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Stable splitting and cohomology of p-local finite groups over
the extraspecial p—group of order p> and exponent p

NOBUAKI YAGITA

Let p be an odd prime. Let G be a p—local finite group over the extraspecial p—
group prr2 . In this paper we study the cohomology and the stable splitting of their

p—complete classifying space BG .

55P35, 57T25; 55R35, 57T05

1 Introduction

Let us write by E the extraspecial p—group p_lpLz of order p and exponent p for
an odd prime p. Let G be a finite group having £ as a p—Sylow subgroup, and
BG (= BGPA) the p—completed classifying space of G. In papers by Tezuka and
Yagita [11] and Yagita [13; 14], the cohomology and stable splitting for such groups are
studied. In many cases non isomorphic groups have homotopy equivalent p—completed
classifying spaces, showing that there are not too many homotopy types of BG, as
was first suggested by CB Thomas [12] and D Green [3].

Recently, Ruiz and Viruel [9] classified all p—local finite groups for the p—group
E. Their results show that each classifying space BG is homotopic to one of the
classifying spaces which were studied in [11] or classifying spaces of three exotic
7-local finite groups. (While descriptions in [11] of H*(?F4(2)') 3y H*(Fi},)(7)
and H*(M)(;3) contained some errors.)

In Section 2, we recall the results of Ruiz and Viruel. In Section 3, we also recall the
cohomology H*(BE;Z)/(p, +/0). In this paper, we simply write

H*(BG) = H*(BG;Z)/(p, /0)

and study them mainly. The cohomology H°Y(BG; Z(p)) and the nilpotents parts
in H®"(BG Z(p)) are given in Section 11. Section 4 is devoted to the explanations
of stable splitting of BG according to Dietz, Martino and Priddy. In Section 5, and
Section 6, we study cohomology and stable splitting of BG for a finite group G' having
a 3—Sylow group (Z/3)? or E = 3}F+2 respectively. In Section 7 and Section 8, we

study cohomology of BG for groups G having a 7-Sylow subgroup £ = 7}F+2 , and
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the three exotic 7—local finite groups. In Section 9, we study their stable splitting. In
Section 10 we study the cohomology and stable splitting of the Monster group M for
p=13.

2 p-local finite groups over E

Recall that the extraspecial p—group p _1i_+2 has a presentation as
p~1|-+2 = (a,b,c|ap =hP =P = 1,[a,b] =c, CE Center)

and denote it simply by E in this paper. We consider p—local finite groups over E,
which are generalization of groups whose p—Sylow subgroups are isomorphic to E.

The concept of the p—local finite groups arose in the work of Broto, Levi and Oliver [1]
as a generalization of a classical concept of finite groups. The p—local finite group is
stated as a triple (S, F, L) where S isa p—group, F is a saturated fusion system over
a centric linking system L over .S (for a detailed definition, see [1]). Given a p-local
finite group, we can construct its classifying space B (S, F, L) by the realization | L| 1/7\'
Of course if (S, F, L) is induced from a finite group G' having S as a p-Sylow
subgroup, then B(S, F, L) =~ BG. However note that in general, there exist p—local
finite groups which are not induced from finite groups (exotic cases).

Ruiz and Viruel recently determined ( p_li_"'z, F, L) for all odd primes p. We can check

the possibility of existence of finite groups only for simple groups and their extensions.
Thus they find new exotic 7-local finite groups.

The p-local finite groups (E, F, L) are classified by Outg(FE), number of F—
radical p—subgroup A (where A = (Z/p)?), and Autg(A) (for details see [9]). When
a p-local finite group is induced from a finite group G, then we see easily that
Outp(E) = Wg(E)(= Ng(E)/E.Cg(E)) and Autp(A4) = Wg(A). Moreover A is
F*®¢—radical if and only if Autp(4) D SLy(F,) by [9, Lemma 4.1]. When G is a
sporadic simple group, F*—radical follows p—pure.

Theorem 2.1 (Ruiz and Viruel [9]) If p # 3,7,5,13, then a p—local finite group
(E, F, L) is isomorphic to one of the following types.

(1) E:W for W COut(E) and (|W|, p) =1,
) pZ:SLz([Fp).r forr|(p—1),
(3) SLs(Fp):H for H=17/2,7/3 or S3.

When p = 3,5,7 or 13, it is either of one of the previous types or of the following
types.
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Cohomology of p—local groups over prr2 401

(5) 2F4(2), Js, for p=3,
(6) Th for p=5,

(7) He,He:2, Fi'y4, Fing, O'N, O'N:2, and three exotic 7—-local finite groups
for p=7,

) M for p=13.

For case (1), we know that H*(E:W) =~ H*(E)" . Except for these extensions and
exotic cases, all H*V*"(G; Z)(,) are studied by Tezuka and Yagita [11]. In [13], the au-
thor studied ways to distinguish H°%(G; Z)py and H*(G;Z/ p) from H"(G;Z)(p).
The stable splittings for such BG are studied in [14]. However there were some errors
in the cohomology of 2 F4(2), Fi’>4,M. In this paper, we study cohomology and
stable splitting of BG for p = 3,7 and 13 mainly.

3 Cohomology

In this paper we mainly consider the cohomology H*(BG;Z)/(p, +/0) where /0 is
the ideal generated by nilpotent elements. So we write it simply
H*(BG) = H"(BG:;Z)/(p, ).

Hence we have

H*(BZ/p)=17/plyl. H*(BZ/p)*) =Z/ply1, y2] with |y| = || = 2.
Let us write (Z/p)? as A and let an A—subgroup of G mean a subgroup isomorphic
to (Z/p)*.
142

The cohomology of the extraspecial p group £ = p,"“ is well known. In particular
recall (Leary [6] and Tezuka—Yagita [11])

(3-1) H*(BE) = (Z/ ply1. y2)/ 3P y2 — myd) @2/ p{C}) @ Z/ plv],

where |y;| = 2,|v| =2p.|C| =2p—2and Cy; = y!, C* = y1217—2 +y;P_2—
yf’_lyé’_l. In this paper we write yf_l by Yi,and v”~ ! by V,eg C* =Y+ Y} —

Y1Y,. The Poincare series of the subalgebra generated by y; and C are computed
1 —¢PTt1 A (14 427y g gp1 B (14 4P 12 _42p2
(I-01-1) B (I-29) - (1—¢2=1)

From this Poincare series and (3—1), we get the another expression of H*(BE)

(3-2) H*(BE)=7/p[C,v] {yiyilo <i,j<p-L@Gj))#p-1p— 1)}.

Geometry & Topology Monographs, Volume 11 (2007)



402 Nobuaki Yagita

The E conjugacy classes of A—subgroups are written by

Ai = (c,ab’) for0<i<p—1
Ao = (¢, b).

Letting H*(BA;) =7/ p|y, u] and writing i;;l_ (x) =x]|A; fortheinclusion iy;,: A; CE,
the restriction images are given by

(3-3) yildi=yfori €eFp, y1|Aoo =0, y2|A; =iy fori eFp, y2|ldc = .
ClA; = yP~ 1, v|4; =u? — y? u forall i.
For an element g = (;‘f ’g) € GL,(Fp), we can identify GL,(F,) = Out(E) by
g(a) =a"b?, g(b) =aPb’, g(c) = c*®.

Then the action of g on the cohomology is given (see Leary [6] and Tezuka—Yagita
[11, page 491]) by

B4  g°C=C, g'yi=ayi+By2 g y2=yy1+8y2 g'v=(det(g)).
Recall that 4 is F—radical if and only if SL,(F,) C Wg(A4) (see Ruiz—Viruel [9,
Lemma 4.1]).
Theorem 3.1 (Tezuka—Yagita [11, Theorem 4.3], Broto-Levi—Oliver [1]) Let G
have the p—Sylow subgroup E, then we have the isomorphism

H*(BG) = H*(BE)"¢ ) Ny pec_agicar i H* (BA)PEA.

In [1] and [11], proofs of the above theorem are given only for H*(BG; Zp)). A
proof for H*(BG) is explained in Section 11.

4 Stable splitting

Martino—Priddy prove the following theorem of complete stable splitting.

Theorem 4.1 (Martino—Priddy [7]) Let G be a finite group with a p —Sylow subgroup
P . The complete stable splitting of BG is given by
BG ~ vrank A(Q, M) Xy

where indecomposable summands Xps range over isomorphic classes of simple
Fp[Out(Q)]-modules M and over isomorphism classes of subgroups Q C P.
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Remark This theorem also holds for p-local finite groups over P, because all
arguments for the proofs are done about the induced maps from some fusion systems
of P on stable homotopy types of related classifying spaces.

For the definition of rank A(Q, M) see Martino and Priddy [7]. In particular, when Q
is not a subretract (that is not a proper retract of a subgroup) of P (see [7, Definition
2]) and when Wg(Q) C Out(Q) = GL,(Fp) (see [7, Corollary 4.4 and the proof of
Corollary 4.6]), the rank of A(Q, M) is computed by

rank A(Q, M) = Zdim[Fp(WG(Qi)M),

where W5 (Q;) = ZXEWG(Q:‘) x in Fp[GLn(Fp)] and Q; ranges over representatives
of G'—conjugacy classes of subgroups isomorphic to Q.

Recall that Out(E) = Out(4) = GL,(F,). The simple modules of G = GL,(F,) are
well known. Let us think of 4 as the natural two-dimensional representation, and det
the determinant representation of G. Then there are p(p — 1) simple F,[G]-modules
given by M, ; = S(4)? ® (det)* for 0<g < p—1,0<k < p—2. Harris and Kuhn
[4] determined the stable splitting of abelian p—groups. In particular, they showed

Theorem 4.2 (Harris—Kuhn [4]) Let X’q’k = Xm,, (resp. L(1,k)) identifying
M, j as an Fy[Out(A)]-module (resp. M j as an [F,[Out(Z/ p)]-module). There is
the complete stable splitting

BA~ Vg 1(q+ 1) Xy k Vasto (g + DL(1,q).
where 0 <g<p—1,0<k<p-2.

The summand L(1, p — 1) is usually written by L(1,0).

It is also known HT(L(1,q)) = Z/p[y?~']{y9}. Since we have the isomorphism
H?1(BA) = (Z/p)?™ = H* (g + DL(1.q)). for 1=q < p—1,

we get H*(A;q,k) ~ 0 for x <2(p—1).

Lemma 4.3 Let H be a finite solvable group with (p, |H|)=1and M be an F,[H]-

module. Then we have H(M) = (Y. ey )M = M =~ HO(H; M).

Proof First assume H = 7/s and x € Z/s its generator. Then

HM)=(1+x+--+x*"YH)H.
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Since (1—x%) =0, we see Ker(1—x) D Image(H). The facts that M isa Z/ p—module
and (|H|, p) =1 imply H*(H; M) = 0 for * > 0. Hence

Ker(1 —x)/Image(1 +---+x*"" =~ HY(H; M) =0.
Thus we have H(M) = Ker(1 —x) = M.
Suppose that H is a group such that
0>H -HSH' -0

and that H'(M") = (M"Y (resp. H"(M") = (M")H") for each Z/ p[ H']-module
M’ (resp. Z/p[H"]-module M"). Let o be a (set theoretical) section of 7 and
denote 0(H") =) ,.cpr 0(x) € Fy[H]. Then

HM)=o(H"H' (M) =o(H"Y M) = 0" (M) = (") A" = "

here the third equation follows from that we can identify M " as an Fp[H"]-module.
Thus the lemma is proved. O

It is known from a result of Suzuki [10, Chapter 3 Theorem 6.17] that any subgroup
of SLy(Fpn), whose order is prime to p is isomorphic to a subgroup of Z/s, 4S54,
SLy(F3), SL2(Fs) or

Qun = (x,y|x" =y y Ixy=x7").

Corollary 4.4 Let H C GLy(Fp) with (|H|, p) =1 and H do not have a sub-
group isomorphic to SL,(F3) nor SL,(Fs). Let G = A: H and let us write BG ~
\/q,kﬁ(H)q,qu,k Vg’ I’lN/l(H)q/L(l, q/). Then

fi(H) g = rank, H°(H; My 1),

i(H), = rank, H*? (BG).
In particular 7i(H)4,0 = rank, H*4(BG).
Proof Since H*(X’q,k) >~ 0 for x < 2(p — 1), it is immediate that m(H)y =
rank,, H?4'(G). Since GLy(Fp) = SLy(Fp).Fy and [ = Z/(p —1), each subgroup

H in the above satisfies the condition in Lemma 4.3. The first equation is immediate
from the lemma. a

Next consider the stable splitting for the extraspecial p—group E. Dietz and Priddy
prove the following theorem.
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Theorem 4.5 (Dietz-Priddy [2]) Let X4 = Xp,, (resp. L(2,k), L(1,k)) iden-
tifying My as an Fp[Out(E)]-module (resp. Mp_; i as an Fy[Out(A)]-module,
Fp[Out(Z/ p)]-module). There is the complete stable splitting

BE ~ Vg1 (q+DXgx Vi (p+1DL2, k) Vgzo (g + DL, ¢) v LA, p—1)

where 0 <g<p—1,0<k<p-2.
Remark Of course A;q,k is different from X, x but A;p—l,k =L(2,k).

The number of L(1,q) for 1 <g<p—1 is given by the following. Let us consider the
decomposition E/(c) = A; ® A_; where A; = (ab’) and A_y = As,. We consider
the projection pr;: E — Ai. Let x € H'(BA;:7/ p) = Hom(4;,7/ p) be the dual of
ab’. Then

pre x(a) = x(pr; (@) = x(pr; (@b’ ab~") /) = x((ab') /%) = 1/2,
pr; x(b) = x(pr;(ab’ (ab™") ™Dy = 1/2).
Hence for B(x) = y, we have pr;(y) = 1/2y; + 1/(2i)y,. Therefore the k + 1

elements (1/2y; + 1/(Q2i)y2)k, i =0,...,k form a base of H*)(E/(c);Z/p) =~
(Z/ p)¥+1! for k<p—1. Thus we know the number of L(1,k) is k+1 for O<k<p—1.

Recall that

Z/p)T*! = H*((q+1)L(1,q) for 0<2<p—2

2q ~
H*(BE) = {(Z/p)q+z = H2P=2((p + DL(1,0) for g = p— 1.

This shows H* (X, x) = 0 for x <2p —2 since so is L(2, k). The number n(G)4 x
of X, x is only depend on Wi (E) = H. Hence we have the following corollary.

Corollary 4.6 Let G have the p—Sylow subgroup E and Wg(E) = H. Let
BG ~vn(G)gx Xqk vVm(G,2) L(2,k)vm(G, 1) L(1,k).

Then n(G)gx = ii(H)gx and m(G, 1); = rank, H?*k(G).

Let Wg(E) = H. We also compute the dominant summand by the cohomology
H*(BE)® =~ H*(B(E: H)). Let us write the Z/ p—module

X,k (H)=S(A)I@uENH*(B(E: H)) with S(A)4=2/p{y?, y"  ya, .. 0.
Since the module Z/ p{v¥} is isomorphic to the H—module det* , we have the following

lemma.
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Lemma 4.7 The number ng ; (G) of X, x in BG is given by rank, (X, x (W (E))).

Next problem is to seek m(G, 2) . The number p+1 for the summand L(2, k) in BE
is given as follows. For each E—conjugacy class of A—subgroup A4; = (c,ab’),i €
Fp Uoo, we see

Wg(A;) = Ng(A;)/A; = E/A; =7/ p{b} b*:ab’ > ab'ec.

Letu=(}1)in GL,(F,) and U = (u) the maximal unipotent subgroup. Then we
can identify Wg(A4;) = U by b +— u. For yfyé € M, i (identifying H*(BA) =
S*(A) =7/ ply1, y2]), we can compute

WE(A) Sy =1 +u+--+ uP=1)ysyl= Z(J/l +iy2)* ¥
i=0
Z Zt()l yiv tyéyé :Z th s—t t+l'

Here Zp_olz’ =0for1 <t<p-—2,and =—1 for t = p—1. Hence we know

. — 0 forl<g=<p-2
dim,, Wg(A,-)Mq,k =
1 forg=p—1.

Thus we know that BE has just one L(2, k) for each E—conjugacy A-subgroup A;.

Lemma 4.8 Let A be an F°-radical subgroup, ie Wg(A) D SLy(F,). Then
W (A)(Myx) =0 forallk and 1 <q < p—1.

Proof The group SL(F,) is generated by u = (1) and ' = (19). We know
Ker(1—u) =2/ ply{ =3 y1, y2] and Ker(1—u') = Z/ ply§ —y{~ s ). Hence
we get (Ker(1 —u) NKer(l —u’))* =0 for 0<x < p—1. O

Proposition 4.9 Let G have the p—Sylow subgroup E. The number of L(2,0) in
BG is given by

m(G.2)o = fig(4) —fg(F*A)
where fig(A) (resp.fig (F A) ) is the number of G —conjugacy classes of A—subgroups
(resp. F¢—radical subgroups).

Proof Letus write K = E: Wg(E) and H*(BE)"¢(E) = H*(BK). From Theorem
3.1, we have

(4-1) H*(BG) 2= H*(BK) Ny pec—ragical L H*(BA)VE A,
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Let A be an A—subgroup of K and x € Wg(A4). Recall A = (c,ab’) for some i.
Identifying x as an element of Ng(A) C E: Out(E) We see x{c) = {c¢) from (3-4)
and since (c) is the center of E. Hence

Wk (A)C B=U: ([F;,j‘)2 the Borel subgroup.

So we easily see that WK(yf’_l) = kyf_l for some A # 0 follows from b*yip_1 =
yf ! for b= diagonal € ([Fp)*2 and the arguments just before Lemma 4.8. We also

see WK(yf’_l_iyé) = 0 for i>0. Hence we have m(K,2)o = fix(A). From the

isomorphism (4-1), we have m(G,2)¢ = fix (4) —fig(FA).
On the other hand m(G,2)g < fig(A) — fig(FA) from the above lemma. Since
g (A) > g (A), we see that g (A) = fig(A4) and get the proposition. |
Corollary 4.10 Let G have the p—Sylow subgroup E. The number of L(1,0) in
BG is given by

m(G, 1)1 = rank, H*?~(G) = fig(4) — 6 (F< A).

Proof Since L(1,0) = L(1, p—1) is linked to L(2,0), we know m(G,1),_;
m(G,2)g. O

Lemma 4.11 Letf € F; be a primitive (p — 1)throot of 1 and G D E:(diag(¢,£)).
If £3% £ 1, then BG does not contain the summand L(2,k), ie m(G,2); = 0.

Proof It is sufficient to prove the case G = E:(diag(§,£)). Let G = E:(diag(§,§)).
Recall 4; = (c,ab’) and

diag(£, £): ab' > (ab')s, ¢ s 5.
So the Weyl group is Wg(4;) = U: (diag(£2,&)). For v = )»yf)_l +r€ My, we
have

p—2 p—2
Wo(Av =Y (E*)F diag® £)(1+---+uP =Y kpy?=h,
i=0 i=0

Thus we get the lemma from Zf:oz g3k = 0 for 3k #0 mod (p —1) and = —1
otherwise. |
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5 Cohomology and splitting of B(Z/3)?

In this section, we study the cohomology and stable splitting of BG for G having a
3—Sylow subgroup (Z/3)? = A. In this and next sections, p always means 3. Recall
Out(A4) = GL,(F3) and Out(A)" consists the semidihedral group

SDis = (x,ylx® =y* =1L yxy~ ! =x7).

Every 3-local finite group G over A4 is of type A: W, W C SD;¢. There is the
S Dj¢—conjugacy classes of subgroups(there B <— C means B D C)

«—— Qg<«—7/4
SDi6{<«—Z/8«—Z/4«—7/2<«—0
«—— Dg<~—7/207/2<+—17]2

We can take generators of subgroups in GL;([F3) by the matrices
78 =(I), Qg = (w, k), Dg = (w', k), Z/4 = (w),
Z)4={k),Z)2®Z)2={(w',m),Z/2=(m),Z/2 = ('),

where [ = (0 1), w= (%)), k="rP=(12)), w=w=(2!)and m =

0

1
w? =k? = (_01 _01 ). Here we note that k and w are GL,(F3)—conjugate, in fact
uku~! = w. Hence we note that

H*(B(4: (k))) = H*(B(4: (w))).

The cohomology of A is given H*(BA) = Z/3[y1, y2], and the following are imme-
diately

H*(BA)™ = 7/3[y2, 211, y1y2} H* (B = 7/3[y1 + 2, y2].

Let us write ¥; = yl.2 and ¢ = y1y,. The k-action is given Y1 — Y; + Y, + ¢,
Yo=Y 4+ Y,—t, t — =Y +Y,. So the following are invariant

a=-Y1+Yo+t, a1 =Y1(Y1+Y2+1), aa =Y2(Y1 + Y2 1), b=1t(Y1 - Y>).
Here we note that a®> = a; + a, and b?> = a;a,. We can prove the invariant ring is
H*(BA)'®) ~7/3[ay, a,){1,a.b, ab}.

Next consider the invariant under Qg = (w, k). The action for w is a — —a, a; <
ay, b+ b. Hence we get

H*(BA)?2$ >~ 7/3[ay + az, a1a,){1,b}{1, (a1 — az)a}.
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Let us write S = Z/3[a; +a»,ay1a,] and @’ = (a; —a)a. The action for / is given
I:Yi=Yo Y+ Y+t Y +Y,—t— Y. Hence l: a+—> —a, a; < as, b— —b.
Therefore we get H*(BA)Y) =~ S{1,d’,ab, (ay —a»)b}.
The action for w’: Y1+ Y1+ Y, +1, Y, Y,, implies that w’: a+>a, a; — a;, b+—
—b. Then we can see

H*(BA)Ps = H*(BA)*Y) ~7/3[ay, a5){1,a} = S{1,a,a;,d'}.
We also have

H*(BA)SP16 =~ H*(BA)2s N H*(BA)Y/® ~ S{1,d'}.

Recall the Dickson algebra DA = Z/3[D;, D] =~ H*(BA)9L2(3) where D; =
Y13 + Y12Y2 + Y1Y22 + Y23 = (ay —ajy)a = d and D, = (y13y2 — ylyg)2 =aa;.

2 we can write

Using a* = (a; +a) and D? =45 —aiasa
1
H*(BA)SP16 =~ 7/3[a%, D,J{1, D1} = DA{1,a*,a*}.

Theorem 5.1 Let G = (Z/3)?: H for H C SDy¢. Then BG has the stable splitting
given by

1‘70,1
<~ O3
Xo.0 X X5 ovXo.1VL(1,0 2X5 oV2X5 1V2L(1,0 2X, oVv2X, 1v2L(1,1
< SDi¢ <£Z/8 2,0V<&V(=)Z/4 20V2X2.1V (a)Z/2 Lov2Xi1v (,)0
X5.0VL(1,0) X5 0V Xy 1VL(1,0) X, ovX| 1VL(1,1)
20T pg THOTEL 7272 0L

X X ~ -
where < --- <> H means B(Z/3)*:H)~X;V---V Xj.
For example
B(E:SDyg) ~ Xo,0. B(E:Qs)~ Xo,0V Xo,1. B(E:Z/8)~ Xo,0V Xa,1.

Main parts of the above splittings are given by the author in [14, (6)] by direct com-
putations of Wg(A) (see [14, page 149]). However we get the theorem more easily
by using cohomology here. For example, let us consider the case G = A: (k). The
cohomology

H°(BG)=~7/3, H*(BG)~0,H*(BG)~7/3

implies that BG contains just one X’o,o,fzso,L(l,O) but does not X’I,O,L(l, 1).
Since det(k) =1, we also know that X 1, X5 | are contained. So we can see

B(A:Z/4) ~ Xo,0V Xo,1 V Xa,0V Xa,1 v L(1,0).
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Next consider the case G’ = A: (/). The fact H*(G) = 0 implies that BG’ does
not contain X, 04 L(1,0). The determinant det(/) = —1, and /: a — —a shows that
BG' contains X 2,1 but does not contain Xo 1. Hence we know BG' ~ XO oV X 2,1-
Moreover we know BA:SDig ~ Xo,o since w: a — —a but det(w) = 1. Thus we
have the graph

Xo X2.0VXo,1VL(1,0)

0 X1
SD16 (— / < Z/4
Similarly we get the other parts of the above graph.

Corollary 5.2 Let S =7/3[ay + a,,a1a;]. Then we have the isomorphisms
H*(Xo,0) = S{1. Dy}
H*(X/O,l) ~ S{b, Db}
H*(X,1) = S{ab, (a; —az)b}
H*(z\;z,() v L(1,0)) = S{a,a; —a,} = DA{a,a*,a*}.

Here we write down the decomposition of cohomology for a typical case
H*(BA)Y ~ S{1,a; —ax}{1,a}{1,b}
>~ S{l,a(a; —ay),b,ba(ay —ay),ab, (a1 —ay)b,a, (a; —ay)}
>~ H*(Xo,0) ® H*(Xo,1) ® H*(X,1) ® H*(X5,0 v L(1.0)).

6 Cohomology and splitting of B 3};“2.

In this section we study the cohomology and stable splitting of BG for G having a
3—Sylow subgroup E = 3L+2. In the splitting for BE, the summands X, ; are called
dominant summands. Moreover the summands L (2,0) v L(1,0) is usually written by
M(2).

Lemma 6.1 If G D E:(diag(—1,—1)) identifying Out(E) = GL,(F3) and G has
E as a 3—Sylow subgroup, then

BG ~ (dominant summands) V (G (A) —ig (F*A)(M(2)).
Proof From Lemma 4.11, we know m(G,2); = 0 ie L(2, 1) is not contained. The

summand L(1, 1) is also not contained, since H2(BE){42&(=1.=1)) ~ (. The lemma
is almost immediately from Proposition 4.9 and Corollary 4.10. O
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Theorem 6.2 If G has a 3—Sylow subgroup E, then BG is homotopic to the clas-
sifying space of one of the following groups. Moreover the stable splitting is given

X X
by the graph so that < --- < G means BG ~Xiv---VvX;and EH = E: H for
H C SDqg

Xo.1

< EQg
M(2) X5 oV X, 2X5 0V2Xs, 2X| gV2X] |V
<~ ESDig\x», 200700 2 Mm@y AL @DV
Xoo < E7/8 < Ez/4 <7 Ez)2 ok E
< s X5.0VM(2) X5, 0VX2 | VM(2) LX(]'OVXi'lv
2L(2,1 1,1
P Epg Y E(Z/2)> WEOD g7

X1,0vVX1,1V

X, MQ2 X2.0VXa, M@ L.1)VL(1,1
20 25, oy M2 pp, I <£)[F§:GL2([F3) @DYLC )[F§:SL2([F3)

Proof All groups except for E, E: (w') and [Fg: SL,(F3) contain E: (diag(—1,—1)).
Hence we get the theorem from Corollary 4.4, Theorem 5.1 and Lemma 6.1, except for
the place for H*(BE: (w')) and H*(F3: SL,(F3)).

Let G = E: (w’). Note w': y; — y1 — 2, V2 = —V2,V — —v. Hence H*(G) =
Z/3{y1 + y»}. So BG contains one L(1,1). Next consider the number of L(2,0),
L(2,1). The G —conjugacy classes of A—subgroups are Ay, A2, A} ~ Aso. The Weyl
groups are

We(Aoo) = U, Wg(Ay) = U:(diag(—1,-1)), Wg(A4o) = U:({diag(~1,1)),

eg Ng(Ag)/ Ay is generated by b, w’ which is represented by u, diag(—1, 1) respec-
tively. By the arguments similar to the proof of Lemma 4.11, we have that

dim(Wg (4;) M o) = 1 for all i
dim(Wg(A,-)Mz,l) =1,1,0fori = o0, 2, 0 respectively.

Thus we show BG D 3L(2,0) Vv 2L(2,1) and we get the graph for G = E:(w’).
For the place G = [Fg: SLy(F3), we see Wg(Aoo) = SL,(F3). We also have

dim(Wg(A,-)Mzao) =0,1,1fori = 00,2, 0 respectively
dim(Wg(Ai)Mzsl) =0,1,0 for i = 00,2, 0 respectively.

Thus we can see the graph for the place H* ([F%: SL,(F3)). ]

Remark From Tezuka—Yagita [11], Yagita [13] and Theorem 2.1, we have the fol-
lowing homotopy equivalences (localized at 3).

BJy =~ BRu, BMj,4= BHe, BMlngqu([Fg,)
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B(E:SDyg) =~ BG»(2) =~ BG»(4), B(E:Ds) =~ BHJ =~ BU;(3).

We write down the cohomologies explicitly (see also Tezuka—Yagita [11] and Yagita
[14]). First we compute H*(B(E: H)). The following cohomologies are easily
computed

H*(BE)"™ ~7/3[C,vl{1, y1 12, Y1, Y}, H*(BE)"™) ~7/3[C,v}{l1,Y; + Y>}.
H*(BE)®) >~ 7/3[C,v]{1,a} where a = —Y; + Y» + y1 v, C? =d>.
Recall that V = v?~! and C multiplicatively generate H*(BE)"E) _ Let us write
CA=17/p[C,V]= H*(BE)?"®),
Then we have
H*(BE)(”’/) ~ CA{1,y].Y|. Y2, Y2 )1, y2v, Y y2v, Y| yov} with | = y1 + »
H*(BE)™'™ ~ CA{1,a,d",Y,} where d’ = (1 + Y>)v = Viyav.
We can compute
H*(BE)98 =~ H*(BE)'®) n H*(BE)™) =~ 7/3[C, v] = CA{1, v},
H*(BE)Ps =~ CA{l,a}, H*(BE)") = CA{1,av}.
Hence we have H*(BE)SP16 ~ CA.
Let Dy =C? +V and D, = CV . Then it is known that
Dy|A; = Dy, Dy|A; = Dy foralli € F, U cc.

So we also write DA =~ Z/p[D;, D,]. Since CD; — D, = CP*!, we can write
CA =~ DA{1,C,C?,...,CP}.

Now return to the case p = 3 and we get (see [11])

H*(BJy) = H*(BE)SP16 02~V H* (BA() 123 = pA.

Proposition 6.3 There are isomorphisms for |a”| = 4,

H*(®?F4(2)") = DA{1,(D; —C*d"y, H*(My4) =~ DA® CA{d"}.

Proof Let G = M»4. Then G has just two G —conjugacy classes of A—subgroups
{AO’ AZ}’ {Al , AOO}
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It is known that one is F*°—radical and the other is not. Suppose that 4 is F*—radical.
Then Wg(Ag) = GL,(F3). Let @’ =a+ C. Then

d"lAg=(Y1+ Y2+ 1132+ C)|Ag =0, a"|Adoo=-Y.
By Theorem 3.1
H*(BMa4) = H*(BE)Ps NV H* (BAy)Ve40),

we get the isomorphism for M54. When Ao is a F-radical, we take ¢’ =a—c.
Then we get the same result.

For G =2 F4(2)’, the both conjugacy classes are F°—subgroups and Wg(Aeo) =
GL,(F3). Hence (for case @’ =a+ C)

H*(B*F4(2)) = H*(BMa4) Nij ' H*(BAoo)“H2).
We know
(D —C*d"|4g =0, (Dy—C*d"|Aeo =—-VY = —D;.

Thus we get the cohomology of 2 F4(2)’. |

Remark In [11; 14], we take
(2/2)? = (diag(£1,+1)), Dg= (diag(£l,£1), w).

For this case, the M;,4—conjugacy classes of A—subgroups are Ay ~ Aso, A1 ~ A3,
and we can take a” = C — Y] —Y,. The expressions of H*(M1,), H*(A:GL,(F3))
become more simple (see [11; 14]), in fact,

H*(B?F4(2)) = DA{1, (Y1 + Y>)V}.

Remark [11, Corollary 6.3] and [14, Corollary 3.7] were not correct. This followed
from an error in [11, Theorem 6.1]. This theorem is only correct with adding the
assumption that there are exactly two G conjugacy classes of A—subgroups such that
one is p—pure and the other is not. This assumption is always satisfied for sporadic
simple groups but not for 2 F4(2)’.

Corollary 6.4 There are isomorphisms of cohomologies
H*(X,,0) = DA{D,}, H*(X»,) = CA{av} where (av)> = CD,
H*(Xo,1) = CA{v}, H*(M(2)) = DA{C,C? C3} where C* = CD; — D,.
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Here we write down typical examples. First recall
CA = DA{1,C,C?* C*} = H*(Xo,0) @ H*(M(2))
CA{C} = DA{C.C? ,C°, Dy} = H*(M(2)) ® H*(X2,).
Thus the decomposition for H*(BE)P# gives the isomorphisms
CA{.d"} = CA{, C} = H*(Xo0) & H*(M(2)) ® H* (Xa,0) ® H*(M(2)).
Similarly the decomposition for H*(BE ) gives the isomorphism
CA{l,a,v,av} = H*(BE)Ps @ H*(X,,) ® H*(X2,)).

We recall here Lemma 4.7 and the module

X,k (k) = S(V)T @ vk N H*(B(E: (k)).
Then it is easily seen that

Xo,0(tk)) = {1}, X2,0((k)) = {a}. Xo.1 ((k)) = {v}. X2,1 (k) = {av}.

Hence we also see B(E:(k)) has the dominant summands Xo V X2, V Xo,1 V
X.1. Moreover it has non dominant summands 2M (2) since H*(B(E: (k))) =
Z/3{C,a}. Thus we can give an another proof of Theorem 6.2 from Lemma 4.7 and
the cohomologies H*(BG).

7 Cohomology for B7.** L.

In this section, we assume p = 7 and E = 7i+2. We are interested in groups
O'N,O'N:2,He, He: 2, Fi§4, Fi,4 and three exotic 7-local groups. Denote them

by RVi, RV,, RV3 according the numbering in [9]. We have the diagram from Ruiz
and Viruel

38D3, SL2(F7):2 35D ¢ SL2(F7):2,SL2(F7):2 35D, SL2(F7):2 3 p, SL2(F7):2,815(F7):2
< RV3 < RV2 < O/N:Z < O/N

62:25L2(F7):2,GL2(F7)62:2SL2(F7):2655 SLz([F7)32_,§L2([F7)32653 SL3(F7):235, SLa(F7)

<« RV, «— Fiyy «— Fi,, «— He:2 <«— He

H I’V] ..... W2 .
Here «— G  means Wg(E) =~ H, W; = Wg(A;) for G—conjugacy classes of

F* A— subgroups A4;.

In this section, we study the cohomology of O’N, RV,, RV;. First we study the
cohomology of G = O’N . The multiplicative generators of H*(BE)3Ps are still
studied in [11, Lemma 7.10]. We will study more detailed cohomology structures here.
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Lemma 7.1 There is the C A—-module isomorphism
H*(BE)*Ps ~ CA{1,a,a%,a®/V,a*)V.a’ ) V,b,ab/V,a*b/V,d,ad,d*d},

where a = (yl2 + y%)vz,b = ylzygv4 and d = (ylyg —y13y2)v.

Proof The group 3Dg C GL,(F7) is generated by diag(—1, 1), (2,2) and w= (9 }).
If y’i yé vk is invariant under diag(—1, 1), diag(1, —1) and diag(2,2), then i = j =

k mod(2) and i + j + 2k = 0 mod(3). When i, j <6,k <5 but (i, j) # (6, 6), the

invariant monomials have the following terms, ylzvz, yfv“, y16, ylzygv“, yfygvz,

y1yav’, piv3vd, piviv, vivs, vivsvi, yivsvt, yiyiv, yiy3v?, piyiv® and

terms obtained by exchanging y; and y,. Recall that w: y{ +— y,, y» — —y; and
v — v. From the expression of (3-2), we have

H*(BE)*P8 ~ CA{1,a,a%,d' b,V ,¢.c',¢",d,ad, bd}
where a = (y} +y)v.a" =y +y5.b =y y3vt b/ = yiyiv?, e = (iys +1rd).

= (iyS + 8yt = (iyS + Syt d = iyl — yivov, ad =

(r17;—yiy2)v® and bd = (] y]—y] y3)v°. Here a*d =bd from (y®—y$)y;y, =0
in H*(BE). It is easily seen that b’V = b%, ¢V = ab, 'V = (a* — 2b)b and
¢"V = ab?. Moreover we get
)V =07+ =0+ +331y3(0 +y3) =d + 3ab
a*/V =7+ ) = (] + 05 + 7y 07 + 93) + 6y135)0?
=aC +4c’ +6b’
@)V =+ 10+ 501308+ ¥8) + 10yTy3 F + y3)v?
=c'C+10bC + 10",

Hence, we can take generators a*/V,a>/V,ab/V,a?b/V for b’,c”, c, ¢’ respectively,
and get the lemma. |

Note that the computations shows

a® =7+ )% ==y + 05y =iy iy — i+ 0 HV?

=12 =0y + 0 HVE=C?V2 = D],

where we use the fact y17y2 — y1y27 =0.

Lemma 7.2 H*(BE)3SPi6 =~ CA{l,a,a%,a®/V,a*/V,a®/V}.
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Proof Take the matrix &’ = (Z1 1) such that (3Dg,k’) = 3SDys. Then we have

Kra= (] + )0 = (o1 + 32 + (0= y2)H(Q0)* = a,
b=yiyv*t > (3 —y3)*(Q)* =2(a* —4b) = 24° —b.
(If we take b = b — a2, then k’*:b — —b.) Similarly we can compute k: d — —d.
Then the lemma is almost immediate from the preceding lemma. a

Lemma 7.3 H*(BE)3SP32 =~ CA{1,d?,a*/V}.

Proof Take the matrix [/ = (:% _31) so that I’ = k’ and (38SDg, !’y = 3SD3,. We
see that

I"a =} + )0 = (=31 4392 + (3y1 = 12)H) Bv)? = —a,

which shows the lemma. O

Theorem 7.4 There is the isomorphism with C' = C —a®/V
H*(BO'N) = DA{1,a,a® b,ab,a*b} ® CA{d,ad,a*d,C’,C'a,C'a*}

Proof Let G = O’'N. The orbits of Ng(FE)-action of A—subgroups in E are given
by {Ag, Aoo},{A1, A} and {A,, A3, A4, As}. From Ruiz and Viruel [9], 4¢, Ao,
Ay and Ag are F-radical subgroups. Hence we know that

H*(O/N) o~ H*(BE)?)Dg N i:o_lH*(BA())SLZ([F7):2 N i;l_lH*(BAl)SLZ(ﬂ:7):2.

For element x = d or x = C’, the restrictions are x|4¢ = x|A; = 0. Hence we see
that CA{x} are contained in H*(BG). We can take C’, C’a, C'a? instead of a3/ V,
a*/V and a’/V as the CA—module generators since a3/ V = (C —C’). Moreover
we know CA{C’,C’a,C'a*} C H*(BG).

It is known that 7/ ply, ulSLr®) ~ 7/ p| Dy, 5/2] where 1:); =~y1u1’ — y{u and
(D;)P_1 = D,. Hence we know Z/7[y, u]SL2®):2 ~ 7/7[Dy, (D,)?].

Since yjv|d = D; we see a|Ag = (D;)z,a|A1 = 2(ﬁ;)2. Hence a,a? are in
H*(BG). The fact b|Ag =0 and b|4| = (13’2)4, implies that b € H*(BG). Hence
all a'b/ are also in H*(BG). O

Next we consider the group G = O’N:2. Its Weyl group Wg(E) is isomorphic to
3SD;¢. So we have H*(B(O'N:2)) =~ H*(BO'N)N H*(BE)3$D1e,

Corollary 7.5 H*(B(O'N:2)) = (DA{l,a,a*} ® CA{C’,C'a, C'a?}).
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Corollary 7.6 H*(BRV,) = DA{l,a,a? a® a* a°}.

Proof Let G = RV,. Since A, is also F®-radical and Wg(A4,) = SL,(F7):2.
Hence we have

H*(BG) ~ H*(BE)3SD16 N l.jz_lH*(BAz)SLZ([F7):2.

Hence we have the corollary of the theorem. O
Since H*(BRV3) = H*(BE)3SP32 1 H*(BRV,), we have the following corollary.
Corollary 7.7 H*(BRV3) =~ DA{1,a?, a*}.

Corollary 7.7 can also be proved in the following way.

Proof Let G = RVj3. Since there is just one G —conjugacy class of 4—subgroups, by
Quillen’s theorem [8], we know

H*(BRV3) C H*(BAo)SE2C7:2 = DA{1, (D})?, (D))*} with (D})® = D,.
Note that a?| Ay = (ﬁ’z)4, a*|Ayg= (ﬁ/z)zf)z and D,|Ag = D,. The fact k'*:a+> —a
implies that DA{a?,a*} C H*(BG) but DA{a,a®,a°>YN H*(BG) = 0. |
Corollary 7.6 can also be proved in the following way.
Proof Let G = RV,. Since there is just two G —conjugacy classes of A—subgroups,
by Quillen’s theorem [8], we know

H*(BRVZ) C H*(BAO)SLz([F7)Z 2 % H* (BAZ)SLz(F7)Z 2

Since a € H*(BRV;), the map i: H*(BRV;) — H*(BAg)SL2(F7):2 i5 epimorphism.
Take b’ = b? —2a?b so that b’'|Ag = b’|A; = 0. Hence

Keri:;o D DA, b'a,C'V}.

Moreover b'| A, = (13’2)252, ba|lA, = (5’2)452, ¢'V|A, = (D5). Since (5’2)2 itself
is not in the image of i;‘l‘z , we get the isomorphism

H*(BRV,) = DA{1,a,a*} ® DA{c'V.,b' ba}. O
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8 Cohomology for B7."* 11

In this section, we study cohomology of He, Fiyq, RV7.

First we consider the group G = He. The multiplicative generators of H*(He) are
still computed by Leary [5]. We will study more detailed cohomology structures here.
The Weyl group is Wg(He) = 3S53.

Lemma 8.1 The invariant H*(BE)?S3 is isomorphic to

CA®{Z/7{1,b,b*}{1,a,b*/ Vi@ Z/1{d}{1,a,b,b*/V.b> |V} ®Z/T{a*}),
where a = (yl3 +y§), b=y y,v? and d = (yf —yg)v3,
Proof The group 353 C GLy(F7) is generated by 7’ = {diag(A, )M =pd =1

and w’ = (9 1). If yi pJv* is invariant under 7", then i = j = —k mod(3). When
i,j <6,k <5hbut (i, j)# (6,6), the invariant monomials have the following terms

{1,e=0%/V = i3 LV H1,b = p1yov®, b = yiyiv}
(L M1, v vivs vt vivsv, v s

and terms obtained by exchanging y; and y;. Recall that w’: y{ — y,, yo > y1 and
v — —v. The following elements are invariant

ab = (y1y3 + yty)v?, @ab® = (yiy3 + yiyivt.  ac= iy +yiyy).
bd = (y1y5 = y{y2)v’, b*d/V = (y]y3 —y33)v, €d = (y]y5 =y} y3)v°
ad = (y{—y)v’.  ab’/V =ylyi+ 93,

Thus we get the lemma from (3-2). O

Lemma 8.2 H*(BE)®S3 ~ CA® (Z)7{1,b,b*}{1,b%/V} & Z/7{da,a?}).

Proof We can think 653 = (S3,diag(—1, —1)). The action diag(—1, —1) are given
by a+— —a,b+— b, and d — —d. From Lemma 8.1, we have the lemma. O

Lemma 8.3 H*(BE)S 2~ CA{1,b2,7",b*/V} where ¢’ =a?—2b3/V —2C.
Proof We can think 62:_2 = (386, diag(3,1)). The action diag(3, 1) are given by
a’> v~ a>—4c, b~ —b, ¢ — —c, da — —da. For example b = y; 02 —>

(3y1)y2(3v)2 = —b. Moreover we have ¢’ = Y7 + Y, —2C +> ¢”’. Thus we have the
lemma. |
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Theorem 8.4 Let ¢ = C +a°>/ V. Then there is the isomorphism
H*(BHe) = DA{1,b,b* d,db,db*} & CA{{a,c¥{1,b,b* d},a* a*c}.
Proof Let G = He. The orbits of Ng(E)-action of A—subgroups in E are given by
{Ao, Ao}, {41, A2, A}, {43, As, Ag}.
Since Ag is the F*—radical (see Leary [6]), we have
H*(BHe) = H*(BE)*s niy "' H*(BAg)*H>®7).

Forelement x =dor x =C+c¢c=C + yi”yg, the restrictions are x|4¢ = 0, eg
alA¢ = (y® + (=y)3) = 0. Hence we see that CA{x} are contained in H*(BG).

Since b = y; yov2, we see b|dg = —y2v? = —(D/z)z. Similarly d|A¢ = 2(D’2)3.
Thus we can compute H*(BHe). O

Corollary 8.5 H*(B(He:2)) = DA{1,b,b*} ® CA{c,c'b,c’b?, a2, ad}.
Theorem 8.6 There is the isomorphism
H*(BFi,) = DA{1,b,b*,@*V,ebV,cb*V} ® CA{c", ad} wherec’ = a* —2¢.

Proof Let G = Fi),. Since A; is also F*°—radical and Wg(4,) = SL;(F7):2.
Hence we have

H*(BG) =~ H*(B(He:2))N ijl_lH*(BAl)SLZ([Fﬂi?

For the elements x = ad,c’(= Y, + Y, —2C), we see x|4; = x|4g = 0. Hence
these elements are in H*(BG). Note that b|4; = (D;)2 and b € H*(BG). We also
know @2V |4, = D,. o

Since H*(BFiy4) = H*(BFi},)N H*(BE)®*2 and b* = 1/2(@® —2C —¢")V, we
have the following corollary.

Corollary 8.7 H*(BFiy) = (DA{1,b%,b*} & CA{T"})).

For G = RV, The subgroup Ay is also F*“-radical, we see
H*(BRV)) = H*(BFiyy) Nig ¥ H*(BAy)®L27)

Hence we have the following corollary.

Corollary 8.8 H*(BRV}) = DA{1,b,b*, D}} with b® = D2 + D}/ D,.
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Proof Let D) =¢"V =¢"(Dy—C®¢”). Then we have
P =YY,V =1 +Y,—C)CV?=(C+ (Y, +Y,—-2C)CV?= D2 +(c"V)D,.

Thus the corollary is proved. O

9 Stable splitting for B7.**

Let G be groups considered in the preceding two sections, eg O'N,0'N:2,...,RV;.
First consider the dominant summands X, ;. From Corollary 4.6, the dominant
summands are only related to H = W (E). Recall the notation X, x (H) in Lemma
4.7. The module X, x (H) is still given in the preceding sections.

From Lemma 7.1, Lemma 7.2, Lemma 7.3, Lemma 8.1, Lemma 8.2 and Lemma 8.3
we have
H =3Dg: Xe,o=1{a’/V.a’b/V}, Xy 4 = {a*.b}, X2 2 = {a},
X410 =1{d}, X3 = {ad}
H=3SDg: X0 =1{a’/V}. Xg 4 ={a°}. X5 = {a}
H =3SD3; Xa g = {a°}
H =383 Xe,0 =1{b>/V.@*}, X44 = {b*}, X2 5 = {b}.
Xo3 ={ad}, X3 0 = {a}, Xsp = {ab}. X33 = {d}, Xs 5 = {db}
H =683; X6 0=1b>/V.a*}, X2, = {b}, X4.4 = {b*}, X6 3 = {ad }
H=6%2;Xg0=1{a*—2b>/V}, X4.4 = {b*}.

For example, ignoring nondominant summands, we have the following diagram

Xo,0VX4.4 Xs6.0 X6.0VX4.4VX41VXo3

VX;
<M B(E:3SD3y) """ B(E:3SDys) ph B(E:3Dg).

From Corollary 4.4, the number m(G, 1) is given by rank, H? (BG) for k(p—1
and rank, H?*P~2(G) for k = 0. For example when G = E:3S3,

m(G,1)g=3,m(G,1)3 =1, m(G,1); =0 for k #0,# 3.
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Lemma 9.1 Let G be one of the O'N,O’'N, ..., Fi},, RVy. Then the number
m(G, 1) for L(1,k) is given by

2 forG = He,He:2

Wl(G, 1)() = , , . .
1forG=0O'N,O'N:2, Fiyg, Fiy,
1 forG = He,

mG. =1 T
m(G, 1), = 0 otherwise.

Now we consider the number m (G, 2); of the non dominant summand L(2, k).

Lemma 9.2 The classifying spaces BG for G = O’N, O’ N : 2 have the non dominant
summands M(2)v L(2,2)Vv L(2,4).

Proof We only consider the case G = O’ N, and the case O’ N: 2 is almost the same.
The non F*—radical groups are {A,, A3, A4, As} (recall the proof of Theorem 7.4).
The group Wg(E) =3 Dg = (diag(2, 2), diag(1, —1), w). Hence the normalizer group
is

Ng(A,) = E:(diag(2,2),diag(—1,—1)).

Here note that w, diag(1, —1) are not in the normalizer, eg w: (¢, ab?) — (c,a?h™ %) =
(c,ab®). Since diag(2,2): ab? — (ab?)?, ¢+ c* and diag(—1, —1): ab? — (ab*)~!,
¢ — ¢, the Weyl groups are

W (A4,) = U: (diag(4, 2), diag(1, —1)).

Let Wy = U: diag (4,2). For v = kyf’_l € Mp_y , we have Wiv = kyf_l since
23 = 1, from the argument in the proof of Lemma 4.11. Moreover

(diag(1, —1))y§"1 =(1+ (—1)")y§’_1,

implies that the BG contains L(2, k) if and only if k even. a

Lemma 9.3 The classifying space BHe (resp. B(He:2),F ié 4 Fi24) contains the
non dominant summands
2MQ2)v L(2,2)v L(2,4)v L(2,3)VvL(1,3)
(resp. 2M(2)Vv L(2,2) v L(2,4), M(2), M(2)).
Proof First consider the case G = He. The non F°-radical group are

{Ag, Ao}, {A1, Az, A4}
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The group Wg(E) = 3S3 = (diag(2, 1), w’). So we see Ng(A4g) = E:(diag(2,1)),
and this implies Wg(4¢) = U: (diag(2,2)). The fact 4¢ = 0 mod(7) implies k =
3 mod(6). Hence BG contains the summand

MQ)v L(2,3)vL(l,3)
which is induced from BAj.

Next consider the summands induced from BA;. The normalizer and Weyl group are
Ng(A;) = E:(w') and Wg(A) = U:(diag(—1, 1)) since w’":ab — ab,c+ —c. So
we get

MQ2)v L2,2)v L(2,4)
which is induced from BA;.
For G = He:2, we see diag(—1,—1) € Wg(E), this implies that diag(—1,—1) €
Ng(A) and diag(l,—1) € Wg(Ap). This means that the non dominant summand

induced from BA( is M (2) but is not L(2,3). We also know U': diag(l,—1) €
Wg (A1) but the summand induced from BA; are not changed.

For groups F ié 4> Fiz4, the non F*-radical groups make just one G —conjugacy class

{Ap, Ao} So BG dose not contain the summands induced from BA; . a

Theorem 9.4 When p = 7, we have the following stable decompositions of BG so
X X;
that < --- <> G means that BG~X;Vv---V X

X6,0vX4,4

Xa.4 X6.0VX2 2 MQ)vL(2,2)vL(2,4) VX411V Xe3
Xo.o <— RV3; <«— RV, <« O'N:2 <~ O'N
P
X6.0VX4.4 M@2) . XeoVX63VXa2 . M(Q2)VL(2,2)VL(2,4)
<— " RV} < Fiyy <« i5, < He:2

X3,()VX5.2VX3,3VX5‘5VL(2,3)VL(1,3)
 — He.

We write down the cohomology of stable summands. At first we see that H™* (X o) =
H*(BRV3;)NH*(BRV}) = DA. Here note that elements a®?—(y1y2)?v* in Section 7
and b2 = yl2 y§v4 in Section 8 are not equivalent under the action in GL7(F;) because

y12 + y§ is indecomposable in Z/7[y1, y2].

From the cohomologies, H*(BRV3) and H*(BRV,), then H*(X4,4) = DA{a?, a*}
and H*(Xg,0V X2,2) = DA{a,a®,a%}.

On the other hand, we know H* (X ) from the cohomology H*(BRV7). Thus we
get the following lemma.
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Lemma 9.5 There are isomorphisms of cohomologies

H*(Xo,0) = DA, H*(X4,4) = DA{a*,a*}

H*(Xs,0) = DA{D,} = DA{a’}, H*(X; ;) = DA{a,a”}.
Let us write M {a} = DA{1,C,...,CP?~}a}. From the facts that D, =CV, D; =
CP+V and D, =C(D; —CP?)=CD; —CP*! we have two decompositions

CA{a} =~ DA{1,C,...,CP}a} =~ DA{a} ® M{Ca} =~ M{a} ® DA{Va}.
From the cohomology of H*(Fi,4), we know the following lemma.
Lemma 9.6 H*(M(2)) =~ M{C}.
Comparing the cohomology H*(B(He:2)) =~ H*(BFi},) & M{a*, c'b,Tb?}, we
have the isomorphisms
H*(M2)) =~ M{a®}, H*(L(2,2) v L(2,4)) = M{c’b,c'b*}.

From H*(BFi},) =~ H*(BFiy)® DA{G*V,cbV,cb?V} & CA{ad}, we also know
that

H*(X¢3) = CA{ad}, H*(Xe,0 V X2.2) = DA{@*V,cbV,cb*V}.
We still get H*(BFiys) = H*(BRVy) ® M{c"} and H*(M(2)) = M{c"}.

Next consider the cohomology of groups studied in Section 7 eg O’ N . There is the
isomorphism

H*(BO'N) =~ H*(BO'N:2) ® DA{b,b?, ab*} ® CA{d, da,da?}.
Indeed, we have
H*(Xg,0V X4.4) = DA, b?, ab®} = DA{a*,a*,a*}
H*(Xg3) = CA{da)}
H*(X4,1) = CA{d, da*}.

We also have the isomorphism H*(BO'N:2) =~ H*(BRV,)® M {C’,C’a, C'a*} and
H*(MQ2)Vv L(2,2)vL2,4)=M{C' C'a C'a®}.

Recall that
H*(BE)*SP32 >~ CA{1,d%,a*)V} = DA{1,d>,a*} & M{C,a*C,a*)V},
in fact H*(M(2)v L(2,2) v L(2,4)) = M{C,a*C,a*]V}.
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10 The cohomology of M for p =13

In this section, we consider the case p = 13 and G = M the Fisher—Griess Monster
group. It is know that W (E) = 3 x 4S4. The G —conjugacy classes of 4—subgroups
are divided two classes ; one is F—radical and the other is not. The class of F®—
radical groups contains 6 E —conjugacy classes (see Ruiz—Viruel [9]). (The description
of [11, (4.1)] was not correct, and the description of H*(BM) in [11, Theorem 6.6] was
not correct.) The Weyl group Wg(A) = SL,(F;3).4 for each F°—radical subgroup
A.

Since S4 = PGL,(F3) [S], we have the presentation of
Sy = (X,y,Z|x3 = y3 = 22 = (xy)z = 1,ZXZ_1 = y)

(Take x = u, y = v/ in Lemma 4.8, and z = w in Section 5.) By arguments in the
proof of Suzuki [10, Chapter 3 (6.24)], we can take elements x, y,z in GL,(F;3) by

(10-1) x=(39). y=(57). z=(12).
so that we have

x3 = y3 =1, zxz ! = ¥, (xy)2 =—1, z?2 = diag(6, 6).

Hence we can identify
(10-2) 3x48, =~ (x,y,z) C GL,(Fy3).

It is almost immediate that H*(BE)%) (resp. H*(BE){~")) is multiplicatively gener-
ated by y1 2, y13, yg’ (resp. y1y2, ylz, yg) as a Z/(13)[C, v]-algebra. Hence we can
write

(10-3) H*(BE)™ ™1 =7/(13)[C,vl{{1, p1y2, ... (0172)° H(132) % »8, »S1,
RS e T P RO P

For the invariant H*(BE)? 1), we get the similar result exchanging y; to (z~1)*y;
since zxz~! = y. Indeed (z~1)*: H*(BE)\*—1) >~ H*(BE)»:—1),

To seek invariants, we recall the relation between the 4—subgroups and elements in
H?*(BE;Z/p). For 0 # y =ay; + By, € H*(BE;Z/p), let Ay = A_(q/p) so that
y|A, = 0. This induces the 1 — 1 correspondence,

(H*(BE;Z/p)—{0})/ Fy < {A;li € Fy U{oo}}, » < Ay.

—1
Considering the map g~ ' 4; £ A;CFE ﬂ_)y Z/ p, we easily see Agxy =g 1 Ay.
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For example, the order 3 element x induces the maps
Xy —yar 3y =9y > 9y = 3y2 > Y1 — 12
x4, -y, = (c,ab) — (c,a’b?) — (¢, a*b®) — (c,ab).

In particular 41, Ay, A3 are in the same x—orbit of A—subgroups. Similarly the
{x)—conjugacy classes of A4 is given

{Ao} {Aco}, {A1, A3, A9}, {A2, As, A6}, {Aa, Ar0, A12}, 147, Ag, A11}-
The (y)—conjugacy classes are just {zA4;} for {x)—conjugacy classes {4;}.
{47 =z A0}, {A12}, {43, A1, As}, {Ag, Ag, A2}, {A11, As, Ao}, {40, A10, Aa}-
Hence we have the (x, y)—conjugacy classes
C1={41, 42, A3, As, Ag, Ao}, Co ={Ao. A4, A10. A12}, C3 ={Ao0, A7, Ag, A11}.
At last we note (x, y, z)—conjugacy classes are two classes C;, C, U C3.
Let us write the (x)—invariant
(10-4) ug =Haec,(2—iy1) = 2=y 2 =2y1) - (y2—9y1)
= yg —9y13y§ + 8y16.

Then ug is also invariant under y* because the (x, y)—conjugacy class Cy divides
two (y)—conjugacy classes

Cy={A41, 43, As} U{A;, A6, Ao}
and the element u¢ is rewritten as
e = AMII7_gy™ (y2 — y)-(IT7_y"*(y2 = 2y1)) for A # 0 € Z/(13).

We also note that ug|A; = 0 if and only if i € C;. Similarly the following elements
are {x, y)—invariant,

(10-5) ug = My,ecouc; (2 —iv1) = 11205 + 9y 3 +8y7)
12 =Tgec, (2 —iy1)® = (v; + yi32)°
= MIT7_ox"™ p2) (Mo x"* (12 — 4y1))°
=M (7o y™ (y2— 12y )Ty y2) v
why =Tgec; (2 —iy1)’ = (n1y3 +8y1)°.
Of course (ulzu’lz)l/3
ué =uy+ 5u',.

= ug and ugug = 0. Moreover direct computation shows
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Lemma 10.1 H*(BE)™¥) = 7/(13)[C, {1, ug,u2, ud, ug, u, uss}.

Proof Recall (10-3) to compute
H*(BE)*™?) = g*(BE)™~1 n H*(BE)~1.
Since (z7)*(y112)" # (y1y2)" for 1 <i < p—2, from (10-3) we know invariants
of the lowest positive degree are of the form
u=yy;+ay;yi +Byy.

Then ©' = u—yug is also invariant with u’| Aso = 0. Hence u’|A; =0 for all 4; € C3.
Thus we know u’ = )»ylz(u/lz)l/3. But this is not ({y)—invariant for A # 0, because
(u')® = A3 y®u’, is invariant, while y¢ is not (y)-invariant. Thus we know u’ = 0.

Any 16—dimensional invariant is form of

u=y1y2(yy; +ayivi +By7).
Since u|dg = u|Aoo =0, we know u|A; = 0 for all 4; € C, U C;5. Hence we know

1/3 )1/3

/
u=yup, (7, = yug.
By the similar arguments, we can prove the lemma for degree < 24.

For 24 <degree < 48, we only need consider the elements ¥’ = 0 mod(y; y,). For
example, H'8(BE;7/13)*~1) is generated by

{(7132)°, (1323 C,¥8C, ySC, pSpi2 y1238y

But we can take off ny:yllg, ngzyzl8 by kug+uCu6 so that #’=0 mod(y 7).

Hence we can take u’ so that ug divides u’ from the arguments similar to the case of
degree=16. Let us write u’ = u”ug. Then we can write

W’ = yEyE0ay? + 22073 + () 3C,
taking off ky{‘yé‘% if necessary since ugug = 0. (Of course, for k<3, A3 =0.) Since
ug|A; # 0 and ug|4; =0 for i € Cy, we have

W — y*u")|A; =0 for i € C;.
Since y*y; = 5y1 —4y, and y*y, = —2y1 + 7y,, we have
(" =y u")|Ap = 2y (F = (5= 4D)°TF (=2 +70)")
A (53 = (5= 4i)kH3 (2 4 7i)k 3
+ AR = (5= 32+ 7).
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We will prove that we can take all A; = 0. Let us write U = u” — y*u”. We then have
the following cases.

(1) The case k =0, ie degree=14. If we take i =1,
Uld; = A (1=1)+A(1-135%) =0.
So we have A, = 0. We also see A; = 0 since U|43 = A;(1 —(5—12)%) =
2A1 =0.
4

(2) Thecase k = 1. Since yyyoug—ug = —18y1yg, we can assume A, = 0 taking
off ku% if necessary. We have also A; =0 from U|4; = A;(1' —=1751) = 0.

(3) The case k = 2. We get the the result U|A1 = 2A1 +4A,, U|A3z =501 + 5A,.

(4) The case k = 3. First considering Cug, we may take A3 = 0. The result is
given by U|A; = 6\ + 21, and U|Ay = TA1 +9A,.

(5) The case k = 4. The result follows from
U|A1 =6Ar + 903, U|A3 = 6A1 +6Ay +6A3,U|A5 =2A1 —4A, + 6A3.

Hence the lemma is proved. a

Next consider the invariant under (x, y, diag(6, 6)). The action for diag(6, 6) is given
by yi y; vk 6i+j+2ky{ évk. Hence the invariant property implies i + j + 2k =
0 mod(12). Thus H*(BE)X:»-diag(6.6)) s generated as a C A—algebra by

3

2 / 6
{1, uev”, ugv=, sz, u7,,v°}.

Lemma 10.2 The invariant H*(BE)3**54 >~ H*(BE)*>»?) js isomorphic to

CA{L ugv’, (ugv*)?, (uev®)’ ugv®, (usv®)?/ V. (12 — Sul,)}.

Proof We only need compute z*—action. Since
3x4S84 = (x, y,diag(6, 6)):(z),
the z*—action on H*(BE){*--4iag(6.:6)) ig an involution. Let ugv® = ue(yi, y2)v3.
First note ug|Aoo = t6(0, y) = »®. On the other hand, its z*—action is
U6 | Aoo = us(2y1 + 212, y1 = 292)(—60) | Aoo = u6(2y. —2y)(—6v)°
= ((=2°=9(=2°2)* +8(2)*)(=6)* y*v’
= (14+9+8)8y%v% = y%v3.

3 9

Hence we know ugv” is invariant, while ugv” is not.
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Similarly we know

ugv?| Ay = ug(y, y)v? = 59802, z*ugv?|4; = —5p%%
Hence ugv® and u%v4 are invariant but ugv? is not.
For the action u1,, we have
upz|ldo = 0, uppldeo = ¥, uf,l40 = 512 W),lAdee = 0,
*uia|do = y12, z*upn|de = 0, z*u',|4g = 0, U, Aoo = syt2,

Thus we get z*uy, = (1/5)u’,, k*u'|, = Suy,. Hence we know w4 (1/5)u’, and
(ui — (1/5)u/12)v6 = (ugv3)? are invariants. Thus we can prove the lemma. |
Theorem 10.3 For p = 13, the cohomology H*(BM) is isomorphic to

DA{1, ugv®, (usv®)*} @ CA{ugv’, (uv®)?, (uev)’, (u1z — 5u', —3C)}.

Proof Direct computation shows
Uiy —Suly = yy2 =200 + 303070 + 17

and hence uq, — 5u’12 —3C|Ay =0, indeed, the restriction is zero for each 4; € Cy.
The isomorphism

H*(BM) = H*(BE)¥*54 i *(H*(BAy)Sta19)-4,

completes the proof. a
The stable splitting is given by the following theorem.

Theorem 10.4 We have the stable splitting
BM ~ Xo,0V X12,0V X12,6 V X6,3V Xg 8V M(2),
B(E:3x4S84) ~ BMVv M(2)Vv L(2,4) Vv L(2,8).
Proof Let H = E:3x4S,. Recall that
X, 5 (H) = (S(A)@v)NH*(BH) 0<¢<12,0<k <11.
We already know
X*,*(H) = Z/(13){19 u8v8’ UGU3, u§v6’ Uiz — Sullz}

Hence BH has the dominant summands in the theorem.
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The normalizer groups of Ag, A; are given
Ng(Ag) = E:{x,diag(6,6)), Ng(A,) = E:(diag(6, 6)).
Hence the Weyl groups are
Wr (Ag) = U: (diag(1, 3), diag(62, 6)), Wy (A;) = U: ( diag(62, 6)).

From the arguments of Lemma 4.11, the non-dominant summands induced from BA
are M(2)Vv L(2,4)Vv L(2,8). We also know the non-dominant summands from BA
are M (2). This follows from

2
(diag(T.3))ys " =D GY W™ for yi™ e My
i=0
and this is nonzero mod(13) if and only if £ = 0 mod(3). a

Remark It is known H*(Th) =~ DA for p = 5 in [11]. Hence all cohomology
H*(BG) for groups G in Theorem 2.1 (4)—(7) are explicitly known. For (1)—(3), see
also Tezuka—Yagita [11].

11 Nilpotent parts of H*(BG ; Z(,))

It is known that sz *(BE;Z) = 0 (see Tezuka—Yagita [11] and Leary [6]) and
pH*>°(BE;7) =7/ p{pv, pv*,...}.
In particular H°Y(BE;7) is all just p—torsion. There is a decomposition
He*(BE:Z)/p = H*(BE)® N with N =7/ p[V{by.....bp_s}

where b; = Corﬁ)(ui"'l), |bi| = 2i +2. (Note for p = 3,N = 0.) The restriction
images b;|Aj =0 forall j € F, Uoo. For g € GL,(F,), the induced action is given
by g*(b;) = det(g)'T'b; by the definition of b;.

Note that
2 =|yil<lbj| =2(j + D<|C|[=2p—2<|v] =2p.

So g*(y;) is given by (3—4) alsoin H*(BE;Z) and g*(v) = det(g)v mod(p). Hence
we can identify that

H*(BE)H = (H®(BE;2)/(p, N)¥ c H*(BE;Z/p)".
Let us write the reduction map by ¢: H*(BE;Z) — H*(BE;Z/ p).
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Lemma 11.1 Let H C GL,(F,) and (|H|, p) = 1. If x € H*(BE) , then there is
x' € H*(BE;Z)® such that ¢(x') = x.

Proof Let x € H*(BE)" and G = E: H. Then we can think x € H*(BE;Z/p)" ~
H*(BG:Z/p) and B(x) = 0. By the exact sequence
8
HY"(BG:Z(,)) — H"(BG:Z/p)) > H*(BG:Z(,)).

we easily see that x € I'mage(q) since ¢é(x) = f(x) = 0 and q|H°dd(BG;Z(p))
is injective. Since H*(BG; R) = H*(BE; R)¥ for R = Zpy or Z]p, we get the
lemma. o

Proof of Theorem 3.1 From Tezuka—Yagita [11, Theorem 4.3] and Broto-Levi—Oliver
[1], we have the isomorphism

H*(BG;Z)(p) = H*(BE; )" g pee_ragicar 1§~ H* (BA; 7).
The theorem is immediate from the above lemma and the fact that H¢*">%(BA;7) =~
H*>%(BA). ]
Let us write N(G) = H*(BG;Z) N N . Then

H®*(BG;Z)/p ~ H*(BG) ® N(G).

The nilpotent parts N(G) depends only on the group Det(G) = {det(g)|g € Wg(E)} C
F%, in fact, N(G) = N6 (E) = yDeuG)

Lemma 11.2 If Det(G) = [FI"; (egG=0'N,He,...,RV; for p="7,0or G =M for
p = 13), then
N(G) =7/ p[VI{biv? 271 <i < p—3}.

Lemma 11.3 Let G have a 7-Sylow subgroup E . Then, we have

Z) TV b1v?*, byv?, b3v?, byv} if Det(G) = 3
Z/)7v3 b v, by, b3v?, bav} if Det(G) = Z/3
Z/7v*by, byv, b3, bav} if Det(G) = Z/2
Z/7[vl{by, by, b3, by} if Det(G) = {1}.

N(G) =

Now we consider the odd dimensional elements. Recall that

H(BA;Z) = 7/ ply1. y2llet}.
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where a = B(x1x2) € H*(BA; Z/p) = Z/p[y1, y2] ® A(x1,x2) with B(x;) = yi.
Of course g*(a) = det(g)a for g € Out(A4). For example H°Y(B(A:03)) =
H*(B(A:Qg)){«} since Det(A4: Qg) = {1}.

Recall the Milnor operation Q; 41 = [PP" 0;— Ql.pp"]’ 0o = f. It is known that
Q1(@) = yfy — y1y¥ = D} with (D))?~' = D,.

The submodule of H*(X;Z(,)) generated by (just) p—torsion additive generators can
be identified with Qo H*(X;Z/p). Since Q; Q9 = —Q0Q;, we can extend the map
[13, page 377]

0i
Qi: QoH*(X:Z/p) = QoH™(X:Z/p) C H*(X: Z(p)).
Since all elements in H°Y(BA;Z) are (just) p—torsion, we can define the map
01: H*Y(BA;Z) — H®*"(BA:;Z) = H®*"(BA).

Moreover this map is injective.

Lemma 11.4 (Yagita [13]) Let G have the p—Sylow subgroup A = (Z/p)*. Then
Q1: H*BG;Z ) = (H""(BG)N J(G)),

with J(G) = Ideal(y! y» — y1yY) C H¥"(BA).

Corollary 11.5 For p = 3, there are isomorphisms
H*Y(BA;7)%/% =~ S{b.d'b.a, (a; —ar)}{a}
HY(BA; 7)Ps =~ S{1,a,a,,d"}{ba}
H*Y(BA; 7)SP1s =~ S{1,d'}{ba}.

Proof We only prove the case G = A:7Z/8 since the proof of the other cases are
similar. Note in §5 the element Q;(«) is written by » and b?> = aya,. Recall
S =7/3[ay + a,aia,]. Hence we get

H*(BA)'Y N J(G) =~ S{1,d,ab, (a; —az)b} N1deal(h)
= S{b2,b%*d’,ab, (a1 —a,)b}
= S{b,bd’,a,(a; —a)}{Q1()}.

The corollary follows. |
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By Lewis, we can write [6; 11]

H*(BE;7) =7/ ply1. y2l/ (y102 — y2a1, yYaz — plap){eq, aa}.

where |o;| = 3. It is also known that Q;(e;) = y;v and Q;: HOdd(BE;Z(p)) —
H®*"(BE) C H®*"(BE;Z)/ p is injective [13]. Using this we can prove the following
lemma.

Lemma 11.6 (Yagita [13]) Let G have the p—Sylow subgroup E. Then
01: H*BG) =~ (H®"(BG) N J(G))
with J(G) = Ideal(y;v) C H®"(BE).
From the above lemma we easily compute the odd dimensional elements. Note that
Dy =CV €J(E)but DI = C*V? = (Y} + Y7 - Y YV,)V? € J(E).

Let us write o = (Ylyf’_zal + Yzyf_zaz - yf_zaz)va_z so that Q;(x) = D%.

Corollary 11.7 H*Y(B?F4(2)'; Z(3)) = DA{a, o’} with o/ = (y1a1 + ya02)v.

Proof Recall that H*(B?F4(2)) = DA{1, (Y; + Y>)V} from the remark of Propo-
sition 6.3. The result is easily obtained from Q;(x) = D%, 01)y=Y1+Yy)V. O

Corollary 11.8 There are isomorphisms
H*Y(BRV3;Z(7)) =~ DA{a,a’,a’ o'}
H*Y(BRVy;Z(7)) = DA{l,a,...,a°}{d'},

with o/ = (y1o1 + y202)v.

Proof We can easily compute
01(e) = Q111 + y202)v) = (11 Q1 (1) + y2 Q1 (@2))v = (¥ + y)v* =a.
Recall that H*(BRV3) =~ DA{1,a?, a*}. We get
H*(BRV3) N1deal(y;v) = DA{D? a* a*} = DA{a’,a,a’}(0d),
and the corollary follows. a

Corollary 11.9  H*Y(BRV,;Z(7)) = DA{b,b>,b°}{a"} & DA{a} where o” =
yivay.
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Proof Recall Corollary 8.8.We have C¢” = C(Y; +Y,—2C) = —Y? =Y} +2Y Y,.
Hence we can see Q(a) = —D,c"V. O

Corollary 11.10 The cohomology H°Y(BM;Z,3)) is isomorphic to

DA{a, ag, (ugv®)ag} ® CA{as, (ugv®)as, (ugv) as, a1},

where

as = y2(ys + 937 +8y))v e

a6 = (y300 —9y3 yio + 8y yary v

_ 11 8.3 2.9 11 11
a1 =C(y; o =2y a2 + 35y + y; ap)v - —3a/V.
Proof It is almost immediate that
Q1(ag) = ugv®, Qi(ag) = ugv®, Qi(ay2) = (12— 5u’, —3C)CV.

From Theorem 10.3, we get the corollary. a
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