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Topological logarithmic structures

JOHN ROGNES

We develop a theory of logarithmic structures on structured ring spectra, including
constructions of logarithmic topological André—Quillen homology and logarithmic
topological Hochschild homology.

14F10, 55P43; 13D03, 55P47

1 Introduction

1.1 Logarithmic algebraic geometry

A logarithmic structure on a commutative ring A4 is a commutative monoid M with
a homomorphism to the underlying multiplicative monoid of 4. This determines a
localization A[M ~!] of A. In algebro-geometric terms, we might say that M cuts
out a divisor D from Spec(4), and A[M ~!] is the ring of regular functions on the
open complement. In general the logarithmic structure carries more information than
the localization. For example, the Kihler differentials of A form an A-module Qil,
generated by differentials of the form da, which are globally defined over Spec(4).
The Kihler differentials of the localization form the A[M ~!]-module Q}I[ Mm~—1], Which
also contains differentials of the form 7~ ! da, having poles of arbitrary degree along D.
The logarithmic structure specifies an intermediate 4—module of logarithmic Kéhler
differentials, 2 g 4. M)~ generated by differentials of the form da and d logm=m"'dm,
having only poles of simple, or logarithmic, type along D. The logarithmic structure
is therefore a more moderate way of specifying a localization than the actual localized
ring. See Kato [35] and Illusie [34] for introductions to logarithmic algebraic geometry.

1.2 Algebraic K -theory of rings and S —algebras

We wish to apply the ideas of logarithmic geometry to the study of the algebraic
K —theory of structured ring spectra, also known as commutative S —algebras. Typical
examples of commutative S —algebras are the sphere spectrum S, the spherical group
ring of the integers S[Z], the complex bordism spectrum MU, the complex K -theory
spectrum KU and the Eilenberg—Mac Lane spectrum HR of a commutative ring R.
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402 John Rognes

Modern foundations are discussed in Elmendorf—-Kriz—Mandell-May [21], Hovey—
Shipley—Smith [32] and Schwede [73]. In the two first examples, K(S) = A(*) and
K(S[Z]) = A(S!) agree with Waldhausen’s algebraic K —theory of the spaces * and
S, respectively, which are closely related to the diffeomorphism groups of high-
dimensional manifolds. More precisely, A(*) and A(S') determine the stable smooth
pseudoisotopy spaces of * and S!, respectively, and these in turn determine the stable
smooth pseudoisotopy spaces of all closed nonpositively curved Riemannian manifolds,
via their points and closed geodesics. See Waldhausen [80], Farrell-Jones [22] and
Waldhausen—Jahren—Rognes [81].

In the third example, K(MU) remains mysterious, but appears to be an interesting
halfway house between the earlier and the later examples. A key step towards its
determination is the homotopy limit property for cyclic group actions on its topological
Hochschild homology THH(MU), which has been established by Lunge-Nielsen and
Rognes in [43]. In the fourth example, K(KU) classifies virtual 2—vector bundles,
and is related to a form of elliptic cohomology. See Ausoni—Rognes [5], [6], Baas—
Dundas—Rognes [10] and Baas—Dundas—Richter—Rognes [8], [9]. In the fifth example,
K(HR) = K(R) agrees with Quillen’s algebraic K-theory, and when R is a local or
global number ring, this captures a great deal of the arithmetic, or number-theoretic,
invariants of that number ring. See Quillen [61], Dwyer—Friedlander—Snaith—-Thomason
[20] and Rognes—Weibel [66], plus the work of Voevodsky and Rost on the Milnor-
and Bloch—Kato conjectures.

We would like to understand the algebraic K-theory of commutative S —algebras
in the same kind of conceptual terms as we understand the algebraic K—theory of
number rings. This includes the principles that algebraic K—theory satisfies étale
descent and localization properties, with certain modifications, like a restriction to finite
coefficients and sufficiently high degrees in the case of étale descent. See Quillen [62]
and Thomason—Trobaugh [78]. Two approaches have been successful in proving that
algebraic K—theory is close to satisfying étale descent. One is based on Voevodsky’s
motivic cohomology and its relation to étale cohomology, as explained by the Milnor-
and Bloch—Kato conjectures just mentioned. However, this theory depends to some
extent on resolution of singularities, and any theory that is hard to extend to rings of
positive characteristic will also be hard to extend to commutative S —algebras.

1.3 Topological cyclic homology and the de Rham-Witt complex

The other approach is based on the cyclotomic trace map from algebraic K—theory to
the topological cyclic homology of Bokstedt—Hsiang—Madsen [15]. This is the tool of
choice for the study of the p—adically completed algebraic K—theory of a p—complete
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Topological logarithmic structures 403

ring, and more generally, for a connective, p—complete commutative S —algebra A,
since it is a natural map
trc: K(A) — TC(4; p)

(of spaces, say, for simplicity), that becomes a homotopy equivalence after p—adic
completion whenever 7mg(A4) is a finite algebra over the Witt vectors of a perfect
field k of characteristic p. See Hesselholt—Madsen [28]. This approach suffices for
the determination of the p—complete algebraic K—theory K(A), in some cases, such
as the sphere spectrum 4 = S when p is a regular prime. See Rognes [64; 65].
Furthermore, there is a very close relationship between the topological cyclic homology
of a commutative ring A and the de Rham—Witt complex W,€2%, which is built upon
the de Rham complex Q% given by the exterior algebra on the Kihler differentials
52114 that we started with. See Illusie [33] and Hesselholt [27]. The relationship is the
closest when A is a smooth algebra over the perfect field & .

The condition that A is connective and p—complete of suitably finite type is almost
orthogonal to our desire to understand the algebraic K —theory of commutative S —
algebras in terms of étale descent and localization properties. For étale descent involves
the formation of homotopy limits, specializing to the formation of homotopy fixed
points in the case of Galois descent, and such limits often take us out of the category
of connective spectra. Similarly, localization of a p—complete ring by inverting p
will give a rational algebra, whose p—completion is trivial, leaving no information to
be seen by topological cyclic homology. Furthermore, localization of a commutative
S —algebra by inverting a positive-dimensional element, or by more general Bousfield
localizations, will most often give a nonconnective result.

1.4 Algebraic K —theory of local fields

In the context of discrete valuation rings, Hesselholt—-Madsen [29] overcome this
difficulty by the use of logarithmic structures and logarithmic differentials. We illustrate
by their main example. Let K be a p—adic number field, ie, a finite extension of Q,
let A C K be its valuation ring, and let £ be the residue field. The maximal ideal of 4
is generated by an uniformizer 7, so that K = A[x~!] and k = A/(r). There is a
localization sequence

K(k) 25 K(4) 5 K(K)
in Quillen K —theory [61]. Here i is the transfer map (= direct image) associated to
the surjection i: A — k, we write j* for the natural map (= inverse image) associated
to the inclusion j: A — K, and the sequence is a homotopy fiber sequence of spaces.
The cyclotomic trace maps K(k) — TC(k; p) and K(A) — TC(4; p) are p-adic
equivalences of spaces, as explained above, so Hesselholt and Madsen construct a
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404 John Rognes

relative form of topological cyclic homology, denoted TC(A4|K; p), that sits in a similar
homotopy fiber sequence

TC(k: p) <> TC(A: p) —> TC(A|K: p) .

(where TC(A|K; p) is not the same as the p—adically trivial TC(K; p)). Much as
the de Rham—Witt complex W2} is built on top of the de Rham complex 7%, the
topological cyclic homology TC(A4; p) is built on top of the topological Hochschild
homology THH(A). So the homotopy fiber sequence above is in fact extracted from a
homotopy fiber sequence

THH(k) - THH(A) 2> THH(A|K)

of so-called cyclotomic spectra. The Hesselholt-Madsen construction of THH(A4|K)
does a priori not have anything to do with logarithmic geometry, but under these
hypotheses, they are able to compute the homotopy of THH(A|K) and TC(A4|K; p)
(with mod p coefficients), and to express the answers in terms of a logarithmic de Rham—
Witt complex W.Q’(" AM) associated to the valuation ring A with the logarithmic
structure given by the multiplicative monoid M = A N K™* of nonzero elements in A.
The first sign of this is seen in the long exact sequence in homotopy associated to the
latter homotopy fiber sequence, which contains the extension

OaggﬂiigaMﬁikao

in dimensions 1 and 0. The first map is the inclusion of Kihler forms among logarithmic
Kihler forms, while the residue map res takes d logzw to 1 and is realized as the
connecting map in the long exact sequence. For THH, the result is that

7o (THH(A|K): Z/ p) = Q{4 1) ® 2/ plico]

where |kg| = 2. The algebraic theory of logarithmic de Rham-Witt complexes is
developed further in Hesselholt—-Madsen [30] and Langer—Zink [38]. The passage from
TC(A; p) to TC(A|K; p) is an essential step to make these calculations manageable.
As a consequence of the calculations, one sees that TC(A4|K; p) satisfies descent
for Galois extensions K — L to the extent expected for algebraic K—theory. This
is obscure, at best, in the comparison of TC(4; p) with TC(B; p), where B is the
valuation ring of L. Hence TC(A|K; p) and W.Qz‘ 4.M) are essential ingredients in
the Hesselholt—-Madsen proof of Galois descent for p—completed K(K), and étale
descent for p—completed K(A), for these local fields and rings.
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Topological logarithmic structures 405

1.5 Algebraic contents of the present paper

In this paper we give a sense to THH(A, M) for general commutative rings with
logarithmic structure (A4, M), as a cyclic commutative A—algebra. We expect that

THH(A, M) ~ THH(A|K)

in all cases when the right hand side is defined, but we only prove that the mod p homo-
topy algebras are isomorphic. We give two equivalent constructions of THH(A4, M).
The first is given in Definition 8.11 in terms of the replete bar construction B*P M of
M , and the repletion map

BYM — B™PM

from the usual cyclic bar construction. The second is given in Definition 13.10, in
terms of the suspension in the category of augmented commutative S[M ]|-algebras of
a shear map

sh: SIMIAS[M]— S[M]AS[M#P],

symbolically given by (x, y) = (xy, ¥(»)). Here y: M — M#P is the group comple-
tion homomorphism. The comparison of THH(A, M) with THH(A4|K) is discussed
in Example 8.14 and Proposition 8.15.

In this paper we also give a sense to the logarithmic topological André—Quillen homo-
logy TAQ(A, M) for logarithmic rings (A, M), as an A-module. The relation of
THH(A, M) to TAQ(A, M) is like that of the logarithmic de Rham complex QZ" A.M)
to the logarithmic Kéhler differentials Q(l AM) especially in the smooth, or logarith-
mically smooth, cases. We review the ordinary theory of topological André—Quillen
homology in Section 10, give one construction of TAQ(A4, M) in Definition 11.19 and
give a second, equivalent, construction in Definition 13.13. The latter is expressed
in terms of the infinite suspension of the shear map, in the category of augmented

commutative S[M ]-algebras.

We approach these definitions in several stages, to motivate and justify them. First we
think of Kéhler differentials as corepresenting derivations, and we follow Quillen [60]
in thinking of derivations as homomorphisms into abelian group objects. This leads us
to consider abelian group objects in suitable categories of logarithmic rings, to define
logarithmic derivations as morphisms in these categories and to construct logarithmic
Kihler differentials as corepresenting objects for logarithmic derivations. This way
we recover Kato’s definition of 2 (1 AM) 82 pushout of A-modules, in Definition
4.25. In Section 5 we make a corresponding analysis for “associative ring maps
between commutative rings”, which leads to a definition of logarithmic Hochschild
homology HH(A, M) as a pushout of commutative A —algebras, with a comparison map
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406 John Rognes

Qz‘ AM) ™ HH..(A, M). The analogous discussion for logarithmic S —algebras leads
to the initial definitions of the corepresenting objects TAQ(A, M) and THH(A, M),
as suitable homotopy pushouts.

In Section 3 we argue that certain features of the traditional algebro-geometric theory
of logarithmic rings, namely that one works within the full subcategory of so-called fine
and saturated logarithmic rings, can constructively be replaced by a different condition
that is better suited for topological generalization. The alternate condition is a relative
one, ie, it is a condition on logarithmic rings (A4, M) over a fixed base logarithmic ring
(R, P), and asks that the monoid homomorphism M — P to the base commutative
monoid is an exact surjection. Here exactness means that M — P is the pullback of
ME — PEP along y: P — P&P. We say that such logarithmic rings (A, M) are replete
over (R, P), and we prove in Lemma 3.8 (with a topological analogue in Proposition
8.3) that there is a repletion functor for quite general logarithmic rings (A4, M) over
(R, P). The repletion of the cyclic bar construction B M of a commutative monoid
is, by definition, the replete bar construction B™P M , and the cyclic structure on BY M
carries over to a cyclic structure on B™P M . This leads to a revised Definition 8.11 of
THH(A, M), in terms of repletion. Its advantage over the previous characterization is
that THH(A, M) now is a cyclic object in commutative 4—algebras, which is a first
step towards a cyclotomic structure.

In a third and final iteration, we note that the repletion map required for the definition of
TAQ(A, M) is the infinite stabilization of the repletion map required for THH(A, M),
and that this in turn is a single stabilization of a shear map A A S[M]— A A S[M #P]
in the category of augmented commutative A—algebras. We are therefore able to give
quite short and direct definitions of the logarithmic Hochschild homology HH(A4, M),
higher order versions HH"! (A, M) and their stabilization HI'(A, M) as n — oo,
in Section 13. These give logarithmic forms of constructions of Pirashvili [56] and
Robinson—Whitehouse [63]. This all adds to the belief that for each logarithmic ring
(A, M), the stable category of spectra formed in the category of simplicial replete
logarithmic rings under and over (A4, M) will be an appropriate category of logarithmic
(A, M )—modules. Note that working in the subcategory of replete logarithmic rings
replaces all nonempty colimits (= tensor products) formed in logarithmic rings by their
repletions, hence the tensored structure and suspension in simplicial replete logarithmic
rings will be different from those in simplicial logarithmic rings. See Remark 4.14 for
some further discussion.

1.6 Algebraic K —theory of topological K —theory

Moving on from discrete rings to commutative S —algebras, the examples that are
the closest to algebra are given by the topological K—theory spectrum KU and its
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variants. Let KU, be its p—completion, let L, be the Adams summand of KU,
and let £, and ku, be the respective connective covers. These are all commutative
S —algebras. The mod p reductions L/p = K(1), KU/p,£/p=k(1) and ku/p are
associative S —algebras, but not commutative S —algebras. The p—complete algebraic
K—theory of {,, ku, and £/p was computed in Ausoni-Rognes [5], Ausoni [3] and
Ausoni—Rognes [7], respectively, in each case using the equivalence with topological
cyclic homology. For simplicity, we focus on the Adams summand cases. There are
localization sequences

K(Zp) 25 K(£) 2> K(Lp)

K(Z/p) 25 Kt/ p) 25 K(L/ p)

established by Blumberg and Mandell [14]. Here w4 denotes the transfer maps associ-
ated to the 1—connected maps 7: £, — HZ, and w: £{/p — HZ/p, and p* denotes
the natural map associated to the localization maps p: £, — L, and p: {/p — L/p.
The cyclotomic trace map K(A) — TC(4; p) is a p—adic equivalence in all of the
cases A= HZ,,{,, HZ/p and £/ p, but not for the nonconnective spectra 4 = L,
and L/p. We would therefore like to construct relative forms of topological cyclic
homology, denoted TC({,|Lp; p) and TC(¢/p|L/p; p), that sit in homotopy fiber
sequences

TC(Zp: p) 25 TCW: p) L5 TCU Ly p)
TC(Z/ p: p) =5 TC(U/ p: p) 25 TC(/ pIL/ i p)
and are extracted by a limiting process from homotopy fiber sequences
THH(Z,) > THH((,) ©> THH((,|L,)
THH(Z/ p) NAN THH(¢/ p) p—*> THH(¢/p|L/ p)

of cyclotomic spectra. The Hesselholt-Madsen construction of THH(A|K) for discrete
valuation rings does not easily generalize to this topological setting of structured ring
spectra, so we seek instead to generalize the construction of THH(A, M) to this
topological setting, so as to realize THH({,|Lp), and perhaps THH({/p|L/p), in
that form.

1.7 Topological contents of the present paper

We expect this algebro-geometric theory to be most useful in the commutative context,
where we replace the commutative ring 4 by a commutative S—algebra. Experience
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from structured ring spectrum theory tells us that we should replace the commutative
monoid M by the kind of space that arises as the underlying space of a commutative
S —algebra, with its multiplicative structure. These are, a little informally, known
as E spaces. More precisely, when commutative S —algebras are interpreted in
the sense of Elmendorf—Kriz—Mandell-May [21], they are L—spaces where L is the
linear isometries operad, and when commutative S—algebras are interpreted in the
sense of Hovey—Shipley—Smith [32], they are commutative T—space monoids. A
logarithmic structure on a commutative S—algebra A is then an Eo, space M with
an Eo map to the underlying multiplicative Eo, space Qg 4 of A. In fact, the
underlying multiplicative spaces of commutative S —algebras are somewhat special
E spaces, because the additive base point of the underlying space acts as a zero,
or base point, for the multiplication. This leads us to work with based E~, spaces,
also known as E, spaces with zero. A further justification for working with based
E« spaces is illustrated by thinking of L, as the localization of £, obtained by
inverting the element vy € wxlp = Zp[vy]. Let f: 7 — Qg{) be a map representing
vy in homotopy, where ¢ = 2p — 2. It is not the individual multiplication maps
f(z)-: £y, = L, for z € S9, that become equivalences after base change to L, but
the combined multiplication map f -: S A £, — £,. To induce this map from the
smash product, f must be thought of as a base-point preserving map. When we extend
f to a multiplicative map, that must be a map of based Eoo spaces.

We define based and unbased topological logarithmic structures in Section 7, after
discussing the available choices of technical foundations in Section 6. The definitions of
logarithmic topological Hochschild homology given in Sections 8 and 13 immediately
generalize from the case of a discrete commutative monoid M to the case of an
unbased Eo, space M, and similarly for the definitions of logarithmic topological
André—Quillen homology in Sections 11 and 13. However, for based E, spaces N
we need to make a topological assumption about the local structure near the base point,
namely that the based Eo, space is conically based; see Definition 6.21. This ensures
that the spaces of based logarithmic derivations are corepresentable, as in Lemmas 12.3
and 12.4, and lets us define a based logarithmic topological André—Quillen homology
TAQg (A, N) in Definition 12.6, with a companion definition of based logarithmic
topological Hochschild homology THHy(A, N) in Definition 8.17. For conically
based Eoo spaces N the base point complement N’ is an E space, there is a conical
diagonal map §: N — N A N/_, and there is a based shear map

sh: Z®°N AZ®N — XN A S[N']
of augmented commutative X°° N —algebras. In Section 13 we give streamlined defini-

tions of based logarithmic topological Hochschild homology THH((A4, N) as a cyclic
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commutative A-algebra and based logarithmic topological André—Quillen homology
TAQ((A4, N) as an A-module, using single and infinite suspensions of this based shear
map.

1.8 Logarithmic structures on topological K —theory

Returning to the desired logarithmic model TC(€,|L,; p) for the p—completed K(Lp),
we seek a based logarithmic structure N on £, so that

THH({p|L,) ~ THHo({,, N) .

We have not yet been able to find a suitable N in the current set-up, but some partial
information is available, which we discuss in this paper. First, the periodic Adams
summand L, is obtained from £, by inverting the map v;-: X9¢, — {,, given by
multiplication by a map f: S? — Q°°f, that represents v; € w«{,. Letting

~ qj
N = \/ Sth
j=0

be the free based Eo space generated by S9, we obtain a based (pre-)logarithmic
structure N — Q@¢,. In view of the calculations by Bokstedt (unpublished) and
McClure—Staffeldt [49] (see also Ausoni—-Rognes [5]), the homotopy of THH(Z )
and THH({,) with coefficients in the Smith-Toda complex V(1) = S/(p,v;) is
known, and this lets us compute the desired homotopy of THH({,|L;). We have not
calculated THH( (£, N) in this case, but related calculations in the context of TAQ,
(see Examples 12.16 and 12.17) show that this free based E space N is not the
desired based E space. There may be a better based E, space, built from N by
attaching further free based Eo, cells, but this remains to be determined.

We now discuss two alternative approaches to this problem. The first involves work-
ing with less commutative ring spectra than E ring spectra. Algebraic K —theory,
topological cyclic homology and topological Hochschild homology are all defined for as-
sociative S —algebras, or A, ring spectra, but the question is how much commutativity
is needed to make good sense of a logarithmic geometry. If we take

N ~ \/ 5497
j=0

to be the free based A space generated by S?, we can extend the scope of based
logarithmic topological Hochschild homology to make sense of THHy(X*°N, N).
With some more commutativity in N, so that THH(X°°N) is an associative S—
algebra, this lets us make sense of THH( (¢, V), in such a way that THH({,|L ) ~
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THHo(£p, N). In Section 9 we discuss evidence that N has a based E, space structure,
related to braid groups, which would suffice for this purpose.

The second approach involves working with commutative MU—algebras in place of
commutative S-algebras. With N ~\/ =05, as above, the suspension spectrum
3% N is an associative but not a commutative S—algebra. However, its base change

MUAN ~ \/ > MU
Jj=0

to MU is a commutative MU—algebra. This can be seen by a geometric construction
similar to that of Neil Strickland [77, Appendix A]. There is then a commutative
MU—-algebra map MU A N — {,,, which we view as specifying a complex oriented
logarithmic structure, that permits us to define a cyclic commutative MU —algebra
model for THH({,|L ;). More generally, this works to define THH(e|E) for periodic
commutative MU -algebras E with connective cover e. For the purpose of using
logarithmic geometry to bridge the gap from K(MU) to K(Z), this appears to be a
viable route. For time reasons we are unable to include the discussion of complex
oriented logarithmic structures in this paper, but we plan to return to it in a later
publication.

1.9 The fraction field of topological K —theory

The calculations of Ausoni—Rognes [7] show that the diagrams
ix i*
K(/p) — K({p) — K({Qp)

K(L/p) 2 K(Lp) 1> K(LQ,)

are not homotopy fiber sequences. Here £Q, = {,[1/p] and LQ, = L,[1/p] are
the commutative HQ,—algebra spectra that are obtained by inverting p in £, and
L, respectively. Indeed, the calculations essentially show that the mapping cones of
the two transfer maps iy, which we denote K(Q) and K(F) for brevity, have large
vp—periodic V(1)-homotopy, whereas K(Q,) and any algebra over it is v, —torsion.
With this notation, we have a 3 x 3 square of homotopy fiber sequences

K(Z/p) 2> K(Zp) > K(@Qp)

n*l ln* * in*

K(/p) = K(lp) ——~K(0)

g L

K(L/p) = K(Lp) ——= K(F)
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where the V(1)-homotopy of all four corners in the upper left hand square have been
computed using topological cyclic homology.

This leads to the question of what kind of objects O and F are. Considering the
lower row, we view F as a milder localization of L, away from its noncommutative
residue S—algebra L/ p than the algebraic localization that inverts p. Since this is the
only nontrivial residue S —algebra of L, , we think of F as specifying an S —algebraic
fraction field of L,, and O as a connective valuation S—algebra of 7. Furthermore,
it appears that the Galois cohomology of this object F, with V(1)—coefficients, is a
Poincaré duality algebra with fundamental class in Héal (F;F,2(2)), indicating that 7
is a kind of S —algebraic higher local field satisfying arithmetic duality as discussed in
Milne [50]. We explain these calculations in greater detail in Ausoni—Rognes [7].

Given the thrust of the present paper, it should come as no surprise that we expect to be
able to realize O and F as logarithmic S —algebras, so that there should be based E
spaces SO = {0, 1}, (v1), (p) and (p, v;) mapping to Qg Ly, so that the lower right
hand square above is realized as the algebraic K —theory of the commutative square

(£p.10,1}) — (£p. (p)

/ ’

(p,(v1)) — (Lp, (p.v1))

of based logarithmic S —algebras. A similar triple division of approaches arises as
in the discussion of logarithmic structures on (the Adams summand of) topological
K —theory, and again there is a discussion of homological obstructions and natural
hypotheses in Section 9. As in that case, a complex oriented (pre-)logarithmic structure
MU A (p,vy) — £, appears to be the best commutative model for the fraction field F.

The V(1)-homotopy of the corresponding 3 x 3 square of homotopy fiber sequences

*

J

THH(Z/ p) — "~ THH(Z ) THH(Z ,. {p})

T

THH(¢/ p) ———> THH(( ) THH({ . (p))

| R

THH((/ p, (v1)) —> THH(C . {(v1)) = THH(E . (p, v1))

(as well as its analogue for TC) is computed in Ausoni—Rognes [7], starting from
calculations of the upper left hand square. In the fraction field corner, the conclusion

V(1) THH({p, (p,v1)) = E(d log p,d logv) ® Z/ pko]
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with |d log p| = |d logv| =1 and |«g| = 2 is nicely compatible with the Hesselholt—
Madsen result for 7« (THH(A|K);Z/ p).
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The length of this paper is unfortunate. It stems from the desire to both discuss the alge-
braic background, where we can give explicit formulas for maps and study interesting
examples, but also to reach the based topological structures that are required to describe
the fraction field of topological K —theory. It also stems from the iterated approach to the
definitions, starting from logarithmic derivations and their corepresenting logarithmic
differentials, via the introduction of replete logarithmic structures, to the final quick
definitions using the shear map. The author believes that a record of this transition has
some value, even if later applications of logarithmic topological Hochschild homology
may just start from the end. Still, the author feels that the reader deserves an apology
for the length of the exposition.

PartI Logarithmic structures on commutative rings

2 Commutative logarithmic structures

We begin by reviewing some basic definitions about the log structures of Jean—-Marc
Fontaine and Luc Illusie, adapting Kazuya Kato’s introduction [35, Section 1] to the
affine case. For simplicity we work with commutative rings, but it is just about as easy
to work with commutative R—algebras over some base commutative ring R.

Definition 2.1 Let A be a commutative ring. A pre-log structure on A is a pair
(M, @) consisting of a commutative monoid M and a monoid homomorphism

a: M — (4, -)
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to the underlying multiplicative monoid of A. A pre-log ring (A, M, ) is a com-
mutative ring A with a pre-log structure (M, «), often abbreviated to (4, M). A
homomorphism

(/. /"): (4. M) = (B.N. )
of pre-log rings consists of a ring homomorphism f: 4 — B and a monoid homomor-
phism f b M — N, such that the square

M= (4, )
f*’l l(ff)
NL(B, *)

commutes. Here (£, -): (4, -) — (B, -) denotes the underlying multiplicative monoid
homomorphism of f. Pre-log rings and homomorphisms form a category, which we
denote PreLog. There are obvious forgetful functors from PreLog to the categories
CRing and CMon of commutative rings and commutative monoids, respectively.

Remark 2.2 Let Z[M] denote the monoid ring of M . The functor M +— Z[M], from
commutative monoids to commutative rings, is left adjoint to the functor 4 + (4, -).

VAR
CMon CRing
(_")

Hence a pre-log structure (M, «) can equally well be defined in terms of the ring
homomorphism @: Z[M] — A that is left adjoint to . A pair (f, /°) of ring
and monoid homomorphisms, respectively, then defines a pre-log homomorphism
(A, M) — (B, N) if and only if the square

ZIM] -2~ 4

7| lf
7N -2~ B

comimutes.

Definition 2.3 Let «: GL{(A4) C (4, -) denote the inclusion of the multiplicative
group of units in 4. Let «~! GL;(4) C M be defined by the pullback square

a ! GL;(4) ——= GL(4)

M——=(4,")
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of commutative monoids. The pre-log structure (M, ) is a log structure on A if the
restricted homomorphism &@: o~ ! GL;(4) — GL;(A4) is an isomorphism. Log rings
generate a full subcategory of PreLog, which we denote Log.

Remark 2.4 The forgetful functor Ab — CMon, from abelian groups to commutative
monoids, has a right and a left adjoint. The right adjoint takes a commutative monoid M
to its subgroup M * of units, while the left adjoint takes a commutative monoid M
to its group completion M & . For a commutative ring A, GL{(A) = (4, -)*. These
remarks also apply to groups, monoids and rings that are not necessarily commutative.

Remark 2.5 For a log ring (4, M, ) we can factor the inclusion ¢ as
GL1(A) > M 5 (4, ),

by inverting the isomorphism &. The log condition asserts that the part of M that
sits over the units of A4 (via «) is isomorphic to those units, and we view this as a
normalization condition. The emphasis in a log structure is therefore on the part of M
that maps to the nonunits of 4.

Definition 2.6 Let (A, M, «) be a pre-log ring. The associated log ring (A, M ¢, a%)
consists of A with the log structure (M, ®)? = (M %, a%), where M ¢ is defined by
the upper left hand pushout square in the following diagram

a1 GL;(4) —— GL;(4)

] |

M M

.

o (A,)

of commutative monoids, and a?: M4 — (A, -) is the canonical homomorphism
induced by a: M — (A4, -) and t: GL1(A4) — (4, -). The next remark shows that
(4, M?, %) is indeed a log ring. A homomorphism ( f, /) of pre-log rings induces
a homomorphism (f, f*?): (4, M?,a%) — (B, N?, %) of associated log rings. We
obtain a logification functor (—)%: PreLog — Log.

Remark 2.7 Since GL;(A) is an abelian group, the pushout
Ma = M @Ol_l GL](A) GL] (A)
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can be described as the balanced product (M x GL{(A))/ ~, where (m, g) ~ (m', g’)
if and only if m -T(hy) = m’ -T(h,) and @(h,y)-g = &(hy) - g’, for some hy,h, €
a1 GL;(4). See Kato [35, page 193]. We write [m, g] for the equivalence class
of (m, g). The homomorphism «? takes [m, g] € M? to a(m)-1(g) € (4, -), so
a?(m, g]) € GL{(A) if and only if a(m) € GL{(A4), hence [m, g] has a unique
representative of the form (1,%) with 7 = a(m)~'g € GL;(A4), and (M?,a?) is
really a log structure on A.

Lemma 2.8 The logification functor (—)%: PreLog — Log is left adjoint to the
forgetful functor Log — PreLog. m]

Definition 2.9 The trivial pre-log structure on A is given by the trivial monoid M =
{1} and the unique monoid homomorphism «: {1} — (A, -). The trivial log structure
on A is the associated log structure, with M = GL{(A4) and o =1: GL;(4) — (4, ).

Lemma 2.10 The functor (—)™: CRing — PreLog taking A to the trivial pre-log
ring (A, {1}) is left adjoint to the forgetful functor PreLog — CRing. Hence the
functor (—)"™4: CRing — Log taking A to the trivial log ring (A, GL{(A)) is left
adjoint to the forgetful functor Log — CRing. |

Remark 2.11 In algebro-geometric language, we can think of the opposite category
Log°P as the category of affine log schemes, with a forgetful functor to the category
Aff =CRing of affine schemes. The trivial log structure defines a right adjoint to
the forgetful functor, embedding affine schemes into affine log schemes.

Definition 2.12 Let M be a commutative monoid and Z[M] its monoid ring. The
canonical pre-log structure on Z[M] is the pair (M, ), where {: M — (Z[M], -)
takes m € M to 1-m € Z[M]. The canonical log structure on Z[M] is the associated
log structure (M, {)%.

Lemma 2.13 The functor (—)“*: CMon — PreLog taking M to the canonical pre-
log ring (Z[M ], M) is left adjoint to the forgetful functor PreLog — CMon. Hence
the functor (—)*™%: CMon — Log taking M to the canonical log ring (Z[M ], M%)
is left adjoint to the forgetful functor Log — CMon. d

Remark 2.14 We can summarize these adjunctions in the following diagram, where
the unlabeled arrows denote forgetful functors:

CRing

(_)triv
(=)= J/ T (=)
CMon _____ ~PreLog ___ ~ Log

Geometry € Topology Monographs, Volume 16 (2009)



416 John Rognes

Any pre-log ring (A, M) is the pushout

(Z[M],{1}) — (Z[M], M)

| i

(4, {1}) (4, M)

of a diagram of trivial and canonical pre-log rings. In this sense, the trivial and the
canonical pre-log rings generate all pre-log rings.

Definition 2.15 For a pre-log ring (A4, M), the trivial locus is the pre-log ring
(A[M ~1], M &) where

AIM =A@z ZIM ).

There is a canonical homomorphism (A4, M) — (A[M ~'], M &), and the associated
log structure (A[M ~!], M #)@ equals the trivial one. For log rings (A4, M) the functor
(A, M) — A[M ~] is left adjoint to ()4, which therefore has both a left and a
right adjoint.

Example 2.16 (This example is prominent in Lars Hesselholt and Ib Madsen’s
work [29].) Let 4 be a discrete valuation ring, with uniformizer 7. Let M = () =
{m/ | j >0} be the free commutative monoid generated by 7, and let a: M — (4, )
be the inclusion. Then (A4, M) = (A, (rr)) is a pre-log ring. The associated log ring
(A, M%) has
M = A\ {0} = () x GL{(4)

equal to the multiplicative monoid of nonzero elements in 4, and a%: M — (A4, -)
equals the inclusion. Letting K = A[r '] be the fraction field of 4, we note that
M?% = ANGL{(K) C GL{(K). The trivial locus of (4, (r)) is (K, (m, 77 1)). A
concrete example of interest to us is the case when A = 7, the ring of p—adic integers,
7 =pand K =Q, is the p-adic field. See Serre [75, Section I.1] for other examples.

Remark 2.17 When we embed commutative rings into log rings (using the trivial log
structures), the localization homomorphism f: A — K maps to the homomorphism
(f, f7): (4,GL1(A4)) — (K, GL;(K)). One essential feature of the category Log is
that the latter homomorphism factors as the composite

(4,GL1(4)) = (4, M?) — (K,GL(K)),
where the middle term is a log ring with a nontrivial log structure. In geometric terms,

the open inclusion j: U = Spec(K) — Spec(A) = X of the generic point does not
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factor in any nontrivial way in A f /', but when viewed as a map of affine log schemes
it factors as
U — A =Spec(4, M%) - X,

where A = Spec(A4, M?) is properly a log scheme. Heuristically, A is a kind of
compactification of U, and A — X specifies a less dramatic localization of X (in
log schemes) than the open inclusion U — X (in schemes). See Kato—Nakayama
[36, (1.2)] and Illusie [34, Section 5.5] for a more precise interpretation (in a complex
analytic setting) of the log scheme as a compactification of the trivial locus.

Remark 2.18 (I learned of this point of view from Clark Barwick.) Following Martin
Olsson [54, Theorem 1.1], one can embed the category of log schemes into the 2—
category of algebraic stacks, by taking a log scheme A to a suitable moduli category
Log(A)=str Log/A oflog schemes over A and “strict” morphisms between these (see
Definition 2.22). To be precise, Kato and Olsson only work with “fine” log structures
(see Definition 3.1). This means that Spec of a fine log ring acquires a geometric
meaning in the context of algebraic stacks, and, in particular, that the factorization
U — A — X of j can be viewed as taking place in that context. Geometric notions
like flat, smooth, unramified, étale and fppf (= faithfully flat and finitely presented)
morphisms of log rings, or log schemes, then become special cases of the same notions
for algebraic stacks.

Definition 2.19 Let f/: A — B be a ring homomorphism and let (M, @) be a pre-log
structure on A. The inverse image log structure

("M, [Ta) = (M. (], -)oa)*

on B is the log structure associated to the pre-log structure given by the composite
monoid homomorphism

VIS )
There is a canonical homomorphism ( f, f?): (4, M) — (B, f*M) of (pre-)log rings.

Remark 2.20 Note that (M, (f, -) o) is usually not a log structure on B, before
logification, even if (M, «) is a log structure on A. The variance of the terminology and
notation (inverse image, f*) is compatible with that used in algebraic geometry, when
f is viewed as a map Spec(B) — Spec(A) in A f f and the log structure is a sheaf over
Spec(A). The variance is perhaps counterintuitive in the context of commutative rings,
but switching the roles of f* and fx (defined below) would make the comparison
with the algebro-geometric literature prohibitively confusing.
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Lemma 2.21 The log homomorphisms (A, M) — (B, N) covering a fixed ring
homomorphism f: A — B are in natural bijection with the log homomorphisms
(B, f*M) — (B, N) covering the identity idg on B. O

Definition 2.22 A homomorphism ( /, f?): (4, M) — (B, N of log rings is strict if
the corresponding monoid homomorphism f*M — N is an isomorphism. We write
str Log C Log for the subcategory of strict homomorphisms.

Definition 2.23 Let f: A — B be a ring homomorphism and let (X, 8) be a pre-log
structure on B. The direct image pre-log structure (fx N, f«xB) on A is defined by the
pullback square

J{ , l(f,-)

of commutative monoids. When (N, B) is a log structure on B, (fxN, f«f) will
also be a log structure, the direct image log structure on A. There is a canonical

homomorphism (£, f°): (A, fxN) — (B, N) of (pre-)log rings.

Lemma 2.24 The log homomorphisms (A, M) — (B, N) covering a fixed ring
homomorphism f: A — B are in natural bijection with the log homomorphisms
(A4, M) — (A, f«N) covering the identity id4 on A. O

Remark 2.25 For a discrete valuation ring A, the log structure M = A\ {0} =
A N GL{(K) from Example 2.16 is the same as the direct image fx GL{(K) of
the trivial log structure on K, along the homomorphism f: A — K. Hence the
direct image construction naturally produces the factorization in log schemes from
Remark 2.17. More generally, for ring homomorphisms f: A — B the direct image
M = fi GL{(B) of the trivial log structure on B provides a log ring (4, M) that may
serve as an approximation to B. In the topological setting of the following sections,
this provides a useful log structure on A in the cases where B exists, but it will be
less useful when the desired B does not exist and we are trying to construct (A4, M)
as a replacement for the nonexistent B.

3 Replete logarithmic structures
Definition 3.1 We now review some desirable properties of log rings and log schemes,

with the aim to motivate the introduction in Definitions 3.6 and 3.12 of another such
property. See Kato [35, Section 2] and Nakayama [52, Section 1].
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In the affine cases that we consider, every log structure (M, o) on a commutative ring A
is quasi-coherent. It is coherent if M is finitely generated as a commutative monoid.
A commutative monoid M is integral if the canonical homomorphism y: M — M &P
to its group completion is injective. It is fine if it is finitely generated and integral. An
integral M is saturated if the only a € M#P with ¢" € M for some n € N are the
a € M . Itis fsif it is fine and saturated. We say that a pre-log structure (M, «), or a
pre-log ring (A, M), is integral, fine, saturated or fs, respectively, if the commutative
monoid M has the corresponding property. A log ring is said to have one of these
properties if it is isomorphic to the logification of a pre-log ring with the given property.
Let M™™ = (M) C M#P be the image of M, and let M C M consist of all
a € M#® with a" € M for some n € N. These constructions preserve the subcategories
of finitely generated commutative monoids, and restrict to define left adjoints (—)fi"® =
(=) ™|e ptonte and (—)F = ()3 p1opine to the forgetful functors

(_)fs (_)ﬁne
CMon'™ ~ CMonfine ~ CMon'®
between fs, fine and finitely generated commutative monoids, respectively. The category
CMon'® has all finite colimits. The left adjoint functors (—)" and (=)™ can therefore
be used to create finite colimits in the subcategories CMon " and CMon'™.

Finite colimits in the category of fine pre-log rings are constructed by first forming the
finite colimit in coherent pre-log rings. The result, (A4, M) say, is then replaced by the
fine base change (4, M) = (4 ® zim) LM fine] * pfine) - Similarly, finite colimits in
the category of fs pre-log rings are constructed by first forming (B, N) = (A4, M )fir¢ as
above, and then replacing it by the fs base change (B, N)® = (B ®zIN] ZIN®], N&).
The corresponding construction in fine (resp. fs) log rings is obtained by applying
logification at the end.

Remark 3.2 In the study of smoothness properties and deformation theory for log
rings or log schemes (see Kato [35] and Olsson [55]), it is common to work with
thickenings (g, g (A, M ) = (R, P) that are strict morphisms to a fixed base log
ring (R, P), ie, such that g*M =~ P, where A/J = R for some square zero (or nil)
ideal J. The strictness hypothesis leads to the key property that the diagram

MLM%P

gb \L l/ gbggp

p—Y s pw

is a pullback square of commutative monoids. In other words, g" M — P is “exact”
(see Definition 3.3).
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Furthermore, it is common to work within the subcategory Log of fine log rings (resp.

fine log schemes). This ensures that the canonical log rings M ™4 = (Z[M], M%)
have underlying rings of finite type, as is convenient in algebraic geometry. It also
ensures that the natural homomorphism

yema: (ZIM), M) — (ZIM®), M%) = Z] M|

describes an embedding of the diagonalizable (affine, commutative) group scheme
D(M?eP) = Spec(Z[M?P]) (a product of G,,’s and u,’s) in the affine log scheme
Spec(Z[M ], M%) that is “dense” in a suitable sense, rather than one that properly
factors through a closed log subscheme Spec(Z[M ™], M%) This leads to the close
connection between logarithmic geometry and the theory of toroidal embeddings.

Definition 3.3 A monoid homomorphism €: M — P is exact if the diagram

M —2> prep

is a pullback square.

Remark 3.4 In the study of log étale cohomology, Kummer étale K—theory and log
K —theory (see Nakayama [52], Hagihara [26] and Niziot [53]), it is common to restrict
further to the subcategory Log™ of fs log rings. To illustrate why, we focus on the case
of a log G—Galois extension ( f, f°): (4, M) — (B, N), where G = Spec(H) is a
finite étale group scheme over Spec(A) that acts on Spec(B, N) over Spec(A, M).
For (f, f°) to be log G-Galois, we require that the canonical map

h: (B,N)®(y ar) (B, N) > H®4 (B, N)

is an isomorphism, plus that f: A — B is faithfully flat. The interpretation of the
log ring tensor product (= pushout) in the source of /1 is now dependent on the
categorical context. In fs log rings, the underlying monoid will be the integral saturation
(N @ N)™ of the pushout N @7 N formed in commutative monoids. Similarly, the
underlying commutative ring will be the base change of B® 4 B along Z[N & N|—
Z[(N @®pr N)™]. This saturation significantly extends the range of examples of log
Galois extensions.

For example, suppose that f*: M — N is an injective homomorphism of fs com-
mutative monoids, and that there is a natural number k such that f b (M) contains
Nk = {n* | n € N} ¢ N. Such homomorphisms are called Kummer homomor-
phisms. The cokernel C of f>&: M — N2 is then a finite group of exponent k.
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Let y: N — C be the canonical monoid homomorphism. Let 4 = Z[1/k][M],
B =7[1/k][N] and H = A[C]. Then H is an étale (bi-)commutative Hopf algebra
over A, which coacts on (B, N) by the log ring homomorphism

(B,N) > H®4(B,N)

under (A, M) induced by the monoid homomorphism N — C x N that takes » to
(Y (n),n). Kato showed (see Illusie [34, Proposition 3.2]) that ( f, f"): (4, M*) —
(B, N?) is a (Kummer étale) G —Galois extension, with G = Spec(H) = D(C)spec(4)-
The main point is that the monoid homomorphism N @3 N — C x N that takes the
class of ny ®ny to (y(ny),n1ny) is usually not surjective, but the induced map from
its integral saturation
(Nay NS CxN

is always an isomorphism. As a simple example, the reader might wish to consider the
case M = (y) and N = (x), with f?(y) = x¥ for some k > 2. This example makes
it clear that it is the Kummer condition on f b: M — N that makes all the elements in
C x N have a positive power that is in the image from N @js N, so that saturation
suffices to extend N @ps N to coverall of C x N .

In the setting of a Kummer homomorphism f®: M — N, the integral saturation
(N @pr N)™ has a different characterization. We view N @7 N as a commutative
monoid over N, via e: N @3r N — N taking the class of n; @ n, to nyn,, and note
that the factorization of y: N @as N — (N @as N)® through (N ®pr N)® has the
property that the right hand square in the commutative diagram

N @&y N — (N @y N)S — (N @y N)#P

[

N N NEP

is a pullback square of commutative monoids. This is clear, because the preimage
(€®)~1(n) of n € N is identified with C x {n} under the isomorphism (N @ps N)® =
C x N, and the preimage (¢2P)~!(y(n)) is identified with C @y (n) under the splitting
(N®pr N)SP = NP P prep NP = C @ NP that comes from the inclusion of NP in the
second summand of N2 @pze N&. The induced map (N @pr N)® — (N ©pr N)P
identifies C x {n} with C & y(n), foreachn € N .

It also follows that (N @ps N)2 is the group completion of (N @ps N)F, so
€S (N @pr N)® — N is exact.

Remark 3.5 When generalizing the algebraic theory of log rings to the topological
setting, it is not so clear what should replace the properties of being integral and saturated.
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It also appears restrictive to only work with finitely generated commutative monoids.
Given the observations in Remarks 3.2 and 3.4, we are therefore led to focus on the
exact homomorphisms €: M — P. We view exactness as a condition on a commutative
monoid M relative to a base commutative monoid P. In the applications we have in
mind, such as abelian group objects in CMon/ P, or coproducts of multiple copies of P,
the structural map €: M — P will have a (sometimes preferred) section n: P — M .
However, the following definition has a topologically meaningful generalization as
soon as €2P: MEP — PEP is surjective (see Proposition 8.3), so that is what we will
assume.

Definition 3.6 Let e M — P be a homomorphism of commutative monoids, viewed
as an object in the category CMon/ P of commutative monoids over P. We say that
€: M — P is virtually surjective if the induced homomorphism €8P: M &P — PEP of
abelian groups is surjective. Let (CMon/P)V" C CMon/ P be the full subcategory
of virtually surjective M over P. We say that a virtually surjective M over P is
replete if it is also exact, ie, if the commutative diagram

M —2 prep

P*V>ng

is a pullback square. Let (CMon/P)*P C (CMon/P)*™ be the full subcategory of
replete commutative monoids M over P

For a general virtually surjective e: M — P, let the repletion of M over P be the
pullback

A/‘lrep= PXngMgp
in the diagram above, with the canonical structure map €"P: M™P — P. The following
diagram commutes, where the right hand square is a pullback by construction:

M Mrep Mgp
T
p——>p—" . pw

We call M — M™P the repletion map, and show in Lemma 3.8 below that M™P is
replete.

Remark 3.7 For M to be replete over P is equivalent to €: M — P being an exact
surjection. We view repleteness as a property of virtually surjective M over P, since
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it is for such M that we will prove that repletion is an idempotent functor. We also
prefer to distinguish between “replete” and “exact”, because exactness is usually taken
to be a property of homomorphisms between integral commutative monoids.

Lemma 3.8 For virtually surjective €: M — P, the homomorphisms M — M™P —
M induce isomorphisms

MEP =~ (MT™P)P ~ (J[EP)eP

upon group completion. Hence M™P is replete over P.

Proof It is easy to see that (M™P)8P — (M EP)8P is surjective, since every element
of (MEP)eP =~ MEP is the difference of two elements coming from M . To prove
injectivity, consider a formal difference (p1,711) S (p2, ;) in (M™P)EP with p; € P,
m; € M8 and y(p;) = €®P(m;) for i = 1,2, and assume that its image m; © m,
is zero in (M #P)8P. Then my = my, so y(p1) = y(p2), and there exists a k € P
with p; 4+ k = p, + k. Using the surjectivity of €2, we can chose an £ € M with
€ (£) = y (k). Then (p1.my) + (k. £) = (p2.m2) + (k. £), so (p1,m1) © (p2.m>)
is zero in (M ™P)EP,

To see that M ™P is replete, note that it is isomorphic to the pullback of y: P — P#P
and (M ™P)&P — PeP since the latter map is isomorphic to €&P: M &P — PEP, a

Lemma 3.9 The functor (—)"P: (CMon/P)""" — (CMon/P)™P is left adjoint to
the forgettul functor. Colimits of nonempty diagrams in (CMon/ P)¥" exist and are
created in CMon/ P. Colimits of nonempty diagrams also exist in (CMon/ P)™P,
and are constructed by first forming the colimit in (CMon/P)""" and then applying
(—)"P. m

Definition 3.10 Let P/CMon/ P be the category of commutative monoids under and
over P,ie, triples (M, n, €) where n: P— M and e: M — P are commutative monoid
homomorphisms with € o = id. The forgetful functor P/CMon/P — CMon/P
factors through the full subcategory (CMon/ P)YS"". We say that (M, n, €) is replete
over P if the underlying virtually surjective €: M — P is replete.

Lemma 3.11 An object (M, n,¢€) in P/CMon/P is replete if and only if it is iso-
morphic to an object of the form (P x K, ng, €g), where K is an abelian group with
unit element e, no(p) = (p,e) and €9(p,k) = p. If so, there are isomorphisms
K = ker(e®P) = cok(n®P), and the isomorphism M =~ P x K takes m to (e(m), y(m)),
where y: M — M#® — K is the canonical map. In particular, (M ™P, n™P €"P) is
always replete.
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Proof In this split case, M 2P is isomorphic to P2 x K, so to be replete M must
be isomorphic to P x K. Conversely, if M is isomorphic to P x K, then M#P is
isomorphic to P& x K, and M will be replete. O

Definition 3.12 Let (R, P) be a base pre-log ring. A pre-log ring (A, M) over
(R, P) is virtually surjective if the underlying commutative monoid M over P
is virtually surjective. It is a replete pre-log ring if the underlying commutative
monoid M over P is replete. It is a replete log ring if (A, M) is also a log
ring. By Proposition 3.14, the logification of a replete pre-log ring over an inte-
gral log ring is a replete log ring. Let (PreLog/(R, P))**" be the full subcategory
of PreLog/(R, P) generated by the pre-log rings that are virtually surjective over
(R, P), and let (PreLog/(R, P))™P be the full subcategory generated by the replete
pre-log rings. The forgetful functor (R, P)/PreLog/(R, P) — PreLog/(R, P)
naturally factors through (PreLog/(R, P))¥*". Let the repletion functor

(—)"P: (PreLog/(R, P))™" — (PreLog/(R, P))"

be the left adjoint to the forgetful functor, taking a virtually surjective pre-log ring
(A, M) over (R, P) to the replete pre-log ring

(A, M) = (A ®@z[m) ZIM™P], M™)

over (R, P). Colimits over nonempty diagrams exist in (PreLog/(R, P))**", and
are created in PreLog/(R, P). Nonempty colimits in (PreLog/(R, P))™P are con-
structed by first forming the colimitin (PreLog/(R, P))**", and then applying (—)"P.

Lemma 3.13 Let (A, M, a) be a replete pre-log ring over a log ring (R, P, p). Then
M*=a"1GL(4).

Proof Consider the following diagram

M* —> a1 GL,(4) —> M — > M=
e*l l le iégp
pP* ——> o1 GL;(R) —= P —~> pw

of commutative monoids. The left hand and middle horizontal maps are inclusions. By
hypothesis the group homomorphism €8P is surjective, with kernel K, say, the right
hand square is a pullback, and the inclusion P* — p~! GL;(R) is the identity.

We first prove that M™* — P* is surjective, with kernel K. If p € P* with inverse ¢,
we can find m,n € M with e(m) = p and €(n) = ¢q. Then e(mn) =e,so mn =k
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lies in e 1(e) = K. Now K is a group, so we can form nk~! € M, which is inverse
to m. Hence m € M*, and m maps to p, so M* — P* is surjective. Its kernel
is M*Ne l(e) = e !(e) = K, where the inclusion €~ '(e) C M* holds because
e 1(e) = K is a group.

It follows that M™* is the pullback of M and P* over P. On the other hand,
o~ GL;(A) is contained in the pullback of M and p~! GL;(R) over P, since
GL;(A4) C (4, -) maps to GL{(R) C (R, -). By assumption, P* = p~! GL{(R), so
M* =a" ' GL(A). m|

Proposition 3.14 Let (A, M) be a replete pre-log ring over an integral log ring
(R, P). Then the associated log ring (A, M ?) is a replete log ring over (R, P).

Proof By assumption, y: P — P#®P is injective, so its pullback y: M — M 2P is also
injective. Hence (A, M) is integral, and M * acts freely on M and M P,

By Lemma 3.13, M“ is the pushout of M and GL;(A) along M*, so M%#P is the
pushout of M &P and GL;(A) along M *.

M* M —L pe
GL,(A) Ma —Ls prag
\L \Lea lea-gp
GL,(R) p—" s pw

The composite
e M — MDEP . pEP

is surjective, hence €?: M? — P is virtually surjective. In the commutative diagram

M x GL;(A) —= M® x GL,(A)

L,

Me M P
» l lea.gp
P 4 per

the outer rectangle is a pullback, and the middle row is obtained from the upper row by
dividing out by a free M *—action, hence the lower square is a pullback. This proves
that (A4, M?) is a replete log ring over (R, P). |
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Example 3.15 Let (4, M) be a pre-log ring and Y a nonempty set. The Y —fold
replete tensor product Y ®™P (A4, M) is the replete pre-log ring (Y ®"P A, ]_[r;p M)
over (A, M) given by the pushout

Z[[ 1y M]— Z[[Ty’ M]

ml l?

Y®Aa Y ®P A4

of commutative rings, and the pre-log structure

rep
g[M->@er4a, )
Y

right adjoint to E, where Y @ M =[]y M — M is the cartesian product (= coproduct)
in CMon/M of Y copiesof id: M — M, [Ty" M = ([Ty M) =M x [y M*
is its repletion, where X is the complement of one elementin ¥, and Y ® 4 = Qy 4
is the tensor product (= coproduct) in CRing of Y copies of A.

Definition 3.16 Let M be a commutative monoid, and let S} = Al/dAl be the
simplicial circle. The cyclic bar construction BYM = S} ® M (called the cyclic
nerve N M in Waldhausen [79, Section 2.3]) is the simplicial commutative monoid
given by the categorical tensor product

Sg@M =[[M=MxMx---xM
Si

((g + 1) copies of M) in simplicial degree g. We write a typical element of B<Y M
as (mo,my,...,mg).

There are natural structure maps n: M — BYM and €: BYM — M induced by
the base point inclusion * — S and the collapse map S! — . The map n equals
the inclusion of the zero-simplices in B M , while € takes (mg,my,...,mg) to the
product momy - --mg. These maps make B M a simplicial object in M /CMon/M .
There is a natural cyclic structure on B M, generated by the operator 7, that takes
(mo,my,...,mg) to (mg,my,...,mg_1). We give M the constant cyclic structure,
and then € (but not ) is a cyclic morphism. There is a natural projection 7: BYM —
BM to the ordinary bar construction on M, taking (mg,my,...,mg) to [my|---|mg],
forgetting the copy of M that corresponds to the base point in S{ .
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The replete bar construction B™P M = (B M )P is the repletion of the cyclic bar
construction, given by the lower right hand pullback square

M—— oy — L e

nl i" lngp

BYM —— BPJM — BY M oP

‘ l l erep \L Egp
Y

M M MéeP

of simplicial commutative monoids. Here y and €2P are cyclic maps, so the definition
as a pullback gives B™P M a natural cyclic structure, and all maps in the lower two
rows of the diagram are cyclic.

. . n .
Lemma 3.17 The composite homomorphism ker(e®?) C BYM& — BMEP is an
isomorphism. Hence there is a natural isomorphism (€"P, 7™P): B"PM ~ M x BM P,
of simplicial commutative monoids under and over M .

Combining with the weak equivalence BM — BM®, we obtain a weak equivalence
M x BM —=5>B"™ M . The repletion map BY M — B™P M factors as (¢, ): BYM —
M x BM , followed by the latter weak equivalence.

The inclusion n: M — B™PM factors through no: M — M x BM , induced by the
inclusion of the base point in BM .

Proof The first claim is well known, since M #P is a group. The inverse isomorphism
BM# — ker(e2P) takes [m] -+ |mg] to (mg,my, ..., mg) where mo=(my---mg)~".
The rest is clear from Lemma 3.11. O

Remark 3.18 By its definition as a pullback, B'*PM is the simplicial commuta-
tive monoid with g—simplices (m; go, g1,...,8q) With m € M and g; € M* for
all i, such that y(m) = gog1---gg. When y is injective, m is determined by
the (go.&1....,8q), and these are only subject to the condition that their product
go0&1 -+ 8¢ lies in the image of . We note that the cyclic operator on B™P M
takes (m; go.&1,.--.8¢) 10 (M gy, Lo, -..,gq—1)- This is acceptable because M , or
rather M #P, is commutative: y(m) = g4y (m) g;l = 2480 8&g—1. The isomorphism
(e,m): B®PM = M x BM *®P takes (m; g0, 81.-..,8q) to (m,[g1|---|gq]), s0 go can
be recovered as y(m)(gy - -+ gq)_1 . In these terms the cyclic operator on M x BM &P

takes (m,[g1]---|gq)) to (m,[y(m)(g1---g4)""1g1]| - |€q—1]). where we again use
that y(m) = g4y (m) gq_l. Note that the cyclic operator uses the group inverse in
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M P, Hence there is in general no natural cyclic structure on BM such that the weak
equivalence M x BM — M x BM®° >~ B™ M is a map of cyclic sets. For later
work, when we study the cyclic and cyclotomic structure on log topological Hochschild
homology, it will therefore be important to work with BM &P rather than BM , even if
the two are naturally equivalent as spaces.

Definition 3.19 Let A/~! denote the cyclic (j — 1)—simplex, represented by the
object [j — 1] in Connes’ category A. Its geometric realization, as a simplicial set, is
|A/71| = S! x AJ~!. The cyclic group C; of order j acts on [j — 1] in A, hence
also on A/~!, and the induced action on |A/~!| balances the subgroup action on S'!
with the action on A/~ that cyclically permutes the vertices. See Hesselholt—-Madsen
[28, Section 7.2].

Proposition 3.20 Let M = (x) = {x/ | j > 0} be the free commutative monoid on
one generator x . The cyclic bar construction B M decomposes as a disjoint union

BYM =] [ BY(M: )
Jj=0

of cyclic sets, where BY (M ; j) = e~ (x/) consists of the simplices (my, . .. ,Myg)
with mg ---mg = x7 . Here BY(M ;0) = x is a single point, while for j > 1 there is
a cyclic isomorphism AJ~1/ Cj = BY(M; j). After geometric realization there is an
S _equivariant homeomorphism

1 j—1 = cy ]
S’ x¢; A — BY(M; j).
Hence there is an S'! —equivariant deformation retraction

BYM = xu[S'().
j=1

where S1(j) = S1/C;j. The 1-simplex (x/~1,x) forms a closed loop at (x/) that
maps by an equivalence to S'(j).

Proof This follows from the proof of Hesselholt [27, 2.2.3]. For j > 1 the (j —1)-
simplex (x, x,...,x) generates BYY(M; j) as a cyclic set. Hence there is a surjective
cyclic map A/~' — BY(M; j). The restriction of the canonical S'-action on
|BY M| to C; C S! acts on the (j — 1)—simplices by cyclic permutation, and fixes
(x,x,...,x). Hence the cyclic map factors over A/~! /Cj. There are no further
relations in B%Y(M; j), giving the asserted cyclic isomorphism and S!—equivariant
homeomorphism. The simplex A/~! is C 'j—equivariantly contractible to its barycenter,
giving the asserted S!—equivariant homotopy equivalence. O
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Proposition 3.21 Let M = (x), with group completion M = (x,x~!) = {x/ |
j € Z}. The cyclic bar construction B M 8P decomposes as a disjoint union

BYM® = [ [ BY(M#: j) = [ [ $1())
JEZ JEZ

of cyclic sets, where B (M®P; j) = (e2?)~!(x/), and (x/~!, x) forms a closed Ioop
mapping by an equivalence to S'(j). Hence

BM =] [ BYM#; j) > [[ ')
j=0 j=0
and the repletion map BYM — B™ M decomposes as the disjoint union of the
inclusions
BY(M: j) — B¥(M*: j)
for j > 0. For each j > 1, this inclusion is an S —equivariant homotopy equivalence.
For j =0, the map
x = BY(M;0) — BY(M?#P;0)
identifies the source with the S —fixed points of the target.

There is a cyclic isomorphism B® (M2P;0) = BM, where BM P ~ S1(0) has the
cyclic structure taking [m|---|mg4] to [(m --~mq)_1 |my|---|my_1]. The associated
circle action

S'x BM® — BM®

is homotopic to the trivial action. Furthermore, for each finite subgroup C, C S there
is a homeomorphism B (M ;0) 2= BYY (M ; 0)Cr , which is equivariant with respect
to the canonical group homomorphism S' — S'/C, . Hence there is an S ' —equivariant
homotopy pushout square

* BM#P

L

BYM —— B™PM
of simplicial sets, where BM# ~ S1(0).

Proof For each j > 0, the projection w: BY M — BM?#P restricts to a cyclic
isomorphism

BY(M®; j) = BM®,

when the target is given the cyclic structure that takes [my|---|mg4] to

[x/ (my - -mg) ™ my |- lmg ).
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The closed 1-simplex (x/~!, x) <> [x] induces a homotopy equivalence S' — BM P,
and the circle action on B&P M is compatible, up to homotopy, with the circle action
St xSt - ST given by (z, w) — z/w. See Loday [42, 7.3.4, 7.4.5].

For j > 1, the circle action on BY(M; j) =~ S'(j) takes the 0—simplex (x/) once
around the 1-simplex (1, x7), which deformation retracts to a loop winding j times
around S'(j). By inspection of the simplicial structure, the loop (1, x/) is homotopic
to the composite of j copies of the loop (x/~1, x). Hence the map S! ~ BY(M; j) —
BY(M?®P; j) ~ S has degree 1, and is a homotopy equivalence, for all j > 1.

To check that this map is an S !—equivariant equivalence, we check that the map of
H —fixed points is a homotopy equivalence for each closed subgroup H € S!. The
S!_fixed points of a cyclic set Z consists of the O—simplices z with #;5¢z = soz. In
BY(M: j) and BY(M¥®P; j) the only O—simplex is z = (x/), with 5oz = (1, x/) and
t150z = (x7, 1), so both fixed point spaces are empty for j > 1, whereas for j = 0
both fixed point spaces consist of the single point (1).

To study the fixed points for finite subgroups C, C S, we use the r—fold edgewise
subdivision functor Z +— sd; Z of Bokstedt—Hsiang—Madsen [15, Section 1], with
(sdy Z)q = Z,(g+1)-1 for ¢ = 0. Recall that there is an S ! _equivariant homeo-
morphism D,: |sd, Z| = |Z] for cyclic sets Z, and the C,—action on |sd, Z| is
induced by a simplicial action on sd, Z. There is a simplicial isomorphism By’ M =
(sd, B& M)Cr given by the r—th power map

Ay (mg,...,mg) = (mg,...,Mq,...,Mg,...,Mg)

(repeating its argument » times), which leads to the chain of homeomorphisms

Ay Df"
BYM 2L ((sd, BOM)C| = |sd, BE M| 2 (B MG

The composite homeomorphism is equivariant with respect to the canonical group
homomorphism S' — S!/C,. Since €(A,(z)) = €(z)", this homeomorphism restricts
to a homeomorphism

BY(M:i) = BY(M:ri)Cr
whereas B?Y (M ; j) has no C,—fixed points when r } j.
Similar results hold for M 2P, so by naturality we can identify
y i BY(M: ) — BY(M®; )
with the homotopy equivalence B (M ;i) — BY(M®P;i) for j = ri, and with the

trivial equivalence @ — @ for r  j. Hence BY(M; j) — BY(M®; j) isan S'-
equivariant homotopy equivalence, for j > 1. O
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Definition 3.22 Let A be a commutative ring. Suppose first that 4 is flat over Z.
The Hochschild homology of A is the simplicial ring HH(A) = S} ® 4, with

HH(A); = AR A® ---® A

((g + 1) copies of A) in simplicial degree ¢. The Hochschild homology groups of
A are the homotopy groups HH; (A) = ; HH(A). The natural maps n: 4 — HH(A)
and €: HH(A) — A make HH(A) a simplicial object in 4/CRing/A, and € makes
HH(A) acyclic objectin CRing/A. If A isnot flat over Z, we replace A by a Z-flat
simplicial resolution, form HH(—) degreewise, and pass to the diagonal of the resulting
bisimplicial ring.

Definition 3.23 Let (4, M, «) be a pre-log ring. There is a natural pre-log structure
BYM — (HH(A), )

with left adjoint S§ @ @: Z[BY M| — HH(A). It makes (HH(A), B%Y M) a simplicial
object in (A, M)/PreLog/(A, M), and a cyclic object in PreLog" " /(A, M ).
Suppose first that A is flat over Z[M ], so that HH(A) is flat over HH(Z[M]) =
Z[B9Y M]. By definition, the log Hochschild homology (HH(A, M), B*P M, §) of
(A, M) is the replete simplicial pre-log ring S! ®™P (4, M). Here HH(A, M) is
given by the pushout square

Z[S} @ M| —— Z[S! ®™P M]

S.1®&J/ l

Sle A4 HH(A, M)

of simplicial commutative rings, which we can rewrite as the pushout square

Z[BY M| — Z[B™P M]

sles| g

HH(A) —7 > HH(A, M)

in the same category. The pre-log structure map
& B™"M — (HH(A, M), -)

is right adjoint to the right hand vertical map 5 . The log Hochschild homology groups
of (A, M) are the homotopy groups HH; (4, M) = n; HH(A, M).

So HH(A, M) is naturally a simplicial pre-log ring under and over (4, M), and a cyclic
pre-log ring over (A, M). The comparison homomorphism v: HH(A)— HH(A4, M)
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is a morphism in each of these two categories. If A is not flat over Z[M ], we replace
A by a Z[M ]-flat simplicial resolution, form HH(—, M) degreewise, and pass to the
diagonal of the resulting bisimplicial ring.

Remark 3.24 We can also rewrite the pushout squares in Definition 3.23 as follows

HH(Z[M]) —~ HH(Z[M], M)

g i

HH(A) HH(A, M)

where Z[M] has the canonical pre-log structure. In this sense the log Hochschild
homology of the canonical pre-log rings (Z[M], M) (together with the Hochschild
homology of ordinary rings) determines the log Hochschild homology of general pre-
log rings. It can also be convenient to base change the top row of this square along
a: Z|M]— A, to obtain a pushout square

v
A @z HH(Z[M]) — A @z p HH(Z[M], M)

)] ) |3

HH(A) d HH(A4, M)

of simplicial commutative A-algebras. Here AQzpfHH(Z[M], M) = AQZ[BM *#P].

4 Logarithmic Kahler differentials

We return to a review of the log Kihler forms in algebra, modifying Kato’s discussion
[35, Sections 1, 3] to emphasize Dan Quillen’s view on commutative ring derivations
in terms of abelian group objects [60, Section 2]. Again, we restrict attention to
commutative rings, but the generalization to commutative R-algebras over a base
commutative ring R is easy.

Definition 4.1 Let A be a commutative ring and let J be a left A—module. Since
A is commutative, we can also think of J as a right A—module, with ja = aj. The
square-zero extension A @ J is the commutative ring with multiplication map

(AdJ)x(AdJ)—>(AJ)

that takes (a7 ® ji,a2 @ j2) to ajas & (jiaz + aij2). The obvious projection
€: A®dJ — A makes A @ J a commutative ring over A, with augmentation ideal J
having the zero multiplication J x J — J.
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Remark 4.2 The inclusion n: A — A ¢ J taking a to a & 0, the multiplication
wASJ S =2(ADJ) x4 (ADPJ)—> A J taking a® j1 D jr to a® (j1 + jo),
and the conjugation y: A®J - A@ J taking a® j to a® (—j), make 4 & J
an abelian group object in the category CRing/A of commutative rings over 4. As
Quillen remarks, the functor J — A @ J is an equivalence from the category Mod 4
of A-modules to the category (CRing/A)ap of abelian group objects in CRing/A.

Definition 4.3 Let 4 and J be as above. The derivations of A with values in J is
the abelian group

Der(A, J) = (CRing/A) (A, A& J)

of ring homomorphisms D: A — A& J over A. These all have the form D(a) =
a @ d(a) where d(ab) =d(a)b+ad(b), so the additive group homomorphism d: 4 —
J is a derivation in the more elementary sense. The Kdhler differentials of A is the
A-module

9,11 = A{da|a € A}/(d(ab) = (da)b + a(db))
generated by symbols da for a € A, subject to the relations d(ab) = (da)b + a(db)
for all a,b € A. It corepresents derivations, in the following sense.
Lemma 4.4 The universal derivation D: A — A & QL, taking a to D(a) =a @ da,
induces a natural isomorphism
HomA(QL,J) =~ Der(4, J). o
Lemma 4.5 Let g: C — A be a homomorphism of commutative rings, and let J be

an A-module. Write g*J for J viewed as a C —-module via g. Composition with
g®id: C d J — A @ J induces an isomorphism

Der(C, g*J) = (CRing/A)(C. A& J).
Proof This is clear, since €: C @ J — C is the pullback of €: A®J — A along g. O

Lemma 4.6 Let M = (X) be the free commutative monoid on a set X . Then
Qzin = ZIM]®@ M®

is the free Z[M |-module induced up from M, with dx corresponding to 1 ® y(x),

forallxe X C M.
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Proof For each Z[M |-module J, there are natural isomorphisms

Der(Z|M], J) = {functions d: M — J with d(ab) = d(a)b + ad(b)}
=~ {functions X — J}
~CMon(M,(J,+)) = Ab(M® (J,+))
~ Homzp(Z[M]® M, J).

Hence Z[M]® M P corepresents derivations of Z[M]. O

Remark 4.7 When extended to simplicial commutative rings, the functor 4 +—
Der(A, J) admits homotopical right derived functors, known as the André—Quillen
cohomology groups D9(A, J); see Quillen [60, Section 4]. These are corepresented
as the cohomology groups H?(Homy(LQL, J)) of (the chain complex associated
to) the simplicial 4-module ]LQI{1 =AQ®p, Q},., known as the cotangent complex,
where Po—> A is a cofibrant simplicial commutative ring resolution of A. (Cofi-
brant effectively means that P, is a free commutative ring, ie, a polynomial ring,
in each simplicial degree.) The homology groups of the cotangent complex are the
André—Quillen homology groups Dg(A4,J) = Hy(J ®4 ]LQL). As special cases,
D°(A,J) =Der(A,J) and Dy(A,J) = J @4 Qll. When we pass from the algebraic
to the topological context in the next sections, we will automatically be working
with mapping spaces that incorporate these derived functors. Therefore the natural
generalization of the Kéhler differentials will be the topological form of the cotangent
complex LR, namely the topological André—Quillen homology spectrum TAQ(A).

Lemma 4.8 Let M be a commutative monoid, and let Foe—>M be a cofibrant
simplicial commutative monoid resolution of M . Then

Ly ~ ZIM]® F&.
Proof Cofibrancy effectively means that F, is a free commutative monoid in each

simplicial degree. Then P, = Z[Fo]—>Z[M] is a cofibrant simplicial commutative
ring resolution of Z[M ], and Q},. >~ Z[Fe]| ® F5¥, by Lemma 4.6. Hence

Lz =~ ZIM] ®zF,) (Z[Fe] @ FF) = Z[M]® F,

where F5 denotes the degreewise group completion of Fi. O

Remark 4.9 In the notation of Lemma 4.6, dm € Q2 IZ[ M] does typically not correspond
to 1 ®y(m) € Z[M]® M when m € M \ X. For example, d(x?) = 2xdx
corresponds to 2x ® y(x) rather than 1 ® y(x2), when x € X . It follows that the
simplicial Z[M ]-module structure on Z[M|® F5" in Lemma 4.8 is usually not induced
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up from the simplicial abelian group structure on F'. It would be if the simplicial
operators on Fe took monoid generators to monoid generators, but this is rarely the case.
For example, if a face of y € F} is x%e Fy, where y and x are monoid generators,
then the corresponding face of 1 ® y(y) is 2x ® y(x), not 1 ® y(x?).

The zero-th homotopy group of LQ IZ[ a recovers the Kihler differentials IZ[ M’
which also does not need to be an extended Z[M ]-module. It will be a finitely
generated projective Z[M |-module when Z[M] is smooth over Z, but as we have just
discussed, the face maps Z[M]|® F igp =2 ZM|® ng with coequalizer 7oL Q2 IZ[ M
are not extended Z[M ]-module maps in general. In the same way, the topological
André—Quillen homology TAQ(S[M]) to be discussed in Definition 10.3, will not in
general be an extended S[M ]-module, even if this is so when M is a grouplike or

free commutative Z—space monoid. See Remark 10.11.

Remark 4.10 To define log derivations and log Kihler differentials, we should deter-
mine the abelian group objects in a category of log rings over a fixed log ring (4, M).
A maximal choice is the category Log/(A, M) of all log rings over A. A minimal
choice is the subcategory str Log/(A, M) of log rings with a strict homomorphism
to (A4, M), and strict homomorphisms between these. An intermediate choice, and
probably the most interesting one, is the category Log™P/(A, M) of replete log rings
over (A, M).

The forgetful functors from Log to PreLog, CRing and CMon are right adjoints,
hence preserve limits. It follows that the categorical product in Log/(A, M) of two log
rings (By, Ny) and (B,, N;), both over (A4, M), is the log ring (B x4 B3, N1 Xapr N3)
over (A, M). Here By x4 B, C By X B, and N1 xps N, C N1 x N, are the usual
fiber products.

When both augmentations (B;, N;) — (A, M) are strict, and both projections
(B1 x4 By, N1 xp Na) — (Bi, Ni)

are strict, then (B; x4 B>, N1 Xpr N») is the product of (By, N1) and (B;, N,) in
the subcategory str Log/(A, M). When both augmentations (B;, N;) — (A, M) are
replete, the fiber product (B x4 By, N1 Xpr N») is replete over (A, M) (by Lemma
3.11), so this is the product of (By, N1) and (B;, N,) in Log"™P/(A, M).

Definition 4.11 Let (A, M) be a log ring and let J be an A-module. The square-
zero extension (A® J,n* M) is the log ring with A @ J as its underlying commutative
ring, and the inverse image n* M of M along the inclusion n: A — A & J as its
underlying commutative monoid. The projection €: A & J — A induces a strict
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homomorphism (e, €”): (A& J,* M) — (A, e*n* M) = (A, M), since en = idy,

which makes (A & J,n* M) an object of str Log/(A, M).

Lemma 4.12 Let (4, M) and J be as above. There is an isomorphism
Mx(J,+)=n"M

of commutative monoids, where (J, +) denotes the underlying additive monoid of J .
Under this isomorphism, the log structure map n*«a: n*M — A @ J takes (m, j) to
a(m)-(1® j) =a(m)®a(m)-j.

Proof We have a commutative diagram

{3 GL;(A4) M (4,-)
o e
(1+J,)—>GL (4D J) M~ (AT, )

of commutative monoids. The preimage of GL; (A ® J) C (A D J, -) in (4, -) is
GL;(A), so its preimage in M is also isomorphic to GL(A), since (M, «) is a log
structure. It follows that the middle square is the pushout defining the logification n* M .
The left hand square is also a pushout, since GL1(A & J) = GL{(4) x (1 + J, -).
This gives an isomorphism M X (14 J, -) = n* M . When combined with the monoid
isomorphism (J,+) = (14 J, -) thattakes j € J to 1 + j € 1 4+ J, we obtain the
isomorphism of the lemma. O

Lemma 4.13 Let (A, M) be a log ring. The functor taking an A—-module J to the
square-zero extension (A & J,n*M) is an equivalence from the category Mod4
of A-modules to the category of (str Log/(A, M))ap of abelian group objects in
str Log/(A, M).

Proof The two projections from

A J DI MxIx))=(ADT) x4 (ADJI), "M xprn*M)

to (ADJ, N*M)=(ABJ, M xJ) are strict, so (ADJT)X4(ADJT), n* M xpr n* M)
is the product of (A @& J, n* M) with itself in str Log/(A, M).

The inverse image of M along n: A — A @ J, the inverse image of n*M X3 n*M
along u: (A J) x4 (A J) — (A& J), and the inverse image of n* M along
X A®dJ — A@ J, are all canonically isomorphic to n*M . Hence the abelian
group object structure maps 7, u and x of A @ J in CRing/A are all covered
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by strict homomorphisms of log rings (1, 7?), (u, 1°) and (x. x”), specifying how
(A& J,n* M) is an abelian group object in str Log/(A, M).

Conversely, an abelian group object (B, N) in str Log/(A, M) must map by the
forgetful functor to an abelian group objectin CRing, so B =~ A@® J must be a square-
zero extension. For the unit homomorphism (7, nb): (A, M) — (B, N) to be strict,
we must have N =~ n*M . Hence Mod4 — (str Log/(A, M)),p is an equivalence of
categories. |

Remark 4.14 By the previous lemma, the category of abelian group objects in
str Log/(A, M) does not depend on the log structure on A. It is plausible that the
larger category of abelian group objects in Log/(A, M), where the morphisms are
not required to be strict, provides a more interesting category of “log modules” over
(A4, M). In this case, the underlying commutative ring of an abelian group object
(B,N) in Log/(A, M) must still be a square-zero extension B =~ A & J, while the
underlying commutative monoid must be an abelian group object N in CMon/M .

The latter objects must have the form e: N — M , where ¢! (m) C N is an abelian
group for each m € M, and the monoidal pairing N x N — N is given by group
homomorphisms € ! (m) x €1 (m,) — e~ (m1m,), for my, m, € M . For example,
each abelian group K determines an abelian group object N = M x K in CMon/ M ,
with structure maps e€(m, k) = m, n(m) = (m,e), u(m,ky,ky) = (m, k1k,) and
x(m, k) = (m,k~1). However, in the current generality there are also abelian group
objects that do not have this form. For example, if M = (Ny, +) and K = (Z,+),
the commutative submonoid N C M x K with e 1(e) = {e} and €' (m) = K for
m # e, is an abelian group object in CMon/M . In this example, N is integral but
not finitely generated. Replacing K = (Z, +) by K = Z /2 we get a fine (= finitely
generated and integral) example N that is not saturated.

It therefore appears that the full category (Log/(A, M))qap is rather complicated. By
restricting attention to fs (= fine and saturated) monoids N and M, or by working
only with N that are replete over M , one may ensure that the abelian group objects in
the restricted subcategory of CMon/M all have the form N = M x K, for an abelian
group K. This seems to lead to more manageable categories (Log™/(A, M), and
(Log™P/(A, M))ap, respectively. For example, an object of Log™P/(A, M) will have
the form (4@ J, M x K, y) for some A-module J, some abelian group K and some
pre-log structure
Yy MxK—>(A®J, ).

This leads to questions like which y specify (replete) log structures, and which objects
(A® J,M x K,y) are abelian group objects in Log™P/(A, M'). We think these
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abelian objects in replete log rings over (A, M) constitute a good candidate for a
category of log modules over (4, M).

In the topological context, it is more natural to consider stable objects, or spectra, rather
than abelian group objects. The slogan is that “stabilization is abelianization”, as seen
eg in Schwede [72]. We view replete log rings under and over (A, M) as a based
(= pointed) category, and can form nonempty coproducts within this category, as in
Definition 3.12. Passing to simplicial replete log rings under and over (A4, M), we
can form tensor products with nonempty simplicial sets, and tensor product with the
simplicial circle SJ specifies a suspension functor on this category. The stable category
of (symmetric) spectra

SpE((A, M)/ Log™/(A, M))

of simplicial replete log rings under and over (A, M), with respect to this suspension
functor, appears to be the best algebraic category of log modules over (4, M). In
joint work with Steffen Sagave we are investigating the Quillen K -theory [61] of
this category, and its relation to the Quillen K —theory of the localization A[M ~!]=
A Rz[M] 7| M 2P].

Definition 4.15 Let (A4, M) be a log ring and J an A-module. The log derivations
of (A, M) with values in J is the abelian group

Der((4, M), J) = (Log /(A M))((A, M), (A& J,n"M))
of homomorphisms (D, D®): (A, M) — (A@® J, n* M) of log rings over (4, M).

More precisely, we should form the abelian group of strict log homomorphisms over
(A, M), but this is no restriction, as the following lemma shows.

Lemma 4.16 Every log homomorphism (D, D?): (A, M) — (A & J,n*M) over
(A, M) is strict.

Proof The inverse images D*M and n* M are the pushouts of GL;(A) — M along
GL{ (D) and GL;(n): GL{(A) - GL{(4& J), respectively. Here GL;(A & J) is the
coproduct of GL;(A) and (1 4 J, -) both along GL (D) and along GL(7), so both
D*M and n*M are coproducts of M and (1+ J, -), and D’ induces the canonical
isomorphism between them. O

To corepresent log derivations by a module of log differentials, we express the group of

log derivations as a pullback of the groups of ring derivations and monoid derivations,
subject to a compatibility condition. This uses the following definition.
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Definition 4.17 Let M be a commutative monoid, and K an abelian group. The
commutative monoid derivations of M with values in K is the abelian group

Der’(M, K) = (CMon/M)(M, M x K)

of monoid homomorphisms D’ M — M x K over M. These all have the form
D"(m) = (m, d°(m)), where d°: M — K is a monoid homomorphism, and corre-
spond bijectively to the group homomorphisms M — K, where M P is the group
completion of M. We might call the abelian group M &P the commutative monoid
differentials of M . Recall that we write y: M — M#P for the canonical monoid
homomorphism.

Lemma 4.18 The universal monoid derivation D*: M — M x M, taking m to
DP(m) = (m, y(m)), induces a natural isomorphism

Ab(M®, K) =~ Der” (M, K) . O

Remark 4.19 In other words, M &P corepresents commutative monoid derivations.
Unlike in the commutative ring case, this construction is already derived, since if
Fe—=>M s a cofibrant simplicial commutative monoid resolution (with F, a free
commutative monoid in each simplicial degree), then the degreewise group comple-
tion F&¥ is weakly equivalent to M €P. For a proof, see Puppe [58, Section 3.6, Satz 13]
or Quillen’s appendix in Friedlander—Mazur [24]. In other words, the commutative
monoid cotangent complex LM = F§P is weakly equivalent to the commutative
monoid differentials M &P.

Proposition 4.20 Let (A, M,«) be a log ring and J an A-module. There is a
pullback square
Der((A, M), J) Der(A4, J)

| |-

Der’ (M, (J, +)) AN Der(Z[M],a*J)

of abelian groups. Here (J, +) denotes the underlying abelian group of J, and &*J
denotes J viewed as a Z|M ]-module via the adjoint log structure map o: Z[M]— A.

The homomorphism ¢* is induced by the ring homomorphism &, taking a derivation
D: A — A& J to the composite D o&. The homomorphism ¥* is induced by
the monoid homomorphism n*a: n*M — (A & J, -), taking a monoid derivation
D’ M — n*M to the ring homomorphism Z|M]— A & J that is left adjoint to the
composite monoid homomorphism n*a o DP.
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Proof Recall from Lemma 4.5 the identification of Der(Z[M|,&*J) with the ring
homomorphisms Z[M]— A& J over A, and from Lemma 4.12 the identification
of Der’(M, (J, +)) with the monoid homomorphisms M — n*M over M. A log
derivation (D, D?): (A, M) — (A& J, n* M) consists of a ring derivation D: A —
A@®J and a monoid derivation D’: M — n* M , subject to the compatibility condition
that the diagram

M —Q>(A’ )
Dbl l/(Da)
M (A J, )

of commutative monoids commutes. By adjunction, this is equivalent to the commuta-
tivity of the diagram

ZIM] —% = 4

Z[Db]l iD

ZirM] LS A g

of commutative rings. Hence the pair (D, DP) defines a derivation homomorphism
precisely when ¢*(D) = v* (D). O

Lemma 4.21 Let (A, M,«) be a log ring. The functors from A-modules to abelian
groups that take J to Der(A, J) and Der(Z[M],&*J) are corepresented by the Kihler
differentials €2 1{1 and the induced A-module A®zp1)€2 IZ[ M)’ respectively. The natural
homomorphism ¢* is corepresented by the A—module homomorphism
(b: A ®Z[M] QlZ[M] — QII‘I

given by pla®dm) =a-do(m)
forae A and m € M . It is left adjoint to the Z| M ]-module homomorphism QIZ[M] —
jS induced by «: Z[M]— A.
Proof This is clear. O
Lemma 4.22 Let (A, M,«) be a log ring. The functors from A-modules to abelian
groups that take J to Der’(M, (J,+)) and Der(Z[M],a*J) are corepresented by
the induced A-modules A @ M® and A ®z[p] 2 IZ[ M1 respectively, The natural
homomorphism {* is corepresented by the A—module homomorphism

¥ ARz Qpppy —> A® M
given by Y@®dm)=a-a(m)Qy(m)

forae A andme M.
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Proof For each A-module J there are natural chains of isomorphisms
Homy (A @ M® J) = Ab(M*®,(J,+))
~CMon(M,(J,+))
~ Del’ (M, (J, +))
= (CMon/M)(M,n*M)
(using the identification n* M =~ M x (J, +) from Lemma 4.12) and
(CMon/(A, -))(M, (A J, ) = (CRing/A)Z[M], A J)
>~ Der(Z[M],&*J)
= (CRing/ZIM)(Z[M]. Z[M]&® J)
~ HomZ[M](SZIZ[M], J)
= Homy (4 ®zpm1 Qppary J) -

To find the corepresenting homomorphism ¥, we let J/ = 4 ® M 2P and note that the
identity homomorphism of 4 ® M P corresponds, under the first chain of isomorphisms
above, to the monoid homomorphism D°: M — n*M =~ M x (J,+) over M that
takes m to DP(m) = (m, 1 ® y(m)). By Proposition 4.20, ¥* takes this D" to the
monoid homomorphism n*a o DP: M — (A& (A Q@ M), -) over (4, -) that takes
m to
a(m)-(1& (1 ®y(m))) =a(m)® (a(m) ®y(m)).

Under the second chain of isomorphisms above, this corresponds to the 4-module
homomorphism ¥: A®z[ar Q%[M] — A® M P that takes a@dm to a-a(m)Qy(m),
for m € M . Hence this v is the A-module homomorphism that corepresents ¥ *. O

Remark 4.23 The elements m € M generate Z[M as a ring, so the dm for m € M
generate QIZ[M] as a Z[M]-module, and the formula ¥ (1 ® dm) = a(m) ® y(m)
determines the 4—module homomorphism . To see that it is well defined, we may
check that ¥ (1 ® d(mn)) = a(mn) @ y(mn) equals ¥ (1 ® ((dm)n +m(dn))) =
a(m)a(n) @ y(m)+a(m)a(n) @ y(n).

Remark 4.24 The A-module homomorphism ¥ is induced by the Z[M |-module
homomorphism €2 IZ[ M~ Z[M|® MeP that takes dm to {(m)®y (m), in the notation
of Definitions 2.12 and 3.1. As we shall explain in Remark 13.7, the latter homo-
morphism corresponds to the stabilization of the repletion map {: Z[M]|® Z|M]| —
ZIM]| QP Z[M] =~ Z[M]| ® Z|M*#P], in the stable category associated to the based
category Z[M]/CRing/Z|M].
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Definition 4.25 Let (4, M,«) be a pre-log ring. The log Kiihler differentials of
(A, M) is the A-module Q(l AM) defined by the pushout square

"
A®ziM) Qgppy —= A® M

o

¥ 1
Ql R 4,m)

¢

in A-modules of the homomorphisms ¢ and ¥ from Lemmas 4.21 and 4.22, re-
spectively. We write da for ¥ (da) and d logm for ¢(1 ® y(m)), with a € A and
m € M, where 5 and EZ are the canonical homomorphisms. Note that d(ab) =
(da)b + a(db), dlog(mn) = dlogm + dlogn, and do(m) = a(m)dlogm, for
a,be Adand m,ne M.

Remark 4.26 In other words,
Qgar = B (A4S M)/ ~

where ~ is A-linearly generated by the relation da(m) = (1Qdm) ~ (1 Qdm) =
a(m) ® y(m) for m € M . Thus we recover Kato’s definition of log differentials [35,
(1.7)]. The relation da(m) = a(m) d log m, which shows that d log m has the formal
properties of the logarithmic differential a='da for a = a(m), is the main reason for
the use of the adjective “log”, or “logarithmic”, in this theory.

Like in Kato’s introduction, we permit (M, &) to be a pre-log structure in the definition
of Qz AM)" If (M, ) (or its logification (M, «)?) is the trivial log structure, ¥ and

Y are isomorphisms, so Q(IA M) = le. See also Lemma 11.27.

Proposition 4.27 Let (A, M, «) be a log ring. The universal log derivation
(D, D"): (A, M) > (A® Q4 1y 0" M),

taking a € A to D(a) = (a, da), and taking m € M to D®(m) = (m, d log m), induces
a natural isomorphism

HomA(Q(lA,M), J)=Der((4, M), J).
Proof Use Proposition 4.20, Lemmas 4.21 and 4.22, and Definition 4.25. O
Lemma 4.28 Let X C X UY be a pair of sets, let M = (X) be the free commutative

monoid generated by X, and let A = Z[(X U Y)] be the free commutative ring
generated by X UY . Let a: M — (A, -) be the monoid homomorphism extending
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the composite inclusion X C X UY — A. Then M*®P = Z{X} is the free abelian
group generated by X , ¢: AQ Z{X} - AQ® Z{X U Y} is the inclusion induced by
XCXUY,v: AQZ{X} > AR Z{X} is the sum over x € X of the injective
A-module homomorphisms x-: A — A taking a to xa, and

Qg = AX} @ ALY}

where x € X and y € Y correspond to d log x and dy in Q% AM) respectively. There
is a short exact sequence

0>, Lol =@ a/xa—o,
xeX

where the residue map res takes dlogx tol € A/xA, and dy to 0. |

Remark 4.29 Following Ofer Gabber (see Olsson [55, Section 8]), we can define the
log cotangent complex of a pre-log ring (A, M) as the simplicial A-module
1 1
L0 = AP Fo) $(p,. Fy) »

where (Ps, Fo)—>(A, M) is a cofibrant simplicial pre-log ring resolution of (4, M).
Cofibrancy ensures that in each simplicial degree ¢, the pre-log ring (Py, Fy) is freely
generated by a pair of sets X; C X, Ll Y, as in the lemma above. Our log topological
André—Quillen homology spectrum TAQ(A, M) will be the generalization to pre-log
S —algebras of this log cotangent complex.

Remark 4.30 For amap (R, P, p) - (A, M, ) of pre-log rings, Kato also defines
an A-module Qé AM)/(R.P) of relative log Kidhler differentials, which agrees with
the absolute log Kihler differentials when (R, P) = (Z, {1}). The logification maps
(R,P)— (R, P% and (4, M) — (A, M?) induce isomorphisms

1 = ol = o1

L r.P) 7 LMo/ P) T AM) /(R P -
For maps (R, P, p) > (A, M,a)— (B, N, B) of fine pre-log rings there is a transitivity
exact sequence

1 1 1
B®4Q .y r.p) ™ BN R.P) ™ BN/ (40M) 7O
of B—modules; see Kato [35, Proposition 3.12]. For a pushout square
(R, P) — (T, Q)

S

(A, M) —— (B, N)
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of pre-log rings, with B=AQ®gr7T, N =M &p O and A4 flat over R, there is a base
change isomorphism

1 ~ 1
B®71 Q1 0)/(r.P) = (BN /(4.M)

of B—modules [35, page 196]. We say that A — B is formally étale if Q};/A =0,

and (A, M) — (B, N) is formally log étale if Q(IB,N)/(A,M) = 0. We shall discuss

topological analogues of these results later in the paper.

Remark 4.31 The log Kihler differentials of the canonical log structure satisfy
1 ~
Qzimm) = ZIM)® M*P .

Hence, for a general pre-log ring (A4, M) there is a pushout square

v
ARz Lgpar) — A Bz Lz pan) )

¢i ) ;

¥ 1
Q! L (4.0)

of A-modules. The localization map (A4, M) — (A[M ~'], M2P) induces a further
map
1 1 ~ 1
Q(A,M) — Q(A[M_l],Mgp) = QA[M—I] y

where the last isomorphism uses that M P-4 is the trivial log structure on A[M ~!].

Example 4.32 We continue the discussion of log structures on discrete valuation rings
from Example 2.16, referring to Serre [75, Section 1.6] and Hesselholt—-Madsen [29,
Section 2.2] for more details. Let 4 — B be a finite extension of discrete valuation
rings, with uniformizers 7 and x, fraction fields K — L, and residue fields k — ¢,
respectively. In particular, B is the integral closure of 4 in L. We assume that K and
L are of characteristic 0, and that k and £ are perfect fields of characteristic p.

We can write w = ux® in B, where u is a unit and e is the ramification index. For
simplicity we may assume that # = 1, since the pre-log structures (7) and (x¢) on A
have the same logification. Let ¢ (X) € A[X] be the minimal polynomial of x over A4,
so that B =~ A[X]/(¢(X)). Then

QL) 4= B/(¢/(x).ex?"){dx},
QB0 (4 = B/ (x¢'(x), e){d log x}

since dp(x) = ¢'(x)dx, dm = d(x¢) = ex® !dx and dlognm = dlog(x®) =
edlogx.

Geometry & Topology Monographs, Volume 16 (2009)



Topological logarithmic structures 445

. : _ 1 _ 1 _
If A4 —>.B is unramli?ed, so e = 1, then ng/A = 0 and Q(B,(x))/(A,(Jr)) =0, so
A — B is (formally) étale and (formally) log étale.

If A — B is totally ramified, so e = [L : K], then ¢(X) is an Eisenstein polynomial
P(X) =X —nm6(X)
where 6(X) € A[X] has degree < e, and 6(0) is a unitin 4. Then
(@'(x),ex™1) = (w8 (x), ex®™")

is contained in (x) unless e = 1, so QE/A = 0 only if 4 — B is an isomorphism.
Furthermore,

x¢'(x) = ex® —xm0'(x) = m(el(x) — x0'(x))
so (x¢'(x)) C () C (x). Hence Q%B CN/(AL () = 0 if and only if e is a unit in
B/(x) =4, ie, if and only if p } e.

A general finite extension A — B is the composite of an unramified and a totally
ramified extension, so 4 — B is étale if and only if ¢ = 1, and (4, (7)) — (B, (x))
is log étale if and only if p } e, ie, if and only if A — B is tamely ramified. In this
way, log geometry extends the range of étaleness (and smoothness) to allow tame
ramification.

5 Symmetric logarithmic structures

We recall an interpretation of the Hochschild homology of a ring, based on Quillen
[60, Section 3], which is similar to the interpretation of the Kéhler differentials as a
corepresenting object for derivations. Thereafter we extend this point of view to the
log case.

Definition 5.1 Let A be an associative ring, always with unit, and let 4° = A ® AP,
so that 49 —modules are the same as A—bimodules. Let K be an 4-bimodule. The
square-zero extension A @ K 1is the associative ring with multiplication

(a1 @ k1) (a2 ®k2) =araz @ (kyaz +arks).
The augmentation €: A @ K — A taking a ® k to a makes A @& K an associative ring

over A, with two-sided augmentation ideal K having the zero multiplication.

Remark 5.2 The structure maps 7, i and x, defined as in Remark 4.2, make 4 @ K
an abelian group object in the category ARing/A of associative rings over A. The
functor K +— A @ K is an equivalence from the category Mod4e of A-bimodules to
the category (ARing/A)ap- See Quillen [60, Section 3].
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Definition 5.3 The associative derivations of A with values in K is the abelian group
ADer(A, K) = (ARing/A)(A, A® K)
of associative ring homomorphisms D: 4 — A @ K over A. Define the A-bimodule
Dy of associative differentials by the short exact sequence
0Dy A A A0
of A-bimodules, where m(a ® b) = ab. It corepresents associative derivations, in the

following sense.

Lemma 5.4 The universal associative derivation D: A — A & D4, taking a to
D(a) =a® da where i(da) =1 ®a—a ® 1, induces a natural isomorphism

Homye (D4, K) = ADer(4, K) .
When A = T (X) is the free associative ring generated by a set X, ADer(T(X), K) =
{functions X — K}, so Dr(x) = T(X)® ® Z{X} is a free T (X)¢-module. O

Definition 5.5 If A4 is a commutative ring, so that m: A ® A — A is a ring homo-
morphism, we say that an A-bimodule K is symmetric if the left and right A—module
actions on K agree: a-k =k -a fora € A, k € K. Equivalently, K is symmetric
if K = m"J, where J is the underlying left A-module of K and m*J denotes the
A-bimodule obtained from J by restriction along m. Let

SDer(A4, J) = ADer(4, m*J)
be the symmetric derivations of A with values in J.
Lemma 5.6 The restriction functor m*: Mod4 — Mod e is compatible with the

forgetful functor (CRing/A). — (ARing/A)a under the equivalences Mod 4 >~
(CRing/A)a and Modye ~ (ARing/A)qp.

Proof The forgetful functor between abelian group objects exists because the forgetful
functor CRing/A — ARing/A preserves finite products. The compatibility amounts
to the fact that A @ J in Definition 4.1 agrees with 4 @ m*J in Definition 5.3. O

Lemma 5.7 Let A be a commutative ring, let J be an A—module, and let m*J be
the corresponding symmetric A-bimodule. There is a natural isomorphism

Homy (A ® 4¢ Dy, J) = ADer(A,m"J).

In other words, the symmetric derivations of A are corepresented by the A—-module
A ®qe Dy of symmetric differentials. O
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Remark 5.8 For a commutative ring A and an A-module J, a symmetric derivation
D: A— A®m*J over A is the same as an ordinary derivation D: A — A@® J over A.
Hence the symmetric differentials A ® 4¢e Dgq = D4/ Dfl are canonically isomorphic
to the Kéhler differentials Qil. However, since D4 is defined for associative rings and
Q 1{1 for commutative rings, their homotopically derived functors will be different.

The case of Kéhler differentials and the cotangent complex was discussed in Remark
4.7. In the associative setting the functor 4 — ADer(A4, K) acquires homotopical right
derived functors when extended to simplicial rings. These functors are corepresented
by the simplicial A-bimodule LDy4 = A° ® ¢ Dr,, where T, +—> A is a cofibrant
simplicial ring resolution of A. As usual, cofibrant effectively means that 7, is a free
associative ring, ie, a tensor algebra over Z, in each simplicial degree. We call L. D 4
the associative cotangent complex. When the composite functor 4 — SDer(A4, J) =
ADer(A, m*J) is derived in the same way, the corepresenting object is the simplicial
A-module ARQ4¢LD4 = A®r¢ Dr, , Wwhich we call the symmetric cotangent complex.

Remark 5.9 By Lemma 5.4, L D4 is a free A°—module in each simplicial degree.
If we assume that A is flat over Z, then T¢—>A¢, so LD4—>D4 is a free A°—
module resolution. Let B = B(A, A, A) = Al ® A be the two-sided bar construction
on A. Since we are assuming that A4 is flat over Z, €: Be—>A is a flat A°—module
resolution, and there is a weak equivalence A ® 4¢e LD4 ~ Be ® 4¢ D 4. Hence the
short exact sequence of A—bimodules defining D4 yields a homotopy cofiber sequence

A KR 4e ]LDA — Be — HH(A)

of simplicial 4—-modules, where we use that Be ® 4¢ A = HH(A). The left (or right)
unit inclusion 4 —- A ® A = By — B, is a weak equivalence, and the composite
map A — HH(A) equals the usual structure map 1. We might therefore, somewhat
imprecisely, say that

A®4e LDy — A5 HH(A)
is a cofiber sequence up to homotopy, where 7 is split injective. In particular, there are
isomorphisms

HH41(A4) = 74(A ®ue LDyg) = Tor," (A, D)
for ¢ > 0.
Definition 5.10 Let A be an associative ring. An associative pre-log structure (M, o)
on A is an associative monoid M and a monoid homomorphism «: M — (4, -) to

the underlying multiplicative monoid. It is an associative log structure if the restricted
homomorphism o~! GL;(A4) — GL(A) is an isomorphism. An associative (pre-)log
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ring is an associative ring with an associative (pre-)log structure. A homomorphism
(f, f°): (4, M) — (B, N) of associative pre-log rings is a ring homomorphism
f: A— B and a monoid homomorphism f°: M — N such that (f, -)oa = o /7.
Associative log rings generate a full subcategory ALog of the category APreLog of
associative pre-log rings.

Lemma 5.11 Let (A, M) be a log ring, and let J be an A—-module. Then (A, M) is
an associative log ring, and the forgetful functor (Log/(A, M ))an—(ALog/(A, M ))ap
takes the abelian group object (A®J,n* M) in Log/(A, M) to an abelian group object
(A®m*J, n*M) in ALog/(A, M). Here n* M = M x (J, +).

Proof The underlying associative ring of a commutative log ring (A4, M) is an asso-
ciative log ring, since the forgetful functor preserves the formation of GL{(4) C (4, -)
and the pullback o=! GL;(4) C M. There is a forgetful functor between abelian
group objects because the forgetful functor Log/(A, M) — ALog/(A, M) preserves
finite products. The factorization of n* M is from Lemma 4.12. O

Remark 5.12 We omit to discuss inverse images of associative log structures, general
abelian group objects in .ALog/(A, M), associative log derivations, and associative
log differentials.

Definition 5.13 Let (4, M) be a (commutative) log ring, and let J be an 4A-module.
The log symmetric derivations of (A, M') with values in J is the abelian group

SDer((A, M), J) = (ALog/(A, M))((A, M), (A®m"J, n* M))

of homomorphisms (D, D?): (A, M) — (A & m*J, n* M) of associative log rings
over (4, M).

Definition 5.14 Let M be an associative monoid, and K an abelian group. The
associative monoid derivations of M with values in K is the abelian group

ADer’ (M, K) = (AMon/M)(M, M x K)

of monoid homomorphisms D°: M — M x K over M . Let H;(BM) =~ M*& be
the abelian group of associative monoid differentials of M .

If M is commutative, the symmetric monoid derivations of M with values in K is the
abelian group
SDer’(M, K) = (AMon/M)(M, M x K)

of monoid homomorphisms D M — M x K over M. Let H;(BM) =~ M2 be the
symmetric monoid differentials of M .
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Lemma 5.15 There is a universal associative monoid derivation
D’: M — M x H{(BM),

taking m to D"(m) = m @ [m] where [m] is the homology class of m viewed as a
1 —simplex in BM . It induces a natural isomorphism

Ab(H{(BM), K) =~ ADer’(4, K) .
When M is a free associative monoid, there is a weak equivalence
SH;(BM)~Z{BM}

of simplicial abelian groups, where ¥ H;(BM) is the simplicial suspension of the
constant simplicial abelian group H{(BM ), Z{BM } is the degreewise free abelian
group on the simplicial set BM , and Z{BM } is the kernel of the augmentation
Z{BM}— 7.

Proof For each abelian group K, there is a natural chain of isomorphisms
(AMon/M)(M, M x K) =~ AMon(M, K)
~ CMon(M™, K)
>~ Ab(M™ K)= Ab(H;(BM),K).

When M is the free associative monoid on a set X, BM is weakly equivalent to
a wedge sum of X circles, so Z{BM } has homotopy concentrated in dimension 1,
which makes it weakly equivalent to the suspension X Hy(BM). a

Remark 5.16 As for derivations of rings, symmetric monoid derivations and com-
mutative monoid derivations are the same, but their homotopically derived functors
are different. The associative monoid cotangent complex of M is the simplicial
abelian group LH;(BM) = H,(BF,), where Fo—>M is a simplicial resolution
of M by free associative monoids. By Lemma 5.15 there is a weak equivalence
Y H{(BF,) >~ Z{BF.}, and Z{BF.} ~ Z{BM} by the Hurewicz theorem, so

SLH,(BM) ~ Z{BM}

has homotopy groups n,LH{(BM) =~ Hy(BM) for ¢ > 0, isomorphic to the
higher homology groups of BM .

When M is a commutative monoid, the symmetric monoid cotangent complex of M
is the same simplicial abelian group L H;(BM) = H;(BF.,), where Fo—>M is a
cofibrant associative monoid resolution of M , so the formula XL Hy(BM) ~ Z{BM }
continues to hold.
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Proposition 5.17 Let (4, M, «) be a (commutative) log ring and J an A-module.
There is a pullback square

SDer((A, M), J) SDer(A4, J)
| ¢
SDer’(M, (J, +)) AN SDer(Z[M],&*J)
of abelian groups. The homomorphism ¢* is induced by «: Z|M]| — A, and the
homomorphism ¥* is induced by n*a: M x (J,+)=n*M - (AD J, -). O

Lemma 5.18 The functors from A-modules to abelian groups taking J to SDer(A, J)
and SDer(Z[M,a"J) are corepresented by the symmetric differentials A ® 4¢ D4 and
the induced A-module A ®z[pr1e Dz[p, respectively. The natural homomorphism
¢* is corepresented by the A—module homomorphism

¢: A ®z[M]e DZ[M] —> AQ®ye Dy
induced by &: Z[M]— A. O

Lemma 5.19 The functors from A-modules to abelian groups that take J to
SDer’(M, (J,+)) and  SDer(Z[M],a"J)

are corepresented by A ® M® and A ®z[p)e Dz[m), respectively. The natural
homomorphism y* is corepresented by the A—-module homomorphism

v A ®z[M]e DZ[M] — AQ M*P
given by Y@a@®dm)=a-a(m)®y(m)

forae A andme M.

Proof We have a natural chain of isomorphisms
(AMon/(A, - ))(M,(A J, ) = (ARing /A)ZIM],AD J)
>~ ADer(Z[M],a"J)
=(ARing/A)(ZIM], ZIM] J)
= Modzane (Dzians J)
= Mod4(A ®zime Dzimy. J) -

Let / = A ® M® and note, as in the proof of Lemma 4.22, that the identity
homomorphism of 4 ® M &P corresponds to a D’ e SDerI’(M ,(J,+)) that maps
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under ¥* to the monoid homomorphism n*« o D" over (4, -) that takes m in M
to a(m) ® (¢(m) ® y(m)) in (A & J, -). Under the chain of isomorphisms above,
this corresponds to the Z[M |-bimodule homomorphism that takes dm in Dz to
a(m) ® y(m) in J, and thus to the asserted A-module homomorphism. |

Definition 5.20 Let (4, M, «) be a (commutative) pre-log ring. The symmetric log
Kdhler differentials of (A, M) is the A-module A® 4¢ D4, pr) defined by the pushout
square

A®zmie Dzim AR M®P

‘| i |4

A®4e Dy A ® 4ge D4,y

in 4A—-modules.

Proposition 5.21 There is a natural isomorphism

Homy (A ® 4¢ D(4,p).J) = SDer((4, M), J). a

Remark 5.22 The symmetric log cotangent complex should now be constructed as
L(A4 ®4¢ D(a,m)) = A ®1¢ D1, FW)

using a cofibrant replacement (T, Fo)—>(A, M) in a (closed) model structure on
simplicial associative log rings, in the sense of Quillen [59]. We have not worked out
the details of such a model structure, but it is clear that the simplicial object above will
be the pushout in a suitable category of the maps

Ly Lo
AQLH{(BM) «— A®zpme LDzip) — A ®4¢ LDy

connecting the symmetric cotangent complex of Z[M] to the symmetric monoid
cotangent complex of M and the symmetric cotangent complex of 4.

Recall the cofiber sequence up to homotopy
A®4e LDy — A5 HH(A)

from Remark 5.9, where 7 is split injective as a map of simplicial commutative rings.
The analogous sequence for Z[M] takes the form

n
ARzimie LDzip — A —> ARz M HH(Z[M]),
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after base change along &: Z[M]— A. By Lemma 5.15 there is also a cofiber sequence
up to homotopy

ARLH(BM)— A2 A®Z[BM],
where 7 is again split injective, with mapping cone A @ XL H{(BM) >~ A® Z{BM }.
Here Z[BM| = Z{BM } as simplicial abelian groups, but since BM is a simplicial
commutative monoid, we can also think of Z[BM/] as a simplicial commutative ring,
and therefore we switch to the monoid ring notation.

This suggests that the log Hochschild homology of (A, M) should sit in a cofiber
sequence up to homotopy

L(A ® 4 Diapr)) — A HH(A, M)

with 5 split injective. In particular, HH(A, M) should be a homotopy pushout of
homomorphisms

AR Z[BM] <L 4@z HH(ZIM]) S HH(4)

in a suitable category.

Lemma 5.23 The extension ¢: A ®zp] HH(Z[M]) — HH(A) of (the suspension
of) Lgp: A ®zpmie LDzp) — A ®4¢ LD 4 is homotopy equivalent to the natural
homomorphism of simplicial commutative rings induced by o«: Z[M] — A. It is given
by

Ppa® (mo,my,...,my)) = (ac(mgp),a(my),...,a(mg))

in simplicial degree q . O

Lemma 5.24 The extension ¥: A @zp) HH(Z[M]) — A ® Z[BM] of (the suspen-
sion of) Ly: A @z[m1e LDz[pm — A ® LH(BM) is homotopy equivalent to the
natural homomorphism of simplicial commutative rings obtained from

Zl(e, n)]: HH(Z[M]) =~ Z[BY M| — Z[M x BM] =~ Z[M]® Z[BM]

by base change along «: Z[M]|— A. Here €¢: BYM — M and w: BYM — BM
are the natural maps taking (mg, my, ..., mg) in simplicial degree q to ]_[?:0 m; and
[my|---|my], respectively. The simplicial ring homomorphism is given by

q
Y(@® (mo,mi.....mg)) =a | [alm;) ®my|---myg]

i=0

in simplicial degree ¢ .
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Proof By Lemma 5.19, the extension ¥: A®zarje Dzip) — A® M P takes 1@dm
to a(m) ® y(m). The identification 4 ®@z[arje Dzim) = A Qzv) HH (Z[M]) takes
l®dmto 1® (1,m) =1® om, and the identification A ® M =~ A ® H(BM)
takes a(m) ® y(m) to a(m) ® [m]. Hence ¥: A @zp) HH(Z[M]) — A @ Z[BM ]
takes 1 ® om to a(m) ® [m], and agrees with the claimed formula in dimensions < 1.

When M is an associative monoid, we interpret A ®za]HH(Z[M]) as HH(Z[M], A),
ie, the Hochschild homology of Z[M ] with coefficients in the bimodule 4. When M
is free associative, both HH(Z[M ], A) and A ® Z[BM] are trivial in dimensions > 2,
hence Y agrees with the claimed formula in all dimensions.

Returning to the case of a commutative monoid M , let Fo—>M be a resolution
by a simplicial associative monoid that is free associative in each degree. Then
HH(Z[F,.], A) > A ® Z|BF,] agrees with the claimed formula for i in all degrees
and dimensions. It follows (modulo coherence) that ¥: A ®zp) HH(Z[M]) =
HH(Z[M], A) - A ® Z|BM] is given by the asserted formula, since both maps
HH(Z[F.], A) - HH(Z[M], A) and Z[BF.]| — Z[BM] are weak equivalences. O

Remark 5.25 Given Lemmas 5.23 and 5.24, it is quite clear that HH(A, M) should
be the pushout of ¢ and v in the category of simplicial commutative rings, so that we
have the following three (homotopy) pushout squares

Z Z 9
2] — 2" ey ] — T g0 < BM

| L

A A @z HH(Z[IM]) —— A Q Z[|BM]

¢l la

HH(A) HH(A, M)

v

in that category. Up to the weak equivalence M x BM —=>M x BM >~ B™P M of
Lemma 3.17, the composite of the two right hand squares is exactly the same as the
second pushout square of Definition 3.23, where HH(A4, M) was defined as the replete
tensor product of SJ copies of (4, M). We view this agreement of constructions, one
in terms of replete pre-log structures, and the other in terms of symmetric log derivations,
as a confirmation that both notions are meaningful and appropriate. However, the former
definition has the advantage that it produces a cyclic object, and the structure maps ¢
and v defining the pushout are not just defined up to homotopy. These features will be
essential when we proceed to consider cyclotomic structure in the topological context.
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Remark 5.26 One may reverse engineer the passage between the symmetric log cotan-
gent complex and the log Hochschild homology, to determine that the morphisms L¢
and L.y in Remark 5.22 should be viewed as morphisms in a category of desuspended
simplicial nonunital commutative rings, and the pushout defining IL(A4 ® 4¢ D(4,ar))
should be formed in that category. In other words, the suspension XIL(A4 ® 4¢ D4, 1))
is the pushout of XIL¢ and XLy in simplicial nonunital commutative rings. This fits
with the degree zero part A ® 4e D(4,0r) being the pushout of ¢ and ¥ in A-modules,
as in Definition 5.20.

Definition 5.27 Let R — A be a homomorphism of commutative rings. The de Rham
complex

Q; /R = Aj‘; 9,11 /R
is the exterior algebra over A on the Kéhler differentials of A relative to R. It is the
free graded commutative 4-—algebra generated by the 4-module Q;l /R When R=7
we omit it from the notation. As in Remark 5.8 there are identifications

Qlyp = A®4e Dygyg =HH{(4),

taking a db to the Hochschild class of a ® . In view of the graded commutative
A-—algebra structure on HHf (A) there is a canonical map

Q% g — HHE(4).

By the Hochschild—Kostant—Rosenberg theorem [31] (see also Loday [42, 3.4.4]), this
map is an isomorphism when A is smooth over R.

Let (R, P) — (A, M) be a homomorphism of pre-log rings. The log de Rham complex

* _ *01
QP = DM/ (R P)

is the exterior algebra over A on the log Kihler differentials of (A4, M) relative to
(R, P). It is the free graded commutative A-—algebra generated by Q% AM)/(R.P)"
When (R, P) = (Z,{1}) (the absolute case) we omit it from the notation. There are
identifications

1 ~ ~ (R,P)
Q) /r.p) = A®ue Diamyy(r,p) = HH (A, M)

taking @ db and a d log m to the log Hochschild classes of ¥ (¢ ® b) and ¢(a ® [m]),
respectively. See Remark 3.24 and Definitions 4.25 and 5.20. Hence there is a canonical
map

R,P
(5-1) Q4 anyyr.py — HEED (4, M)

of graded commutative A —algebras.
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Proposition 5.28 When (A, M) is log smooth over (R, P), so that (1 AM)/(R.P) is
a finitely generated projective A—module, then the canonical map (5-1) is an isomor-
phism.

Remark 5.29 We plan to prove this result, together with its topological generalization
for log THH smooth (R, P) — (A, M), in joint work with Philipp Reinhard. The
idea is to construct a log Quillen spectral sequence, analogous to Quillen [60, (8.2)],
Minasian [51, 2.7] and McCarthy—Minasian [48, 1.1] in the classical cases.

Part II Logarithmic structures on structured ring spectra

6 Topological foundations

We now promote the algebraic theory of the previous part to a topological setting, where
rings are replaced by structured ring spectra and monoids are replaced by structured
H —spaces. In fact, we have at least two choices of topological foundations, based
on the work of Peter May et al [21] and of Jeff Smith et al [32], respectively, so we
begin by reviewing these. We emphasize the topological analogues of the categories,
functors and adjunctions that played key roles in Sections 2 through 5. A third choice of
foundations, in the context of infinity-categories, with better formal properties when it
comes to adjunctions, has been contemplated by Clark Barwick, but we cannot discuss
its details in this review.

Definition 6.1 Let I/ be the category of (compactly generated weak Hausdorff) un-
based topological spaces and continuous maps. Let 7 be the category of (compactly
generated weak Hausdorff) based topological spaces and base-point preserving contin-
uous maps. Let Mg be the category of S—modules, in the sense of Elmendorf—Kriz—
Mandell-May [21, Section II.1]. There are adjunctions

)+ no°
Sl U T Mg Q>
QOO
with the left adjoints on top, where the unlabeled arrow is the forgetful functor. We
write X +— S[X]= X°°(X4) for the composite functor Y — Mg, and E + Q¥ E

for the composite functor Mg — U, so that S[—] is left adjoint to Q2°°.

The suspension spectrum functor X°°: 7 — Mg is the composite of the suspension
prespectrum functor £°° from 7 to Lewis—May prespectra PU on a fixed universe U
(a countably infinite dimensional inner product space), the spectrification functor L to
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Lewis—May spectra SU , the free functor L to L—spectra, and the functor S Az (—)
to S-modules. By Lewis—May (pre-)spectra, we mean the nonequivariant form of the
G —(pre-)spectra discussed in Lewis—May—Steinberger [39, Section I.2]. The underlying
infinite loop space functor 2°°: Mg — 7 is the composite of the functor F (S, —)
to L—spectra, the forgetful functors to spectra and prespectra, and evaluation at the
zero-th indexing space 0 in the universe.

Definition 6.2 The cartesian product of spaces, resp. the smash products of based
spaces and of S—modules, turn (U, x, %), (7, A, S®) and (Mg, A, S) into symmetric
monoidal categories. Let Cg be the category of commutative S—algebras, ie, the
commutative monoids in M g. For a fixed commutative S—algebra A,let C4 = A/Cg
be the category of commutative A—algebras, ie, the commutative S —algebras under A.

Let £ be the linear isometries operad (in (U, X, *)) associated to the fixed universe U,
with j—th space £(j) equal to the contractible space of linear isometries U/ — U .
Following May [47, Section 3] we let £ be the operad in (7, A, S°) with j—th
space L(j)+, adding a disjoint zero. The underlying Lewis—May spectrum of each
commutative S—algebra 4 has a canonical L—action, with structure map

\/ L(j)xz, AN — 4,
Jj=0

making it an E ring spectrum for the E, operad L£; see [21, Section 11.4]. These
are homotopy commutative ring spectra satisfying coherence conditions of all orders.
Evaluating on zero-th spaces, one finds that 2°°4 has a canonical £ —action

\ L)+ A, Q2N - Q%4
Jj=0
in (7, A, S%) that makes it an Lo—space. Applying the forgetful functor to unbased
spaces, there is a canonical L—action
[]£G)xs, @24 - a4
jz0
in (U, x, x) that makes 2°°A4 an L—space. To emphasize that we retain the (multi-

plicative) £—or £ —action on 2°° 4, we denote it by Qg A.

Let L£o[7] be the category of Ly—spaces in 7, less formally known as E, spaces with
zero [46, Section IV.1], and let L[U/] be the category of L—spaces in I/, similarly known
as E« spaces. These are homotopy commutative H —spaces satisfying coherence
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conditions of all orders. There are two composable adjunctions

)+ 3o
S[—]: L]U] Lo[T] Cs Qg
Qg

as before, where all functors are compatible with those in Definition 6.1 via the
functors that forget the multiplicative structure. For example, given an L—space M ,
the unreduced suspension spectrum S[M ] is the commutative S —algebra with L—action

\ L) xg; (E° M) = E°°( [120)x Mf) — T®M,
Jj=0 j=0 +

on its underlying Lewis—May spectrum.

Definition 6.3 There are free functors
L:U— LU], Lo:T — Lo[7] and P: Mg —Cg,

defined by LX = [[;5¢ £(/) x5, X7, LoY =\, L(j)+ Ag; Y™ and PE =
\/jzo EN /%, for X inU, Y in T and E in Mg. These three functors are left
adjoint to the forgetful functors L{U] — U, Lo[7]— T and Cs — Mg, respectively.

Remark 6.4 There are topological model structures on the categories U/, 7 and
M, such that cofibrations are retracts of relative cell objects, weak equivalences
have the usual meaning, and fibrations are Serre fibrations [21, Section VII.4]. The
two composable adjunctions in Definition 6.1 form Quillen pairs, hence induce weak
equivalences between the derived (= homotopically meaningful) mapping spaces, such
as

Ms(S[X], E) =~ T(X4, QPE) ~U(X, Q®E).

Furthermore, there are topological model structures on the categories L[U], Lo[7] and
Cs, as explained in [21, Section VII.4], such that the two composable adjunctions in
Definition 6.2 consist of Quillen pairs. Hence there are weak equivalences of (derived)
mapping spaces

Cs(S[M], A) ~ Lo[TI(M, QP A) ~ LIU(M, QT A) .

Lastly, the three adjunctions in Definition 6.3 are also given by Quillen pairs, in-
ducing weak equivalences LIU](LX, M) ~U(X, M) for X in U and M in L[U],
Lo[T)(LoY, N)~T(Y,N) for Y in7T and N in Ly[7],and Cs(PE, A)~Mg(E, A)
for £ in Mg and 4 in Cg.
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Lemma 6.5 The category L[] is complete and cocomplete, and the formation of
limits commutes with the forgetful functor to U. The colimit of a diagram of L£—spaces
i = M; is given by the coequalizer

uoLk
L(colim; L M;) L(colim; M;)
L§

formed in U , where colim is the colimit in U, «: colim; L M; — L(colim; M;) is the
canonical map, u: LL — L expresses composition in L, and & is the colimit of the
structure maps &;: LM; — M;.

The coproduct of cofibrant My and M, in L[U] is weakly equivalent to the cartesian
product M| x M, via the canonical map My [ [ My — My x M,.

Similar statements hold for limits, colimits and coproducts in Ly[7], relative to T,
using the limits, colimits and smash products in 7T .

Proof Being a right adjoint, the forgetful functor commutes with limits. The exis-
tence of colimits in L[/], and the expression for the colimit in terms of a (reflexive)
coequalizer, follow as in [21, I1.7.4]. The monad L preserves reflexive coequalizers by
[21, I1.7.2]. See Basterra—Mandell [13, 6.8] for the weak equivalence of the coproduct
and cartesian product. O

Definition 6.6 Let L[U/]¥P C L[U/] be the full subcategory of grouplike L—spaces. For
each L—space M let FM be the grouplike sub— L—space consisting of the homotopy
invertible elements in M . See May [46, Section II1.2]. The inclusion ¢: FM — M
is the embedding of a set of full path components, and is therefore a fibration. The
resulting functor F: L[U] — L[U]®P is right adjoint to the forgetful functor, with
t: FM — M as the adjunction counit. For each commutative S —algebra A we write
GL(A) for the grouplike L—space F2g’ A. There is a pullback square

GL(4) —— Q%4
TL’\L ln’
GL](JT()A) EE—— 7T0A

of L—spaces, where the vertical maps take a point to its path component, and the
horizontal maps are inclusions.

Definition 6.7 Let Co be the little co—cubes operad, with j—th space Coo(j) the
colimit over n of the space C,(j) of j little n—cubes in /" = [0, 1]*. See May
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[45, Section 4]. Like £, Cx is an Es operad. Let Coo[Uf] be the category of Coo—
spaces, and let Coo[U]?P be the full subcategory of grouplike Coo—spaces. To each
CoolUU]-space M there is an associated prespectrum B*°M = {n — B" M}, with
n—th space B"M given by a monadic bar construction B(X",C,, M'). See May
[45, Section 9, Section 13]. Here C, X = ]_[jzo Cu(j) Xy, Xj/ ~ denotes the free
Cn—space on a unit-pointed space (X, 1), so C,;S® = ]_[jzo Cn(j)/ Zj, for example.
The adjoint structure maps B" M — QB"T1 M are weak equivalences for n > 1. The
associated infinite loop space 'M = Q% B> M is grouplike, and this construction
defines a group completion functor I': Coo[U] — Coo[U]EP. At the level of homotopy
categories, Ho(I"): Ho(Coo[U]) — Ho(Coo[U/]EP) is left adjoint to the forgetful functor
Ho(Coo|Uf]8) — Ho(Cwxo[Uf]), but this adjunction does not strictly lift to Coo[lf] and
Coo|UU]%P. Still, there is a natural group completion map y: M — I'M , which induces
the adjunction unit at the level of homotopy categories.

Using the chain Coo < Coo X L — L of maps of Eo, operads, it is possible to define
two adjunctions
LU = (Coo x LU __~ Cooltd]

that induce a chain of equivalences at the level of homotopy categories, but which do
not compose to a direct adjunction between L—spaces and Coo—spaces. Stringing these
constructions together we get a group completion functor I': L[U] — L[U]P, with a
natural map y: M — I'M that is a weak equivalence when M is grouplike. Again,
this Ho(T") is left adjoint to the forgetful functor Ho(L[U/]¥P) — Ho(L[UA]), but its lift
I" is not an adjoint in the strict sense.

Remark 6.8 We may also view £ as a non—X operad, in which case it is an A
operad. The underlying Lewis—May spectrum of an associative S'—algebra 4 has a
canonical non—X L-action, so Q%?A is anon—X% Ly—space, ie, an A, space with
zero. Forgetting the special role of 0, it is also a non—% L—space, ie, an Ao Space.
The homotopy units FQg 4 = GL{(A) form a grouplike non—-X L-space, and we
can group complete a non—X% L—space by passing from £ to the non—3 operad of
“little ordered intervals”, which has the same algebras as the ordinary operad C; . For
Cy—spaces M, BM = B(X,Cy, M) and TM = QBM still make sense.

Definition 6.9 Let S be the category of simplicial sets, let Sy be the category of
based simplicial sets, and let Sp* be the category of symmetric spectra in the sense
of Hovey—Shipley—Smith [32]. We view symmetric spectra as right modules over the
sphere spectrum S'.

We now follow Schlichtkrull [68, Section 2; 69, Section 2]. Let Z be the skeleton
category of finite sets and injective functions, with one object n for each integer n > 0,
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and morphism sets Z(m, n) equal to the set of injective functions «: {1,...,m} —
{1,...,n}. Let ST be the category of Z—spaces, ie, functors X: Z — S, and let Sg
be the category of based Z—spaces, ie, functors Y: Z — Sy. The permutations 3, =
Z(n,n) act from the left on Y, = Y (n), and the inclusion {1, ..., n}—{l,...,n,n+1}
induces a stabilization map Y, — Y, 4. There are two composable adjunctions

)+ e
S[-:8T St T spr
Q.

where the unlabeled arrow is the forgetful functor. The functor (—)4 takes X in ST to

X+ with X4 (n) = X(n)+. The functor X° takes Y in Sg to the symmetric spectrum

with n—th space ¥"Y, = Y, A S”, with the diagonal X, —action and structure maps

0: (Y, AS™) — Y, 1 AS™ ! induced by the stabilization map above. The functor

Q° takes E in Sp® to a based Z—space Q*E, with n—th space Q" E,. Each « in

Z(m,n) induces the map ay: Q" E,, — Q" E, taking f: S — E,, to the composite
—1

1
sn X, gmpagnm I g gnem G p Yo

where y: n — n is any choice of permutation that extends «.

Remark 6.10 The colimit-over-Z functor colimz: SZ — S is left adjoint to the
constant—Z —space functor S — ST. In the model structures of Christian Schlichtkrull
and Steffen Sagave [71], [67], this adjoint pair is a Quillen equivalence, so that we
can view Z—spaces as an equivalent model for simplicial sets (or topological spaces).
Similar remarks apply for based Z—spaces, based simplicial sets and based spaces.

The reason for working with Z—spaces in place of spaces has to do with the monoidal
structures, since commutative monoids in Z—spaces model arbitrary E, spaces,
whereas commutative monoids in ordinary spaces become products of Eilenberg—
Mac Lane spaces upon group completion.

For noncofibrant Z—spaces the correct homotopy type is computed by the colimit over
T of a cofibrant replacement, ie, by the homotopy colimit X7 = hocolimz X . In
particular, a map X — Y of Z—spaces is a weak equivalence if and only if X7 — Yj7
is a weak equivalence of simplicial sets (or spaces). In line with this characterization,
the homotopy groups of X are defined to be the homotopy groups of Xj7. An
T-space X is positively fibrant if each simplicial set X(n) is fibrant, and for each
morphism «: m — n in Z with m > 1 the map ax = X(a): X(m) — X(n) is a
weak equivalence. Let NV C Z be the subcategory with the same objects, but only
the inclusions «: {1,...,m} — {l1,...,n} (with a(i) =i for all i) as morphisms.
An Z-space X is semistable if the canonical map hocolimys X — hocolimz X is a
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weak equivalence. Positively fibrant Z-spaces are semistable, since the nerve of 7 is
contractible. See Schwede [73, Section 1.4.5] for a discussion of semistability in the
context of symmetric spectra, and Schlichtkrull [71] for the case of Z—spaces.

Definition 6.11 The concatenation LI of finite sets turns (Z, LI, 0) into a symmetric
monoidal category, so the functor categories S* and Sg inherit symmetric monoidal
pairings from the cartesian product in S and the smash product in Sy, respectively.
For X; and X, in ST, we write X; X X, for this product,

(X1 X X2)(n) = colim Xi(ny)x X3(nz),
niUny;—n

defined as the left Kan extension of the composite

X x X,
IxT 2222 6485 S
along U: 7T xZ — Z. In lack of a better symbol, we write Y; [ Y, for the smash
product in Sg of two based Z—spaces Y7 and Y,. We keep the standard notation
E 1 A E, for the smash product of two symmetric spectra.

Let CS? be the category of commutative monoids in Z—spaces and let ng be the
category of commutative monoids in based Z-spaces. We usually refer to these as
commutative L—space monoids and commutative based T—space monoids, respectively.
Let CSp¥ be the category of commutative monoids in symmetric spectra, ie, the com-
mutative symmetric ring spectra. For a fixed commutative symmetric ring spectrum R,
let Cg = R/CSp¥ be the category of commutative R—algebras, ie, the commutative
symmetric ring spectra under R.

The left adjoints (—)4+ and X° in Definition 6.9 are strong monoidal, and the right
adjoints (the forgetful functor and Q2*) are (lax) monoidal; see Mac Lane [44, Section
XI1.2]. Hence there are composable adjunctions

=)+ pold
S[—]: ¢S* cST CSpE :Qy

L]
g

relating the three categories of commutative monoids. Note that we write Qg 4 for
Q°* A equipped with the commutative monoidal structure inherited from that on A.

Remark 6.12 For a commutative monoid M in Z-spaces, My7 = hocolimz M has
a canonical action by the Barratt—Eccles operad E'X, with j—th space EX; [70,
6.5]. This is an Es, operad, and the functor hocolim;: CS% — E %[U/] induces an
equivalence of homotopy- and infinity-categories. Hence we can view commutative
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monoids in Z-spaces as a model for £, spaces. Similarly, commutative monoids in
based Z—spaces are a model for E, spaces with zero.

Definition 6.13 There are free functors
Cc: ST »cst, Gy Sg—>CS§ and P: SpE —>CSpE,

definedby CX =[];50 X®//%j, CoY =V 5o Y/ /Zj and PE=\/;5( EN /5;.
These are left adjoint to the respective forgetful functors. In the definition of CX,
X®J denotes the j—fold product X X -.- X X formed in ST, and similarly for
Y® =y@...0Y in §.

Remark 6.14 There are simplicial model structures on the categories SZ, Sg and
S pz by Sagave—Schlichtkrull [67] and Schwede [73, Section II1.2], such that the
adjunctions in Definition 6.9 form Quillen pairs, with induced weak equivalences

SpZ(S[X), E) ~ SI(X4,Q°E) ~ ST(X,Q°E)

(after cofibrant and fibrant replacements of X and E, respectively). Here we have in
mind the positive (projective, stable) model structures, where a symmetric spectrum E
is positively fibrant if each simplicial set E, is fibrant for n > 0, and each adjoint
structure map E, — QE,+ is a weak equivalence for n > 1.

There are corresponding (projective) model structures on CSt, ng and CSp¥, such
that the adjunctions in Definitions 6.11 and 6.13 form Quillen pairs. Hence there are
weak equivalences of derived mapping spaces

CSpE(S[M], A) = CST (M4, Qg A) =~ CST(M,Qy A)

and CST(CX, M) ~ ST(X, M), CSL(CoY, N) ~ SI(Y.N) and CSp*(PE, A) ~
SpE(E. A).

Lemma 6.15 The category CS? is complete and cocomplete, and the formation of
limits commutes with the forgetful functor to ST. The coproduct M1 X M, of M,
and M, in CS” is weakly equivalent to the cartesian product My x M, for cofibrant
and semistable My and M, . Similar statements hold for CSg , where the coproduct
Ni O N, of Ny and N, is weakly equivalent to the smash product Ny A N,, for
cofibrant and semistable N; and N, .

Proof The unit maps * — M and * — M, induce the structure maps M| =
MR« — M R M, and My = «X My, — M X M, that express M; X M, as
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the coproduct in CS? of M; and M,. The pairing M; X M; — M, specifies maps
Mi(ny) x My(ny) - M;(n; Uny), and similarly for M>, so there are maps

(M1 x M3y)(ny) x (M1 x M3)(np) = (My(ny) X My(nz)) X (M3(ny) x M3 (n3))
— Myi(nyUny) x My(nyUny) = (M X My)(ny Uny)

that make My x M, a commutative Z-space monoid. There is a natural equivalence
(M1)nz x (M2)pz — (M1 K M)z

for cofibrant M and M, and a natural map
(M1 x My)pz = (M1)pz X (M2)p1

which is a weak equivalence when M and M, are semistable. See Schlichtkrull [71]
for more details. O

Definition 6.16 Let (CS?)% be the full subcategory of grouplike commutative mon-
oids in Z—spaces. These are the commutative monoids in Z—spaces M such that the
commutative monoid 7o M} is an abelian group. The forgetful functor (CS%)&P —
CST admits a left adjoint F: CST — (CST)®, defined in Schlichtkrull [68]. It
takes a commutative monoid M to the grouplike commutative submonoid FM , with
FM (n) C M (n) consisting of the simplices in M (n) that have invertible image in the
multiplicative commutative monoid o Mj7. We write ©: FM — M for the adjunction
counit. It is a fibration, since each inclusion FM (n) C M (n) is the embedding of a set
of full path components. For each commutative symmetric ring spectrum 4 we write
GL;(A) for the grouplike commutative monoid in Z—spaces F'Qg A. For positively
fibrant (or semistable) A there is a pullback square

GL{(4) —— Qg4
T[l lﬂ
GL1 (JT()A) I JT()A

of commutative monoids in Z-spaces, since 7o (2g A4) sz = mo 4.
Definition 6.17 We can use the (iterated) bar construction to deloop and group com-
plete commutative monoids in Z—spaces. For a not necessarily commutative monoid

(M, i, 1n) in (ST, R, %), let the bar construction BM = BggM be the based 7 —space
obtained by diagonalization from the simplicial Z—space

[g> MR- B M
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(g copies of M ), with face maps induced by p and the unique map M — =, and with
degeneracy maps induced by 7, in the usual way. The levelwise suspension XM of
M , with (XM )(n) = (M (n)), includes into BM as the simplicial 1-skeleton, and
there is an adjoint map

y: M — QBM

where Q2BM is the levelwise loop space, with (RBM )(n) = Q(BM (n)). For pos-
itively fibrant (or semistable) M we get that (RBM )y >~ QB(Mp1), 80 y: M —
QBM is a weak equivalence if and only if M is grouplike.

In this generality is not obvious how to use loop sum to make €2 BM a strictly associative
and/or commutative monoid in Z—spaces. However, for a commutative Z—space
monoid M the multiplication u: M X M — M is an Z—-space monoid map, so BM
is itself a commutative Z—space monoid, with multiplication Bu: BM X BM =~
B(M X M) — BM . This pairing corresponds to natural maps

Bu(ny,ny): BM(ny) x BM(ny) - BM(ny Uny).

The pointwise product of loops in BM now makes 2 BM a commutative Z—monoid,
with multiplication QBM X QBM — Q2BM given by the maps

QBuny,ny): LBM(n1) x QBM(ny) — QLBM (nq Uny)

obtained by looping the maps above. See also Lima-Filho [40, page 134]. Then Q2BM
is a commutative Z—space monoid, and y: M — QBM is a commutative Z—space
monoid homomorphism. We give

I'M =QBM

this commutative Z—space monoid structure. This defines the group completion functor
I': ST — (CS%)#P, which at the level of homotopy categories is left adjoint to the
forgetful functor. The group completion map y: M — I'M induces the adjunction
unit at the level of homotopy categories. See Schlichtkrull [71] for more on group
completion of commutative Z—space monoids.

For commutative Z—space monoids M the bar construction can be iterated arbitrarily
often. Letting B°M = M and B"M = B(B"~'M) for n > 1 we get a symmetric
spectrum
B*M ={n+— B"M}
in the category of based Z—spaces, where ¥, acts on B” M by permuting the order of
the n bar constructions. Applying the homotopy colimit over Z, we get a symmetric
spectrum
B¥M = (B*M )z = {n (B"M)sz1}
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in (based) simplicial sets. For the positively fibrant (or semistable) M mentioned above,
the adjoint structure maps B"M — QB"T1 M are weak equivalences for n > 1, so
we get a weak equivalence

(T M )7 — hocolim Q" (B" M),z .
n

We think of B®°M = (B*M )7 as the prespectrum associated to the commutative
T —space monoid M , with underlying infinite loop space weakly equivalent to the
group completion (I'M )7 of My7.

Remark 6.18 For M as above and N a grouplike commutative Z—space monoid,
there is a chain of weak equivalences

CST(M,N) ~ (CST)®(TM,TN) ~ (CSH)® (M, N)

since y: N — ' N is a weak equivalence, so I' is left adjoint to the forgetful functor
in the infinity-categorical sense.

Definition 6.19 We can also apply a bar construction to certain monoids in based
T —spaces, but these do not produce deloopings in the usual sense. The unit for the
symmetric monoidal pairing [ in based Z—spaces is the constant Z—space S® = {0, 1}.
For each object (Y, €) in the category Sg /S® of based ZT—spaces over S° we let
Yo =€ 1(0) and Y; = €~ !(1). A not necessarily commutative monoid (N, 7, i, €)
in this category consists of maps 7: S = N, u: NN — N and e: N — S°,
subject to unitality and associativity conditions over S°. For such N we let the
based bar construction BAN = BN be the Z—space under and over S° obtained by
diagonalization from the simplicial based Z—space

[q]—~NE---EON =N

with face maps induced by p and € and degeneracy maps induced by 7, in the
usual way. The inclusion of zero-simplices defines a map S® — BAN, and the
product €9: NB9 — (§9)H7 =~ §0 defines the retraction BAN — S°. Note that
(BAN)1 = B(Ny) is the usual bar construction, whereas (BA N )¢ depends both on
Ny and N;p. The simplicial 1-skeleton of BA N is the disjoint union

Zg0(N)=E(No) UE(Ny).

The right adjoint to X g0 is g0, with Qg0(Y) = Q(Y¥) U (Y7). The inclusion of
the simplicial 1-skeleton X g0 N — BAN is left adjoint to a map

Y. N—)F/\N :QS()B/\N,
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which is the disjoint union of a map yy: Ng — Q(BAN )¢ and the usual group com-
pletion map y;: Ny — Q(BAN)1 = QB(N,).

Now suppose N is a commutative based Z—space monoid over S°. Then the multiplica-
tion u: NN — N is a based Z—space monoid map over S, so BAN is also a com-
mutative based Z—space monoid over S, with multiplication p: (BAN) & (BAN) =
BA(N O N)— BAN. The pointwise product of loops in BAN makes Q2goBAN a
commutative based Z—space monoid over S, and y is a morphism in that category.

In the commutative case, the based bar construction can be iterated infinitely often.
Letting BON = N and B"N = BA(B""!N) for n > 1 we get a symmetric spectrum

B3N ={n+ BN}

in the category of Z—spaces under and over S°, with suspension operator ¥ go. We can
view this as a pair of symmetric spectra in based Z-spaces, with n—th terms (B% N )¢
and (B"N); = B"(N;), respectively. Doing a base change along S® — * we get a
symmetric spectrum

BN ={n+ B"N = (B"N)/S°

in based Z—spaces. Here (B"N)/S® = (B"N)o Vv (B" N);. Applying the homotopy
colimit over Z we get the ordinary symmetric spectra (BR°N ) = {n+ (BXN)o.nz},
(BX’N)1 = {n (BXN)1nr} = B(N1), and

BN = {n+> (B} N)uz}
in (based) simplicial sets.

When N = M is obtained from a commutative Z—space monoid by adding a disjoint
zero, with €2 N — S° defined so that Ny = {0} and Ny = M, then N I N =
(MRM), B'N = (B"M)4 foralln>0, TAN = (I'M),and B°N = B®M .
In particular, y: N — I'A N is an equivalence if and only if M is grouplike.

Remark 6.20 An obvious problem is to determine for which N (with nonisolated
zero) themap y: N - I'AN = Qg0 BAN is an equivalence. The submonoid N; must
be grouplike, since (I'xN); = QB(Ny), but the analogous condition on Ng with its
Ni—action does not seem to be known.

Definition 6.21 We say that a based Z—space Y is conically based if it can be
expressed as a pushout Y = cone(L) Uy Y’ in Z—-spaces, where cone(L) is the
unreduced cone on an Z—space L, so that the cone point of cone(L) corresponds
to the base point of Y. We call L the link of the base point. The unreduced cone
of an T—space is defined pointwise: cone(L)(n) = cone(L(n)) = L(n)4+ A A'. We
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think of Y’ as the complement of the base point in Y, obtained by puncturing Y at .
The property of being conically based is obviously not preserved by most homotopy
equivalences. If ¥ = X has an isolated base point, it is conically based with L = &
the empty Z—space and Y' = X .

If Y; and Y, are conically based, with links L and L, then Y1 [JY, is also conically
based, with link

(Y{R Ly)Up mr, (L1 RY;)
and (Y} 0 Y,) = Y/ ®Y,. By induction, CoY is conically based if Y is, and
(CoY) = C(Y).

We say that a based commutative Z—-space monoid N = cone(L) Uy N’ is conically
based if the multiplication u: N EIN — N takes N'KN'C NEN to NNCN.In
this case N’ is a commutative Z—space monoid. If N is a commutative conically based
T -space monoid over S°, then sois B” N forall n >0, and (B? N)' =~ B"(N’).

Lemma 6.22 Let M = CX be free on an ZT—space X , and let N = CyY be free on
a based Z—space Y. We view N = CoY as augmented over S° = Cy(x) by the map
induced by Y — %, so N1 = {1}. Then there are weak equivalences B M ~ S[X]
and BPN ~ %Y .

If Y = cone(L) Up Y’ is conically based, then N = CoY is conically based with
N' =CY’),so B*(N') ~ S[Y'].

Proof In the based case BAN = BACpY = CyXY, so BIN = CyX"Y. The
inclusion (2£"Y)4 — CoX"Y is (2n — 1)—connected (for cofibrant Y'), so X°Y —
E;\N is a (stable) equivalence. Passing to homotopy colimits over Z we get the claimed
equivalence X®Y ~ BLN.

The unbased case follows from the based case by setting ¥ = X, sothat N = M,
and noting that B°N = B®M and X°Y = S[X].

The conically based case then follows from the unbased case by setting X = Y’, so
that M = N'. a

7 Logarithmic structures in topology

We now discuss topological analogues of log rings, where the commutative rings are
replaced by structured ring spectra (meaning commutative S —algebras or commutative
symmetric ring spectra) and the commutative monoids are replaced by E, spaces
(meaning L-spaces or commutative Z—space monoids), or E, spaces with zero
(meaning Ly—spaces or commutative based Z—space monoids).
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Definition 7.1 Let 4 be a commutative symmetric ring spectrum. A pre-log structure
on A is a pair (M, a) consisting of a commutative Z—space monoid M and a map

o M — QgA

of commutative Z—space monoids. Specifying « is equivalent to specifying the left
adjoint map

a: SIM]— A
of commutative symmetric ring spectra. A pre-log symmetric ring spectrum (A, M, a),
often abbreviated to (A, M), is a commutative symmetric ring spectrum A with a
pre-log structure (M, «). A map

(f, /"): (A4, M, &) - (B, N, B)

of pre-log symmetric ring spectra consists of a map f: A — B of commutative
symmetric ring spectra and a map f°: M — N of commutative Z—space monoids,
such that the square

o °
M*>Q®A
fbl l%f

LY
N —— g

of commutative Z—space monoids commutes. In adjoint terms, the condition is that
the square

S[M]—%~ 4
S[fb]l . if
SN~ B

of commutative symmetric ring spectra commutes. A map ( f, f by of pre-log symmetric
ring spectra is a weak equivalence if [ and f b are both weak equivalences.

Let PreLog(S) be the resulting category of pre-log symmetric ring spectra. It is equal
to the comma-category (or under-category) CS*/ Q& associated to

Qy: CSp* —CST.
and isomorphic to the comma-category (or over-category) S[—]/CS p¥ associated to
S[-]: ¢St > cSp*.

See Mac Lane [44, Section I1.6]. There are forgetful functors from PreLog(S) to
CSp* and CS?, taking (4, M) to A and M, respectively. For a fixed pre-log
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symmetric ring spectrum (A4, M), let PreLog(A, M) = (A, M)/PreLog(S) be
the category of pre-log (A, M )—algebras, ie, pre-log symmetric ring spectra under
(4, M).

Definition 7.2 Let A be a commutative symmetric ring spectrum. A based pre-log
structure on A is a pair (N, ) consisting of a commutative based Z-space monoid N
and a map a: N — Qg A of commutative based Z-space monoids. Equivalently, a
pre-log structure specifies a map &: X°*N — A of commutative symmetric ring spectra.
The category PreLogo(S) of based pre-log symmetric ring spectra is the comma-
category CS({ / S2&, which is isomorphic to the comma-category X°*/CS p~. There
are obvious forgetful functors from PreLogo(S) to CSp~, CSg and PreLog(S).

Remark 7.3 Working in commutative S —algebras, one may define the category
PreLog(S) of pre-log S—algebras as LIU]/ Qg , where Q: Cs — LIU]. Tt is
isomorphic to S[—]/Cs, where S[—]: L[U] — Cs. In the based setting, the cate-
gory PreLogo(S) of based pre-log S —algebras is defined to be Lo[7]/ 2%, where
Qg: Cs — Lo[T]. It is isomorphic to £°°/Cg, where £°°: Lo[7]— Cs. See also
Definition 9.1 below.

For definiteness, we shall mostly work with commutative symmetric ring spectra and
commutative Z—space monoids, since the description of the coproducts and deloopings
of the latter (Definitions 6.11 and 6.17) is notationally a little more convenient than for
L—spaces (Lemma 6.5 and Definition 6.7). On the other hand, for more general work
with E,, ring spectra and E, spaces for 1 <n < 00, as in Section 9, the operadic point
of view is more convenient. Since we are principally interested in multiplicative E
spaces (with or without zero), rather than in E ring spaces [46, Section VI.1], we
are not directly affected by the consistency issues raised in May [47], although some
care in the comparison of definitions is certainly required.

Definition 7.4 Let o~ ! GL{(A4) C M be defined by the pullback square

a1 GL{(4) —%=> GL(4)

M ad QA

of commutative Z—space monoids. The pullback is weakly equivalent to the homotopy
pullback, since ¢ is a fibration. The pre-log structure (M, ) on A is said to be a log
structure if the restricted map &@: @~ ! GL{(4) — GL(4) is a weak equivalence. A
log symmetric ring spectrum is a commutative symmetric ring spectrum with a log
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structure. The log symmetric ring spectra generate a full subcategory, denoted Log(S),
of PreLog(S).

A based pre-log structure (N,«) on A is a based log structure if the underlying
(unbased) pre-log structure is a log structure.

Remark 7.5 It might seem more natural to define based log structures in terms of a
pullback square in the category of commutative based Z—space monoids. If we replace
GL{(A4) by GL;(A4)+, by adding a disjoint zero, the extended map t4: GL{(4)+ —
Q& A will usually not be a fibration, and the pullback ceases to be homotopy invariant.
If we take the homotopy pullback, or equivalently, replace the disjoint zero by the path
space of the zero-th component, then it appears that the resulting space of based log
derivations (see Definition 11.8) will not be a corepresentable functor, so that we get
no good notion of based log differentials. If we add the full path component of zero in
Qg A to GL;(4), then the log condition also normalizes the part of M mapping by
« to the zero-component, which is undesirable in some topological applications (see
Example 7.18).

Definition 7.6 To each pre-log structure (M,«) on A there is an associated log
structure (M, )% = (M“%,a%), where M ¢ is defined by the upper left hand pushout
square in the diagram

a1 GL;(4) —— GL(4)

i |

M

@ Q24

of commutative Z-space monoids, and a?: M? — Qg A is the canonical map in-
duced by o and ¢. When a1 GL;(A4) is trivial, the pushout is the coproduct M9 =
M X GL;(A), which is weakly equivalent to the cartesian product M x GL{(A4) (for
cofibrant and semistable M and A).

Lemma 7.7 The associated log structure (M%,a%) is a log structure on A. If
(A, M, @) is a cofibrant log symmetric ring spectrum, the canonical map (A, M, o) —
(A, M*?,a%) is a cofibration and a weak equivalence.

Proof A productin M“ maps to a homotopy unit in g 4 if and only if each factor
maps to a homotopy unit. Hence the preimage («%)~! GL{(4) C M¢ is the pushout
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of the preimages

a1 GL(4) < a7 GL; (4) S GL, (4),
and it is therefore isomorphic to GL{(A4).

If Q§ A is obtained by attaching CST—cells of the form (CA”, CAA") to M, then
each cell either lies within GL{(A), or meets GL;(A4) only at the monoid unit. Hence
GL;(A) is obtained from o~ GL;(A4) by attaching the cells of the first kind, only, so
@ is a cofibration. Hence the pushout defining M ¢ is homotopically meaningful when
(A, M, ) is cofibrant.

If, furthermore, (M, «) is a log structure on A4, then & is a cofibration and a weak
equivalence, so its pushout M — M ¢ is also a cofibration and a weak equivalence. O

Lemma 7.8 The logification tunctor (—)%: PreLog(S) — Log(S) induces a left
adjoint to the forgetful functor, at the level of homotopy categories. There is a natural
chain of weak equivalences

Log(S)(A, M?),(B,N)) >~ PreLog(S)(A, M), (B,N))
~ PreLog(S)(A, M), (B, N%))

for (A, M) a pre-log symmetric ring spectrum and (B, N) a log symmetric ring
spectrum.

Proof Givenamap (f, f°): (4, M,a)— (B, N, B) of pre-log symmetric ring spectra,
where (N, B) is a log structure on B, we get a commutative diagram

M <~— o' GL;(4) —= GL;(4)

fbl ) l _ lGLl(f)

B
N <—— B~1GL,(B) —> GL{(B)

and a chain of maps

afb’a a
M® —— N9<«— N.

When (B, N, B) is cofibrant, the right hand map is a weak equivalence. Hence we get
a well-defined right adjoint morphism ( f, 4): (4, M?) — (B, N), in the homotopy
category. m
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Definition 7.9 To each based pre-log structure (N, &) on A we associate an associated
based log structure (N,a)? = (N4, a?), where N is defined by the pushout square

at
a ' GL{(4)4 — GL1(4)+

S

N N?

of commutative based Z—space monoids. The map a?: N — Qg A is the pushout
of the maps & and t: GL{(A4)+ — Qg A. When a1 GL{(A) is trivial the pushout
is the coproduct N4 = N [ GL;{(A4)4+, which for reasonable N and A is weakly
equivalent to N A GL{(A4)+. The analogues of Lemmas 7.7 and 7.8 hold for based
log structures.

Definition 7.10 Let A be a commutative symmetric ring spectrum. The trivial pre-log
structure on A is the pair ({1}, «), where {1} is the initial and terminal commutative
Z-space monoid, and a: {1} — Qg A is the unique map. The trivial log structure on A
is the associated log structure ({1}, ®)? = (GL{(A4), ). We say that (4, GL{(A4),1) is
a trivial log symmetric ring spectrum. We get functors (—)™: CSp* — PreLog(S)
and (—)"V-4: CSp* — Log(S), left adjoint to the forgetful functors.

Remark 7.11 We view the opposite category Log(S)°P as the category of affine
derived log schemes, with a forgetful functor to the category A ff(S) = (CS p¥)°P of
affine derived schemes, in the sense of Jacob Lurie. It is no more difficult to formulate
the global notion of a derived log scheme, which is locally glued together from affine
derived log schemes, than it is to define derived classical schemes in terms of affine
derived schemes. We will only work locally, ie, on affine pieces, in this paper.

Definition 7.12 Let M be a commutative monoid in Z—spaces. The canonical pre-log
structure on S[M] is the pair (M, {), where {: M — Qg S[M] is right adjoint to the
identity on S[M]. The canonical log structure on S[M] is the associated log structure
(M. 5)".

Let N be a commutative monoid in based Z-spaces. The canonical based pre-log
structure on X° N is the pair (N, §), where {: N — Qg X°*N is right adjoint to the
identity on X°*N . The canonical based log structure on 3°* N is the associated based
log structure (N, {)%.

We get free functors (—): CST — PreLog(S), (—) CSg — PreLogo(S),
(—)a4: ¢ST — Log(S) and (—)<24: CSg — Logo(S), left adjoint to the forgetful
functors.
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Lemma 7.13 The functor (—)+: PreLog(S) — PreLogo(S), taking (A, M) to
(A, M), and its restriction (—)4: Log(S) — Logo(S), are left adjoint to the respec-
tive forgetful functors. |

Remark 7.14 We can summarize these adjunctions in the following diagram, where
the co—symbols indicates an adjunction only in an infinity-categorical sense. As usual,
the left adjoints are either on the left hand side, or on top.

CSp=
) (_)triv i T
(_)(.dn (_)a
cST_ " PreLog(S)___ o " Log(S)

S s |

CSg PreLogo(S) oo Logo(S)

The unlabeled arrows are forgetful functors.

Definition 7.15 For a pre-log symmetric ring spectrum (A4, M), the trivial locus is
the pre-log symmetric ring spectrum (A[M ~!], M), where

AM ™ = A Agpan SITM].

There is a canonical map (4, M) — (A[M~'],TM), and (A[M~'],TM)? is the
trivial log structure. For log symmetric ring spectra (A4, M) the functor (4, M) —
A[M ~1] is left adjoint to (=)™ (at the level of homotopy- or infinity-categories),
which therefore has both a left and a right adjoint.

Example 7.16 Let (4, M, «) be a (discrete) pre-log ring, and let ¢: CMon — CST be
the “constant Z—space” functor that views a commutative monoid as a commutative 7Z—
space monoid. The Eilenberg—Mac Lane symmetric ring spectrum HA has n—th space
HA, ~ K(A, n), and there is a natural equivalence c¢: (4, -) — Q* HA of commutative
7 —space monoids. Furthermore, there is a natural equivalence ¢: GL{(A) —GL{(HA),
and ¢ commutes with pullbacks. Hence (HA,cM, ca) is a pre-log symmetric ring
spectrum, and it is a log symmetric spectrum if and only if (4, M, ) is a log ring. We
usually write (HA, M, «) in place of (HA,cM, ca).

Example 7.17 Let A be a commutative S—algebra, and let Y € 7 be a based space.
Choose a based map y: ¥ — Qg A4, and extend y freely to amap yo: LoY — Qg4
of Lo—spaces (= Eo spaces with zero). Then (A4, LyY, yo) is a based pre-log S—
algebra. We call (LoY, yy) the free Eo based pre-log structure on A generated
by y.
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When X €l is an unbased space, x: X — Qg 4 anunbased map, and X: LX — Qg A
its free extension to a map of L£—spaces (= E spaces), we get the free Eo (unbased)
pre-log structure (LX,X) on A generated by x.

When Y = X4 has a disjoint base point, so LoY = (LX)+, the free Eo based
pre-log structure generated by y: ¥ — Qg 4 restricts to the free Eoo unbased pre-log
structure generated by x: X — Qg A, where x = y|X. When the base point of V" is
not isolated, there is no such overlap of definitions.

Example 7.18 As special cases of the previous example, we consider the commutative
S—algebras A = £ and B = ku or ku(py. Here ku is the connective complex K—
theory spectrum, with Q®ku >~ BU x Z and m«ku = Z[u] with |u| = 2. For a fixed
odd prime p, £ is the Adams summand of the p—local K—theory spectrum ku(p),
with Q%0 ~ W X Z(py and m«l = Zp)[v1] with |[vi| =g =2p —2.

We have based and unbased pre-log structures (LoS?, o) and (LS?2,i) on ku,
generated by a map S? — Q@ ku representing u € moku. Similarly, we have based
and unbased pre-log structures (L¢S?,v1,) and (LS?,v;) on £, generated by a
map S9 — Qg’{ representing vy € mgl. Here LoS? = \/jzo L)+ As; SS9 and
LS4 = 11 j=0 £(J) xx; (S 4)Jj | Note that these pre-log structures map entirely into
the zero-component BU =~ BU x {0} (resp. W =~ W x {0}), with the single exception
that the E space unit in the j = 0 summand of the source maps to the E, space
unit 1 in BU x {1} (resp. W x {1}).

There is amap f: { — ku(p) of commutative S—algebras, inducing the ring homo-
morphism fx: Zp)[vi] = Z(p)lu] that takes v; to uP~1. In the based category, this
lifts to a map
(/. /1) (€. LoST.B1,0) = (ku(p), LoS* ito)

of based pre-log S—algebras, where f b: LoST — L¢S? is freely generated by the
composite map S7 = (SH NPT — L(p— 1)y Ag,_, (SHNPTD — L,S2. The
middle map depends on a contractible choice of a point in £(p — 1). To make the
diagram

LoST —= W X Zy)

1
u

LoS? —= BU(p) X Z(p)

strictly commute, we must assume that the representing map S — W x Z,) for v;
is chosen to lift the composite map S9 — L¢S? — BU(p) X Zp)- See the examples
at the end of Section 12 for more on this map of based pre-log .S —algebras.
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Remark 7.19 In the unbased category, there is no map

(f, f7): (€, LS, 0y) A (kupy, LS, )

of (unbased) pre-log S —algebras lifting the usual map f: £ — ku (), for odd primes p.
For f b LS9 — LS? must freely extend a map

S LS* =[] £()xs, (8%
ji=0
that takes S? to the j = p — 1 summand in a rationally nontrivial way. But any map
from S9 to L(j) xx; (S?)7 lifts through £(j) x (S2)/ ~ (S?)/, and nq((Sz)j) is
torsion.

This is an unsatisfactory feature of the unbased theory, since we expect f: £ — ku(p)
to behave as a tamely ramified extension of commutative S —algebras, with ramification
locus corresponding to (v{) C m«{ downstairs, and (#) C m«ku(p) upstairs. The
ramification should be tame, since (v;) = («)?~! and the ramification index e = p —1
is prime to the residue characteristic. By analogy with Example 4.32, we might therefore
expect there to be log structures on £ and ku(p) such that f lifts to a log étale map.
Further evidence in this direction is given by Christian Ausoni’s discussion in [4,
Section 10]. As Example 7.18 and this remark shows, this is plausible in the context of
based log structures, but not so for unbased log structures.

However, as in Example 12.16, the free E, based log structures on £ and ku,) are
too simple to realize f as part of a log étale map. In a later paper, we will describe
a recently found modification of the current theory, working with commutative MU—
algebras in place of commutative S —algebras, where this log étale realization problem
has a positive solution. Here MU is the complex bordism spectrum.

Example 7.20 Among the based pre-log structures (N, o) on a commutative S—
algebra A, such that o takes all but the identity element of A to the zero-th path
component of A, there is a terminal example. It has N = (Q34) U {1}, where
QA C QA denotes the full path component of the base point 0. Note that N has
the multiplicative E o structure, not the additive one. This full zero-th path component
pre-log structure is canonically associated to A4, and each map like f: £ — ku(p)
of commutative S —algebras is covered by a corresponding pre-log map. However, it
seems to be difficult to determine the associated based deloopings B (N ), and we
have not been able to analyze any interesting cases.

Example 7.21 Let A be a commutative symmetric ring spectrum, and let ¥ be a
based Z-space. Choose a based Z—space map y: ¥ — Qg 4, and extend y freely
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to amap yo: Co¥ — QgA. Then (4, (oY, o) is a based pre-log symmetric ring
spectrum. A homotopy class [u] in 7w (A4), for d > 0, is realized at some level 7 in
the Z—space Qg A, by amap u: S 4 5 Q"A,. When A is positively fibrant, we may
assume n = 1. Letting ¥ = F, S 4 be the free 7 —space generated by S d atlevel n, we
get an Z—space map y: ¥ = F,S9 — Q2§ A, which generates a based pre-log structure
(CoY, y9) on A, as above. We call this the free commutative pre-log structure on A4
generated by u. There is, of course, a corresponding unbased construction.

Definition 7.22 Let f: A — B be a map of commutative symmetric ring spectra, and
let (M, «) be a pre-log structure on A. The inverse image log structure

(S*M, [Ta) = (M. Qg [ oa)*

on B is the log structure associated to the pre-log structure given by the composite
map

o [ g@f [
M — Q®A —_— Q®B

of commutative Z—space monoids. Hence there is a commutative diagram

(2% f o)~ GLi(B) M ——>QpA

T

GL1(B) J*M — Qg B

where the left hand square is a pushout square. In particular, there is a canonical map
(f. f°): (4, M) — (B, f*M) of (pre-)log symmetric ring spectra.

Similar definitions can be made for based (pre-)log structures, using the associated
based log structure from Definition 7.9.

Lemma 7.23 The space of log maps (A, M)— (B, N) covering a fixedmap f: A— B
of commutative symmetric ring spectra is weakly equivalent to the space of log maps
(B, f*M)— (B, N) covering idp, the identity on B.

Proof The space of commutative Z—space monoid maps M — N that make the
following diagram commute

o .
Q4

M
I
N Jo
\
N

- B
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agrees with the space of pre-log maps from (M, Qg foa) to (N, B) covering idpg, and
this is weakly equivalent to the space of log maps from (M, f*«) to (N, B) covering
idp, essentially by Lemma 7.8. |

Lemma 7.24 The canonical map (M, a) — (M %, %) from a pre-log structure on A
to the associated log structure induces a weak equivalence

("M, fFa) = (S5 (M), [* (@)
of inverse image log structures on B.

Proof The part (R / oa?)™! GL;(B) of the pushout M that sits over GL{(B) is
the pushout of the parts of M < a~! GL{(A4) — GL;(A) that sit over GL;(B), ie, the
pushout of (g /o)™ GL;(B) <~ a~! GL;(A) — GL;(4). So in the commutative
diagram

a1 GL,(4) z GL;(A)

l |

(Q% /o)™ GL{(B) —= (Qg [ oa®)™' GL1(B) — GL1(B)

| | |

M Me S

the upper left hand square, the rectangle formed by the two left hand squares, and the
lower right hand square are pushout squares. It follows that the lower left hand square,
and the rectangle formed by the two lower squares, are pushout squares. Hence f*M ,
which is the pushout of the latter rectangle, is equivalent to f™*(M?). |

Definition 7.25 A map (f, /°): (4, M) — (B, N) of log symmetric ring spectra is
strict if the corresponding commutative Z—space monoid map f*M — N is a weak
equivalence. We write str Log(S) C Log(S) for the subcategory of strict maps.

Definition 7.26 ILet f: A — B be a map of commutative symmetric ring spectra and
let (N, B) be a pre-log structure on B. The direct image pre-log structure (f« N, f«B)
on A is defined by the pullback square

S«B

fxN —=QgA
L,
B .
N Qg B
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of commutative Z—space monoids. When (N, §) is a log structure on B, (fx N, f«fB)
will also be a log structure on A4, called the direct image log structure, since the part
of fxN sitting over GL{(4) C QgA is the pullback of B~'GL; B and GL;(A)
over GL(B), which then is isomorphic to GL;(A4). There is a canonical map
(f, ): (4, fi N) — (B, N) of (pre-)log symmetric ring spectra.

Lemma 7.27 The space of log maps (A, M)— (B, N) covering afixedmap f: A— B
of commutative symmetric ring spectra is weakly equivalent to the space of log maps
(A, M) — (A, fxN) covering id4, the identity on A.

Proof The space of commutative Z—space monoid maps M — fx N that make the
upper square of the diagram

I
| =
v
fe e
fuN 25 Qg4

|

NHQ.B
ﬂ ®

commute agrees, by the universal property of pullbacks, with the space of commutative
T —space monoid maps M — N that make the outer rectangle commute. O

Remark 7.28 The present definition of a pre-log structure on a commutative S—
algebra A is only really suitable for connective 4, since the functors g and GL;
ignore the negative homotopy groups of A. In other words, the pre-log structures
on A are the same as the pre-log structures on its connective cover, and this is
undesirable in some topological applications. For example, the based Bott pre-log
structure (LoS?, o) on the connective K —theory spectrum ku is generated by a map
u: S? — Q@ ku. It gives a nontrivial log structure on ku, since multiplication by u
induces a map X%ku — ku that is not a weak equivalence. However, the corresponding
pre-log structure (LoS?, Qi oiig) on the periodic K-theory spectrum KU, where
i: ku — KU is the connective covering map, should ideally be viewed as a trivial log
structure, since multiplication by u induces a weak equivalence X2KU — KU .

We hope to resolve this point in a later paper, as an application of the graded version of
T —spaces developed in Sagave—Schlichtkrull [67]. Conversely, the Bott structure on ku
should arise as the direct image ix GL{(KU) of the trivial “graded” log structure on
KU . More generally, the connective cover e of any commutative S —algebra £ with
periodic homotopy groups should inherit a nontrivial canonical graded log structure
i« GLi(F) from E, as the direct image along the connective covering map i: ¢ — E.
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8 Logarithmic topological Hochschild homology

Definition 8.1 A map e: M — P of commutative Z—space monoids is exact if the
diagram

M—C-TMm

€ \L l Te
p—">rpP
is a homotopy pullback square. A map €: M — P of commutative Z—space monoids is
virtually surjective if the induced homomorphism woI'e: moI'M — mo" P of abelian
groups is surjective. Let
cs*/pyrccst/p
be the full subcategory of virtually surjective M over P. We say that a virtually
surjective M over P is replete if it is also exact, ie, if the diagram above is a homotopy
pullback square. Let
(CSI/P)rep C (CSI/P)Vsur

be the full subcategory of replete M over P.

Definition 8.2 For a virtually surjective e: M — P, let the repletion of M over P
be the pullback
M™ = p Xrp M

in the square diagram above, with the canonical structure map €"P: M™P — P. The
following diagram of commutative Z—space monoids commutes, where the right hand
square is a pullback by construction:

M—M" —TM

I

P P re

We call the map M — M™P the repletion map.

Proposition 8.3 For virtually surjective €: M — P, the maps
M—- M >TM

induce weak equivalences
M = T(M™) = [(TM)

upon group completion. Hence M™P is replete over P.
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Proof We start with the pullback square defining M ™P, from Definition 8.2. For each
q = 0, the square of g—fold X—products

MPK- - RIM™®P —TMX.--- KM

| |

PX..-KP rPx...-xXrp

is a homotopy pullback square, since (P X P)j7r >~ Ppz X Ppz, and similarly in the
three other corners of the square. More precisely, this equivalence holds if P is a
cofibrant Z—space, and similarly for the three other corners, so we should first apply
cofibrant replacement to the pullback square defining M ™P. This does not affect the
homotopy type of M™P, I'M , etc., and will therefore be suppressed in the rest of the
argument.

We now wish to apply the Bousfield—Friedlander theorem [16, Theorem B.4], to
conclude that the diagonalized square

B(M™) — B(TM)

L

BP B(T'P)

is a homotopy pullback square of commutative Z—space monoids. Assuming this, we
can pass to pointwise loop spaces to get the homotopy pullback square

[(M™) —> T'(TM)

L

rp I'(TP).

Here the lower horizontal map is a weak equivalence, hence so is the upper horizontal
map. It follows that

M Tep > F(MTBP)

L

P———TP

is a homotopy pullback square, so M™P is replete.
To apply the Bousfield—Friedlander theorem, we need to know that

Xo: gl TMR---RTM
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and Ye: [q] > T'PX.-- X TP (g copies of 'M, resp. I'P) satisfy the w4«—Kan
condition (see Bousfield-Friedlander [16, Section B.3]), and that 7§ (Xe) — 7 (Ye)
is a (Kan) fibration. The bar construction on any group (or groupoid) is fibrant, and
the same argument shows that X, and Y, satisfy the w4«—Kan condition. The zero-th
vertical homotopy groups of X and Y, are

o (Xe): [q] > 7o (Xy) = (eI M)?

and 7§ (Ye) = (mol'P)?, so nf(Xe) — my(Ye) is the map of bar constructions
B(nogI'M) — B(mwo'P) induced by the group homomorphism wol'e: mgI'M —
o' P. By assumption €: M — P is virtually surjective, so gl € is surjective, and
this precisely ensures that B(wgI'M) — B(moI'P) is a fibration. |

Lemma 8.4 The functor (—)*P: (CST/P)"*"" — (CST/P)™P is left adjoint to the
forgettul functor, at the level of homotopy- or infinity-categories. (Homotopy) colimits
of nonempty diagrams exist in (CS*/P)"*"", and are formed in CS* /P . Homotopy
colimits of nonempty diagrams exist in (CS*/P)™P, and are constructed by first
forming the homotopy colimit in (CS*/P)"*"" and then applying (—)"P. |

Definition 8.5 Let (R, P) be a base pre-log symmetric ring spectrum. A pre-log
symmetric ring spectrum (A, M) over (R, P) is virtually surjective if the underlying
commutative Z—space monoid M is virtually surjective over P. It is a replete pre-log
symmetric ring spectrum if the underlying commutative Z—space monoid M is replete
over P.

Let (PreLog(S)/(R, P))"" and (PreLog(S)/(R, P))™P be the full subcategories
of PreLog(S)/(R, P) generated by the virtually surjective and the replete pre-log
symmetric ring spectra, respectively. Let

(=) (PreLog(S)/(R, P))*™ — (PreLog(S)/(R, P))'P

be the functor that takes a virtually surjective (4, M) over (R, P) to the replete pre-log
symmetric ring spectrum

(A, M) = (A Ag[ar S[M™P], M™P)
over (R, P).

Homotopy colimits of nonempty diagrams in (PreLog(S)/(R, P))™P are constructed
by first forming the homotopy colimit in PreLog(S)/(R, P), thereby remaining
within (PreLog(S)/(R, P))¥*"", and then applying (—)"P.

Lemma 8.6 Let (4, M, ) be a replete pre-log symmetric ring spectrum over a log
symmetric ring spectrum (R, P, p). Then FM = a~! GL{(A).
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Proof Consider the diagram

FM — ' GL,(d) —= M —>TM

S

FP——= p 'GL{(R)——= P ——=TP

of commutative Z-space monoids. The left hand and middle horizontal maps are
inclusions of a full set of path components. The homomorphism myI'e is surjective,
the right hand square is a homotopy pullback, and the inclusion FP — p~! GL;(R) is
the identity. With these modifications, the proof proceeds just like the proof of Lemma
3.13. O

Proposition 8.7 Let (4, M) be a replete pre-log symmetric ring spectrum over a log
symmetric ring spectrum (R, P). Then the associated log symmetric ring spectrum
(A, M%) is a replete log symmetric ring spectrum over (R, P).

Proof The proof proceeds like that of Proposition 3.14, except that we do not need to
assume that P is “integral” in order to know that
M XGL1(A) —— T'M KGL;(A4)

L,

Me rme

is a homotopy pullback square, since the lower row is obtained by forming the FM —
homotopy orbits of the upper row, up to weak equivalence. O

Remark 8.8 In joint work with Steffen Sagave we develop a theory of log modules
over a log symmetric ring spectrum (R, P), given as the stable model category of
spectra in the based category (R, P)/Log"™P/(R, P) of replete log symmetric ring
spectra under and over (R, P).

Example 8.9 Let (A4, M) be a pre-log symmetric ring spectrum and X, a simplicial
set. The Xo—fold X—product Xe ® M is the diagonal of the simplicial commutative
Z—space monoid

g X, @M =M®R---RM

(with one copy of M for each element of X ). There is a natural weak equivalence
FrXe@M)>~Xe@T'M.
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Let Yo be a nonempty simplicial set. The Y,—fold replete X—product Yo ®™P M over
M is the pullback
Yo RPM — Y, QI'M

! |

M 'm
of commutative Z—space monoids. If Yo = (X.)4+ has a disjoint base point, then
Ye P M ~ M X (Xe ® 'M). The Y,—fold replete smash product Yo ®P (4, M)
is the replete pre-log symmetric ring spectrum (Yo @™P A4, Yo P M) over (A, M)
given by the pushout

Y

S[Ye ® M] —> S[Ye @™ M]

| |

Yo® A4 Yo ®™P A4

of commutative symmetric ring spectra.

Definition 8.10 Let M be a commutative Z—-space monoid. The cyclic bar con-
struction on M is the commutative Z—space monoid BYM = S} ® M, where
Sl = Al/0Al and the tensor product is formed in (S%, X, x). The replete bar
construction BPM = S! ®™P M is the repletion of BYM over M, given as the
pullback

B*°M —— BYTM

L,k

M——TM
of commutative Z—space monoids. Both ¢ and € are maps of cyclic commutative
7 —space monoids, where M and "M have the trivial cyclic structure, so BPM is a
cyclic commutative Z—-space monoid, and BY M — B™P M is a cyclic map.

There are natural weak equivalences BYI'M ~ I'M X B(I'M) and B™PM ~
MXBM ~ M X B(I'M). The latter equivalence depends on the equivalence
M xrpy (TMXB(I'M)) ~ M X B(I'M), which can be seen by using the equivalance
(M1 & M)y >~ (My)pz X (M3)7. The repletion map

BYM — B™"M ~ M x B(TM)
is homotopic to the composite
A
(e,7): BYM = BYM x BYM 5 M x BM ~ M x B(TM)

where € is the augmentation and 7 is the usual projection map.
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The topological Hochschild homology of a commutative symmetric ring spectrum A is
the commutative A—algebra THH(A) = S! ® 4. If A = S[M] then

THH(S[M]) = S! @ SIM] = S[S! ® M]= S[BYM].
Definition 8.11 Let (A, M,«) be a pre-log symmetric ring spectrum. The log

topological Hochschild homology of (A, M), denoted THH(A, M), is defined to
be S! ®™P (A4, M). Hence there is a pushout square

1// 1€
A AS[M] THH(S[M]) — A AS[M] S[B pM]

)] s

THH(A) v THH(A, M)

of commutative A4-algebras. The map ¢ is induced by &: S[M]— A, and the map
is induced by the repletion map BYM — B™P M . Both ¢ and y are maps of cyclic
commutative 4-algebras, so THH(A, M) is a cyclic commutative A—algebra.

Remark 8.12 In view of the identification THH(S[M]) = S[BY M|, THH(A, M)
can also be defined by the pushout square

S[BYM] —Y—~ S[B* M|

i |

THH(A) —> THH(4, M)

of commutative symmetric ring spectra, where the upper horizontal map v is induced
by the repletion map.

Example 8.13 Let A = H7Z, be the Eilenberg-Mac Lane spectrum, let M = (p) =
{p/|j >0}, and let a: (p) — Zp =~ Q* A be the inclusion. Applying base change
along S — HZ, — H = HF, to the pushout square of Remark 8.12 we get a pushout
square

H A (BY(p)+ H A (B™(p))+

l l

HAgz, THH(Zp) —— H Agz, THH(Z p, (p))

of commutative H —algebras. Recall from Propositions 3.20 and 3.21 that

BY(py~+u|[S"(G) and  BP(p)~][]S'().
jz1 j=0
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The homotopy algebras in the upper row are

H«(B%(p)) = P(g) ® E(dp)

H(B™(p)) = P(g) ® E(dlog p)
where g is the generator of Hy(S!(1)) that corresponds to the O—simplex (p), dp
is the generator of H;(S'(1)) that corresponds to the loop (1, p), and d log p is the

generator of H;(S'(0)) that corresponds to the loop (p~', p). The repletion map
induces g — g and dp — g d log p. Furthermore,

n(H Az, THH(Z,)) = m(THH(Z,): Z/ p) = E(h1) ® P(u1)

where |A1| =2p—1 and || = 2p. This calculation is due to Marcel Bokstedt (un-
published, ca. 1987). For a proof close to Bokstedt’s original argument, see Angeltveit—
Rognes [2, Theorem 5.12(a)] for m = 1, using the convention BP(0) = HZp). For
an earlier reference, see Franjou—Pirashvili [23].

The map & induces g — 0 and dp — 0. Hence the Kiinneth spectral sequence
H..(BY
E}, = Toryy 7\ ( (THH(Z,): 2/ p). Hi(B*(p)))
= 7«(THH(Zp, (p)); Z/ p)
has E?—term

E2, = Torl®®EUD (E(3 1) @ P(11), P(g) ® E(d log p))
= E(h) ® P(111) ® E(d log p) ® Tore\?) (F,. F)
~ E(dlog p, A1) ® P(i1) ® I'(ko)

where the generators have bidegrees |d log p| = (0,1), |A1| = (0,2p —1), |u1] =
(0,2p) and |ko| = (1, 1). Here k¢ is represented by [dp] in the bar complex computing
Tor, and TI' (ko) = Fp{yi(ko) | i = 0} denotes the divided power algebra on k.

The inclusion THH(Z,) — THH(Z,, (p)) takes A to zero, so there is a differential
d? (yp(ko)) = A1
up to a unit in I, leaving the E°°—term
EZ = E(dlog p) ® P(11) ® Pp(ko)

where Py (ko) = P(ko)/ (Ké’ ) is the truncated polynomial algebra on kg of height p.
There is a multiplicative extension
K(I)J =M1
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in total degree 2 p, so that
mx(THH(Zp. (p)): Z/ p) = E(d log p) ® P (ko)

as an algebra, with |d log p| =1 and |ko| = 2. Hence there is an abstract isomorphism

7« (THH(Z p, (p)): Z] p) = 7w+ (THH(Z,|Qp): Z/ p)

where THH(Z ,|Q)) is as defined by Hesselholt-Madsen [29, Section 1.5]. We con-
jecture that this isomorphism is realized by an equivalence

THH(Zp., (p)) ~ THH(Z,|Q,)

of cyclic commutative THH(Z ,)—algebras.

Example 8.14 More generally, Hesselholt and Madsen [29] consider local fields K
(complete discrete valuation fields of characteristic zero with perfect residue field &
of characteristic p # 2) with valuation ring 4 C K and uniformizer 7. Let o: M =
() — (A, -) be the inclusion, and let W = W (k) be the Witt ring. As explained in
Serre [75, Section 1.6, Proposition 18], the minimal polynomial ¢ (x) of = € A over
W has the form ¢ (x) = x¢ — pf(x), where e is the ramification index of K and 6(x)
is of degree < e with 8(0) a unit. The Kéhler differentials Qi! Jw = A/(¢'(m)){dm}
are generated by dm with annihilator ideal the different (¢'(7r)) C A, while the log
Kibhler differentials Qz AM) W = A/ (¢’ (7)){d log 7} are generated by d log = with
annihilator ideal (7¢'(7)) C (p) C A. As explained in [29, Section 2.2] there is a
natural short exact sequence

res

1 Vool
0_>QA/W_>Q(A,M)/W_>k_)O

where ¥ (d7) = d log 7 and res(d log w) = 1. In [29, 1.5.5], Hesselholt and Madsen
define a useful ad hoc model THH(A|K) for the log topological Hochschild homology
of (A, M), such that there is a homotopy cofiber sequence

THH(k) - THH(A) ~> THH(A|K)

where i is the transfer map associated to the surjection i: A — A/(w) =k, and j*
is the natural map associated to the inclusion j: A — A[x~!]= K. In[29, 2.4.1] they
prove that

7« (THH(A|K);Z/p) = A/ p ® E(d logm) ® P (ko)
where A/p ® E(dlogm) =~ Q?A’M)/p is the mod p reduction of the log de Rham
complex of (4, M), and |ko| = 2.
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Conjecturally, the following isomorphism is induced by an equivalence
THH(A, (7)) >~ THH(A4|K)

of cyclic commutative THH(A4)—-algebras.

Proposition 8.15 Let A, (7) and K be as above. There is an isomorphism
7« (THH(A, ()): Z/ p) = 7+« (THH(A|K); Z/ p)
of n«(THH(A); Z / p) —algebras.
Proof We will only prove this in the wildly ramified case, when p|e. One can use

descent arguments, like in Hesselholt—-Madsen [29, Section 2.4], to deal with the tamely
ramified (p t e) and unramified (e = 1) cases.

We have a pushout square

HA[p A BY(m)+ HA/p A B (1) +
i i
HA/p ANgqTHH(A) — HA/p Ang4 THH(A, (1))
of commutative H A/ p—algebras, and an associated Kiinneth spectral sequence
E}, = Torfy B AP o (THH(A): 2/ p), Hi(B™(x): A/ p))
= 7«(THH(A, (7)): Z/ p) .
In the wildly ramified case,
nx(THH(A): Z/p) = A/ p ® E(a1) ® P(a2)

by Lindenstrauss—Madsen [41, Theorem 4.4(ii)], with |«;| = 1 and |ay| =2, and j*
takes o, to a unit times k. Hence the EZ—term is isomorphic to

E2, =TorE“™(4/p ® E(a1) ® P(as). E(d log))

kxk —

where d +— o and dm — 7 d log 7 in the respective factors. Hence the E2—term
is concentrated on the vertical axis, the Kiinneth spectral sequence collapses, and we
get the isomorphism

7« (THH(A, (7)): Z/ p) = (A/p ® E(c1) ® P(22)) ® E(ar) E(d log )
~A/pR E(dlogn)® P(ay).

The abstract isomorphism with 7. (THH(A|K); Z/ p) takes a, to a unit times k¢. O
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Definition 8.16 Let N be a commutative based Z—space monoid over S?, as in
Definition 6.19. The based cyclic bar construction on N is BY N = S} ® N, where
the tensor product is formed in (SZ, [, S°). The suspension spectrum ®°N is a
commutative symmetric ring spectrum, and

THH(Z*N)=S! @ Z°N =2 2*(S! @ N)==*BYN .

Now suppose that N = cone(L) Uy, N’ is a commutative conically based Z—space
monoid. Based on discussions of symmetric conically based Z—space monoid deriva-
tions, like Definition 5.14 and Lemma 12.4, we are led to declare the based replete bar
construction of N to be

B’N =NGEB(IN');.
Discussions similar to Lemma 5.19 and Proposition 12.7 specify the repletion map
v: BYN — B\*’N

up to homotopy, but it is best described as the suspension of the based shear map
sh: NEN — N (I'N')+ given in Definition 13.14. Here the suspension is formed
in the category of commutative Z—space monoids under and over N .

Definition 8.17 Let (4, N, «) be a conically based pre-log symmetric ring spectrum.
The based log topological Hochschild homology THHy(A, M) of (A, M) is defined
by the pushout square

ANyen THH(E.N) L AANyen Z.BTPN

)| ) E

THH(A) Y THH,(4, N)

of commutative A-algebras. Here A Axen Z°B"N >~ AAB(I'N')y ~ AABN/.

9 Operadic logarithmic structures

Definition 9.1 Let A be a commutative S—algebra and let o: O — £ be an operad
augmented over the linear isometries operad, so that each £—space M has an underlying
O-space 0* M . By an O pre-log structure on A we mean a pair (M, o), where M
is an L—space and a: o* M — O#Q%)A is a map of the underlying O-spaces. A map

(f, /*): (4, M) — (B, N)
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of O pre-log S -algebras is amap f: A — B of commutative S —algebras, and a map
fP M — N of L—spaces, such that the square

ot M —= 0" Q% A

o#fbl la#ggf

O#N i> O#Q%?B

commutes in O[U]. To make homotopy-theoretic sense of this structure, we will need
to cofibrantly replace o M (and 0¥ N) in the category of O—spaces. The category of
O pre-log S —algebras is the comma category

OPreLog(S) = (o*,0"QY)
where o*: L[U] — O[U] and O#Q%f’: Cs — O[U]; see Mac Lane [44, Section I1.6].

When O is an E, operad, like the little n—cubes operad C,, we say that (M, ) is an
E,, pre-log structure on A. To make C, augmented over £, we will implicitly replace
it by the product operad C,, x £. Similarly, the category of O based pre-log S —algebras
is defined to be (o*, O#Q%f’), where now o*: Lo[T]— Oy[7] and O#Q%)Z Cs — O[T].

Remark 9.2 In view of the fact that C,,_;—algebras in associative S—algebras are
E, ring spectra (see Brun—-Fiedorowicz—Vogt [17, Theorem C]), we might model E;,—
algebras in Z—spaces by C,_;—algebras in associative Z—monoids, to get a definition
of an E; pre-log structure on a commutative symmetric ring spectrum 4. For n = 2,
this would consist of a commutative Z-space monoid M and a map a: M — Qg A
of C;—algebras in associative Z—space monoids.

Remark 9.3 When discussing topological André—Quillen homology for A and S[M],
we will need 4 and M to be commutative or E, objects, and in order to form the log
topological André—Quillen homology TAQ(A, M) for (A, M) we will need that « is
an E s map. On the other hand, when discussing topological Hochschild homology
of A and S[M], we only need A and M to be associative or A, objects. However,
to form the log topological Hochschild homology of (A4, M) we will make use of the
repletion B™P M of the cyclic bar construction BY M as a space over M . For an
augmentation €: BYM — M to exist, extending the identity on the zero-simplices
M C BY M, it is necessary and sufficient that M is a cyclic Ax space as defined
eg by Vigleik Angeltveit [1, 4.1, 4.4] and Getzler—Kapranov [25]. This means that
M is homotopy-commutative in a somewhat strong sense. For example, € must take
each 1-simplex (a,b) to a homotopy ¥, from ab to ba, and it must take each
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2—simplex (a, b, ¢)
abce

ycy Y c

bCCl - cab
Yea.,b

to a second order homotopy (= 2—cell) connecting the composite homotopy Vup ¢ *Vea,b
from abc via cab to bca to the direct homotopy y, p. from abc to bca.

\/

\i\/

A general E5 space M will admit the homotopies y, 5 , but might not admit the second
order homotopy, since the full twist y; . * ¥, p is often not homotopic to the identity. An
E5 space M will admit the second homotopy, but also satisfies coherence conditions
for noncyclic permutations that may not be required in a cyclic Ao structure. To
extend a retraction to M from the 2—skeleton to the 3—skeleton of B<Y M part of an
E 4 structure will be needed, and so on. It would be interesting to know in operadic

/

terms what it means for BY M to admit a retraction to M , but for our purposes it seems
reasonable just to assume that M is E, so that we can rectify it to a commutative
7Z—space monoid, for which the retraction e: BY M — M always exists.

In the case of grouplike M , Thomas Kragh has pointed out that if M = QX , with X
an H-group, we have BYM ~ AX and QX — AX admits a retraction, since the
homotopy fiber sequence 2X — AX — X admits a section and AX is an H —group.
Hence for grouplike M it suffices that BM is an H—group. For example, this applies
to all grouplike E,—spaces.

Assuming that M is cyclic Aso, or Eoo, we will need that 4 and o are associative
in order to define THH(A4, M), but more commutativity in A and « will give more
multiplicative structure to THH(A, M). If « is a map of E,, spaces, or more precisely,
a map of C,_—algebras in associative monoids, then THH(A4, M) will be a C,—; -
algebra in spectra, ie, an E,_; ring spectrum. As the following lemmas show, this
seems to be a relevant setting for topological log geometry over the sphere spectrum.

Definition 9.4 Let A4 be an associative S-algebra, and let x € Qg A be a chosen
point. Let M =] =0 L£(j) be the free non—% L-space on a single point {1}, and
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extend the map 1+ x freely to amap X: M — Qg A of non-X L-spaces (= Ao
spaces), taking the contractible space £(;) to the path component of x/, for each
j >0. Let (x) = {1,x,x2,...} be the free associative (and commutative) monoid
generated by x. The collapse map M — (x) is an equivalence of Ao, spaces. We
call (M, X) the free Aoo pre-log structure on A generated by x, and usually denote it
by ({x),X) or (x).

If A is an Ej, ring spectrum, or more precisely a C,_;—algebra in associative S—
algebras, then Qg 4 is a C,——algebra in non—-X L-spaces, hence is equivalent to
a Cy—space. Suppressing this equivalence, each point x € Qg A specifies a C,—map
X: CpS® — Qg A, where G, S 0 is the free C,—space on one generator. We call
(C,S°, X) the free E, pre-log structure on A generated by x.

Lemma 9.5 Let p be a prime and write Hy(X) for Hy(X;IFp). Let A be an E; ring
spectrum and x € Qg A a point. If p is odd, assume that [x] € Ho(2g A) has trivial
Browder operation Ay([x],[x]) = 0 in H{(Qg A). If p = 2, assume that Cohen’s
“top” operation & ([x]) = 0 in Hy(2g A). Both hypotheses are trivially satisfied if
Hy (g A) = 0. Then the algebra homomorphism

Yx: Hi(C2S%) — Hy(QF A)

induced by the free E, pre-log structure X: C,S° — Qg A is zero in positive degrees,
hence factors through the augmentation

Hy(C,8%) — Hi((x)) = P(e).

In other words, there is no mod p homological obstruction to there being an E, pre-
log structure (M, ) on A, with M ~ (x), so that the composite C,S° — (x) =~
M&Q%’A is homotopic to X .

Proof By Fred Cohen’s calculation [18, III.A.1],
H(C2S°) = P(e)® E(hi | i 20)® P(gi |i > 1)

for p odd, where P and E indicate the polynomial and exterior algebras on the listed
generators, respectively. Here e =[1], hg = A1 (e, e), hi =& (hi—1) and g; = Bh; for
all i > 1, where the Browder operation A; (which is 0 for all E3 spaces) and the top
operation £; are defined in [18, Section III.1], while 8 is the Bockstein operation. See
also Yamaguchi [82, page 522]. The E,-map X takes e to [x] and /hg to Ay ([x],[x]),
which is 0 by assumption. By naturality of the operations it follows that also /4; and g;
map to 0, for all i > 1, so X4 factors through the augmentation to P(e) = Hy({x)).
The proof for p = 2 is very similar. |
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Lemma 9.6 There is no E3 pre-log structure (M, a) on ku with M ~ (p), such
that the (homotopy) generator maps to a point in the p—th component of Qg ku ~
(BU x Z)g . The same conclusion applies for the p—completion ku, of ku. Hence
there is no such E3 pre-log structure on any other commutative S —algebra A with a
commutative S —algebra map to kup.

Proof For C3—spaces M there is a top operation &: Ho(M) — H,,_»(M) that
agrees with Q! for E4 spaces. The generator e = [1] € Ho(M) maps to [p] €
Hy(BU x Z), soif o is a C3—map the class £>(e) in H;p_»(M) =0 maps to 0'[p]
in Hy, >(BU x Z), where Q’ denotes the multiplicative Dyer—Lashof operation.
Now B

O'[pl=—-0"[11x[p” — p]
modulo x—decomposables by Cohen-Lada—May [18, 11.2.8], and

Q" [1]=—(=1)"br(p—1y *[P]

modulo x—decomposables by [18, I.7.1]. Here H«(BU) = P(b; | i > 1) with
|bi| = 2i, where b; is the image of a generator of H,;(BU(1)) under the inclusion
BU(1) C BU x{0} C BU xZ. Hence Ql[p] =—b,_1%[pP]#0in Hyp, >(BU XZ).
In particular, it cannot be the image under a of & (e) = 0.

These mod p homological calculations hardly distinguish between ku and kup. The
last conclusion follows by naturality, since an E3 pre-log structure a: M — Qg A
composed with an Eo map g’ A — Qg’kup would produce an E3 pre-log structure
on kuyp. O

Lemma 9.7 Let A be a commutative S —algebra such that the unit map S — A
takes the Hopf map n € m1(S) to zero in w1 (A)[1/p]. For simplicity assume that
Z = 1o(S) — mo(A) is injective, and write N x (p) C Qg A for the sub—L—space
consisting of the path components corresponding to (p) C mo(A). Consider the group
completion
L(p): T(C28°) — (N x (p))
of the Co—map p: C,S® — N x (p) freely generated by 1 — p. Here T'(C,S°) ~
Q282 and T'(N x (p)) ~ N[1/p] x (p, p~1). Restricted to the 0—th component in
the source,
To(p): 58* = N11/p]

is null-homotopic as a C, —map.

Proof The additive group completion equivalence I'(C,S?) ~ Q252 is due to Graeme
Segal [74, Theorem 1] (see also Cohen—-Lada—May [18, II1.3.3]). The multiplicative
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group completion equivalence I'(N x (p)) >~ N[1/p]x (p, p~!) is due to Peter May
[46, VII.5.3], generalizing a result of Jgrgen Tornehave. The Hopf fiber sequence
S! - §3 1582 Joops to a fiber sequence 253> — Q52 — S with a section, so there
are equivalences

Q283 x7 < Q283 xS S 2s?
of Q-spaces. The inclusion Q%n: Q2S* — QZS? of the zero-th component is an
Q2 —equivalence, and the composite

08! 5 Q253 5 Q252 Ty (N x (p) = N[1/p]

is the free C,—map generated by its restriction S! — N[1/p], representing the image
of nin 7y (N[1/p]) = 71 (A4)[1/ p]. By assumption the map from S is null-homotopic
as a based map, hence the free C,—map it generates is null-homotopic as a C,—map. O

We view these lemmas as motivation for the following hypothesis.

Hypothesis 9.8 Let A be an E; ring spectrum with 771(4) =0, and let x € QG A4.
Then the free Ao, pre-log structure ({x),x) on A generated by x lifts to an E,
pre-log structure (M, «) on A, with M ~ (x) and o homotopic to X.

Definition 9.9 Let A be a commutative S—algebra, let ¥ = S 4 be a sphere, and
let y: sd Qg A be a based map representing a homotopy class in 74(A) with
Hurewicz image [y] € Hy(2g A). There are canonical maps

Cro8?=\/Ci()+ rg, SY = \/ 59U

Jj=0 Jj=0
. i dj
= 208 = \/ C2(D+ A5, Y =\ S}
Jj=0 j=0
. i dj
— LoS? = \/ L(j)+ Ay, SY > \/ Sz, -
Jjz0 Jj=0

where Bj is the j—th braid group. Let o; be the R/ -bundle over BY j associated to
the usual inclusion X; — O(j), and let 8; be the R/ —bundle over BB; associated
to the composite homomorphism B; — X; — O(j), so that f; is the pullback of o;
along the usual map BB; — BX;. Then Sd = =EZj+ Ay S~ T'h(doj) is the
Thom complex of d times o;, and ShB = EB]+ AB; S~ T h(dp;) is the Thom
complex of d times B;. From here on we assume that d is even.
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Proposition 9.10 When Y = S¢ is an even sphere each vector bund]e dpj over
BB; is trivial, so S, ] >~ 3di (BBj4). Hence each inclusion S4i S _ admits a
retraction rj: S, j S dj , and these combine to a retraction of based spaces

r. Czj()S d Cl,oSd .

Proof For d =2 there is a trivialization of 2;, given in Cohen-Mahowald-Milgram
[19, Theorem 1] by an explicit map

v: C2(j) x3x, R?) — (R?)7

To each j—tuple ¢ = (cy, ..., c;) of little squares (= 2—cubes) in 2 we can associate
a j—tuple z = (zy,..., zj) of distinct points in / 2 c R?, given by the barycenters of
the squares. Identifying R? with C, we let

v(z,6) = (Zéi,zziéi,-~-,zzf_1§i)

for &£ = (§1,....&) in (R?)/ =~ C/. Simultaneously reordering the z; and &; by
a permutation in X; does not change these sums, so v is well-defined. For a fixed
z={(z1,...,zj) the linear map £ — v(z, &) is given by a Vandermonde matrix, which
is nonsingular because the z; are all distinct. Taking the Whitney sum of (d/2) copies
of this trivialization we get a trivialization of dp; . O

Remark 9.11 We would like to know if there is a based E; structure on Cy oS d~
\/jZo S9 such that the retraction r: Cz,OSd — Cl,oSd is an £, map. The composite
C2,0(C1,08%) 5 C3,0(C2,05%) 5 C2,08% 5 Cp 8¢

where 7 is induced by the inclusion, and p expresses composition in the operad C,,
decomposes as a wedge sum of maps

C2(J)+ NG (S“”'1 Ao A Sdif) — sdlil

where G C X is the stabilizer of (iy,...,7;) and |i| =iy 4---4i;. This can be modeled
by cabling, taking C,(j) to Co(|i|), and using the retraction C»(|i|)+ Ag S — §4lil
For a more rigid model, we might replace C,(j) by the homotopy-equivalent space
BPj, where P; C Bj is the pure braid group on j strings, and use the cabling map
BP;j — BP;|. We do not know if there is a map

BPj i AG (ST A n 891 5 gdli]

that generates a based E, structure on \/ ji=0S aj.
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Lemma 9.12 If A(([y],[y]) = 0 in Hy411(R2g A), as it is for any E3 ring spec-
trum A, then the algebra homomorphism

(F0)w: Hu(C208%) = Hu(QF A)
induced by the free E, based pre-log structure factors through the retraction
ret Hi(Cy,08%) > Hi(C1,057) = P(e),

where e € I:id (S% c H, (Cl,oSd) is the fundamental class.

Proof We have isomorphisms

A,(C2,08%) = D Hx(BB;: Fplel})
j=0
~P)QEM;|i>0)®P(gi|i=>1).

Since d is even, B; acts trivially on Fp{ej}. We have hg = Aq(e,e), hi =&1(hi—1)
and g; = Bh; fori > 1. Here |e|=d, |hj| =2p'(d+1)—1 and |g;| =2p'(d +1)—=2.
(These conventions specialize to those used in the proof of Lemma 9.5 when d = 0.)
The retraction r, takes e to e and maps each /; and g; to zero. The C,—map yq takes
e to [y], soif A1([y],[y]) = 0 then all /; and g; map to zero in Hx (25 A). Hence
(7o)« factors through ry, as claimed. |

Lemma 9.13 There is no E3 pre-log structure (M, ) on ku with M ~ C;¢S?,
such that the generator e of Hy(M) C H«(C1,0S?) = P(e) maps to [u] in Hy(BU) C
H.(BU x 7)), where [u] is the Hurewicz image of the Bott class u: S*> — BU .

Proof We write H(BU) = P(b; |i = 1), as in the proof of Lemma 9.6, so [u] = b; .
There is a natural operation &,: Hy(M) — Hyp—2(M) for C3—spaces, which agrees
with Q2 for E4 spaces by Cohen-Lada-May [18, I11.1.3]. The Bott class [u] is
primitive, so

O ([u] *[1]) = (Q"[u]) * [1]+ (Q"[u]) = [1]
by [18, 11.8.6]. Here Q’ ([u] *[1]) = 0 for r > 0 by [18, I1.7.2], since BU(1) x 1 —
Qg ku is an Eoo map from a strictly commutative monoid. Furthermore,

Q'ul= (=)' (r - 1)br(p—l)—i-l

modulo *—decomposables by Kochman’s calculations [37, Theorem 6], so Qz[u] =
—b3p—1 # 0 modulo *—decomposables. In particular, Q?[u] cannot be the image
under o« of £;(e) =0 in Hy(M). |
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Remark 9.14 The graded analogue of Lemma 9.7 is presently hypothetical. The
stable Snaith splitting [76] of C,S¢ induces an isomorphism

Hi(Cr08%) = Hi(C,8Y) = P(e) @ E(h; | i >0)® P(g; |i > 1).

There is no obvious notion of group completion in the category of based Eo, spaces,
but there may be a suitable category of graded E, spaces, or commutative monoids
in graded Z-spaces, where this makes sense. See Sagave—Schlichtkrull [67].

To recover the summands Hy (S ) >~ H«(BB;j; Fp{e/ }) in H*(C2 0S%) one intro-
duces a weight function w, w1th w(e) =1, w(h;) =2p" and w(g;) = 2p’. The
monomials of total weight j then form a basis for Hy(BB;;Fpy{e/}). If we assume
that this (nonconnective) graded group completion has the effect of inverting the
fundamental class e, the weight zero component of the result has homology

Ho(ToCa 0S8 = E(hi |i 2 0)® P(gi |i = 1)

where /1; = o2 h; and g; = o2 g; all have weight zero. This algebra is isomorphic
to
Hi(Cy0S") = Hi(C2SY) = Ho(2253).

We can reach the same result from a different pomt of view, involving the coni-
cally based spaces. With N = C;, 0S¢ ~\/ >0 S hB; the base point complement
N'~]];5¢ BBj ~ ~ C,8° has group completion TN’ ~ Q2S2, and its zero-th path
component is ToN’ ~ SZZS2 ~ Q2S3. Hence the obstruction, in the base point
component after group completion, to improving a free Ao, based pre-log structure
generated by a map S d_, Qg A into an E; based pre-log structure, lies in the E;
map Q253 — Qg A generated by 7.

Hypothesis 9.15 Let 4 be an E; ring spectrum with 71(A4) =0, and let y: S d_,
Qg A, where d > 0 is even. Then the free Ao based pre-log structure (Cy,0S 4 30)
on A generated by y lifts to an E, based pre-log structure (M,«) on A, with
M ~ CLOS" and o homotopic to yg.

Example 9.16 Let (C;0S?2, o) be the free Ax based pre-log structure on ku(p)
generated by a map S? — Qg kup) representing u € maku(p), and let (C1,057,v1,0)
be the free Ao based pre-log structure on ¢ generated by a map S¢ — Qg€ repre-
senting vy € wgl. Let f: { — ku(,) be the usual map of commutative S —algebras.
The inclusion S7 = §2(P=1 C170S2 to the j = p—1 summand extends to an Ao
map

fbl Cl,oSq — CL()SZ
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that makes (£, f°): (¢, C1,089) — (ku(p), C1,05%) amap of Ao based pre-log S —
algebras. Note that the natural map

L AgooCy ST EOOCI,OSZ — ku(p)

is an equivalence, since the left hand side is equivalent to f :_é %2¢, and compare

with Lemma 12.15. Assuming some uniqueness or other compatibility of the E,
lifts in Hypothesis 9.15, the map (f, f b) can be promoted to be a map of E, based
pre-log S—algebras. If so, THH(Z®°C ¢SY) and THH(Z®°C) (S?) become Ano
ring spectra, we can construct THH({, Cy,9S7) and THH(ku (), Cl,OSZ), and

THH(@, Cl’()Sq) — THH(ku(p)’ C1,0S2)

becomes a map of A ring spectra.

Remark 9.17 We summarize the results of these calculations. For 4 = ku and
M = (p), Lemmas 9.5, 9.6 and 9.7 consider the existence of E, pre-log structures
a: M — Q% Ag taking the monoid generator to the p—th component of R*°Ag. An
Ao = E pre-log structure certainly exists, and there is no homological obstruction to
the existence of an E, pre-log structure, but no E3 pre-log structure exists.

For A =ku and M = \/]-ZO S?2, Proposition 9.10 and Lemmas 9.12 and 9.13 concern
E, pre-log structures o: M — Q> Ag mapping S? C M to Q*® Ag to represent the
Bott class u € myku. An Ay = E pre-log structure certainly exists, and there is no
homological obstruction to the existence of an E, pre-log structure, but no E3 pre-log
structure exists.

In Hypotheses 9.8 and 9.15, we propose a natural generality for the existence of E,
pre-log structures. In Example 9.16, we discuss the consequences for the existence of
amap ({, M) — (kucpy. N) of E, pre-log S—algebras, with M ~\/, -, Sk and
N ~\/j508%.

Part IIl Logarithmic topological André—Quillen homology

10 Topological André—Quillen homology

We now extend the construction of log Kéhler forms and the log cotangent complex to
the topological context.

Definition 10.1 Let A be a commutative symmetric ring spectrum and let J be a
left A—module spectrum. Since A is commutative, we can also think of J as a right
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A-module. The square-zero extension A Vv J is the commutative symmetric ring
spectrum with multiplication map

AVIHIANAV ) =Z=(ANANVAANI)VIANADNVIAT)—=>ANT

given by the multiplication ;: A A A — A on the first wedge summand, by the module
actions AANJ — J and J A A — J on the second and third summands, and by the
trivial map J A J — *x on the fourth summand. We have maps

n
A AvIS 4
of commutative symmetric ring spectra, where A is the unit inclusion and € collapses

J to x. We think of J as the kernel of €, making it a square-zero ideal in A Vv J .

Definition 10.2 Let A be commutative symmetric ring spectrum, and let J be an
A-module. A derivation of A with valuesin J isamap d: A — AV J of commutative
symmetric ring spectra over A. We let

Derg(A,J) = (CSpT/A)(A, AV J)
be the (homotopy invariant) mapping space of all such derivations.

More generally, for a map e: R — A of commutative symmetric ring spectra, we say
that a derivation of A over R with valuesin J isamap d: A — AV J of commutative
symmetric ring spectra under R and over A. It is a dashed arrow making the diagram

ne
R—>=AvVJ
(10-1) o7

A—A
commute, in the category of commutative symmetric ring spectra. We let
Derg(A,J) = (R/CSpT/A)(A, AV J)
be the mapping space of all such derivations. We usually abbreviate R /CSp* and
R/CSp¥/A to Cg and Cg/A, respectively.
Definition 10.3 The following definition is due to Maria Basterra [12]. The topological
André—Quillen homology of A over R is the A—-module
TAQR(4) = TAQ(4/R) = LO4RI4 (A AL 4).

In other words, it is the homotopy invariant form of Q 414(A Ag A). Here A Ag A
is viewed as a commutative symmetric ring spectrum under and over A, via the left
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unit map id Ae: A = AAR R — A AR A and the multiplication u: AAg A — A. The
augmentation ideal functor I4: C4/A — Ny, to the category of nonunital commutative
A-—algebras, is right adjoint to the functor N +— A v N, and this adjoint pair forms a
Quillen equivalence. The indecomposable quotient functor Q 4: Ny — M4, to the
category of A—modules, is left adjoint to the functor that gives an 4—module the trivial
multiplication.

We say that e: R — A is formally étale if TAQ®(A) is contractible. When R = S is
the sphere spectrum, we simply write TAQ(A) for TAQS (4).
Proposition 10.4 The topological André—Quillen homology corepresents derivations,
in the sense that there is a natural weak equivalence
M(TAQR(A), J) ~ Derg(4.J)
of homotopy invariant mapping spaces. There is a universal derivation
dy: A — AvTAQR(A)

of A over R that corresponds to the identity map of TAQR (4).

Proof This is essentially Basterra’s result [12, 3.2]. By the (Quillen) adjunctions

04 AV (=)
My Ny - Cq/A
4

one gets equivalences
MA(TAQR(A), J) ~ Ny(I4(A AR A), ) >~ (C4/A)(AAR A, AV J),
and by the left hand pushout square in the diagram

R——d—T gy

|k

A—>AARA—4

of commutative symmetric ring spectra, the dashed arrows correspond to derivations of
A over R with values in J. m|

Remark 10.5 Implicit in Proposition 10.4 is the result that

Derg (A, J) ~ Q" Derg(A4,%"J)
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is an infinite loop space, since M_4(TAQR(A), J) ~ Q" M 4(TAQR (4), =" J), for all
n > 0. Hence the square-zero extension 4 Vv J is an “infinite loop object” in Cg/A4,
topologically analogous to the role of 4 @ J as an abelian group object in CRing/A.
See Remark 4.2.

Lemma 10.6 Let g: C — A be a map of commutative R-algebras, and let J be
an A—module. Write g*J for J viewed as a C —module via g. Composition with
gvid: CvJ — AV J induces a weak equivalence

Derg(C, g"J) = (Cr/A)(C, AV J).

Proof This follows since the right hand square in the diagram

gvid
R—CvVvJ—=AvVvJ
7
Ve
7 . g
C C A
is a homotopy pullback. O

Proposition 10.7 Let R 54 i> B be maps of commutative symmetric ring spectra.
There is a natural homotopy cofiber sequence

B A4 TAQR(4) — TAQR(B) — TAQY(B)

of B-modules, known as the transitivity sequence for e and f .

Proof See Basterra [12, 4.2] for this topological analogue of Quillen’s work [60,
5.1]. O

Proposition 10.8 Lete: R — A and g: R — T be maps of commutative symmetric
ring spectra. There is a natural weak equivalence

T AR TAQR(4) = TAQT (T Ag A)

of (T AR A)-modules, known as flat base change along g.

Proof See Basterra [12, 4.6] for this topological analogue of Quillen’s work [60,
5.3]. O
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Lemma 109 Let M = CX = ]_[jzo X%/ j be the free commutative T —space
monoid on an Z-space X, so that S[M]= PS[X]=\/;5, S[XN /X is the free
commutative symmetric ring spectrum on the symmetric spectrum S[X]. Then

TAQ(S[M]) ~ S[M] A S[X]

and the universal derivation d,,;: S[M]— S[M]v (S[M]A S[X]) is the commutative
symmetric ring spectrum map that extends the symmetric spectrum map

i v (nAid): S[X]— S[M]V (S[M]A S[X])

given as the wedge sum of the inclusion i: S[X] — S[M] and the unit map n A
id: S[X]= S AS[X]— S[M]A S[X].

Similarly, let N = CyY = \/jzo YHiy Y be the free commutative based I —space
monoid on a based T—space Y, so that *N = PX°®Y is the free commutative
symmetric ring spectrum on the symmetric spectrum %°Y . Then

TAQ(Z°N) ~ Z°N A X°Y

and the universal derivation dy: X*N — X°N Vv (Z°N A X°Y) is the commutative
symmetric ring spectrum map that extends the symmetric spectrum map

iv(nAid): Z°Y - Z°N V (Z°N A X°Y)

given as the wedge sum of the inclusion i: ¥*Y — X°*N and the unit map n A
id: Z°N=SAZY > E°NAXYY.
Proof For each S[M]-module J, the space Der(S[M], J) of dashed maps

S ——= S[M]vJ

_ 7
|
SIM]—— S[M]

in the category of commutative symmetric ring spectra is equivalent to the space of
dashed maps

S[M]v J

7
-
e €
-

S[X] — '~ S[M]

in the category of symmetric spectra, which by projection along p: S[M]Vv J — J is
equivalent to the space of symmetric spectrum maps S[X]— J. In particular, these are
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corepresented by the symmetric spectrum S[X], and by the induced S[M ]-module
TAQ(S[M]) = S[M] A S[X].

The universal derivation d,, corresponds to the identity on S[M]A S[X] as an S[M]-
module map, which corresponds to 1 Aid: S[X] — S[M] A S[X] as a symmetric
spectrum map, and to the multiplicative extension of the map i v (n Aid): S[X] —
S[M]v (S[M]AS[X]) as a symmetric ring spectrum map over S[M].

The proof in the based case is identical. O

Remark 10.10 For more general commutative Z—space monoids M , built as cell
complexes by attaching copies of CX along CA for suitable Z—-spaces A C X, one
can inductively compute TAQ(S[M]) by combining Propositions 10.7 and 10.8 with
Lemma 10.9. For example, if N is a CW complex in commutative based Z-space
monoids, so that the k—skeleton N} is obtained from Nj_; by attaching CX along
CA for X ~\/ D¥ and A ~ \/ S k=1 then there is a homotopy cofiber sequence

YN ANTON,_, TAQ(E.Nk_l) — X°N AT N, TAQ(Z.Nk) —X°N A \/ Sk
of ¥*N —modules. The homotopy colimit
TAQ(EZ*N) = hoc]?hm(z'zv Asen, TAQ(Z® Ny))

can then be assembled from the filtration quotients £*N A \/ S* in the usual manner
known from cellular homology and the Atiyah—Hirzebruch spectral sequence; see
Baker-Gilmour-Reinhard [11].

Remark 10.11 For grouplike E, spaces M, Basterra and Mandell [13, Theorem 5]
prove that TAQ(S[M]) >~ S[M]A B M as an extended S[M ]-module. The condition
that M is grouplike is omitted in the published statement, but was needed for their
intended argument, as Mike Mandell has kindly pointed out. We therefore reproduce
part of their argument here, to show where the grouplike hypothesis is needed.

The shear map 'M x M — I'M x M, given on elements by (m,n) — (my(n),n),
induces a weak equivalence

S[TM] A S[M]— S[CM]A S[M]

of commutative S[I" M ]—algebras. This is a map of augmented S[I" M |-algebras, where
the augmentation on the left hand side is induced by the multiplication I'M x M —
I'M xI'M — I'M, and the augmentation on the right hand side is induced by the
projection I'M x M — I'M x % = I'M that collapses M to *. By [13, Theo-
rem 6.1] the commutative S[I"M]-algebra indecomposables of the two sides are
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S[TM]Asiam) TAQ(S[M]) and the extended module S[I'M]A B M , respectively.
Hence TAQ(S[M]) >~ S[M]A B®°M when M is grouplike, but for general M this
only holds after base change along S[M]— S[M].

Since pre-log structures mapping M into GL(A) only give rise to trivial log struc-
tures, the Basterra—Mandell result for grouplike M is not directly relevant to our
discussion. Also the extended version is of modest direct use, since a pre-log S—
algebra (A, M) becomes log trivial after base change to (A4 Ag[ar) S['M], M) or
(A AspS[TM], T'M ). However, a slightly modified version of the shear map above
is of fundamental importance in the general description of repletion maps given in
Section 13 below.

11 Logarithmic topological André—Quillen homology

Definition 11.1 Define the grouplike commutative Z—space monoid (1 + Q°J)g by
the homotopy fiber sequence

(149Q°J)g — GL (A v J) 29 GL, (4)

where GL1 (¢) is split by GL;(n). More explicitly, its n—th space is the homotopy fiber
at n,: S™ — A, of the projection Q"(A4, Vv J,) = Q" A, . We get a weak equivalence

GL (AR (1+Q°T)g — GLi(4AV J)
(for semistable A and J) expressing GL;(A Vv J) as the homotopy coproduct of
GL{(A) and (1 +Q°*J)g.

Lemma 11.2 The projection AV J — J induces a weak equivalence
(1+Q°))g — Q°J

of T—spaces, which is compatible up to preferred homotopy with the grouplike E
structures on (1 + Q°*J)g 47 and (2°J),z. Hence the spectrum associated to the
commutative 7 -space monoid (1 + Q°*J)g is weakly equivalent to the underlying
spectrum of J .

Proof The inclusion 4V J — A x J is a stable equivalence, so the map of homotopy
fibers

(1+ Q%)) — Q°J

(for the projections to A4) is also a weak equivalence.
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For brevity, write F}, for the homotopy fiber of Q"(A, Vv J,) — Q" A" at n,. Given a
pinch map $”1" — §™M+ny §M+1 the composite Fpy X Fyy — Fpyan — Q™ Ty
has a preferred homotopy to the composite

FuXx Fy— Q" ]y x Q" Jy — Q" ]y x QU — QU

where the middle map is the product of the stabilization maps in J, and the right hand
map is the loop sum specified by the pinch map. Parametrizing the pinch maps by pairs
of little (m + n)—cubes, and generalizing to products with more than two factors, we
get the desired equivalence of E, structures. O

Remark 11.3 An alternative argument in the language of L£—spaces can be given using
[13, Theorem 6.1]. Basterra and Mandell construct a weak equivalence of S —modules
LOsRIgS[Q%°J]— J, which is left adjoint to a map R/ g .S[2°°J]— J of nonunital
commutative S —algebras, which in turn is equivalent to a map S[Q*°J]— S Vv J of
commutative S-—algebras over S, which finally is left adjoint to a map of grouplike
L—spaces from Q2°°J to the homotopy fiber of GL{(S Vv J) — GL{(S), and the latter
is equivalent to (1 + 2°°J)g. This map of grouplike L£—spaces is the desired weak
equivalence.

Definition 11.4 Let (M, «) be a log structure on A. The inverse image log structure
(n*M,n*a) on AV J is given by the upper central pushout square in the following
diagram of commutative Z—space monoids.

| GL;(A) M—2 = QyA

l GL, (TI)J/ ln" iﬂéﬂ

(14+Q°J)g —= GL{(AVJ) —= p*M -2~ Qg (A Vv J)

l GL1 (E)l le" i%f

1 GL,(4) M * Q4

Since en = id we can identify e*n* M with M .

Lemma 11.5 There is a chain of weak equivalences
Mx(1+Q° ) — MR(+Q% ) — n*M

and n*a maps (m,1+ j) toa(m)-(1+ j) = a(m) + a(m)j. The natural maps n°
and € correspond to the product of the identity on M with the base point inclusion
and collapse maps 1 — (1 + Q*J)g — 1, respectively.
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Proof The upper left hand square in Definition 11.4 is a homotopy pushout, hence so
is the rectangle with vertices 1, M, (1 + Q°J)g and n*M . ad

Definition 11.6 When (M, «) is a pre-log structure on A4, we define
n"M=MX1+Q*))g.

In view of Lemma 11.2, there is a weak equivalence n*M ~ M x Q°*J. We define
the pre-log structure

n*a:n*M — Qg(Av J)
as the coproduct in commutative Z—space monoids of the pre-log structure Qg o
a: M — Qg (A Vv J) and the composite

ir: (14 9Q%)g = GL1(AV J) > Qg (AV ).

There results a commutative diagram

1 M—2 = QyA

| o e
(1+9°Ne M Qs (A )

T

1 M —5—=QyA

of commutative Z—space monoids, where the two left hand squares are pushouts.

Lemma 11.7 Let (M, «) be a pre-log structure on A, and J an A-module. There is

an equivalence
(" M)* =" (M)

of log structures in AV J .
Proof The proof is similar to that for Lemma 7.24. |

Definition 11.8 Let (A4, M) be a pre-log symmetric ring spectrum, and let J be an
A-module. A log derivation of (A, M) with values in J is a map

(d.d"): (A4, M) = (AV J.i* M)
of pre-log symmetric ring spectra over (A, M). Let
Ders((4, M), J) = (PreLog(S)/(4, M))((A. M).(AV J,n*M))

be the mapping space of all such log derivations.
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More generally, for a map (e, e”): (R, P) — (A, M) of pre-log symmetric ring spectra
we say that a log derivation of (A, M) over (R, P) with values in the A-module J
is a map

(d,d"): (A, M) — (AV J,n* M)

of pre-log symmetric ring spectra under (R, P) and over (A, M). In other words, it
is a dashed arrow making the diagram of pre-log symmetric ring spectra

(R,P) ——=(AV J,n*M)
(11-1) (e,e")l (”i’d/b)/ o \L(e,eb)
(A, M) — = (4, M)
commute. The top horizontal map is (7, ) o (e, e®) = (ne, nl’eb). We let
Der(g,py((4, M), J) = (PreLog(R, P)/(A, M))(A, M), (Av J,n*M))

be the mapping space of all such log derivations.

Lemma 11.9 The logification maps (R, P) — (R, P%) and (A,M) — (A, M*¢)
induce weak equivalences

Der(R,pa)((A, Ma), J) = Der(R,p)((A, Ma), J) = Der(R,p)((A, M), J).

Proof Let Z be the space of dashed arrows making the diagram
(R,P) —=(AV J,n*M*?)
7
(e,eb)l e i(e,eb)

(A, M) (A, M%)

commute, in the category of pre-log symmetric ring spectra. The first map of the lemma,
and the natural map Der(g p)((4, M?), J) — Z, are weak equivalences by Lemma
7.8, since we are considering spaces of pre-log maps into the log symmetric ring spectra
(Av J,n*M?) and (A, M?). The natural map Der(g, py((4, M), J) — Z is also a
weak equivalence, because

77* M —> n* M4

M —— M*°
is a homotopy pullback square. Hence the second map in the lemma is also a weak
equivalence. O
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Definition 11.10 Let M and K be commutative Z—space monoids, with K grouplike.
The space of commutative T —space monoid derivations of M with values in K is the
mapping space

Der’ (M, K) = (CST /M) (M, M x K)
of commutative Z—space monoid homomorphisms d”: M — M x K over M .

More generally, let e’ P— M bea map of commutative Z—-space monoids. The
space
Der, (M, K) = (P/CST/M)(M, M x K)

of commutative I—space monoid derivations of M over P with values in K is the
space of dashed arrows d b making the diagram

nbeb

— M x K
7
. lfb

;M

db
-
e
-

P
(11-2) ebi
M

of commutative Z-space monoids commute.

Lemma 11.11 There are natural equivalences
Der’ (M, K) ~ CSH (M, K) ~ Sp¥(B®M, B*K)
Der, (M, K) ~ Sp=(B®M/B*® P, B®K).
The universal commutative 7 —space monoid derivation
d> M — M xTM
of M corresponds to the identity map of B®° M , and is given by the composite
MEMxm X pmxrm.
More generally, the universal commutative Z —space monoid derivation
d’: M — M xQ*(B*M/B"P)

of M over P corresponds to the identity map of B M /B P.

Proof Itis clear that commutative Z—space monoid homomorphisms d b M —> MxK
under P and over M correspond to commutative Z—space monoid homomorphisms
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M — K that take P to *.

M-->=K
Since K is grouplike, the latter are equivalent to maps B M — B*° K of symmetric
spectra, that come with a nullhomotopy of the restriction to B° P. These are in turn

equivalent to maps from the homotopy cofiber of B P — B°° M, which we write as
B®M/B>*P. O

Remark 11.12 Implicit in Lemma 11.11 is the result that
Der’(M, K) ~ Q" Der’(A4, B"K)

is an infinite loop space, since Sp=(B®M, B®K) ~ Q"Sp¥(B®M, B*B"K),
for all » > 0, and similarly for nontrivial P. The product M x K is an “infinite loop
object” in CST/M .

Proposition 11.13 Let (e, ¢®): (R, P, p) — (4, M, &) be a map of pre-log symmetric
ring spectra, and let J be an A—module. There is a homotopy pullback square

Der(g,py((4, M), J) Derg(A, J)

R

v _
Derl, (M, (1 + Q°J)g) — Dergip(S[M],@*J) .

Proof A log derivation (d,d") as in diagram (11-1) is equivalent to a pair of log
derivations d and d”, as in diagrams (10-1) and (11-2), respectively, subject to the
compatibility condition Qgd oa =n*aod > in the space of dashed arrows

P QL(AV )
7
(11-3) ebl 7 l%e
M—2—=Q%4

making this a commutative diagram in CSZ, or equivalently, in the space of dashed
arrows

S[Pl——=AvJ
7
(11-4) sen| 7 le
SIM]—2— 4
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making this a commutative diagram in CSp¥. The upper horizontal arrows are
(Qgn) oao e” and no & o S[eP], respectively. By Lemma 10.6, the latter space is
weakly equivalent to Derg[pj(S[M], a*J), since there is a homotopy pullback square

aVid

SIMIvJ —= AvJ

;)

S[M] A.

The map ¢* takes a derivation d of A over R with values in J to Q&d o, which
under these identifications corresponds to d o&: S[M] — A Vv J and its lift (up to
contractible choice) to a derivation of S[M].

The map ¥ * takes a commutative Z—space monoid derivation d b of M over P with
values in (14 Q°J)g to n*aod®, which corresponds to n*a o S[d"]: S[M]— AV J,
and to its lift to a derivation of S[M]. ad

Remark 11.14 In view of Remarks 10.5 and 11.12,
Der(g,py((4, M), J) >~ Q" Der(g,py((A, M), X" J)

for all n > 0, so the square-zero extensions (A Vv J, n* M) are infinite loop objects in
Log(S)/(A, M).

Lemma 11.15 Let (e,e”): (R, P, p) — (A, M, &) be a map of pre-log symmetric
ring spectra. The functors from A—modules to (infinite loop) spaces that take J to
Derg(A, J) and Der SE p1(S[M], a* J) are corepresented by the A—modules TAQR (A)
and A As[pm) TAQS [P (S[M)), respectively. The natural map ¢* is corepresented by
the map
¢: A Agian TAQSIPI(S[M]) — TAQR (4)
S[M]

of A-modules, induced by the maps p: S[P]— R and «: S[M]— A of commutative
symmetric ring spectra. For (R, P) = (S, 1), it is left adjoint to the S[M]-module
map TAQ(S[M]) — TAQ(A) induced by .

Proof The functor J — Derg(A4, J) is corepresented by TAQ®(A), by Proposition
10.4. The functor K + Derg[pj(S[M], K), from S[M]-modules, is corepresented
by TAQ® [P1(S[M]), hence its composite with J > @*J is corepresented by the base
change A Ag[ar TAQS[P](S[M]).

Modulo the identifications given by Lemma 10.6, the map ¢* is given by composition
with o, as discussed at the end of the proof of Proposition 11.13. Hence the corepre-
senting map ¢ is also induced by o. O
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Lemma 11.16 Let (e, ¢’): (R, P,p) - (A, M,a) be a map of pre-log symmetric
ring spectra. The functors from A-modules to (infinite loop) spaces that take J
to Derg,(M, (1+Q°*J)g) and Derg(pj(S[M].a*J) are corepresented by the A—
modules AN(B*°M /B> P) and A A TAQS[P](S[M]), respectively. The natural
map V* is corepresented by a map

v A Aspan TAQSIPI(S[M]) — A A (B®M/B*® P)

of A—-modules.

Proof By Lemmas 11.2 and 11.11 we have a natural chain of equivalences
Derl, (M, (14 Q°J)g) ~ Detlp (M, Q°J)
~ SpE(B®M/B®P,J)~ My(AN(B®M/B®P),J).

Hence A A (B M /B P) corepresents the first functor. The existence of a corepre-
senting map follows from the Yoneda lemma. O

Proposition 11.17 Let (A, M, ) be a pre-log symmetric ring spectrum, and assume
that M = CX is the free commutative 7 —space monoid on an ZT—space X . Let
axy =aoi: S[X]— A be the restriction of the adjoint structure map «: S[M]— A
over the inclusion i: S[X]|— S[M]. The corepresenting map

v A AS[M] TAQ(S[M]) — AN B*®°M
factors as

A Asip TAQ(S[M]) ~ A A S[X]

id A STA]
—— > AANS[X xX] >~ AAS[X]A S[X]

idAax Aid
e

ANANS[X]
id
B AN S[X]~ AAB®M
where A: X — X x X is the Z—space diagonal and u: A A A — A is the symmetric
ring spectrum product.
Proof The first and last weak equivalences follow from Lemmas 10.9 and 6.22,
respectively.

To identify the A-module map ¥, we view it as corepresenting a derivation d of
S[M] with values in the underlying S[M]-module a*J of the extended A-module
J = AAB®M, as in diagram (11-4). We fix this value of J for the rest of the
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proof. By adjunction, such a derivation corresponds to a commutative Z—space monoid
map M — Qg (AV J) over Qg A, as in diagram (11-3). The relevant commutative
Z-space monoid map is the composite n*a o d > in the following diagram

M ad QA

lnb \Lﬂf@n
x*

(1+9Q°))g M L Qe (AV )
db /7 .

// leb \LQ®6
M—= M —2 Qg A

of commutative Z—space monoids. Here d b is the map that is corepresented by the
identity map of J = A A B®® M , more-or-less as in Lemma 11.11. Modulo the weak
equivalence

M =MR(+Q e — Mx(l+Q° e
(for reasonable M and J), we can write d” as the composite

id 1 /
M A oy 0

Mx(1+Q%°))e
where (1 + y’) is the composite

Q*(nanid)

ML QB M QUANBM)=Q° T ~(1+Q°))sg.

Here y is the group completion map, 14: S — A is the unit map for A4, and the last
equivalence uses Lemma 11.2.

The map n*« is the coproduct of the map Qg noa and the inclusion
iy: (1+ Q%) = Qg(AVv ),

hence can be written as the composite

X i A
MR(14Q%)g —5 QAR QY (AV J) > Q4 AV )

where A is the pairing induced from the A-module action on 4 Vv J. The composite
n*aod b therefore factors as

a®is(1+y)

A’/
ME MxM~MRM QUARQY(AV ) 2> Qo (AV ).
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Passing to left adjoints, we find that the derivation d corepresented by ¥ is the
composite map

S[A Q@ ! A
d: SIM]2EL siar s vy ~ spm) A ST g nav ) D av

where (1 + €’) is the composite
id
SIM]S BOM S AANBOM =g > AV
using the unit of 4. Here € is left adjoint to y, and A is the left A—module action on

AvJ.

So far we did not use that M = CX is free. Now we use this, and the proof of Lemma
10.9, to see that the derivation d is corepresented by the composite map

] d
v’ S[IX]S SIM] S avi g

of symmetric spectra. The factorization of d gives the following factorization

. ‘A _
S[X] > S[M]AS[MXM] ~ SIM]A SIM] 225 A A B®M

of ¥'. We can rewrite this as

S[A ax Ai
ST 28 S1x x X~ S[X) A SIS A AS[X]~ AN BOM

by noting that the composite
S[X]> S[M]S B®M
is the weak equivalence of Lemma 6.22. The map v is the A-module extension of

¥’, hence is given by the composite

id A STA]
ANS[X]—— AAS[X x X~ AN S[X]A S[X]

idAayxyAid wAid
—————> AANAANS[X]— AAS[X]. O

Remark 11.18 For a map (R, P) — (A, M) of pre-log symmetric ring spectra, such
that (4, R) is a CW pair in commutative symmetric ring spectra and (M, P) is a CW
pair in commutative Z-space monoids, we can determine A Ag[as) TAQS g ](S [M]),
AN (B®M/B*P) and ¥ modulo the skeleton filtration, as in Remark 10.10.

Definition 11.19 Let (¢, e"): (R, P, p) — (A, M, ) be a map of pre-log symmetric

ring spectra. The log topological André—Quillen homology of (A, M) over (R, P), de-
noted TAQ(R’P)(A, M) or TAQ((A, M)/ (R, P)), is defined by the homotopy pushout
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square

A Aspan TAQSIPN(S[M]) —2= A A (B M/B= P)

¢l i la

TAQR(4) TAQR-P) (4, M)

of A-modules. Here ¢ is induced by (e, e") and corepresents ¢* as in Lemma 11.15,
while v corepresents ¥* as in Lemma 11.16. We say that (e, eb) is formally log
étale if TAQR-P)(4, M) is contractible. When (R, P) = (S, 1) we simply write
TAQ(A, M) for TAQ®R-P) (4, M).
Remark 11.20 By analogy with the notation in Definition 4.25, we think of

¢: AN (B®M/B*®P)—TAQRE-P) (4 M)

as generating the log differentials, symbolically taking a Ay (m) to a d log m. We think
of 1;: TAQR(4) — TAQR-P) (A, M) as the inclusion of the ordinary differentials
among the log differentials. The pushout along A Agar TAQSIPI(s [M]) imposes the
symbolic relations do(m) = a(m) d logm between these differentials.

Proposition 11.21 The log topological André—Quillen homology corepresents log
derivations, in the sense that there is a natural weak equivalence

MA(TAQEP) (A, M), J) ~ Derr p)((4, M), )
of mapping spaces. There is a universal log derivation

(du. dy): (A, M) — (AVTAQRP) (A, M), " M)
of (A, M) over (R, P) that corresponds to the identity map of TAQ(R’P)(A, M).
Proof This is clear from Proposition 11.13 and Lemmas 11.15 and 11.16. a
Corollary 11.22 A map (e, e’): (R, P, p) — (A, M, &) of pre-log symmetric ring
spectra is formally log étale if and only if all spaces of log derivations of (A, M)

over (R, P) are contractible, ie, if the space of dashed arrows in diagram (11-1) is
contractible for each A-module J . O

Corollary 11.23 The logification maps
(R, P) — (R, P% and (A, M) — (A, M)
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induce weak equivalences
TAQR-P) (4, M) = TAQR-P) (4, M?) = TAQR- P (4, M9).
Hence the log topological André—Quillen homology is insensitive to logification.

In particular, 1}: TAQR (4) —> TAQR-P) (A, M) is a weak equivalence for each strict
log map (e, e®): (R, P) — (A, M), so a strict map of log symmetric ring spectra is
formally log étale if and only if the underlying map of commutative symmetric ring
spectra is formally étale.

Proof The first claims are clear from Proposition 11.21 and Lemma 11.9. The second
claims follow, since for a strict map M >~ e* P = P%, and it is clear from Definition
11.19 that TAQR(A) ~ TAQR-P) (4, P).

For an alternative proof, starting with the free case M = CX, note that by Proposition
11.17 the map ' is an equivalence when a: M — Qg A factors through GL{(4). A
homotopy inverse can be constructed by replacing ayx: S[X]— 4 with a multiplicative
inverse. Hence ¥: TAQ(A) — TAQ(A, M) is a weak equivalence when (M, «)?
is trivial. The general case follows by CW approximation and induction, using the
transitivity and flat base change results of Propositions 11.28 and 11.29. O

Remark 11.24 When A = S[M], both maps

¢: A Aspr) TAQ(S[M]) — TAQ(A)
$: AANB®M — TAQ(S[M], M)

are weak equivalences, so the comparison map

¥: TAQ(S[M]) — TAQ(S[M], M)

is identified with the map y that was described in Proposition 11.17 for free M .

Lemma 11.25 Let (e,e”): (R, P) — (4, M) be a map of pre-log symmetric ring
spectra, and let C = R Ag[p) S[M], so that the left hand square is a pushout in the
following diagram

st Y s = sy

N,

R C A
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of commutative symmetric ring spectra. Then there is a natural homotopy cofiber
sequence

AN (B®M/B®P) A TAQE-P) (4, M) — TAQE (4)

of A-modules. Hence (R, P) — (A, M) is formally log étale if and only if the
connecting map

3: TAQC (4) —> SA A (B®M /B> P)

is an equivalence.

Proof By the homotopy pushout square of Definition 11.19, the homotopy cofiber of
¢: A Aspn TAQSIPI(S[M]) — TAQR (4)

is equivalent to the homotopy cofiber of

¢: AN(B®M/B*®P)—TAQRE-P) (4 M).
By flat base change along p: S[P] — R we have an equivalence

C Asa TAQPPI(S[M]) ~ TAQR(C),
so we can rewrite ¢ as the map
A nc TAQR(C) — TAQR (4)

with homotopy cofiber TAQC (4), by the transitivity sequence for R — C — A. O
Remark 11.26 Ttis clear that (R, P) — (A, M) will be formally log étale if B P —
B> M is an A-homology equivalence (so A A (B®M/B®P)~x)and C — A4 is
formally étale (so TAQC (A) >~ x). The converse holds in the algebraic context of
fine log schemes (or fine log rings), as proved by Kato [35, 3.5]. In the topological

context it remains to be determined whether d can be an equivalence, in cases where
TAQ® (A) and A A (B®M /B> P) are not trivial.

Lemma 11.27 Let (A, M, @) be a pre-log symmetric ring spectrum. The map

V: TAQ(A) — TAQ(A, M)

is a weak equivalence if and only if the logification (M, «)? is equivalent to the trivial
log structure.
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Proof The map IZ is a weak equivalence if and only if the map ¥ * of Proposition 11.13
is a weak equivalence, for all A-modules J. Here ¥ * takes a section d b M —> n*M
to its composite with n*«, shown as dashed arrows in the diagram

n*M 2 Qe (AV )
7 7
db|/ leb /// ng@E

AN
M ad Qg A

N

of commutative Z-space monoids. Hence ¥ * is a weak equivalence if and only if
the solid square is homotopy cartesian. Now n*M ~ M x (1 + Q°J)g ~ M x Q°*J
by Lemma 11.2, and Qg (A V J) ~ Qg A x Q*J. By Lemma 11.5, n*«a maps the
homotopy fiber 2*J over m to the homotopy fiber 2°J over «(m) by multiplication
by a(m). Hence this is an equivalence, for all A—modules J, if and only if «(m) is
homotopy invertible for all 7. In other words, this holds precisely when a: M — Qg A4
has image contained in GL(A), which is equivalent to the condition that (M, «)¢
agrees with the trivial log structure on 4. O

b b
Proposition 11.28 Let (R, P) (e—e)> (A, M) ﬂ (B, N) be maps of pre-log
symmetric ring spectra. There is a natural homotopy cofiber sequence
B AqsTAQRP) (4, M) — TAQE-P)(B, N) — TAQA-M) (B, N)

of B-modules, known as the transitivity sequence for (e, e”) and (f, f?).

Proof The sequence corepresents a homotopy fiber sequence
Der( 4,3 ((B, N), K) — Der(g_py((B, N), K) — Derg_p)((4, M), f*K),

for all B—modules K, hence is a homotopy cofiber sequence. For a different argument,
consider the commutative diagram:

¢ v
B A4 TAQR(4) <— B Aspan TAQSIPI(S[M]) —— B A (B®°M /B> P)

™

TAQR (B) B A5y TAQSIPI(S[N]) . BA(B®N/B®P)

| |

TAQ(B) - ? 3 Asin TAQSIMI(SINY) V. BA(B®N/B®M)
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The left hand and middle columns are homotopy cofiber sequences by Proposition 10.7,
and this is clear for the right hand column. Hence the column of homotopy pushouts is
also a homotopy cofiber sequence. |

Proposition 11.29 Let

(R.P) 52 (1, )

wf
b
. L2 (BN

be a pushout square of pre-log symmetric ring spectra, so B =T Ar A and N =
Q @®p M . There is a natural weak equivalence

B A4 TAQEP) (A M) =T Ar TAQR-P) (4, M)

S TAQT-D(T Ag 4, 0 ®p M) =TAQT-D (B, N)
known as flat base change along (g, g°).
Proof By the pushout property of the left hand square below

(R, P) EEL (T 0) —— (Bv K.n*N)

/7
(e,eb)l l 7 J{(é,e")
b — _
. S BNy = (BN

where K is a B-module, the space of dashed lifts is equivalent to the space
(PreLog(R. P)/(B.N))((4, M), (BVv K.,n*N))
of lifts across the outer rectangle, which is weakly equivalent to
Der(g py((4, M), [*K)
by the log analogue of Lemma 10.6, since

(fvidn* )

AV K, p*M) =12 2 (BV K, p*N)
(E,Gb)i l(e,eb)
b
(A, M) U (B.N)

is a homotopy pullback square. Hence Der(7,0)((B, N), K) is corepresented by
B A4 TAQRP) (4, M) = T Ag TAQER-P) (4, M) .
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For an alternative proof, note that there is a pushout square

sip1 L s10]

S[f]

S[M]—— S[N]

of commutative symmetric ring spectra, and a homotopy pushout square

Booet l
B>®f

B®M — B®N

of symmetric spectra. Hence the vertical maps in the following diagram

¢ v
T A TAQR(A) <— B Agppn TAQSIPI(S[M]) —— B A (B> M /B> P)

| |

B Aspv TAQSIQ(S[N]) —L= B A (B®N/B®Q)

TAQT (B)

are weak equivalences, by Proposition 10.8. Hence the induced map of homotopy
pushouts is also a weak equivalence. Replacing B by 7" Ag A in the upper row, we
obtain the flat base change equivalence. O

Proposition 11.30 Let (4, M) — (R, P) be a virtually surjective map of pre-log
symmetric ring spectra, in the sense that (mgM )8 = 7gI'M — 7¢'P = (7o P)®P is
surjective. Let M™ = P xpp I'M be the repletion of M over P, and let A™P =
A Asiar) S[M™P]. Then there is a weak equivalence

A™P Ay TAQ(A, M) = TAQ(A™, M™P)

and the repletion map (A, M) — (A™P, M™P) is formally log étale. In this sense, log
topological André—Quillen homology commutes with repletion.
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Proof Consider the following diagram

A™P A, TAQ(A) <

A™P A siar] TAQ(S[M])

AP AN B®M

TAQ(A™) <% A™ Agiprun TAQ(S[M™]) — Y~ grep 5 Boo pyren

~

TAQA (A™P) AP A g TAQSIMI(S[ A1 7eP))

of A™P-modules. The left hand and middle columns are homotopy cofiber sequences
by transitivity (Proposition 11.28). The right hand vertical map is an equivalence by
Proposition 8.3, since 'M — I'(M™P) is an equivalence. The bottom horizontal map
is an equivalence by flat base change along S[M]— A. Hence the induced map of
horizontal homotopy pushouts

A™P A TAQ(A, M) —> TAQ(A™P, M™P)

is a weak equivalence. By transitivity, TAQU-M) (grep | APy s contractible. m|

Corollary 11.31 Let (Ry, Py) be a base pre-log symmetric ring spectrum and let

(R.P) -2 (1. 0)

(e,eb)l ‘
(A, M) o (Brep’ Nrep)
be a pushout square of replete pre-log symmetric ring spectra over (Rg, Py), so that
N™ = Q EBr;p M is the repletion of N = Q &p M over Py, B=T AR A and

B'? = B Asin] S[N™P]. In other words, (B'?, N™P) = (T, Q) A py (4. M). Then
there is a natural weak equivalence

B 74 TAQR-P) (4, M) 5 TAQT-Q) (B, N™°P)

of B™P—modules, which we call replete base change along (g, g"). a
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12 Based logarithmic topological André—Quillen homology
We now turn to based log derivations.

Definition 12.1 Let (N, «) be a based log structure on a commutative symmetric
ring spectrum A, and let J be an A—module. The inverse image based log structure
(n*N,n*a) of (N,«) along n: A — AV J is given by the upper central pushout
square in the diagram

S50 GL;(4)+ N —— Qg4

l GL1(’7)+J/ lnb iﬂf@n

(1+Q°)g+ —>GL{(AV )y —> *N > Q4 (AV )

l GL1(6)+\L leb ng@e
N

§0 —————> GL;(A)+ QA

of commutative based Z—space monoids. The upper left hand square is a homotopy
pushout, so we get weak equivalences

T]*N ~N E](l —|—Q.J)®,+
2N/\(1+Q.J)®,+ ~NART)+.

When (N, «) is only a based pre-log structure, we define n* N by these formulas.

Definition 12.2 Let N be a commutative based Z—space monoid and let K be a
grouplike Z—space monoid. The space of commutative based T—space monoid deriva-
tions of N with values in K is the space Derl(’) (N, K) of dashed arrows d” making
the diagram

SOHN/\K_F

of commutative based Z—space monoids commute.

The space Derg((A, N), J) of based log derivations of a based pre-log symmetric ring
spectrum (A, N') with values in J is defined similarly, consisting of pairs (d, d°) where
d: A— Av J is aderivation and d”: N — n*N ~ N A (Q*J)4 is a commutative
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based Z—space monoid derivation, such that the diagram

N —2 =Qy4

dbi \LQ:@d
*

NN ——> Qe (AV J)

comimutes.

Lemma 12.3 Let Y =cone(L)Uz Y’ be a conically based T —space, andlet N = CyY .
There are natural equivalences

Der) (N, K) ~ SE(Y', K) ~ SpE(S[Y'], B*K)

for all grouplike commutative Z —space monoids K .

Proof Since N = CyY is free, the commutative based Z—space monoid derivations
d’>* N > N AK, are equivalent to the based Z—space maps ¥ — (CoY ) A K4 over
CoY, or equivalently, to the based Z—space maps f: Y — Y A K4 over Y. We think
of such maps as graphs of maps ¥ — K, except that special care is required near
the base point 0 of Y. Using the cone coordinate in cone(L) C Y, any such map f
can deformed to a map g that is constant in the cone direction over cone(L). The
deformation collapses a growing neighborhood of the cone vertex to that vertex, while
stretching a complementary neighborhood of the base to cover the cone. This way, the
graph over cone(L) flows into the special fiber 0 x K C Y x K, gradually becoming
independent of the cone coordinate. The deformation is constant over Y’. The end
map g is simplicial/continuous at the base point of Y because the special fiber has
been collapsed in ¥ A K. By restriction over Y’ C Y we get an equivalence between
these maps g and the space of Z—space maps Y’ — Y’ x K over Y’, which we identify
with the space of Z—space maps Y’ — K.

This deformation retraction provides the first natural equivalence. The second equiva-
lence is standard, since K ~ Q°®B*K for grouplike K. m|

Lemma 12.4 Let N = cone(L) Uy, N’ be a commutative conically based 7 —space
monoid. There are natural equivalences

Der) (N, K) ~ CSE(N', K) ~ SpZ(B®(N'), BXK)

for all grouplike commutative 7 —space monoids K .
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Proof By a deformation retraction like that in the proof of Lemma 12.3, the space
Derl(’) (N, K) is equivalent to the space of commutative Z—space monoid maps N —
N A K4 over N that are constant in the cone direction over cone(L) C N . This space
is identified with the space of commutative Z-space monoid maps N’ — K, and is
equivalent to the space of symmetric spectrum maps B®°(N') — B*®K, since K is
grouplike. O

Proposition 12.5 Let (A, N) be a based pre-log symmetric ring spectrum, and J an
A-module. There is a homotopy pullback square

Derg((A,N), J) Der(A, J)

R

Der} (N, (1 + Q*J)g) — Der(Z°N,a*J) .

Here ¢* is corepresented by the map ¢: A Axen TAQ(Z*N) — TAQ(A) induced
by @ =°N — A, and ¥* takes a commutative based T —space derivation d”: N —
N A K to the composite n*a o d® with n*a: N A K4 — Q& (A V J), interpreted in
adjoint form as a commutative symmetric ring spectrum map %°*N — AV J over A,
or equivalently, as a derivation of ©*N with values in &@*J . O

Definition 12.6 Let (4, N,«) be a based pre-log symmetric ring spectrum, with
N = cone(L) Uyr N’ conically based. We define the based log topological André—
Quillen homology of (A, N), denoted TAQqy(A4, N), by the pushout square

A Agen TAQE*N) —~ 4 A B®(N')

o] s

TAQ(4) v TAQqy (4, N)

of A-modules. Here ¢ is induced by &, and  corepresents the natural map ¥ *
described in Proposition 12.5.

More generally, for a map (e, ¢®): (R, Q, p) — (4, N, @) of conically based pre-log

symmetric ring spectra, define TAQf)R’Q)(A, N) by the pushout square

. ¥
AAgeny TAQE C(S*N) —— AA(B®N'/B®Q)

!

TAQR(4) TAQ{® P (4, N)
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of A-modules. When TAQ{®"®) (4, N) ~ x, we say that (R, Q) — (4, N) is formally
based log étale.

Proposition 12.7 Let (A, N,«) be a based pre-log symmetric ring spectrum, and
assume that N = CyY is the free commutative based T —space monoid on a conically
based T—space Y = cone(L) Uy Y'. Let &y = & oi be the composite
Y SN S 4.
The corepresenting map
V: AAgeny TAQ(Z*N) — AA B¥(N')
factors as
AAgeny TAQ(Z*N) ~ ANZY

idA X8

A AN (Y AY))~ AASY AS[Y]
idA@y Aid ,
———> AANAAS[Y]

id
B AAS[Y]~ AN B®(N')

where the conical diagonal map §: Y — Y AY_ restricts to the diagonal over Y', and
is constant in the cone direction over cone(L) C Y.

Proof The proof is similar to that of Proposition 11.17. Let J = A A B®(N’). The
commutative based Z—space derivation d”: N — n*N = NEHQ*Jy ~ N AQ°J4
factors as §: N — N AN composed with id Ay’ , where y': N’ — Q®*(AAB*N') ~
Q°*J. Hence the composite

d° *
J RN VN o L A o LYY RV S o LY
is right adjoint to the composite
P ] o
SN 2% 2N ASIN LS 4 A BR(NY).

Using that N = CY is free, we find (as in Lemma 10.9) that n*« o d® is right adjoint
to the derivation d of X°*N that is corepresented by the composite map

v 27 28 oy A s E2Y 4 A sy

of symmetric spectra. The equivalence B®°(N') ~ S[Y’] is from Lemma 6.22. The
map v is the A-module extension of v, giving the claimed factorization. |
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Lemma 12.8 If N = M has a disjoint zero, then TAQy (A, N) = TAQ(4, M).
Proof This is clear from N’ = M and Definitions 11.19 and 12.6. O

Example 12.9 Let Y = cone(L) Uy, Y’ be a conically based Z—space. It can be
expressed as a pushout
*p — Y+

|

* —— Y

in the category of based Z—spaces, where * = S°, Y and % = {0} all have disjoint
zeros. However, this is usually not a pushout of conically based Z—space. Applying
Coy we get a pushout square

(4, (C*)4) —= (4.(CY)+)

l i

(A7 1+) (AvCOY)

of based pre-log symmetric ring spectra, for any pre-log structure a: CoY — Qg 4.
There is no base change formula for based log TAQ in this case, since the square of
symmetric spectra

S ~ B®C% — B®CY ~ S[Y]
x = B®l — B®Cy(Y) ~ S[Y]

can only be a homotopy pushout if 2°°(cone(L)/L) ~ S, which mostly happens for
L = . Here we have used Lemma 6.22 in every corner. On the other hand there is a
base change formula for pushouts of conically based pre-log structures.

. (e.e”) (£ ") .
Proposition 12.10 Let (R, P) —— (A, M) —— (B, N) be maps of conically
based pre-log symmetric ring spectra. There is a natural homotopy cofiber sequence

B A4 TAQR P (4, M) — TAQLR P (B, N) — TAQ{ ™) (B, N)
of B-modules, known as the based transitivity sequence.

Proof The proof is practically identical to that of Proposition 11.28, using the homo-
topy cofiber sequence

(B®M'/B®P') — (B®N'/B®P') — (B®°N'/B® M)

of symmetric spectra. O
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Proposition 12.11 Let

(R.P) 52 (1, )

wf
b
. L2 (BN

be a pushout square in the category of conically based pre-log symmetric ring spectra.
There is a natural weak equivalence

T ArTAQS P (4, M) S TAQ{" 2 (B, N)

known as based flat base change.
Proof The proof is practically identical to that of Proposition 11.29, using the homo-
topy pushout square

B> p’ ﬁ) B> Q/

B%>e \L \L
B f
BOOM/ > BOON/

of symmetric spectra. a

Example 12.12 Let B = ku be the connective complex K-—theory spectrum, let
Y ~ S? be a conically based Z—space, and let N = CpY ~ CyS? be the free
commutative conically based Z—space monoid generated by Y. Let 8: N — Q%ku
be the commutative based Z—space monoid map that extends a based Z—space map
u: Y — Q%ku that represents the generator of w4 (ku) = Z[u], with |u| = 2. Then
TAQ(XZ*N) ~ £°*N A S? by Lemma 10.9. Furthermore, Y’ ~ (S?) ~ %, N/ ~
C(S?) ~ Cx*,and B®N’~ S, by Lemma 6.22. By Proposition 12.7 the map

VU kunS? ~kunrsen TAQ(S*N) — ku A B°N' ~ ku
is the multiplication-by—u« map defined as the composite
u-: ku/\SZMku/\kuﬁ)ku.
This uses that

§: 8% > S2A(S?), ~S*AS '~ S?
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is homotopic to the identity. Hence we have a homotopy pushout square

ku A S? — - ku

o s

TAQ(ku) —'~ TAQ(ku. Co S?)

of ku—-modules.

Example 12.13 Let A =/ be the p—-local Adams summand of the connective complex
K —theory spectrum, let ¢ =2p —2, let X ~ S be a conically based Z—space, and
let M = CoX ~ CypS? be the free commutative conically based Z—space monoid.
Let a: M — Q°*{ be the commutative based Z—space monoid map that extends a
based Z—space map vi: X — Q°{ that represents the generator of 7« (£) = Zp)[v1],
with |v{| = ¢. Then TAQ(X*M) ~ X°*M A S? by Lemma 10.9. Furthermore,
X'~ (87 ~ %, M' ~ C(S9) ~ Cx, and B®°M’ ~ S, by Lemma 6.22. By
Proposition 12.7 the map

V:UAST =l Aseps TAQ(Z*M) > L AB®M' ~{
is the multiplication-by—v; map defined as the composite

i OAST AN g e By

This uses that
8: 87— SIA(ST), ~SIAS®~ 857
is homotopic to the identity. Hence we have a homotopy pushout square

U1

LA ST 14

¢l ) la

TAQ(E) —Y~ TAQ(L, Cy S9)

of £—modules.

Example 12.14 We can compare Example 12.13 and the p—local version of Example
12.12 in terms of the based transitivity sequence of Proposition 12.10. We have a map
(f. /%) ¢, M) - (ku(py, N) given by the usual inclusion f: ¢ — ku(,) and the
commutative Z—space monoid map f”: M — N, with M ~ CyS? and N ~ CyS?2,
that extends the usual map S — (S2)E»—1/ Tp—1— CoS2.
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Applying base change along f: £ — kup) to the map v;-, we are led to compare it
to the map u - via the following commutative square

ku(p) A S1 g— ku(p)

(p—l)u”2¢ Zi(p—l)-
ku(p) AS? ELAN ku(p)
of ku(,)—modules. Here uP~1. is obtained by base change from v;- . The right hand
vertical map is induced by the punctured map f*’: M’ — N’, where M’ ~ Cx and

N’ ~ Cx and f takes the generator of M to the (p — 1)—th power of the generator
of N’. Hence the map S >~ B® M’ — B® N’ ~ S corepresenting

(f")*: Deth (N, K) — Deth(M, K)

has degree (p — 1). Since the square homotopy commutes, the left hand vertical map
must be multiplication by the different (p —1)u?~2 of v; = u?~!. This is compatible
with its description as the map of (topologically derived) Kihler differentials

ku(p) AxeCySa TAQ(E.C()Sq) — ku(p) /\E'C()Sz TAQ(E.COSZ) s
induced by f?, taking dv; = d(u?™") to (p — DuP"2du.

We have a similar commutative square

ku(py A TAQE) — k() A TAQ(L. M)
¢l J{«Z
v
TAQ(k () TAQ(ku( ). N)

and the vertical homotopy cofibers of the cube formed from these two squares assemble
to a homotopy pushout square

(Ezku(p))/(quu(p)) *
T |
TAQ(k () /£) —2—= TAQ((kuugy. CoS?)/ (L. CoS9))

of ku(,)—modules. Here

p—2
(szu(p))/(Eqku(p)) ~ \/ 221 HZ(p)
Jj=1
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is the homotopy cofiber of the different map (p —1)u?=2-: kupy NS — kupy A S2,
while the homotopy cofiber of multiplication by (p — 1) is p-locally contractible.

Hence the map (f, f°): (€, CoS9,a) — (ku(p). CoS?, B(p)) is (formally) based log
étale if and only if the map

¢ (Z2ku(p))/ (ZTku(py) — TAQ(ku(p) /L) = TAQ (ku(,))
(induced by a: X°CyS? — £ and B(,): $°CyS? — ku(py) is a weak equivalence.
Lemma 12.15 Let (e,¢”): (R, Q) — (A, N) be a map of conically based pre-log
symmetric ring spectra, and let C = R Ageg X°N, so that the left hand square is a

pushout in the following diagram

. Z.b —
T0 =5 5N —> 3°N

LT

R C A

of commutative symmetric ring spectra. Then there is a natural homotopy cofiber
sequence
00 A7’ 1 poo AN 2P (R,0) c
AN(B®N'/B* Q") — TAQ, (4, N) — TAQ™ (4)

of A-modules. Hence (R, Q) — (A, N) is formally based log étale it and only if the
connecting map
3: TAQC (4) > SA A (B®N'/B*® Q)

is an equivalence.
Proof The proof is practically identical to that of Lemma 11.25. O

Example 12.16 We apply Lemma 12.15 to the map (£, CoSY) — (ku(p), CoS?). In
this case S >~ B®Cy(S7)’ — B®Cy(S?)’ ~ S is multiplication by (p — 1), which is
a p-local equivalence. Hence the target XA A (B N’/B*Q’) of 9 is contractible,
and (f, f?) is formally based log étale only if the map

Cc=/1 AxeCyS4 E.COSZ — ku(p) =4

is formally étale. Now both C and A are connective, and the map is a 7o —isomorphism,
so this will only happen if C — A is an equivalence. See Basterra [12, Lemma 8.2],
or the corrected statement in Baker—Gilmour—Reinhard [11, Lemma 1.2]. However, C
and A are not equivalent.
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To see this, consider the base change along R ={ — H = HF,. If C — A is an
equivalence, then so is

HAZ'COS" Z.C()Sz — H/\( ku(p) s

where the right hand side has homotopy P,_1(u) = P(u)/ (uP~1) concentrated in even
dimensions 0 < * < (2 p —4). The homotopy of the left hand side can be computed by
the Kiinneth spectral sequence

E2, = Torf (oS (F, [,(CoS?)) = ms(H Agecysa E°CoS?) .

By the Snaith splitting, H, (CoS?) = Hy(CS?) can be computed as in Cohen-Lada—
May [18, 1.4.1]. It is isomorphic to the free graded commutative algebra on generators

tg. BOP1q. QP1q. ...

in dimensions ¢ = 2p —2, 2p? —3, 2p? —2, etc. Similarly, H, (CoS?) = Hy(CS?)
is isomorphic to the free graded commutative algebra on generators

12, 0%, 0%y, ...

in dimensions 2, 4p —3, 4p —4, etc. Hence, in dimensions * < (2p? —3) the algebra
fl*(CoSq) agrees with P(i4), and H, (CoS?) is flat over P(i4). In this range of
dimensions the spectral sequence is therefore concentrated on the vertical axis, where
in addition to the terms P(t2) ® p(,,) Fp = Pp—1(t2) there are further terms, starting
with ]Fp{,Btaz} in dimension (4p — 3). Hence the map C — A = ku(,) is precisely
(4p — 3)—connected, and is not an equivalence.

Example 12.17 There is an action on the p—complete connective K—theory spectrum
kup, by the group A = GL(Z/p) =Z/(p—1) of roots of unity in Z,, with k € A
acting as the p—adic Adams operation % . The map f: {p — kup identifies the p—
complete Adams summand with the homotopy fixed points kuf’,A of this action. There
is a similar A—action on the p—complete sphere S2, and the map f b, COSI‘,I — CoS 5
factors through the homotopy fixed points

M =(CoSp)" ~  \/ (S, -
(p—DI0j=0

Furthermore, the pre-log structure (Cy.S 1',1 ,otp) on £, factors through a pre-log structure
(M, ﬂli)’A), where ﬂI’,’A is given as the A—homotopy fixed points of the map

Bp: N = CoSp — Qkup .
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Now M’ = [[(,_1yj=0 BZj maps to N' > [];5, BX; by the inclusion, which
identifies B M’ with the subspectrum of BN’ ~ S such that Q®B>®° M’ ~
]—[(P—l)lj 0; (5% c Q(8% = Q>S. Hence B®°M’ — B®N’ becomes an equiva-
lence after smashing with ku, so

(Lp. M) = (Lp. (CoSZY") — (kup, CoS2) = (kup, N)
is formally based log étale only if the map
D =1L, Aserpsr Z°N — kuy,
is an equivalence. As in Example 12.16, we are led to calculate the maps
Hy(CS9) > H(CSH? > H.(CS?)

in a range of dimensions. Here H, (N) = Hy(CS?)2 agrees with P((12)?~") up to
dimension (6p — 7), where a new class Lg 2. BO?1, enters. For p > 5 this range of
dimensions contains the extra class SQ?t, in Hyx(CS?) that contributes to 74 (D), so
D — kuy is also precisely (4p — 3)—connected, and is not an equivalence.

Remark 12.18 The last two examples show that neither (£, CoS?) — (ku(p), CoS 2)
nor ({p, (CoS If)hA) — (kup, CyS?) are formally based log étale. On the other hand,
Ausoni [4, Section 10] has shown that when THH({,|L,) and THH(ku,|KU)) are
defined so as to sit in homotopy cofiber sequences

THH(Z,) = THH((,) LN THH((,|L,)
THH(Z ) = THH(ku,) LR THH(ku,|KU,)
of spectra, where the two maps labeled 7, are transfer maps, then there is an equivalence
kup Ay, THH(Ey| L) = THH(kuy| KUy) .

If there are conically based pre-log structures M and N on £, and ku,, respectively,
such that

THH(¢,|L,) ~ THH({,, M)
THH(ku,|KUp,) ~ THH(kup, N) .

then this equivalence is effectively equivalent to the condition that (£,, N) — (ku,, M)
is formally based log étale.

Examples 12.16 and 12.17 show that this is not the case for the free commutative based
pre-log structure N = CyS? on ku, that is generated by the Bott class u: S? — kup,

Geometry & Topology Monographs, Volume 16 (2009)



Topological logarithmic structures 531

when M is either CyS? or (CyS?)"2. This does not exclude the possibility that a
conically based pre-log structure N on ku, with THH(ku,|KU,) ~ THH(ku,, N)
exists, but if it does, it will require more (free commutative) cells than the single one
generated by the Bott class. The calculations above suggest that the next cell needed is
a (4p — 2)—cell, attached to cancel SQ?%15.

The search for a suitable log structure N on ku, seems to be related to the question
of how to present H7Z, as a commutative ku,—algebra. One possibility is that N
should be built as a CW commutative conically based Z—space monoid, with cells in
one-to-one correspondence with a model for H7Z ), as a CW commutative ku,—algebra.

13 Shear maps and repletion

Definition 13.1 Let M be a commutative monoid. We view the diagonal map
AM—>MxM

as a map of commutative monoids over M , where the source is augmented by the
identity map M — M , and the target is augmented by the projection pry: M xM — M
to the first factor. For reasons related to the cyclic structures discussed in Remark 3.18,
we compose the diagonal map with the group completion map

idxy: M xM — M x M*P

in the second factor. This target is also augmented by the projection pry: M x M — M
to the first factor, and id Xy is a map of commutative monoids over M . The extension
of the composite map (id xy)A to a map of commutative monoids under and over M
is the shear map

sh: M x M -2 a1 s M < M2 ar s e

given by sh(x, y) = (xy, y(»)), where p is the multiplication map. Both the source
and target are commutative monoids under M , by the inclusions iny: M — M x M
and in;: M — M x M#P on the respective first factors. The source is augmented over
M by ., and the target is augmented over M by pr;.

Passing to monoid rings, there is a shear map
Y = Z[sh]: ZIM|Q Z[M]| — Z[M]Q Z| M *P]

of augmented commutative Z[M ]-algebras, given by linearly extending the formula
Y(x,y) = (xy,y(y)) for x,y € M. On both sides the Z[M |-algebra unit is the
inclusion on the first tensor factor, the source is augmented by the ring multiplication,
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and the target is augmented by the projection Z[{M | Q Z[M®] - Z[M|® Z = Z[M |
induced by M8 — x. Either shear map is an isomorphism if and only if M is an
abelian group.

Definition 13.2 The category M /CMon/M of commutative monoids under and over
M has tensor products with based sets, where Y ®s N is the base change of the Y —
fold coproduct @JI\} N =N®pr---®p N along the augmentation N — M in the base
point summand. Hence the category of simplicial objects in M /CMon/M has tensor
products Y ®as N with based simplicial sets. In the case of the circle ST = Al/JA!
we obtain the suspension S!®y, N in this category, and more generally, tensor product
with the n—sphere S” realizes n—fold suspension S”®ps N in this category.

Lemma 13.3 The suspension
S'Qu(M x M, 1) =~ BYM
of M x M augmented by p is the cyclic bar construction, whereas the suspension
S'®pr(M x M® pr,) = M x BM®

of M x M#P augmented by pr; is M times the suspension of M*P in simplicial
commutative monoids, ie, the bar construction BM®P. The suspension of the shear
map

S'®nssh: BYM — M x BM >~ B™P )\

equals the composite of
A
(e,7): BYM = BYM x BYM <5 M x BM

with the weak equivalence id xBy: M x BM — M x BM#®P. It takes the q —simplex
(mo,my,...,mg) to the pair consisting of momy---mg and [y(my)|---|y(mg)].
Hence S'®y sh equals the repletion map BY M — B™P M .

The suspension in Z|M/CRing/Z[M] takes the shear map
Y ZIM]® ZIM] — Z[M]® Z[M*]
to the corepresenting map
v =yl HH(Z[M]) = Z[BY M| — Z[M x BM®] =~ Z[B"P M

from Remark 3.24 and Lemma 5.24, where Z[B"° M| = HH(Z[M], M). O
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Definition 13.4 The Hochschild homology of Z[M], the log Hochschild homology
of (Z|M], M), and the repletion homomorphism

v: HH(Z[M]) - HH(Z[M], M)

can be (re-)defined as the suspension in augmented commutative Z[M ]—algebras of
the shear map Z[M|Q Z|M ]| — Z[M | Q Z[M P].

The log Hochschild homology of a general pre-log ring (A, M, «) is (re-)defined by
the homotopy pushout

HH(Z[M]) —~ HH(Z[M], M)

o] |s

HH(A) v HH(4, M)

in simplicial commutative rings, where ¢ is induced by the pre-log structure map
a: Z|M]— A.

Lemma 13.5 For n > 1, the n—fold suspension
S"Qu (M x M, ) =S"@ M
is the n—th order cyclic bar construction on M ,
S"@p (M x M ,pry) = M x B" M#

is M times the n—told bar construction on M &P, and the n—th suspension of the shear
map
S"Q@prsh: S"Q@ M — M x B"M® ~ S" @™ M

equals the repletion map. a
Definition 13.6 The n—fold suspension in Z[M]/CRing/Z[M] takes the shear map
to the repletion map

v =y HHM(Z[M) = Z[S" @ M]— Z[M x B" M®] = HH"(Z[M], M)

from Pirashvili’s n—th order Hochschild homology of Z[M] [56, Section 5.1] to an
n—th order log Hochschild homology of (Z[M], M). In general, the n—th order log
Hochschild homology HH"I (A, M) of (A, M) is defined by a homotopy pushout of
simplicial commutative rings, like that in Definition 13.4.
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Remark 13.7 Robinson and Whitehouse [63] defined I'~homology groups HT'x(A),
which are the Eo, DGA analogue of the André—Quillen homology groups D«(A4)
for commutative (simplicial) rings. In particular, HI'¢(A) = Dy(A4) = Qil. By a
theorem of Pirashvili and Richter [57, Theorem 1], the groups HHEﬂn (A) stabilize to
the I"—homology groups H1'«(A) when n — oco. Hence stabilization of higher order
Hochschild homology does not quite give André—Quillen homology in the context
of commutative rings (unless A is a Q—algebra), but its Es DGA analogue. In
the topological setting there is no essential difference between E, ring spectra and
commutative S—algebras, and stabilization of higher order topological Hochschild
homology does, indeed, give topological André—Quillen homology, as proved by
Basterra and Mandell [13, Theorem 4]. See Proposition 13.12 below.

Definition 13.8 Let M be a commutative Z—space monoid, with group completion
I'M . There is a chain of maps

id XA ~ uXy
MM — MXMXM+— MXXMXM — MXT'M

where the middle map is a weak equivalence for reasonable (cofibrant and semistable)
M . These are maps of commutative Z—space monoids under and over M , where the
left hand M X M is augmented by the commutative monoid multiplication 1, and the
right hand M X I'M is augmented by the projection M X I'M — M K *x = M .

There is a chain of maps

v SIMI A SIM] 5L Sran A ST % M

Z SIM]A S[IM] A S[IM] LY SIM] A S[TM]

of augmented commutative S[M ]-algebras, with augmentations induced from those
in the commutative Z—space monoid case.

Lemma 13.9 The suspension
S'®spn(SIMIA S[M], ) = S' ® S[M] = THH(S[M])

of S[M| A S[M] augmented by 1 is the topological Hochschild homology of S[M].
The suspension

S'® s (SIM] A S[TM], pry) ~ S[M]A BT My = THH(S[M], M)

of S[M] A S[I'M] augmented by pr; is the S[M ]-module extended up from the bar
construction B(S, S[TM], S) = S[BI'M]. Here THH(S[M ], M') = S[B™P M] is the
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log topological Hochschild homology of (S[M], M'). The suspension of the shear
map V is the corepresenting map

v = ¢l THH(S[M]) — THH(S[M], M)

from Definition 8.11.
Proof This is clear by a comparison with Definition 8.10. O

Definition 13.10 The topological Hochschild homology of S[M ], the log topological
Hochschild homology of (S[M], M), and the repletion map

v: THH(S[M]) — THH(S[M], M)

can be (re-)defined as the suspension in commutative augmented S[M |-algebras of
the shear map

Y SIMIAS[M]— SIM]AS[TM].
More precisely, the shear map is a chain of maps, and the repletion map is the suspended
chain of maps. The log topological Hochschild homology of a pre-log symmetric ring
spectrum (A, M, «) is defined by the homotopy pushout

THH(S[M]) —~ THH(S[M], M)

o] |3

THH(A) v THH(A, M)

of commutative symmetric ring spectra, where ¢ is induced by a: S[M] — A.

Definition 13.11 For n > 1, the n—th order topological Hochschild homology
THH"(S[M]) = S"& span)(S[M] A S[M], 1)
of S[M], the n—th order log topological Hochschild homology
THH(S[M]. M) = S"& s(ar)(SIM] A S[TM]. pry) = S[M] A B"T M.
of (S[M], M), and the repletion map
v =y THH (S[M]) — THHN(S[M), M)

are defined as the n—fold suspensions in commutative augmented S[M |-algebras of
the source and target of the shear map, and the shear map itself. For general (4, M, «),
the n—th order log topological Hochschild homology THH[”](A, M) is defined by a
homotopy pushout, like in Definition 13.10.
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Proposition 13.12 The stabilization as n — oo of the repletion map ™ in n—th
order topological Hochschild homology is the corepresenting map

v = yl®l TAQ(S[M]) — TAQ(S[M], M) = S[M]A BT M

in topological André—Quillen homology, from Lemma 11.16. This equals the map of
commutative S[M |-algebra indecomposables

LAbSHA(SIM] A S[M]. )

S[M
— LAbgHy(S[M] A S[TM]. pry) ~ S[M] ALAbS S[TM]

induced by the shear map .

Proof (See Basterra—Mandell [13, Section 2] for the definition of the commutative
algebra indecomposables functor LAb.) Let THH™(A) be the (homotopy) cofiber of
the unit : 4 — THH"!(4). The sequence

{n — THH"(4)}

defines a spectrum of A-modules. The category of A—modules is already stable, so
this spectrum corresponds to the 4—-module given by the homotopy colimit

hocolim X" THH™(4) .
n

By [13, Theorem 4], this homotopy colimit is equivalent to the commutative 4—algebra
indecomposables ILAbj (AN A, ) ~TAQ(A), as an A-module. In the special case
A = S[M], this gives the claim for TAQ(S[M]).

It is clear that the spectrum
{n > THH"(S[M], M) = S[M]A B"TM}
stabilizes to TAQ(S[M ], M) = S[M] A B®T M , and that this equals

S
LAbSHI(S[M] A S[TM]. pry) = S[M]ALAbS S[TM] ~ S[M]A B®TM ,

by [13, 6.1].

By Proposition 11.17 in the case when A = S[M ], we have checked that the corepre-
senting map agrees with the stabilized shear map, when M = CX is a free commutative
Z—space monoid. The general comparison result can be deduced from this (modulo
coherence issues) by freely resolving a general commutative Z—space monoid. For
an alternative proof, we can start with the comparison for topological Hochschild
homology in Lemma 13.9 and stabilize. O
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Definition 13.13 The log topological André—Quillen homology of a pre-log symmetric
ring spectrum (A4, M, «), denoted TAQ(A, M), can be (re-)defined as the homotopy
pushout

AAspn TAQ(S[M]) — Y~ 4 Agar TAQ(S[M]. M)

¢ ¢

TAQ(A) v TAQ(4, M)

of A-modules, where  is the stable shear map [ extended along &: S[M]— A,
and ¢ is induced by «.

Definition 13.14 Let N be a commutative conically based Z—space monoid. Hence
N =cone(L)Uyz N’, and the multiplication u: NN — N restricts to a multiplication
N’'K N’ — N’ making N’ a commutative Z—space monoid, with group completion
'N’. Let

§: N - N AN,

be the conical diagonal map. This is a map of commutative based Z—space monoids
over N, where the source is augmented by the identity and the target is augmented by
the projection pri: N A N — N A4 = N, induced by the unique map N’ — .
Over N’ C N the map § equals the diagonal map

A
§IN': N'— N'xN'CN AN,
and over cone(L) the map § is constant in the cone direction.

The based shear map

id 6 ~
sh: NON =5 NAN AN, & NBNBN, 2% yarsg

is a chain of maps of commutative Z—space monoids under and over N . The source
N O N is augmented by p and the target N 1IN is augmented by pr; . It induces
a chain of maps

i *5
Ui SN ASN 2AE0 SN A RSN AN
Z SN AN ASINELEY 52N A S[TN]

of augmented commutative 3°® N —algebras.
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Definition 13.15 Let N be a commutative conically based Z—space monoid. The
suspension

S1®@5eN(Z°N AZ®N, 1) = S°*BYN = THH(Z®N)

of ¥*N A X°*N augmented by u is the topological Hochschild homology of X°*N .
The based log topological Hochschild homology of (X°®*N, N) can be (re-)defined as
the suspension

S1®sen(Z°N AS[CN'],pr;) = Z°N A B(TN'); = THHy(Z°N, N)
of X*N A S[I'N’] augmented by pr; . The repletion map
v =yl THH(S*N) — THHo(S° N, N)

can be (re-)defined as the suspension of the shear map . The based log topological
Hochschild homology of a conically based pre-log symmetric ring spectrum (A4, N, «)
is defined by the homotopy pushout

THH(S*N) —~ THH,(Z* N, N)
¢l B lq?
THH(A) —— THHo(A, N)
of commutative symmetric ring spectra, where ¢ is induced by a: X°*N — A4.

Similarly, we define n—th order based log topological Hochschild homology of (A, N),
denoted THHE)”] (A, N), by starting with the case 4 = X°* N and considering the n—fold
suspension in the category Z*N/CSp*/X°*N of (the target of) the shear map .

Proposition 13.16 The stabilization as n — oo of the repletion map
Y = 8"®seny
is the corepresenting map
v =yl TAQ(S*N) — TAQy(E°N, N) = £°N A BTN’

in based topological André—Quillen homology, as in Definition 12.6. This equals the
map of commutative ¥.° N —algebra indecomposables

LAbZN(Z°N A Z°N, ) — LAbZN(Z°N A S[TN'],pr;) ~ Z°N A B®TN’

induced by the shear map V. O

Geometry & Topology Monographs, Volume 16 (2009)



Topological logarithmic structures 539

Definition 13.17 The based log topological André—Quillen homology TAQy (A, N)
of a conically based pre-log symmetric ring spectrum (A4, N, o) can be (re-)defined as
the homotopy pushout

A AxeN TAQ(E.N) L A AT N TAQO(E.N, N)

o] ) s

TAQ(A) v TAQo (4, N)

of A—modules, where V is the stable shear map /[ extended along @: °N — 4,
and ¢ is induced by «.
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