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Intersections of conjugates of Magnus subgroups
of one-relator groups

DONALD J COLLINS

In the theory of one-relator groups, Magnus subgroups, which are free subgroups
obtained by omitting a generator that occurs in the given relator, play an essential
structural role. In a previous article, the author proved that if two distinct Magnus
subgroups M and N of a one-relator group, with free bases S and 7' are given,
then the intersection of M and N is either the free subgroup P generated by the
intersection of S and T or the free product of P with an infinite cyclic group.

The main result of this article is that if M and N are Magnus subgroups (not
necessarily distinct) of a one-relator group G and g and / are elements of G, then
either the intersection of gMg~! and ANA~! is cyclic (and possibly trivial), or
gh™! is an element of NM in which case the intersection is a conjugate of the
intersection of M and N .

20F05

1 Introduction

A Magnus subgroup of a one-relator group G = (X : r = 1), where r is cyclically
reduced, is a subgroup generated by a Magnus subset .S of X, ie a subset .S which
omits a generator explicitly occurring in the relator r. By the Freiheitssatz of Magnus
(see for example page 104 or page 198 of Lyndon and Schupp [5]), any such subgroup
is free with the given subset as basis.

The classical proof of many theorems on one-relator groups is by induction on the
length of the relator. In its modern form, the inductive step in the classical proof
expresses a one-relator group G as an HNN-extension of a one-relator base group G*
where the edge subgroups are Magnus subgroups of G*. Thus Magnus subgroups play
a central role in this approach to the theory of one-relator groups.

In a previous article [3], we determined the form of the intersection of two Magnus
subgroups. The precise statement is:
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136 Donald J Collins

Theorem 1 Let G = (X :r =1), where r is cyclically reduced, be a one-relator group
and let M = F(S), N = F(T) be Magnus subgroups of G. If M N N is distinct from
F(SNT),then M NN is the free product of F(S N T) and an infinite cycle.

In the present article we examine the intersection of conjugates of two Magnus sub-
groups, and it suffices to deal with the case of an intersection of the form gM g~ 1NN,
where M = F(S), N = F(T). A simple and obvious argument shows thatif ge NM ,
then gM g~ ' N N is just a conjugate of M N N by an element of N and in particular
is isomorphic to M N N . Our main conclusion deals with the alternative case.

Theorem 2 Let G = (X :r = 1), where r is cyclically reduced, be a one-relator
group and let M = F(S), N = F(T) be Magnus subgroups of G, allowing M = N .
Forany g € G, either gM g~ ' N N is cyclic (possibly trivial) or g € NM .

A simple argument also enables one to describe the form of an intersection gM g’ “InN,
where M, N are Magnus subgroups and g,g’ € G, in terms of the intersections
gMg™'NN and gMg 'NN.

It is surprising that the questions addressed in Theorem 1 and Theorem 2 have not been
examined more extensively, given that some of the difficulty in studying one-relator
groups arises precisely from the situation where a pair of Magnus subgroups have
exceptional intersection, that is F(S) N F(T) # F(S N T). However there are some
partial results that deal with special cases of Theorem 1 and Theorem 2. In particular
Bagherzadeh [1] has shown that if M = F(S) is a Magnus subgroup and g € M , then
gM g~ N M is cyclic (possibly trivial) and in [2], Brodskif actually considered a more
general situation and showed that in a one-relator product (A4 * B | r = 1) of locally
indicable groups, the intersections A N B, gAg~ ' N A and gAg~' N B are all cyclic
(possibly trivial). In the context of one-relator groups, Brodskii’s results imply that
if the Magnus subsets S and T are disjoint, then F(S)N F(T), gF(S)g~' N F(S)
and gF(S)g~! N F(T) are cyclic. Finally Newman [6] showed that in one-relator
groups with torsion, Magnus subgroups are malnormal, ie if M = F(S), where S is a
Magnus subset and g € M , then gM g~ N M is trivial

In addition, in [3], we also showed that, by extending a version of Newman’s argument,
one can easily prove that if the one-relator group G has torsion, ie when the relator is
a proper power, then, for any two Magnus subgroups M = F(S) and N = F(T) and
any g € G, M NN is not exceptional and either gM g~ ' N N is trivial or g € NM .
Moreover, Newman’s approach — using the so-called Spelling Lemma — also yields,
in the torsion case, an algorithm to determine the precise form of gM g~ ! N N, in
particular to determine for a given g whether or not g € NM . These strong results
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Intersections of conjugates of Magnus subgroups of one-relator groups 137

that follow from Newman’s work underline why one-relator groups with torsion are
easier to work with than one-relator groups in general.

Theorem 1 has been significantly extended and generalised by Howie in [4] where he
provides a detailed description of how the exceptional case can arise and generalises
Theorem 1 to the case of a one-relator product of locally indicable groups. In addition
his methods provide an algorithm to determine for a given one-relator group and two
Magnus subgroups M and N, whether or not M N N is exceptional and to determine
a generator for the additional infinite cycle in the exceptional case.

In contrast to the situation for the intersection of two Magnus subgroups, the algorithmic
problems arising from Theorem 2 remain open. The difficulty appears to be caused
by the case of two-generator one-relator groups. For both Theorem 1 and Theorem 2,
there is nothing to prove in this case, for if G = (a,b | r = 1), then the Magnus
subgroups M = F(a) and N = F(b) are both cyclic. In the case of Theorem 1, the
algorithmic determination of F(a) N F(b) is provided by a procedure based on the
Baumslag—Taylor algorithm for determining the centre. The methods of [4] then yield
a procedure for the general case. For the case of Theorem 2 when G = {(a,b | r = 1)
one has to be able to determine, for a given g € G, the intersections gF(a)g~' N F(a)
and gF(a)g~' N F(b). In the latter case, one appears to need, as part of the procedure,
to be able to determine whether or not g € F(b)F(a). For this additional question,
despite the fact that, in his solution to the word problem for one-relator groups, Magnus
proved that one can always decide if a given element lies in a given Magnus subgroup,
the usual inductive technique seems to run aground in the two-generator case when
neither generator has exponent sum zero in the relator.

Addendum 1 to [3] The reader of [3] should note that although, in the definition of
notation on page 273 of [3], it is made clear that the sets 4% and A* may both be
empty and similarly for C} and C*, there is no specific discussion in Sections 5-6 of
[3] of what happens when these possibilities arise. However, as we point out below, in
practice the results in these sections and the similar results in Section 5 are employed
only in situations where all of A%, A*, C}, C* are nonempty. This point is clarified
in the introduction to Section 4. It is also worth pointing out that B* may be empty —
however since the role of B* throughout the argument is essentially passive, it is clear
that nothing is disturbed if B* is empty.

Addendum 2 to [3] In Lemma 6.1 on page 286 of [3], the notation L is used with two
distinct meanings, only one of which is explained in the text. The meaning explained is
the one that occurs right throughout the whole of [3], namely that L denotes the “lower”
edge group in the representation of our one-relator group G as an HNN-extension, for
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example as G = (G*,b | bLb~! = U), where U is the upper edge group. The second
meaning, which is used throughout Section 6 of [3] and in Section 5, is to denote by
L(z) the syllable length, as defined on page 283 of [3] of an element z of, for instance,
F(A% , B*,C%).

2 Structure and simple cases in the proof of Theorem 2

The proof of Theorem 2 proceeds, as is usual, by induction on the length of the relator.
We make various initial reductions and then address three separate cases at the inductive
step. Of these, the first is straightforward and the third reduces easily to the second.
However, the second case is complicated and requires substantial analysis, making use
of some of the technical results from [3].

Initial Observations

(i) For small values of |r|, the result is elementary by inspection.

(i) The general case will follow, via the normal form theorem for free products,
from the case when S U T = Supp(r) and so we can always assume the latter.

(iii) When |Supp(r)| = 2, the conclusion is immediate, so that we can assume that
[Supp(r)| = 3.

(v) If SC T then gF(S)g 'NF(T)C gF(T)g~' N F(T) which, by [1], is cyclic
unless g € F(T') so that we can always assume that S N7 is a proper subset of
both S and T;

(v) (assuming (iv)) If we write B =S N T and then choose A and C disjoint so
that S = AU B and T = BUC, then the general case reduces to the case when
A and C are singletons, say A = {a} and C = {c}.

We therefore take all of these as given and embark upon the inductive case; our strategy
will always be to assume the conclusion false and then work our way to a contradiction.
In particular we shall assume that there exist g ¢ F(B,C)F(A, B),h,h’ € F(A, B)
and k,k’ € F(B, C) such that {/, 1’} (and, necessarily, {k, k’}) constitute a free basis
of the corresponding subgroup they generate. We shall refer to such a configuration as
a counterpair.

There are three cases:

(2.1) Case Assumption: Either a or ¢ has exponent sum zero in r.

(2.2) Case Assumption: Neither a nor ¢ has exponent sum zero in r but there exists
b € B such that g (r) = 0.
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(2.3) Case Assumption: No generator has exponent sum zero in 7.

Case 2.1 Without loss of generality we may assume that a has exponent sum zero in
r. We may further assume, by replacing r by a cyclic permutation if necessary, that
¢*1 is the initial letter of 7.

In the standard manner we can express G as an HNN-extension of the form G =
(G*,a | aLa™! = U) where L and U are Magnus subgroups of the base group
G*. To do this we define C* = {cy,...,cy} and B* = {b;,i € Z,b € B} where, as
usual, b; and ¢; denote the conjugates a’ba~" and a’ca™ with p and v respectively
the minimal and maximal subscripts that appear when we rewrite r as a word r* in
B*UC*. With this notation G* = (B*,C* | r* = 1) and the two edge groups are L =
F(B*,C*),U = F(B*,C}),where C* ={cy,...,cy—1} and C} ={cpyt1,....c0}.
We note that by requiring that » begins with ¢*! we have ensured that © <0 < v.
(We do not exclude the possibility that 4 = 0 = v in which case C} and C* are
both empty but we will not usually make explicit reference to this since the argument
is either unchanged or even simplified.) Given any z € U we write £ for the word
obtained by reducing subscripts by one and similarly for any w € L, we write W when
we increase the subscripts by one.

We can transform any equality gh(A4, B)g~! = k(B, C) into one expressed in the

generators of G as HNN-extension. We write g = goa®'g;...a’"g,, in reduced
form, where &; = £1. Since k omits a, & has zero exponent sum in a and thus
both /2 and k lie in the base group G* — h € F(B*) and k € F(By,co) where
By =1{bo | b € B}. Among all counterpairs, we choose one with m = /(g) minimal.
If I (g) =0, then both equalities hold in the base group G* and hence we can only have
g € F(By, co)F(B*). But then clearly g € F(B,C)F(A, B) and we have reached a
contradiction, as we wish.

Suppose, then that /,(g) > 0. Choosing &, = —1, just for definiteness, we obtain
gmhg;,,! =z € F(B*,CY) and gml'g;,' =z € F(B*,CJ). By the induction
hypothesis on |r|, we can only have g,, € F(B*,C})F(B*)= F(B*,CY). Then

p— e p— — — — — p—
ghg™! = goa®' g, ...as’"—lgm_lfﬂhfﬂ 1gml_la fm—l . g] Ly Elgol =k

and similarly for 4’ and k’. Since % and (h_/ are conjugates of /2 and /7', it follows
from the minimality of our choice of m that the only conclusion we can have is that
goafl gy ...afm=1g,_1&m € F(B,C)F(A, B) and from this in turn it follows that
g € F(B,C)F(A, B), which is the required contradiction.

Case 2.2 To deal with this case we employ techniques similar to those of Section 5 of
[3] and follow pages 272-273 of [3] in our notation and terminology. Thus we express
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G = (X :r = 1) as an HNN-extension of the form G = (G*,b | bLb~! = U) where
the following hold.

() G*=(X*|r*) where X* ={ay,....ap.cu,....co}U{x;. i €L}, x #a,c,
{ag.ay. cy, cv} are the respective minimal and maximal generators in r* asso-
ciated with a and ¢, and otherwise the subscript range is infinite.

(2) Furthermore L = F(A*,B*,C*) and U = F(A*_, B*, C_t) where

A* =Hag,....ap}, A =Hacy1.....ap}, AL ={ag,....ay_1},
C*={cy.....ov}, CE=Acpsr1.....ov}, Cr={cp.....co1}s

and B* = {x;,x € B',i € Z} where B’ = B\ {b}.

We allow the possibility that x = A or u = v, or both. If, for example, ¥ = A, then
A% and A* are empty ; arguments which make reference to these must be interpreted
suitably for this case. Also B* may be empty but as noted already in reference to [3],
nothing in an argument will be disturbed if in fact B* is empty.

We employ a subsidiary induction on /5(g). The inductive step when /p(g) > 0 is
comparatively straightforward and we deal with it in Section 3. Then in Section 4 we
tackle the core of the argument, namely the case when /;(g) = 0.

Case 2.3 As described below, the standard method for dealing with the case when no
generator has exponent sum zero in r reduces this case to Case 2.2.

We have at least three generators a, b,c where A = {a},b € B,C = {c}; suppose
that » has exponent sum « # 0 in a and exponent sum 8 # 0 in b. Introduce new
generators x, y setting b = y% and a = x y_ﬂ so that we have embedded G in the
amalgamated free product G = (G * F(y) | b= y®) and then replaced a by x = ay?.
The resulting relator 7 = r(x y‘ﬂ, y%,...,c) has exponent sum zero in y and our
equalities become gh(X,Y)g™! = k(Y,C) and gh’(X,Y)g™! = k'(Y,C) where
X={x}Y={y,B'},C ={c} and B=1{b, B'}.

Now Case 2.2 applies and gives the conclusion that either gF(X,Y)g~! N F(Y, C)
is cyclicor g € F(Y,C)F(X,Y). Clearly F(4,B) € F(X,Y) and F(B,C) C
F(Y,C), so that gF(A,B)g™' N F(B,C) € gF(X,Y)g~ ' n F(Y,C). By our
counterpair assumption, gF(X,Y)g™! N F(Y,C) cannot be cyclic and therefore
ge FY,O)F(X,Y). But GNF(Y,C)F(X,Y) = F(B,C)F(A, B) and our coun-
terpair assumption rules this out and we have the required contradiction.

This completes the logical structure of the proof of Theorem 2 but of course it remains
to deal with Case 2.2.
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3 Case 2.2: the inductive step when /,(g) > 0

As noted above, Case 2.2 is dealt with by a subsidiary induction on /5(g). In this
section we deal with the inductive step of this subsidiary induction and hence reduce
Case 2.2 to the initial step of the subsidiary induction when /;(g) = 0.

Our standpoint here is, therefore, that we have an overall inductive hypothesis which
asserts that the theorem holds for relators of shorter length and, arguing by contradiction,
we are assuming that there exist counterpairs ghg ™' =k and gh’g~! = k’. For the
purposes of the subsidiary induction we know there is a counterpair where /;(g) is
minimal but strictly positive.

Reduction In any such counterpair lp(h) = lp(k) = Ip(h') = I(k") = 0.

Proof Suppose not; without loss of generality, we may assume that /5 (#) > 0. Let
us write g = gb®mg,, where m = [ (g) and [,(g) = m — 1. Still without loss of
generality we also assume that &, = —1. Then we can write

ghg™ = gb " guhob® hy .. B hyg thE T = k.

Now two subcases arise depending on whether or not (the detailed expression for)
ghg™! is or is not reduced. If the latter occurs, then either {; = 1 and gnho =z € U
or {; =—1 and Ay g,;l =z € U. It suffices to assume the first occurs. Substituting for
gm we obtain

b zhy hhoz bg T =k, g zhy W hoz T bE T = K
and hence
FE g hhob) S bE T = k. FE (b hg W hob) S F =K.

By the minimality of /;(g), we deduce that conjugates of 4 and 4’ commute, which of
course is a contradiction, or that §% € F(B, C)F(A, B). However, if the latter holds
then g =gb g, = §b_lzh61 = g?b_lhgl € F(B,C)F(A, B) and here too we
have the necessary contradiction.

To complete the proof of the Reduction we have to see what happens when our ex-
pression for ghg™! is reduced. Then of course I, (k) > 0, say k = kob1k ... b5k,
(where n=2m+1)and h = g~ kg, with g~k g not reduced. But now we can argue
exactly as we did when ghg™! was not reduced. O

To complete the inductive step in the subsidiary induction, it remains only to show for
the case at hand that we cannot have a counterpair when [ (h) = Ip(k) = I, (1) =
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Ip(k") = 0. We write g = gb®mg,, as above, and can take &,, = —1. Then we ob-
tain gb~'gmhg, b3 ' =k , b 'gmh'g,,'bg~! =k’ and hence gmhg,' =z ¢
U, gmh g;,l = 7/ € U. Now these equalities define elements of the intersection
gmF(A*, B¥)g, ' N F(A* , B*, CZ). which involves Magnus subgroups of a group
with a shorter relator. (Note that we cannot have all of A%, B*, C} empty since clearly
h,h' #1.) Hence either & and h’ commute or g, € F(A%,B* C})F(A*, B*),
say gm = zoho. The former is contradictory and so from the latter we obtain
zohohhalzal =z and zohoh/ho_lzal =z’ whence hohho_l eU, hoh’hal eU. Let
us write x = hohhy' and x" = hoh’hy'. Then we have §b_lzoxza<1_b§_1=k and
sgb_lzox/z()_lbg_l:k’. This yields 505 5018 "=k and b~ 15X 55 15! =
k’. By the minimality of /;(g), we deduce that conjugates of 4 and 4’ commute (either
k and kK’ or X and ?) or 5 € F(B,C)F(A, B). In the latter case

g =2b""'gm =gb™'20ho = §Zoho € F(B,C)F(4, B)

and we have the required contradiction when /5 (g) > 0.

4 Case 2.2: the case when /,(g) =0

Our standpoint is, again, that we have an overall inductive hypothesis which asserts
that the theorem holds for relators of shorter length and, arguing by contradiction, we
are assuming that there exist counterpairs ghg™! = k and gh’g~! = k’. This time,
however, we assume that there is a counterpair where /p(g) =0, ie g € G*.

Since /5 (g) =0, h and k have the same signature pattern in b and the same is true for
h' and k’. Possibly /,(h) =0 and & € G* while if I (h) > 0 then we have a sequence
of Normal Form Equalities derived from the equality

ghg ' = ghob® hy .. b hyg™ ! = kob®ky .. b ky =k

in which /, k are expressed in reduced form in terms of the HNN extension G =
(G*,b | bLb™! = U). A similar observation applies to /’.

By Lemma 5.1 of [3], hg,...hy, € F(A*, B*) and ko, ...k, € F(B*,C*). The
Normal Form Equalities for the ghg ™! = k are then

gho = kozo,Zoh1 = k121, Zthy = ksza, ... Z—1hm = kg

where zg,...zZyu—1 liein L or U according as €1, ..., &y are £1 and Z;_; represents
a “downshift” or “upshift” of subscripts according as ¢; = 1. When we have
such a sequence, ghob®'hy...b% h; = kob®'ky...b% k;z; and the fact that g ¢
F(B,C)F(A, B) means that z; ¢ F(B,C)F(A, B) and in particular is nontrivial.
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Moreover, when we use the Normal Form Equalities in standardised form, as described
on pages 275-276 of [3], the elements z; will always be nontrivial and of type (4™ : C*).
In fact if z; € U then z; must actually be of type (A% : C}) in which case both 4%,
and C} are nonempty, and therefore both A* and C* are nonempty. A similar remark
applies if z; € L. This means that our applications of the results of Sections 5-6 of [3]
and of Section 5 are applied under the hypotheses that there is no hidden “collapsing”
of the terms denoted by the notation.

We shall use these observations throughout this section without further reference. We
shall establish a series of claims which, cumulatively, will demonstrate that there are
no counterpairs satisfying /5(g) = 0.

Claim 4.1 There do not exist counterpairs ghg ' =k, gh’g=! = k', with [;(g) =0,
such that min{l, (h), l,(h')} = 0.

Proof Suppose not; clearly there is no loss of generality in assuming /5 (h) = I (k) =
0. Among all such counterpairs, we choose one with /p(h") = [ (k') minimal. If
Ipy(h') = Ip(k") = 0, then h, I’ € F(A*, B*),k,k’ € F(B*,C*) and we have an
immediate contradiction to the overall induction hypothesis.

So we can assume that I, (h') = [, (k") > 0. We can write
gh'g ' = ghyb® Wy ... b g™t = kb k) .. bk =k’

and there is no loss of generality in assuming that ¢; = 1. Adjusting the equality so
that it is standardised form, we obtain g = kézohg_l , where zo € U is nontrivial of
type (A* : C*). Substituting for g and replacing the original /,k, 4’ and k' by the
resulting conjugates, we can rewrite, adjusting our notation, the two equalities in the
form

zohzg ' =k, zoh'zy' =zobh| b2 .. bR, zyt = bk(b2 .. bk, =K.

Since zo # 1 and k ¢ F(B*, C}), because Zohzal =k cannot hold in F(4*, B*,C}),
the equality /& = z 'kzo must define an exceptional element of the intersection
F(A*, B*)NF(A*_, B*, C*). By Proposition 5.1 of [3], the basic exceptional relation
is either of the form u = vgv,, with zg = v, or u = ¥ 'vo¥ with zo = ¥. The
former implies that zy = val ue F(B,C)F(A, B), which we can rule out since zq is
nontrivial of type (4™ : C*), and so the latter must hold. So we now have a counterpair
of the form

ho ' =k, W' =0bh\ b2 . bR, T = bk b2 . bk, =K.
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Subclaim /" has uniform signature pattern.

Proof Suppose not; since the initial occurrence of b in 4’ has exponent +1, in the
system of equalities yielded by the normal form theorem, we find, for some j (which
can be chosen minimal), zj_; € U, w; € L and E:h; =kjwj so that Eﬁh; wi !t =k
defines an element of F(A*, B*, C*)N F(B*, C*) which must be exceptional since
zj—1 # 1. Hence we can write F(A*, B*,C*)N F(B*,C*) = (p) * F(B*,C*) =
(q) * F(B*,C*) where p € F(A*, B*,C*) and q € F(B*,C*). Corollary 5.4 of
[3] implies that p = p; po pz_1 , with at least one of pq, p, nontrivial — for otherwise
F(A*, B*)N F(B*,C*) would be exceptional, and then, by Proposition 5.2 of [3], U
would be trivial.

Now the hypotheses of Proposition 5.5 of [3] are satisfied and therefore each extremal
generator appears in just a single syllable of #~!9~!vo¥. Furthermore p, Do 1piq is
~lyo¥. This means that ¥ is infermediate (ie omits all
four extremal generators {a,,a), cy, ¢y} — see page 273 of [3]) and that p; = pr, = 7.

It follows that Z;_; = v = w; and hence that
Uhybh!, ...bh} = kybk; ...bk]’ﬂ

UhT U DY beghy, = b7k BOIT DOk,

a cyclic rearrangement of u =17

yielding, of course,
Thv ' =k
Uhybh' ...bR;T™" = k(bk ...bk]
UbT G b b T = b7 kG b by,
Since /' is the product of /ybh ...bh’; and b_lh}_'_lb"‘f”rl ...b%h}, and each has

b-length less than /’, it follows that 4 commutes with both and therefore with /',
which is a contradiction. O

In completing the proof of Claim 4.1, we can thus assume that 4" = bh'b...bh),
and k" = bkib...bk;. However it should be noted that, unlike in the proof of the
Subclaim, we do not have any information about F(A*, B*,C*)N F(B*,C*) and so
we do not at present know that v is intermediate.

We obtain the usual system of equalities

e

Vh =kizi, ... .21 h), = k0.
If all these equalities hold freely, then we obtain

By =kli=12 d $=z.5= =7
i =Kl =1L24,...,n  an V=21,21=22,...,Zp—1 =0V
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which is clearly impossible. It follows, therefore that some equality does not hold
freely and we have to analyse the sequence

&
~ <« <« ~
v h/l =k121321h/2 = k;Zz, . ..Zn_ll/l;l = k;,v

To complete the argument for Case 4.1 we require two further results which are similar
in nature to Proposition 6.2 of [3]. These are stated and proved in Section 5 and will
also be used below.

Since one of the inequalities does not hold freely, it follows from Proposition 5.2 below
that ¥ must be intermediate and hence Proposition 5.5 below can be applied. If n = 1
we have
< ~
v hl =k 1V.
This does not hold freely and so Proposition 5.5(c) applies, giving
<

V=7

which is impossible. More generally, pick the least i such that 5;_1/; = k;z;, does
not hold freely, with the appropriate interpretation for i =1 or i =n. Then
<«

_ —_ — _
V=21, Z1=Z2, ... Zi-2=Zj—-1
and so L(z;—;) = L(v). Again Proposition 5.5(c) applies giving z;_; = v and we
have another impossible situation. This is the contradiction we require to conclude the
proof of Claim 4.1. a

Unfortunately this is the point at which the argument becomes even more complicated.

Maintaining our notation ghg™' =k, gh’g~! =k’ for counterpairs, we shall write
pp(h), pp(h') for the number of times that b changes sign in reduced expressions for
h,h'. We essentially argue by induction on pp (1) + pp(1').

Claim 4.2 There do not exist counterpairs ghg™! = k,gh'g™" = k' satisfying

Ip(g) = 0 and min{ly(h), l,(h")} > 0 such that py(h) + pp(h') = 0.

Proof Suppose not; then, without loss of generality, there exists a counterpair
ghg™V = ghobhy ... hy—1bhmg™" = kobky ... ky—1bkm =k

and gh'g™" = ghybly ... I _ bh,g™' = k(bk|...k_ bk, =k.

Among all such pairs we choose one such than m +n = Iy (h) + I, (h’) is minimal.

To begin with we have no information at all about exceptional intersections within
G*. The first pair of Normal Form equalities are gho = kozo and ghy = kyz;.
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Certainly zo, z; are both nontrivial, for otherwise g € F(B,C)F(A, B), and we can
climinate g to obtain hy'hy = z5 'k, 'kyz(. This equality may hold freely, for
instance when F(A*, B*) N F(A% , B*,C*) is not exceptional, and then we can only
have hy = ho,ky = ko and zy = zo. In this event we can then eliminate %o from
the second pair of Normal Form equalities and analyse the resulting equality. Either
we can continue to make such eliminations, successively identifying terms from the
first member of the counterpair with the corresponding terms of the second or we will
encounter an exceptional equality for F(A*, B*) N F(A* , B*,C*) after elimination.
If the first possibility occurs min{nz, n} times then we perform a “Nielsen operation”
on our counterpair and contradict the minimality of # + n (or obtain a counterpair
with min{/, (%), I (h") = 0} contradicting Claim 4.1). For instance if m < n, we obtain

gh™ W g™ = gh W bhl L bl = ke bkl bkl =k Tk

(and gh,'hl, g~ =k, k], if n =m). A similar argument applies to the two Normal
Form systems when working from the last pair back towards the first pair, only this time
the elimination and identification process breaks down when we find an exceptional
equality for F(A*, B*,C*)N F(B*,C™).

If both elimination and identification processes break down, then we know that both
F(A*, B*)NF(A*, B*,C*) and F(A*, B*,C*)N F(B*, C*) are exceptional. Sup-
pose that, starting from the front, the breakdown occurs with hl_lh} = zl_lkl_lkl/z;.
Then Proposition 5.2 of [3] gives us a basic exceptional relator of the form u"! vl_1 VoVs
with, since we are free at this point to make a choice, v{ = z;, v, = z;. In addition,
h;=hi ki =ki,z,=2,1<i<[—1and

gh()bhl ce hl—lbhl = kobkl ce kl_lbk[l)l
and gh()bhl ...hl_lbh} :kobkl ...k[_lbkllvz
Conjugating both equalities by ghobh, ...hl_lbhlvl_l =kobk ...k;_1bk; yields
vibhji1b ... hy—1bhmhobh,y ...hl_lbhlvl_l
=bkjy1b.. . kypm_1bkmkobky ... kj—1Dky,
vlhl_lh}bh}ﬂb ...bh hobh, ...hl_lbh,vl_l
=k 'kjbk b ... bkykobky ... kj_1bk;.
Relabelling, we have obtained a counterpair
vihv ' = vibhib .. . bhyvi! = bkib ... .bky =k,
vih' vt = vihbhb .. bhLvt = k(bk) ... bk, =K'
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Moreover the exceptional equality for F(A*, B*) N F(A* , B*, C*) has become the
initial Normal Form equality for vy /A’ vl_1 = k' and hence we can rewrite the second
equality in our counterpair as

vablb .. b, hyvy ! = bk ... bk

We shall use the results of Section 5 and Proposition 6.2 of [3] to derive a contradiction.
We consider three cases according as v{ and v, are or are not intermediate.

Case A Suppose neither vy nor v, is intermediate. Then, by Proposition 5.2, all the
equalities in the Normal Form system for v{bhb ... bhmvl_1 = bkyb ... bk, must
hold freely. In detail, then, we have

—_ o _ «— _ «— _
V1 =21,21 =22, s Zm—2 = Zm—1>Z2m—1 = V1
and hence v; is the m—fold downshift vq (7%) of itself, which is contradictory.

Case B Suppose both v; and v, are intermediate (and thus both p; and p, are
intermediate).

Without loss of generality we can suppose that L (v{) = min{L(vy), L(v;)}. We shall
apply Proposition 5.5 to the sequence of Normal Form Equalities derived from

vibhib .. .bhyvi' = bkib ... bky.

If m = 1, there is only a single equality 91/, = kqv;. The inequality hypothesis of
Proposition 5.5 is valid, by our assumption that L(v{) = min{L(vy), L(v;)}. The
given equality cannot hold freely, since v; is distinct from 97, and, for the same reason,
S1hy = kyvy must be vou~! = vov1 . In particular, we have 31 = v, and L(vy) =
L(vy) = min{L(vy), L(v2)}. If we switch our attention to v,bh b ... bh,hyvy ! =
bkib ...bkyk;, then the first Normal Form equality is Eh/l = kiz| and again we
can apply Proposition 5.5. However this equality cannot be vou~! = vy "1, since
we cannot have fE = v;, and it cannot be viu = vyv;, since this would give (E = vy
which is inconsistent with 97 = v,. The equality must therefore hold freely and
so zj = 2. Now this argument iterates — for suppose we have obtained, via free
equahtles Z as the j—fold downshift v,( j ) Then the next Normal Form equality
is vz(j+1h]+1 = k]/+1 i1 The pﬁblhty that this is vo,u~! = vgv, is ruled out
by the fact that we cannot have v,(j+1) = v, while the possibility of viu = vov,
is ruled out by the inconsistency of v, (]ﬁ) = v; with ; = v,. Hence the only
p0851b111ty is that z’, i1 =2 (]ﬁ) freely. Eventually, then we reach a final comparison
va(n ) = v, and we have a contradiction. (The iteration, of course, is unnecessary

when alson =1.)
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Now we have to dispose of the case when m > 1. If we can show that the Normal
Form equalities must all hold freely, then we have the same contradiction as in the
previous case. The first equality is 9141 = k1z;; we do have min{L(?7), L(z1)} <
L(vy) = min{L(vy), L(vy)} and hence Proposition 5.5 applies. If d1h; = kyz;
does not hold freely, then it is an instance of either v;u = vyv, or vou~l = vy .
The former yields 91 = vy, which is impossible, so we have to consider the latter
which gives <1 = v;. However in this case we have v;bh; = bk v; and therefore
vibhib .. .bhmvl_l = bk1b...bk,, decomposes into the two equalities vlbhlvl_l =
bk, and v{bh, ... bhmvlvl_1 = bk, ...bky,. The minimality of m + n implies that
both bk and bh, ...bh,, commute with 4/ whence of course so does /. So we can
rule out the second possibility and conclude that (ﬁhl = k12 holds freely. We can now
iterate this whole argument — at each stage we can rule out both versions of case (b) of
Proposition 5.5, the first because it implies that v{ coincides with a multiple downshift
of itself and the second because it implies that vibhb ... bhmvl_1 = bk1b...bky
decomposes. Hence all the Normal Form equalities hold freely and as a result we
deduce that v; is the same as its m—fold downshift v, (<n7) and this is impossible. This
concludes the argument for Case B.

Case C Suppose that one of v; and v, is intermediate and the other is not.

If v; is intermediate, we use the Normal Form equalities for v{bhb .. .bhmvl_1 =
bkib .. .bky,. We can apply Proposition 6.2 of [3] to the equality 91/, = kizy, since
we have L(97) = L(vy) =d(ax, cu); see the foot of page 295 of [3] where this notation
is explained. This equality either holds freely or is an instance of v{u = vov,. However
the latter is clearly impossible since it yields ¥; = v; and so the equality holds freely.
(When m = 1, this is the required contradiction.) In particular L(z;) = L(v;) and
therefore L(<Z_1) = L(vy) so that Proposition 6.2 of [3] also applies to Shy =kiz,.
This must also hold freely since otherwise %1 = vy which is impossible since in
fact 1 = v, (?) Clearly this argument can be iterated and eventually we obtain the
contradictory conclusion that v, ((n7) =v;. When v, is intermediate, the same argument
applies to the Normal Form equalities for vybhb ... bh,hyvy ' = bkib. .. bkk;.
This concludes the argument for Claim 4.2. |

Claim 4.3 There do not exist counterpairs ghg™' = k,gh'g™' = k' satisfying
Iy (g) = 0 and min{ly(h), [ (h")} > 0 such that py(h) + pp(h') = 1.

Proof Suppose such counterpairs exist; then without loss of generality we can assume
that there is a counterpair ghg™! =k, gh’g™! = k’ satisfying

(i) m+n =1Iy(h)+ [, (h") is minimal among all counterpairs satisfying /5(g) =0,
min{/p (1), lp(h")} > 0 and pp(h) + pp(h') = 1;
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(i) pp(h) =0, pp(h") =1;
(iii) the initial occurrences of b in & and &’ have the same exponent (since we can
invert / if necessary) which, without loss of generality, we can take to be +1.

Suppose then that we have
ghobhy .. hy_1bhmg™ ' = kobk; ... bk
and  ghobh\b.. .bhb™" . b7 e =kibky .. bk b Ky,

satisfying (i)—(iii). We note that, since we have a change of sign from positive to
negative in /', F(A*, B*,C*) N F(B*, C*) is exceptional.

We have three equalities gho = kozo, ghy = kyz( and h,g~! = 2/ ~'k! (where z,
is a shorthand for w’,_1) which yield equalities

(4-1) 27 b T keozo = 1y ho
(4_2) I/l k, k()Z() = h h()
(4-3) 2 kKb = )

upon elimination of g. Each of these either holds freely or is an exceptional equal-
ity for F(A*, B*) N F(A%., B*,C*). If all three of these equalities hold freely —
and it is easy to see that if two hold freely then so will the third — then we have
ho = hy = Wt kg = ko =1k, " ,and zo =z, = z Conjugatlng both equalities by
ghob =kozob = kobzo then yields a counterpair zohz =k, zoh’ =k'. Ifn=
then min{/,, (h) Iy (h’ )} = 0 contradicting Claim 4.1 while if n > 2 and Jj= n—l then
Claim 4.2 is contradicted. Finally if n>2 and j <n—1, then ZthO = k, Z()h/ 0 =i
satisfies the same hypotheses as the original counterpair in contradiction to condi-
tion (i). It follows therefore that we can assume that two of the three equalities
obtained by elimination are exceptional for F(A4*, B*) N F(A* , B*,C*) and there-
fore of the form u*! = (vl_lvovz)il. Since the equality éﬁh; = kj/. w; taken
from the Normal Form equalities for ghg~! = k’ defines an exceptional equality for
F(A*, B*,C*)Nn F(B*,C*), we know that Proposition 5.5 of [3] applies.

Suppose then, that (4-2) and (4-3) are exceptional. We shall consider other cases below
after we have completed the analysis for this case. Before getting into our main argument
we need, firstly, to show that in the exceptional equality u = vl_1 VoVy, we have v # v;.
Since (4-2) and (4-3) are exceptional, we obtain {z¢, z;} = {v1.v2} = {z;. 2} and
hence, that zy = 26. Suppose, by way of contradiction, that v{ = v, so that the

exceptional equality is u = v7!

) =z}, = v1. On the other

vov; . Then of course zg = z;,
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hand, if we conjugate our original counterpair by gh = kozo = kovy, then we obtain a
new counterpair

v hvT = vibhy . A1 bhmhovT! = bky .. bkmko =k

vih vt = vihgthyb L bR b houT! = kg kb . bbb kK
=k

However it follows from Claim 4.1 applied to the pair

viuvy !t = vg, vibhy ... hpo1bhmhovy' = bky ... bkmko

that # commutes with /4 and similarly that  commutes with 4" in F(A*, B*). Since
this means that # and 4’ commute we have the contradiction needed to ensure that

U1 751)2.

We still have {zo.z,} = {v1.v2} = {z{. 2z} and zo = z;;. By exercising a choice for
our notation we can assume that zy = 26 = v; so that we can deduce from (4-2) and
(4-3) that k, ko = vgl = kykg and hyho = ul = hy,hy . This implies that o = Ay,
and ko = k| and so, conjugating our original counterpair by gho = kozo = kov; as
before we obtain

v T = v1bhy . e bhhovT! = bky .. bkmko =k
and vil/vy = vihg iy b bR b ) gy !
= kg 'kobk ... bbb ko = K.

Again we have to break the analysis down into three separate cases, depending on the
properties of v; and v;.

Case A Suppose that neither vy nor v, is intermediate. Then we can apply Proposition
5.2to vibh ...bhmhovl_l = bk, ...bky ko to obtain the contradiction v1(<rﬁ) =v.

Case B Suppose that both v; and v, are intermediate. Then both p; and p, are inter-
mediate and p; =vq, py =v,. This means that the equality involving the change of sign
decomposes at the change of sign and it follows then from Claim 4.2 that bh ... bhy,hg
commutes with the two constituent factors of bAb ... bh;.b_1 ol b7 h ho and

n—1
hence with bA' b ... bh}b_1 ... hl_ b h},ho itself, which rules out this case.

Case C Suppose that one of vy or v, is intermediate and the other is not. If vq is
intermediate, then we can apply Proposition 6.2 of [3] to the uniform signature equality
as we did in Case C of Claim 4.2. The problem case is when v, is intermediate and v,
is not.
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We have d1hy = kiz; and fﬁh = kyz] (where temporarily we assume that j >
2). If the resulting equality is exceptlonal for F(A*, B*) N F(A*, B*,C¥), then
{z1.2]} = {v1.v2} and so v;bhy = bkyv; whence vlbhlvl_l = bky or vibhy =
bkivy = bklvglvlu whence vlbhlu_lvl_l = bklval. In either case we can de-
compose v1bh ...bh,,,hovl_1 =bk;...bkyky. Since each of the two factors of
bhy...bhyhy contains fewer than m occurrences of b we can use the minimality of
m++n in (i) to deduce that each factor of b/ ... bhyho, and hence bhy ... bhy,hg itself,
will commute with bA' b .. .bh}b_1 ...h_ b7 h}ho, again giving us a contradiction.
We can iterate this argument, either until we exhaust the uniform signature pattern

equality (when m < j) or until we have obtained /1y = h',...hj_ = h/ k=
ki, .. ki —k]/ pand zp =zp,...zj_ —z _, (when j <m). The formermeans

that we can apply a Nielsen move to reduce m + n —and so can be ruled out — while the
latter means that the change of sign equality in the second term is z]_lh/ = kJ/ w’ i and
we can perform an elimination with Z; _1/; = k;z;, and we have this step immediately

o i = e vl —1—1//_—1/
if j =1. This yields z; kj kjwj—hj hj

We claim that w} is intermediate. Since {5;, w}} ={p1, p»}, and either p{ or p, is
intermediate, we have to rule out the possibility that 5; is intermediate. So suppose it
is intermediate and, without loss of generality, suppose that Eﬁ = p1. Then of course
P2 is not intermediate. Then L(zj_1) = d(ay, ¢y) and we can apply Proposition 6.2
of [3] to Ej—zh —1 =kj_1zj—;. The possible outcomes are that the equality holds
freely or that it is an instance of e1ther P1Po =qp2 Or Py po = ¢ ! py. The latter
equality would glve PL=zZj_1 = pl , which is impossible, and the former equality
would give p, = p1 contradicting the fact that p2 is not 1ntermed13te Thus we are left
with the outcome that 4;_; =k;_; =1 and zj 2 =zj_1 = pi1(2). Then, however
L(zj_y) = d(ay,cy) and we can clearly iterate. We finish up with v; = pl(] ),

contradicting the fact that vy is not intermediate, and so w’, i is intermediate.

Given that w; is intermediate, the equality zj_lkj_lk]’. w; = hj_lh} either holds freely or
is exceptional for F(A*, B*)N F(AY, B*,C*) with {z;, w]’} = {vq, vy }. If the latter
holds, then we can again decompose the uniform signature term of our counterpair,
leading to a contradiction, so we can conclude that the equality holds freely and
hj = h;.kj = kj and w} = z;. Our counterpair can then be broken down into the
three equalities

vibhy ...bhj = bky...bkizj, zjbhjiy...bhmhovy' = bkji ... bkmkovy?

and zib ™ Wy T i hovT =T b k.
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If we “splice” the second and third equalities together, after inverting the former, then
we obtain

vihg B bk

n—1

YW T bbhigy . bhhovT!

j+1
e 7 A A 3

- f o1 bk .. bkmko.

If we combine this with
vlbhl e bhmhovl_l = bkl e bkmko,

then we have two equalities each with uniform signature pattern. So we can apply
Claim 4.1 to obtain the commuting relation

hyt i ol Tt K T bbhiyy .. bhmhobhy .. bhjbhjyy ... bhmhg

n—1 j+1
=bhmhobhy ...bhibhjyy ... bhmhohg 'y b, _ "W T bbhity .. bhmh.

n—1

We can cancel bhjq ...bhpyhg to yield

Iy Y

n—1

Wy 'bbhjyy . bhmhobhy ... bh;
= bhmhobhy ...bhjbhjyy ... bhmhohy ' h b

n—1

—1 ;=1
)

The above equalities hold in F (A, B) which is, however, as a subgroup of
G = (G*,b | bF(A*, B*,C*)b™! = F(A%, B*,C})),

expressed as the HNN-extension (A*, B*,b | bF(A*, B*)b™! = F(A* , B*)) in this
context. Both expressions in the equalities are reduced and hence by the Normal Form
Theorem applied to the last pair of occurrences of b in the second of the two equalities,
we deduce that 1; € F(A*, B*). However that fact that the change of sign term of
our counterpair is given in reduced form means that /; = h;. ¢ F(A*, B*). This
contradiction completes our analysis of the case when the equalities (4-2) and (4-3)
are exceptional.

This leaves us with the remaining two possibilities for whichever pair of (4-1), (4-2),
(4-3) are exceptional. If (4-3) and (4-1) are exceptional so that zyg = z;,, we can apply
the above analysis to ghg™! =k and gh’ 'g™' = k', with z,, in the role of zy, to
deduce the desired contradiction immediately.

On the other hand, if (4—1) and (4-2) hold then we cannot deduce our conclusion by
the same kind of appeal to symmetry since what we know this time from the analogue
of the initial steps of our analysis above is that z; = z, and this does not provide a
connection between the two terms of our counterpair but rather a connection between

Geometry € Topology Monographs, Volume 14 (2008)



Intersections of conjugates of Magnus subgroups of one-relator groups 153

the two ends of the term that contains a sign change. The result is that when we carry
out further stages of the analysis, what we obtain, after choosing our notation so that
zo = v1 and zj = z, = vy, is the pair of equalities

vibhy ... bhmhov' = bky ... bkmko
and  vybh\b . bRGHT b vyt =bky L bkibTh kb
(which strictly speaking do not form a counterpair since vy # v,).

We can, however, dispose of the Cases A and B for v; and v;, ie neither is or both
are intermediate exactly as we did in the previous case. So again the difficult case
is when just one is intermediate, and in fact the case when v, is intermediate is the
problem (since if vy is intermediate we can “attack” the Normal Form sequence for
v1bhy ...bhmhovl_1 = bky ... bk, ko with Proposition 6.2 of [3] as we did in the
case when (4-2) and (4-3) were exceptional).

The trick is to attack the Normal Form equalities for

vablib .. bRV,

n—1

byt = bk bk LK b

from both ends simultaneously. (This is the analogue of attacking the two Normal Form
equalities from one end.) The first and last terms are vzh’ = kijz} and /), 1v -1 =
z;l 1 lk/ , (adapting our notatlon suitably and temporarily assummg that l<j<
n—1). We can eliminate 9, and the result is z, 1k’ kozo = N,_ A . If this is

exceptional then we can decompose
vzbh’lb...bh}b_ R, b” ! _1 = bk} . .bk}b_l ...k,’1_1b_1

and, in the usual manner, obtain a contradiction. So the equality must hold freely
and we obtain /) _, = %—1 . This argument will iterate and hence, taking inverses if
necessary to ensure that j > n — j we eventually reach a point where we can rewrite

our equality as
bbb T T T ey = bk bk KTk T

where / < j. Since v, is intg‘mediate we can apply Proposition 6.2 of [3] to the string
of equahtles vzh =kizy, 2hhy =khzh, . 2 2h/ =k Z and deduce that

< Jj—17j— Pt
vz(j ) = zj_1. Moreover, since / < j we also obtam the equality v, ( l Y=z]_;.

Still assuming that 1 < j <n—1, we deduce that {z;_;, Z}_l} = {p1, p2}, but this
is also true when j = 1 with 3 in place z/j_;, or j =n—1 with (E in place zj_q.
However, since v is intermediate, it follows that v, is a proper subword of whichever
of pi1, py is not intermediate. Therefore, for instance if u = 1)1_31 Py 11)1_21qv1_11 VoV3,
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1 1

then py =wvyz and py = vy vovau™ v1_31 and this is impossible. This completes the
proof of Claim 4.3. a

Claim 4.4 There do not exist counterpairs ghg™' = k,gh'g™' = k' satisfying
Ip(g) = 0 and min{ly(h),lp(h")} > 0, such that py(h) = 1 = pp(h’) and h and
h’ have the same exponent on the respective initial occurrences of b.

Proof Suppose not; then, without loss of generality, we have a counterpair of the form
ghobhy .. .bhib ™ hisy ... b Y hyygT = kobky .. bkib " Ykiyy ... b ke

and  ghobh'y .. .bH;b™ Wy b g™ = kgbky . bkibT K L b K,

and we can assume that we have chosen this counterpair with m 4 n minimal among
all possible candidates.

We observe firstly that the changes of sign from positive to negative show that the
intersection F(A*, B*,C*)N F(B*, C*) is exceptional. By taking inverses if neces-
1 ):I: 1

< — — —_ .
sary, we can then assume that Z;_/;w; ! = Z/j_lh} w} I = ((p1pop; and, in

particular, that z;_; = Z]’._l, w; = wj’ and h; = h}. = patl,k,- = kj’. =g*!.

By eliminating g variously from the equalities gho = kozo, ghy = kyzy, hmg™' =
z;lkm, h;g_1 = z,’flk,’l, we obtain the following six equalities:

(1) 26_1k6_1k020 = h6_1h0

(2) Z,;lkmk()Zo = hmho

(3) z, 'kl kozo = h',ho

4 zp kmk)zy = hmh)

(5) 25 kmkzl = hmh)y

©) z, 'kl k 2 = R
In general each of these will either hold freely or be an exceptional equality for

F(A*, B*) N F(A*, B*,C™*). We need to know exactly what the possibilities are.
This is most easily done as a separate lemma within the current argument.

Lemma Let h;,i =1,2,3,4 be nontrivial elements of F(A*, B*), k;,i =1,2,3,4
nontrivial elements of F(B*,C*) and z;,i = 1,2, 3, 4 nontrivial elements of U such
that the six equalities zi_lkl._lijJ, 1 <i,j,<4,i # j hold. Then

(i) either there exists i such that all the equalities involving z; hold freely in which
case all six equalities hold freely and hence coincide;
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(ii) or there exists a partition of {1,2, 3,4} into subsets {i, j} and {i’, j'} such that
z; Yk Ykjzj =h7'hjz and Zi_,lkl.leJ’.ZJ’. = hl.—,lh} hold freely and the remaining
equalities are all exceptional equalities for F(A*, B*) N F(A*., B*,C*) and
therefore coincide up to possible inversion.

Proof It is convenient to visualise the equalities as the edges of a tetrahedron whose
vertices are the elements z;,7 = 1,2, 3,4. It is easy to see that if the equalities on two
edges of a face are free, the so is the equality on the third edge. It follows that if there
exists i such that all three edges incident to the vertex z; represent free equalities, then
all six equalities hold freely and therefore (i) holds.

Suppose then that every vertex z; is incident to at most one edge that is free, ie
represents a free equality. We need to show that then (ii) holds. For this we need the
following observation.

Sublemma If two of the equalities involving the element z; are exceptional, then the
equality obtained by eliminating z; from these holds freely.

Proof Suppose, without loss of generality, that the equalities Zl_lkl_lkzzz = hl_lhz
and Zl_lkl_lk323 = h1_1h3 are both exceptional. Then both are an instance of the
equality vl_lvovz = u (or its inverse) and we have, say, z; = v1,zp = z3 = Uy
and kl_lkz = vy = k1_1k3 so that k, = k3 and similarly 4, = h3. Then clearly
zz_lkz_lk323 = h;1h3 holds freely. m]

Suppose then that, say, the edges z;z, and z;z3 are exceptional, ie represent exceptional
equalities. By the Sublemma, the third edge z,z3 of the face zyz,z3 is free. Since
at most one edge incident to z; can be free, it follows that z;z4 is exceptional and
similarly z3z4 is exceptional. By the Sublemma, z;z4 is free and we have the partition
consisting of {1, 3} and {(2,4} as required. Finally we note that if a face has two
edges that are exceptional, then using the free inequality on the third edge transforms
the exceptional equality on one edge into the exceptional equality on the other. m]

We return to the argument of Claim 4.4. If all the equalities obtained by substituting
for g hold freely, then by conjugating by ghoy = kzo, we can obtain a conjugate
counterpair but at the same time reduce both m and n by 2. This will contradict the
minimality of our choice of counterpair, although care must be taken in “degenerate”
cases when one of our conditions min{/,(h), I (h")} > 0 or pp(h) = 1 = pp(h) fails
to hold for the new counterpair. However these “degenerate” cases can all be dealt with
by appealing to our earlier results Claims 4.1-4.3. Therefore we only have to deal with
the case when we have four exceptional and two free equalities. We encounter the same
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three cases as in Claim 4.3, depending on the nature of v; and v, in the exceptional
equality u = vl_lvovz for F(A*, B*)N F(A* , B*,C¥).

Case A Suppose neither vy nor v, is intermediate.

In this situation, it follows from Proposition 5.2 that all of the Normal Form equalities
other than the first, last and “change of sign” term of each sequence will hold freely
and thus our counterpair takes the form

ghob'hib~ " D h, o7 = kob kip~ "Dk,
and ghob Wb~ =D e = k(b kb~ Dk

In particular we have ghob'h; = kob'k; ps and ghy bI h/ k’bfk’ ps, where § =1 if
hi —h = po and 6 =2 if h; = h/ = po1 From this we obtaln ghob’ Jh’ -1 g =
kob'~ fk’ . We claim that in fact i = j. If not, then hob’_fh’ ~1and ko b’ /k’_1
have nonzero b—length and no sign changes. However it follows from Claim 4 3
that ghobh'~/ h6_1 g ' =kob'~/ k(/)_l does not form a counterpair with either of the
terms of our original counterpair. In particular this means that the nontrivial element
hob'=7 h6_1 commutes with both /# and #’. However these commuting relations
hold in the free group F(A, B) and hence & and 4’ commute which of course is
a contradiction. It follows, therefore that i = j. A similar argument derived from
psh™ "D = b= =D and psh~ D! =b="=DE! shows that m—i =n—j
and hence, since i = j, we obtain m = n.

However since i = j and therefore z;_; = z,_,, the Normal Form equalities

i—1°

— <« ’ ' S v /
gh0=koZo,Zl =Z2,...,Zj—2 = Zj—1 and gh =k ZO,Zl —22,. CZi-2 = Zi
yield z;_, —zl s e 20 —z . Similarly w; = w yields w41 = wl+1,...,wm_1 =

—) —) _
w;n . Therefore z, = W] = W1 = zy,  so that z,, = z,,. This means that

both the equalities z{ k/ Ykozo = =hy~ "% and z,/n_lk,’nkmzm = h;"_lhm derived
by elimination of g from the first and last terms of the two Normal Form equalities must
hold freely — for otherwise we would have v{ = v, which, by the single syllable criterion
of Proposition 5.5 of [3] would mean that v; = v, would be intermediate. It follows
therefore that g = hy. ko = k{. hm = hy,. ko = k,, and hence that 1 = ',k = k'
which is obviously a contradiction. This concludes Case A.

Case B Suppose both v; and v, are intermediate.

Our conventions on the choice of notation described after Proposition 5.5 of [3] imply
that vy = p1, v, = p,. Since we know that precisely four of the inequalities obtained
by eliminating g are exceptional, it follows that all of the four “auxiliary terms”
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20+ Z» Zm. Zy, are either vy or v,. Suppose, for instance that zo = v. Then we obtain
a conjugate counterpair of the form

zobhy ... bhib™ b hghozyt = bky .. bkib T b ek

and zohg'hobh'y .. bhb™ b hphozy ! = kg 'kybky .. bk b ko
The “change of sign” equalities are, as in Case A, E;hiwi_l = Kh} w}_l =
(p1popy )*! and it follows that {577, wi} = {1, wj} = {p1, pa} = (o1, 02}
Possibly by inverting one or both of the elements of this counterpair, we can assume
that w; = w; = p1 = v1. Then each of the displayed equalities in the above counterpair
decomposes into a product of equalities with uniform signature patterns and the desired

contradiction will follow from Claim 4.2.
Case C Suppose that one of v; and v, is intermediate and the other is not.

As in Case B, we know that from the analysis of the equalities obtained by elim-
inating g from the first and last terms of the Normal Form inequalities, that each
of 29,24, Zm. z!/! is either vy or v,. Again the “change of sign” inequalities yield
{Zic wiy ={zj-1, w;} ={p1., p2}. We note that one of {p1, p,} is intermediate and
the other is not.

Let us assume that E: = ﬁ = p; is intermediate. We shall see that there is no loss
of generality in so doing. We examine the two sequences of Normal Form equalities as
far as the change of sign equalities. Since 5= P1, and the latter is intermediate, it
follows that L(z;—1) = L(p1) = d(ay, ¢y) and hence, by Proposition 6.2 of [3], the
equality Ehi—l = k;_1z;— either holds freely or is an instance of p, Po L=¢71p;.
The latter is impossible since then z;_1 = p; = % _1. Thus the equality holds freely
and z;_ = py (_2>). This argument can clearly now be iterated to obtain zy = p; (7))
and hy =...=hj_1=1=k;...=k;—1. Applying this whole argument to the second
term of our counterpair yields z; = p; (7) and Wy=...= h}_l =l=kj...=k_y.
We consider the equality zy'ky 'k(zy = hy'hj, obtained by the elimination of g.
If this is not free then {zo.z,} = {vy,v2}. Since zo = p1(7) and Zy = (),
we have L(z9) = L(p1) = L(z;). However it follows from the relationship between
ul vl_1 vov2 and py ! pl_lq p> determined by the single syllable criterion of Proposition
5.5 of [3] that L(py) < L(vy) or L(p;) < L(vy) according as vy or v, is not
intermediate. Therefore zy 'ky 'k(zy = hy'hfy can only hold freely so that zg =z,
giving i = j, and also ho = hy, ko = k.
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Our equalities therefore simplify to
ghobipob_lhi+1 . b_lhmg_l = kobiqb_lkH_l e b_lkm
and ghob' pob™ 'y ... b7 g = kob'qbT k], ... b7 k),

and we have just three distinct Normal Form equalities that involve g, namely ghg =
kozo.hmg ™' =z kp and h}, g~' = z/, " k! . These give rise to three derived equali-
ties by elimination of g, namely

Q) z, kmkozo = hmho
(4) Z;_lk,/lkozo = h;ho
©) 2, 'kl ki, =L

using our earlier numbering.

If we conjugate by ghob’ = kob’ p;,and use the fact that Z;_h; = k;w; is just
P1DPo = qp2, we obtain a conjugate counterpair

pab iy b Vbl popyt = b ki . b kb g
and b b R hob popst = b7 kL, .. bk kobg.

Now if either h,hg = 1 = kmko or hyhyg = 1 = k, k¢, then we will contradict the
minimality of our initial choice of counterpair. The fact that the initial exponent is
now —1 rather than 41 is not an issue since our choice of +1 was without loss of
generality and made only for notational simplicity. However a caveat concerning the
need to apply Claims 4.1-4.3 to dispose of “degenerate” cases does apply here as well.
This means neither (2) nor (4) can hold freely and therefore (6) will hold freely yielding
Zm =z and hyy = h), ki = k.

We can now simplify our original counterpair a little further to give
ghob pob™ Y higq .. b Vgt = kob g Vkigq ... b Ve
and  ghob' pob Wiy ..y b gt = kob'qbT k] . Ky b ko

n—1 n—1

and since we know that z,, = z,, we can attack the terms of our cogn_terpair from the
back via tl(le_Normal Form equalities. Specifically we obtain /,,—;z,,! = z;l_lkm_l
1 ! and hence i/ h! =z;l_1_1k/ k7l zpm_g.

’ 7 -1
and hm—lzm = Zm—1 km—l’ n—1"m—1 n—1"m—1

Suppose this is exceptional for F(A*, B*) N F(A%, B*,C*). Then {z]_|.zp—1} =
{vi, v2} = {20, zm}. We write {v,v2} = {v,,vs} where v, is intermediate and vy
is not. Now it follows from the relationship between ! vl_1 vovz and py ! pl_lqu
defined by Proposition 5.5 of [3] that L (vy,)+L(vs) = L(vy)+L(v2)=L(p1)+L(p2)
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and also that L(p;) < L(vs) and L(vy) < L(p3). Since zp = pl(?) we have
L(zo) = L(p1) < L(vs) and therefore zg = vy, z; = vs. Also L(z9) = L(vy) and
so L(p1) = L(vy) whence L(ps) = L(vg).

/

is therefore interme(rilia}[e. If we rewrite hy,,—;z,, = Z;,l_lkm—l as Zm—1hm—1z,,' =
km—1, then either the latt(eﬂs exceptional for F(A*, B*,C*)NF(B*,C*) or hy—1 =
1l =kpu_1 and z,,_1 = z;,l. However if the latter llo_lds, then L(z;—1) = L(vy) <
L(py) = L(vg) = L(zmm) which contradicts z,,—1 = 2;11 . So only the former can hold,
but then since L(z,,,—1) = L(vy) < L(p2) we must have z,,_; = pl,éz = p, and
hm—1 = po.km—1 = q. However we also have z,,—; = v, = zo which contradicts
zo = p1(7). The only possibility left is that h,_y = hm1.k,_; = kp—1 and
z)_, = Zm—1. We obtain the same conclusion if z) |, =v,.

Now we also have {z Zm—1}=1{V1, 02} = {1()),_,1)5}. So suppose that z,,_; = EV_and

1

As usual, the argument can be iterated and, if m = n, we get all the way to /), , =

i+1
hiyi1.k; 41 =kit1 and z 41 =Zi+1 giving h = h’ which is clearly contradictory. The

problem remaining is when m # n and we can assume that m < n. Then
ghob pob™ i}y .. b hg T = kob b kg b ke

becomes

ghob pob™ hyy o b b i b BT g

n—m-+i
=kob'qb™ k] ... b7 kb kit o BT g1 e
If we now conjugate both terms of the counterpair by ghob’ py = kob'gp> we obtain

pahpyt = pab iy . b hmhob! pop3t = b Vkiny ... b kmkoblg = k

and poh'pyt = pab T Wi T hpy =T R b iik
and hence pab ™ T iy =T K b ki
The desired contradiction now follows in the usual way from Claim 4.2. |

Claim 4.5 There do not exist counterpairs ghg™! = k,gh'g™' = k' satisfying
Ip(g) = 0 and min{ly (h), l(h')} > 0 such that py(h) =1 = pp(I').

Proof If a counterpair exists, then it fails to satisfy the hypotheses of Claim 4.4. It
must therefore have, without loss of generality, the form

ghobhy.. . bhib™ Y bV b g =kobky. . bbb 1 b ey
and ghob™ 'y .. b Wb . bR, _\bh,g ™ =kobT'ky .. b7 kb .. bk _ bk
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The resulting Normal Form equalities from the first member of the counterpair show
that the intersection F(A*, B*, C*)NF(B*, C*) is exceptional and ghobhy ...bh; =
kobky ...bkjw;, with {51, w;} = {p1. p2}. If we substitute for g, then we obtain a
counterpair

wihw; ' = wib gy .. b hmhobhy . bhiw]!
=bkip1 .. kme1b " kmkobky ... bki =k,
wil'wi = wihy b7 b g b Wb BT Wb L bl hobhy . bhiw]!
=k b kg kb kDT b7 Kb bk kobky .. bk = K
since we have just conjugated the original counterpair.

We cannot exclude the possibility that w,ﬁ w; 1 is not in reduced form and it is possible
that pp(h) =0, and even that Ip(h) = 0. However w;h'w; ! is in reduced form and
so we have pp(h) <1, pp(h’) = 1 and we reduce to one of Claim 4.1, Claim 4.2 or
Claim 4.4 as appropriate. O

Finally we are ready to verify the our overall conclusion that there are no counterpairs,
having verified this assertion for three initial cases.

Claim 4.6 There do not exist counterpairs ghg™' = k,gh'g™' = k' satisfying
I(g) = 0 and min{ly (h), lp(h")} > 0.

Proof In Claims 4.2, 4.3 and 4.4, we have verified that there are no counterpairs
satisfying /p(g) = 0 and min{/,(h), l(h’)} > 0 under any of the additional hypotheses

pp(h) + pp(h') = 0, pp(h) + pp(h') = 1, and pp(h) + pp(h") =2 with pp(h) =
pp(h') = 1. This leaves us with the following cases.

Case 4.6.1 p,(h) + pp(h') > 2 and both are even.
Case 4.6.2 pp(h) + pp(h') > 3 and one is odd and the other is even.
Case 4.6.3 pp(h) + pp(h') > 4 and both are odd.

We assume that we have a counterpair with pp(h) + pp(h’) > 2 and minimal where,
without loss of generality, we can assume that pp (%) < pp(h’). We need to split this
into two subcases.

Case 4.6.1a Let pp(h) = 0 so that pp(h') > 2. Then we can write
ghg™' = ghobhy ...bhy = kobky ...bk,y, =k
and gh'e™ = ghobh'y .. .o~ Wy y . b hybhy ... bh,g™
= kobky .. .bkib™ k. b7 Kbk, .. bk, =K
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where the sign changes displayed in 4’and k’ are the initial two.

Suppose j < m; when we analyse the two systems of Normal Form inequalities, one
of two possibilities occurs. The first is that we can iteratively obtain equalities h6 =
/’l(), k(/) =k0, 26 =Z9, hll =h1,ki =k1,Z/1 =Zl,...,h}_
Zj’._1 = zj—1 because the successive equalities derived by elimination hold freely.
In this case we conjugate by ghobh; ...bhj_1b = kobk; ... bkj_lbéﬁ to obtain
a new counterpair of the form 57—1;1\57—1_ =k, éj—lf?’z] 1 =k’ where i =
hjbhjyy...bh hobhl .bhj, W= h’b lh’ .bT lh b...bhyhobhy...bhj,and
similarly for k and k. In both cases no new s1gn changes are introduced and /4’ has
been stripped of its initial sign change. Thus pp (h) = pp(h) =0 and pp (h/ )=pp(h)—1
and we contradict minimality using Claim 4.2 if pp(h') = 2.

— . / .
1—h1—1’ k] 1 — -1

The second possibility is that our sequence of free equalities breaks down and we obtain
an exceptional equality for F(A*, B*)N F(A* , B*, C*) of the form
2tk ke = h
VA f fur
for some f < j—1. In particular {Zf,Zf} ={vy, v2}. Here we use ghobhy ...bhy =
kobk ...bkyzs to obtain a conjugate counterpair
A~ A N A
thzf =k, th’zf =k
Again we simply permute / to obtain J whereas
o zp = 2 h Wbl bR b b bl bz
T / /—1 -1/ 7
—kf kfbkf+1 . bk;bT b kib... bkyky =1k
From this last equality we deduce the two equalities
Zph 7 Wbl bR b ...b—‘h; =k kbl 2Tt bk b
and Zlbhl+1 .bhyhobhy ...bhjz f = bk;_H ...bk)kobky ...bkj.
However {zr,z } = {vq, vz} ={z, Zl} and u = v’ Loov, and this means that Zl =zr,
z; = VoZfU, o1 or Zl = v, qu Recalling that v; = vovzu and hence v, = Vo 2 Wiu,
we can transform th/ = k’ into an equality th/ 7 th/ = k' where p,(h') =
pp(h')—1 and pp (h )=0. By mlnlmahty, using Claim 4.1 if pp(h') = 2, it follows

that # commutes with both /2’ and /2’ and hence with h which is the contradiction we
require to conclude the argument when j < m.

If j > m we have essentially the same possibilities as before, save that when we
have free equalities we might need to rotate / several times before we reach either
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the situation when we get free equalities involving h}_l,

kj_1 and ZJ’._1 are involved. (An alternative

kj—y and zJ/._1 or we obtain
an exceptional equality before h}_l,
view is to say that we make a minimal choice of n = I, (/) and then, if we obtain
m free equalities, we replace our original pairs (&,k) and (h',k’) by (h,k) and
(W= 'h' k7K

Case 4.6.1b Let pp(h) > 2 so that pp(h) + pp (') > 4. If we assume, without loss
of generality that i > j, then the argument given above can be repeated more or less
verbatim. If i > j, any conjugation used will preserve pp(h) while if i = j and
the free equalities are valid as far as i —1 = j — 1, the conjugation used will reduce
pp(h) + pp(h') by 2.

Case 4.6.2 Let pp(h) + pp(h') > 3 where one is odd and the other is even.

Without loss of generality, we may suppose that pp (%) is even and pp(h') is odd, not
excluding the possibility that pp(2) = 0, in which case pp(h") > 3. Also, by inverting
ghg™! = k, if necessary, we can assume that the two terms of our counterpair have
the same initial exponent for b

We proceed much as in Case 4.6.1. However, there we attacked the terms of our counter-
pair by obtaining a sequence of equalities z; 'ky kyzy =,z 'k ki z) = h MR,
until we found one that did not hold freely. This time we have three sequences of
such equalities because of the fact that pp(4’) is odd — the initial three equalities are
2ok kzy = hy Ty, zg Vg Yyt zm = hg Y hit z,;_lk;lk(/)zé = hyhy. If we can run
these free inequalities until we reach a sign change in & or A’ (if pp(h) =0, then only
I’ is a possibility as discussed in the previous case), then conjugation will replace our
original counterpair by a counterpair with fewer total sign changes. The conjugation
will cycle positive occurrences of b from the front of /4 to the back of 4 and will
actually cancel occurrences of b that occur in /. The other alternative is that we reach a
point at which some equality is exceptional for F(A*, B*)N F(A* , B*,C*), in which
case there will be a conjugate counterpair of the form fozzfl =k or Zfﬁ/ z}?l =k’
such that one or other (or possibly both) will decompose into two counterpairs, each
of which contains fewer sign changes than our original. The resulting commutativity
derived from our assumption of minimality then yield the required contradiction.

Case 4.6.3 Let pp(h) + pp(h') > 4 where both are odd. Initially let us assume that
h and i’ have positive exponent on the respective initial occurrences of ». Then we
are in a situation similar to that considered in Claim 4.4 where we attack both terms
of our counterpair from the front and back. As we noted proving claim 4.4 there are
potentially six apparently distinct sequences of equalities obtained by elimination from
the Normal Form equalities. Broadly our argument is the same as that for Case 4.6.2.
Either we can generate free inequalities right up to the point at which we reach a sign
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change, in which case conjugation will provide us with a new counterpair with fewer
total sign changes or at some point, we produce an equality that is exceptional for
F(A*, B*)N F(A% , B*,C*). But again there will be a conjugate counterpair, one of
whose terms will contain enough sign changes to allow us to decompose it into two
factors, each containing fewer sign changes than the original term and we have the
same commutativity conclusion.

It remains only to note that the argument of Claim 4.5 in fact carries over verbatim to
the present situation and allows us to drop out provisional hypothesis concerning the
exponents of the respective initial occurrences of b. |

We end this section by observing that the sequence of Claims 4.1-4.6 completes the
proof of our main result, save that we have to verify the Propositions stated in the next
section and which were used above.

5 Technical results

As noted in Section 4 just prior to the application of the results we are about to prove,
the material in this section parallels Proposition 6.2 of [3] and we shall employ the
methods, terminology and notation described there. Also, as noted at the start of
Section 4, we can assume that all of A%, 4*,C}, C* are nonempty. As in Section 6
of [3], our initial standpoint is that we are given the exceptional intersection

F(A*, B¥) N F(A%, B* C*) = (u) » F(A% . B*) = (v) » F(4%, B*)

with u = vl_lvovz, where vy, vy are not both trivial, and in turn F(A*, B*,C*) N
F(A% , B*,C¥) is also exceptional with basic exceptional equality s = ¢ where s is
the a,—core of u and t = ul_l

t is the ¢, —core of t.

vu;1 , where u = usu,. We also write t = ¢, ¢, where

We shall deal with two specific additional case assumptions, in each instance proving
a result similar to Proposition 6.2 of [3] (which is itself proved under its own set of
assumptions additional to the basic standpoint of Section 6 of [3]).

Case Assumption A In vl_lvovz, neither v{ nor v, is intermediate. Since both v;
and vy liein F(A%, B*,C}), this amounts to saying that both involve at least one of
the two extremal generators a;, ¢, .

Our first step is to prove an analogue of Lemma 6.1 of [3].
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Lemma 5.1 Let
F(A*, B YN F(AY,B*,C*) = (u) x F(A%, B*) = (v) * F(A*_, BY)
withu =v = vl_1 VoV, where Case Assumption A holds. Then:

(@) A cyclically reduced word of the form h~'w='kz, where w € L and z € U
are both nontrivial of type (A* : C*) and h € F(A*, B*), k € F(B*,C*) with
h, k nontrivial, cannot (cyclically) contain two disjoint Gurevich subwords.

(b) A cyclically reduced word of the form k—'w=lhz, where w € L and z € U
are both nontrivial of type (C* : A*) and h € F(A*, B*), k € F(B*,C*) with
h, k nontrivial, cannot (cyclically) contain two disjoint Gurevich subwords.

(c) A cyclically reduced word of the form h~'w~'h'z, where w € L and z € U
are both nontrivial of type (C* : C*) and also h,h’ € F(A*, B*) are nontrivial,
cannot (cyclically) contain two disjoint Gurevich subwords.

(d) A cyclically reduced word of the form k~'w='k’z, where w € L and z € U
are both nontrivial of type (A* : A*) and also k,k’ € F(B*, C*) are nontrivial
cannot (cyclically) contain two disjoint Gurevich subwords.

Proof It suffices to prove (a) and (c) since (b) is just a dual rewording of (a) and (d)
is a dual rewording of (c).

(a) Suppose we have two disjoint Gurevich subwords of 4~ 1w~k z; then there are
two disjoint extremal Gurevich subwords. Now neither extremal Gurevich subword
can be a subword of any of h~Yw= Y w™lk, kz,zh™!, for each of these omits an
essential generator. Moreover, neither extremal Gurevich subword can contain any of
h=Yw= w™lk kz,zh™!, for then its companion extremal Gurevich subword would
be a subword of one of A~ w ™!, w™lk, kz,zh™!. It follows, therefore that an extremal
Gurevich subword must take one of the four forms

-1,,.—1 -1 -1 -1,.,—1
hl w kl,wl kZl,kth ,Zzh w, -,

where w;,w, denote proper, nontrivial, initial and terminal segments of w and
similarly for 4, k and z, and that a pair must be either {hl_lw_lkl,kzzhzl} or
{wl_lkzl,zzh_lwz_l}.

+1

Suppose that a word of form hl_l w~ 'k is an extremal Gurevich subword. Then ag;,

which must be obtained from u=!

+1
0

of a,ﬂ“ and clfl will properly enclose between them, a string of syllables of hl_1 wlk,

can appear either in hl_l orin w™! and similarly

cljfl from vX! can appear either in w™! or k;. Wherever they appear, the occurrences

that are distinct from those containing afctl and cl:fl and which constitute an occurrence
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;—Ll or véﬁl . This means that one of these must occur within w™! which

ftl nor véﬁl is intermediate. This rules out the first

of either v
contradicts the fact that neither v
possibility for a pair.

The second possibility for a pair includes a word of form wl_lkzl as an extremal
Gurevich subword. For this word, a,ﬂcl can appear only in wl_1 and cffl in wl_1 or k.
+1
1

An analysis similar to the previous possibility forces either v;~" or vgcl to lie within

wl_1 which is impossible.

(¢) In a manner parallel to the argument for (a), we see that no member of a
pair of disjoint extremal Gurevich subwords can be contained in or contain any of
h='w=Y w™ A’ W'z, zh~!. Furthermore we cannot have a pair of extremal Gurevich
subwords of the form h7'w™4/, h,zh;" and so the only possible form for a pair

is wl_lh’zl , Zlh_lwz_l. Observing that clfl can appear only in w™! while a,ﬂtl can
appear in A~ !, i’ or w™! we see that we are forced to try to position vftl or véﬁl
within w1, which is impossible. O

The following is the first of our two results that parallels Proposition 6.2. of [3]

Proposition 5.2 Let
F(A*, BY YN F(A*,B*,C*) = (u) x F(A* , B*) = (v) * F(A , B¥),

where u = v in G*, v is vl_1 VoV, and Case Assumption A holds. Furthermore, let the
equality wh=kz, where w € L and z € U are both nontrivial of type (A*:C*) and h €
F(A*, B*), k € F(B*,C¥), define an element of F(A*, B*,C*)N F(A* , B*,C¥).
Then the element defined by wh = kz is non-exceptional and the equality holds freely
in F(A* , B*,C*) —in particular, h = k = 1 and w = z is intermediate.

Proof Suppose, by way of contradiction, that the element defined is exceptional so
that use of the basic exceptional relation is required.

Case 5.2.1 Suppose that & and k are nontrivial so that A/~ 'w™!kz is cyclically
reduced as written. If we apply Lemma 5.1(a), then it remains only to show that the cycli-
cally reduced form A~'w =1k z cannot be a cyclic rearrangement of (™! vl_1 vovy) L.
As before we look to see where the extremal generators are situated. In particular we
observe that u*! either coincides with 27! or is a syllable of w™!. Similarly v!
either coincides with k or is a syllable of w™!. No matter which possibility occurs,

+1 +1 1
2

we finish up, as previously, trying to position v{~" or v5" within w™".

Case 5.2.2 Suppose that # =1 and k is nontrivial. Now w and z may have a common
terminal segment which will be cancelled in obtaining the cyclically reduced form of
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~1: notice however that no occurrences of extremal generators — and @, must

kzw
appear in w and a; in z — will be cancelled. Then we can write w = w;w, and
z = zyzp where wy = z; is the maximal common terminal segment of w and z, with
w1y, z1 nontrivial. Then the resulting cyclically reduced word will be either of the form
kz’h"~Yw'=! or kz’k’~w’~!, depending on the exact nature of w, and z, in relation
to w and z, with /', respectively k', nontrivial. Then we can apply either Lemma
5.1 (a) or (d) to deduce that the only possibility for this word is that it is a cycle of
(u™! vl_1 vov2)*!. The argument for Case 5.2.1 disposes of the possibility that we have
kZ/h/—l wl—l .

To finish this case we verify that kz'k’~'w'~! cannot be a cycle of (u~'v]! vova)EL.

+1 must be a syllable of w'~! while v(j)El can be k,k’~! or a syllable of

?:1 or vzjEl within w’~!.

This time u
w’~!; but of course we then have to position v

Case 5.2.3 Suppose that % is nontrivial and &£ = 1 . This is clearly dual to Case 5.2.2,
by considering w~!zA~! and the consequent cyclically reduced form.

Case 5.2.4 Suppose that # = k = 1. This time we simply examine w ™!z but have to
allow for both common initial segments and common terminal segments, observing
that both will have to be intermediate words. The resulting cyclically reduced form
will fall into one of the previous categories we have considered. O

For the next three results we replace Case Assumption A by the following.
Case Assumption B In vl_lvovz, both v; and v, are nontrivial and intermediate.

Lemma 5.3 Let
F(A*, B YN F(AY, B*,C*) = (u) x F(A*_, B*) = (v) x F(A*_, B¥)

with u=v] 'vgv, where Case Assumption B holds. Then F(A*, B*, C*)NF(B*,C*)
is exceptional. Moreover if the basic exceptional equality is pi po p2_1 =gq , then, under
the conventions described prior to Proposition 5.5 of [3], p1 = v1, po = U, pp = V>
and g = vy.

Proof This is immediate from the definitions involved. a
We use the syllable length function L applicable to words of F(A%,B*,C*) or
F(A*, B*,C¥), defined as the number of syllables of z. The terms “syllable” and

“syllable length” are defined at the end of Section 5 of [3] but unfortunately the notation
L for this was not specifically defined there — the reader should refer to Addendum 2.

Geometry € Topology Monographs, Volume 14 (2008)



Intersections of conjugates of Magnus subgroups of one-relator groups 167

Lemma 5.4 Let

F(A*, B*)N F(A%, B*,C*) = (u) % F(A%, B*) = (v) x F(4%, B¥)

with u = vl_1 VoV, where Case Assumption B holds. Then :

(a)

(b)

(c)

Let h~'w™'kz be a cyclically reduced word, where w € L and z € U are both
nontrivial of type (A* : C*) and h € F(A*, B*), k € F(B*,C*) with h,k
nontrivial. Suppose that min{L(w), L(z)} < min{L(vy), L(v2)}. If i 'w=lkz
contains a pair of disjoint extremal Gurevich subwords then such a pair must be
of the form hl_lw_lkl and kzzhzl where hy, k; are proper initial segments
of h and k, hj, ko are proper terminal segments of h and k and the following
hold:

@) hl_lw_lkl is of the form either (1) ul(ak,ak)_lvTIUOI(cu, ¢y) with w =
vy or(2) uz(aK,a;L)vz_lvgzl (e, cy) with w = vy;

(ii) kzzhz_1 is of the form either (3) voa(cp, cv)vaug (ae, ay)~! with v, =z or
4) vOI(CM,cv)_lvlul(aK,aA) with v = z.

In the above uy, vy, Uy, Voo are appropriate initial or terminal segments of u
and vy .

Let h='w='h'z be a cyclically reduced word, where w € L and z € U are
both nontrivial of type (C* : C*) and h € F(A*, B*), k € F(B*,C*) with
h,h’ nontrivial. Suppose that min{L(w), L(z)} < min{L(vy), L(vy)}. Then
h=Yw~!h'z cannot (cyclically) contain two disjoint Gurevich subwords.

Let k'~'w™kz be a cyclically reduced word, where w € L and z € U are
both nontrivial of type (A* : A*) and k, k' € F(B*,C*) with h, ' nontrivial.
Suppose that min{L(w), L(z)} < min{L(v;), L(v,)}. Then k’~'w~!'z cannot
(cyclically) contain two disjoint Gurevich subwords.

Proof We omit the proof of (c) since the statement is the dual of (b).

(a) A pair of extremal Gurevich subwords must be either {hl_l w1k, kzzhgl} or

{wl_lkzl , zzh_lwz_l}, as in Lemma 5.1. Since a, and a; occur together in u, when

we inspect our candidate pair {hl_l wlky, kzzhgl} we see that u cannot be matched

against a syllable of w or z and hence we must have both @, and a) together in hl_l

and h;l respectively. Similar remarks apply to ¢, and ¢, and it follows that for pairs

{hl_1 wky, kzzhgl }, the possibilities are those listed above.

Geometry € Topology Monographs, Volume 14 (2008)



168 Donald J Collins

An analysis of the possibilities for pairs {wl_lkzl ,zoh™ ! wy 1 yields the following:

wikzy = ui(a) " vy vovaua(ay) ™! with vy = k;
wl_lkzl = uz(aK)vz_lvalvlul(ak) with vgl =k;
zzh_lwz_1 = voz(cv)vzu_lvl_lvm(cu) withu= ! =h71;

Zzh_lwz_l = v01(cv)_1v1uv2_1v02(cﬂ)_1 withu = h~ 1,

where we extend our convention about denoting initial and terminal subscripts of words
in this case to u# and vy by writing u, u, and vg1, Voo respectively. However in each
case we observe vfbl and vzj:1 as proper subwords of either w or z contradicting
min{L(w), L(z)} <min{L(vy), L(v3)}.

(b) In amanner parallel to the argument for Lemma 5.1 (c),it follows the only possible
form for a pair is wl_lh’zl , zlh_lwz_1 . The options are:

wih 21 = voalep)vau vy Mgy () with ! = i’;
wih 21 = vor(ep) " oruvy tuga(en) ™) with u = 4’;
zzh_lwz_1 = voz(cv)vzu_lvl_lvm (CM)_I) with ™' =471,
zh ™ wy = voq(ep) T viuny vea(cp)™h with u = h.
However, in each case the length inequality is contradicted. |

Proposition 5.5 Let
F(A*, BYYNF(AY,B*,C*) = (u) x F(A*_, B*) = (v) x F(A*_, B¥)

with u = vl_1 VoV, where Case Assumption B holds. Furthermore let the equality wh =
kz, where w € L and z € U are both nontrivial of type (A* : C*) and h € F(A*, B*),
k € F(B*,C™) , define an element of F(A*, B*,C*)N F(A* , B*,C™).

If min{L(w), L(z)} < min{L(vy), L(v,)}, then one of the following holds:

(a) The element defined by wh = kz is non-exceptional and the equality holds
freely — in particular, h = k = 1 and w = z is intermediate.

(b) vy, v, are distinct and nontrivial and h~'w~'kz is a cycle of (u™! vl_1 vovy) L.
In particular w = vq,z = vy, h =u, k = vy, in other words wh = k z is precisely

ViU = VgV, or, similarly, wh = kz is precisely vou~l = valvl ;

(c) vy =v, =7 is nontrivial and h~'w~'kz is a cycle of (u_lﬁ_lv(l)’ﬁ)jEl for some
1

nonzero integer I . In particular, w =7 =z and h = u’  k = V-
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Proof If some extremal generator does not appear in w/ = kz, then the equality must
hold freely in the Magnus subgroup omitting this generator and (a) follows. So we can
assume that all four do appear.

(i) Suppose, firstly, that z,k # 1 so that A~ 'w~1kz is cyclically reduced and (a)
cannot hold. Then either 7~ 'w™'kz is a cycle of (u_lvl_lvovz)jEl or h 'w™lkz
contains a pair of disjoint extremal Gurevich subwords.

Let the former occur. Since u and vo contain, respectively, a; as well as a, and
¢y as well as ¢,, w and z have to be subwords of vy, v, or their inverses, one
to each. Since L(w) + L(z) = L(vq1) + L(v3), we then obtain either (b), or (c)
with / = 1. Suppose, on the other hand, that A~ 'w~!kz contains a pair of disjoint
extremal Gurevich subwords. By Lemma 5.4(a), one of w = v, w = v,z = v,z =
v, must hold. Suppose, for instance, w = v;; then & = w~'kz must define an
exceptional element of F(A*, B*)NF (A%, B*, C*). By Proposition 5.1 of [3] applied
to F(A*, B*)N F(A% , B*,C¥) either (b) or (c) holds. Similar arguments apply in
the remaining cases, using, in addition, the fact that F(A4*, B*,C*)N F(B*,C*) is
exceptional.

(i) Suppose that # = 1 and k # 1; as noted, the equality cannot hold freely and
we shall show that it cannot in fact occur. We find ourselves in a position similar to
that of Proposition 5.2 where the cyclically reduced form of kzw™! is obtained by
cancelling a common terminal segment of w and z. As previously, this common initial
segment must be intermediate and so the occurrences of @, and a) , which necessarily
appear in w and z, respectively will not be cancelled. Then, depending on the exact
nature of common terminal segment cancelled, the resulting cyclically reduced word
will be either of the form kz’A’~'w’~! with w’, z’ also both of type (4* : C*), or
kz'k'~'w'~!, with w’, 2’ both of type (A4* : A*), and /', respectively k’, nontrivial.

Suppose that we get kz’h'~'w'~!; since k,’ # 1 this is cyclically reduced. By

repeating the argument for Case (i), we deduce that w’ = v and z’ = v, or vice-versa.
However we also know that L(w’) < L(w), L(z") < L(z), since the final syllables of w
and z must have been completely cancelled and so the length inequality is contradicted
and this situation cannot occur.

If we have kz’k’~'w’~!, then this too is cyclically reduced. It cannot be a cycle of
(u v wov)*! since occurrences of a, and a, are separated by k and k’. We
again have L(w’) < L(w), L(z") < L(z) since we “raided” the final syllables of w
and z to obtain k&’ and thus min{L(w’), L(z")} < min{L(vy), L(v;)}. By Lemma
5.4(c), kz'k’~w’~! cannot contain two disjoint Gurevich subwords. This completes
the elimination of all possibilities.
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The remaining cases (iii), when & # 1 and kK = 1 and (iv) 2 = k = 1 are disposed of
similarly. a

6 Final remarks

One can derive a slightly more general conclusion from Theorem 2. We begin with a
simple Lemma.

Lemma 6.1 Let G = (X :r = 1), where r is cyclically reduced, be a one-relator
group. Further let M = F(S), N = F(T) be Magnus subgroups of G and g, g’ be
elements of G and suppose that gM g'~! N N is nonempty. Then:

(a) Foranyelementk e gMg'~'NN,
(eMg 'NNk=gMg 'NN=k(gMg~ ' NN).
(b) |gMg'NN|=1ifandonlyifgMg 'NN =1=g'Mg'"'NN).
(c) g € NM if and only if g € NM in which case gMg' ' NN = (k(M N
N)Yk~YYk* where g =kh,g’ =k’h’ and k* = kk'~!.

Proof (a) We have an equality ghg’~' = k, where k is our given element of
N and he M. Then gMg' ' NN =kg'h " 'Mg'NN =kg'Mg'"'NkN =

k(g'Mg'~'N N). Similarly we obtain (Mg 'NN)k =gMg'~'NN.
(b) This is immediate from (a).
(c) Letg=kheNM ,whereke N,he M. Then gMg'"'NN=khMg'~'nkN =

k(Mg'~' N N). This means that M g’~' N N is nonempty and so we have an equality
hg ! =k'giving g =k'h e NM . O

From this we can now derive the following corollary to Theorem 2.

Corollary Let G = (X :r = 1), where r is cyclically reduced, be a one-relator group
and M = F(S), N = F(T) be Magnus subgroups of G . For any g,g’ € G, one of
the following holds:

() gMg'~'NN isempty.

(i) gMg'~'NN isnonempty, g,g’ € NM and gMg'~' N N is a both a left coset
of a conjugate of M N N and a right coset of a (different) conjugate of M N N .

(i) gM g~ ' NN isnonempty, g,g’ ¢ NM and gMg'~' NN is a right coset of
the cyclic group gM g~ ' N N and a left coset of the cyclic group g’ Mg'"'N N .
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Proof This is immediate from Lemma 6.1 and Theorem 2. O

Although the Corollary is formally a slightly more general statement than Theorem 2,
the greater generality seems to be of no particular value in making arguments. One
might have hoped that in the analysis of an equality of the form

ghobhl .. .bhmg_l = kobhl .. bkm

such as that occurring in Claim 4.2 — where g, h;, ki € G* so that the Normal Form
equalities ghozal = ko, %hlzl_l =ki....5 1hug~! = k, are all of the form
described in the Corollary relative to the Magnus subgroups M = F(A*, B*) and
N = F(B*,C*) of G* —would permit a direct inductive argument taking the statement
of the Corollary as the inductive hypothesis. However, this does not seem to be possible,
probably because the Corollary is obtained so easily and so the level of additional
generality is thus very slight.
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