with p; € h*(Py—1). If kR € T, then ResII;(K,f) belongs to 7', so all the p; lie in
7T’; (ii) is then a direct consequence of (i). O

The proof of the theorem is completed by Proposition 4.2 and the following.
Lemma 4.5 If/c,{e €7 with R=(rg,...,m—1) €R,, then R satisfies (R1) or (R3).

Proof By Leary [7], the lemma holds for » = 1. Assume that it holds for n — 1.

Suppose that K,{e € 7 with R = (rg,...,ry—1) and rg < 2. It follows that { =
ResII; (Kf) € 7'. Consider ¢ as a polynomial with variable w and with coefficients in
h*(P,—1). By (2), we have

E:Kf_lw(P_l)sR + Z ptw(P_l)t

0=<t<spR
—1 _
= Kf_l w?" (P=DSR 4 other terms, by (3)
which implies Kf_l € 7T'. By the induction hypothesis, 1o = 0 and rq, ..., r,_> are

multiples of p. So sg =r,—1 mod p. If sg # 0 mod p, it follows from Lemma 4.5

that
ry Fpn—3 rp—2+1 __ R 1
1,1 K1 n—3Kn—1n—2 = Kn—1,n—2Kn—1 € T

which contradicts the induction hypothesis, since r,—» =0 mod p implies r,—>,+17£0
mod p. So sg =0 mod p, hence r,—; =0 mod p. The lemma follows. a

K

This completes the proof of Theorem 4.1. |

Let x be a non-zero element of H!(P). By Theorem 3.2(iii), there exists a unique
nx € H*(E) such that, as elements of H* (E)/(z,(,l), . ,z,(,"_z)),

Sn=1) _ {nxﬂ(X) p odd,
i =

“4)
NxX p =2

Geometry & Topology Monographs, Volume 11 (2007)



198 Pham Anh Minh

Note that H, = ker(x) can be identified with P,_; x Z/p. Pick a non-zero element
uy of H'(P) satisfying

Ux p=2

0 # Res®. (uy) € ker ResHX set vy =
7é Hx( x) ( Pn—l) x {ﬂ(ux) » odd,

and define ¥, = (—1)"! Z;:(l)(—l)j/cn_l,j vfj.

Let R be an element of R, satisfying (R{) or (R;). By Theorem 4.1, K,{e and K’f_l
both belong to 7 . Tt is then interesting to find out a formulae relating K,f and K}f_l .
If R satisfies (R;), the formula can be derived from Corollary 3.9. In the case where

R satisfies (R1) the formula follows from the next corollary.

Corollary 4.6 Let R = (rg,...,r,—1) be an element of R,, with ry > 2. Then, as
elements of 7T,
n—1
Krf = _K,;O_l Z wayo_l)(p_l)_l 1_[["5—1,1'—1 +"n—1,j¢>1c)_l]rj-
x€ePHL(P) j=1
Proof Set S =(r9—1,7rp,...,7p—1) and U = (r9—2,r1,...,ry—1). It follows from
the proof of Proposition 4.2 that
k== Y KpXoux
xePHL(P)
Hy -1
= - Z K}ftrp (Kn—l,Oé-:_])
xePHL(P)
H, -1
=— Z trp [RCSZX(KS)Kn—l,Off_I]
x€PH1(P)
H, -1
=- Z rp [RCSII;,C (Kr(l])’cr%—l,oé‘r]z)—l ]
x€ePHL(P)
n—1
H,y -1 ~D)(p—1)— —1yr)
== Z rp’ (‘Mf—1 ";O—l,owa(cro Dp=h=1 H[Kf—l,j—l""‘n—l,jwf l]r’)-
x€EPH(P) j=1
Since rog > 2, it follows from Theorem 4.1 that
n—1 ri
— —1)— _ J
px = k2 (U DeTD [K:—l,j—l +in-1,j V% 1]
ji=1
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belongs to 7 , for any x € PH!(P). Hence

H, -1
k== > pxtrp (Yl
x€ePHL(P)
=— Y pxix by (4.
x€PHL(P)
This completes the proof. a

5 Symplectic invariants

Recall that the symplectic group Sps, = Sp2,(Fp) is the group consisting of E

which preserve the nondegenerate symplectic form x1x, +. ..+ X2,—1 X2, of H*(E).

Clearly Z,(lo), ... ,z,(,n_l) belong to the subring of invariants of Sp,, in Fp[y1, ..., yanl.

According to a result of Quillen [12] for p =2, and of Tezuka—Yagita [13] for p > 2,
T=Fplyieoooy2al/ G0 2070,

There is then an induced action of Sp,, on 7. Set
R’ = {R € R|R satisfies (R) or (R;)},

and let R” be the subset of R,, consisting of elements R = (rg,7q,...,r,—1) of Ry
satisfying the following two conditions:
e 0<r=<p—1fori>0

e ro=3,orrg=2andrq,...,r,—; are not all equal to 0.

Let 75P2n be the ring of invariants of Sp,, in 7. The following is then straightfor-
ward from Theorem 4.1 and [3, Proposition 21].

Theorem 5.1 75P2n js the subring of Fplkn,1. ... . knn—1] given by:

(i) for p=2, TSP =Fplkno,... knn-1l;
(i) for p > s2,
(a) as a vector space over Fp, TSP2n has a basis (KRR eR'};
(b) as a module over polynomial algebra F [« ,K"Z o1l T Span jg
freely generated by {1,kRX|R e R"}.

2 D
00 K
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