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Some quadratic equations in the free group of rank 2

DACIBERG L GONCALVES
ELENA KUDRYAVTSEVA
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For a given quadratic equation with any number of unknowns in any free group F,
with right-hand side an arbitrary element of F', an algorithm for solving the problem
of the existence of a solution was given by Culler [8] using a surface method and
generalizing a result of Wicks [46]. Based on different techniques, the problem has
been studied by the authors [11; 12] for parametric families of quadratic equations
arising from continuous maps between closed surfaces, with certain conjugation
factors as the parameters running through the group F. In particular, for a one-
parameter family of quadratic equations in the free group F, of rank 2, corresponding
to maps of absolute degree 2 between closed surfaces of Euler characteristic 0, the
problem of the existence of faithful solutions has been solved in terms of the value
of the self-intersection index wu: F, — Z[F3] on the conjugation parameter. The
present paper investigates the existence of faithful, or non-faithful, solutions of similar
families of quadratic equations corresponding to maps of absolute degree 0. The
existence results are proved by constructing solutions. The non-existence results are
based on studying two equations in Z[n] and in its quotient Q, respectively, which
are derived from the original equation and are easier to work with, where 7 is the
fundamental group of the target surface, and Q is the quotient of the abelian group
Z[m \ {1}] by the system of relations g ~ —g~!, g € = \ {1}. Unknown variables of
the first and second derived equations belong to 7, Z[r], @, while the parameters
of these equations are the projections of the conjugation parameter to = and Q,
respectively. In terms of these projections, sufficient conditions for the existence, or
non-existence, of solutions of the quadratic equations in F, are obtained.

20E05, 20F99; 57M07, 55M20, 20F05

1 Introduction

Equations in free groups have been extensively studied for many years: see Culler [8],
Hmelevskii [18; 19; 20], Lyndon [28; 29], Lyndon and Schupp [30, Sections 1.6 and 1.8],
Makanin [32], Razborov [37], Steinberg [41] and Wicks [46]; see also Gongalves
and Zieschang [13], Grigorchuk and Kurchanov [14], Grigorchuk, Kurchanov and
Zieschang [15], Ol’shanskii [34], Osborne and Zieschang [36], and Zieschang [47; 48].
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For a given quadratic equation Q(zy,...,z4) = W with any number of unknowns
Z1,...,Zq in any free group F with an arbitrary right-hand side W € F', the problem of
the existence of a solution can be studied using Wicks forms (see Wicks [46], Culler [8]
and Vdovina [42; 43; 44]) which are due to the geometric approach of Culler [8].
Special case of quadratic equations has been studied by the authors [11; 12; 26] for
parametric families of quadratic equations which correpond to maps between closed
surfaces, see (11). Also the notions of faithful and non-faithful solutions of such
equations were there introduced, which correspond to the orientation-true maps and
the maps which are not orientation-true, respectively (see Definitions 2.1(C), 3.2(a)).
In particular, the problem of the existence of faithful solutions has been solved in [11;
12] in terms of the self-intersection index w: F, — Z[F,], for families of quadratic
equations with two unknowns in the free group F, of rank 2, which correspond to
maps of non-vanishing absolute degree (Definition 3.4) between closed surfaces of
Euler characteristic 0. In this work, we study the existence of faithful, or non-faithful,

solutions of the latter quadratic equations, which correspond to maps of absolute degree
0.

Specifically, let F, = (a,b|) be the free group of rank 2, v an element of F,, and
v e {1, —1}. We consider the following equations in F, with the unknowns zy,z, € F:

(1) [1.22] = vla. 0] v™" [, B),
2) [z1,22] = v(azbz)ﬁv_1 -a®b?,
3) zlzzg = v[a,b]”v_1 -la, b],
) 21225 = v(azbz)ﬂv_1 -a*b?.

Here [a,b] = aba™'b™"', and the conjugation factor v € F), is called the conjugation
parameter of the equation. The elements v, R.(a,b) € F,, where R¢(a,b) is defined
below, can be regarded as the coefficients of the equation, see Lyndon and Schupp [30,
Section 1.6]. The equations (1)-(4) have the form

(5) 05(z1.22) = v (Re(a, b))’ v Re(a. b)
where
[z1,22], 6=+, la,b], e=+,
0s5(z1,22) = ) 5 Re(a,b) = -
ziz5, 5=—, a b=, e=—.

Asin [11], we denote by wg: F, — {1, —1} the homomorphism with w,(a) = we(b) =
g, called the orientation character, see Definition 2.1 and Remark 3.3. Recall [12] that
a solution (zy, z5) of (5) is called faithful if we(z1) = we(z;) = §, and otherwise the
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solution is called non-faithful, compare Definition 2.1(C). Of course, every solution
of (1) is faithful, since ¢ = § = +1; every solution of (3) is non-faithful, since ¢ = +1
and § = —1.

We use the following geometric interpretations of the equations (1)—(4). These quadratic
equations have two unknowns in the free group F, of rank 2. Such equations correspond
to mappings from a compact surface of Euler characteristic —1 having one boundary
component to the bouquet of two circles (see Culler [8]). The right-hand sides of
(1)-(4) have special form which arises from maps between two closed surfaces of Euler
characteristic 0, see Section 3. A solution is faithful if and only if the corresponding
map is orientation-true, see [11] or Lemma 3.1.

Some faithful solutions of the equation (4), whose corresponding maps are self-maps of
the Klein bottle, were listed in [12], see also Remark 2.2. The problem of the existence
of faithful solutions of (5) with w,(v) = ¥ was solved by the authors in [11] in terms
of the self-intersection index (v) € Z[F;] of the conjugation parameter v, see Remark
2.2. These results are illustrated in Table 1 for special values of v.

The goal of the present paper is to investigate the existence of faithful, or non-faithful,
solutions of equation (4) in the remaining cases formulated in detail as follows:

the solution is faithful and wg(v) = —9, or

© the solution is non-faithful.

Such solutions actually correspond to mappings of absolute degree O (see Definition 3.4
and Corollary 3.11). Our main results are given in Tables 2 and 4, for faithful solutions,
and in Tables 3 and 5, for non-faithful solutions, of an equation (8) which is equivalent
to (5). The results are formulated in terms of the projection v € w of the conjugation
parameter v € F, to the fundamental group 7 of the corresponding target surface via

pa: Fy > =F/N, N ={(Re(a.D)).

as well as in terms of pg(V) € Q, which is the image of v v € N under the
composition

(7 NI 2 2% 0 = @ \{)])/(g+ g [gem\{1}),

where vy € F) is a suitable representative of v € 7w in F3, see (39) and (40), while
V :=qn(vy'v) € Z[x] ~ N/[N, N], see (25) and (26). Here ((uy,u>,...)) C G and
(uq,uz,...) C G denote the minimal normal subgroup and the minimal subgroup,
respectively, containing the elements u,u,,... € G of a group G.

To establish the non-existence results given in Theorem 3.14 and Tables 2 and 3,
we apply the Nielsen root theory for maps between closed surfaces (see Section 3),
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geometric results of Kneser [24] about maps of absolute degree 0 (see also Epstein [9]),
and algebraic results (see Zieschang [47; 48], Zieschang, Vogt and Coldewey [50] and
Ol’shanskii [34]; see also Kudryavtseva, Weidmann and Zieschang [26, Corollary 2.4])
on epimorphisms of surface groups to free groups (Lemma 3.1, Propositions 3.6 and 3.8).
These results allow us to reduce the problem of the existence of (faithful, or non-faithful,
resp.) solutions of the equation (5) in F, satisfying the condition (6) to the problem of
the existence of a (faithful, or non-faithful, resp.) solution of the following equation in
the subgroup N = (@fa 2B~ 1) of Fr = (a,B|):

8) xyx Oyl = v(aﬂa_e,ﬁ_l)ﬁv_l cafaép L,

with the unknowns x € N, y € F,, see (1')~(4’) in Section 3.3, and Corollaries 3.11
and 3.9(A) (see also Theorem 3.14). Here the free generators a, b of F, = {(a, b |) and
the unknowns zq, z, are replaced by the new generators and unknowns via

© a=a PB=b fore=1, a=ab, P=>b"1 fore=—1,
x=zy, y=z, foréd=1, X =212, y=22_1 for § = —1,

thus we(a) = 1, we(B) = e. A solution (x, y) of (8) in N is called faithful if

we(y) = 8. We also prove (Remark 3.12) that any solution of (8) in N satisfies

6:)7]‘ and 98K =—1 for some k € Z.

To establish further non-existence results (Tables 4 and 5), we apply the algebraic ap-
proach developed in this paper (see Section 4) to the remaining cases of the equation (8),
namely to those cases where the problem was not solved by the preceding methods (the
so called “mixed” cases in Tables 2 and 3, see Remark 3.16 and Definition 3.15). From
the equation (8) in NV, two equations are derived using our algebraic approach, which
have solutions corresponding to solutions of (8) if the latter exist. The first derived
equation (Theorem 5.1) is

(10) (1-87)% =1+ 07,

in the group ring Z[z] ~ N = N/[N, N] of = (see Proposition 4.1), with two
unknowns X € Z[rx], ¥ € 7, and the parameter v € 7, see Theorem 5.1. A solution
(X, y) of (10) is called faithful if we(y) = 8, and it is called non-faithful otherwise.
For each solution of the equation (10) in the “mixed” cases (see above), we assign an
equation in the quotient Q of N, see (7), namely the equations (2;), (32), (4‘2‘f) and
(42), respectively, in Section 5.3. We use the fact that the quotient Q is isomorphic
to [N, N]/[F>,[N, N]], see Proposition 4.5. The obtained in this way second derived
equation (Theorem 5.10) has unknowns X € Q, Y € Z[r], a parameter po(V) € Q
determined by the conjugation parameter v, see (7), and some unknown integers which
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are parameters of the solutions of (10). We find all values of the parameter pg (V') for
which the second derived equation admits a solution (Theorems 6.4 and 6.8), and we
use the obvious fact that the non-existence of a (faithful or non-faithful) solution of
any of the derived equations implies the non-existence of a (faithful or non-faithful,
resp.) solution of the corresponding quadratic equation (8).

The paper is organized as follows. In Section 2, we consider more general quadratic
equations in free groups and briefly formulate some recent results of the authors about
faithful solutions of such equations, including the equation (5) with w,(v) = ¢, which
correspond to maps of absolute degree 2. In Section 3, we recall results of [11; 12], and
Kudryavtseva, Weidmann and Zieschang [26] on the relationship between the quadratic
equations and the Nielsen root theory, and derive some properties of solutions of (5)
satisfying (6) from geometric results of Kneser [24] about maps having absolute degree
0 and algebraic results of Zieschang [47; 48], Zieschang, Vogt and Coldewey [50], and
Ol’shanskii [34] on homomorphisms of the surface groups to free groups. As a result,
we obtain Tables 2 and 3, and reduce our problem to study the single equation (8)
in N. In Section 4, we study some quotients of the subgroup N = ((@Ba—¢B~1)
of the free group F, = (o, B |) of rank 2. In particular, we prove that the quotient
[N, N]/[F2,[N, NJ| is isomorphic to the quotient Q in (7), see Proposition 4.5, and
we obtain a presentation for the quotient N/[F,, [N, N]]. In Section 5, we describe
and derive two equations, namely the first and the second derived equations, see above,
which are easier to work with than the original equation (8). The second derived
equation is constructed when the first derived equation admits a solution, while the
original quadratic equation does not necessarily admit a solution, see Example 6.11.
In Section 6, we investigate the existence of a solution of the second derived equation
in the “mixed” cases of Tables 2 and 3. The results of Sections 5 and 6 are summarized
in Tables 4 and 5 of Section 7.

It is not clear whether our results can be obtained using Wicks forms. The results
obtained here are entirely different from the type of results of Wicks [46] and Vdov-
ina [42; 43; 44] using the Wicks forms, since we are able to consider certain families
of equations at once, in contrast with methods which consider only one equation at the
time.
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2 Recent results on quadratic equations

In the free group F, = {(ay,...,a, |) we consider quadratic equations of the form

0(z1,....2g) = (v RuyH -+ (v Rv; )¢ with R=R(ay,...,a),

where Q and R are some “quadratic words” in variables z;,...,z4 and ay,...,ar,
respectively, ¢ > 1, r > 1 and all ¢; # 0 are integers, v; € F,. Here z,...,24
are considered as “unknowns”, while £, ¢y, ...,cy and vq,..., vy are “given parame-

ters”. Without loss of generality, one takes Q and R to be products of squares zl.2 or

_ -1 -1
commutators [zz;—1, 22| = 22i—122i25;_1Z5; -

The following notation reflects the topological origin of the groups considered, namely
fundamental groups of surfaces with boundary, see also Lemma 3.1.

Definition 2.1 Let r, g be integers > 1 and ¢,§ € {+1, —1}; often we will use ¢,
only as signs +, —.

(A) Let F, denote the free group F, = (ay,...,a, | ) of rank r together with a
homomorphism wg : F, — Z* = {1, —1} called the orientation character where

wyiaj—=>1, woiaj—>—1 for 1<j=<r.
We call F, ¢ a free group with orientation character. Define
H?fl [z2i-1.22i), 0=+,
?:1 Ziz’ §=-,
H;fl [azi—1,a2], &=+,

2 _
[Ti=14i. E=—

0s(z1,....2g) =

and R.(ay,...,ay) =
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(B) In the group F;, we consider quadratic equations of the form

L
Cj —1
(11) 0s(z1.....zg) = [ [ vi - Re(ar.....ar))9 -vj’".
j=1
Here ¢j # 0 are integers and vj € F;; of course, when § = 4 or ¢ = + then ¢ or r,
resp., is even. Now zy, ..., z4 are considered as “unknowns”, while £, ¢y, ..., ¢, and
vy, ..., U are “given parameters’.

(C) If we(zj) =6, 1= j <gq, then the solution (zy,...,zq) is called faithful, and
otherwise it is called non-faithful. This gives the following restrictions for faithful
solutions: if &€ = 4 then § must be +, if ¢ = — and § = + then the length of each
zj must be even, if ¢ = § = — then all lengths must be odd. Hence, one should
only consider (8, ¢) € {(+,+), (—, —), (+,—)} in the case of faithful solutions, and,
similarly, (8, ¢) € {(+,—), (—, +), (—, —)} in the case of non-faithful solutions.

’ CaseI 1] [ e [ ¥ [ conditions on v I faithful solution (z1, z5) ‘
MWa|+|+]+ v=a (a?, b)
b v=a"l (ba= b~ Ta= b1, ba?p1)
c v=a", |n|#1 1%}
a|+|—|— v=2a",nodd (a"b,b™?)
b + v=2a", neven %]
c v = (ab)" 1%}
l 3) I— [ + [ [ arbitrary v [ [] ‘
@a|—|— |+ v=ab (aba, b)
b v=(ab)~! (b~ Yab3, b=2ab?)
c v=(ab)", |n| # 1 1%}
d v=2a",neven %)
e v=a"bh, n odd (@"ba*™", b)
f — v=a",nodd (@b~ 1a™", b)

Table 1: Faithful solutions of Qs(z1,z2) = vRg(a, b)?v™" R,(a, b) for some
values of v with w,(v) = ¢

Many other values of v for which the equation has a faithful solution or not can be
obtained from the solutions listed in Table 1, by applying an automorphism to v of
the free group F, which sends B := Rg(a, b) to B*!, as given in [12, Corollary 7.2]
and [11, Corollary 5.22].

Remark 2.2 In [11], the authors studied faithful solutions of the quadratic equa-
tion (11) in the case that all numbers wg(vj)cj, 1 < j =< £, have the same sign
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and A-(r—1) = q¢—2+ € where A = |c1| + ... + |c¢| (that is, the value ¢ is
“minimal”, see Propositions 3.6 and 3.7(A)). We gave an algebraic criterion (see [11,
Theorem 5.12], or [26, Theorem 5.17]) for the existence of a faithful solution of the
quadratic equation (11) in terms of the self-intersection indices /L(vl_1 vj) € Z[Fr e \{1}],
2 < j < {, and the intersection indices )\(vl_lvi, Ul_l'Uj) €L Frel, 2= j<i={.
As an application, we investigated the existence of faithful solutions of the quadratic
equations (1)—(4) for some values of the conjugation parameter v with ¥ = wg(v),
see [12, Corollary 7.2, Lemma 7.3], [11, Proposition 5.15, Corollary 5.22], or [26,
Proposition 5.21]. The latter condition is equivalent to the fact that the corresponding
maps have absolute degree 2, see Definition 3.4 and Corollary 3.11. These results
are summarized in Table 1 above. Some faithful solutions from [12, Corollary 7.2]
corresponding to maps of absolute degree 0 are given in Table 2, case (4a), and Table
4, case (4¢).

3 Quadratic equations and Nielsen root theory

In Sections 3.1 and 3.2, we recall the notion of absolute degree of a map (Definition
3.4) and some results of [12] and [11] (see also [26]) about solutions of the quadratic
equation (11). Then, in Section 3.3, we apply some of these results (Lemma 3.1,
Propositions 3.6 and 3.8(A), (C), and Corollary 3.9(A)) to the equations (1)—(4) and
summarize the obtained results in Theorem 3.14 and Tables 2 and 3. Other results of
Sections 3.1 and 3.2 (Propositions 3.7 and 3.8(B), and Corollary 3.9(B), (C)) will not
be used in our applications and can be skipped in the first reading (see also Remark
3.10).

Every solution of the equation (11) provides a continuous map f : M, — M, between

two closed surfaces (see below) with exactly £ roots having the multiplicities ¢y, ..., cg,
see Section 3.2, [10], [11, 5.8, 5.21], or [12, Lemma 5.5(b)]. Here the closed surfaces
M, and M, correspond to the quadratic words Qs(zy,...,2¢) and Re(ay,...,a,),

respectively, and are defined as follows, see [11]. If ¢ = I, we denote M3 := S, /5,
a closed orientable surface of genus r/2; if ¢ = —1 then Mz := N,, a closed non-
orientable surface of genus r (that is, the sphere with » crosscuts), thus N, admits
S, as an orientable two-fold covering. Similarly, we denote M; := Sg/2 if § =1, and
My := N, if § = —1.

In particular, the special quadratic equations (1)—(4) that we are going to study corre-
spond to maps between closed surfaces of Euler characteristic 0. We investigate the
existence of non-faithful solutions of these equations, and the existence of faithful
solutions of the equations with wg(v) = —9, see (6), which actually correspond to
mappings of absolute degree 0, see Corollary 3.11.
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Consider two compact surfaces M; and M, having, respectively, £ and one boundary
components, where M7 (respectively, M, ) is obtained from M, (respectively, M)
by removing the interiors of £ disjoint closed disks Dy, ..., Dy C M, (respectively,
the interior of a closed disk D C M>). Choose basepoints P; € dD;, P, € 9D. The
fundamental groups of the surfaces admit the following canonical presentations:

mi(My, Py) = (by,....bg.dy,....dg | Qs(br,....bg)d; " ...d[")

(12) X lLgye—1, 1
7'[1(M2,P2)= (al,...,a,,d | Rg(al,...,ar)d_ )
~ Fy,
13) Ty (My, Py) = (by.....bg | Qs(b1.....bg)) = Fg/(Qs(b1.....by)).

T[I(MZv P2) = (alv' -, Ay | RE(al’ v ’ai‘)> = Fr/«Ra(al’ v ,ar)»’
which correspond to some “canonical systems of cuts” on surfaces, see [11] or [26].

A continuous map f: M| — M, is called proper if M, = f~1(dM,), that is, the
boundary of the source is the preimage of the boundary of the target.

Lemma 3.1 ([12, Lemma 5.5], [26, Lemma 5.9]) The existence of a solution
(z1....,zq4) of the equation (11) is equivalent to the existence of a proper map f: M; —
M, such that f(Py) = P, and the induced homomorphism fu: m1(My, P1) —
w1 (My, P,) sends

fildj) = vytv-d vy, 1< <t

Under this correspondence, the elements zy, ..., z4 of a solution are considered as the
conjugates (with the conjugating factor vy ) of the images under f; of the elements
by, ..., by of the canonical system of generators (12), that is vl_lz,-vl = fu(bi), 1 <
I <gq.

The solution (z1, ..., z4) is faithful if and only if the map f is orientation-true.

3.1 Absolute degree of a continuous map

The next two definitions are excerpted from [26, Definitions 4.5, 4.6] and introduce
useful tools for studying continuous maps between manifolds of the same dimension.

Definition 3.2 (a) In a non-orientable manifold, the local orientation is either pre-
served or changed to the inverse when moved along a closed curve y; according to
this property y is called orientation-preserving or orientation-reversing, respectively.
Homotopic (even homologic) curves are the same with respect to orientation. On
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a surface, a simple loop y is orientation-preserving if and only if y is two-sided,
otherwise the curve is one-sided. Following P Olum [35], a map f: M; — M, is
called orientation-true if orientation-preserving loops are sent to orientation-preserving
ones and orientation-reversing loops to orientation-reversing ones.

(b) Following Hopf [22], Olum [35] and Skora [39], we distinguish three types of
maps. A map [ is of Type I if it is orientation-true. If f is not orientation-true and
does not map orientation-reversing loops to null-homotopic ones then f is of Type II.
The remaining maps are said to be of Type III; they are not orientation-true and map at
least one orientation-reversing loop to a null-homotopic one. Of course, the type of a
map can be determined by studying its effect on the fundamental group.

Remark 3.3 The orientation character wg: Fr, — Z* = {1, —1} defined in Defi-
nition 2.1(A) has the following geometric meaning. Consider the induced character
T (]\_12, Py) — {1, —13}, see (13), which will be again denoted by w,. For any closed
curve y on M, based at P,, we have we([y]) = 1 if y is orientation-preserving,
and we([y]) = —1 if y is orientation-reversing. Here [y] € 1 (M>, P;) denotes the
homotopy class of y.

For mappings between oriented closed manifolds, the notion deg( /), the degree of
amap f, is well known, and there is a variety of ways to compute it. It is easily
generalized to compact oriented manifolds with boundary if one restricts oneself to
proper maps (see Lemma 3.1). For non-orientable manifolds one can also define the
notion of a degree, as done by H Hopf [22], H Kneser[24] and D B A Epstein [9].
We recall the definition for surfaces as given by R Skora [39]; see also Brown and
Schirmer [6].

Definition 3.4 (Absolute degree) Let f: M; — M, be a proper map between com-
pact surfaces.

(a) The absolute degree of f, denoted by A(f), is defined as follows. There are
three cases according to the type of the mapping f .

(I) f is of type I, that is, orientation-true. Let ]\Al,‘ = M; and k; = 1 if M; is
orientable and AAI be the 2—fold orientable covering of M; and k; =2 otherwise.
In particular, M, is an orlentable k;i—fold covering of M;. Since f is orientation-
true, there exists a lift f M 1= M2 After fixing orientations on M 1 and Mz,
the degree of f is defined, and we put

A(f) = 12 |deg(/).
(D) If f is of type II, we define A(f) = 0.
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(IIT) For f of type III, put £ = [ (M>) : fe(mw1(M;))] and let M, — M, be the
{—fold (unbranched) covering corresponding to the subgroup fy(1(M1)). Now
f has alift /: My — M, which induces an epimorphism on the fundamental
groups. Then A(f) is either £ or 0 depending on whether the map

7, ifl < oo,

0 ifl=o00

fui Zy = Hy(My,0My; Zy) — Ho(Ma, dMy; Z5) =

is bijective or not, respectively.

In particular, if £ = oo, then A(f) = 0. Further, if A(f) # 0 then £ | A(f).

(b) The geometric degree of f is the least non-negative integer d such that, for some
disk D C M, and map g properly homotopic to 1, the restriction of g to g~ (D) is
a d—fold covering. The geometric degree is never smaller than the absolute degree.

For branched or unbranched coverings, the definition of the absolute degree does not
give much new and the situation is much simpler.

Proposition 3.5 (a) Every covering, branched or unbranched, is orientation-true.

(b) The geometric and the absolute degree of a (branched or unbranched) covering
coincide and are equal to the order of the covering, that is, the number of leaves.

(c) The geometric and the absolute degree of any continuous map between closed
surfaces coincide.

Proof See Kneser [24]. O

3.2 Relation with the Nielsen root theory of maps

The geometric interpretation of solutions of (11) by means of proper maps f: M| — M,
between the compact surfaces My, M with non-empty boundary (see Lemma 3.1) can
be reformulated in terms of maps f M — M, between the closed surfaces My, M,
obtained from M, M, by attaching disks to the boundary components and radially
extending the map f to the disks, see [11, 5.21]. Now, the centers of the disks in M
form the preimage of the center ¢ of the disk in M.

The root problem for a map f: M, — M, and a point ¢ € M, is to find a map g
homotopic to f* which has the minimal number

MR[f]:= min |z~ (c)|
g~f
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of roots g ~'(c) among all mappings g homotopic to f . The roots of f split into
Nielsen equivalence classes similar to the cases of the coincidence problem and inter-
section problem, see [11, 2.16] and [3, Definition 3.1]. It follows from Brooks [4],
Epstein [9] and Kneser [24] that the number NR[ f] = NC[f, ¢] of essential Nielsen
classes of roots (see Nielsen [33], or [3, Definition 3.6]) equals

[0 (M2) = fa(m1 (M1))] if A(S) >0,

(14) NR[f]= o
if A(f) =0,

where A( f ) denotes the absolute degree of ]7 . The map f has the Wecken property
for the root problem if the general inequality

(15) NR|[ f] < MR[f]

is an equality. The root problem for closed surfaces was completely solved in [1; 2;
12], including the study of the Wecken property.

Based on the Kneser congruence and the Kneser inequality, see [24] or [26, Theo-
rem 4.20], and the geometric meaning of the equation (11), see Lemma 3.1, one obtains
the following propositions.

Proposition 3.6 ([12, Proposition 5.8] or [26, Proposition 5.12]) Suppose that equa-
tion (11) admits a solution (zy, ..., zq4), and let ]7: ]\71 — ]\72 be the corresponding
map between closed surfaces admitting £ roots of multiplicities we(vy)cy,. .., ws(vg)cy.
Let A:=wg(vi)cy + ... 4+ we(vg)eg. If A(f) >0 then A(f)-r =¢ mod 2. If the
solution is faithful then A(f) = |A|. O

Let, for an element u € 7 (M3) = F, = (ay,...,a, |), the element
iemn (M) =F,/{(Re(ay,....an)) =ai,....ar| Re(ay,....a))

denote its image under the natural projection 71 (M,) — 71 (M,). Denote by H C
71 (M>) the subgroup generated by the elements Z7, . . . ,Zg . Denote by rank H the
the minimal cardinality of a set of generators for H [27, Section I1.2]. If H is a free
group, or a free abelian group, this agrees with the usual definition of rank.

Proposition 3.7 Let, under the hypothesis of Proposition 3.6, A(f) > 0. Then:

(A A(f)-(r—=2)<qg—2and A(f)-(r—1)<q—2+MR[f]<g—2+¢. In
particular, if MR[f]= £ = | f~1(c)|, then f is a solution of the root problem for f .

(B) IFA(S)-(r —2) = q—2 then the solution is faithful, f is homotopic to an | A|~fold
covering and MR[ f] = NR[f] = A(f) = |A]|, thus f has the Wecken property for the
root problem.
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(C) NR[f]=][n1(M>): H] < min{{, A( 1)}. Furthermore, consider the subdivision
of {1,...,€} into £y = [m1(M>) : H] subsets where i, j belong to the same subset
iff Eiﬁj_l € H (that is, v; and v; belong to the same Reidemeister root class); then

each of these subsets is non-empty. If the solution is faithful then wg(ker fy) = {1},
and the sum of w¢(vj)cj over all j belonging to the same subset equals ZA' If the
solution is non-faithful then each of these sums is odd, wg(ker fi) = {1,—1}, and
A(f) =g = NR[f] = MR[f], thus f has the Wecken property for the root problem.

Proof (A) Since A(f) > 0, it follows from the Kneser inequality [24] that x(M;) <
A(f)- x(My). Since x(M;) =2—gq, x(M,) =2—r, this gives the first inequality.
Since the map f has £ roots, we have MR[ /] < {. Applying the Kneser inequality to
a suitable proper map g: M| — M, corresponding to a map g: M — M, which is
homotopic to f_ and has MR| f ] roots, one gets the inequality

x(My) —MR[f]1 < G(g)- (x(Mz)— 1),

where G(g) denotes the geometric degree of g, see Definition 3.4(b) and [39, The-
orem 4.1] (see also [12, Theorem 2.5(A)], in the case when f is orientation-true).
On the other hand, G(g) > G(g) = A(g) = A(f), due to Proposition 3.5(c). This
proves (A).

(B) Since A( j_ ) > 0, and the Kneser inequality [24]
x(My) < A(f) - (M)

becomes an equality, it follows from [24] that the map / is homotopic to an A( /')—fold
covering (this also follows from the classification of maps of positive absolute degree,
see [39, Theorem 1.1]). Therefore f is orientation-true, and

MR[f] < [m1 (M) : fy(mm1(M1))] = A(S).

By Lemma 3.1, the solution is faithful. Hence, by Proposition 3.6, A( f ) = |A].
Together with (14), (15), this proves the assertion.

(C) In the case of faithful solutions, this assertion follows from [12, Lemma 5.7] or [26,
Lemma 5.18(b)]. If the solution is non-faithful then the map ]7 is not orientation-true
with A( f ) > 0. Therefore f_ has Type III (see Definition 3.2(b)) or, equivalently,
wg (ker ﬁ;) = {1,—1}. It follows from [26, Proposition 4.19] that every sum under
consideration is odd. Since the map f is not orientation-true, it has the Wecken
property for the root problem, due to Kneser [23; 24] and (14), see also [9] or [12].
Indeed, Kneser [23; 24] proved that such / can be deformed to a map having 0 or £ g
roots depending on whether A( f ) =0 or A( f ) > 0, and by (14) the latter number
coincides with NR[ f]. Therefore A(f) = £y = NR[f] = MR[f]. a

Geometry € Topology Monographs, Volume 14 (2008)



232 Daciberg L Gongalves, Elena Kudryavtseva and Heiner Zieschang

By applying a suitable automorphism of the free group F, one obtains the following
presentation of the fundamental group of the closed surface M, in addition to (13),
see Lyndon and Schupp [30, Chapter I, Proposition 7.6]:

(M, Py) =(51,---75[%]7771,---,77@] | Qa(&,-'-,5[%],771,---,77@])),

where
q
1_[12= sl’nl 8:1,
%
Qs(él,---,é[%ﬂ],nu---,n[] (H,: 51,771) [Sg,n%]_, 5=—l,qeven,
(HZ 51»771) Ei 8:—1,q0dd

Here we use the notation

1

[x.y] = xyx""p7h [xyl- = xpxyTh

By applying the corresponding change of the unknowns, the equation (11) in F, =
{(ay,...,ar|) rewrites in the following equivalent form:

{
(16) Qg(xl,...,x[%],yl,...,y[%]) = 1_[ vj -(Rg(al,...,ar))cf' 'vj_l’

j:
with the new unknowns xi,... s X[at1y, V1o e oo V[4] € F,. Similarly to Definition
2
2.1(C), a solution of the equation (16) is called faithful if
1L 1<i<[4] 1L 1<i <[5,
we(x;) = we(yi) = .,
o {—l,z:i 8§ =—1, q odd, o 8, i =%, qeven.

Otherwise the solution is called non-faithful. Actually, a solution of (11) is faithful if
and only if the corresponding solution of (16) is faithful.

Suppose that, for a solution of (16), all x; € N = {(Re(ay,...,a,)), 1 <i < [%].
(One easily shows that, in this case, both sides of the equation belong to N .) If one
restricts oneself only to such solutions of (16), the obtained equation will be refered to
as the equation (16) in the subgroup N of F,. One checks that, for odd ¢, all solutions
of (16) in N are non-faithful, while, for even ¢, a solution is faithful if and only if
we(yi)=1,1<i<%2-1,and wg(yq) =3.

For every solution of (16) in F,, consider the corresponding homomorphism

h: Fq:(Sl,...,é‘[%],m,...,n[%]‘)—)Fr:(al,...,a,H
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sending &; — x;, n; — y;. In particular, the subgroup H is the image of the composition

h Dr.e
Fq —> Fr —> Fr/«Rg(al, PP ,ar)»,
where p, . is the projection, see (13). It follows from Lemma 3.1 that h = j,, f#,
where jy, is the conjugation by the element « in F,, thatis j,(v) =uvu™', u,ve F,.

Proposition 3.8 Suppose that, under the hypothesis of Proposition 3.6, A(f) = 0. De-
note by (x1q,... s X[atlp Voo y[%]) the corresponding solution of the equation (16)
2

in Fy, let h: Fy; — F, be the corresponding homomorphism, and p := rank H . Then:

A p= [%], moreover there exists an automorphism ¢ of the free group Fy such that
the word Qg (&1, . .. ,é[m], Niseens n[%]) € Fy is preserved under ¢, and
2

heéi) e N = «Re(al, cees ar)»
forall 1 <i < [%]. In other words, for the solution (x/, ... ’XE"T“]’ PViseoos yf%]) of

the equation (16), which corresponds to the homomorphism h' = h¢: F; — F,, one
has x} € N forall 1 <i <[%F1]. The solutions (x1,. S TESERT ...,y[%]) and

(x]...e, XEL‘H]’ Vieooo, yf%]) of (16) are both faithful or both non-faithful.
2

(B) MR|[f] = NR[f] = 0; in particular, f has the Wecken property for the root
problem.

(C) Consider the subdivision of {1,...,{} into subsets where i, j belong to the
same subset iff E—Ej_l € H (that is, v; and v; belong to the same Reidemeister
root class). If wg(ker fiu) = {41} then, for each i with 1 <i < {, the sum of
wg( f;‘l(iﬁj_l))c]' over all j belonging to the subset containing i vanishes. Otherwise

(that is, if wg(ker ﬁ;) = {1, —1}) each of these sums is even.

Proof (A), (B) Since A( ]7 ) = 0, it follows from Kneser [24] that the map ]7 is
homotopic to a map which is not surjective (see also Epstein [9]), thus MR[ f1=NR[f]=
0. We also obtain that f is homotopic to a map whose image lies in the 1-skeleton of
the target M, , and therefore f# admits a composition ¢ (M, Py)— F — (M, P)
where the first homomorphism g: 71 (M7, P;) — F is an epimorphism to a free group
F. It follows that rank F' < [%], see Zieschang [47; 48], and Zieschang, Vogt and
Coldewey[50] in the case of orientable M, and from Ol’shanskii [34] in the general
case (see also Lyndon and Schupp [30, Proposition 7.13], or [26, Corollary 2.4]).
Therefore p = rank H <rank F < [%]

In the case of orientable M, it has been proved in [48] using the Nielsen method (see
also [50] or Grigorchuk, Kurchanov and Zieschang [15, Proposition 1.2]) that there
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exists a sequence of “elementary moves” of the system of generators &1,...,&;/2,
Nis....7Ng/2 of Fg, and a corresponding sequence of “elementary moves” of the
“system of cuts” on M (see above), such that the resulting system of generators
A ; /2 N, n; / is also canonical (this means, there exists an automorphism
@ of Fy such that &/ = ¢(&;), n; = ¢(n;), and

Q&(S;’---’5;/2,77,1,---,77;/2) = Q(s(gl""’gq/Z’r’lv'"vr]q/Z)

in Fj), and g@) =1in F forall 1 <i <%. Here & € 71 (M, P) denotes the image
of u € F; under the projection Fy — Fq/((Q,g(él, - ,5%, Niseens r]%)))=n1(]171, Py).
In the general case (that is, when M is not necessarily oreintable), the existence of an
automorphism ¢ of F; having the analogous properties was proved by Ol’shanskii [34,
Theorem 1].

Since g(E;) =1 in F, it follows ﬁ(g) =1 in 71 (M,, P). Hence f4(§)) € N. This
gives ho(&) = h(&)) = ju, f4(E) €N .

Let us prove the latter assertion of (A). Since the automorphism ¢ preserves the
quadratic word Qg (Sl, . ,S[% LLERERR [ ]), it also “preserves” the orientation
character ws: Fy — {1, —1}, that is, ws = ws¢, see Definition 2.1(A), Remark 3.3,
and Lyndon and Schupp [30, Chapter I, Proposition 7.6]. Now observe that the
solution (xp, ..., X{a41] V1o g1) is faithful if and only if ws = w,/r. Similarly,
(x;, ... ,xf%], Vi yf%]) is faithful if and only if ws = weh’. By the above, the
latter equality is equivalent to wgep = wghe, and since ¢ is an automorphism, it is
equivalent to wg = wgh.

(C) In the case of faithful solutions, the assertion follows from [12, Lemma 5.7]
or [26, Lemma 5.18(b)]. If the solution is non-faithful then the map j7 has Type II if
wg(ker fz) = {+1}, and it has Type III if wg(ker fi) = {1,—1}. Since A(f) =0, it
follows from [26, Proposition 4.19] that each sum under consideration vanishes if ]7
has Type II, and it is even if f has Type III. O

Corollary 3.9 Under the hypothesis of Proposition 3.6, the following properties hold:

(A) Suppose that r =g =2. If A(f)> 0 then rank H = 2 and the solution is faithful.
If A(f) =0 then rank H < 1, moreover either § = —1 and x € N = {(R.(ay.a3))).,
or§ =1 and x’ € N, for some solution (x’, y’) which is faithful (resp. non-faithful)
if (x, y) is faithful (resp. non-faithful). If x € N then A(f) = 0 and the following
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implications hold:
(17)  (x, p) is faithful < wq(y) =4,

k pp—
—cp6" ify#lord=1,
(18) {€=2,cp0dd = Tk €, ¢l =
odd otherwise,

uv, L=k
Here (x, y) = (x1, y1) is the solution of (16) with r = ¢ = 2 corresponding to the
solution (zy, z) of (5) via the standard transformation of unknowns, see (9).

(B) Suppose that either the solution (zy, ..., z4) is non-faithful, or A =0, or |A]|-
(r—2) =¢—2 (in particular, r = q = 2). Then the map f: My — M has the Wecken
property for the root problem: MR[ f]= NR[f] = |A(f)|-

(C) Suppose the solution is faithful and A # 0. Then |A|-(r — 1) <gqg—2+¢,
furthermore:

If|Al-(r—1)=q—2+4{, £ >2 and we(v;)c; # we(vj)c; for some pair of indices
1<i,j=<{,then NR[f]<MR[f]={ and, thus, f does not have the Wecken property

for the root problem. If £ < |A|-(r —1)—q+2 then NR[f]<{' < |A]-(r —1)—g+2 <
MR] /], where £ is the maximal number of disjoint subsets of {1, ..., £} such that the
union of the subsets is {1, ..., £} and the sum of w¢(vj)c; overall j belonging to the

same subset does not depend on the subset and, hence, equals A/’ .

Proof (A) Let r = ¢ = 2. Suppose that A( /) > 0. By Proposition 3.7(B), the
solution is faithful and f* is homotopic to a covering. Therefore {f = A(f) and
fu: w1 (My) — w1 (M) is a monomorphism, hence rank H = rank iy (M;) = 2.

Suppose that A(f_) = 0. By Proposition 3.8(A), p =rank H < [%] =1 and there exists
an automorphism ¢ € Aut(F,) such that the relator £n&é—%n~! € F, is preserved by
@, and x" := he(§) € N ; moreover the corresponding solutions (x, y) and (x’, y’)
are both faithful or both non-faithful. Thus ¢ is the desired automorphism when § = 1.
In the case § = —1, it is well known that the cyclic subgroup (&) of (£, 7| Enén~')
(the fundamental group of the Klein bottle) generated by £ is characteristic, hence
@(€) = £T1E, for some & € (Engn~'). Since hp(§) € N and h(§) € N (since
h(Engn~') = xyxy~! equals the right-hand side of the equation, thus it belongs to
N), it follows that x = h(§) e N.

Suppose that x € N. Then X =1, thus H = (y) and rank H < 1. It follows from
the above that A(f) = 0. The property (17) follows by observing that the solution

(x,y)=(h(§), h(n)) is faithful if and only if w(h(¢)) = wg(¢) forany ¢ € Fr, = (&, n])
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or, equivalently, for any ¢ € {£, n}. For ¢ = &, this equality holds, since 2(§) =x € N
and wg(§) = 1. For ¢ = 7, the equality is equivalent to w.(y) =§.

Let us prove (18). Since £ =2 and ¢, is odd, it follows from Proposition 3.8(C) that
U1 52_1 belongs to the subgroup H = () and that ¢; 4+ ¢, is even. Hence v, 52_1 = yk,
for some k € Z, and (18) is proved when y =1, § = —1. Let us assume that y # 1
or § =1.1If y # 1 then the kernel of the induced homomorphism

fo mi(My) = (g0 | EnE %) > m = (M) = (@, B | B), E- X, G+ 7,

is generated by &. Since wg(€) = 1, we have wg(ker fz) = {+1}. If § = 1, the equality
wg(ker fi) = {+1} is obvious. Since v; 62_1 € (y) = H, it follows from Proposition
3.8(C) that wg (]7#_1 (v1 52_1))61 4 ¢, = 0. On the other hand, we have v; Uz_l = yk,
thus

ws(fy ! @7, 1) = ws(f (7)) = (ws(7)* = 6",
This proves the equality c; 8k + ¢, =0, and thereby completes the proof of (18).

(B) If the solution is non-faithful then f has the Wecken property for the root problem,
due to Propositions 3.7(C) and 3.8(B). Suppose that the solution is faithful. Then, by
Proposition 3.6, A(f) = |A|.If A=0or |A|-(r—2) =¢—2 then f has the Wecken
property for the root problem, due to Propositions 3.8(B) and 3.7(B).

(C) As above, A(f)=1A|. It follows from Proposition 3.7(A), (C) that [A[-(r —1) <
q—2+MR[f]<q—2+{and NR[f]={g < {'. Hence, NR[f] < {' <{=MR[f]
in the first case, and NR[ ] <{' < |A|-(r —1)—q +2 < MR[ /] in the second case. O

Remark 3.10 Another way of proving the property (18) is given below in Theorem
5.1, using the corresponding first derived equation (which is similar to (36)), rather
than Proposition 3.8(C). Both geometric and algebraic ways of proving Proposition
3.8(C) are given in [26, Proposition 4.19].

3.3 Applications to the quadratic equations (1)-(4)

Here we apply the results of Section 3.2 to study the existence of faithful, or non-
faithful, solutions (z1, z;) of (5) satisfying the condition (6). For some values of
v=pr(v) e = Fy/{{Re(ar,ay))), we give some explicit faithful and non-faithful
solutions in Tables 2 and 3, respectively, in terms of the new variables, as given in (9).
The non-existence results stated in Tables 2 and 3 will be based on the results of Section
3.2.

Corollary 3.11 A solu_tion (z1,z2) of (5) satisfies t]le condition (6) if and only if
the absolute degree A( f) of the corresponding map f: M; — M, (see Section 3.2)
vanishes.
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Proof Suppose that the solution (zy, zp) does not satisfy the condition (6). Then the
solution is faithful and ¥ # —we(v), thus 4 = w(v)? + 1 # 0. By Proposition 3.6,
this gives A(f) = |4]| > 0.

Suppose that A( f) > 0. By Corollary 3.9(A), the solution is faithful. By Proposition
3.6, this implies A(f) = |A| = |we(v)¥ +1|. Since the latter expression is positive, we
must have ¥ % —w,(v). Therefore the solution does not satisfy the condition (6). O

As in (8) and (9), let us rewrite the equations (1)—(4) in terms of the new generators «, 8
and the unknowns x, y, as given in (9). Thus R4 (a,d) = [a,b] =[a, B], R—(a,b) =
a’bh? = afaf~!, and we obtain the equation (8), which is written in detail as follows:

(1) [x. ] = vfer, B v [, B,
) [x.y] = v(@Bep™) v - afap™.
3" xyxy ™t = vfe, B[, B,
@) xyxy~t =v(@pap™)? v apap!.

In the new generators, the fundamental group 7 = 7, = 1 (M>) and the projection of
Fy = (a, B |) to it have the form

pr: Fy — 1 =F,/N, where N = ((B)), B =afa$p".

As above, denote
u:= pz(u), uekF,.

Every element u# € 7 can be written in a unique way in the following canonical form:

(19) u=ap’, rsel.

Remark 3.12 Let us apply Corollary 3.9(A) to study the existence of (faithful, or
non-faithful) solutions of the equations (1”)—(4") satisfying A( f)=0. Suppose that
(x, y) is such a solution. In the case of the equations (3”) and (4”), we have § = —1;
hence x € N . In the case of the equations (1”) and (2’), we have § = 1; hence there
exists a solution (x’, y") with x’ € N, where the solutions (x, y) and (x’, y’) are both
faithful or both non-faithful. Thus we can restrict ourselves to study the existence of
solutions (x, y) of (1")—(4") satisfying x € N . Such solutions have the properties (17)
and (18), where one substitutes v; =v, v, =1, ¢; =19, ¢ = 1. Thus the property (18)
has the following form for the equation (8), or (1')—(4"):

(20) U:)_/k, B8k = —1, for some ke Z.
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Notation 3.13 If F, = (t;,#, |) is a free group on two generators t;, f;, let |uly
denote the sum of the exponents of #; which appear in a word u € F,. In the case of
7w =, denote by p%(u) and plﬁ( (1), the exponents of &, B, respectively, which
appear in the canonical form (19) of the element u, thus p% (1) :=r and pé (u):=s,
see (19). We also denote the projection p,: Fy — m by pr, or pg, in the cases when
7 is the fundamental group of the 2—torus 7" (e = 1), or the Klein bottle K (¢ = —1),
respectively. We will say that an element # of an abelian group is divisible by 2 if
there exists an element #1 of the group such that 2u; = u. (Here the additive notation
for the group operation is used.)

The following Theorem 3.14 summarizes the above results about the existence of
faithful, or non-faithful, solutions satisfying (6) of the quadratic equation (8). It can
be regarded as the “first classification” of values of the conjugation parameter v with
respect to the property that the corresponding quadratic equation admits a (faithful, or
non-faithful) solution. These results are also summarized in Tables 2 and 3, and in the
explicit solutions given in Tables 4 and 5. The cases which are not completely solved
by Theorem 3.14 are marked as “mixed” cases in Tables 2 and 3.

Theorem 3.14 Letve Fy = (o, B|), 6,¢, 9 € {1,—1}. For the quadratic equation (8),
the existence of a faithful (resp. non-faithful) solution satisfying (6) is equivalent to the
existence of a faithful (resp. non-faithful) solution satisfying x € N = ((afa=¢71)).
The following results on the existence of such faithful and non-faithful solutions hold,
see Tables 2 and 3, respectively:

(1) The equation (1") has a faithful solution for any v € F, and ¢ = —1, see
Table 2(1) for a solution, while it has no non-faithful solution for any v € F)
and ¥ € {1,—1}. So, in this case, the problem of the existence of solutions
satisfying (6) is completely solved.

(2) The equation (2") with w_(v) = —¢ admits a faithful solution if and only if
% = —1, see Table 2(2a) for a solution. For non-faithful solutions of (2'), we
have:

(a) If 9 =1, there is no solution.

(b) If¥ =—1 and w—(v) = —1 then there is a solution, see Table 3(2b) for a
solution.

(¢c) Ifv =—1, w—(v) =1 (thus plﬂ((v) is even), and p% (v) # 0 then there is
no solution.

(d) If¥=-1, w—(v) =1 (thus plﬂ((v) is even), and p% (v) = 0 then there is
an element v € pl_(l (px (v)), for which the equation admits a solution, see
Table 5(2c,2d) for a solution.
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(3) The equation (3") has no faithful solution, while the following properties hold
for its non-faithful solutions:

“)

(a)
(b)
(©)

If 9 = 1, there is a solution, see Table 3(3a) for a solution.

If ¥ = —1 and pr(v) is not divisible by 2, then there is no solution.

It 9 = —1 and pr(v) is divisible by 2, then there is an element vy €
p;l (pr(v)), for which the equation admits a solution, see Table 5(3c) for a
solution.

The following properties hold for faithful solutions of the equation (4’) with
w—(v) =—1v:

(a)

(b)
(©)

(d)
(e)

()

€3]

If w_(v) = —1 (thus plﬁé (v) is odd) then there is a solution, see Table 2(4a)
for a solution.

If w_(v) =1 (thus plﬂ( (v) is even) and p% (v) # 0, then there is no solution.
If w_(v) =1 (thus plﬁ( (v) is even) and p% (v) = 0, then there is an element
vy € pl_(1 (px (v)), for which the equation admits a solution, see Table 4(4d)
for a solution.

For non-faithful solutions of (4"), the following properties hold:

If w_(v) = —1 (thus plﬁ( (v) is odd) then there is no solution.

If w_(v) =1 (thus plﬂ( (v) is even) and ¥ = 1, then there is a solution, see
Table 3(4b) for a solution.

If w_(v) =1 (thus plﬂ( (v) is even), ¥ = —1, and moreover plﬂ((v) is not
divisible by 4 or p% (v) is odd, then there is no solution.

If w_(v) =1 (thus plﬁ( (v) iseven), ¥ = —1, plﬁ( (v) is divisible by 4, and
P% (v) is even, then there is an element v € pl_(1 (px (v)), for which the
equation admits a solution, see Table 5(4d) for a solution.

(5) In each of the “mixed” cases 2d, 3c, 4c, 4g above, any solution with x € N
satisfies (17) and (20), which imply v € (3?).

Proof By Corollary 3.11 and Remark 3.12, the existence of a solution satisfying (6)
is equivalent to the existence of a solution satisfying x € N, where the solutions are
both faithful or both non-faithful. This proves the first desired assertion.

By direct calculations in the free group F3, or in the abelianised F,, one readily
obtains the following cases of Tables 2 and 3:

Table 2, cases (1), (2a), (2b), (3), (4a), and
Table 3, cases (1), (2a), (2b), (3a), (4b).

The corresponding arguments for each of these cases are given in the footnotes to these
cases in Tables 2 and 3.
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The following cases of Tables 2 and 3 are marked as “mixed” cases:
20 Table 2, case (4c) and Table 3, cases (2d), (3¢), (4e).

In each of these cases, an explicit value of the conjugation parameter vy € p;!(v),
together with an explicit solution of the corresponding quadratic equation, are given
in Table 4, case (4d), and Table 5, cases (2c,2d), (3¢), (4d), respectively. In the first
of these cases, the solution was given in [12, Corollary 7.2]. Other three cases are
justified by direct calculations in F, (actually in N ). In the latter case, one also uses
the following relation which is a simple consequence of the relation @& ! =1, in
the fundamental group m = 7 of the Klein bottle:

(22) @ B> =a*p*, rsel.
Let us prove (5) and the non-existence results stated in the remaining cases, namely:
Table 2, case (4b) and Table 3, cases (2¢), (3b), (4a), (4¢c), (4d).

By Corollary 3.11 and Remark 3.12, we may assume that x € N = ((B)), and (17),
(20) hold. In particular, x =1, v = )7k, for some k € Z.

Consider the cases (4b,c) of Table 2 and the cases (2c,d) of Table 3. Since the solution
is faithful (resp. non-faithful), we have w_(y) = —1, see (17). We conclude that 2 is
a power of 8, by applying the canonical form (19) of elements in 7 = 7_:

(23) (&7’3234‘1)2 — ﬂ_4s+2’ rs € Z

Since 7= 3%, w_(y) = —1, w_(v) = 1, the integer k must be even. Therefore, v is
a power of y2, thus also a power of .

In the cases (4a), (4¢) of Table 3, we have w—_(v) = —1 and w—(y) = 1, since the

solution is non-faithful, see (17). This contradicts to v = )7k .

In the cases (3b,c), (4d,e) of Table 3, we have § = ¢ = —1. It follows from the second
part of (20) that (—1)* = 1, thus k is even. This proves (5) and finishes the proof in
the case (3b) of Table 3. In the case (4d) of Table 3, we have w_(y) = 1, since the
solution is non-faithful, see (17). Together with the relation (22), this shows that the

canonical form of ¥ = J¥ is @2™B*"  for some m,n € Z. |

Theorem 3.14 gives many cases for the values of v € 7 such that all elements v; €
Dr 1(v) simultaneously have (or simultaneously do not have, respectively) the following
property: the corresponding equation (8) has a solution satisfying (6), where the cases
of faithful and non-faithful solutions are considered separately, see Tables 2 and 3,
respectively. The remaining cases listed in (21) are marked in Tables 2 and 3 as “mixed”
cases because of the following.
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Case 1] & s conditions on v faithful solution (x, y)
we (v) L
‘ (1 [ + [ + [ _ [ +(1) [ [ (UB*IU*I’ U*l)(iv) ‘
@a| + | - | - + B~ w1, v~ HW
b + — 2@
e [-[+] [ +9 | | 2t |
@a| — | = | + - (B, B~'v)®™
b - + PL () #0 21
c p?{ (v) =0 | “mixed” case, see Table 4

Table 2: Faithful solutions of x yx~%y~!' =vB%v~! B with B=afa 457",

we(v) = -0
Case | 6 | ¢ | ¥ conditions on v non-faithful solution (x, y)
we (v) l
Lo [+[+] [+9] [ o® |
Qa|+|—-|+ + &)
b _ _ (UB_IU_I,‘U_l)(iV)
c + P ) #0 o™
d Px)=0 mixed case, see Table 5(2)
@a| - [+[+][ +0 ([er. B1. [B. o)™
b - +9 24p7 (V) N
c 2| pr(v) mixed case, see Table 5(3)
@al|-|-[+] - ™
b + (B, B~ 1y)®™
c — — o™
d + | #pE ) or2tp2(v) o™
e 4|p2 (v) and 2| p% (v) | mixed case, see Table 5(4)

Table 3: Non-faithful solutions of xyx~®y~! = vB%v~! B with B = afa¢B~!

(i)Automatically for e = +1.
() The right-hand side of the equation (5) is not in [F,, F5].
(iii) Automatically for ¢ = +1, § = —1.
(V) Direct calculation.
(V)Using (17), and either (20) or the first derived equation (36), see Remark 3.10 and Theorem 5.1.

Definition 3.15 A family of quadratic equations (8), with the conjugation parameter
v running through the set p1(vy), is called mixed (with respect to the property of the
existence of a faithful, respectively non-faithful, solution) if there exist two parameter
values vy, v € p 1(vp) such that the equation with v = v; has a faithful (respectively,
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non-faithful) solution, while the equation with v = v, has no faithful (respectively,
non-faithful) solution.

3.4 Comments to Tables 2 and 3

As above, we rewrite the equation (5) in the equivalent form (8), in terms of the
new generators «,  of F,, and the new unknowns x, y, using the transformation of
variables (9). Thus the equations (1)—(4) are transformed to the equations (1")—(4"),
see Section 3.3. In Tables 2 and 3 above, we summarize the results of Theorem 3.14 on
the existence of faithful and non-faithful solutions of the latter equations, respectively.

Remark 3.16 The primary objective, for the remainder of this paper, is the study of
the four cases (21) of Tables 2 and 3 (the “mixed” cases), which are not completely
solved by Theorem 3.14. These cases are described in detail in Section 7. In Tables 4
and 5 below, we will show that the cases (21) are indeed the “mixed” cases with
respect to the property of the existence of a solution, see Definition 3.15. A complete
description of all words vy, v, € p,, (V) as in Definition 3.15, in a mixed case, does
not seem to be an easy task.

4 Some quotients of the normal closure of an element of a
free group

In this section, we denote by F a free group of finite rank > 2, B e F, N = {(B)),
and 7w = F/N . Thus, N is the normal closure of the element B, that is, the minimal
normal subgroup of F containing B, while & is a one-relator group. We will assume
that the word B is not a proper power of any element of F' (although, in some of the
assertions, the hypothesis above can be made weaker). In particular, all assertions of
this section are valid if B is a strictly quadratic word in a set of free generators of F,
see Lyndon and Schupp [30, Section 1.7]. For F = F, = (ay,...,a, |}, such words
are automorphic images of the words R4 (ay,...,a,;), R—(ay,...,a;), r > 2, see
Definition 2.1(A) and [30, Chapter I, Proposition 7.6].

Consider the following normal subgroups of the group N :
N DI[F,N]D> Ny =[N,N|, [F.[F,N]|D[F,[N.N]|>[N.[N,N]].

We will construct presentations of the quotients N/N;, Ni/[N, N1] and N/[N, N{]
(see Section 4.1), N1/[F,N1] and N/[F, N1] (see Section 4.2), and N/[F, N] and
[F, N]/[F,[F, N]] (see Section 4.3). It will follow that the first, second, fourth, and
sixth quotients are free abelian groups, the third and fifth quotients are the middle
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groups of extensions of free abelian groups, while the seventh one is isomorphic to
7% = 7 /[x, 7], the abelianised group 7. If N is the commutator subgroup [F, F]
then the latter quotient comes from the lower central series of the free group F, see
also Remark 4.6.

As in Section 3, we will denote by u € F the class of an element # € F in x.

4.1 The groups N/Ny, N1/[N, N1],and N/[N, Nq]

Let us consider the short exact sequence
1- N —>N—>N/N; — 1.

Here, as above, N = {(B)), B € F, and B is not a proper power of any element of
F. By the Nielsen—Schreier subgroup theorem [38], N is a free group, since it is a
subgroup of a free group. Furthermore, it follows from Lyndon [27, Section 7] that
N = N/Nj, the abelianised group N, is isomorphic to the free abelian group which
has a basis in a bijective correspondence with 7 = F/N , see [27, Introduction]. These
results are formulated in more detail as follows.

Proposition 4.1 (Lyndon [27]) Suppose that the relator B € F is not a proper power
of any element of a free group F . Consider the short exact sequence

(24) | >N—>F2% 51,

where N = ((B)), the minimal normal subgroup which contains the relator B, while
n = F/N, a group with a single defining relation. Then the group N is free and
admits a free basis (for example, a Schreier basis) of the form B,, u € W, where
W =s(x) C F,and s: 1 — F is a map with pys = id,. Furthermore, N, the
abelianised group N , is isomorphic to the abelian group (Z[r], +) of the group ring
Z[r]. Moreover, there exists a short exact sequence

25) 1 =[N, N2 N 2% (Z[x], +) — 0,

where iy is the canonical inclusion, while qp is an epimorphism sending

(26) gn: N —> @Z[x).+). ] Bii v+ niu; € Zx),

i=1 i=1

forany u; € F, n; € Z., where B,, = uBu™', u= pr(u),uckF. O

A similar assertion, for any element B € m, was proved by Cohen and Lyndon [7].
In the case when the relator B is a strictly quadratic word in the free generators
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ai,...,ay of the group F = (ay,...,ar|), r =2, for example B = R.(ay,...,a,),
see Definition 2.1(A), an alternative proof of Proposition 4.1 can be obtained as
follows. The subgroup N is a free group, as explained above. In the case when B is
a strictly quadratic word, a free Schreier basis of N was explicitely constructed by
Zieschang [49], Zieschang, Vogt and Coldewey [50]; see also Kudryavtseva, Weidmann
and Zieschang [26, Proposition 4.9]. This immediately implies Proposition 4.1, see [26,
Corollary 4.12].

Proposition 4.2 Under the hypothesis of Proposition 4.1, consider the central short
exact sequence

1 - N{/[N,N{]— N/[N,N{]— N/N; — 1.

Then N{/[N, Nil~ H>(N/N;) ~ Z[J], a free abelian group with basis denoted by eg
where 6 runs over the set J = (m xwt \ A)/ X,, and X, is the symmetric group in two
symbols, which acts on w X w \ A by permutations of the coordinates. A presentation
of the group N /[N, N] is obtained as follows: for each 6 € (w x w \ A)/ X, choose
apair (§,m) € 0, denote € ) := eq, €(;,5) := —eq, and denote by Jy the set of such
pairs (§,1), thus J; C w x 7w \ A. Then there exists a short exact sequence

iNl qu
27 1 —|[N,Ni{]— Ny —Z[J]— 0,
where i, is the canonical inclusion, while qp, is an epimorphism sending

r

N r )
(28) gn,: N1 — Z[J], [1Be.T] By | — D> mimie@, s, € ZIJ.
j=1

i=1 i=1j=1

where uj,vi € F,1<i<r,1<j<s,and B, = uBu~', u € F. Furthermore, the
group N/[N, N1] admits the following presentations:
(29) N/IN.Ni]~ (xg. § € m | [xg. [xn. x¢ll. §.n.8 e m)

eg, 0 € (mxm\A)/ Xy, |leg.eor]. leg. X¢gl. 0.0" € (xxm\A)/ %3, E €,
xg, E€m [xe. xnleg . (€.m) € Jy ’

~

where {£,n} € (m x w \ A)/ X, denotes the class of (§,n) € J; in (m xw \ A)/2,.

Proof Recall thatif 1 - H — G — Q — 1 is a short exact sequence then we have a
S5—term exact sequence

(30) Hy(G) — Hy(Q) — H/[G, H] - H{(G) — Hi(Q) =0,
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due to Stallings [40, Theorem 2.1]. Applying this to the short exact sequence
1-Ny—>N-—>N/N;—~ 1

we obtain that G = N, H = Ny, Q = N/Ny, thus the first and third homomor-
phisms in the 5—term sequence are trivial. It follows that the second homomorphism
H,(N/N;) — Ni/[N, Ni] is an isomorphism. Since Q ~ (Z[r], +) is a free abelian
group, it follows from Brown [5, Theorem V.6.4] that H,(Q;7Z) ~ A%(Q), the sub-
group of grade 2 of the graded ring A(Q) (the exterior graded ring of the group Q),
where Q is at grade 0. This proves the desired presentation for the group Ny /[N, Nq].

To prove that (28) defines a homomorphism, let us first show that there exists a
unique homomorphism ¢y,: Ny — Z[J] satisfying (28). Denote by pn,: N1 —
N1/[N, Ni] the canonical projection. Consider the free basis By, u € W, of N
given by Proposition 4.1. It follows from Magnus, Karrass and Solitar [31, Theo-
rem 5.12] that the group N;/[N, N;] is a free abelian group, where the elements
PN, ([Bs)s Bs@w)l) € N1/[N, Ni], (u,v) € Jy, form a free abelian basis. Therefore
the map sending pn, ([Bs(u). Bsw))) = €quvy> (4, v) € J1, uniquely extends to a homo-
morphism ¢, : Ni/[N, N1]— Z[J]. Since ¢y, sends the above basis of Ny /[N, N]
to a basis of Z[J], it is an isomorphism. The property (28) of the obtained projection
gnN, ‘= ¢n, PN, follows from commutator calculus, see [31, Theorem 5.3].

Now the presentation (29) follows by observing that the natural epimorphism of
N/[N, Nq] to the group in the right-hand side of (29) sending B[N, Ni{] — Xz,
u € W, is well-defined. It has a trivial kernel, because one can easily construct its
inverse. O

4.2 The groups N1/[F, N1] and N/[F, Nq]

Here we will obtain the main results of this section, which will be applied in Section 5
to study the existence of solutions of the equations (1)—(4") in the mixed cases, see
Remark 3.16.

Let us first recall some other facts from Lyndon [27] on the homology of one-relator
groups.

Lemma 4.3 (Lyndon [27, Theorem 2.1]) For any group m, the homology group
H;(m, Z[r)) is trivial for i > 1, and isomorphic to Z for i = 0. Here the local
coefficients Z[r] is the Z[m]-module corresponding to the action of = on Z[r], which
is given by the right multiplication. O

The result above is also true if 7 acts on Z[r] by the left multiplication.
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Lemma 4.4 Under the hypothesis of Proposition 4.1, H; () =0, i > 3, while H, ()
is either Z or 0. The latter group is 0 if and only if B & [F, F].

Proof From [27, Corollaries 4.2 and 11.2] it follows that H'(7r) = 0 for i > 3, while
H?(r) is a cyclic group, which is finite if and only if B ¢ [F, F]. Using the universal
coefficient theorem, we ontain the desired assertion, see also Brown [5, Example 11.4.3].

O

Remark that we will not use in this paper that H;(w) =0 for i > 4.

Now denote Ng = [F, N{] where Ny = [N, N]. Similarly to (7), denote by O

the quotient of the abelian group Z[r \ {1}] by the system of relations g ~ —g~ !,

gemn\{l}:
(€2 Q= ZIx\{})/(g+g " lgen\{1}).

Proposition 4.5 Under the hypothesis of Proposition 4.1, consider the central short
exact sequence
1— Ny/Ngp — N/Np — N > 1.

Then Ni/Nf ~ Hy(F/Ny) ~ Q ~ Z[I], for I = (w\{1})/ ~, where the relation ~
is given by identifying g with g~!, for g €  \ {1}. Moreover, there exists a short
exact sequence

(32) 1 —>[F,Ni]— N — Q —0,

where i, is the canonical inclusion, while g, is an epimorphism sending

r

r N N
(33) gng: N1 — O, |:1_[ By, l_[ BZ},":| — po (ZZnimiﬁi—lﬁj) €0,
j=1

i=1 i=1j=1
where u;,v;i € F, po: Z[n] — Q is the projection. Furthermore, the group N/NFg
admits the following presentations:
N/Nfp ~ (xg, & € | [xg, xpllxge, xgn] ™' [xes [en, xg]) 1,8 € )
(34) eg, 0 e\ {1}, | leg.eq]. leg.xg]. 0.0" em\ {1}, Eem,
T\xe gen g gl (Em) e x\ A ‘

Proof To establish the isomorphism N;/Ng ~ H,(F/N1), consider the 5—term exact
sequence

Hy(F) — Hy(F/N;) — Ny /[F,N] > F® — (F/N;)* — 0

Geometry € Topology Monographs, Volume 14 (2008)



Some quadratic equations in the free group of rank 2 247

obtained from the short exact sequence 1 - Ny - F — F/N; — 1 by means
of (30). Since H,(F) =0 and F* — (F/N;)® is an isomorphism, it follows that
H,(F/N;) — Ni/[F, Ni]= N;/NF is an isomorphism.

To establish the isomorphism H,(F/Ny) &~ Q, consider the Hochschild—Serre spectral
sequence [21] (also called the Lyndon—Hochschild—Serre spectral sequence) related
to the short exact sequence 1 - N/Ny — F/N; — & — 1. Recall that this spectral
sequence has the form

(35) E,, = Hy(w. Hy(N/N1)) = Hpyq(F/Ny),

where the local coefficients H,(N/N) is the Z[w]-module corresponding to the
action AdZ: 7 — Aut(Hy(N/Ny)), which is induced by the action Ady |y/n,: 7 —
Aut(N/N,) given by conjugation: (gN)-(xN;) = gxg 'N,, g€ F, x € N. By
Proposition 4.1, H{(N/N;) ~ (Z[r],+) and the action Ad}r is given by the left
multiplication. Thus, from Lemma 4.3, we have that E;l = Hp(w,Z[x]) = 0 for
p = 1. By Lemma 4.4, we have E§0 = H;(m) = 0, which implies Egz = Eg;.

Let us show that H>(F/Ny) ~ E3,. If B ¢[F, F] then, by Lemma 4.4, E2, = ESS =
0, and thus we get Hy(F/N;) = E§2~ Consider the remaining case, B € [F, F].
Observe that both groups E%O = H, () and Egl = Hy(, Z|r]) are isomorphic to
Z, due to Lemmas 4.4 and 4.3, respectively. On the other hand, the isomorphism
H\(F/Ny) ~ F% ~ 7% ~ H(7) = E3; = E% and (35) for p +¢ = 1 imply
Eg‘f = (. Thus the differential a’%o: E%o — Egl is an isomorphism, and it follows
that Hy(F/Ny) ~ E§, = Ho(, Hy(N“)).

Now, due to Proposition 4.2, H,(N“) is isomorphic to Z[J], where J = (7 x
7\ A)/ X5, and the corresponding action Ad2: = — Aut(H,(N)) ~ Aut(Z[J])
is given by § - e v = eqeg ¢qy» for each pair (§,7) € Jy, and { € 7, where J; C
7 x 7w\ A is chosen to be invariant under Ad72,, see Proposition 4.2. Therefore
EZ, = Ho(m, Hy(N“?)) ~ Ho(r, Z[J]) is isomorphic to the quotient of Z[J] by the
system of relations egg v ~ egze eny> (5,1) € Ji, ¢ € m. Hence it is isomorphic to
Z[I~ Q.

To prove that (33) defines a homomorphism ¢ ., observe that the canonical projection
N1/[N, Ni] — N;/[F, N{] factors through the canonical projection of the group
Ni/[N, Ni] onto the quotient of N;/[N, N;i] by the system of relations py, (1) ~
pn,(gng™'), n € Ny, g € F, where py,: Ny — N /[N, Nq] is the canonical pro-
jection, see also Proposition 4.2. Due to the isomorphism Ny/[N, Ni] — Z[J] from
Proposition 4.2, we obtain the system of relations e 1 ~ egee emys (6.1) € J1, (€,
on Z[J]. This system of relations determines the obvious equivalence relation ~
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on the basis eg v, (§,1) € Jy, of Z[J]. Thus the desired quotient of Z[J] is the
free abelian group Z[J/ ~], where the equivalence classes of ~ form a basis. This
gives the desired isomorphism Ny /[F, Ni|~ Z[J/ ~] = Z[I]. Now (33) follows by
observing that the equivalence class of ez, 5,3 = ¢n, ([By,, By;]) in J corresponds to
pQ(LTi_IEj) = qNp ([Bu; > Bv;]) under the isomorphism Z[I]~ Q.

Now the presentation (34) follows by observing that the natural epimorphism of
N/[F, Nq] to the group in the right-hand side of (34) sending B,[F, Ni|+ xz, u W,
is well-defined. It has a trivial kernel, because one can easily construct its inverse. [

Remark 4.6 Our first derived equation is the “projection” of the equation (8) in N
to the quotient N> = N/[N, N], see Theorem 5.1. Our second derived equation is
the “projection” of the equation (8) to the quotient [N, N|/[F,[N, N]], via choosing
suitable representatives of the solutions of the first derived equation, see Theorem 5.10.
Observe that the subgroup [N, N] is the second term I'2(N) of the lower central series

r'(N)=N, THYN)=[N,Ti(N)], i>1,

of the group N, while the subgroup [F, [N, N]| is the third term F;, (N) of the lower
central series

FE(N)=N, TEYN)=[F,T'(N)], i=>1,

with respect to the action of the group F on N by conjugation, thatis g-x = gxg~!,
ge F, x € N. We recall (see Hilton [16], or Hilton, Mislin and Roitberg [17,
Section II.2]) that if a group G acts on a group H then the lower central series with

respect to the action of G on H is defined as
Te(H)=H, T (H)=gl{(g-x)yx"'y"'|geG, xeT (H), yeH}, i>1.

Here g - x means the action of the automorphism defined by g on the element x,
' (H) is the usual lower central series of the group H, and gr S denotes the minimal
subgroup of H containing a subset S C H.

4.3 The groups N/[F, N]and [F, N]/[F,[F, N]]

Here we study the quotients corresponding to the subgroups N D [F, N|D[F,[F, N]|.
One can apply them to study existence of solutions of equations in free groups. However,
the results of this subsection are not used in our applications, and can be skipped in the
first reading.
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Proposition 4.7 Under the hypothesis of Proposition 4.1, the group N/[F, N] is
isomorphic to Z . Moreover, there exists a short exact sequence

1 [F,N]-5 N8 7 o,

where i is the canonical inclusion, gn: N — (Z[x],+) is the epimorphism given
by (26), while ¢: Z[r]| — Z is the augmentation.

Proof The first assertion follows in a straightforward way from the 5-term exact
sequence obtained from the short exact sequence (24), namely | - N - F - — 1, by
means of (30). In detail, if B €[F, F] then H,(F)=0, F% — 790 ig an isomorphism,
and H, ()~ Z, due to Lemma 4.4. Therefore H, () — N/[F, N] is an isomorphism,
hence N/[F, N]~ Z. Suppose that B & [F, F]. Then ker(F* — n%) ~ 7, and
H, () = 0, due to Lemma 4.4. Therefore N/[F, N] ~ ker(F® — 7)) ~ Z.

To prove the second assertion, observe that the composition eqy: N — Z sends B+ 1,
hence it is an epimorphism. Next we show that the kernel of egn equals [F, N]. The
inclusion ker(eqy) D [F, N] follows from the fact that [F, N] is generated by the
elements [u, By] € [F, N], u,v € F, due to commutator calculus, while [u, By] =
ByuyB; ! is mapped to 1 —1 =0 under eqy, thus [u, B,] € ker(eqy). The converse
inclusion follows by observing that any element u € ker(eqy) has the form u =

B,!...By forsomer,ci,....c; €Z,r>0,uy,...,ur € F,where ¢ci+...+¢, =0.
Clearly, the projection of u to the quotient N/[F, N] equals the projection of the
element B! ... B = B® =1 to N/[F, N], thus u € [F, N]. o

Proposition 4.8 Under the hypothesis of Proposition 4.1,
[F,N]/[F,[F,N]|~ Hy(F/[F,N)) ~ Hy(n) ~ n.
Moreover, there exists a short exact sequence
| = [F,[F, N]| -5 [F, N] 25 7 - 0,

where i is the canonical inclusion, qp is an epimorphism sending qr: [n, g] —
eqn(n)- par(g) e, ne N, g € F. Here one uses an additive notation for the group
operation in 7%, puy: m — 7% denotes the canonical projection, gx: N — (Z[r], +)
is the epimorphism defined by (26), ¢: Z[rx] — 7Z is the augmentation.

Proof Let us prove the first assertion. Consider the 5—term exact sequence

H,(F) — H,(F/[F,N]) —[F, N)/[F.,[F.N]]—» F* — (F/[F,N])® — 0
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obtained from the short exact sequence 1 — [F, N]|— F — F/[F, N] - 1 by means
of (30). Since H,(F) =0 and F* — (F/[F, N])® is an isomorphism, it follows that
H,(F/[F,N]) — [F,N]/[F,[F, N]] is an isomorphism.

Similarly to the proof of Proposition 4.5, consider the Hochschild—Serre spectral
sequence related to the short exact sequence 1 - N/[F,N]|— F/[F,N]—>m — 1.
Since N/[F, N]~ Z by Proposition 4.7, the spectral sequence has the form

Eqq = Hp(w, Hy(N/[F, N))) ~ Hp(w, Hy(Z)) = Hp1q(F/[F,N)),

similarly to (35), where the local coefficients H,(Z) is the trivial Z[r]-module. Since
Hy(Z)~ H\(Z) ~ Z and Hy(Z) =0 for g > 2, while the homology of 7 vanishes in
dimension 3 (due to Lemma 4.4), the only possible non-vanishing £ terms are those
with ¢ = 0,1 and p ## 3. In particular, Eéz =0, E%O = H; () = 0, and therefore
EX = E}, = H(m).

Let us show that ESS = E3, = 0. If B ¢ [F, F] then, by Lemma 4.4, E3, =
H,(w) = 0. Suppose that B € [F, F]|. Then E%o = Hy(w) ~ Z by Lemma 4.4,
moreover the projection (F/[F, N])* — Hy(m) = E3, is an isomorphism. Therefore
d220: E%O — Egl is an isomorphism, hence EJ5 = E;’O =0.

Since Eéz = 0 and E;’O = 0, we have the desired isomorphism H,(F/[F,N]) ~
EX =E? = H (7).

Let us prove the second assertion. We shall represent elements of the quotient
[F, N]/[F,[F, N]] by elements of [F, N], identified under the congruence relation
g1 = g2 modulo [F,[F, N]], and shall write g; = g, whenever glgz_1 e[F,[F,N].
Observe that every element w € [F, N] can be written in the form w = [B, u], for
some u € F, due to the following congruences: [B,, v] =[B,u"'vu] and [B, uv] =
[B, u]u,[B, v]][B,v]=[B, u][B, v] for any u,v € F.

Let us show that there exists an epimorphism p: 7%° — [F, N]/[F,[F, N]] sending
Par(U) = pr((B,u)), u € F,where pr: [F, N]—[F, N]/[F,[F, N]] is the canonical
projection. To show that such a map p is well-defined, we use commutator calculus
and the following observations. Using [B, By|=[B,[v, B]] €[N, [F, N]|C[F,[F, N]],
v € F, one shows that [N, N]| C [F,[F, N]|, which implies [B,un] = [B, u][B,n] =
[B,u] forany u € F and n € N . Furthermore, using one of the Witt—Hall identities (see
Magnus, Karrass and Solitar [31, Theorem 5.1, (11)]) one can show that [N, [F, F]] C
[F,[F, N]|, which implies [B,uf’] = [B,u][B, f'|=[B,u] forany u € F and [’ €
[F, F]. The map p is a homomorphism, since [B,uv] = [B,u][B,v] for any u,v € F,
see above. Therefore the map p is an epimorphism.
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Since 7% ~[F, N|/[F,[F, N]], and 7 is a finitely-generated abelian group, it follows
that any epimorphism 7% — [F, N]/[F,[F, N]] is an isomorphism. Therefore the
epimorphism p is an isomorphism. It follows that the composition p~! pp: [F, N] —
7 is an epimorphism and satisfies the desired properties. |

5 Derived equations in Z[x] and Z[x \ {1}]/ ~

The quadratic equations under consideration are the equations (1/)—(4") of Section 3.3
with two unknowns x € N, y € F, in the free group F, = (&, B |) of rank 2, see
Theorem 3.14. Actually these equations are in the subgroup N = {(B)) where B =
afa—¢B~1. To prove some further non-existence results, we will apply the algebraic
approach developed in Section 4. For each of the equations (2'), (3’) and (4’) in N,
we will construct two derived equations, which are in fact “projections” of the equation
to the abelian quotients N/ Ny and N /[F,, Ny], respectively, described in Section
4, see Propositions 4.1 and 4.5, where N; =[N, N]. The first derived equation is an
equation in the group ring Z[n] of the fundamental group © = . = F>/N of the
corresponding target surface (this group ring, as an abelian group, is isomorphic to the
abelianised group N, see Proposition 4.1). The second derived equation is an equation
in the quotient Q of Z[x], see (7), and it is obtained by “projecting” the equation to
this quotient (actually, to N1/[F,, Ni] & Q, see Proposition 4.5), via choosing suitable
representatives of the solutions (if there exists any) of the first derived equation.

5.1 The first derived equation

Here we will construct the first derived equation for each of the equations (27), (37)
and (4’) of Section 3.3. Due to Theorem 3.14, or Corollaries 3.9(A) and 3.11, we
can assume, without loss of generality, that x € N, for a solution (x, y) of (8). So,
the left-hand side of the equation (8) is the product of x and yx 8y~ where both
elements belong to N . The right-hand side is also the product of two elements of N,
whose projections to N = N/[N, N] ~ (Z[r], +) are 9v and 1, respectively, where
V= pr(v) and pn: F, — 7 is the projection, see (25), (26). So, we can project both
sides of the equation to N% = N/[N, N], and we get:

Theorem 5.1 Suppose that (x, y) is a solution of the equation (8) with x € N =
(aBa=B™')). y € F2 = (@, B ). Let ¥ = qn(x) € Z[n], § = pr(y) € w = F/N
be the images of x, y under the projections qy: N — (Z[r], +) ~ N> = N/[N, N]
and py: F, — 1, respectively. Here the natural identification of N“?, the abelianised
group N , with the group (Z[x], +) is given by (25), (26). Then the pair (X, y) satisfies
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the following equation called the first derived equation:
(36) (1-0y)Xx=1+9v

in the group ring Z[x], with the “unknowns” y € n and X € Z[r]. Moreover, the
properties (17), (20) are valid. Furthermore, any solution (X, y) of (36) satisfies (20).

Proof The group N is isomorphic to the abelian group (Z[r], +), see Proposition
4.1. Under this isomorphism, the element B = afa~¢f~! € N is identified with
1l € v C Z[r], and B, with u € & C Z[r], thus the right-hand side of the equation
is identified with 1 4+ 9v. Moreover, the conjugation of B, = uBu~!, u € F,, by
an element z € F, equals B;,, which is identified with zu € & C Z[rx]. It follows
that the projection of the left-hand side to N equals X —§yx = (1 —§¥)X, which
gives (36). The properties (17), (20) are due to Remark 3.12.

Let us derive the property (20) from (36). Suppose that (X, y) € Z[x] X 7 is a solution
of (36). Consider the left action of the infinite cyclic group () ~7Z on 7 viat-g =yg,
g € . Consider the orbits Oy =7-g, g € . For any X € Z[r], denote by Xy € Z[Oy]
the image of X under the projection Z[r] — Z[Og], g € m. It follows from (36) that
(1-0y)Xx;=1+9vifveO;,and (1-6y)X; =1 if v ¢ O;. Since the augmentation
of the left-hand side is even, this implies U € Oy = (), thus v = y* for some k € Z.
If y=1 and 6§ = —1, the property (20) is now obvious, since it is equivalent to
1 = 1% and (—=1)k® = —1, for some k € Z. In the remaining case (y # 1 or § = 1),
consider the homomorphism y: (y) — Z* = {l,—1} C Z sending y > § (it is well-
defined, since 7 is a torsion free group). By extending y linearly to the group ring
Z[(y)], one obtains the y—twisted augmentation &y: Z[(y)] — Z . From above, we have
(1-89)X1 = 1+9 X, where X, € Z[(¥)], a Laurent polynomial in 7. Since y—twisted
augmentation of the left-hand side vanishes, we have 0 = &, (1 + By%) =14 98k,
This completes the derivation of (20) from (36). O

5.2 Solutions of the first derived equation in the ‘“mixed” cases

Here we study separately the solutions of the first derived equation (36) in the mixed
cases described in Remark 3.16 and Definition 3.15, see also Tables 2 and 3. Recall
that, for any solution (X, ¥) € (Z[r]) x 7 of the first derived equation (36) in a mixed
case, U belongs to the cyclic subgroup of 7 = 7, generated by 72, see Theorem
3.14(5). We will call a solution (X, y) of (36) faithful if w.(y) =4, see (17).

Case of the equation (2’) Here § = 1, ¢ = —1. We will only consider non-faithful

solutions of (36) for & = —1, v € F, such that v = pg (v) = 2", n € Z, see Remark
3.16. Denote ¢, = fa™ L, L e Z.
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Lemma 5.2 For the equation (2") with ¢ = —1, the non-faithful solutions of the first
derived equation (36) are described by

(21) (1-y)Xx=1—v, where w_(y)=-1,

in Z[r], with the unknowns X € Z[r], y € m, where &1 = n—. For v satisfying
v = pg(v) = B>", n € 7, the solutions of the equation (2;) are given by

I+t +e2t+. .+t n/t>0,

_ 1_5211
y:gf:(aLﬁ)f, X = 1 Elé =10, n=0,
£ et - -, njt<0,

where L € 7 is arbitrary, and £ runs over the set of all odd divisors of n. Forn =0
we assume that £ is any odd number.

Proof The equation (21) follows from Theorem 5.1. Suppose y = alpt. Because
the solution is non-faithful, it follows that £ is odd. Since v = ,52” belongs to the
subgroup generated by y, it follows that v = )7" = (@l Ez)k, for some k € Z. This
implies that £ is a divisor of 2n. Thus y has the form given by the second part of the
Lemma. It follows by a straightforward calculation that all values of (X, y) given by
Lemma are solutions. That they are the only solutions follows from the fact that the
group ring Z[m_] has no zero divisors, since 7_ is a solvable torsion free group, see
Kropholler, Linnell and Moody [25, Theorem 1.4]. |

Remark 5.3 Later, the following representatives (xz,_¢, ¥z ¢) € N X I, of the solutions
(X, y) of (21) from Lemma 5.2 will be used:

yre=cp =B,
Bczn—e Bcin—zé Bcin—?sl e Bch, n/t >0,
Xpg = 1, n=0,
BC—%L Bc—i}1+[ Bc_éfm . Bc_zlze Bc_gll’ n/t <o,
where B = afaf™!, £ # 0 is any odd number if n = 0, or any odd divisor of n

if n # 0, thus the number of factors in the expression for x4 is even and equal to

20n/¢].

Case of the equation (3’) Here § = —1, ¢ = 1, and all solutions are_non—faithful. We
will consider only the case where ¥ = —1 and v = pr(v) = @>"B?", see Remark
3.16.

If |m|+ |n| > 0, let us denote d = ged(m, n) and ¢ = a™/4pn/4 .
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Lemma 5.4 For the equation (3") with % = —1, the solutions of the first derived
equation (36) are described by
(31) 1+nx=1-2v

in Z[r], with the unknowns X € Z[r], y € w, where * = my. For v satisfying
v=pr(v)=a*"p*", m,n€Z, |m|+|n| > 0, all solutions of this equation are given
by

e,

<
Il

I—EZd 1_5@ +52€_".+E2d—2€_52d—ﬁ’ {>0,

X — =
1—|-c€ E—Z_E—ZZ+'.._52d+24+52d+5_52d’ <0,

where £ # 0 is any divisor of d = ged(m,n), ¢ = a™/4p" e If v satisfies v =
pr(v) =1 then all solutions are given by X = 0 and y € & is any element.

Proof The equation (31) follows from Theorem 5.1. Let v =« and y =a’ %,
m,n,r,s € Z. Suppose |m|+ |n| > 0. Since v belongs to the subgroup generated
by 72, it follows that v = 32k = @2k7 2k for some k € Z. This implies kr = m,
ks =n, thus k is a divisor of d, and y = @™/k "'k = ¢t where { = d/k. Thus y
has the form given by the second part of the Lemma. It follows by a straightforward
calculation that all values of (X, y) given by Lemma are solutions. That they are the
only solutions follows from the fact that the group ring Z[m4] has no zero divisors.

2ml572n

Suppose m =n = 0, thus v = 1, and the right-hand side of the equation (3;) vanishes.
Since 1 + y # 0 in Z[x] for any y € 7, it follows that X = 0, since the group ring
Z[m+] has no zero divisors, since it is a polynomial ring. d

Remark 5.5 Suppose that v # 1, thus v = @>™B2" with |m| + |n| > 0. Denote
d =ged(m,n), c =a™ 414 B =qBfa~!B~". Later, the following representatives
(x¢, v¢) € N x Fy of the solutions (X, ¥) of (31) from Lemma 5.4 will be used:

ye=ct,

. Bo2a—2¢Bo2a—ac. . . B2 BB;/zl B;L. . -Bc_zld—z.(z Bc_zld_g, {>0,
Z =
-1 p-1 -1 p-1
BB srasae-- B, 4B 5 Be—tBe—se.. .Boratse Boaa+e, £<0,
where £ # 0 is any divisor of d, thus the number of factors in the expression for x; is
even and equal to 2d/|{]|.

For v =1, we will use the representatives x; y =1 and yr ¢ = ozL,Be, where L, L€ Z.
Actually L, ¢ coincide with the exponents in the canonical form of y € 74, see (19).
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Case of the equation (4’) Here § = ¢ = —_1. First we consider the case of faithful
solutions where % = —1 and v = pg (v) = B*", see Remark 3.16.

As above, we denote ¢y = Ba~ L.

Lemma 5.6 For the equation (4") with ¥ = —1, the faithful solutions of the first
derived equation (36) are described by

) (1+y)X=1-v, where w_(y)=—1,

in Z[r], with the unknowns X € Z[r], y € m, where 7 = nw—. For v satisfying
v = px(v) = B>, n € Z, the solutions of this equation are given by

y=ct = @p)",

—{ =2/ =2n—20 _2n—L
R l—c; +e—...+cf -, n/l>0,
¥=—2=%=1o, n=0,
1+cL
ettt @ /<o,

where L € 7 is arbitrary, and { runs over the set of all odd divisors of n. Forn =0
we assume that £ is any odd number. Compare Lemma 5.2.

Proof Similar to that of Lemma 5.2. O

Remark 5.7 Later, the following representatives (xz, ¢, yr ¢) € N X I, of the solutions
(X,y) of (4f1 ) from Lemma 5.6 will be used:

A
YLt =<,
B 2d—2¢B 2d-4c...B2BB B3} ... B3, ,, B n/l>0
cr cr 53 et Tept 2d=3L 2 c2d—t> )
'XL,Z = 1, n = O,

-1 p—1 -1 p-1
Bc%d Bcid“l e Bcz“ Bc;” Bcze Bcz3e . Bcid+3€ Bcid+e, n/t <0,
where ¢ = Ba™L, B =aBfaf™", £ # 0 is any odd number if n = 0, or any odd

divisor of n if n # 0, thus the number of factors in the expression for xy, ¢ is even and
equal to 2|n/£|. Compare Remarks 5.3 and 5.5.

Now consider the case of non-faithful solutions where % =—1and v = pg(v) =
a?" B4 see Remark 3.16. If |m|+|n| >0, we denote d = ged(m, n), ¢ =a™/4p2n/d,
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Lemma 5.8 For the equation (4") with ©# = —1, the non-faithful solutions of the first
derived equation (36) are described by

(410 (1+»X=1-v, where w_(y)=1,

in Z[r], with the unknowns X € Z[r], y € m, where 1 = n—. For v satisfying
v = px(v) = a*"B*", m,n € Z, |m| + |n| > 0, all non-faithful solutions of this
equation are given by the same formulae as in Lemma 5.4:

e,

<
Il

I—EZd 1_5@ +52€_".+E2d—2€_52d—ﬁ’ {>0,

1+EK E—Z_E—ZZ+'.._52d+24+52d+5_52d’ <0,

X

where £ # 0 is any divisor of d = ged(m, n), ¢ = @™/4p2"/4 If v satisfies v =
px (v) =1 then all non-faithful solutions are given by: X =0 and y € & is any element
satistying w—(y) = 1.

Proof Similar to that of Lemma 5.4 (see also the end of the proof of Lemma 5.2). O

Remark 5.9 Suppose that v # 1, thus v = @>"B*" with |m| + |n| > 0. Denote
d = ged(m,n), ¢ = a™4p2n/d B — qBaB~'. We will later use the following
representatives (xz, y¢) € N x F, of the solutions (X, y) of (4‘1‘f) from Lemma 5.8.
We define these representatives by the same formulae as in Remark 5.5.

For v =1, we will use the following representatives: xy ¢ =1, yr ¢ = oalp 2L where
L,?eZ. Actually L,2¢ coincide with the exponents in the canonical form of y € w_,

see (19).

5.3 The second derived equation in the “mixed’ cases

In order to find further properties of the solutions of the equations (2”), (3’) and (4")
in the “mixed” cases (see Section 3.3, Tables 2 and 3, Remark 3.16, and Definition
3.15), we will construct the second derived equation (2,) (resp. (3,) or (4f2 ), (4’2‘f))
for the equation (2") (resp. (37), or (4’)). More specifically, for every solution of one
of the first derived equations (2;), (31), (4f1 ), and (4‘1‘f) (see Lemmas 5.2, 5.4, 5.6
and 5.8) we will construct an equation in the free abelian group Q, see (7), which is
the quotient

(37 Q=0:=Zx\{)/{g+g " |gen\{1}), withw =, = F,/N,

of the free abelian group Z[r \ {1}] by the system of relations g ~ —g~!, g € 7 \ {1},
where N := {(@Ba—¢B~!)). (This quotient is isomorphic to [N, N|/[F5,[N, N]], see
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Proposition 4.5.) Consequently, we will obtain (in Theorem 5.10) an equation, which
we will call the second derived equation, in two unknown “polynomials” X € Q,
Y € Z[r], and some integer unknowns which enumerate the solutions of the first
derived equation.

As an application of the second derived equation, we will obtain the non-existence
results stated in Tables 4 and 5, see Section 7. For this, we will use the following
property of the derived equations, which follows from Theorems 5.1 and 5.10: the
non-existence of a solution of either the first or the second derived equation implies the
non-existence of a (faithful or non-faithful) solution of the corresponding quadratic
equation (8) in N .

Case of the equation (2’) Here § =1, ¢ = —1, and we may assume that % = —1 and
v=p"en,nel, n =n_,see Table 3 and Remark 3.16. We consider the following
pair of derived equations (corresponding to non-faithful solutions). The first derived
equation is (21) in Z[x], # = 7—, with the unknowns y € = and X € Z[r], see Lemma
5.2. By this Lemma, the solutions have the form y =y, , = alpt, = Xpe= ll__aizge
for all L, € Z such that

(38) £ln if n#0, and {isodd

(the latter condition corresponds to the fact that a solution to be found is non-faithful).
Our second derived equation will be the following equation in the quotient Q = Q_,
see (37):

I_E—Zn I L I_E—Zn _1_&L 1_[3_—211
2 - . Y = V — — = 5
(22) pQ(l—ﬂ—f w()) pg<¢() 1_52ﬂ1—&+ 7
where pg: Z[n] — Z[n \ {1}] — Q is the projection, ¢ € Aut(F,) denotes the
automorphism sending « — «, B+ Ba,and B = B_ =afaf~! — B, as well as the

induced automorphism of Q. The parameter V € Z[x] of the equation (2, ) is defined
via

(39) U:vol_[Bgii, V:Zniﬁi, v0:ﬁ2n’

see (26), while the unknowns are (L,£, X,Y) with L,£ € Z asin (38), and X € Q,
Y € Z[r]. Remark that the unknown X does not contribute to the equation (2, ), thus
X can be arbitrary.

In the special case n = 0, the second derived equation (2, ) has the form 0 = pg (V)
with the unknowns L., € Z, £ odd, and X € Q, Y € Z[x]. Since no unknown
contributes to this equation, a solution exists if and only if pg (V') = 0, moreover if
po(V) = 0 then arbitrary values of the unknowns determine a solution.
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Case of the equation (3’) Here § = —1, ¢ = 1, and we may assume that ¥ = —1

and v = &2”’52” en,mnéeZl, n =mny,see Table 3 and Remark 3.16. For the

equation (3’) (it has only non-faithful solutions) we consider the following pair of

derived equations. The first derived equation is (3;) in Z[x], # = m4, with the

unknowns y € w and X € Z[r], see Lemma 5.4. By thids Lemma, for |m|+ |n| > 0 the
1—c2

solutions have the form 7 = 3, = ¢, ¥ =X, = = where d = gcd(m,n), L €7

such that £ | d, and ¢ = a™/dpn/d ¢z while for m = n = 0 the solutions have the
form y =y o= alpt, %= Xp.¢ =0 where L,{ € Z. Our second derived equation
will be the following equation in the quotient Q = Q 4, see (37):

1—¢—2d 1—¢—2d
2X — —Y|= V+ ———| if [m|+|n| >0,
(32) Po\ Tz Po —gar ) imltn
2X=po((V) ifm=n=0,
where pg: Z[n] — Z[m \ {1}] — Q is the projection. The parameter V' € Z[r] of the

equation (3, ) is defined similarly to above, with 7 = 74, B = By =afa” 7!, via

2 \m| + |n| >0,

(40) v=uo[[BE. V=> nu. v0={1

while the unknowns are either (£, X, Y) with £ € Z, £ |d, X € Q, Y € Z[n] if
|m|+|n|>0,0r (L,€,X,Y)with L.{eZ, Xe€Q,Y eZn]itm=n=0.

, m=n=0,

In the special case m = n = 0, the second derived equation (3, ) has the form 2X =
po(V) with the unknowns L,£ € Z, X € Q, Y € Z[r]. It admits a solution if and
only if 2 | po(V), moreover for 2 | po(V) the value of X is uniquily determined,
while the unknowns (L, £, Y) take arbitrary values, in order to determine a solution.

Case of the equation (4’), non-faithful solutions Here § = ¢ = —1, and we may
assume that ¥ = —1 and v = @2"B*", m,n € Z, w = n_, see Table 3 and Remark
3.16. We consider the following pair of derived equations (corresponding to non-faithful
solutions). The first derived equation is (4r1‘f) in Z[r], ®# = w—, with the unknowns
y € m and X € Z[r] such that w_(y) = 1, see Lemma 5.8. By this Lemma, for

. _ _ _ ~ ~ _=2d
|m| + |n| > 0 the solutions have the form y = y; = ¢¢, ¥ = X, = ll-fE@

d =ged(m,n), £ € Z suchthat £ | d, and ¢ = am/dp2n/d ¢ 7 while for m=n=0
the solutions have the form y =y , = alp?t 3= Xr¢ =0 where L,{ € Z. Our
second derived equation will be the following equation in the quotient Q = Q_,

where
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see (37):

I—E_Zd I_E—Zd )
2X=po((V) ifm=n=0.

Here the projection pgp and the polynomial V' € Z[r] are defined as in (40) with
m=mn_, B=B_ =aBap!, ¢ = a™/4p27/d hile the unknowns are either
€, X, Y)ywithfeZ,l|d, XeQ,Y eZ[r]if |m|+|n|>0,0r (L,£,X,Y) with
LtleZ, XeQ,YeZlnlif m=n=0.

In the special case m = n = 0, the second derived equation (4r2‘f) has the form
2X = po(V) with the unknowns L,{ € Z, X € Q, Y € Z[r]. As above, it admits a
solution if and only if 2 | po(V'), moreover for 2 | po(V') the value of X is uniquily
determined, while the unknowns (L, £, Y) take arbitrary values, in order to determine
a solution.

Case of the equation (4'), faithful solutions Here § = ¢ = —1, and we may assume
that ¢ = —1 and v = ,8_2”, neZ, nn=mn_,see Table 2 and Remark 3.16. We
consider the following pair of derived equations (corresponding to faithful solutions).
The first derived equation is (4f1) in Z[r], # = n—, with the unknowns y € 7 and

X € Z[r] such that w—(y) = —1, see Lemma 5.6. By this Lemma, the solutions have
the form y = yp 4 = alpt, 3 = Xpe = % where L,{ € 7 satisfy (38) (the

latter condition in (38) corresponds to the fact that a solution to be found is faithful).
Our second derived equation will be the following equation in the quotient Q = Q_,
see (37):

i 1— a—2n
@) 20t - pQ(l_’%-goL(Y))

1__—2n_1_&L 1__—2n

pgi-al 1-f )
1— ,32 l—a 1— 1325

Here the projection pg, the automorphism ¢ of Q, and the polynomial V' € Z[r] are

defined as in (39), while the unknowns are (L,£, X,Y) with L,{ € Z as in (38), and
X eQ,Y eZn].

= po (wL(V) -

In the special case n = 0, the second derived equation (4f2) has the form 2X = pg(V)
with the unknowns L,£ € Z, £ odd, and X € Q, Y € Z[x]. As above, it admits a
solution if and only if 2 | po(V). Moreover, if 2 | pg(V') then the value of X is
uniquily determined, while the unknowns (L, £, Y) take arbitrary values, in order to
determine a solution.
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Theorem 5.10 Under the hypothesis of Theorem 5.1, suppose that vy € F, is the
representative of v € m, as in (39) or (40), and (x, y) is a solution of one of the
equations (2'), (3’) or (4") from Section 3.3, in a “mixed” case, see Remark 3.16
and Tables 2 and 3. Let (xp ¢4, yr¢) be the corresponding representative, given by
Remarks 5.3, 5.5, 5.7 and 5.9, of the solution (X, y) € (Z[r]) X  of the corresponding
first derived equation (21), (31), (4‘; ) or (4‘1‘f) (see Lemmas 5.2, 5.4, 5.6 and 5.8) where
the subscript L is not necessarily present. Let X € Q, Y,V € Z[x] be the images of
the elements xZ,lex €[N, N], yI:le Vs vy v € N under the projections g Ngi [N, N]—
O ~ [N, N]/[F»,[N,N]] and gn: N — (Z[r], +) ~ N%, respectively:

X =gn (xgx) €0, Y =gy €Zlr]. V =qn(vg'v) € Z[n),

where the natural identifications N ~ (Z[r], +) and [N, N]/[F».[N,N]| ~ Q are
given by (25), (26), and (32), (33). Then the quadruple (L,£, X,Y) (or the triple
(¢, X,Y), respectively) satisfies the corresponding equation (2), (32), (45) or (431,
described above, called the second derived equation.

5.4 Derivation of the second derived equation

Here we give a proof of Theorem 5.10, that is we derive the equations (2, ) and (3;)
from the equations (2’) and (3’), respectively, and the equations (42) and (4‘21f) from
the equation (4”), in the “mixed” cases, see Section 3.3 and Remark 3.16.

The following three technical Lemmas will be useful for deriving the second derived

equations (2, ) and (4‘;) from the equations (2’) and (4'), respectively.

Lemma 5.11 In the free group F, = (, B |), put B = afaf™! and denote B, =
uBu~', u € F5. Then, for any LeZ,

OCL,BO(L,B_I — {

If N = (B) and ®= = n— = F,/N then, under the projection qn: N —
(Z[r],+) ~ N® = N/[N, N1, see (25), (26), the element a™Bat B~ is mapped to

_gL
gy (et patpt) = 5

Byi-1Byr—...ByB, L=>0,
B !B ., ...B ', L<0.

Proof Let us calculate aZBalp~1. For L > 0 we prove the formula by induction.
For L = 0,1 the formula is obviously true. From the formula for L > 1 we get the
formula for L + 1 as follows:

aE 1 Ba 17 = a(al Bal B o lafaf™! = a(By—1Byr—> ... ByB)a" - B
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=(ByrByr—1...By2By)B = By Byr—1...ByB.
Using the above formula, we get the formula for L < 0:
oeLﬁozL,B_l = aL(a_Lﬂa_L,B_l)_la_L = OlL(Ba—L—lBa—L—Z ...ByB) a7 L
=ol(B7'B;'...B Y B )P =B !B, ...B, B},

In the abelianised group N, which is identified with (Z[r7_], +), see Proposition 4.1,
we have

1_—L
qN(aLﬁaLﬂ_4)=qN(BabqZ%L—z“.BaB)=&L_1+&L_2+“.+&+1=:1_
if L >0, and

_ . _ o __, l—at
gn(e@PBat B~y =gN(B B!, .. By =—al—att -~ = -
if L<O0. O

Remark 5.12 Under the assumptions of Lemma 5.11, one can prove the following
generalization of the formulae from this Lemma, for arbitrary L, { € Z where £ is odd:

L —1)/2 p— £—1)/2
Hk:l [(H,(:1 )/ Ball,+1—kﬂl—2i) H](':o )/ BaL*kﬁZI]’ £>0,

CIL,BKO[L,B_KI . .
L —£—1)/2 —£—1)/2 p—
[Ti=, [(n§=o )/ BaL+l—kﬂ£+2i) ]_[J(-=1 )/ BaLl—kﬂ—Zj]’ <0
if L >0, and
—1 0 — —1
Lgtql gt [k=t [(Hj:(l—e)/z Bakllg—zj> [li=a-0)2 Bak+1ﬂ€+2f] , £>0,
o o =

—1 —1 0 —
[Tr=L [(Hj=(1+e)/2 BakﬂZf) [lica+o,2 Bak1+1,34_2,} . <0

if L < 0. Observe that the formulae for L < 0 can be easily obtained from the
formulae for L > 0 via the identity oL gtalp~t = ol (@ Lpta LB~ t)"1a~L. The
above formulae (for L > 0) can be proved either by straightforward calculations, or
geometrically, by identifying the subgroup N = ((B)) with the fundamental group of
a suitable covering of the punctured Klein bottle, and interpreting elements of N as
based loops on this covering, considered up to the based homotopy. In more detail, we
consider a punctured Klein bottle K* = K\ D with base point P € dD, where K is
the Klein bottle, and D C K a closed disk. We interprete K as the quotient of the
Euclidean plane K by the free action of the group w = F,/N on K by isometries
of the plane, in a usual way. We can also identify 7{(K, P) = 7, n1(K*, P) = F;,
and the element B = afaf~! € F, with the homotopy class of the (suitably oriented)
boundary circle dK*. Consider the covering K* of K* corresponding to the subgroup
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N = ((B)). It is a punctured plane with infinitely many punctures, moreover the
inclusion K* < K lifts to an inclusion K* <> K. Let us consider a based loop y
on K*, whose homotopy class equals [y] = aLlptalp—te F. Since [y] € N, this
loop lifts to the covering K*. The obtained based loop )/ on K* can be considered as
a rectangle of “width” L and “height” £ on the plane K. Representing the elements
By, u € F,, by suitable based loops on K*, one can decompose the element [y] € N
into the product of By, u € F,, in many different ways. One can check that the above
formulae give one of the ways for such a decomposition.

Lemma 5.13 Suppose n, L € Z,n#0, c; = fa~L, B=afaf™!. Then
n;g) ﬁ1_2n+2j(Ol_L,BOt_Lﬂ_l),an_zj_l, n>o0,

]_[j_ﬁlﬂl_z”_zf(a_Lﬂa_Lﬂ_l)_lﬂ2”+21_1, n<o,

2n2n_
;=

thus the element ,3_2” 21 ¢ F, belongs to the subgroup N = (B)). If t =n_ = F»/N
then, under the prOJecnon gn: N — (Z[]T] +)~ N® = = N/[N, N1, see (25), (26), the

I -

is mapped to qn (B~"c3") = —B= - Bz —a

element f~2" i”

Proof Suppose n > 0. Then
i = (@ B BT B B BT @ pa B
"/32” 4(0[_L,30[_Lﬂ )/34 2”-182" Z(O[_LﬂOl_LIB 1),82 2n_132n 1

— IBI—Zn . ’i:[l ,sz(a_L,Ba_Lﬂ_l)ﬂ_Zj ',32n_1

j=0
n—1 ) )
— 1_[ ’31—2n+2j(a—LlBa—Lﬂ—l)'BZn—Zj—l eN
Jj=0

by Lemma 5.11. In the abelianised group N, which is identified with (Z[7_], +), see
Proposition 4.1, we obtain

n—1
an(B2"ef) =B B gn(a B E BT
j=0
which, by Lemma 5.11, equals
—1 —_ Y —_ o— —
Bl_zn-liBz]l_a L _ i, 1-B> 1-a L =—El_ﬂ n1-g L
= 11—« 1-82 1-a 1— B2 l—a
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Suppose n < 0. Then we have
IB—ZnCin — IB—Zn(ﬂOl—L)Zn — ﬂ—Zn(aLIB—I)—Zn
= B! 7272 (Bat B ) B2 pTH (B B M) B0 (Bt B ) B
.. ,32"+2(,305Lﬂ_1aL)/3_2”_2 . ﬁzn(ﬁaLﬁ_laL),B_Z" . IB2n—1

— IBI—Zn X ﬁ 18—2j (a—LIBa—Lﬁ—l)—IIBZj .I32n—1
j=1
— 1__n[ ﬂl—Zn—Zj(a—LIBa—LIB—l)—IIBZH-i—Zj—l eN
j=1

by Lemma 5.11. In the abelianised group N, which is identified with (Z[r7_], 4), see
Proposition 4.1, we obtain

gn(B" ey = =B B ¥ gn(e@ BT

j=1
which, by Lemma 5.11, equals
ﬂl —2n Z:B 2] ﬂl —2n

13 —2n _——L

_BZn 1_&—L
1—g2  1-a 5 g2 1-a
O

Derivation of (3;) Here B = afa~ !B, N = ((B)). As in Lemma 5.4, we assume
that v = &2’”,32”, m,neZ.

Suppose |m|+|n| >0, thus v =24 P, where ¢ =a™/4 g d =gcd(m,n), PyeN,
thus Py =[] By’ =[]/, By, see (40). It follows from Lemma 5.4 that any solution
(x, y) of (3) has the form x = x/&, y = y¢n, for some £ € Z with £ | d, € €[N, N],
and n € N, where xy, y; are given by Remark 5.5. The equation (3”) has the form

xyxy_1 = CZdP,, B! Pv_lc_z"' B.
Thus, the equation has the following form in the new unknowns £, &, :
41) XeE yenxeE Ty =2 Py BTN ST B

We will start by analyzing both sides of this equality modulo [F,, [N, N]], and we will
complete by using the presentation (33) of [N, N]/[F,, [N, N]]. We shall represent
elements of N/[F,,[N, N]] by elements of N, identified under the congruence relation
g1 = g2 modulo [F,,[N, N]], and shall write g; = g, whenever glgz_1 €[F,, [N, N].
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The right-hand side of (41) modulo [F3, [N, N]| equals
2Py B~ Pyl B =[P, BB ¢ B
=c2B~'c72 B[P, B~ = B, B[Py, B7'].
The left-hand side of (41) modulo [F,, [N, N]| equals

(42) Exeyexeyy vl tonlyy !t = xepexeyy g o),
since the elements &, [x[1 , 1] belong to [N, N] and, hence, they commute with any
element of F, in the quotient F,/[F,,[N, N]]. Let us calculate xgyyyxy y;l in the
quotient F,/[F,,[N, N]]. We have, by Remark 5.5,
XKngZye_l = (Bczd—ze Bo2a-ae... B2 B- Bc_gl B;}g .. Bc_zld—se Bc_zli—e) ct
. (Bczd—ze Bo2a-ae ... B2 B- Bc_gl B;lz B_2d by Bc2d z) ¢t
= Bo2a—2¢B,2a—4¢ ... B2 B - Bc_zlg B;lz B_Zd 2 Bch

d

4
(43) =B_yB-[[[B.BL] if £>0;

j=1
—1 _ (p—1 p—1 -1 p-1 ¢
XeyeXey, = (BCZd Bt - B st B, 50 Be—e Be—3c ... Boaatac Bczd-i-Z) -c
(BCZd Bczd+2e B__lM B__I% *B,—¢B.—3¢...B.2a+3¢ Bcde) et
= BCZd BCZd+2£ B__4g B _ _zg BBC—ZZ e Bczd+4é BCZd-l—ZZ
_%_1

(44) =B yB- [[ B LB if £<o.

j=1
Therefore, after cancelling the common factor Bc_zld B from the both sides, the equation
has the following form in the quotient F,/[F5, [N, N]|:

d
7
HB Bczuz ‘[XZI’U]E[PU,B_I] for £>0,
-4-1
£ l_[ [Bc_—lzje,B] '[XZI»TI]E[Pv,B_I] for £ <0.
j=1

Both sides of the latter equation belong to Ny = [N, N]. After identification of
N1/[F>, N1] with Q = (Z][rx \ {1}])/ ~, see Proposition 4.5, and denoting X =
qNg(§) € O ~ Ni/[F2. N1, Y = qn(n) € Z[n], V = qn(Py) € Z[r], we get,
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using (33) and Lemma 5.4, the equation

% 2jt 1_5—20’
2X + ¢t — .Y | = po(V), £>0,
PQ ; = ro(V)
(45) i
— 2y 17
2X + — et ——— .Y | = po(V), £ <0,
Po ;0 o ro(V)

which coincides with the desired equation (3, ) for |m| + |n| > 0.

Consider the case m = n = 0, thatis v = 1. We have v = P, € N where P, =
[1By =[1i—, By . It follows from Lemma 5.4 that any solution (x, y) of (3') has
the form x = xy 4§, y =ypn with xp =1, yp ¢ = aL gt for some L.L € Z,
£€[N,N],and ne€ N, see Remark 5.5. Similarly to above, we obtain the equation (41)
2d gre replaced by x7 ¢ = 1, yr ¢, 1, respectively. It follows from
xr¢ = 1 that XL,K)’L,ZXL,ZJ/Z’IK =1 and [xilzn] = 1, hence the left-hand side
modulo [F,,[N, N]| equals £2. As above, the right-hand side modulo [F,, [N, N]|
equals [Py, B~']. After identification of Ny /[F5, N;] with Q = Z[r \ {1}]/ ~, and
denoting X = gy (§) € Q ~ Ny /[F2. Nil, Y = gn () € Z[x], V = qn(Py) € Z[x],
we get, using (33), the desired equation

where x¢, yy, ¢

2X = po((V).

This finishes the derivation of (35) from (3').

Derivation of (4’2‘f) Here B = afaf~!, N = ((B)). As in Lemma 5.8, we assume
that v = &2”154”, m,nez.

Suppose |m| + |n| > 0, thus v = ¢24 P, where ¢ = o™/4 82/ 4 = gcd(m, n),
Py € N, thus P, =[] By =[];—; By’ . It follows from Lemma 5.8 that any non-
faithful solution (x, y) of (4”) has the form x = xy&, y = ygn for some £ € Z with
]d,&e€[N,N],and n € N, where xy, y, are given by Remark 5.9.

The rest of the derivation is similar to that of (3,).

Derivation of (2,) Here B =afaf~!, N =((B)). Asin Lemma 5.2, we assume that
V= ,32” Py, where P, =[] BZ: ,n,n; €7, v; € F,. By this Lemma, any non-faithful
solution (x, y) of (2") has the form x = x ¢&, y = yp¢n for L,{ € Z as in (38),
£ €[N, N],and n € N, where x4, yr ¢ are given by Remark 5.3. The equation (2)
has the form

xyx~ly~l = g2np, p=1 prip=n g,
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Thus, the equation has the following form in the new unknowns L, ¢, &, n:

xpeé yLen €' xgly n Tt yply =p*"P, BT P B,

As above, we will analyze both sides of this equality modulo [F5, [N, N]|, and will
write g1 = g, whenever g1g2_1 € [F,, [N, N]].

The right-hand side modulo [F;, [N, N]] equals

,anPv B—l Pv—lﬂ—zn B — ,an[Pva B_I]B_lﬂ_an

(46) =pB*"B~'p7*" B[Py, B~'] = By, B[Py, B7].

The left-hand side modulo [F,, [N, N]] equals

[xL.e. vrel- el e nlyry = [xee yeed - Bere.nl,

since the elements &, [x7 ¢, 7] belong to [N, N] and, hence, they commute with
any element of F, in the quotient F2/[F2 [N, N|. Let us calculate [xL ¢ yre] in
F,/[[N, N], F»]. Denote ¢y, = B~ L, thus ¥ Xpg= 1__4 and yr ¢ = CL Forn/¢>0
we have, by Remark 5.3,

— L —1 p—1 —1 -1 —L
[xr.e-yL.el = (Bean—eBoan—2¢ ... Boe B) -cp - (B Bl B Bc%,,_g) L
— —1 p—1 -1 -1
- Bcin—ﬁ Bcin—ZE e BCEB . Bci BCI%Z e BCIZ‘”,Z BC%”
2%
— p—1 —1
=B, B H[B,Bciz],
j=1

while for n/{ < 0 we have, by Remark 5.3,
(XL, vLel= (Bc_il” Bc_zln_,_g . BC_ZIM BC_ZIZ) -Cﬁ . (Bcze Bczze . Bcin-i-z Bcin) -CZZ

=B>'B3L.,..B"L,B7,.BB ... B B
cin cin+£ CZZE cze CLZ cin+2£ cin+£

_2ﬂ_1

=B, B H (B, e Bl
j=1
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Therefore, after multiplying the both sides by B~! B s the equation has the following
form in the quotient F,/[F5,[N, N]|:

24
(H[B,B;jlz])'[xL,evU]EBgzlnBci"‘[PmB_l] for n/€>0,
. L
J=1

—24-1
( I1 [Bc__lﬂ,B])-[xL’g,r]]EBEZI,,BCin-[PU,B_I] for n/l <0.
. L

Jj=1

Observe that
47) By Beow = pH[B™ p7Hcf"pT" =[BT B2 " €[N N,

due to Lemma 5.13. In particular, both sides of the obtained equation belong to Ny =
[N, N]. After identification of Ny /[F,, N1] with Q = Z[w \{1}]/ ~, see (32), (33), and
denoting X = g, (§) € O~ Ni/[F2. N\]. Y = qn(n) € Z[x], V = gn(Py) € Z[n],
we get, using Lemma 5.13 and (33), the equation

| —1-g72 1—aq-L
(48) PQ(— L+ f_Z‘Y)=PQ<V+,3 —.

1—-¢t  1-¢ 1—p2  1-a

Since the automorphism oL sends ¢f =al B > E , E — E&L, and leaves fixed @ and
B2, we obtain, after applying the automorphism ¢ to both sides of the latter equation,
the desired equation (25 ).

Derivation of (4‘;) Here B = afaf™!, N = ((B)). As in Lemma 5.6, we assume
that v = 2" P,, where P, =[] B,',ll’ , n € Z. By this Lemma, any faithful solution
(x, ) of (4’) has the form x = xy, ¢, y = yp ¢n for L,{ € Z as in (38), £ € [N, N],
and n € N, where xy, ¢, yp ¢ are given by Remark 5.7. The equation (4) has the
left-hand side similar to that of (3”) and the right-hand side as in (2'):

xyxy l=pg%*p, B! Pv_l,B_zn B.
Thus, the equation has the following form in the new unknowns L, £, &, n:
xpa€ yranxp§n 'ypy=p"P, B~ P B

As above, we will analyze both sides of this equality modulo [F,, [N, N]], and will
write g = g, whenever glgz_1 € [F,,[N, N].

As in (46), the right-hand side modulo [F,,[N, N]] equals B/;;nB[Pv, B~!]. Sim-
ilarly to (42), one shows that the left-hand side modulo [F;, [N, N]] is equal to
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ézxL’eyL,ng’gyzlé[xile, n]. Moreover, using Remark 5.7, we have, similarly to (43)
and (44),

BC_%LB TI/_,[B. Bc‘iiz], n/t >0,

_%_1

XL,eJ’L,ExL,IZJ’Z,le =1 . -1
B2y B- 1_[ [ cgsz]’ n/t<0.
j=1

2
L

Therefore, after multiplying the both sides by B~! B s the equation has the following
form in the quotient F,/[F>,[N, N]]:

n

£
52-< [B,B;i}e])-[xz}e,nlzB,;;nBcgn-[Pu,B—ll for n/€>0,
J=1

_%_1

52.( I1 [BC_ZIM,B]) [xplp = BEZInBcin [Py.,B71]  for n/t<0.
ji=1

By (47), both sides of the obtained equation belong to Ny =[N, N]. After identification

of Ni/[F,, N1] with Q = (Z[r \ {1}])/ ~, see Proposition 4.5, and denoting X =

qNp(§) € Q~ Ni/[F2, N1, Y =gn(n) € Z[n], V =qn (Py) € Z[r], we get, similarly

to (45) for the left-hand side, and to (48) for the right-hand side, the equation

| _1-g72" 1-g~ L
2X — L__ 4 L_y]|= v+ ——. — .

pQ( -2t et ) pQ( PR Ti-s

Since the automorphism oL sends ¢f =al E > B , E — E&L, and leaves fixed o and
B2, we obtain, after applying the automorphism ¢ to both sides of the latter equation,
the desired equation (4;).

This finishes the proof of Theorem 5.10.

6 Solutions of the second derived equations

In this section we give a necessary and sufficient condition for each of the second
derived equations (25 ), (33), (4f2) and (4‘2‘f), see Section 5.3, to have a solution. As a
consequence, we will describe, in each of the mixed cases, many infinite families of
v’s for which the equation (8) has no solution, see Remark 3.16 and Tables 4 and 5.
Unfortunately it is not true that if the second derived equation has a solution then the
original equation also has a solution, see Example 6.11. As we noticed in Remark
3.16, for a given v € w which corresponds to a mixed case, it is not an easy task to
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classify all the elements in p~!(v) with respect to the property that the corresponding
equation (8) has a solution or has no solution. In fact we do not know v for which the
answer is completely known.

In the following three assertions, we list some identities in the quotient Q = Z[r \
{1}]/ ~, see (37) and (31), which will be used for solving the second derived equations
(22), (32), (4}) and (45").

As above, 7 = 4 denotes the group 7, = (o, B |efa?p71), ee{l,—1},and u e
denotes the class of an element u € F, = {«, B |) in 7. Consider the natural projection
po: Zlr]— Q, see (7). It has the kernel

(49) K=kerpo=Z[{1}]® ({g+g " |gen \{1}}),

where (S) denotes the minimal abelian subgroup of (Z[x], +) containing a subset
S C Z[r]. We will represent elements of Q by elements of Z[r], identified under
the congruence relation X; = X, modulo K, and shall write X7 = X, whenever
Xl — Xz ek.

Lemma 6.1 Forany x € 7, k € Z, the following congruences in Z[x] hold modulo
K:

1— 2k 1— 2k 1 — 2k
@) — Tk =k ) T k=g (o) —x k= xk,

1—x 1—x2x 1 —x2

Proof (a) The difference of the left-hand side and the right-hand side equals

x1=k _ xk _xl_k—x+x—1 4 1—xk _x_k—l - 1—xk —o:
l—x  1—x l-x 1—-x x-1—1 l—-x
xITk 3=k 4k gkl =0, k>0,
1—X2k k
(b) —x!7 =0, k=0,
1—x
—x Tk 3k kP k1 =0, k<o
xR x2hk 4 xkt g xk 2 =k k>0,
1—X2k "
c —Xx " =140, k=0,
© [—+2
—xT2k Ak k2 k= k<.
This completes the proof. a
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Corollary 6.2 Forany x e m =n— and n, L,{,k,m € Z with £ | n and £ odd, the
following congruences in Z[r_] hold modulo K :

W:ﬂ—L—K—n e
(a) B =7 —LE@O{ B if n is even,
—a
&) 1_x2kx2m _ 1 —x2k x2m _ . 1-k _ 1 — x2k x2m+(_1)kx1—k
1 —x2 T 1l4x 1—x T 1—x 1+x ’
1— a2n 1__2n 2kl ~L pl—n
(©) _:Bﬂsz—m: _ﬁ = -ﬁ +ix _'B a™ ifn is even.
l_ﬂZZ I—OlL,BZ 1+0[L,3£

Lemma 6.3 For any n, L,{ € 7Z with £ | n and £ odd, there exists Z; € Z[n_]
satisfying the following congruence in Z[rx—] modulo K, for any m € Z:

1-p~2n__ — B 0, n even,
——pa"=(1-B"-Z;-a" _
2 —
1-8 B a™, n odd.
Proof If n is even, we put Z; := — " ﬂzﬂl 27 then
- _ —,3 —2n . l_lg—zn _
1_ 2n .Z .am: 1— g mE—_ Otm,
(1= 21" = = (= =~

where the latter congruence is due to Lemma 6.1(b). If n is odd, we put Z; :=
_1=pr! B1=27 then

1-B2
_ B 1— I3_—2n . _,3 —2n _ _
1— 2n.Z.am= an—1 m _ nam,
(A=F)- 208" = e (1= B e = o -
where the latter congruence is due to Lemma 6.1(c). O

Denote Q' = Q ® Z,, and consider the natural projection

(50) po Lol = Q' ~ (Zalw \ {1}D/{g + &' | g € m\ {1}),

compare (7). In this section, we will only consider the unsolved case v # 1.

Case of the equations (3, ) and (4‘21f) Observe that these equations have similar form,
where (3;) is in Q4 , while (4gf) isin Q_, see Section 5.3.

More specifically, for the equation (33), we have B = [0, 8], 7 = 74, O = O+,
v=a2"p =24 c 1 where c=a™ "4 m,nelZ, |m|+|n|>0, d=ged(m,n).
For the equation (4‘2‘f), we have B=afaf™ !, n=n_, Q= Q_, v=a*mp*" =
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d m/dﬂZn/d

m,n€Z, |m|+|n| >0, d=gcd(m,n), thus ¢ is
orlentatlon—preservmg, and is not a proper power of an orientation-preserving element

€ mr,where c =«

of m=m_.

Observe that the existence of a solution (¢, X, Y) of the equation (3;) in Q = O+
is equivalent to the existence of a solution (£, Z’) of the following equation in Q' =
O®Z,,withthe same £|d and V':=V mod 2€Zs[ny], Z':=Z mod 2€Z;[n4]

— #A-2d c2d—gt=d
where Z =c¢ Y+ ==
_ 1_—2d Z/ _ V/
(32) 4 =po V),

due to Corollary 6.2(b).

Similarly, the existence of a solution (£, X,Y) of the equation (4gf) in Q=0_
equivalent to the existence of a solution (¢, Z’) of the following equation in Q' =
0 ®7Z, , with the same £ | dand V':=V mod 2€Z,[n_], Z':=7Z mod 2€ Z;,[n_]

— ~—2d —2d_gt—d |
where Z =¢ Y + € e
4 nf - 7'l = VvV’
4 ol = =po (V).

In the following Theorem 6.4 and Proposition 6.5, we will formulate necessary and
sufficient conditions for each of the equations (3,) and (42“f) to have a solution, when

v£ 1.
d

Denote ## = ¢? € m = 7., thus v = u?. Consider the left actions on 7 of the free
groups G = (t,i |), G = (f,i |) of rank 2, where the actions of the generators ¢, and
7,i are defined by

(&28) t-g=cg, g 1, gem,

(52) 7 g 1, gem.

L
N) ~.

"8
8
Clearly, G can be considered as a subgroup of G with the inclusion map G—G,
f1t4,7+>i.Denote Op := G -g and (’)g =G- g the orbits of an element g € &

under the actions of G and G, respectively. Clearly Oh CQOg forany gem, he Og.
Define the G—augmentation

-
(53) &g Zz[@g] — Zs, Z My iy — ka, my € Ly, Uy € @g, gem,
k=1 k=1

the restriction of the usual augmentation Z,[m] — Z, to the subgroup Z 2[@g] C Zj|r].
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Theorem 6.4 Suppose ¢ € w, d € N, V € Z[n] are defined by the element v € F,,
v=224 £ 1, asin (40) Consider the actions (51), (52) of the groups G, G onr.
Each of the equations (3,), (42“f) has the following properties:

(A) Forevery fixed £ | d, the corresponding equation with the unknown Z’' € Z[r]
splits into the system of independent equations in the subspaces (Z,[Og \ {1}])/ ~
with the unknowns Z;, € Z,[Og], where g € 7.

(B) The following conditions are pairwise equivalent:

(i) the equation admits a solution;
(i1) the equation admits a solution with { = d ;

(iii) forevery h € 7\ Oy, the projection V/ of the element V' :=V mod 2 € Z;[n]
to the subspace Zz[(’)h] has vanishing G—augmentauon sh(V )=0.
Proof (A) Clearly, the equivalence g ~ g~ !, g € w \ {1}, on 7 \ {1} induces an
equivalence relation on Og \ {1}, for each orbit O,. Moreover, two elements of
Zy[mr \ {1}] are equivalent if and only if their projections to each subspace Z;[Og \ {1}]

are equivalent. Since 11_+_£ - Z' belongs to Z,[O4] whenever Z' € Z,[Og], the
induced equations in the quotients of Z,[Og \ {1}] by ~ are pairwise independent (for

every fixed £).

(B) Consider the natural projection po/: Zs[w] = Q' = Q ® Z,, see (50). It has the
kernel

K' =kerpo =Zo[{}1® ({g+g7" | g em \ {1}}),

where (S) denotes the minimal abelian subgroup of (Z,[r], +) containing a subset
S C Z;[r], compare (49). Similarly to Lemma 6.1, Corollary 6.2 and Lemma 6.3, we
will represent elements of Q" by elements of Z,[r], identified under the congruence
relation X; = X, modulo K’, and shall write X; = X, whenever X; — X, € K.

(i) = (ii) Suppose that (£, Z’) is a solution. Then the left-hand side equals

1-¢2d 11— 14
T4+ct T T 1+ 147t

Since the right-hand sides of (3,) and (Zznf) do not depend on £, the pair (d, iii:; -Z')

is a solution.
(i) = (iii) Suppose (d, Z') is a solution, thus
(1-¢?).z2' =V
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It follows that V/ = U’ + W', where U’ is a linear combination of the elements of
the form (1 —2%)g;, g, € =, while W’ € K is a linear combination of the elements
of the form g2+g2_1 and g3, g, e \{l}, g3 =1€m.

Take any h € \@1 . It follows that 17}: is a linear combination of (1—¢9)gy, g2 +g2_1 ,

and g3, where g € @h, g € @h\{l}, g3=1 enﬂ@h. Since g3 =1 §Z(§h, the
coefficient at g3 in this linear combination vanishes. Therefore the augmentation of
this linear combination vanishes, thus &,(V}) = 0.

(iii) = (i) Suppose 5;,(17}:) =0 forany / € 7 \ O;. Since 17,: € Z,|Op], and Oy, is
an orbit with respect to the action of the group G on 7, it follows from e (17,;) =0 that
I7h’ is a linear combination of the elements of the form (1— Ed) g1 and g2 +g5 1 where
g1 €0y, g2 € O\ {1}. Similarly, since one of the elements 171’, 171’ +1 € Z,[Oy] has
vanishing G—augmentation, it follows that 171/ is a linear combination of the elements of
the form (1—-¢%)gy, g2 +g2_1, and g3, where g; € Oy, g€ O, \{l}, gz3=1¢€ 0.

This immediately gives V/ = (1 —¢%)- Z/ , for some 2;1 € Z,[Op), for every h e .
Since V' equals the sum of 17]1/ € Zz[@h] over all G —orbits @h C &, we obtain the
desired decomposition V' = (1 —¢?)-Z’, for some Z' € Z,[r]. Hence (d, Z') is a
solution. O

Proposition 6.5 Suppose 1 € w, we(it) = 1, v = u?, where 7 = 7z = (o, B |
afa—¢B~1). Consider the corresponding action (52) of the group G on 7. Then the
orbits Oy, h € &, under this action have the following form:

(A) Suppose e =1 and u = &’”E”, m,n € Z. Then, for h = &pﬁq, p.q € Z, one
has

Oy = {u*h*" |k e z} = {@Pthmpatkn | e 7y U g —PHhkmp=atkn | c 7).

(B) Suppose ¢ = —1, thus # = @”B*", m,n € Z. If w_(h) = 1 then h = a? B4,
for some p,q € 7Z, and

Oy = (@ h*" |k e Z} = {aPhkmp2a+t2kn | | c gy u (g —PHkmp=2a+2kn |} c 71,
If w_(h) = —1 then h = a? B2+, for some p,q € 7, and
@h — {&kmg(2k+4r)nh:|:1 |k,r c Z}

— {&p+km13_2q+l+(2k+4r)n | k.r e Z} U {&p+km/§—(2q+l)+(2k+4r)n |k,}" c Z},

moreover, in the latter case, the set of all such orbits is in one-to-one correspondence
with the set Z,,| ® Zj,|, where one denotes Zo = Z, 71 = {0}; in particular, the
number of such orbits is either |mn| if mn # 0, or infinite if mn = 0.
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Proof (A) Suppose h = @P B4, and denote Oh = {w*h*! | k € Z}. Obviously,
h € Oy, and Oy, is invariant under the action of G (since m = 4 is abelian), hence
Oh C O, The converse inclusion follows from the fact that any element of Oy, is
oAbtalned from & or h~! by the left multiplication by ik | for some k € Z. This proves
Op = Oy

The equality of the two presentations for the set @h follows from the fact that the
group m = ;4 is abelian.

(B) Suppose w_(/h) =1, thus h =&?B29. Denote O, = {wKh*! |k € Z}. Obviously,
h e Oy. Since w_ (i) = w_ (h) =1, the elements # and 4 commute, therefore Oy, is
invariant under the action of G, hence (’)h C Oy,. The converse inclusion follows from
the fact that any element of O, is obtained from /4 or A~! by the left multiplication
by %, for some k € Z. This proves (5;, = O,.

The equality of the two presentations for the set @h follows from the fact that the
subgroup of 7 = _ generated by &, 82 is abelian.

Suppose now w_(h) = —1, thus h = &P 241! Denote

611 — {&p+kmlg2q+1+(2k+4r)n | k, re Z} U {&p+km13_—(2q+l)+(2k+4r)n | k, re Z}

Obviously 4 € Oy, Let us show that Oy, is invariant under the action of G . Since B 2
commutes with any element of 7w = 7_, and «? 8 = Bo —?, we have, for any s € Z,

TR &P+km/§2q+1+2(k+2r)n _ (&mIEZn)s _&p+kml§2q+1+2(k+2r)n
— —sm'8_2sn X &p+kml[§2q+l+2(k+2r)n
— &P+(S+k)mI3_2tI+1+2(S+k+2r)n c 6}1»
(§p+kmlgzq+1+(2k+4r)n)—1 _ &p+kmlg—(2q+l)—(2k+4r)n €Oy,

and similarly * ,&p+km5—(2q+l)+2(k+2r)n c @h , (&p—i-kmg—(Zq-f-1)+(2k+4r)n)—1 c

O},. Therefore (5;, C Oy,. The converse inclusion follows by observing that

—p+kmﬁ2q+1+(2k+4r)n _ ap'8_24+1+4rn — ?ki?—ri?r .&pBZq-H c Oh’

therefore any element of (’);, belongs to the orbit Oh of h =a&P? 24+ under the action
of G. This proves (9;, > Oy, and, hence, Oh = O,
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The equality of the two presentations for the set (5;, follows from the identities

&kmE(2k+4r)n h= —kmg(2k+4r)n _&p'g2q+l

— &p+kmﬁ_2q+1+(2k+4r)n
and &kmg(2k+4r)n -h_l — —kaB_(Zk+4r)n _E—(Zq-}—l)& -p
— &p+kmlg—(2q+l)+(2k+4r)n‘
This completes the proof. O

Case of the equations (2,) and (4f2) For each of the equations (2, ) and (41;), see
Section 5.3, we have B = afaf™!, n =n_, Q= Q_, v = f*", n € Z. Both
equations have the unknowns (L, ¢, X, Y) with L,£€Z asin (38), X € Q, Y € Z[x].

Observe that the existence of a solution (L, £, X, Y) of the equation (2;) in Q = Q—
is equivalent to the existence of a solution (L, £, Z) of the following equation in Q,
with the same V € Z[r_], L, { € Z satisfying (38), and with Z = E]{_Z”Y —|—c_*L_2” +C,
cp=pat=971(p), CeZr]:

_RB2n 0, n even,
1 pt —po (B"57%) . nodd,

where C is determined by Lemma 6.3. As in (2,), this equation is equivalent to
0=po(V)iftn=0.

22)  po ( -wL(Z)) = po(p™(V)) +

Similarly, the existence of a solution (L, ¥, X,Y) of the equation (42) in Q=0_
is equivalent to the existence of a solution (L, £, Z’) of the following equation in
Q' = Q®Z,, with the same L, { € Z satisfying (38), with V/:=V mod 2 € Z,[r_],

——2n+(_1)nc—,£—n

Z':=Z mod 2€Z,[n_], and with Z =ct=2"y + L e +C, CeZr_]
from above: "

- _Igzn L N 0, n even,
4h) , S ZN ) = v V) + —

2 P\ A Y (Z) ) = por(¢™ (V7)) —pQ/(ﬁnll_"‘;),nodd,

due to Corollary 6.2(b). This equation is equivalent to 0 = po/(V') if n = 0.

Below (see Theorem 6.8 and Proposition 6.10), we will formulate necessary and
sufficient conditions for each of the equations (2;), (4f2) to have a solution, when

T 1.

From now on, for the remainder of this section, let us fix an integer n # 0, and denote
by s the exponent of 2 in the prime factorization of |n|; put u = ﬁzS, Cinax = % = ﬁ,
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the greatest odd divisor of n. Consider the left actions on & = w_ of the groups

Gr:=(tp.i % (tpitp)?, (itp)?).
Gp = (fp.7 |12 (rif)?. (ip)*),
Gr:= {00 Je |7 JE. ()% (D% (D))~ Zxy, (L ® L),
Vo: Lo ®Zy — Au(Z), Yo(D)(@) :=T"=v2(j)(@.
G =717 (D)~ Ly, Lo, Vi Lo — Aw(Z), 1)@ :=7"",

where L € Z, and the actions of the generators 7, i, 7L, fL,?, and 7,1 are defined by

(54) t-g=atpg, i-g=g, germ,
(55) fr-g=alpimg, T-g=g7", gem,
(56) ?_g — ang’ 7.g — g—l’ ‘7L _g — &Lg‘emax(&Lﬁ_emaxg)—l’ g c .

Clearly, we have the inclusions G C G <> GL < Gr with 7 tL 1L — tﬁ““’“,
T>i i, ]L > thtL, which respect the actions.

This provides the following alternative approach for defining the groups G, G L, G -
We will henceforth identify these groups with the corresponding subgroups of the group
G by denoting

~  ~2u
t=1;

— temax o

Zzn:2l, ?L s ’lr:/l'\:l', 7L:tLiZL::jL-

Thus the subgroups GC GL C (A?L C G admit the following presentations by means
of generators and defining relations:

G :=(Tp,i |i%, (fpitp)? (ip)*),
Gr:=(t,i,jr |i%, j2, (ijr)% (0% (rt)?) ~ L xy, (Za & L),
G =(t,i |i%, (i)?) ~ 7L xy, L.

Observe that the defined in this way group G depends on L. However the above
presentations of the groups by means of generators and defining relations provide an
obvious group isomorphism G ~ G/ for L, L’ € 7. Although this isomorphism
does not respect the actions of Gy, Gy on & if L # L’ (since these actions determine
different orbits), the induced isomorphism of the corresponding subgroups GCG I
and G C G 1 respects the actions. This gives the natural identification of different
subgroups GCG L, respecting their actions on .
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One easily checks that

(57 i-(B*a’)=p"a ", jL-(B*ar) = p~>a?,
i '(,Equ&p) — B—(2q+1)&p’ - (BZq-l-l&p) _ B—(2q+1)a ~p-2L
t-(BlaP) = pIt2ng?, 7L - (BMaP) = p2attaugp—L,

n2q= n2 1=p—L
tL-(,Bthp)z,Bq"'ap .

Denote Og 1 : =G-8, @gL —GL - g, (5gL —GL -g,and (5g =G- - g, the orbits
of an element g € m under the actions of Gy, Gr, Gz, and G, respectively. Clearly
(’)hC(’)gLCOfLCOeL forany eem, f € Ory, ge(’)fL,he(’)gL

An element g € 7 (together with its orbit Og) is called G—regular if g has a trivial
stabilizer with respect to the action of G on 7 (thus Stabg (g) = {1}, so the natural map
G—>G- g is bijective). Otherwise g (together with its orbit (5g) is called é—singular.

Leml_na 6.6 Anelement g € 7 is G—singular if and only if either w— (g) =1 and
= Bk (thus nk iseven), or w—_(g)=—1 and g = ,B"k& (thus nk is odd), for some
k m € Z. Moreover, the stabilizer Stabg(g) of a G—smgular element g = ﬂ”k_m

under the action of G is the cyclic subgroup of G generated by the element tkieG.
Here the element t*i is conjugate in G either to the element i if k is even, or to the
element ti if k is odd. m|

In the case of the equation (Z‘; ), we define the augmentations
(58)  Zg: Z2[Og] > Za. Fo1: LfOg L]l Lo, Egr: L2[Og,1]— Lo,

called the 6—augmentation G 1.—augmentation, and G I —augmentation respectively,
as the restrictions of the usual augmentation Z,[r] — Z; to Zz[(’) 15 Zz[Og L], and
Zz[ ¢,L], respectively, for every g € 7.

In order to define similar augmentations in the case of the equation (2,), the following
constructions will be useful. Consider the character

XL: GL—>Z*={1,—1}, tr ——1, i —1,
thus 77 = tfi‘““ ——1,t= tz”~|—> 1. Denote x := xp|g. For every é—regular element
g € m, define the y—twisted G—augmentation
(59) gt Z[ég] —7Z, r-g—xr), re G,

by the linear extension of the latter formula. The x—twisted é—augmentation gg is
well-defined for any G —regular element g € 7, since the equality r;-g = r, - g implies
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-1
1

and for any G -regular element g € 7.

ry ‘12 € Stabz(g) = {1}, hence r; = ry. We also have . = x(r)gg, for any r € G,

An element g € w (together with its 5L—0rbit) is called (N?L —defective, or sim-
ply defective, if there exists r € StabéL (g) with xz.(r) = —1. In other words,
XL (StabéL (g))={1,—1} for defective g, and xr, (StabéL (g)) ={1} for non-defective
g. For every element g € 7w, define the yj —twisted GL —augmentation
~ Z, g non-defective, xL(r) € Z, ~
(60) £, 1: Z[O — Feg> reGr,
oLt 2[0g.L] Z,g defective, £ 1e€Z,y, L
by the linear extension of the latter formula. If n is odd, we similarly define the
xL—twisted G —augmentation
~ {Z, g non-defective, {X L(r) ez, ~
reg>

61) &, 1:Z[O — reGyr,
(O &g.1: Z[Og,1] Z,,g defective, 1e€Z,, L

by the linear extension of the latter formula. One easily checks that
o1 (Vor) =% 1 (Ver) —Enr(Vhr) where h:=a&kp"g, nodd,
Ee (Vo). g (@ P |k e},
(62) 8oL (Ve,1) = 15¢(V,) mod 2, g € {BHnam | k.meZ, m+# 0},
Ee(Vg) +5ij,.¢(Vij, .¢). otherwise.

Observe that, if an element g € 7 is defective, then all elements / € (5g, 1 (as well as
he 6g,L if 7 is odd) are also defective (since xz(r) = xr(srs~!) forany r,s € GL),
furthermore &3, ; = &, 1 is the usual augmentation on Z[ég, 1] reduced modulo 2.
For non-defective g € m, the xy—twisted GL —augmentation &, 7 is well-defined,
since the equality ry - g = rp - g implies r 'r; € Stabg, (g), hence xr (rilr) =1
and xz(r1) = xp(r2). We have &,.o. 1 = x1(r)ég 1, for any r € GL, and for any
non-defective g € .

Lemma 6.7 An element g € & = n_ is defective if and only if g = B"*&@™ for some
k,m € Z. In particular, all G —singular elements are defective.

Proof The assertion easily follows from the following formulae for the stabilizer
StabéL (g) of an element g € w = w—. Suppose that g is not of the form B”k&m,
k.melZ. If g = @Lp)k, k € Z, then StabéL (g) is the cyclic subgroup of GrL
generated by ijr; otherwise StabéL (g) = {1}. Therefore XL(StabéL (g)) = {1},
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hence g is non-defective. Suppose that g = (@XB)"®a™, k,m € Z. If m # 0 then
StabéL (g) is the cyclic subgroup of G, generated by tXi (if nk is odd) or by ¢* j (if
nk is even); otherwise StabéL (g) is generated by two elements i , tki . Therefore
XL (StabéL (g)) ={1,—1}, hence g is defective. |

Denote Z:=7Z, V' =V € Z[r] for the equation (2,),and Z:=Z,, V' :=V
mod 2 € Z,[r] for the equation (42), where m = n_. For any g € m = n_, denote
by 17’, ﬁé,L’ VgI,L’ and Vg,,L the projections of the element V' € Z[x] to Z[O,],
Z[Og, L], Z[Og, L], and Z[Og ], respectively.

Theorem 6.8 Suppose n € Z\ {0} and V € Z[r] are defined by an element v € F,,
v=p2"£1,asin (39). Forevery L € Z, consider the left actions (54), (55), (56) of
the groups G C 6L C (A;L C G, on m, and the corresponding (twisted) augmentations
€g, €g,L» €g,L, se€ (58), (59), (60), (61). Each of the equations (2,) and (Z‘;) has
the following properties:

(A) Forevery fixed L,{ € Z as in (38), the corresponding equation with the unknown
Z' € Z[n] splits into the system of independent equations in the subspaces (Z[Og 1. \
{1}])/ ~ with the unknowns Z; € Z[Oy 1], where g € 7.
(B) The following conditions (i), (ii) and (iii) are pairwise equivalent:

(1) the equation admits a solution;

(i1) the equation admits a solution with £ = £ux ;

(iii) the following conditions (iii{ ) and (iii ) hold for £ := £ ,x (compare Lemmas 6.6
and 6.7):
(iiiy) If n is even then, for every pair of elements g, h € = \ {f*" | k € Z}
(thus both g, h are é—regular) with h = B2 g, r € Z, one has

BV =@V e 2:
(iiiz) There exists L € Z satistying the following conditions. For every pair of
elements g, h € = with g & {f**ka™ | k,meZ}, w_(g)=1,and h =alptyg
(thus both g, h are non-defective), one has

Ter (Vo) =Eno(Vj )€ Z.

Moreover, if n is odd then, for every m € N, the pair of elements g = a™,
h=alp"g (thus both g, h are defective) satisfies the following equality in Z, :

I, 0<m<P(L), L—1, L>1,

Eo (V. ) +EL (V] ) = P(L):=
s el "I o, ms P(L) L, L<o0.
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Remarks 6.9 (A) Condition (iii) is equivalent to the following condition:

(iv) the following conditions (ive) and (ive) hold (compare Lemmas 6.6 and 6.7):
(ive) Suppose that # is even, and put £ := £« . Then, for every pair of elements
g hem \{BX" |k € Z} (thus both g, h are G -regular) with h = %" g, r e Z,
one has
g(V) =8,(V) € 2.

Moreover, there exists L € Z such that, for every pair of elements g,/ €
with g & {B2ka™ | k,m € Z}, w_(g) = 1, and h = aLBtg (thus both g, h
are non-defective), one has

Be (Vo) =80V )€ 2.

(ivo) Suppose that n is odd. Then there exists L € Z satisfying the following
conditions. For every element g € 7 \ {B2kg™ | k,m € Z} with w_(g) = 1
(thus both g, &’ B"g are non-defective), one has

BeL(V] ) =0€Z.
Moreover, if g = @” with m € N (thus both g, &L " g are defective), then

o, 1, 0<m<P(L), .
feLVer) =) m> P(L) n

(B) Condition (iii1 ) (respectively, the first part of (ive)) is equivalent to the similar
condition where g, run through the sets g € {f2%a™ | — <2k <€, m > 0}U{B% |
0 <2k <L}U{B2k+1gm |0 <2k+1<t, meZ} (thus g is automatically é—regular),
and h = B> g is é—regular with 1 <r < |n|/L.

(C) The first part of the condition (iii; ) (respectively, the second part of (ive) or the

ﬁr_st part of (ivy)) is equivalent to the similar condition where g runs through the set

{B2Ka™ | 0 < 2k < Lmax, m > 0}.

Proof (A) Similar to the proof of Theorem 6.4(A).

(B) (i) = (ii) Suppose that (L, £, Z’) is a solution. Then the left-hand side equals
1 — BZn 1 — 52}1 1— Bﬁmax
l_lgé 1_,3(""”“ l_lgﬁ

Since the right-hand sides of (2,) and (Zg) do not depend on £, the triple

(1t (552) - 2)

oh(Z) = ot (2)).
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is a solution.

(il) = (iii) Consider the case of the equation (2,). Suppose (L, {max, Z) is a
solution, and denote £ := £,,x. Observe that, under the assumption £ = £, the
equation (2;) is equivalent to the following congruence in Z[r7_] modulo K:

—,82” 0, n even,
(63) V= (ZHCD+Y
l—& — 1_"‘& , nodd,
where C; :=0 if n is even, Cy := 11__&; if n isodd and > 0, C; := —&L,g_”%

if n is odd and < 0. The first summand of the right-hand side of this congruence is a

linear combination of the elements

___ 50 f € Z[r], f € m, with integer coefficients,
and thus a linear combination of the elements

U=+ +p*+. .+ 20 +a" Y. fen

In particular, it is a linear combination of the elements

_ﬂzef f € m, and thus a
linear combination of the elements

W=(0+pB*+p%+. . +p22r ren

In order to prove (iiiy ), consider the polynom1al W € Z|r] from above and observe
that, for any G—regular element h, := B2 f, r € Z, the y—twisted G —augmentation
of Wy, € Z[Op,] (based at h,) equals

o~ _ ~ 1, gevenand p#0,0r ¥ } ¢,
(64) ep, Wh,) = =851 (W)—1) =
" r 0, goddor p=0,and ¥ | q,

where f = B2&?, the “canonical” form of f € x, similar to (19). Obviously, for
any element i € v \ {h,,h; ! | r € Z}, the y—twisted G—augmentatlon of W, (based
at /) vanishes. Observe also that the right-hand side of (64) does not depend on r.
This shows that the element W € Z[x] satisfies the condition (iii ). For n even, this
implies that V' also satisfies (iii1 ), since V' is a linear combination of such elements
W, together with the elements f + f~!, fenx\{l},and 1 € 7.

In order to prove (iii, ), let us consider the integer L and the polynomial U € Z[x] from
above. Recall that U has the form U = (14 26 + g4t 4. . .+ g2M=25 (1 4L gb). 1,
for some f e, f=pBal, pgel. Takeany gen \{B2ra™ |r,m e Z} with
w_(g) = 1; thus the elements g and s := 7 - g = aLBlg are automatically non-
defective, see Lemma 6.7. If g belongs to the set Sy,f := {@LBYY f | r € Z)} then
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€} q, thus the yj —twisted Gr —augmentation of ﬁg, L€ Z[ég, 1] (based at g) equals

ggaL(ﬁ aL) = gjL'g_l,L(ﬁjL'g_laL)
=81 1 Ug—1.1)=—5j,0,L(Uj, 1) =1 € L.

If g.¢7" jL-g jL-g ' & Srp then the xz—twisted G, —augmentation of Ug,L
(based at g) vanishes. Observe that g € Sy, if and only if & = iL-g€ Sy, , for any
g € (without assumption w_(g) =1). Hence g~ ! € Srr ifand onlyif jr-he Sy ;
JL-g € Sy, if and only if h=le N % jr-gle Sy, if and only if jr-h~le Str-
Together with the above properties of the 7 —twisted G 7, —augmentation, this proves the
desired equality &, L(ﬁg, L) =¢p, L(ﬁh, L) € Z, thereby proving the first part of (iii,)
for the element U € Z[x]. Therefore V also satisfies the first part of (iii, ), since V is
a linear combination of such elements U, together with the elements / + /1, a”,
and 1 € w, where fen \{l},r eZ.

Suppose that 7 is odd, and take any element g = & with m € N. Denote, similarly
to above, / := &L p"g (thus both g, h are defective). It is obvious that &g, L(ﬁg, L) =
0€Z, if and only if g, g7 ! ¢ S, , moreover Eh’L(ﬁg,L) = 0 € Z, if and only if
h.jr-h & Srp. Since g, g7 & Sy is equivalent to &, jr -h & Sy,1, we obtain
gg’L(ﬁg’L) + gh,L(ﬁh,L) = 0. Therefore gg,L(I;g,L) + gh,L(I;h,L) = gg,L(ﬁg,L) +
EnL (5;[’ L) where D := —% € Z|r], since V — D is a linear combination of such
elements U, together with the elements /' + f~1, f € w\ {1}, and 1 € 7. One easily
computes
1, 0<m= P(L),

2, 1(Dp1)=0, Z,7(Dyp)= in Z,.
nL(Dn,r) ¢.L(Dg 1) {0, m> P(L) 2

This completes the proof of (iiiy ).

Consider the case of the equation (Zg ). Suppose (L, €max, Z') is a solution, and denote
£ := € pax. It follows from (Zg) that the congruence (63) in Z5[7—] holds modulo K’,
where the coefficients are reduced modulo 2. It follows from the case of (25,) that V'
satisfies the mod 2 analogue of the condition (iii).

(iii) = (i) Let us consider the case of the equation (2,). Suppose 7 is odd, put
=Ll = |n|.

Step 1 For every L € Z and for every polynomial V € Z[x], there exists a (unique)
presentation satisfying the following congruence modulo K:

~L

1—
(65) Vi=V+ I

=U+W1+W2+W3+R,
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where U is a linear combination of (1 — 82")h, h € 7, while W;, Wy, W3, R € Z[r]
have the form

Wl = Z (a;_m,kgm,k + ag_'m’kl‘jL 'gm,k + b;_m’khm,k + b;m’kijL .hm,k)7
m>0, 0<2k<{
W, = Z (ago,kgo,k +bgo,kh0,k)’
0<2k<t
Wi =Y (ag,08mo+bg, Jimo+Dbg, JijL-hmo):
m>0
R=b1hg,

where g, k := pam, hm k :=&L,g€gm,k , and az,t, b;,t, ag,bg € Z with the additional

condition that by, bgm €{0,1}, bgm € {agm — b;m, agm — b;m + 1}, m > 0 (these
coefficients correspond to G —singular elements /,, ). Here uniqueness follows from
the equalities

a; =&¢(Vg). ag = €ijr-gWijpg)

b =& (W), by = EijnVijn). h:=a"Be,

while ag =%, (]7g) for Wy, W3; bg =%, (]7;,) for W, ; furthermore b; mod2=2¢y (17;,)
and by mod2 = gijL~h(9ijL~h) € 7, for é—singular h = hy,0 in W3, R, where g, is
defined similarly to the case of é—regular h, by reducing mod 2.

Step 2 Observe that every summand of the sums Wy, W,, W3 has the form

atg+aijp-g+bth+b7ij,-h
=atg—a (jr-g+h+h H+bth—b"(r-h+g+g "
(66) =@ —b)g+ T —a ) Yh—a (' +jL-g)—b (g7 +jL-h),

where w_(g) =1 and h:=alBtg. Here a* := afgb, bt = b;,t for Wy a™ :=ag,
a”:=0,b" :=by, b :=0for Wp; at :=ag,a” :=0, b :=bF for Wj.
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Let us show that a™—bh~ =bhT—a~, provided that L € Z is taken as in the condition (iii).
Indeed, from the above formulae for ag,t s b;,t, we have that, for W; and W5,

at—b =t —a)=at+a - (T +b)
=a; ~|—a;—(b;,Ir +bg)
=%, (V) + Zij e Vijrg) — Ea(Vn) + Eijp s Vi )
=200 (Ve.L) = En,L Vh,L)

= é\g,L (Vg,L),

see (62). Now, if L € Z is taken as in the condition (iii), then the latter expression
vanishes, due to (ivy) or (iii; ). Similarly, for g = @™, m > 0, as in W3, we obtain
(b;' + by —ag) mod 2 = gg,L(ﬁg,L) = 0 € Z,, due to (62) and the second part
of (iii, ). Since b;‘ + by —ag €10, 1}, see above, we have ag = b; + by .

Since at — b~ = b —a~, the expression (66) equals
(@b (1+al Y g—a~(1+at pHn~ —b~(1+ak BY) jr -h = 1 +al B Z,,
where Zg :=(at —b7)g—a " h~ ' —b~j -h.

Step 3 For the remainder term R, observe that /9o = alpt =1+ alpt. This
shows that every summand in the right-hand side of (65) is divisible (modulo K) by
1 +aLpt. Hence it is also divisible by ! _ﬁL =, since £ = |n|. This means that V'
has the form (63) and therefore (25) admltga solution.

Suppose that 7 is even and that V' € Z[r] satisfies (iii{ ), or the first part of (ive). Put
= "{max .

Step 1 For every L € Z and for every polynomial V € Z[n] satisfying (iii{ ), there
exists a (unique) presentation satisfying the following congruence modulo K:

(67) V=U+W+W,+W;+R,
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where U is a linear combination of (1 — 82")h, h € 7, while W;, Wy, W3, R € Z[r]
have the form

1-p*n - -
Wl = Z (a;-m,kgm’k + agm.kl]L ) gmsk + b;:ﬂ.khm’k + bgm.kl]L ) hm’k),

1— Igze
m>0,
0<2k<t
1— BZn
W2 = Z 1— Bt (ago 80k +bgoslto k),
0<2k<t

_ _ ,_ pn
R= agO.n/Zgosn/2 - aﬂ”lB ’

where g, x = Bam, hm k= &L,gegm,k, ag,t, b;,t,ag, be € Z with the additional
condition that « n € {0, 1} (this coefficient corresponds to the é—singular elements

pRatHn 4 e 7). Here uniqueness follows from the equalities

a; =£¢(Vg), ag =Eijr-g(Vijrg)

bf =E(Vp). bg = Eijp n(Vijn), h=a"p'g,

MOreover dg = Eg(f;g) (as an equality modulo 2 if g = "), be = g4 (V) (observe
that, for any g, s as in Wy, W, W3, and for any ¢ € Z, the elements ,B_ng, Bﬂqh
are é—regular). Here go /2 = ,E" appears in the remainder term R (corresponding
to the case k = m = 0), since the condition (iii{ ), or the first part of (ive), poses no
restriction to the coefficients of V' at B (2q+Dn q € Z. Actually, V admits similar
presentations, with the additional terms

I_EZH

o (bg hmo+bg, JijL-hmo) =0 in W, m >0,
1— R2n _
and W(al +b1hoo) = a1 " in R,

where the coefficients b, a;, by are arbitrary integers. In the presentation (67),

&m0’
these terms are omitted, in order to have uniqueness.
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Step 2 Fix arbitrary g € 7, g € Z, denote g := p244g, § =p g p.=alpls.
One easily observes

—_—

ijr-g=ijr-g  h=alplg=atp's, ijL-h=ijp-h=ij.-a*p'g,

gl=@~" ht=()7, JL-8=jL"&. jL-h=jr h.
Hence, by applying to each summand of the sums Wi, W, the arguments of Step 2
of the case of n odd, it follows that the condition (iii, ), or the second part of (ive),
implies

I_BZn + 3 N B 1_32n 7= 1_32n
l_lgze (agg+agl]L'g+bgh+bglJL'h)E l_lgze (1+C¥ ﬂ )Egzm g
for some E, € Z[r], where g € w as in Wy, W,. Therefore W) + W, = ll__anggz E,

for E:=3 , Eg
Step 3 For the term W3, we observe that
1— ﬂZn 1— 'B_Zn

1— 1326 1 —aL B@
for some F € Z[x], due to Corollary 6.2(c). For the remainder term R, we observe
that

Ign _ 1_182n —Lﬂé n

1—alpt

due to Corollary 6.2(a). This shows that every summand of the right-hand side of (67) is
divisible (modulo K) by ,3LZ 7 This means that V has the form (63), therefore (2,)
admits a solution.

For the equation (Zl; ), the implication (iii)) = (i) immediately follows from the case
of the equation (52 ). O

Define the notions of a defective G —orbit and a defective G 1, —orbit, similarly to the
definition of a defective G —orbit, see above (60). Below we consider a set .S as a
subset of the abelian group Z[S].

Proposition 6.10 Suppose that U = #2* = 82" in the group

w=n_=(opf|afap),

where n € Z\ {0}, i = B¢, u = |”|2s >0,¢= Zmax > 0 odd, n = uf. Consider
the corresponding actions (55), (56) of the groups G Cc Gy C Gr on 7. Then the
orbits (9;,, (9;, L (9;, L, h € m, under these actions have the following form:
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(A) Forh=B2aP, p,q €7, one has
Op = {TFh*! |k e Zy = {Ba+2kngr |k e Zy U {29 2kng =P | k € 7},
Opp =Tt |k ezyu FFalpin*latp=* |k e 2}
— {13_2q+2kn&p |k c Z} U {B—2q+2kn& —-p |k c Z}
U {BZq—i-an&—p ke Z}U{B—Zq—i-zkn&p |k eZ),
Opp = {@*n! |k e zyu@* @ gt |k e 2}
— ({32q+2k€&p |k c Z} U {B—2q+2ké& —-p |k c Z})
L ({B—Zq—e+2k5&p—L |k eZlU {32q+£+2ke&p—L |k eZ)).
(B) Forh = p**tgP p g e 7, one has
6}1 — {Ukh:tl |k c Z} — {BZq—i-Z—i-an&p |k c Z} U {E—Zq—e—l-an&p |k c Z},
Opr = 0%t |k ezyu *al pint el g~ |k e 2}
— {B2q+€+2kn&p | ke Z} U {B—Zq—ﬁ—l-zkn&p |k c Z}
U {BZq-HH-ana —p—2L |k eZ}U {IB_—Zq—Z+2kn&—p—2L |k eZ),
Opp = @ h*! (ke zyu @k @ g~tn*! |k ez}
— ({EZq—i-Z—i-ZkE&p |k c Z} U {E—2q—€+2k£&p |k c Z})

L ({BratkigrtLl | e zyu{p2atklg—r—L |k c 7).

(C) Forany h € F,, let us enumerate consecutively the subsets appearing in the above
decompositions of the orbits Oy, Oy 1, and Oy, 1., thus the decompositions have the
forms

Oy = Sh,1USh2,
(5h,L = Sp,3USpaUSysUShe,
@h,L = (Sp,7U Sh,8) U (Sh,oU Sk 10)-

Then, for any non-defective orbit, the restriction to this orbit of the corresponding
twisted augmentation (based at h) sends Sp 2k+1 — 1, Sp2k — —1, see (59), (60)
and (61).

Proof The above presentations of the orbits 6;, follow from Proposition 6.5 with
e =—1, u = B?". In other cases, the proof is similar to the proof of Proposition 6.5,
using (54)—(57). m
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Example 6.11 Let us investigate existence of non-faithful solutions of the equation (2”)
with v = By By,—1, B = afaB, ¥ = —1, see Section 3.3. Observe that this is a
“mixed” case (see Table 3) with v=1ecn, V=a+a~! € Z[r], thus po(V)=0€0.
This means that the first and the second derived equations (21 ) and (2, ) admit solutions,
see Section 5.3 and Lemma 5.2. However, we will use the method of Wicks [46] to show
that the equation (2’) does not admit non-faithful solutions. In more detail, consider the
cyclically reduced word W obtained from the right-hand side vB~1v=! B = [v, B™!]
of the equation (2"). For each word W; obtained from W by cyclic permutation, see
below, we will find all presentations of this word in the form abca=™'hb~1c™! due
to Wicks, see [46]. We will observe that the corresponding “canonical” solutions
(x,y) = (ab, cb) are faithful. This allows one to conclude that the equation (2’) with
v= ByB,1, B=afaf™!, ¥ = —1 has only faithful solutions.

Here W; = V;U; where U;, V; are the subwords of W which are defined by the
properties W = U;V;, |U;| =i, and |W| = |U;| + |V;|, where |-| means the length
of the word. The cyclically reduced word W has the form

1 1 1 1 1 1 1

W =xxyxy~ x_lyxy_ xyx_ly_ X x_lyx_ly_ xyx_ly_ x_lyxy_ ,

and it has length 26. By a straightforward calculation, the words W;, W;4 13 with i =
0,1,6,7,8,9,10, and only such, have the Wicks form abca b7 1e™t  or ded le™ !,
with non-empty subwords a, b, c,d,e:
W =W, with (a.b,c) = (o, aBaf la ' fop o, B~ B7));

Wy with (a,b,¢) = (@Baf la ' Bap o, Ba” BT, oY),

Ws  with (d,e) = (Baf™ ", afa” e o fa™ 87 a);

Wy with (d,e) = (o, B 'efa 1B la o™ o™ B Lap);

Ws  with (d,e) = (B 'efa B la o™ Ba™ 1 B ap, o ));

Wo  with (d,e) = (B pla o fa™ 7 a, Ba™187Y);

Wio with (a,b,¢) = (Ba 'L, o, a1 a1 aBa™ 1B Ta™ ).

Here the Wicks form for the word W; 13 is obtained from the Wicks form of W; in
the obvious way.

Example 6.12 Similarly to Example 6.11, one can investigate existence of solutions
of the equations (3”) and (4’) with v = By By—1, ¢ = —1, where B = afa1f~!
for (3"), while B = 05,301,3_1 for (47), see Section 3.3. In this case, one considers the
“non-orientable” forms abchac™' and a*bc?b~1, due to Wicks [45].
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7 Tables for the ‘“mixed”’ cases of Tables 2 and 3

In this section, we summarize the main results of Sections 5 and 6 in two tables below.
Table 4 deals with faithful solutions in the so called “mixed” case (4c) of Table 2, while
Table 5 deals with non-faithful solutions in the “mixed” cases (2d), (3¢), (4e) of Table
3, see Remark 3.16. Observe that ¢ = —1, w,(v) = 1 in all “mixed” cases.

Specifically, we denote B = afa—¢B~! € F, = («, B |) and study the equation
xyx_ay_l =vB W7!B

in the group N = ((B)) with two unknowns x € N, y € F,. A solution of this equation
is called faithful if we(y) = §. The parameters ¢,6 € {1, —1} and the conjugation
parameter v € F, of the equation are not arbitrary, but run through the following
families, corresponding to the “mixed” cases, see Remark 3.16 and Definition 3.15:

“Mixed” case for faithful solutions (case (4c) of Table 2):

4) §=e¢=—-1,v=B*",nel.

“Mixed” cases for non-faithful solutions (cases (2d), (3c), (4e) of Table 3):

As above, v €  denotes the class of v € F, in m = F,/N . In each of these four
“mixed” cases, let us write the element v in the following canonical form:

v=p>"[]Bu:

v=p> [ BI;

vzcz‘il_[B,')’i", c=a™BM i \m| + |n| > 0, v:l_[Bﬁiiifmznzo;
UICZdl_[B:};, ¢ =a™p2 it \m| + |n| > 0, vzl_[B{)’l,"ifm:nzo;
respectively, where HBZ,' =[Ti=; Bﬁii, vi€ Fa,ni€Z, By, = vtil._l, 1<i<r,
d = ged(m, n) if |m| + |n| > 0.

Denote Z=Z7Zif§=1, Z =7, if § =—1. Denote by # € # = F,/N the image of
u € F, under the projection F, — , by V € Z[x] the polynomial V =) n;v; € Z[x],
and by V' € Z[rx] either V/:=V if §=1o0r V':=V mod 2 if § = —1. Consider
the actions on 7 of the groups GC GL C GL, L € 7, in the first two “mixed” cases,
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‘ Case I 8 [ e I conditions on v [ faithful solution (x, y) ‘

@al|—|—-|v=p"]] Bﬁ: n=0,po(V)#0 & GiD)

b n € 7\ {0}, V' does not o (i)

satisfy (iv) of Remarks 6.9(A)
c v=u? w_(u) =—1 (w?B~ Y, u=1,u™,
([u, B~'], B 'uB)®
d v=(ap)>” neZ (@p)*". 1. H?
e v = (@Bap )" w_(u) = —1 (L, w®

Table 4: Mixed cases for faithful solutions of xyxy~' = vB~'v™' B where
B =apap™!, px(v) =p*"

‘ Case I 8 [ € I conditions on v non-faithful solution (x, y) }
2al|+ | — v=ﬂ2"]_[BZ; n=0,po(V)#0 & (i)
b n € Z\{0}, V does not o i)
satisfy (iv) of 6.9(A)
c v=uk w—(u)=—-1,keZ (qu(uB)_zk,B_lu_l)(i)
d V= Bﬂz” ner ((aﬂa)z”ﬂ_z”,/32"(04/304)1_2”)(1)
e v=p>Ba (Bg2o By By Byagrg1-
B_ZBOTIAQ%]‘?_I)(I)(H)
f v =B,k kelZ,k+0,1 o (i)
g v= By Ba—l (D
Ga|—|+| v=[[By po (V) #0 &G
b v=62d]_[B,',lii g en\O1, 8¢ (Vg) #0 (i)
c v =u? (*B~ L u L u™h,
(u, B~"], B 'uB)®
@a |~ |~ v=]1By po! (V) #0 A
b v=c2T] By | 3gen\O1.8,(Vy) #0 @0“)'
c v= B™ mezZ, w_(u) =1 (1, u)®
d v =u? w—(u)=1 (W?*B~ Y, u1,u™,
(u, B~1), B~ 'uB)®

Table 5: Mixed cases for non-faithful solutions of xyx~4y~! =vB~'v~'B
where B = afa4B~" and (due to Table 3) px(v) = B2" in Case (2),
pr(v) =&*"B2" in Case (3), px (v) = &> B*" in Case (4); if |m|+|n|>0
in Case (3) or (4), one denotes d := ged(m,n) and ¢ := o™/ 4"/ or

c.=u

m/dIBZn/d

(respectively).

O Direct calculation.
(i) Using the Wicks forms (see Wicks [46], Vdovina [42; 44], Culler [8] and Example 6.11).
(ii) There is no solution of the second derived equation, see Theorems 5.10, 6.4, 6.8, and Remarks 6.9.
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see (55) and (56), and the action of the group G in the remaining two “mixed” cases,
see (52). Consider the corresponding orbits @g, (5g’L, @g,L, and @g, g €m, see
Propositions 6.5 and 6.10. Consider the corresponding augmentations (or the twisted
augmentations in the case of the equation (2)

Zg: Z[04] — 2. Ze.L: Z[0gL] — Z,
€g,L: Z[@g,L]—>Zor Z, Eg: Zz[@g]ezz,
see (58), (59), (60), (61) and (53). Here g € m as in (ive), (ivy) of Remarks 6.9(A) in
the first two “mixed” cases, while g € 7 \ Oy in the other two “mixed” cases. Consider
the quotients Q and Q’ as in (7) and (50), and the projections pg: Z[n] - Q and
po: Lyln]— Q.

Many of the non-existence results in Tables 4 and 5 follow from the non-existence of a
solution of the corresponding second derived equation, see Theorems 5.10, 6.4 and 6.8,
and Remarks 6.9.
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