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On the degeneration ratio of tunnel numbers and free tangle
decompositions of knots

KANJI MORIMOTO

In this paper, we introduce a notion called n/ k —free tangle and study the degeneration
ratio of tunnel numbers of knots.

57M25, 57N10

1 Introduction

Let K be a knot in the 3—sphere S3, 7(K) the tunnel number of K and K #K,
the connected sum of two knots K; and K,, where #(K) is the minimal genus —1
among all Heegaard splittings which contain K as a core of a handle. Concerning
the relationship between ¢(K{) +¢(K,) and t(K#K,), we showed in Morimoto [2]
that there are infinitely many tunnel number two knots K such that 1 (K#K') is two
again for any 2-bridge knots K’. These are the first examples whose tunnel numbers
go down under connected sum, ie, “2+1 = 2”. Subsequently, Kobayashi showed in
Kobayashi [1], by taking connected sum of those knots, that there are infinitely many
pairs of knots (K, K») such that (K #K;,) < t(K1) + t(K,) — n for any integer
n > 0. This shows that tunnel numbers of knots have arbitrarily high degeneration.

Contrary to these phenomena, Scharlemann and Schultens introduced in [5] a notion

called degeneration ratio which is a ratio of 1(K;#K,) and ¢(K;) + t(K>,), and
t(Ki#K 2
showed in [5] that M > — for any prime knots K; and K. We note that
t(Ky)+t(K>y) 5
. . . 1(K1#K>)
Scharlemann and Schultens’s original degeneration ratiois | — —————,
1(K1) +1(K3)

we use the above one for convenience.

2
The degeneration ratio of our first example in Morimoto [2] is = because ¢(K{) = 2,

t(Ky) =1 and (K #K,) = 2. In fact, this is the smallest example among all we

know so far. In this article, we introduce a notion called n/k—free tangle and study
(K 1#K5) 2

the existence of a pair (K, K,) such that —————— < —.
pair (K. K3) (K1) +1(Ka) 3
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266 Kanji Morimoto

Throughout the present paper, we will work in the piecewise linear category. For a
manifold X and a subcomplex Y in X', we denote a regular neighborhood of ¥ in X
by N(Y, X) or simply N(Y).

2 Free tangles

Let M be a compact 3—manifold with boundary, and 7" =1¢#; Uz, U---U¢, the mutually
disjoint arcs properly embedded in M . Then we say that 7" is a trivial arc system
if there are mutually disjoint disks A, Ay, ..., A, in M such that dA; = ¢ U tlf
(i=1,2,...,n), where ¢ is an arc in M .

Let M = B be a 3-ball, then the pair (B, T') is called an n—string tangle. We say that
(B, T) is trivial if T is a trivial arc system in B. We say that (B, T) is essential if
cl(dB — N(T)) is incompressible in cl(B — N(T)) in the case when n > 1 or (B, T)
is not trivial in the case when n = 1, where N(T') is a regular neighborhood of 7" in
B. We also say that (B, T) is free if cI(B — N(T)) is a handlebody.

Definition 2.1 (C—trivialization arc system) Let (B, T) be an n—string tangle, and
let 77 be a subfamily of 7. Then we say that 7" is a C—trivialization arc system if
T — T’ is a trivial arc system in the 3—manifold cl(B — N(T")).

Definition 2.2 (n/k—free tangle) Suppose (B, T') is an n—string free tangle, and let
k be an integer with 0 < k < n. Then we say that (B, T) is a n/ k—free tangle if the
following conditions hold:

(1) there is a subfamily 7/ C T with #(7’) = k such that 7" is a C—trivialization
arc system,

(2) T" is not a C—trivialization arc system for any subfamily 7”7 C T' with #(T") <
k.

Remark 1 (1) n/0-free tangle is a trivial tangle. (2) We say that n/n—free tangle is
a full free tangle. Examples of a 2/0—free tangle, a 2/1—free tangle and a 2/2—free
tangle are illustrated in Figure 1. (3) If 7" is a C—trivialization arc system in an n—string
free tangle (B, T), then cl(B — N(T”)) is a handlebody. Because 7' — T” is a trivial
arc system in cI(B — N(T")) and cI(B—N(T')— N(T —T")) =cl(B—N(T)) is a
handlebody.

We say that a knot K has an n—string free tangle decomposition if (S3, K) is decom-
posed into two n—string free tangles (By, 71) U (By, T3).
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C—trivialization arc

2/0 2/1 2/2 (full)
® (i) (iii)

Figure 1

Proposition 2.3 Let K be a knot in S3 which has an n—string free tangle decompo-
sition (S3, K) = (By, T1) U (B,, T»). Suppose at least one of (By, T;) and (B, T»)
is an n/k—free tangle for some k with 0 <k <n,then t+(K) <n+k—1.

Proof We may assume that (B, T7) is an n/ k —free tangle, and put 77 = tll U t21 U
- U z,} . Then we can put 7| = tll Uu---u t]i to be a C—trivialization arc system, and
T/ =2 if k =0. Let ay,...,a,—1,P1..... B be the arcs in dB; as in Figure 2
so that «; connects a point of 811.1 and a point of 8tl.1+1 i=12,....n—-1), B4
connects the two points of 8211 and B; connects a point of 8tl.1_1 and a point of atil
i=2,....k).

al\\...../an_l

Figure 2
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Put D =cl(0B; —N(@¢j U---Uay_1 UByU---UPBy)), where N(eg U---Uay—q U
B1U---UpBy) is a regular neighborhood of oty U---Ua,_; UB U---UPBg in S3. Then
D isadiskin dB; and D is a disk in 0B, too. We note that T} —Tl/ = tli+1 U~~-Utn1
is a trivial arc system in the genus k& handlebody cl(B; — N(T7})), and one end point
ofazfi1 i=k+1,...,n)isin D.

Put Wy = N(K)UN(xy U---Uau—1 UByU---UBg), then Wy is a genus n + k
handlebody. Put Wy = cl(S? — Wj) and put D’ = cl(D — N(t}, , U---Ut,)). Then,
by the above note, W, =cl(B; — N(T1) — N(a; U---Uay—1 UBLU---UPBr)) Up
c(B,—N(T)—N(xyU---Uay—1UBU---UPBy)) isagenus n+n—(n—k)=n+k
handlebody. Hence (W, W>) is a genus n + k Heegaard splitting of S3 such that W,
contains K as a core of a handle. This shows that #(K) <n+k —1. |

Corollary 2.4 (Morimoto [4]) If K has an n—string free tangle decomposition, then
t(K)<2n—1.

By the above proposition, we can ask if the estimate in the proposition is best possible.

Problem 2.5 For any n > 1 and k with 0 < k <, are there knots K satisfying the
following conditions:

(1) K has an n-string free tangle decomposition with at least one n/k —free tangle,

2) (K)y=n+k—-1?
In particular, we want to ask the following.

Problem 2.6 For any n > 1, are there knots K satisfying the following conditions:

(1) K has an n-string free tangle decomposition,
2) «(K)y=2n-1?
3 Degeneration ratio

Proposition 3.1 Let K be a knot which has an n—string free tangle decomposition
for n > 1, and K, a knot which has an (n + 1)/0—free tangle decomposition (ie
n + 1-bridge decomposition). Then ¢(K#K,) <2n—1.
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Proof Suppose (S3, K;) = (B, Ty) U (B, T») is an n—string free tangle decompo-
sition and (S3, K») = (Cy, S1)U(C,, S,) is an (n + 1)/0—free tangle decomposition,
where Ty =t/ Uty U---Uty, Ty =17 U3 U--- Uiy, S; =s{UsyU---Us, |
and S, = sl1 U sg U---u sﬁﬂ . Let Nl.j = N(tij) be a regular neighborhood of tl.j
in B; such that N(K;) = N/ UN, U---UN}UN2UN}U---UN}? is a regular
neighborhood of K; in S3, and let Ml.j =N (sij ) be a regular neighborhood of Sij

in C; such that N(K;) = M! UM} U---UM}  UMZUM}U---UM?

n+1 n+1 184

regular neighborhood of K, in Sz?’.

Divide Z,% into three arcs t}fo U [;31 U t,f2 such that szo N t,f2 = ¢, and divide an into
three pieces ano U anl u anz according as tr%O U Z31 Ut,%z. Put N = Nl1 U N21 U.--u
NJUNZUNFU---UN2 UNZUNZ andput M = M/ UM} U---UM, U
MPUMFU---UM? | ie N =cl(N(K;)—N2) and M = cl(N(Kz) — M, ).
Note that N N N nzl consists of two 2—disks and M N M nl 41 consists of two 2—disks.
Then N is a 3-ball in Sl3 and (N, N N K;) is a l-string trivial tangle, and M is a
3-ball in S;’ and (M, M N K5) is a 1-string trivial tangle. We make a connected sum
of (S?, K1) and (S3, K») as follows. First, by changing the letters if necessary, we
may assume that tl.l connects tl.2 and ti2+1 i=12,...,n—1) and t,: connects t,f and
112, and that sl.1 connects sl.2 and sl.z+1 i=12,....n—1), s,ll connects sﬁﬂ and sf
and srll 41 connects s2 and sﬁ - Hence we can identify N and M by the following
map [ N - M.

FINHY=M (=1,2,....n)
SN =M? (i=12,....n-1)
S(Njo) = M}
f(anz) = an+1-
Put g = flon: IN — M, then by this glueing map, we get the connected sum

(83, K1#Ky) =cl(S] —N)Ugcl(S3 — M), where K1#K» = (N NK)U(M,}, ;N
K5) as in Figure 3 (n = 4).

Put B] =cl(B; - N), C{ =cl(C; = M) U anl. Glue 9B NN and dC; N oM
with g, and put W; = B} Uy C|. Then, since B] is a genus n handlebody, and
since {sll,szl, e s,i} is a trivial arc system in C; and anl is a 1-handle for C, we
see that W; is a genus n + (n — 1) + 1 = 2n handlebody. On the other hand, put
B, =cl(B,— (N U anl)), C; =cl(Co —M). Glue 9B, NN and dC; NIM with
g, and put W, = B’ Ug C;. Then, since B), is a genus n handlebody, and since
{slz, s%, e ’Sn2+1} is a trivial arc system in C,, we see that W, is a genus n+#n =2n
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2
N41

2 A2 N2 N2 2002 002 A 2 M2
Ni Ny N3 N MMMy MM
Figure 3

handlebody. Hence (W;, W) is a genus 2n Heegaard splitting of S3, and K #K is
a central loop of a handle of Wj. This shows that #(K;#K,) <2n— 1, and completes
the proof of Proposition 3.1. |

Suppose there is a knot K; which has an n-string free tangle decomposition with
t(Ky1) = 2n—1 (cf Problem 2.6). Let K, be a knot which has an (n 4+ 1)/0-free
tangle decomposition with ¢(K,) = n (such a knot indeed exists). Then #(K;) +
t(Ky)=2n—1+n=3n—1, and by Proposition 3.1, (K #K,) < 2n—1. Hence
t(K1#K5) < 2n—1

(K1) +1t(Ky) ~ 3n—1"

In particular, suppose there is a knot K which has a 2—string free tangle decomposition
with #(K1) = 3. Then, since there is a knot K, which has a 3/0—free tangle (3-bridge)
decomposition with #(K1) = 2, we have 1(K{) =3, t(K;) =2 and (K #K,) <3
by Proposition 3.1. Moreover, if (K #K,) =2 then t(K;) =1 or t(K;) =1 by [M],

. . 1(K1#K3)
Theorem], a contradiction. Hence ¢(K#K,) = 3. This shows that ———— =
; 3 o 1(Ky) +1(K>2)

312 =3 < 3 Hence, we need to solve the following problem (a special case of
Problem 2.6).

Problem 3.2 Are there (or find) knots K satisfying the following conditions

(1) K has a 2-string free tangle decomposition,
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2) t(K)=3?

Remark 2 If there is a knot K satisfying the conditions in the above problem, then
by Proposition 2.3, both tangles in the free tangle decomposition are full free tangles.
However, the converse is not true, because there is a knot K which has a 2—string full
free tangle decomposition but #(K) = 2 as follows.

Let (By,T;) be a 2/2—free tangle illustrated in Figure 1(iii). Then (By,T}) is a
2-string full free tangle. Let (B, T>) be a copy of (By,T;) and put (S3,K) =
(B1,Ty) U (B, Tp) with a half twist. Then, by taking a half twist, K is a knot (not a
link) in S* which has a 2—string full free tangle decomposition. However, by a little
observation, we see that #(K) = 2. This shows that the converse is not true.

Proposition 3.3 Let K be a knot which has an n—string free tangle decomposition
with at least one n/(n—1)—free tangle for n > 1, and K, a knot which has an n/0—free
tangle decomposition (ie n—bridge decomposition). Then ¢(K{#K,) < 2n—2.

Proof Suppose (S3, K1) = (B, T1)U(B>, T») is an n—string free tangle decomposi-
tion with an n/(n—1)—free tangle, say (B, T), and (S3, K5) = (Cy, S1)U(C,, S,) is
an n/0—free tangle decomposition, where 77 = tl1 Utz1 U-- -Utn1 , Ih = 112 Ut22 U-- -Ul,f,
Sh =s} Us; U---Us} and S, =s11 Us%U--'Usnz. Let Nl.j = N(tl.j) be a regular
neighborhood of #/ in B; such that N(K;) = N/ UN}U---UNJUNZUNZU---UN?
is a regular neighborhood of K; in S3, and let Mij =N (sl.j ) be a regular neighborhood
of s{ in Cj such that N(K») = M UM} U---UM}UM2ZUM2U---UM} isa
regular neighborhood of K, in S23.

By changing the letters if necessary, we may assume that ll.l connects liz and ¢2

i+1
(i=1,2,...,n—1) and #,} connects 77 and 7Z, and that s, connects s? and SI-Z_H
(i=12,....n—1) and s} connects s? and s?. Moreover, since (By,T}) is a

n/(n—1)—free tangle, we may assume that lll U lzl U---u l,}_l is a C—trivialization arc
system in By, ie cl(By — N(tl1 U t21 U---u 171_1)) is a handlebody and #! is a trivial
arc in the handlebody.

Put N=N/UN)U---UN! UNZUNJU---UNZ, andput M = M UM, U---U
M! UMPUM}U---UM? ie N =cI(N(K;)—N,)) and M =cl(N(K>)—M,}).
Then N is a 3-ball in S13 and (N, N N K;) is a l-string trivial tangle, and M is a
3-ball in S23 and (M, M N K5,) is a 1-string trivial tangle. Hence we can identify N
and M by the following map f: N — M.

fINHY=M' (=1,2,....n-1)
fI(NH=M? (i=1.2,....n).
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Put g = flon: ON — dM, then by this glueing map, we get the connected sum
(S, K1#K») =cl(S} —N)Ugcl(S; —M), where K1#K, = (N,) NK1)U(M, NK>)
as in Figure 4 (n = 4).

cl 5 H Y

N! N} N} N} M} M} Ml M)

4 Y C} oL H Y

N} N} N} N? M2 M} M} M}
Figure 4

Put B] =cl(B;—N), C{ =cl(C; —M). Glue dB; NN and dC{ NIM with g, and
put Wy = B| Ug C;. Then, since B’ isa genus n—1 handlebody and 7, is a trivial arc
in the handlebody, and since {sl1 , sé, . ,s,l} is a trivial arc system in C; and an ﬂMnl
consists of two 2—disks, we see that Wi isagenus (n—1)+(n—1)+1=2n—-1
handlebody. On the other hand, put B}, = cl(B; — N), C; = cl(C; — M). Glue
0B, N dN and dC; N dM with g, and put W, = B} Uy C;. Then, since B) is a
genus #n handlebody, and since {sf, s%, . ,s,f} is a trivial arc system in C,, we see
that W, is a genus n + (n — 1) = 2n — 1 handlebody. Hence (W;, W,) is a genus
2n — 1 Heegaard splitting of S3, and K;#K is a central loop of a handle of W; . This

shows that ¢(K{#K,) <2n — 2, and completes the proof of Proposition 3.3. |

Suppose there is a knot K; which has an n—string free tangle decomposition with at
least one n/(n — 1)—free tangle and #(K;) = 2n —2 (cf Problem 2.5), and let K, be a
knot which has an n/0—free tangle decomposition with #(K,) = n—1 (such a knot
indeed exists). Then (K1) +¢(K;3) = (2n—2)+ (n—1) = 3n—3, and by Proposition
t(Kq1#K5) - 2n—2  2(n-1) 2

3.3, 1(K 1 #K) <2n—2. H < - _ =
(K1#K2) = 2n N KD +1(Ka) ~3m—3 3m—1) 3
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In particular, in the case when n = 2, there indeed exists a knot K which has a 2—string
free tangle decomposition with at least one 2/1—free tangle and ¢(K) = 2 (cf Figure
1(ii)), and let K, be a 2-bridge knot. Then (K1) =2, t(K;) =1 and t(K#K,) =2

t(K1#K>5) 2 ..
= = —. This is the first example
t(Ky)+t(Ky) 241 3

whose tunnel numbers go down under connected sum introduced in Morimoto [2; 3].

by Proposition 3.3. Hence

In general, for any n > 1 and k& with 0 < k < n, we have the following Theorem.

Theorem 3.4 Let K, be a knot which has an n—string free tangle decomposition
with at least one n/ k —free tangle, and K, a knot which has a (k + 1)/0—free tangle
decomposition (ie, (k + 1)-bridge decomposition). Then t (K \#K,) <n+k —1.

Proof If kK =n or n— 1, then this is the same as Proposition 3.1 or Proposition 3.3
respectively. Hence we assume k <n —1.

Suppose (S3, K1) = (B;, T1)U(B», T») is an n—string free tangle decomposition with
an n/ k—free tangle, say (B, T1), and (S3, K») = (C;, S1)U(C5, S,) isan (k+1)/0-
free tangle decomposition, where Ty = ¢! Ut U-- U}, T, =2 U2 U--- U172,
S = sl1 Usé U---Uslile and S, =s11 Us% U---Us,%+1 . Let Nl.j = N(tl.j) be a regular
neighborhood of #/ in B; such that N(K;) = N/ UN}U---UNJUN2UNZU---UN?
is a regular neighborhood of K; in S3, and let Mij =N (sl.j ) be a regular neighborhood
of 5] in C; such that N(K,) = M} UM} U---UM}, UM2ZUM2U---UM]

k+1 k+1
is a regular neighborhood of K in S;’.

By changing the letters if necessary, we may assume that til connects 11.2 and ¢2

i+1
i=12,...,n—1) and t,% connects t,% and 112, and that sil connects 51'2 and sl.2+1
(i=12,...,k) and S11+1 connects SI%+1 and sf. Moreover, since (Bp, T7) is a

n/ k—free tangle, we may assume that lll u t21 u.--uU t,l is a C—trivialization arc system
in By, ie, cl(By — N(t] Uty U---U1})) is a handlebody and 7, , U---Ut, is a trivial
arc system in the handlebody.

Put N =N/UN}U---UN/UNFUNFU---UNZ_ ,andput M = M| UM, U---U
MUMEIUMFU---UM? | ie N =cl(N(K{)—(N} ,U---UNUNZ, ,U---UN}))
and M = cl(N(K;) — M}, ). Then N is a3-ball in S} and (N, N N K;) isa 1-
string trivial tangle, and M is a 3-ball in S23 and (M, M N K5) is a 1-string trivial
tangle. Hence we can identify N and M by the following map f: N — M .

SINHY =M (=1,2,....k)

N =M} (=12,....k+1).
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Put g = flon: ON — dM, then by this glueing map, we get the connected sum
(S3, Kl#Kz) =cl(S} - N)Ugcl(S3 M), where K #K» = (N}, ,U---UN,HU
(Nk42U---UND)NK) UM}, NKy) asin Figure 5 (n = 6,k = 3).

M} M|
NI N} N} N} N2 N} ME M} M} M}
Figure 5
Put Bi =cl(B;—N)U (N k+2 Nz) C’ =cl(C;y — M). Glue BBiﬂaN

and 0C{ N dM with g, and put W1 B} Ug C’ Then, since B is a genus n — 1
handlebody and l,i YU )y t,? YU t,f is a trivial arc in the handlebody,
and since {sl,sz, .. s,i_H} is a trivial arc system in C; and ((Nkl+1 U---UNHU
(Nggo U---UN, 2)) nM k 41 consists of two 2—disks, we see that Wy is a genus
(n—1)+(k—1)42=n+k handlebody. On the other hand, put B} = cl(B,—N—N}2),
C; =cl(C; —M). Glue 9B, NN and dC; N M with g, and put W, = B}, U, C;.
Then, since B; is a genus n handlebody, and since {s%, S%, . ,s,% JFl} 1s a trivial arc
system in C,, we see that W), is a genus n + k handlebody. Hence (Wy, W,) is a
genus 7 +k Heegaard splitting of S, and K{#K is a central loop of a handle of W .
This shows that #(K;#K,) <n + k — 1, and completes the proof of Theorem 3.4. O

Suppose there is a knot K; which has an n—string free tangle decomposition with at
least one n/ k —free tangle and #(K{) =n+k—1 (cf Problem 2.5), and let K, be a knot
which has a (k 4 1)/0—free tangle decomposition with #(K,) = k (such a knot indeed
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exists). Then ¢(K{)+1(K,) =n—+2k—1, and by Theorem 3.4, t (K 1#K;,) <n+k—1.
t(K1#K>5) < n+k—1
HK)+t(Ky) " n+2k—1"
Put {=n—k,then0<{<n,k=n—{,n+k—1=2n—C—1 and n+2k—1=3n-2¢—1.
(K 1#K>5) 2n—4{—1
Hence =< .
t(Kq) +t(Ky) 3n—20—1
2n—£—1 2n—1 2
= —(—0 .
2= 1 =1 30 s =)

F0=1(k=n—1), thn 2n—t=L 202D _2
3n—-20—1 3(n-—-1) 3
2n—{£—1
3n—20—1
Therefore, we see that the least degeneration ratio can be gotten by the method in this

Hence

If £ =0 (k =n), then

2
If€>1(k <n—1),then —>§(+0) as (n — 00).

3
paper is 3 in the case when n =2 and £ =0 (k = 2).
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