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Evens norm, transfers and characteristic classes for
extraspecial p-groups

PHAM ANH MINH

Let P be the extraspecial p—group of order p?"*1, of p-rank n+ 1, and of exponent

pif p> 2. Let Z be the center of P and let k, , be the characteristic classes of
degree 2" —2" (resp. 2(p" —p")) for p =2 (resp. p>2), 0<r <n—1, of adegree
p" faithful irreducible representation of P. It is known that, modulo nilradical, the
tth powers of the k,,’s belong to 7 = Im(H*(P/Z, Fp)/\/ﬁl—niH*(P, Fp)/\/ﬁ) ,
with t=11if p=2, 1= p if p > 2. We obtain formulae in H*(P, Fp)/\/ﬁ relating
the «, , terms to the ones of fewer variables. For p > 2 and for a given sequence
ro,...,In—1 of non-negative integers, we also prove that, modulo-nilradical, the
element ]_[,l, K;' ; belongs to 7 if and only if either ro > 2, or all the r; are multiple
of p. This gives the determination of the subring of invariants of the symplectic
group Sp,(Fp) in 7.

20J06; 55S10

1 Introduction

Let p be a prime number. For a given group P , denote by H*(P) the mod—p coho-
mology algebra of P. We are interested in the case where P = P,, the extraspecial
group p—group of order p?"*1 of p-rank n 4+ 1, and of exponent p if p > 2. It is
known (see the work of Green—Leary [4] or Quillen[12]) that, for p > 2 (resp. p =2),
there are exactly n Chern (resp. Stiefel-Wihitney) classes k, , of degree 2(p" — p")
(resp. 2" —2"), 0 <r <mn—1, of a degree p" faithful irreducible representation of
P; these classes restrict to maximal elementary abelian subgroups of P as Dickson
invariants.

Set E = E, = P/Z, with Z the center P, E is then a vector space of dimension
2n over F,. Set h*(P) = H*(P)/+/0 (so h*(P) = H*(P) for p =2, by [12] and
denote by 7 = 7, the subring of 4*(P) equal to the image of the inflation Inf%,
modulo nilradical. For p = 2, it follows from [12] that all the «, , terms belong to
T . For p > 2, this fact does not hold, as shown by Green and Minh [3; 5]; however,
in [5], it is also proved that all pth powers of the «j , terms, are in turn, belonging to

7.
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For convenience, set ¢t = 1 for p = 2, and « = p for p > 2. It follows that, for
0 <r <n—1, there exists fy , € H*(E) such that Inf(fy, ) = «;, , . Here and in what
follows a = b means a = b modulo +/0. Via the inflation map, as elements of /#*(P),
Jn,r can be identified with «;, ,, 0 <r <n—1. The first aim of this paper is to get an
alternating formula expressing fy , by means of f,_; ,—1 and f,—; ,. This work is
motivated from the elegant formula, for p > 2 (resp. p = 2), expressing Chern (resp.
Stiefel-Whitney) classes of the regular representation r4 of the elementary abelian
p—group A via such classes of fewer variables. It is known that, if A is of rank m and
p >2 (resp. p =2), then the 2(p" — p”)th Chern (resp. (2™ —2")th Stiefel-Whitney)
class of r4 is the Dickson invariant Q,, , of the same degree with variables in a basis
X1....Xm of BH'(A) (resp. H'(A)), with the Bockstein homomorphism. These

invariants are related by

—1 14
Qm,r = Qm—l,ran + Qm_l’,_l,

where
m—1
V=[] Gaxi 4+ Am1Xme1 +xm) = (D™D (=1 Qo1 x5 -
A €F, s=0

is the Mui invariant.

In so doing, we need to use the Evens norm and transfers from maximal subgroups of
P. Some basic properties of the Evens norm, in the relation with modular invariants,
are recalled in Section 2. In Section 3, we show how to obtain characteristic classes of
P by means of the Evens norm (Theorem 3.7). Theorem 3.8 describes the image of
such classes via the Evens norm. From this, we obtain formulae relating characteristic
classes with such classes of fewer variables (Corollary 3.9).

Let rg,...,r,—1 be a sequence of non-negative integers. In Section 4, we prove that,
for p > 2, modulo nilradical, the product [ [, /c;’ ; belongs to 7 if and only if either
ro > 2, or all the r; are multiple of p Theorem 4.1. This generalizes a result, given
by Green and Leary [3; 4], proving that K’SLO belongs to 7 provided either s > 2", or
s >2 and n < 2. As a consequence, we obtain in the last section the determination of
the subring of invariants of the symplectic group in 7 Theorem 5.1.

For convenience, given a subgroup K of a group G, any element of H*(G) is also
considered as an element of H*(K) via the restriction map ResIG(. Also, if K is
normal in G, then any element of H*(G/K) can be considered as an element of
H*(G) via the inflation map Infg K
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Characteristic classes for extraspecial p—groups 181

2 Evens norm and Mui invariants

Given a polynomial algebra F' = Fp[t;,...,#%] and 1 <m < k —1, define the Mui
invariant [10]

(1) Vm+1 = Vm+1(t1,---’tm+1) = 1_[ ()\ltl +"'+)\mtm +Zm+1)~
Ai€Fp

It follows from the work of L E Dickson [1] that

m
Ving1 = (=1 (=1)*Qmyst} |

s=0
with Qs = Oms(t1,. ... tm) the Dickson invariants defined inductively as follows
(we shall omit the variables, if no confusion can arise).
Qm,m =1
Omo= || atr 4+ hmim)

Aj€Fp
A;j not all equal 0

Qm,s = Qm—l,sVnI;_1 =+ Q;Z—l,s—l‘
By (1) the Qs are independent of the choice of generators ?1,. .. 1, of Fp[t1,. .. tn].
Hence, if (¢1,...,4,) is a basis of H'(W) (resp. BH'(W)) with W an elementary
abelian 2—group (resp. p—group with p > 2) of rank m, we may write

Qm,s(ll, ey tm) = Qs(W)
Vm+1(ll,...,tk,X) = V(W,X)
The Mui invariants can be obtained by means of Evens norm map Ny_. with U
a subgroup of W (see Corollary 2.2 below). Let us recall that, for every maximal
subgroup K of a p—group G, and for § € H"(K), we may define the Evens norm
map
Nk~ () € HP(G).

Here are some properties of N'x .. For details of the proof, the reader can refer to
the work of Evens [2], Minh [9] or Mui [10].

Proposition 2.1 Let G, G’ be p—groups and let K be a subgroup of G .
(i) If N is asubgroup of K, then

Nnose =Nk oNnsk.
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182 Pham Anh Minh

(i) If H isasubgroup of G and G = |[,cp KxH, then, for £ € H"(G),

ResiNg () = [ | Nanvk—nResgh. x (6).
xeD
(iii) If K is a subgroup of G" and f: G’ — G is a homomorphism such that f(K') C
K and f induces a bijection G'/K' =~ G/K of coset spaces, then, for & €
H"(K),
Nirosa (fik)* ) = f* Ng=6(8) .
In particular, if N is a normal subgroup of G and N C K, then, for & €
H"(K/N),

NK#GInf,f/N(é) = Infg/NNK/NaG/N(g)-

Gv) IfE € € H'(K), then
Nigso(E+E) =NkseE) + Ngg(€)

modulo a sum of transfers from proper subgroups of G containing the intersection
of the conjugates of K . Hence, the norm map is in general non-additive, although
Nk_go ResIG( is.

(v) Ifé e H" (K), & € H*(K), and [G : K] = n, then

nn—1)
Nk—6EE)=(=1) 7 "NgcE)Nk-c ().

(vi) Assume that G = K x E, with E = (F,)™. Consider E as the group of all
translations on a vector space S of dimension m over ¥, and let W(m) be an
E —free acyclic complex with augmentation e: W(m) —F,. Let C be a cochain

complex of which the cohomology is H*(K) and set C® = ®.,e5Ce, Cc = C.
Then

NK—>KXE = d:;,Pm,
where Pp,: H" (C) - H gmr (W(m) ®C*S ) is the Steenrod power map, and

dy: HEpmr (W(m)® CS) — H*(E)® H*(C) is induced by the diagonal C —
C*S and the Kiinneth formula.

In the rest of this section, suppose that W is an elementary abelian p—group of rank
n+ 1 and U a subgroup of W of index p™.

By Proposition 2.1(vi), Ny_w = d,}, P . The first part of the following corollary is
then originally due to Mui [10] and reproved by Okuyama and Sasaki [11]; the second
one was given by Hung and Minh [6, Proof of Theorem B].
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Characteristic classes for extraspecial p—groups 183

Corollary 2.2 For p = 2 (resp. p > 2) and for every x € H' (W) (resp. x €
BH'(W)).

(i) Ny—w(Resly (x))=V(W/U, x)

(i) with T the maximal subgroup of W satisfying ResYW(x) =0 then

(_l)rNTeW(Qr(T)) = Z(_l)l Qf(T)xpi+l_pr+l
- j i r+1 " . i p—1
- [ PRI IEs T ][Z(—l)’ 0:(T)x” ]

In the following corollary, G is supposed to be a p—group given by a central extension
and

{O}—)Z/p—)GL>W—>{O}
and K = j~1(U). Set

H*(U) P=2,

oo W) = {ano H>™(U) p>2.

The following is straightforward from Proposition 2.1.
Corollary 2.3 The composition map
Infy; N
H(U) =5 H*(K) 3% H*(G)
is a ring homomorphism.

In [9] we proved the following proposition.

Proposition 2.4 Let & € H1(G). Set u(q) = (—1)"9h! with h= (p—1)/2 for p > 2.
If K =Xker(u) withu € H'(G), u # 0, then, by setting v = B(u), we have

> Sq (Eud! o | p=2
NiogRes$ () = 1ulq) Y (DT BP (EWU2Dheys p>p
€=0,1
0=<2i<g—e

where Sq' (resp. P! ) denotes the Steenrod operation for p = 2 (resp. p > 2).
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3 Characteristic classes for extraspecial p—groups

Let E = E,, n> 1, be the elementary abelian p—group of rank 2n. Let x1,..., X3,
be a basis of H'(F) = Hom(E, F,) and define

._{xi p=2
e pe2

1 <i <2n, with B the Bockstein homomorphism. We have

Fp[yl,---,hn] p=2

H*(E) =
Alxy, .o x20] @ Fply1, ..o y2n]l p>2,

with Afs,t,...] (resp. Fp[s, ¢, ...]) the exterior (resp. polynomial) algebra with gener-
ators s,1,... over F,. Let P = P, be the extraspecial p—group given by the central
extension

(1} — Z/p—> Py — E — {1}

classified by the cohomology class x{x3 4 -+ 4+ X2,—1X2, € H?(E). The following
notation will be used. Set Z = i(Z/p), the center of P. For every elementary
subgroup A of P containing Z, write A/Z = Z',s0 A = A’ x Z, and A’ is of
rank 7 if A maximal elementary abelian in P. Fix a generator y of H!(Z) (resp.
BH'(Z)) for p =2 (resp. p > 2). This element, and also every element of H*(A4'),
are then considered as elements of H*(A4) via the inflation maps.

Denote by A the set of maximal elementary abelian subgroups of P. Set h*(P) =
H*(P)/~/0. By the work of Quillen [12], the map induced by the restrictions

W (P) <> T h*(4)
AeA

is injective. Therefore the maps

InfE es
W(E)—5h*(P)  and  W*(E)~> [ h*(4)
Ae A

have the same kernel. Let 7 = 7,, be the subring of 4*(P) equal to the image of the
inflation Infg . For elements &, n of h*(E), it follows that Inff &) = Infg (n) if and
only if ResE, (&) = Resf, P(n), forevery A € A.

We are now interested in Chern (resp. Stiefel-Whitney) classes, for p > 2 (resp p =
2), of a degree p" faithful irreducible representation of P. Fix a nontrivial linear
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Characteristic classes for extraspecial p—groups 185

character x of Z. We have then an irreducible character ¥ of P given by

. |P"x(g) geZ
X)) = .
0 otherwise.

Let p be a representation affording the character ¥ and set

g:%:{cﬂ(mwz

wan(p) p=2,
) ED)T e pr(p) p>2
Kn,r =
w2 (p) p=2,

0 <r <n. We have the following theorem.

Theorem 3.1 (Green—Leary [4], Quillen [12])
(i) Inh*(P),

c(p) p>2

U —tnp—1 44 (1) "0 + En =
w(p) p=2,

the subring of h*(P) generated by non-nilpotent Chern classes is generated by

Kny0s -+ Knn—1s Y1+ V2an: Sn.
(i) Forevery 0 <i <mn—1 and forevery A € A
Resf (§) = V(4',y)
Resyy (kn.i) = Qi(4").

In the article [5] by Green and Minh, Chern classes of P are also obtained by means
of the inflation Infﬁ and transfer maps trIP( with K maximal in P. Similar results
for the case p = 2 can also be obtained by using the same argument. The result can
be stated as follows. Let x be a non-zero element of H!(P) and set Hy = ker(x).
Pick a rank one subgroup U # Z of the center of Hyx. So Hy, = P,_; xU. By the
Kiinneth formula, we can consider any element of H*(P,_1) (and of H*(U)) as an
element of H*(Hy). For 0 <r <n—1, set

H -1
{trpx(’(n—l,ré—:_l ) n=2
Xrx =

H. -1
trPx(K:_l n=1.
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For r > 0, define

) i yivaic p=2,r=0
n’ = ) siz=ng " " ~
Ej;l(yzi_lyZi_yZi—lyzi ) otherwise,

with t =1 for p =2, and ¢ = p for p > 2. Let Ay be an element of .A. We have the
following theorem.

Theorem 3.2 (Green—Minh [5])
(1) In H*(P) for0<r <n-—1,
Kn,r = Qr(P/AO) - Z Xr,x-
xePH(P/Ap)

(i) There exist fy0...., fun—1 € H*(E), viewed as elements of H*(P) via the
inflation map, such that

n—1
2P 43D fi =0,
i=0

and, forevery A € A, Resf(/c,g’r) = Resj(fn,,), 0<r=<mn-1.
(iii) There exist hj, 0 <i <n—1, and a unique n of H*(E) such that

n—2

2D = yam+ Y iz,
i=0

and in h*(P), x'_, Yoy = —Inf(nP~1). Furthermore, for all 0 <r <n—1 and
allp e PHY(E), X;d) € Im(Infﬁ), as elements of h*(P).

By Quillen [12] it is known that, for p = 2, all the «,,, and x, 4 belong to 7. For

p > 2, it follows that the above theorem that all p""—powers of the Kn,r and X, g
belong to 7. In fact, by setting

—1
vy = vy p>2
(p =
Yan—1 p=2,

we have the following corollary.

Corollary 3.3 In h*(P),

@d) K,L,,r=fn,r,0§1’§n—1
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(i)

n—1
_ . i i_l
n=(-1)"" |:90fn—1,0 + Z(—l)l (J’;],J,_l — Von—1Vsy ) fn—l,i:|

i=1

(iii) with K = ker(x3;),

e (1) | p=2
(DK [0 IS ), ] P> 2

@iv) for0<r=<n-1,
-1

n—1 14
. i i_l
Xtr,xZn = —fu—1,r |:(an—1,0 + Z(—l)l (ytzl,;_] _J/Zn—l)’;‘l,), ) fn—l,ij|

i=1

Proof Part (i) follows from Theorem 3.2 (ii), by noting that the restriction map from
h*(P) to [[4e4 H* A is injective.

We have, by Theorem 3.2,
— —1 n—1 n—1
Z,(f D= Z,(,n_l )+ (J’LZI;,_I Yan _y2n—1yL21;, )
n—1 n—1 n-2 . ;
= ()’21:,_1 Yan— Yan—1Vy ) + (=1)" Z(_l)lz,(,l_)lfn—l,i
i=0

Lp"_l Lp”_l
(y2n—1 Yon = Van—1Vy,

n—2
+(=1)" [Z(—l)lz,ﬁ”fn_l,i — V2n@fu-1,0
i=0 n—2

- Z(—l)i (ylzl;_lyzn — Von—1Ys ) fn—l,ii|

i=1
n—2
= (=" [Z(—l)’z,sﬂfn_l,,- —y2nx} ,
i=0
with
n—1 . ,
. 11 1_1
X =0f10+ Y (D' = yan1yl, ) fuori-

i=1

So n = (=1)"*1X; (ii) and (iv) are proved.
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Pick an element A € A. By [5, Lemma 7.1] and its proof, we have

P —V(B',yn—1)* ACK
Resyn = :
0 otherwise.
Set
B {tr{.f@n 1) p=2
(=" ltrp Zz =0 y2n 1Kn—1 il p>2.

If A ¢ K, then Resj(Y) = 0, by the Mackey formula. Suppose 4 C K. Set B =
AN P,_1. For p>2, we have

Resh (V)= (-)"" )~ ZResff(( D2 i E07D)

geP/K i=0
n—1 .
= (=)™t > B =)y 0iB))
geP/K i=0
n—1 .
= (="' =Dy, 0iB) Y #g]
i=0 gEP/K

since the y,,_1 and the Q;(B’) are invariant under the action of P/K. Thus

7y = {Resj(tr,’5 (Gn-1)) p=2
V(B', yan-t)Resg ek 6771)) p>2.

Following [5, Proposition 4.4] we have
Resj (trf (627) ==V (B, yan-1)?™"
So Res (Y) = —=V(B'. yon—1)".

Since n—Y restricts trivially to every element of A, it follows that n =Y . |

Proposition 3.4 For0<r <n-—1,

Kn,r =— § Xr.x-

xePH1(P)

Proof Let A be an element of A. There exist exactly 1 elements of PH ! (P) of
which the kernel contains A. The subset of those elements is nothing but PH!(P/A).

Let x be an element of PH ! (P). It is clear that ResA (xrx)=0if x¢gPH'(P/A).
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Hence

Resj( Z Xr,x) = Resj( Z Xr,x).

x€ePH!L(P) x€EPHL(P/A)
Therefore, by [5, Theorem 5.2]

Resﬁ( Z Xr,x) = Resj(Qr(P/A) _Kn,r)

x€ePHL(P)

= _QF(A,)’
since Resf(Q,(P/A)) =0 and Resﬁ(/cn,r) = Q,(A’). The proposition follows. O

We are now going to obtain characteristic classes of P by using the Evens norm map.
We first need the following lemma.

Lemma 3.5 Fix a generator e of Z. Let H = AN B with A, B € A and et
(hi,...,hg,e) be abasis of H. Then there exist elements gy, ..., g of P satisfying

: L i#) .
® [g,gi]=1,[gi,hj]={e lfj and 1 <i,j<k.

(i) P= ]_[gec AgB is a double coset decomposition of P with G = (gq,..., gk).

Proof The existence of the g; satisfying (i) follows from [8]. Assume that agh =
a'g'b’ with a,a’ € A, b,b' € B, g,¢g’ € G. It follows that [g, h;] = [g’, h;] and
1<i <k, hence g =g’. As |G| = p¥, (ii) is obtained. a

The following notation will be used. Let C be the cyclic group of order p and fix a
generator u of H'(C) (resp. H*(C)) for p =2 (resp. p >2). Set ' = Px C. If
H is a subgroup of P, every element of H*(H) (resp. H*(C)) can be considered as
an element of H*(H x C). We have the following lemma.

Lemma 3.6 Let A, B be elements of A andlet ve H'(A x C) (resp. H*(Ax C))

for p =2 (resp. p > 2). Assume that Reséig (v) = ny + Au with u, A € Fp, then

RGSEXCNAXC—H" (v) = MV(B/, y)+ )\,V(B/’ u).

Proof Let P =UgcgAgB be the double coset decomposition of P given in Lemma
3.5.Set H= BN A. We have
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g
Resh. cNaxc—r(v) = l_[ N(BﬁAg)xCanCReSE‘lB(;(gg)xC(gv)

geG
= l_[ NHxc—Bxc © Resgf(% (5v) (A is normal)
geG
= NHuxc—Bxc ( [ ] Resixe (gv)) (Corollary 2.3)
geG
= NHxC—> BxC ( l_[ (n8y + )‘u))
geCG
:NHXC—>BXC(V(H/,M)/ +)LM)) (Lemma 3.5)
= Nzxc—sBxc(x + Au) (Corollary 2.2)
= uV(B',y) +AV(B', u) (Corollary 2.3)
as required. |

The following shows that characteristic classes of P can be obtained by means of the
Evens norm map.

Theorem 3.7 Let A be an element of A and let v be an. element of H'(A) (resp.
BH'(A)) for p =2 (tesp. p > 2) satisfying Res4 (v) = y. Set

a0 = Naxc—r W +u) = Naxc—r (V).
As elements of h*(P) then

Caw=(=1)" D (=1 ks

s=0

Proof For every B € A, by Lemma 3.6 we have

Resh, ,(C4.0) = Resh ,Nyxz—r (v +u) —Respx zNgxz—1(v)
= V(B,’ Y + M) - V(B,’ )/)
= V(B u),

since V(B’, X), as a function on X, is additive. By Theorem 3.1 (ii),

n

Resg, 7 (Caw) =Resp, ,[(=1)" Y (=1 knsu”"]
s=0

So CA,U =(=D" Z?:O(_l)sKn,sups- O
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Remark Write Nyxc—r = N. It follows from the above theorem and from Corol-
lary 2.2 that

n

N@+u)=N@©) =N@) = (=" (=1 lkn,s — Qs (P/ A"

s=0
According to Proposition 2.1(iv), the k5 s can be expressed as sums of transfers from
maximal subgroups of P x C. Such formulae are the ones given in Theorem 3.2.

Let aj,az,...,azp—1,a2, be elements of P satisfying x;(aj) = 6;; with §;; the
Kronecker symbol, 1 <i,j < 2n. Suppose that K is a maximal subgroup of P
given by K = ker(x,,). So K = P,_1 X {ayp—1) = Py—1 X Z/p. Write y,,, = y,
Nixc—1r =N, and, for 0 <r <n—1, ¥ x,, = Xr. Define

On—1.r = Res,lg(xr) € H*(K),

and

n—1
Ouy = u?" + 3 [(—1)"—’u1” (—Op_rr + K:_l’r_l)] e H*(K x C)

r=0

with the convention that «,_; —; = 0.

Theorem 3.8 As elements of h*(P),

(1N Gaer) = Y (DL u?”™

§=0
n—1 ] - o
CURUCEIED B AT

i=r
n—1 ) ) " n—1 ) qp—1
_( Z (_1 ’K;,_l,,-yt(p - )) [Z(_l lK;;—l,ipr ] s
i=r+1 i=0
for0<r<n-2.

Proof For convenience, write k,_; , =k, for 0 <r <n—1. Let A be an element
of A andset X =N(0,-1) and Y, = N(k'_, ). Let

n—1,r
n—1 ) - " n—1 ) ) " n—1 ] ap—1
Zr:Z(_l)tKlnyt(p’ -p’ )_( Z(_l)zkleyt(p’—p’ )) [Z(—I)IK;)/LPI}
i=r i=r+1 i=0

for 0 <r <n—2. Consider the following cases:
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Casel A C K Bysetting B=AN P,_1,wehave A =B x{ay,—1). So

Res%xC(X)z 1_[ *Op—1.

x€{azn)

As the 6,_; belong to Im(Res};), they are invariant under the action of a,,. Hence

Resl, - (X) = l_[ Res& *$(*6,-1)

x€(azy)

=Res 3¢ (07 )
41 n—1 ) p
—u? +[Z(—1)"—’ul’ (Qr(B’)V(B’,yzn—l)"_1+Qﬁ’_1(B/))}
r=0
= V(A u)?
n "
=Res), ((—1)" > (=1 kpu” )
s=0
Also, for 0 <r <n-2,
RCSEXC(Y") = nxe(am) Res,{i(;g (XKZ—I,r)
p
= [ResKxC (kn-1,)']” = QP (B) = (1) Reshc(Z)).
Case2 A ¢ K By setting H =K N A, we have

Resl e (X) = Npxc—axcResg x¢(X)
= NHXC%AXC(V(H/’ u)?)

= V(A u)?
n "
=Resl, o ((—1)” > o (=Df b )
s=0
and
Resly, o (Y7) = Nirxc— axcResh2a(Yr)
= NHXC—)AXC (Q;(H/Z))
= (—1)"Resl, - (Z)).
This completes the proof. |
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Formulae relating the «,, , to such classes of fewer variables are given by the following
corollary.

Corollary 3.9 For 0 <r <n—1, as elements of h*(P),

n—1 . p—]
T _ D L 1\t tpt
Kn,r - Kn—l,r—l +Kn—1,r [Z( 1 Kn—l,iy :|
i=0

n—1 , . p—1
+ ["Z—l,o‘ﬂ + Z(_l lK::—l,i(yg:t—l = Y13 _1)] :

i=1

Proof By Corollary 2.3 we have

N(Bpr) = N@?") + nX_EN [(—1)n_r“pr (=On—1,r +K:—1,r—l)]
r=0

n—1
=VO0” + 3 )TV [N ) + N6, )]

r=0
= @ —uy?™H?"

n—1
+ 3T P —uyr [N(—e,,_l,,) +N(K5_Lr_1)]

r=0
n—1
_ upn-i—l n Z(_l)n—rupr-i—l |:,/\/'(—9n—1,r) +N(K5—1,r—l)
r=0 r+1
+ y(P_l)p (N(_en—l,r-i-l) +N(K:—l,r)):|
+ (=) " uyP T N (=0,1,0).

By the Frobenius formula, the cup-product of y, with each of x,, , V2, vanishes.
As the transfer commutes with Steenrod operations, we have, by Proposition 2.4 and
Theorem 3.8,

r+1

n—1
uPn—i—l + Z(—l)n_r’(;{rup =N(9n_1)
r=0
n+1 = r+1
=u?"" 4 ()" u? [—xf +ND )
r=0 D prt]
+ P (_Xf-i-l +N(K:—l,r)):|

n—1
n+1 — r+1 - e
=u? + E (—l)n "u? |:_X;l', +N(K:—1,r—1) + y(p L N(Kf—ls”)] '

r=0
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Therefore

n—1 n—1 )

Z(_l n—rK;l’ruLp =Z(_l)n—rutp [_X;+N(K;,_1,r_1)+yt(p_l)p N(Krtz—l,r)]'
r=0 r=0

Hence
KIL1,r = _X; +N(K;z—1,r—1) + y(p—l)tp N(Kll’l—l,r)'

Since

n—1 p—1
N(K:z—l,r—l)+y(p_l)tp N(Krlz—l,r)#"Zp—l,rﬂ""‘;z—l,r |:Z(_1 lKrtz—l,iylp } ;
i=0

by Theorem 3.8, we obtain

n—1 p-l
Lo Lp [ 1)t !
Knyr = —Xr +Kn—1,r—1 +Kn—1,r |:Z( 1) Kn—l,iy i| :
i=0

The corollary follows from Corollary 3.3. |

4 The subring Fplk,0, ... kn0—1]NT

In this section, p is supposed to be an odd prime. It was proved by Green and Leary
[3; 4] that «, , € 7, provided that s > 2", or s > 2 and n < 2. This result can be

sharpened as follows. Let R, be the set consisting of sequences R = (rg,71,...,—1)
of non-negative integers. For R = (rg,...,r,—1) € R, and for m > 0, set

SR=)_Tis

i=0
i=m—1,¥i <
R {Hi=0 Kpi M=n
m i=n—1,%i
20 Ky m>n.

The main purpose of this section is to prove the following theorem.

Theorem 4.1 Let R = (rg,...,ry,—1) be an element of R,,. As an element of

h*(P), K,f belongs to 7T if and only if one of the following conditions is satisfied:
(Ry) ro=2;

(Ry) ro =0 and all the r; terms with i > 0, are multiples of p.

The rest of the section is devoted to the proof of the theorem.
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Proof By Corollary 3.3, Kf e T if R satisfies (R;,). We shall prove the following
proposition.

Proposition 4.2 If R € R, satisfies (R1), then /(,{e eT.

By [4; 7], the proposition holds for » = 1. Suppose inductively that it holds for

n—1. Set K =ker(xa,) = Py_y xZ/p and T’ = Im(Infx’#) + /0. Write w =

Res}?(yz,,_l) and ¥ = (—1)""! Z}';(l)(—l)jlcn_l,j w?’ . We have
Resg (n,j) =kl o +orn1 ¥, 0<j<n.
So, for every element R € Ry, as elements of 4*(K),

n—1

,
P/ R 4 —17%
Resg (k) = | | I:Kn_l’j_l + Kkp—1,;¥* ]
j=0

n—1
i
N ) ro(p—1) p 1]
=Kp_1,0V | | Kn—t1,j—1 t Kn=1,j¥

j=1
) =Ry PDsr 4 Z PRV
e
ro<t<sp
with p; € h*(P,—1).
Lemma4.3 Let S = (sg,...,S,—1) be an element of R, with so > 1, and let x be a
non-zero element of H'(P). Then
K,‘f)(o,x eT.

Proof Without loss of generality, we may assume that x = x;,. So K = ker(x).
Since sg > 1, by (2), we have

3) Resg(kg) = Y k) jw'y
Ueu

with U a subset of
{R = (l’o, ey }"n_z) S Rn_1|7’0 > 1}

Let U = (ugp,...,uy—>) be an element of U. Since

n—2
U _up+l1 u;
Kn—IK”—lyO - Kn—l,O l_[ Kn—l,i

i=1

Geometry & Topology Monographs, Volume 11 (2007)



196 Pham Anh Minh

and ug + 1 > 2, it follows from the inductive hypothesis that K’(lj_lKn_lio, and hence

K’?_lkn_l,owtu belong to 7’. So, via the inflation map, Kg_lKn_I,()th belongs to
T.
We then have as elements of 4*(P),
-1
Ky Xox = kptrn (kn—1,0827))
= tr (Res® (k3) kp_1.0c7" 1) by Frobenius formul
=trp x (Kg)-kn—1,08,_, y Frobenius formula
-1
= > (e yrn—, 0wyl by (3)
UeUd
-1
= Z K,(lj_lKn—l,Oth-trg(‘/fé‘:_l ),
UeUd
which implies /(;,g Xo,x € T, by Corollary 3.3 (iii). |

Proof of Proposition 4.2 Let R = (rg,...,r,—1) be an element of R,. By Corollary
3.3(%1), K,f €T if R satisfies (R;). Suppose that ro >2. Set S = (ro—1,71,...,75—1).
We then have
G = K k0 == ) Ky X0
x€ePH(P)

by Proposition 3.4. Since ro — 1 > 1 by Lemma 4.4 K,‘f)(o,x € 7T, for every x €
PH!(P);so K,f € 7 . The proposition is proved. m|

Consider ¥, and also the right hand side of (2), as polynomials with variable w and
with coefficients in 4*(P,—_1). We have the following lemma.

Lemmad4.4 Let R = (rg,...,ry,—1) be an element of R, with sg # 0 mod p. Then
for0<i<n-2,

@) ResII;(K,{e) = SR(—l)i”L”Kf_l/cn_l,iwpn_l[(p_l)sR_all + other terms;

(i) «R kp_1;eTifkReT.

Proof For ¢ < sg, deg(y P~V < p" 1 (p—1)sg— p" + p"!; hence

deg(y P~V <min(p" " N(p—Dsr— 1, p" [(p — Dsg — 2]+ p').
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So (1) follows from (2) and the fact that

n—1
YOTIR = (=) g g JPTDR
i=0

n—2
. _ _1 _ _ /
= —SR Z(—l)H—n lKn—1,iwp” [(p=Dsr=11+P" 4 other terms.
i=0

Write
ResII;(K,f) = Z ,o,'wi
i=0
with p; € h*(Py—1). If kR € T, then ResI};(K,f) belongs to 7', so all the p; lie in
7T'; (ii) is then a direct consequence of (i). O

The proof of the theorem is completed by Proposition 4.2 and the following.
Lemma 4.5 If/c,f €7 with R=(rg,...,m—1) €R,, then R satisfies (R1) or (R).

Proof By Leary [7], the lemma holds for # = 1. Assume that it holds for n — 1.

Suppose that K,f € 7 with R = (rg,...,ry—1) and rg < 2. It follows that { =
ResII; (/c,fe ) € T7'. Consider ¢ as a polynomial with variable w and with coefficients in
h*(Py—1). By (2), we have

= Kf_lw(P—l)SR + Z ptw(P—l)l

0=<t<sSR
—1 _
= Kf_lu)pn (P=1sr 4 other terms, by (3)
which implies Kf_l € 7T'. By the induction hypothesis, rg = 0 and rq,...,r,_> are

multiples of p. So sg =r,—1 mod p. If sg # 0 mod p, it follows from Lemma 4.5

that
ri rn—3 Fp—2+1 __ R /
n—1,1""" Kn—l,n—3Kn—1,n—2 - Kn—l,n—ZKn—l €T

which contradicts the induction hypothesis, since r,—» =0 mod p implies r,—,+17#0
mod p. So sg =0 mod p, hence r,_; =0 mod p. The lemma follows. a

K

This completes the proof of Theorem 4.1. |

Let x be a non-zero element of H!(P). By Theorem 3.2(iii), there exists a unique
nx € H*(E) such that, as elements of H*(E)/(z,(,l), - ,z,(,"_z)),

S(n=1) _ {Tlxﬂ(x) p odd,
i =

4
NxX p =2
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Note that Hy = ker(x) can be identified with P,_; x Z/p. Pick a non-zero element
uy of H'(P) satisfying

Ux p=12

0 £ Res? (uy) € ker Rest set vy =
# Resly (ux) € ker(Resh ) set vy {ﬂ(ux) ot

and define ¥, = (—1)""! Z;’;é(—l)j/cn_l,j vfc’j )

Let R be an element of R, satisfying (R{) or (R;). By Theorem 4.1, K,{e and Kf_l
both belong to 7. Tt is then interesting to find out a formulae relating K,{‘) and Kf_l .
If R satisfies (R;), the formula can be derived from Corollary 3.9. In the case where

R satisfies (R1) the formula follows from the next corollary.

Corollary 4.6 Let R = (rg,...,r,—1) be an element of R,, with ry > 2. Then, as
elements of 7T,
n—1
o = —,) Z ny oD H[K:—l,j—l + i1, YT
x€ePH1(P) j=1
Proof Set S =(rg—1,rp,...,ry—1) and U = (ro—2,r1,...,1y—1). It follows from
the proof of Proposition 4.2 that
k== Y KnXox
x€PH!(P)
H,y -1
=- Z K;lgtrp (Kn—l,OZ,f_l)
x€PH!(P)
H, —
= _ Z trp [Resgx (K,“,S)Kn—1,0§,f_11]
x€PH1(P)
H,y —1
=— Z trp [Resﬁx(/c,l,])/c,%_ljoé‘f_l]
xePHL(P)
n—1
H, -1 —D)(p—1)— —1y)
== Z Up (WC:—I K’:O_I,O%(Cro Dep=h=1 l_[[";f—l,j—l""‘n—l,jwf l]r’)-
x€ePH!(P) Jj=1

Since rg = 2, it follows from Theorem 4.1 that

n—1
r
_ 1o (ro—1)(p—1)—1 p ap—1|7
Px =Ky g oVx Ky—1,j—1 T Kn—1,j¥x
Jj=1
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belongs to 7 , for any x € PH!(P). Hence

H, -1
K,f = — Z ,Oxtrp (WXé‘:_] )
xePHL(P)
=— Y pxix by (4).
x€ePH(P)
This completes the proof. a

S Symplectic invariants

Recall that the symplectic group Spi, = Sp2,(Fp) is the group consisting of E

which preserve the nondegenerate symplectic form xjx3 4. . .4+ X2,—1 X2, of H*(E).

Clearly z,(,o), ... ,Z,(,n_l) belong to the subring of invariants of Sp,, in Fp[y1, ..., yaul.

According to a result of Quillen [12] for p =2, and of Tezuka—Yagita [13] for p > 2,
T=Fplyi.oooy2al/ G020 7D),

There is then an induced action of Sp,, on 7. Set
R’ = {R € R|R satisfies (R{) or (R;)},

and let R” be the subset of R, consisting of elements R = (rg,71,...,7p—1) of R,
satisfying the following two conditions:

e 0=<r=<p—lfori>0

e ro=3,orrg=2andrq,...,r,—; are not all equal to 0.

Let 7SP2n be the ring of invariants of Sp,, in 7. The following is then straightfor-
ward from Theorem 4.1 and [3, Proposition 21].

Theorem 5.1 75P2n js the subring of Fplkn,1. ... Kknn—1] given by:

() for p=2, TSP =Fplkno,. .. knn-1l;
(i) for p > s2,
(a) as a vector space over ¥y, T SP2n has a basis («RIR eR'};
(b) as a module over polynomial algebra Fp[K’iO, K:’l, . ,Kf’n_l], TSP2n g
freely generated by {1,kRX|R e R"}.
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