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Determination of the order of the P —image
by Toda brackets

JUNO MUKAI

The present paper gives a proof of the author’s paper [14] on the orders of Whitehead
products of ¢, with « € n,’: ke (n >k + 2,k < 24) and improves and extends it.
The method is to use composition methods in the homotopy groups of spheres and
rotation groups.

55M35, 55Q52; 57S17

Introduction

This paper is a sequel to [5] by Golasifiski and the author in the stable case. The
methods are to use those of [5]. In particular, the EHP sequence, the method and
result of Toda [18, Chapter 11] and the result of Nomura [15] are essentially used. Let
) 4 denote the 2 primary component of the homotopy group 7,4 (S") of the n
dimensional sphere S". Let ¢, be the identity class of S” and ¢ € 7, , forn >k +2.
Then our result about the order of the Whitehead product [t,, ] = P(E" ') is as
follows:

Theorem 1 (Main Theorem) Letn >k +2 and o be an element of nl’; ke Then, the
order of the Whitehead product [i,,«] for n = r (mod 8) with 0 <r <7 is as given
in Tables 1 and 2 except as otherwise noted.

1 Results from [5]

In this section, we shall collect the result of [5] that we need. We denote by SO(n)
the n-th rotation group and by A: 74 (S") — 7;_1(SO(n)) the connecting homomor-
phism. The notation n =i (mod k) is often written n =i (k). From the fact that
Tan+3(SO@n +3)) = 7 [7], we have Angy43 =0.

We recall [t,n] =0if and only if n =3 (4) orn = 2, 6;
[th.n?]=0ifand only if n =2,3 (4) orn = 5.
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Table 1
[\ 0 ] I [ 2] 3 [ 4] 5 [ 6 [ 7 |
n 2 2 2 1 2 2 2 1
n? 2 2 1 1 2 2 1 1
2, #£2—3
v 8 2 4 2 8 53 4 1
2 2, #£2'=5
v 2 2 2 Lo 1 1 2 1
2, 7(16)
o 16 2 16 2 16 2 16 1 15U6)
1, #22(32)
> 54
no 2 2 2 1 2 2 2. =22(32) 1
> 54
€ 2 2 1 1 2 2 2 1
v 2 2 2 1 2 2 2 1
. 1, #53(64)
n2o 2 f f;_; 1 1 2 | 2, =53(64) 1 1
> >117
1, #53(64)
ne 2 1 1 1 2 | 2, =53(64) 1 1
> 117
2, 2 -7
3 ’ .
v 2 Ll 1 1 1 1 1 1
I 2 2 2 1 2 2 2 1
'm 2 2 1 1 2 2 1 1
1, #115(128)
¢ 8 1 4 | 2, =115(128) 8 1 4 1
> 243
2, 1(I6) 2, 3(16)
2 s )
o 2,0(16) 1 9(i6) 2 L 11U6) 2 2 2 1,15(16)
s 2 2 2 2 2 2 2 1
. 2, #21-3 2, 7(16) | ) 2, forn#2'—3>5
For example, { 1 =2i—3 A 1 ]5(]6)} and {2,0(16)} mean { 1, forn=2—3>5 1,

2,
ty

forn =7 (mod 16) > 23
forn =15 (mod 16) > 15

} and {

n

n

forn =0 (mod 16) > 16
unsettled, forn =8 (mod 16) > 24

}, respectively.

Here 1 and n? mean exactly 7, € m,; ., and 77,21 € 7, ,, respectively. Hereafter we
deal with the 2 primary components. Denote by fla the order of o in a group. We
recall

ith=0(4) =28, n#12;
ifn=24)>6,n=4,12;

ifn=1,3,5(8)>9, n#2 —3;

ifn=7@08), n=2-3>5.

flen, v] =

— N B~

We also recall
A(vg, ) =0ifn=0and k =4,5.

The following is one of the main results in [5]:
Theorem 1.1 [i,,v2]=0ifand only ifn =4,5,7 (8) orn =2! —5 fori > 4.
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Table 2
Lo\r T 0 [ T [ 2 ] 3 [ 4 T [ 6 [7]
nK 2 1 1 1 2 2 1 1
o 32 2 32 2 32 2 32 a
1, #£27-18(2%
np 2 2 2 1 2 2 2, =22—18(2% | 1
>210-18
n* 2 2 2 1 2 2 2,14(16) 1
nnr 2 2 1 1 2 2,13(16) 1 1
1, £27—19(2)
n%p 2 2 1 1 2 2, =210—19(2'% 1 1
>211—]9

VK 2 1 2 2 2 1 1 1
i 2 2 2 1 2 2 2 1
it 2 2 1 1 2 2 1 1
V¥ 8 2 4 2 8or4 4 1
~ 1, £27=212™)

I3 8 1 4 2, =211-210") 8 1 4 1

>22 21
7 2 2 2 2 1,5(16) 1, 6(16) 1
K B 2 8or4 2 4 2 4 1
o3 1,8(16) | 1,9(16) 2 1, 11(16) 1 1 2 1
nK 2 2 2 1 2 2 1 1
n’K 2 2 1 1 2 1 1 1
Vo 20 1,3(16) 1 1 1 1
n¥o 2 2 1 1 2 2 1, 6(16) 1
vk 8 or 4 4 2 4 1 4 1
D 16 2 16 2 16 2 16 b
1, #25-26(27)
np 2 2 2 1 2 2 2, =23-26(2"%) | 1
> 21— 26
nnto 2 1 1 1 2 1,5(16) 1 1
3 2 2 2 1 2 2 2 1
1, £27-27(2")
n’p 2 2 1 1 2 2, =241-27(2") 1 1
>205—27
N3, 2 2 1 1 2 2 1 1
vZK 1 2 1 1 1 2 1
1, £2°-2902P)
&34 8 1 4 2, =219-29(2") 8 1 4 1
>216—-29

{*} The result holds if (v,0,V) =nn*o.

1, n#E28-17(2%); b
=12, n=28-17(28)>29—17,

1, n#2'2-250212);
2, n=212-25(212)>213 25,

Let n =7 (16) = 23. Then, there exists an element 6,7 € JTgn_ZS satisfying

(1-1) [tn,] = E"8,_7 and H8,_7 = 02,—15 if n. =7 (16) > 23.
We recall
16 ifn=0()>10;
. 0] = 8 ifn==,;
T2 iftn=1(2)>9, n# 11, n# 15 (16);
1 ifn=11, n=15(16).
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We also recall the elements 1,, € nf,'l’ and T4y, € ng,’l’ 4> Which are the J images
of the complex and symplectic characteristic elements, respectively. They satisfy the
following.

Lemma 1.2

(1) Etn =[tan+1.t), 2Tan+2 = [tan+2. 1] and Hrop = (n+ D)Nap—1;

(2) E*Tan = tan42 and HTyp = £(n + 1)vg,_g.

About the group structure of the stable k—stem 7} for 23 <k <29, we recall from [11]

and [16] the following: 73, = {p, vic,n*0} = 716 ® Z3 ® Z5; 75, = {np,nn*0} =

(ZZ)Z; 7755 = {772/5, //L3,*} = (Zz)z; 7156 = {r]u?”*’ VZE} ~ (ZZ)Z;
75, =834} = Zg; myg = ek} = 2o w59 = 0.

By Lemma 1.2(1) and the property of the Whitehead product,
[tant2,na]=0 if 2a=0.

Especially, for the elements g = v, &, v*, ¢, vk, {3,%, we know the relations 48 =
07, P *, 0P [k, K, n? 43 « . By the fact that H[tgpnq.2, 2] = 4B, we obtain

(1-2) fleant2. Bl =4 (B =v.0v* . L vic, 34).

Let n =3 (4) = 7. Then, by the fact that A, on,—; = An, =0 and 29,1 =0, a
Toda bracket {Aty, ny—1,2t} C 7y41(SO(n)) is defined. The following result in [5]
is useful to show the triviality of the Whitehead product [i5, «]:

Lemma 1.3 Letn =3 (4) > 7. Then,

(1) {Aw, np—1,2¢4 =03

2) A(E{ny—1,2tn,a}) =0, if a € 1 (S™) is an element satisfying 2t, oa = 0.

By Lemma 1.3,
Aa =0 for o = &m, fhm, B 3m (M =4n+3>3); Any,. 5 =0 (n>4)
and so,
[tant3.a] =0 fora =&, w, i, w3 (n>0); [tant3.n*]1 =0 (n > 4).

By [10],
(2 ifn=0,1,2 (4) > 4
H[‘”"‘]_{1 ifn=3(4).
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By [3], [4] and [10],

ifn=0(4)>8;
ifn=2(4)>6:

if n =115 (128) > 243;
ifn=1(2)=5 n#115(128).

fltn. $] =

— N b~

The results for the other elemens in the J—image and p—series are stated in the table.

2 Concerning Toda’s results [18, Chapter 11]

We denote by P" the real n dimensional projective space and set Pj = P"/ Pk=1 for
k <n.Leti”": P < P} and p” ,: P} —Pp for 0 <k <m <n be the canonical

n
n—1,k

k <n—1. We also set i"™" = l{"" Pm = Py, - We write simply i for i,’:’",i,’g and
p for py, unless otherwise stated.

inclusion and collapsing maps, respectively. We set i} = i,f_l’" and py = p for

Let i < 4n + k — 4. We consider the exact sequence induced from a pair
(Er—tpntk pr=tpntk=1y (18 (11.11)]:

i I A
ﬂi(E"_IPZJrk_l)l—mi(E"_1P2+k)—k>m+k(52"+2k_l)—k>7Ti_1(E"_IPZJrk_l),
where [ ;( and Ay are defined by the following commutative diagram:

Jx

]
ﬂi(En_IPZ+k) ﬂi(En_IPZ+k, En_IPZ+k_1) i (En_IPZ+k_1)

Y Y

_ D= _ A _ _
T[i(En IPZ+k) , ni(SZYH-k 1) ni—l(En IPZJ’_k l)
= Efx= =
Y Y
Il/c Ag

7Ti(En71PZ+k) j_[i+k(S2n+2k—l) ﬂi_l(En71PZ+k71).

We denote by
Yuj: S" =P

the characteristic map of the (n + 1)—cell ¢”*! = PZ“ — P for k <n. We set

—1
)\n,k = E" Yn+k—1,n-
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360 Juno Mukai

By [18, Lemma 11.8],
A(EF ey = dypoa (@em (STF2)) if i <4n+k—4.
We denote by ¢(s) = {1 <i <s|i=0,1,2,4(8)}. By use of [18, Lemma 11.8,
Proposition 11.9], we obtain:
Proposition 2.1
(1) Letk>1andi <4n+ k —4. Assume that
Mpxoa=ixf in i (E"IPITET
2n+k—2
1

for a € 7wz
P(E¥t3q) = E*¥=1§ and HS = + E2B.

and B € nl.z_”l_ 1. Then there exists an element § € nfjfll such that

(2) Letk>2,1>0,n=1[(mod 22®) and i < 4n + k —4. Assume that
Mpxoa=ixf in m_ (E"1PITETT

for a € nl.z_”1+k_2 and B € nl.z_”l_l. Then there exists an element § € nﬁ"ll such that

P(E¥t3q) = EX=1§ and HS = + E2B.

Although (2) is a special case of (1), it is useful in the later arguments. Hereafter
Proposition 2.1(2) is written Proposition 2.1[n;k,1]. We investigate the case 4 < k <8.

Forn>2,weset M" = E""2P2 Let 7, €[M"2,S"| =74 and 7, €1,y o (M" 1) =
Z4 for n > 3 be an extension and a coextension of 1, respectively. We know the
following relations in the stable groups {P?, S} and 73 (P?): 27 =n?p and 277 =in>.
We use the relations

nn = £2v =(n,2,n).

Toda brackets are often expressed as the stable forms.
From the fact that E2P3 = M* Vv S5, we take E2y; = 251 + (E2i%3)73, where
s1: §3 < E?P? is the canonical inclusion. Since Eng1 o(E%i3*o0s)) = E*i"2, we
regard E2i%* 05, as a coextension of E3i12 € my(M?) = 7,. SetTs = E%i3%os;.
Then, by the relation

2(E%i** os5y) = £(E?i%M7;,

we obtain 75(E?P*) = {75} = Zg, where 275 = +(E2%i>*)7j3 [13]. We set 7,43 =
E" 275 € w1 3(E"P*) = Zg (n > 2). We use the relation in the stable case:

(2-1) 27 = +i >4
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Determination of the order of the P—image 361

Notice that Proposition 2.1[n-2;2,l] for / = 2, 3 coincides with [18, Proposition 11.10]
and Proposition 2.1[n-3;3,/] for / = 1, 3 does with [18, Proposition 11.11], respectively.
In these cases, Ay—k k € Top—k—2 (E”_k_IPZ:}C) is taken as follows:

5 _fin+2t (n=0(4));
TRl =1

An-33 = { 250 2% (n=0(4);

"R N ysae(fin 20 (n=2(4)),
where i = E"73i""] and j = E”“‘i::;””_l. By use the last part of this formula,
we have A,_330a = jiB if B € (n,2t,a). So, [18, Proposition 11.11.ii)] is exactly

interpreted as follows:

Remark Leti <4n—2 and n =3 (4). Assume that 2o = 0 for « € Jrl.z_”z and
{Mans1,2t, E*a} 3 B, then P(E’a) = E2B.
Hereafter we use [18, Proposition 11.11.i1)] in this version.
We use the cell structures
(PY)  P*=P?Uz,CM?; (P Ph=S%*u,,CM>.
By (77;), we obtain ng(P‘Z‘) ={T"} =74 and nj(Pg) ={U'n} =~ 7Z,, where 7" = pT
and 27" = in. Notice that y4 =71 and y4» =7'1.
Now, consider the case k = 4. PZ:}1 has the following cell structures:

P2 =S°VvP2VvS? (n=0(4):
P4=P2U5,CM? (n=1(4));
PI=PiUme®  (n=2);
Pg = P; Uys.s e (n=3(4).

n—1 __
Pn—4 -

The following cell structure is also useful:
(P3) PS = M*U;5 CM>,
In general, we have
(2-2) Yant1.k € (1. Vank, 20).
We obtain the following:
(P 2) = {1, TV} = Z D7y & Zg; mi(PY) = {Tn,iv} = (Z2)*;

mi(P) ={ys} = Z; 7i(Py) = {ys2.ivi =7 ®7Z;
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7P ={ys53. i =2 & 2,

where
(2-3) ys € (i*°T,n, 2u),
¥s,2 € (i"T,n,20) and ys 3 € (i'i,n,20) (i' =i3,i” =i3). We also obtain

7S (PS) = (i ®T, iv} = (Z,)*.

Remark The indeterminacy of the bracket (i”,7'n, 2t) is {i22’5v} +273(P) = Z, &
27. Since the squaring operation Sq*: H?(P$; Z,) — HO(PS: Z,) is trivial, we take
simply ys» € (i”T, 1, 2¢), whose indeterminacy is 275(P3).

Notice that PZ =S4V MOvST. Letsy: S7 — PZ and t: M®— PZ are the canonical
inclusions, respectively. The cell structure of P”_, is given as follows:

n—4
(P3) Py =PUy, e’ (n=0(8)).
where
(2-4) V7.4 =252 £t +iv;
(P3) P! =Pdu,, e’ PE = E*P* n=1()),
where
(2-5) Y8,5 = 1IN +iv;

P’ =P, Uy ,4ive'® (Py = E*'P, n =2 (8));
(P3h P =Py, e!! (PI0 = E*PS, n=3(8));
Py (n=4(8)); PP =P*Up, e’ (n=5(8));
PS =P Uy ,e® (n=6(8)); P;=PSvS’ (n=7(8)).
Notice that (7371 1) is obtained from the triviality of Y10,8: S 10 _, Péo =F 8P(Z).

Let x(n) be an integer such that it is odd or even according as 7 is even or odd. Then
we can set

21+ i”‘fﬁ—i—x(%)iv (n=0(4));

n—

X i +x(%)iv (n=1(4));
n—4,4 = V5.2 + x(%)iv (n=2(4)):
x()iv (=3 ).
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Remark In the case n = 0 (4), exactly,

N 25 E£th+iv (n=0(8));
AT 28 2023 (=4 ().

By Proposition 2.1, we obtain the following.

Proposition 2.2 Leti <4n and a € nf”;r 2

(1) Let n =0 (mod 4) and assume that 7], o« = 2o0 = 0. Then there exists an

element § € Jl’l-n_:_ll such that P(E’a) = E3§ and

HS = x("*) 211 (E%).

(2) Letn =1 (mod 4) and assume that 73,4+172,+1 ©@ = 0. Then there exists an

element § € nl.":ll such that P(E’a) = E3§ and

H§ = x(")vp41(E*a).

(3) Let n =2 (mod 4) and assume that E*"3ys ; oa = 0. Then there exists an

element § € nl.":ll such that P(E’a) = E3§ and

HS = x("2)vap 41 (E2a).

(4) Letn =3 (mod 4). Then there exists an element 6 € nfj‘ll such that P(E"a) =
E38 and H§ = x(#)van(Eza).

Notice the following: In Proposition 2.2(1),(3), the assumptions 7,,a¢ = 0 and
E?"=3ys ;o0 =0 imply the relations 75,0’ =0 and 2t5,+1 00’ = 2a’ = 0 respectively,
where Ea’ = .

For the case k = 8, we obtain:

Proposition 2.3 Letn=1[(mod 8) andi <4n+4. Leta € nizfl'"6.

(1) Assume that mp,4+6(E" 'P"*7)oa = 0. Then, P(E''a) desuspends eight
dimensions.

(2) Assume that (72,+6(E" 'P!T7) —{ioo})oa =0 fora € nl.z_”;ré. Then there
exists an element § € nf_:ll such that P(E''a) = E78 and HS = x02,41(E%a),
where x is even or odd according as n = [ (mod 16) orn =/ + 8 (mod 16).

Hereafter Proposition 2.3(2) is written Proposition 2.3[[n;8,r]] for » =/ or / + 8. We
introduce some notation. If [,, a] for o € 7}, desuspends k dimensions with Hopf
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n—k
n+m—k—1

invariant 6 € nii;f_",:_ll , that is, if there exists an element § € &

EK§ =[i,,a] and H§ = 0, we write

satisfying

H(E ¥ [ip,a) = 6.
Then, immediately we obtain PO = [1,_g—;, E-®00] = 0. § is written
§ =8(6) = E ¥ty ).

By the fact that f{[t,, [t,¢]] =2+ (=1)" (n > 3) and [2, Corollary 7.4], [y, 0 B] =
[tn,at]o E""1B for B e ;" and so,

(2-6) H(E_k[Ln,aolB]) = H(E_k[tn,ot])OEn_k_IIB,

If [tn, o] # 0, we write
H(E™¥[tn. o] 0) = 6.

By Lemma 1.2 and by abuse of notation for «, we obtain

Example 2.4

(1) H(E izpt1.a)) = (n+ Digp—1 (8 = 12,0), [tan—1, 7] = 0.

(2) H(E 3 [tang3.a)) = £(n + Dvgg_1a (8§ = Tape), [tgn—1.ve] = 0.

Notice that Example 2.4(1) induces [18, Proposition 11.10.ii)] and Example 2.4(2)
does Proposition 2.2(4).

First of all, we write up the results obtained from [18, Proposition 11.10].

Proposition 2.5

(1) Letn=0,1(4). Then, H(E_l[t,,,(xl]#o):n(xl fora; =n,no,v, &, 1, k,no,n%,
I, nk,n*o, 13 « and H(E_l[t,,,az]) =0 for ay = ne, 7720,02, nk, nzp,(_r, vo, nn*o,
n*p.

(2) H(E™ 'tan. Blo) = np for f=n* nu.nn* ni. n*c. nit3 « .

(3) H(E™un+1,811%0) = ndy for §; = 0, p,k, p and H(E™'[tant1,82]) = 0 for
8y =0, 8 v*, L, vk, §3 4.

(4) If f[tan, v*] =8, then [tap+1,nn*] # 0.
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Proof We prove (1) for . By [18, Proposition 11.10], H(E ™[t «]) = n«. Assume
that [t,,«] = 0. Then, by the EHP sequence, § € Pnzzr’l’;h = {[tu—1, nk], [tn—1, P}

for § = E~ {1, k]. Applying the Hopf homomorphism H: ”gn_—il—lz — 7122,’[’;?2 to this
relation implies nk = 0 for n =0 (mod 4) and nk € {2p} for n =1 (mod 4). This

is a contradiction.

Next, we prove (2) for nn*. Let n =0 (4). By [18, Proposition 11.11], H(E~![t,,, nn*])
=n?n* =4v*. The assumption [t,, nn*] =0 induces § € P73"~ |, and a contradictory
relation 4v* = 0 for § = E~![1,,, nn*]. The proof of (3) is similarly obtained.

Finally, we show (4). Assume that [t4,41, n*] = 0. From the fact that [t4,41, nn*] =
E(t4,n1™) and the assumption ff[t4,, v*] =8, we have 14,nn* € {4[t4n, v*]. [tan, nit]}.
This implies a contradictory relation 4v* = 0, and hence (4) follows. |

Hereafter, “the assumption [t,, ] = 0” is written “.AS M [«]” and “a contradictory
relation S € B” is written “CDR[B € B]”. As an application of [18, Proposition 11.11],
we show:

Proposition 2.6

(1) H(E?[t4pg2.a]) € (0,21, ) if 20 =0,
H(E[tant2, 1] 0) € (1,21, 01) for oy =v?,80,0%,16p,03,8p, vk and
H(E_Z[L4,,+2,o¢2]) =0 for ap =no,v, ¢, v3, np,o,np.

(2) H(E *[tan. B1lzo) € (2.1, B1) for By = nk,n*p.nn*o.
(3) H(E[i4n, B2]) =0 for B2 = 4v, 80,4, 02, 16p, 4L, 5, 4k, 4vK, 80, 4C3 4.

Proof Let n =2 (4). The first part of (1) is a direct consequence of [18, Proposition
11.11.ii)]. By the fact that (n,2¢,02) 3 n* (mod np) and [18, Proposition 11.11.ii)],

H(E_z[lnaaz]) ="

ASM|o?] induces E§ € Pn%}’f;h = {[tn—1,9]} = {E(tp—20)} (Lemma 1.2(1))

and § (mod t,—,p0, Ty—2NK) € PJTZZ}’;_T_?y where § = E72[1,,0%] and o = p, 5.
Hence, CDR[n* (mod 7np) = 0] and the second part of (1) for o follows. Next we
prove the second part of (1) for v2k. By the fact that (n,2¢,v%) 3 & (mod 7o)
and [18, Proposition 11.11.ii)], H(E2[tn,v?]) = & and H(E2[tn, v?K]) = &k
by (2-6). ASM[v?k] induces E(8K) € {[ty—1,{3.4]} and 8§k (mod t,—283.4) €
P”zzgigs’ where § = E~2[1,, v?]. By the relation 1¢3 « = 0, we obtain

CDR[ek = 0].
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The third part of (1) follows from [ 18, Proposition 11.11.ii)] and the fact that (n, 2¢, @) >
0. By [18, Proposition 11.11.1)],

() H(E?[tan, nk]) = (20,7, k) = K.
ASMnk] implies E§ € Pnzzr’z’;}s ={E(ty—21np), E(ty—2n*)} and

8 (mod t,—np, Ty—2n*) € P”zzg-ﬁm where § = E~2[1,, nk]. Hence,

CDR[vk (mod n?p,nn*) = 0] and the first part of (2) follows. By the parallel ar-
gument, the rest of the assertion follows. We use the following facts: (2¢, 7, B,2) =

05 (n.2¢,16p) 3 @ (mod n*p,nn*); (n.2t,6°) 3 n*o (mod ’K); (2t.n.7%p) 2
¢ (mod 20); (2t,n,nn*c) = v3k [6]. O

By Proposition 2.6(2), we obtain
(2-7) [tant1.vE] =0

and [tan+1, v2K] = 0.

Here we summarize Toda brackets in 75 (P?) needed in the subsequent arguments.
Since n§(P2) = {iv?} = 7, and ng(Pz) = {in?} = Z,, the indetegrlinacy of the
bracket (i1, 7, v) C 7§(P?) is iﬁolcjs(Pz) +mi(P?)ov =0. We set v2 = (i7], 7, v),
which is a coextension of v2. Let 02 € (i,2t,02%) C nfG(Pz) be a coextension of o2
and iv € {M 7, P?} an extension of iv € 7Ty (P?). Then, we show:

Lemma 2.7

(1) (i7,7,v*) 3 020 (mod in?%,iv5)

(2) (iv,2t,0%) =iv*.

(3) (iv,2,16p) =il

) (iv,2e,n%) =

(5) (iv.7.41) = m3(P?).

©) (iip.7n*.n) =0

(M) Aiip.7in*, 0%) 3 0 (mod 7ini).

® (inn,n,v)= v~2n=i8, V26 =0 and v? = (n,v,n).
Q) (v, 03 =ink.

(10) v2pp* =igy*e and (Fp.7n? v*) > iny*e (mod k).
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Proof Since (p,i7,7) ==+v and vv* =03, we have po(i7, 7, v*) =o>. This leads
to (1). By the fact that v* € (v,20,0) and vomj, =0, we see that

(iv,2t,0%) C (iv,20,0) 3iv* (mod ivomis+ 7, (P?) oo = {fjua}).
We have po(iv,2t,0%) = (p,iv,21)00% C ngoaz =0, p(iv*)=0and p(fuo) =
nuo = n?p. This leads to (2).

We obtain B
(iv,2t,16p) C (iv,8t,4p) Dio(v,8,4p)2iC

(mod ivor, + xi(P?)odp =0).
We get that
(iv,20,0*) C (i,2v,7*) D (i,2¢,0) 3 0 (mod ix75, + 5(P*) o n*).
Since 7n%n* = 47jv* = 0, the indeterminacy is {ix}. Hence, (4) follows from the fact
that (77,7v,2t) C 7 =0 and Noik = nk.
The indeterminacy of (iv,7,4t) contains 7v o 7§ (P?) = {iv?} = 75(P?).
We obtain
(fip. 7> m) C (71.4v.7) D (0.v.7) 50 (mod fjomd 4+ w5(P*) oy = 0).

We see that

({@p.m?, 0% C (7§,4v,0%) 30 (mod Fons, + xS (P*)oc?)

’ ’ ’ ’ 18 7 ’

where 75(P?) 0% = 0 and 7v* = 0 because (2¢,n,v*) C {2k}. This leads to (7).
By the equality (17,7, v) = ¢ [5, Lemma 4.2], iﬁlf)vz €i(nn,n,v) = ie. This implies
M2 =¢e. We have ie € (in7.7,v) (mod inqonS(P?) +ni(P?)ov =0) and v2n e

i(20,v2, n) >ie (mod ino). Composing 7 on the left to this relation yields vinp=ie.

2 2

We have vZo = (i7, 7, v) oo = ino (7, v,0) = 0. Since po (7, v,n) = v, we can set

(7.v,n) = v2 +aio for a € {0, 1}. By the fact that nijo (7, v, n) = (97,7, v)on = ne
and n7j(v2 +aio) = ne +an’o, we have a = 0.

By the relations v3 = nv, (2¢,v2,7) 3 nk (mod 2p) and (8),
@ v, v} D (Fv.n)ov = V27 € i(20,v2,9) = ink
(mod fjo iy +m5(P*)ov? =0).

By (8) and [11, (6.3)], 2 nn* =ien* =inn*o. By the fact that 277 = 7jn? p = innoin,
P73, (P?) = 3, = {n*k, v3} = (Z,)* and (1),

(Fp,in* v*) D (In*p. 7, v*) Dinio (in, 7, v*) 3 inn*o
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(mod 7p o w5, (P?) + 75 (P?) o v* = {7n’k}).
This leads to (10). O
We recall from [12] that {P*, S°} = {57/} = Zg and
(2-8) nT=v, where 7 €(7,7p,pa.2).

We obtain the following.

Lemma 2.8

(1) =3P = {?,7';]_2,, v} = (Z5)* and 75 (P®) = {7, iv?} = Zg & Z,, where 7:7'77-2, €
(i 7p,m?), 7 € (i*
2) ni(Pg) ={7"} = Zg, where 1" = pgﬁ’.

3) ni(P“)on = Jr;‘(P“)ocr2 =0 and n§(P6)002 = ﬂ;(Pg)OO’Z =0.

6.77.7) and 47 = i4’6ﬁ (mod iv?).

Proof (1) is just [12, Proposition 4.1]. (2) is obtained by use of the cell structure
(P36) and (1). The first two equalities in (3) are obtained by Lemma 2.7(6),(7) and the
relation i 247 p = 0 € {M3,P*}. To show the next two equalities in (3), it suffices to
prove (i7,7,02) 3 0. By (2-1), the relation (77, v, ) = 0 and the second equality in
(3),
(T, 7,0%) C ({T,2v,0%) D (i**F,v,0) 00 20 (mod To ly).

We have 27v* = i245jv* = 0. By the fact that {M®, S} = {V2p} = Z,, (2-8) and
(D), ' oTv* =03, 7o (i, 7,0°) = (.77, 7) 0o and 8(7, 70, 7) = (8t,7,77) o7 C
{M6, S o7 =0. This implies (77,777 7) C 275 and 7 o (17,7, 0%) = 0. o

We show:

Lemma 2.9

(1) H(E 3igp. a]) = wva for o = 4v,v?%, 80,13, 4, 16p,

vk, 4v* 4,5, 4k, 4vi, 8p. In particular, H(E ~3[ig,, a]) = va for a = v, vk,
o,4k.

(2) H(E [ign, B]) =0 for B =80, 16p,8p.

(3) H(E [ign,0%))=0o0ro>.

Proof (1) is a direct consequence of Proposition 2.2(1). Let n = 0 (8). We have
PZ:é = E”_SPS and yy—1 -8 € 2n§(S7)6971§(P6)EBn§. By Lemma 2.8(1), A,—g go

B = 0. Hence, by Proposition 2.3[[n-8;8,0]], [tx, ] desuspends eight dimensions.
Similarly, by Lemma 2.8(3) and Proposition 2.3[[n-8;8,0]], A,—sg.s oo?=0oric?. O
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By Lemma 2.9(1),
(2-9) [t8n+4,v0] = 0.
We need the following.

Lemma 2.10 H(E [igpi6.a]) =0 fora =n,e,7, i, k, n*, v, L, 0, Nk, v5,
M3,

Proof We show the assertion for « = n,¢, u,k,n*,0. Let n = 6 (8). In Propo-

sition 2.1[n-6;6,0], PZ:é = E”_6P(5). We take A,—66 = ¥s. By (2-3) and (2-1),

Ysh = :l:l.z,sﬁ]) = O We Obtain Y5 = O’ because (n’ 2L, 8) — {778}. By the faCt that
(n,2t, ) = £2¢ and (2¢,1,¢) =0,

ysp€i* To(n, 20, 1) =i2375¢ = 0.

By the relation (1, 2t, n*) 3 £2v* (mod njx), we have ysn* =i235v* = 0. By the
fact that (1, 2¢,x) 20 (mod np) and (n,2t,5) >0 (mod nk), we obtain ysk = ysc =
0. By the parallel argument and (2-6), the assertion holds for the other elements. O
Immediately,

(2-10) Pt S CESmY oy

Hereafter we use the following convention.

Convention
In the EHP sequence arguments:

(1) Higher suspended elements in a relation are omitted. For example, in a relation
E*§ € {{tur, B [tner1, Y1} if [tu—1, ¥] = E'y’ for some element y’ and [ >k + 1,
then [t,,—1, y] is omitted.

(2) Elements of order 2 having independent Hopf invariants in a relation are omitted, if
other elements are suspended. For example, in a relation EX§ (mod 8;) € {[tn, B} (k >
1),if 26; =0, H§; # 0 and H[iy, f] = 0, then §; disappears in the relation.

Now, we show the following:

Proposition 2.11 (1) H(E*[igp43.0]) =0 if va = 0.
(2) H(E[ignt3. Blso) = vp for =k, v*,5.k, VK.
(3) H(E 3[t8n+43. VK]o) = 4K if f[tg,. K] = 8.
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Proof By Example 2.4(2), it suffices to prove the non-triviality in (2) and (3).
We show it for v*. Let n = 3 (8). By Lemma 1.2(2), [tn, v*] = E3(Tu—3v*).
ASM[v*] and (1-2) for ¢ induce E2(Tp—3v*) € {[tn_1.0]} C E3715’n__ﬁ13 (Proposition
2.6(1)), E(Ty—3v*) € Pr3" 3, = {E(ta—3K)}, Tp_3v* (mod 7, 3k) € Pmyl i,
and hence, CDR[o® (mod nk) = 0]. By the parallel argument, (2) for the other
elements follows. We show (3). Assume that E3(Tg,vk) = [tgn43. vk] = 0. Then,
E?(Tgnvi) € {[tgn+2.4v*]. [tgn+2. nitl} = 0 and

E(tgpvi) € {ltsn+1,Cl [tsn+1, 01} = {E(t8,C), E(18,0)}. This and the assumption
Hlign. K] = 8 imply Tgpvk + atgnl + b1gno € {4lign. k]}. Since n¢ = no = 0, we get
CDR[v*k =0]. o

Immediately,
[t8n+7, 03] =0.

By Proposition 2.2(3), we have:

Lemma 2.12 H(E_3[L4,,+2,oc]) = #UO{ for @« = Vv, ¢ k,vi,v2k,5,v5. In
2

particular, H(E_3[Lgn+2,0{]) = vo for o =Kk, VK, VK, 0.
Immediately,

(2-11) [t8nt6,vK] =0

and [tgn+6,va] = 0.

We need the following:

Lemma 2.13

(1) H(E_3[L4n+1,0(]) = chx fora =v,v% vk, v*, 5, v%k,

vo, vk and H(E 3 [t4ns1. B1]) = H(E 3[tans1.nB2]) =0 for B1 =¢, Z $3,%5

B2 =, [k, 13 % . In particular, H(E 3igps1,a]) = va for a = v,v%, vk, v*, 5,

V2K, VK.

(2) H(E *[isnts.81]) =0 for §; = n?, v.n*o.ne, n? p, v, nu, ™, nit.
(3) H(E_4[18n+1’ 52]) = O fOI‘ 82 = U3v 7720" 0.2’ ]72/07 ‘)6—7 7777*0, ’72/(_)’ UZE
(4) H(E %[tgnt5.1%83]) =0 for 83 = p. p.

Proof (1) is a direct consequence of Proposition 2.2(2). Let n = 5 (8). Then,
PZ:% = E”_SPg and we can take A,_s 5 =11. By the relations né; = 0,47 = in?

(2-1) and 76 =0 (8 = v,¢,v*,{), we have A,_s5508; = 0. Hence, Proposition
2.1[n-8;5,0] leads to (2).
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In Proposition [n-5;5,4], P’;j = E”_9P§ forn=1(8). By (732), we have

(%) w3 (PS) = il wS(P]) = {i"sam, i"tiv} = (Zy)* (i = i) i" =if).
So, we take
(2-12) ys.a=i"(san+tiv)

and )\n—S,S 052 =0.

In Proposition 2.1[n-7;7,6], P"~} = E"~13P2 for n =5 (8). Since P}> 7/ig =Pg* =
ESPg, we have pé’z6*()»n_7,7 on?) e ni(P“)on2 =0and A,_77 on?e i’ *nf4(Pg).
Hence, by the fact that Jrf4(Pg) =~ 73 @ 75 and 73 0 d3 = 73 03 = 0, we obtain
An—7,700?83 =0. O

By Lemma 2.13(1), we obtain
(2-13) [tsn+5.0°]=0,
[tsn+s5,v0] =0
and
(2-14) Pritid ik © B io (k=0.1).

We also note the following.

Remark H(E3[ig,41,vk]) = v2k, while [tg,41, vk] =0 (2-7).

3 Concerning Nomura’s results [15]

In this section, we recollect Nomura’s results [15], prove a part of them by using
Proposition 2.1 and add results needed in the next section. By use of the cell structures
of PZ:}(, we determine some group structures of 77 _, (PZ:}C) for 4 <k <8, which
overlap with [17, Section 3]. First we show the result including the known one [15,
4.10;18].

Lemma 3.1 H(E "[t16p43.0]) = 0% and H(E [ti6nsk.02%]) = o for k =
0,1,3,7.

Proof Let n = 0 (16). By (1-1), [tn,0%] = 0 0 [tus7.1] = E’(0,_78,) and
H(o,_76,) = 023”_15. Let n = 7 (16). By (1-1), [th.0?] = E7(8,_70) and
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H(8y—70) = 05,_5. Let n =1 (16). We have P~} = E""'7Pg® and P'~% =
E™™ 17P15 E"°P7 = E"~9P® v §"~2 By inspecting [12, Prop051t10n43]

T (PO) = (i, v,i>%02io} = (Z,)*,

where iv € (i*°7,7,iv) and iT) oo € (i*%7,7,iv)oo =i*%To (7,iv,0) = 0. So,
by Lemma 2.7(8), (P6) oo? ={io3}. Since ps: 7116(Pé6) — 7116(S16) is trivial,

16(P16) = l*nlé(Pls) This implies (n16(P16) —{io})oo? = 0 and hence, by
Proposition 2.3[[n-8;8,9]], the assertion follows.
Next, let n = 3 (16). In Proposition 2.3[[n-8;8,11]], P/~ 1 = E"™ 11Plo. Since
{EP* P2} = (i, mp3.ivp} = (Z»)*, P] = P§ v S7 and Sq* is tr1vial on
I;V3(P8;Zz), we can take P§ = M* Ui C(E3P4). From the relations 7'7n = 0
and 7’7y = v? (2-8), we obtain Ty (Pg) = {17, i~v/} and n;(Pg) ={Tnn} = 7Z,, where

e, 7.Ty) and v e (i’ 7.iv) (i’ —133 5.
By (2-5), we obtain _
V8,3 = 77’} + iv/.
By the fact that 7} (P*) = {Tv} = Z, and (2-8), we obtain (77, iv,n) = g = {v2} and
iv'nei'o (i, iv,n) ={i'v?} = 0. Hence,

y8,31 =111
and HIO(PIO) — l/// s (PS) — l;”l:rrlo(MA‘) — {l'mi”lf)\é, io} (l-/// _ l§ 10’ i = l; 8)‘
Therefore, by Lemma 2.7(8), (nlO(P;O)—{ia})oa =0. This implies H(E ™ [tp,0]) =
o2 and H(E [tp,02%]) =03 (2-6). o
Immediately, [ti6ns11.0%] =0, [L16n+k,03] =0(k=8,11,15)
and
(3-1) [t16n+9.0°] = 0.

Next, we show the following [15, Table 2, 4.15;16].

Lemma 3.2

(1) H(E *13p14.16p]) = .
(2) H(E’lignt3. vk]) = n°k.
(3) H(E %[ign, 1)) = ni.
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Proof Let n =4 (8). In Proposition 2.1[n-55,7], P"~} = E"~12pI1. Let 2 €
(i’ iv,21) (i = i77’10, i’ =i;') be a coextension of 2¢ in (P'). By Lemma 2.8, we
can take

(3-2) iy =20+,
By Lemma 2.7(3), Ay—s,5016p € i’ o (iv, 21, 16p) =iZ.

In Proposition 2.1[n-6;6,1], PZ:é = E”_“Pé0 for n = 3 (8). By the cell structure
(P*), we obtain {M 3, P*} = {i7,i%*iv} =~ Z4 ® Z,, where 217 =152 p. Since S¢*
on H9_k(P§0; Z,) is non-trivial for k = 2,4,

(P:i%) P =P Usry oy CM° (P§ = E*PY).

From the natural isomorphisms 77, (P;O) =5 (Pg) =¥ ¢ (P*) = {Tv} = Z,, we obtain

w3 (PR = {i'Tv} = Z, (' =id'0),
(3-3) V10,5 =i'Tv
and

(Psh) Py =P Ui, el
Hence, by the relation 4k = v2k and (2-1), An—g,6 0 vk = 4i'Tk = in*k.
In Proposition 2.1[n-7;7,1], P*~1 = E"8P7 for n =0 (8). Let 53: S” <P’ =P6v S’
be the canonical inclusion. Then, we take
(3-4) yr =253 +i%77.
By Lemma 2.8(1), 7 o v? € g6 0 (17,7, V). By (2-1) and Lemmas 2.7(6),(9), 2.8(3),

. 7,03 c @ 2v,v3) Di%4 o (F,v,03) = ink
(mod 7o i, + 75 (P*) o nv = 0).

3

Hence, Ap,—7,70Vv° =ink. m]

Immediately,

[tsn+7.§] = ltgn+5. 1K) = [tgnt1. 16] = 0.
By the way, the argument in [5, Section 4] implies that Ay: 7g,410(S3"17) —
78n+9(Sp(2n 4 1)) is trivial on the the 2 primary component and

ANy 5K) = 4ix Ay (Ksnt7) = ix An(vgp7)vk =0,
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where Ay is the the symplectic connecting map and i: Sp(2n + 1) — SO(8n +7)
the canonical inclusion.

The non-triviality of [tg,, v?] is proved in [5].

Now we show the following result overlapping with [15, 4.12].

Lemma 3.3 H(E *ign14.0%]) =v* and H(E [igpt5.02%]) =5.

Proof In Proposition 2.1[n-5;5,7], PZ:; = E”_IZP;1 for n = 4 (8). By Lemmas
2.7(2), 2.8(3) and (3-2), Ay—s5 00?2 =i'"(iv,2t,0%) =iv*.

In Proposition 2.1[n-6;6,7], P*~} = E"~13P12 for n =5 (8). We see that {M 7, P{} =
(T, 10,7 py = (Z2)? (i' = i5’%). By (P11), we have

(P12) PI2 — POy, cm

i/i7+ﬁ/,p

and 7}, (P}?) = {in,i"iv} = (Z,)?, where in € (i",i'Tv + 7" p,in) (" = i;>'?)

and (v € (i",7,iv) € s, (P1°). Since (i”.i'iv+7"p.in) D (i", ('iv+7"p)oi,n) =
(i”,i'iv,n) D (i"i’i, v, n), we can choose in such that

(3-5) ine @ v,y (" =i"i'i =il"?).
From the fact that S¢* is trivial on H® (P;3;Z2), we take Y127 = 177 and
inoc?ei”o(v,n, 02 =i"F (mod 0).
This implies A,—g 6002 =i"'G. O
Immediately,
[t8n+7,v*] = [tgn+7,0] = 0.
Next, we prove the following [15, 4.13;14;16,Table 2].
Lemma 3.4
(1) H(E[tsn42. 1) = v?.
2) H(E[tsns1.1°]) = .
(3) H(E[ignt2.0*) = 0.
@ H(E™*ltgnr1.0m*]) = n*0.
(5) H(E °ignt6.K]) =K.
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Proof In Proposition 2.1[n-6;6,6], PZ:é = E”_loPg for n = 2 (8), n;(PZ) ~
n§(PY) =7 (PJ) and yo40n* €i” o (ys,4.2t,0*) (" =1i]) (2-2). By the relations
(p.i,20)==%, (iv,2,7) =0, (2-4) and (2-12), we have 2i"s, =i"(iv£t7) (i =i})
and

(8.4 26, m) C (i"sam, 20,m) + (i"tiv, 20, ) 3 £2i"syv = iv?

(mod i"(san +tiv) 0wy + JTS(Pi) on).
The indeterminacy is trivial, because 7§ (P§) = {i”s2n*} = 75 and i"s,n> =4i"s,v =

0. This implies A,—¢, 601 = iv2.

In Proposition 2.1[n-7;7,2], PZ:; = E”_9P§ for n = 1 (8). We obtain {M5,P;}
=TT, iv} = 2y ® Ly, n(PS) = {i'Tv} = Z, (i' = iy’®) and wS(PS) = (7"} = Zs,
where 7" € (i’,77,7) and 257" € (i’,inn, 7)) (i = i22’4). We also obtain {M7,PS} =
{i'Tv, 7" p} = (Z,)?. By the cell structures

P§ =P Uy CM> and P§=PS Uz, CM’,

\Xf:/}lave w3 (PS) ={7"n, v iy (ZZ)G3 8and m§(PY) ={T"n} ®i}7(PS), where
v e (i'T,n,iv), 7" e (", 7" p,i) (" =i,") and 27" =i"7"" [12, Proposition 4.2].
We can take yg , =7"'n (mod i}/7§(P$)). Since v oneiTo(f,iv,n)=iTv?, we
obtain iv” on? = 0. By Lemma 2.7(8), ys20on? =2i"7"v ei"i' o (iny, 7, v) =ie.
By the same argument as (1) and by Lemma 2.7(4), Ap—¢,6 0n* = io3. By the same
argument as (2) and by Lemma 2.7(1), ys 2nn* =in*o.

—_

Since (n,2t,k) > 0, we can choose a coextension ¥ € nf6(P2) satisfying nk = 0.
Notice that (v, n, n«) = 2k and (v, 7, k) = +k. In Proposition 2.1[n-7;7,7], P}~
E”_MP;3 for n = 6 (8). By use of (77712), we get that

1 =

7
~ )~ . . .10,12

wiy(PA) = {inn, ' ivi = (Z2)® (' =i)""?).

We obtain ﬁmk €i”o(v,n,nk) = 2ik = 0. By (3-5), there exists an extension

i € (i",v.7) of y12,7 = in. By (2-2), we obtain y137 0k € i}? o (y127.21,k) 3
i1k (mod i7® 73,(P3?)ok =0). We obtain ink € i” o (v,7,K) =ik (mod i” o
{M® S% ok = {i"v?k} = 0) and hence, A,_7,7 0k = iK. O

Immediately,

[tsnt4:0°] = [tgnt2.1°0) = [tgn+7.%] = 0.
Given an element o € 71 (S"), alift [¢] € 7 (SO(m+ 1)) of « is an element satisfying
Pn+1(R)[a] = o, where py41(R): SO(n+1) — S” is the projection. A lift [«] exists
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if and only if Aa =0 € m3_1(SO)). Let n =7 (8). We know Av, =0 [9]. Note
the fact that Ak, = 0 [5, Section 5] is obtained by constructing a lift of «,, is given by

[kn] € {[val, 7, vic Tn+14(SO(m + 1)) (¥ : a coextension of V).
By the parallel argument, lifts of 6, and k, are taken as follows:
[0n] € {[va], n, (72} C pn4+19(SO(n + 1));

[Kn] € {[va), 1. K} C Tpt20(SO(n + 1)).
Hence,
AGgu+7 = Akgny7 = 0.

We need the following result overlapping with [15, 4.14].

Lemma 3.5
(1) H(E Yigpy3.a]) =0 if v =0.

(2) H(E ®[igp14k.4v*]) = nn*o or 0 according as k =0 or 1.

Proof In Proposition 2.1[n-7;7,4], P”_1 = E”_“PIO for n = 3 (8). We have

P, S} = {nip3. vp} = (Z2)* (p = p3). nnp3°C”+I“ZV)—n 7 and po @+
(i>*)iv) = 0. So, by the fact that {M5, S% =0 and (PIO), p is extendible on
p e {PL0 §8} and {P;O, S3} ={vp} = Z,. Hence,

0 10
EP,® =S°U,5CP°.
Since (i + (i>*)iv)oiv = iv?, we hﬂ/e i'iv: =0 in =¥ (P30) (i’ = ig’lo). By
Lemma 2.7(5), (i%*iv,7,41) D 12 40 (iv,7,41) = {iv?}. So, by (PSIO) and Lemma
2.8(1), 78 (P1O) = {71V} = Zg, where 71V € (i’ T+ i%*iv, ) and 471V =i'Tn?.
By the fact that (p’,i7.7) = +v (p’ = p3) and
(p.i*%iv.7) € (p'.0.7) 30 (mod p"om3(P?) + {P?, 8% off = {2v}).

we obtain po#!" = +v. So, by (3-3) and the relation  poi T=0 (l S JTS(Plo))
we conclude that nlo(Plo) = {z Tv} = 75 and yj9,4 = i’7v, where i'T € JTS(PIO) is
a coextension of i’7. This leads to (1).

In Proposition 2.1[n-7;7,1], P*~} = E"~8P7 for n = 0 (8). By (3-4) and Lemma

2.7(10), Ay_g,7 04v* = i%7 i v* = i>7 o (fip.7in?.v*) = iny*o. Hence, Ay_7,70
4v* =inn*o.
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In Proposition 2.1[n-7;7,5], PZ:% = E”_IZP;1 for n =4 (mod 8). By use of (73511),
we can take

(3-6) yin,s ="V 4 20, where 20 € (i",Tv,20) (" =il i" =¥

By Lemma 2.7(10), 71V o 4v* = i/% o v* = inn*o. By the relation 2t oy €
i"” o(Tv,2t,n) and Lemmas 2.7(8),2.8(3),

(Tv,20,n) C (7,2v,n) D (i'G,v,n) > 2402 (mod n§(P4)on =0).

Hence, 2t on =i"i> 402 and 27 0 dv* = (24 2rm = inn*o by Lemma 2.7(10).
Thus, by (3—6), Ay—7,7 04v* = 0. This leads to (2). O
Immediately,

[t8nt1.1m 0] = 0.
Finally, we need the following [15, 4.8;9;10;11;16;17;18].

Lemma 3.6

(1) H(E™%[tgn+s, nx]) = K.

) E™%[igy44. vK]) = VK.

(3) H(E*[t3n42.4%])) = v’k

@) H(E [t16n+14,1*) = n*o and H(E™ "[ti6n+13,10*]) = nn*o.

(5) HE " (ti6nss.v]) =02,

6) H(E B[ti6n43.v2) =0, HE~ " t16p42.n0]) =T and
H(E™Plignt1,v’]) = 3.

Immediately,
_ _ 2— 2
[t8n+6: 1K] = [t8n+5. VK] = [tgn+3. VK] = [t16n+9.0°] =0,
[t16n+5.0) =[t16n+6,0) = [t16n+3, VO] = [t16n+6, 0] = [t16n+5. 10 0] = 0.

4 Completion of the proof of Theorem 1

First we show:

Proposition 4.1 [1,,0%]#0 forn=4,5(8) orn=0,1,3 (16).
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Proof By Lemma 3.1, we can set [t,,02] = E’§ and H§ =o03. Let n =0 (16). By
[1], [tn—1. ] desuspends seven dimensions. So, ASM[o?] implies E°§ € Pr3l 3, C

ESql 8 (2-10) and E*§ € Pm3'73,. By Lemma 2.13(2), [t,—3.0] for o =

nn*.n%p, vk desuspends five dimensions. Hence, by the relation H(E ™ [1,_3, [i]) =
nit, we have E3§ € {[ty—4,4v*], [tn—s, nit]}. By Lemma 2.9(1), [tn—a,4v™] desus-
pends four dimensions. Therefore, by the relation H(E “iu—a, nia]) = 4 (Propo-

sition 2.5(2)), E?8 € {[ty—s. ], [tas. 01} C E*n}, 35 (Proposition 2.11(2)). Hence,

ES € {[tn—s. 4]} C E*n}, 3 (Proposition 2.6(1)), § € Pr37 43 and CDR[o? = 0].

Let n = 1 (16). ASM]|o?] implies E®§ € {[tu_1,nk],[tn—1,16p]}. By Lemma

2.9(2), [tn—1,16p] desuspends eight dimensions and E°§ (mod EB) € Pnf”ﬁ_%

=0 for B = E"%[1,_1.1nk]. So, by (o) E*§ ¢ Pnzzlf_:fz C E6n£’n__ﬁ4 (Lemma

2.10), E’8 € Prylil| C E*n} P (Lemma 2.13(1)), E*8 € {tnes. 4] [tues. O]}

C E3nl ¥ (Proposition 2.6(3)), E8 € {[tn—6.¥]} C E>x}; 7, (Proposition 2.11(2))

and hence, CDR[§ € Pn%}?;?].

Let n =3 (16). ASM|o?] implies E®§ € {[1,—1,16p]}. Since H(E *[t,_1,16p])

= [t by Proposition 2.6(1), E>§ (mod EB;) e P7r22,'l’4__31‘3 = {E(ty—3np), E(tyn—3n™)}

for B1 = E " *[1,_1.16p]. So, E*§ € {[ty_3.a]} for a € mi,. We obtain

H(E~[ty—3. 2]) = njz (Proposition 2.5(1)), H(E~'[t,—3.1n*]) = n*n* (Proposition
2.5(2)), H(E™2[ty—3,n?p]) = x (x :0dd) (Proposition 2.6(2)) and H(E ~3[t,—3., vk])

= v2k (Lemma 2.9(1)). This induces E38 (mod EB,, E?§;) € Pnzz”:_ﬂl = 0 for

B2 = E7%[t,—3.n%p] and §; = E~*[1,,_3,vk]. Hence, by (1-2) for ¢, E2§ (mod

E§) € {[tu—s, 0]} C E67rgn__'l_; (Lemma 2.10), ES§ € { E(ty—7x)} and CDR[§ (mod

tar%) € Pr2n13].
Let n =4 (8). Lemma 3.3 and ASM[0?] imply E*§ € PJTZZZ__I_}4 = {[th—1, p]} C
E4J'[gn__f_8 (Proposition 2.11(1)), for § = §(v*) = E~*[1,, 0%]. By Proposition 2.6(1),

H(E™?[t,—5,1n*]) = 2v* and [1,,_», np] desuspends three dimensions. This induces
E§ (mod ES)) € {[ty_3.a]}, where 8§ = &82v*) = E *[,_5.17*] and
o =n?p,nn*, vk, i.. Hence, § (mod 81, T,—4@) € {[tu_s, V*], [tn_s. nji]} and
CDR[v* (mod nix) € {2v*}].

Let n = 5 (8). Lemma 3.3 and ASM[0?] induce E*8 € {[t—1. 1], [tn—1, 16p]},
where § = 8(7) = E>[1y, 02]. By (¢) and Lemma 3.2(1), E3§ (mod E§;, E3§,) €
Pnzzl’l’_:% =0 and E?§ (mi)d E?8,) € {[tn—3, VK], [tu—3., 1]}, where §; = 8(vk) =
E72[t,_1,n«] and 8, = 8(¢) = E~*[1,_1.16p]. By Proposition 2.6(1), [t,_3., VK]
desuspends three dimensions and H (E~2[t,_3, ji]) = 2¢. Hence, for 83 = §(2¢) =
E72[1,_3, 1], wehave E§ (mod E§,, E§3) e Pnzzr'l’ﬂl ={E(ty—5v"), E(ty—sni)},

8 (mod 685,83, Ty—s5v™, T_5Ni) € P”zzgjr?o and CDR[o (mod ) € {2¢}]. O
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Next we show the following:
Proposition 4.2 H(E[1g,, v?k]..0) = 4vk and H(E3[igp42. VK] o) = 4k.

Proof Let n = 0 (8). By Lemma 2.9(1) and (2-6), H(E [ty v?k]) = vk =
4vic (8 = E73[1y, v2k]) for 8§ = E~3[1,,, v?]. Then, ASM[v?k] induces E?(8k) €
Prynlo =0, E@k) € Prym 3y = {{tn—2.v3]} C E®x} % | (Lemma 2.10), and
hence 6k € Pnzzr’l’jrfg and CDR[4vk = 0].

Next, let n = 2 (8). By Lemma 2.12, there exists an element § € 77~ i13 such
that [1,, vk] = E38 and HS = v2k. Hence, ASM|vk] and (2—14) induce E§ €

{ltn—2.4C].[tn—2.51} C E*n}; |, (Proposition 2.6(3)) and CDR[§ € Pr3l 7 =0].
O

By Propositions 2.11(3), 4.2 and the properties of Whitehead products,

flesn, k=8 and  Hligy, vi] = tlign+3, vi] = Bltgn+2, k] = 2.

We show:

Proposition 4.3 fisy+6. k] = fltgn+s. nk] = Hltsnta, vi] = 2.

Proof Letn =6 (8). Lemma 3.4(5) and ASM [k] imply E>8 € {[ty_1. p]. [tn—1. 1&]}
for § = 8(k) = E~°[1,.«]. By the relation H(t,—,p) = np and Lemma 3.6(1),
E*8 € {[ta_2,1pP). [tn—2. n*]}. By Proposition 2.5(1),

(*) H(E ™ [ty—z, 00D = 0*p; H(E™ [tn—2, ™)) = 11",
Therefore, E3§ € Pnzzr’l’;fz ={E3(T,_gvK)}. By the fact that [1,,_4, njt] = [tn—4., n*1*]

=0 and (2-14), E2§ (mod E?(7,_¢vk)) =0, E§ (mod E(T,_gvk)) € Pn2"79 C

2n+10
E37rgn__§5, 8 (mod T,_6vk) € {[tn—s, K]} and hence, C DR[k € {2k}].

Let n =5 (8). Lemma 3.6(1) and ASM [nk] imply E38 € {[tu—1.np]. [ta—1.n*]} for
§=358(nk) = E~ %1y, nk]. By (»), E*§€ P23 ={[tp_s, vk]} C E°>7 "] (Lemma

2n+14 2n+7
3.2(2)), E8 € {[tn—3.4v™], [tn—3. 0]} =0, E*6 € Pryi ], C E’x}, 7. (2-14) and
ES € {[iy—s,4k]} C E3n;’n_ig (Proposition 2.6(3)). Hence, CDRI[§ € PJTZZ,’:__I_}(I) =0].

Let n =4 (8). E38 € {E*(Ty_4v*)} for § = §(vk) = E~ %[, vi]. By the relation
H(E™3[tp—,5]) = v5 (Lemma 2.12) and (1-2) for ¢, E*S§ (mod E%(T,_4v*)) €
{E38;} and E38 (mod E(T,—sv*), E*8;) € {E(t,—4K)}, where §; = §(vo) =
E73[ty—,5]. From the relations H(T,—4v*) = 03, H(ty—sk) = nk and
H(E Yiy—4.nk]) = n’*k (Proposition 2.5(1)), we obtain E2§ (mod E8;) €
{{tn_g, 0} € E7n27 11 (Lemma 2.93)), E§ € Pn2" 2, =0, § € Pn2" 1) and

= Ton+ts 2n+13 2n+12
hence, CDR[vk € 275,]. m|
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Since [tgni4.v2] =0, [tgnie. vk] =0 (2—11) and H][i,,, K] = %2k, we have

Hltgntk, k] =4 for k =4,6.
Similarly, fltgnta, vE] = 4.

Now, we show:
Proposition 4.4 fi[tg,42.1*] = flltgnt1. v¥] = Hltgn. 4v*] = 2.

Proof Let n =2 (8). By (2-7) and Lemma 3.4(2);(3), [in—1,@] € E6n§njzg for

a = vk,n*p and nn*. So, ASM[n*] induces E*§ € {E(t,_»1)} and E3§ €
{{tn—2, 40", [ty—2, nit]} _for & = §(c®) = E7°[1,,n*]. By the fact that
H(E [ty—2.nft]) = 4¢ (Proposition 2.5(2)) and [t,,_», 4v*] € E67T5'n__i7 (Lemma

3.5(2)), E*§ € Pn3l ], =0, ES € {{tn—4.4x]} = 0 and CDR[S € Pn3) 7, 1.

Let n =1 (8). Lemma 2.13(1) and ASM[v*] imply E28 € {[tp—1, 4], [tn—1.5]} C
E4x"=>  (Lemma2.9(1)), where § =§(03) = E~[1,,, v*]. Hence, E§ € Pn2" 3 =

2n+12 2n4+17 —
0 and CDR[§ € Pm3!],].
Let n = 0 (8). Lemma 3.5(2) and ASM[4v*] imply E°§ € Pnj) 1o = 0 and

E*S € {[ty_s,4K]} = 0 (2-11) for § = 8(yn*0) = E~%1,,4v*]. Therefore, by
(2-13), E3§ € {E(ty_4nk)} and E?§ € {[tn_4.1%k].[tn—s.v5]}. By the relation
H(EYt,—4, n*k]) =4vi (Proposition 2.5(2)) and (2-9), E§ € {[tp—s, VK], [tn—s. p|} C
E3n§’n_f9, §e Pn;’l’;i; and CDR[nn*o = 0]. O

By Propositions 2.5(4) and 4.4,

[tgnt1.10™] # 0.
We show:

Proposition 4.5 fi[t16,+14. 1%] = lt16n+13. n0*] = 2.

Proof We use Lemma 3.6(4). Let n = 14 (16). By Lemma 2.13(4), [t,—1.7°p]
desuspends seven dimensions. So, by the relation [t,—1, it] = E(ty—2/t), (2-7) and
ASMn*], E38 € {[ty—a, 4v*], [tn—z, nia]} for § = 8(n*0) = E~"[tn, n*]. By the re-
lation H(E " [t,—2. nja]) = 4¢ and Lemma 3.5(2), E*8 € {{ty—3. ¢], [tn—3.5]}. By the
relation v{ = 0 and Lemma 3.5(1), E38 (mod E2(T,—60)) € {[tn_s.4K]}. By (3-1),
E?5 (mod E(T,—60), E281) € {E(ty—gnk)}, where §; = §(4vK) = [t,—4, 4k]. This
induces E6 (mod Eé;) € P”zzp’:;i} = {E8,,[tn—e, vT]}, where E8y = [1,—¢, n*k],

Hgy =4vk and [1,—¢, V0] C Ezng’;_ﬁ7 (Proposition 2.5(1)). Hence, § (mod §;,65) €

Pnzzlz’;%g and CDR[n*o € 2m3,].
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Next, let n = 13 (16). ASM|[nn*] implies E®S € {[t,—1,4v*], [tn—1, nit]} for § =
§(mn*o) = E~ [ty nn*]. By the relation H(E ™ '[1,—1,nji]) = n* and Lemma 3.5(2),
E58 € {{ty—z.¢],[tn—2.5]}. By Lemmas 3.5(1) and 3.6(3), E*§ (mod E2(7,_55)) €
{[tn—s.,4K]} C E6n£’n__ﬁ7 and E38 (mod E(T,_50)) € {[tn_s, 1K), [tn_4.03]}. From
the fact that [t,—4, nk] = E(t,—snk) and (3-1), E28 € {[t,—s. n*k], [tn—s. vT]}. Since
H(E 1,—5,n%k]) = 4vk and H(E 3[1,—s,v5]) = v25 = 0 (Lemma 2.9(1),[16]),
ES e Pryiii) C ETxl 13 (1-1), 8 € Px3l 1] and CDR[nn*o =0]. O

We show the following:
Proposition 4.6 H(E3[ig,4k.0]20) =0 fork =0,1,2.

Proof Letn =0 (8). By Lemmas 2.9(1), 2.12 and 2.13, there exists an element 6(k) €
n;”jfz_;_i_” such that [1,4%.5] = E38(k) and H§(k) = v5. For k =0, ASM|[5]
induces E28(0) € P21 =0, E§(0) e Pn2" 3, C E*n"~#  (Proposition 2.6(1))

2n+19 2n+18 2n+14
and CDR[5(0) € Pﬂzzg_:f ;1. By the parallel argument to Proposition 4.4 for v*, the

assertion follows for k = 1. For k = 2, ASM|[5] induces E28(2) € { E(t,k)} and
ES8(2) € {[tn. k], [tn. 03]}. Since [1,,03] C E7n£’n__zl3 (Lemma 2.9(3)), we obtain
8(2) (mod B) =0 and CDR[vG (mod n*k) = 0], where B = §(n*k) = E~ |1y, nK]

(Proposition 2.5(1)). O
We show the following:
Proposition 4.7 H(E ™ [igy42.1k]£0) = v?k and H(E ®[ign41.1*K]£0) = K.

Proof Let n=2(8). By Lemma 3.4(1) and (2-6), H(E ~>[1,,, nk]) = v?k. We set § =
8(v?) = E™ 1y, n]. ASM|nk] induces E*(8k) € PJTZZ,’;;;] C Esngn_f_m (Lemmas
2.13(3),3.4(2)) and E3(8k) € {[tn_2.4VK], [ta—2, 8P], [tn—2.n*c]}. By Lemma 2.9(1),
the first two Whitehead products desuspend four dimensions, respectively. Hence, by
the relation H(E ™ [1,_2,n*0]) =nn*o, we obtain E%(§k) =0, E(§k) € Pn2" ] . C

2n+18
E?7l 5., (Proposition 2.6(1)), 8k € Px3) 7, and CDR[v*k = 0].

Next, let n = 1 (8). By Lemma 3.4(2), H(E %1y, n*k]) = ek. ASM[n*k] implies
E’(8%) € {[tn—1, 4vK), [tn—1. 8P], [tn—1., n* O]} for § = 8(¢) = E~%1,, n?]. By Lemma
2.9(2), [tn—1.,8p] desuspends eight dimensions. By Lemma 3.2(3), [t,—1,4vK] =
[tu—1, 3]k desuspends six dimensions. So, by the relation H(E ~[i,—, n*c]) =nn*o,
we have E4(§k) € Pr2"~3. =0, E3(6k) € {[ty—3, 43.4]} C ES7? 2  (Lemma 2.10),

2n—27 2n+12
E?(8%) € {[tn-4. i3 51} € E*nf 5 (Lemma 2.13(1)), E(8K) € {[tn—s.483,4]} C
E3ql 8. (Proposition 2.6(3)), 8k € Pr3". |} and hence, CDR[ek = 0]. O
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According to Mahowald [8], the following seems to be true.
Conjecture 4.8 (v,n,0) = (v,0,v) =nn*o.

By use of the Jacobi identity for Toda brackets, Conjecture 4.8 and the relations
(n,v,n) =v2,006 =0 [16], we obtain

(20,v%,5) = (21,7, nn*o) = v2k.

By this fact, we can show
[t8n, vO] # 0.

Proof Let n =0 (8). In Proposition 2.1[n-5;5,3], P*~! = E""®P] and y;3 =
254 + i;'ﬁ”, where 54 = p;S3 (3-4). By Lemma 2.7(8),

7 ovo ei;’6o(iﬁ,ﬁ,v)oo:io(Zt,vz,E) =iv’K.

This shows

H(E *t,, v3]) = v2k.
For § = §(v?k) = E~*[1y,v5], ASM[v5] implies E38 =0 and E?§ € Pn%}’f;%l
C E3n£’n_f_l6 (Proposition 2.6(1)), ES € {[ty—3, n*P], [tn—3, 3.4}

§ (mod T4 P, Th—a/l3 %) € Pnzz,’:_ﬂg and hence, C DR[v?k (mod nus3 ) =0]. O

Finally, by Proposition 2.6(1) and Lemma 2.13(1), we note the following.

Remark H(E 2[ig,4,4Kk]) = ek = n’k and H(E3[igy41,vk]) = vk.
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