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Deformation quantisation of Poisson manifolds

SIMONE GUTT

This introduction to deformation quantisation will focus on the construction of star
products on symplectic and Poisson manifolds. It corresponds to the first four lectures
I gave at the 2005 Summer School on Poisson Geometry in Trieste.

The first two lectures introduced the general concept of formal deformation quantisa-
tion with examples, with Fedosov’s construction of a star product on a symplectic
manifold and with the classification of star products on a symplectic manifold.

The next lectures introduced the notion of formality and its link with star products,
gave a flavour of Kontsevich’s construction of a formality for R and a sketch of
the globalisation of a star product on a Poisson manifold following the approach of
Cattaneo, Felder and Tomassini.

The notes here are a brief summary of those lectures; I start with a further reading
section which includes expository papers with details of what is presented.

In the last lectures I only briefly mentioned different aspects of the deformation
quantisation programme such as action of a Lie group on a deformed product, reduc-
tion procedures in deformation quantisation, states and representations in deformed
algebras, convergence of deformations, leaving out many interesting and deep aspects
of the theory (such as traces and index theorems, extension to fields theory); these
are not included in these notes and I include a bibliography with many references to
those topics.
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Further reading

Expository papers with details of what is presented in these notes:
1 D Arnal, D Manchon, M Masmoudi, Choix des signes pour la formalite de
M Kontsevich, Pacific J. Math. 202 (2002) 23-66

2 AS Cattaneo, Formality and star products, from: “Poisson geometry, defor-
mation quantisation and group representations”, London Math. Soc. Lecture
Note Ser. 323, Cambridge Univ. Press, Cambridge (2005) 79-144 MR2166452
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3 AS Cattaneo, G Felder, On the globalization of Kontsevich’s star product and
the perturbative Poisson sigma model, Progr. Theoret. Phys. Suppl. (2001)
38-53 MR2023844 Noncommutative geometry and string theory (Yokohama,
2001)

4 S Gutt, J Rawnsley, Equivalence of star products on a symplectic manifold; an
introduction to Deligne’s Cech cohomology classes, J. Geom. Phys. 29 (1999)
347-392 MR1675581

Expository and review papers on deformation quantisation:

5 M Bordemann, Deformation quantization: a mini-lecture, from: “Geometric
and topological methods for quantum field theory”, Contemp. Math. 434, Amer.
Math. Soc., Providence, RI (2007) 3-38 MR2349629

6 A Bruyere, A Cattaneo, B Keller, C Torossian, Déformation, quantification,
théorie de Lie, Panoramas et Synthese 20 (1995)

7 D Sternheimer, Deformation quantization: twenty years after, from: “Particles,
fields, and gravitation (L6dz, 1998)”, AIP Conf. Proc. 453, Amer. Inst. Phys.,
Woodbury, NY (1998) 107-145 MR1765495

8 S Waldmann, States and representations in deformation quantization, Rev.
Math. Phys. 17 (2005) 15-75 MR2130623

1 Introduction

Quantisation of a classical system is a way to pass from classical to quantum results.

Classical mechanics, in its Hamiltonian formulation on the motion space, has for
framework a symplectic manifold (or more generally a Poisson manifold). Observables
are families of smooth functions on that manifold M. The dynamics is defined
in terms of a Hamiltonian H € C° (M) and the time evolution of an observable
fr € C®°(M x R) is governed by the equation

d
o fr=—tH f

Quantum mechanics, in its usual Heisenberg’s formulation, has for framework a Hilbert
space (states are rays in that space). Observables are families of self-adjoint operators
on the Hilbert space. The dynamics is defined in terms of a Hamiltonian H , which is
a self-adjoint operator, and the time evolution of an observable A; is governed by the
equation

Geometry & Topology Monographs, Volume 17 (2011)


http://www.ams.org/mathscinet-getitem?mr=2023844
http://dx.doi.org/10.1016/S0393-0440(98)00045-X
http://dx.doi.org/10.1016/S0393-0440(98)00045-X
http://www.ams.org/mathscinet-getitem?mr=1675581
http://www.ams.org/mathscinet-getitem?mr=2349629
http://www.ams.org/mathscinet-getitem?mr=1765495
http://dx.doi.org/10.1142/S0129055X05002297
http://www.ams.org/mathscinet-getitem?mr=2130623

Deformation quantisation of Poisson manifolds 173

A natural suggestion for quantisation is a correspondence Q: f +— Q(f) mapping a
function f to a self adjoint operator Q( f) on a Hilbert space H in such a way that
Q(1) =1d and

[Q()). Q@] =ihQ({ [ . g}).

There is no such correspondence defined on all smooth functions on M when one puts
an irreducibility requirement which is necessary not to violate Heisenberg’s principle.

Different mathematical treatments of quantisation appeared to deal with this problem:

e Geometric quantisation of Kostant and Souriau. This proceeds in two steps; first
prequantisation of a symplectic manifold (M, w) where one builds a Hilbert
space and a correspondence Q as above defined on all smooth functions on
M but with no irreducibility, then polarization to “cut down the number of
variables”. One succeeds to quantize only a small class of functions.

e Berezin’s quantisation where one builds on a particular class of Kéhler manifolds
a family of associative algebras using a symbolic calculus, that is, a dequantisation
procedure.

e Deformation quantisation introduced by Flato, Lichnerowicz and Sternheimer
in [31] and developed in conjunction with Bayen and Fronsdal [4] where they

“suggest that quantisation be understood as a deformation of the structure
of the algebra of classical observables rather than a radical change in
the nature of the observables.”

This deformation approach to quantisation is part of a general deformation approach to
physics. This was one of the seminal ideas stressed by Moshe Flato: one looks at some
level of a theory in physics as a deformation of another level [30].

One stresses here the fundamental aspect of the space of observables rather than the
set of states; observables behave indeed in a nice way when one deals with composed
systems: both in the classical and in the quantum picture, the space of observables for
combined systems is the tensor product of the spaces of observables.

The algebraic structure of classical observables that one deforms is the algebraic
structure of the space of smooth functions on a Poisson manifold: the associative
structure given by the usual product of functions and the Lie structure given by the
Poisson bracket. Formal deformation quantisation is defined in terms of a star product
which is a formal deformation of that structure.

The plan of this presentation is the following:

e Definition and Examples of star products;
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e Fedosov’s construction of a star product on a symplectic manifold;
e C(lassification of star products on symplectic manifolds;

e Star products on Poisson manifolds and formality.

2 Definition and examples of star products

Definition 1 A Poisson bracket defined on the space of smooth functions on a manifold
M , is a R—-bilinear map on C*°(M), (u,v) — {u, v} such that, for any u,v, w €
C>® (M),

e {u,v}=—{v,u} (skew-symmetry);
o {u, v}, wl+ {{v,w}, u}+ {{w,u}, v} = 0 (Jacobi’s identity);

e {u,vw}={u,viw+ {u, wiv (Leibnitz rule).

The Leibnitz rule is equivalent to saying that bracketing with a function u is a derivation
of the associative algebra of smooth functions on M , hence is given by a vector field X,
on M . By skew-symmetry, a Poisson bracket is thus given in terms of a contravariant
skew symmetric 2—tensor P on M , called the Poisson tensor, by

(1) {u,v} = P(du A dv).

The Jacobi identity for the Poisson bracket Lie algebra is equivalent to the vanishing of
the Schouten bracket

[P, P]=0.
(The Schouten bracket is the extension — as a graded derivation for the exterior product —
of the bracket of vector fields to skew-symmetric contravariant tensor fields; it will be
developed further in section 6.)

A Poisson manifold, denoted (M, P), is a manifold M with a Poisson bracket defined
by the Poisson tensor P.

A particular class of Poisson manifolds, essential in classical mechanics, is the class
of symplectic manifolds. If (M, w) is a symplectic manifold (that is, w is a closed
nondegenerate 2—form on M ) and if u,v € C°° (M), the Poisson bracket of # and v
is defined by
{u, v} 1= Xu(v) = 0(Xy, Xu),

where X, denotes the Hamiltonian vector field corresponding to the function u, that is,
such that i (X;,)w = du. In coordinates the components of the corresponding Poisson
tensor P/ form the inverse matrix of the components w; j of w.
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Duals of Lie algebras form the class of linear Poisson manifolds. If g is a Lie algebra
then its dual g* is endowed with the Poisson tensor P defined by

Pe(X,Y) :=§(X.Y])
for X, Y e g=(g%)* ~ (Teg™)*.

Definition 2 (Bayen et al. [4]) A star product on (M, P) is a bilinear map
N x N — N[v], (u,v)»—>u*v:u*vv::Zv’Cr(u,v)

r=0
where N = C°°(M) [we consider here real valued functions; the results for complex
valued functions are similar], such that

(1) when the map is extended v-linearly (and continuously in the v—adic topology)
to N[v] x N[v] it is formally associative:

(uxv)*xw=ux*xV*xw);
(2) (@ Colu,v) =uv,
(b) Cl(H,U)-C](U,M) :{M,U};

B) 1lxu=uxl=u.

When the C,’s are bidifferential operators on M , one speaks of a differential star
product. When, furthermore, each bidifferential operator C, is of order maximum r in
each argument, one speaks of a natural star product.

If there was a quantisation in the usual sense, that is, a correspondence between
functions on the Poisson manifold (M, P) and algebras A of operators on a Hilbert
space (depending on a parameter /2 related to the Plank’s constant), one could look at
the deformed products *; of two functions as corresponding to the composition of the
corresponding operators in Aj. One can think of a star product as the expansion in the
parameter /& of such deformed products.

Remark 3 A star product can also be defined not on the whole of C°°(M) but on any
subspace N of it which is stable under pointwise multiplication and Poisson bracket.

In (b) we follow Deligne’s normalisation for Cj: its skew symmetric part is %{ , +-In
the original definition it was equal to the Poisson bracket. One finds in the literature
other normalisations such as £{, }. All these amount to a rescaling of the parameter.

Property (b) above implies that an element in the centre of the deformed algebra
(C®°(M)[v], =) is a series whose terms Poisson commute with all functions, so is an
element of Rv] when M is symplectic and connected.

Geometry & Topology Monographs, Volume 17 (2011)



176 Simone Gutt

Properties (a) and (b) of Definition 2 imply that the star commutator defined by
[, v]« = u * v — v * u, which obviously makes C° (M )[v] into a Lie algebra, has
the form [u, v]« = v{u, v} + ... so that repeated bracketing leads to higher and higher
order terms. This makes C°°(M)[v] an example of a pronilpotent Lie algebra. We
denote the star adjoint representation adxu (v) = [u, v]«.

2.1 The Moyal star product on R”"

The simplest example of a deformation quantisation is the Moyal product for the
Poisson structure P on a vector space V' = R™ with constant coefficients:

P=Y PY3rd;, P/=-P/"cR
i’j

where 9; = 9/0x’ is the partial derivative in the direction of the coordinate x’, i =
1,...,n. The formula for the Moyal product is

@) (wepr 0)E) = exp (5 P70y ) G| _

Associativity follows from the fact that

0 10 V)(0) = Dt + Dyp) oxp (5 P70y )(u(x)v(y))( e

Thus
(%31 v) g W) = exp (3P Dyrder) (wpg OWE)|
= exp (5 P70 +0y)0z0 ) exp (5P 0080 ) (@(0V(NW(E)

— exp (gp”(axr Bz + 8yr 00 + Dr ays)) ((u(x)v(y))w(z))‘

= (u*pr (v*pr w)(x).

/
x=y=z=x'

x=y=z=x'

Definition 4 When P is non degenerate (so ¥V = R?"), the space of polynomials
in v whose coefficients are polynomials on V' with Moyal product is called the Weyl
algebra (S(V*)[v], *apr).

This Moyal star product is related to the composition of operators via Weyl’s quantisa-
tion. Weyl’s correspondence associates to a polynomial f on R?” an operator W( f)
on L?(R") in the following way:
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Introduce canonical coordinates {p;,¢’;i <n} so that the Poisson bracket reads

~~(0f dg of g
=3 (s an)

i=1

Assign to the classical observables ¢’ and p; the quantum operators Q' = ¢+ and

P, = —ih% acting on functions depending on ¢/ ’s. One has to specify what should

q' i
happen to other classical observables, in particular for the polynomials in ¢* and p;
since Q' and P; do no longer commute. The Weyl ordering is the corresponding

totally symmetrized polynomial in Q! and Pj,e.g.
W(g'(phH?) = 3(Q'(PH? + P1Q' P! + (P12 Q).
Then

W(f)oW(g)=W(f*mg)  (v=ih).

In fact, Moyal had used in 1949 the deformed bracket which corresponds to the
commutator of operators to study quantum statistical mechanics. The Moyal product
first appeared in Groenewold.

In 1978, in their seminal paper about deformation quantisation [4], Bayen, Flato,
Fronsdal, Lichnerowicz and Sternheimer proved that Moyal star product can be defined
on any symplectic manifold (M, w) which admits a symplectic connection V (that is,
a linear connection such that Vw = 0 and the torsion of V vanishes) with no curvature.

2.2 The standard #-product on g*

Let g* be the dual of a Lie algebra g. The algebra of polynomials on g* is identified
with the symmetric algebra S(g). One defines a new associative law on this algebra by
a transfer of the product o in the universal enveloping algebra U(g), via the bijection
between S(g) and U(g) given by the total symmetrization o :

1
o:S(@—~>U( X; XkHE Z Xp(l)o---oXp(k)
',OGS/(

Then U(g) = ®,>0Un where U, := 0 (S"(g)) and we decompose an element u € U(g)
accordingly v =) u,. We define for P € S?(g) and Q € S9(g)

3) PxQ =Y ('o ' ((6(P)03(0))p+g—n)-

n=0
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This yields a differential star product on g* [35]. Using Vergne’s result on the multipli-
cation in U(g), this star product is characterised by

X*X]...Xk:XXI...Xk

k .
-1/ . A~ ~
+> uufBj[[[X, Xl 1 X)X X X

! 'j

- Xk
j=1

where B; are the Bernoulli numbers. This star product can be written with an integral

formula for v = 27i (see Drinfel’d [26]):

uxv(€) = / Q(X)g(y)eZin(é,CBH(X,Y))dXdY
gxg

where #(X) = fg* u(n)e= 27X} and where CBH denotes the Campbell-Baker—
Hausdorff formula for the product of elements in the group in a logarithmic chart
(expXexpY =expCBH(X,Y) VX,Y eg).

We call this the standard (or CBH) star product on the dual of a Lie algebra.

Remark 5 The standard star product on g* does not restrict to orbits (except for
the Heisenberg group) so other algebraic constructions of star products on S(g) were
considered (with Michel Cahen in [13] and [14], with Cahen and Arnal in [1], by
Arnal, Ludwig and Masmoudi in [2] and by Fioresi and Lledo in [29]). For instance,
when g is semisimple, if 7 is the space of harmonic polynomials and if I, ... I, are
generators of the space of invariant polynomials, then any polynomial P € S(g) writes
uniquely as asum P =3, I I ha, .., Where ha,..q, € H. One considers
the linear isomorphism ¢’ between S(g) and U(g) induced by this decomposition

o'(P)= Y (a(I)0)'...(c(I;)o)* 00 (ha,..a,).
ai...ar

The associative composition law in U(g), pulled back by this isomorphism o', gives
a star product on S(g) which is not defined by differential operators. In fact, with
Cahen and Rawnsley, we proved [16] that if g is semisimple, there is no differential
star product on any neighbourhood of 0 in g* such that C * u = Cu for the quadratic
invariant polynomial C € S(g) and Yu € S(g) (thus no differential star product which
is tangential to the orbits).

In 1983, De Wilde and Lecomte proved [22] that on any symplectic manifold there exists
a differential star product. This was obtained by imagining a very clever generalisation
of a homogeneity condition in the form of building at the same time the star product and
a special derivation of it. A very nice presentation of this proof appears in De Wilde’s
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preprint [21]. Their technique works to prove the existence of a differential star product
on a regular Poisson manifold (see Masmoudi [42]).

In 1985, but appearing only in the West in the nineties [27], Fedosov gave a recursive
construction of a star product on a symplectic manifold (M, w) constructing flat
connections on the Weyl bundle. In 1994, he extended this result to give a recursive
construction in the context of regular Poisson manifold [28].

Independently, also using the framework of Weyl bundles, Omori, Maeda and Yoshioka
[46] gave an alternative proof of existence of a differential star product on a symplectic
manifold, gluing local Moyal star products.

In 1997, Kontsevich [39] gave a proof of the existence of a star product on any Poisson
manifold and gave an explicit formula for a star product for any Poisson structure
on V = R™. This appeared as a consequence of the proof of his formality theorem.
Tamarkin [51; 52] gave a version of the proof in the framework of the theory of operads.

3 Fedosov’s construction of star products

Fedosov’s construction [27] gives a star product on a symplectic manifold (M, w),
when one has chosen a symplectic connection and a sequence of closed 2—forms on
M . The star product is obtained by identifying the space C°°(M)[v] with an algebra
of flat sections of the so-called Weyl bundle endowed with a flat connection whose
construction is related to the choice of the sequence of closed 2—forms on M .

3.1 The Weyl bundle

Let (V, 2) be a symplectic vector space; recall that we endow the space of polynomials
in v whose coefficients are polynomials on V' with Moyal star product (this is the Weyl
algebra S(V*)[v]). This algebra is isomorphic to the universal enveloping algebra of
the Heisenberg Lie algebra h = V*@ Rv with Lie bracket

.y ]=@ Hv.
Indeed both associative algebras U(h) and S(V *)[v] are generated by V* and v and
the map sending an element of V* C b to the corresponding element in V* C S(V*)

viewed as a linear function on V' and mapping v € h on v € R[v] C S(V*)[v] has the
universal property

Exp & —ExpmE=[68] VEE eh=V"®Ry

so extends to a morphism of associative algebras.
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One defines a grading on U(h) assigning the degree 1 to the y’’s and the degree 2 to
the element v. The formal Weyl algebra W is the completion in that grading of the
above algebra. An element of the formal Weyl algebra is of the form

o0
a(y,v)=Y_ ( > agyi v " ...y”).

m=0 "2k+Il=m
The product in U(h) is given by the Moyal star product

0

N 9
(@ob)(y.v) = (exp (gm 87},-@)61(% Db, v))

y=z

with A = (Q71)¥ and the same formula also defines the product in W .

Definition 6 The symplectic group Sp(V, 2) of the symplectic vector space (V, 2)
consists of all invertible linear transformations 4 of V with Q(Au, Av) = Q(u, v), for
all u,ve V. Sp(V, Q) acts as automorphisms of h by A- f = foA™! for feV*
and A -v = 0. This action extends to both U() and W and on the latter is denoted
by p. It respects the multiplication p(A)(a o b) = p(A)(a) o p(A)(b). Choosing a
symplectic basis we can regard this as an action of Sp(n, R) as automorphisms of W',
Explicitly, we have

p(A)( > agy, iy -yi’) = > gy iV AT ATy

If B esp(V,Q) we associate the quadratic element B = %Zijr Q,iB;yiyj. This is
an identification since the condition to be in sp(V, ) is that ) . Q riB; is symmetric
in i and j. An easy calculation shows that the natural action p«(B) is given by

1 _
px(B)y' = T[B,y’]

where [a,b]:= (aob) — (boa) for any a,b € W. Since both sides act as derivations
this extends to all of W as

-1 _

Definition 7 If (M, w) is a symplectic manifold, we can form its bundle F(M) of
symplectic frames. Recall that a symplectic frame at the point x € M is a linear
symplectic isomorphism &,: (V, Q) — (Tx M, wy). The bundle F(M) is a principal
Sp(V, Q2)-bundle over M (the action on the right of an element A € Sp(V,2) on a
frame & is given by £ 0 4).

Geometry & Topology Monographs, Volume 17 (2011)



Deformation quantisation of Poisson manifolds 181

The associated bundle W = F(M ) X spv,2),p W is a bundle of algebras on M called
the bundle of formal Weyl algebras, or, more simply, the Weyl bundle.

Sections of the Weyl bundle have the form of formal series

) a(x.y.v)= Y vEag i (oyt eyt
2k+1>0

where the coefficients ay ;, .. ;, define (in the i’s) symmetric covariant /—tensor fields
on M . We denote by I'(WV) the space of those sections.

The product of two sections taken pointwise makes I"()}) into an algebra, and in terms
of the above representation of sections the multiplication has the form

0

N 9
6) (@aob)(x,y,v) = (exp (%A”W@)a(x, y,v)b(x,z, v))

y=z

Note that the center of this algebra coincide with C*°(M)[v].

3.2 Flat connections on the Weyl bundle

Let (M, w) be a symplectic manifold. A symplectic connection on M is a connection
V on T'M which is torsion-free and satisfies Vyw = 0.

Remark 8 It is well known that such connections always exist but, unlike the Rie-
mannian case, are not unique. To see the existence, take any torsion-free connection
V' and set T(X.Y, Z) = (Vyw)(Y, Z). Then

T(X,Y,Z)+T(Y,Z,X)+T(Z,X,Y) = (do)(X,Y,Z) =0

Define S by
o(S(X,Y),Z) = 3(T(X.Y,.Z) + T(Y, X, Z))

so that S is symmetric, then it is easy to check that

VxY =V4Y +S(X.Y)
defines a symplectic connection, and S symmetric means that it is still torsion-free.
A symplectic connection defines a connection 1—form in the symplectic frame bundle
and so a connection in all associated bundles (that is, a covariant derivative of sections).

In particular we obtain a connection in ¥V which we denote by d. Remark that for any
vector field X on M , the covariant derivative dy is a derivation of the algebra I'(W).
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In order to express the connection and its curvature, we need to consider also WW—valued
forms on M . These are sections of the bundle W ® A9T*M and locally have the
form

k i 14 j j
Z Vi it 1 GOV VP AT AL A dX

2k+p=0
where the coefficients are again covariant tensors, symmetric in iy, ...,i, and anti-
symmetric in ji,..., jq. Such sections can be multiplied using the product in WW and

simultaneously exterior multiplication ¢ @ wob @ w’ = (a0b) ® (w Aw’). The space of
W-—valued forms 'V ® A*) is then a graded Lie algebra with respect to the bracket

[s,8] =505 —(=1)11925 o 5
if s; eIT’'W®AT).
The connection d in W can then be viewed as a map
2TW)>TWQRAY,

and we write it as follows. Let F,i ; be the Christoffel symbols of V in 7'M . Then with
respect to the i/ indices we have an element of the symplectic Lie algebra sp(n, R).
If we introduce the YW—valued 1-form I' given by

T=3> oulhy'yldx",
ijkr

then the connection in W is given by
1 —
da =da— —[T, d].
v

As usual, the connection d in WV extends to a covariant exterior derivative on all of
(W ® A*), also denoted by d, by using the Leibnitz rule

a@w)=0da)ANw+aQ@dw.

The curvature of 9 is then given by d.d which is a 2—form with values in End(W). In
this case it admits a simple expression in terms of the curvature R of the symplectic
connection V

1 —
doda = —[R, a]
v

where
R = % Z a),lRfjkyryk dx' Adx’
ijklr
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The idea is to try to modify 0 to have zero curvature. In order to do this we need
a further technical tool, coming from Koszul long exact sequence. Given any finite
dimensional vector space V', the Koszul long exact sequence has the form

8 8 8
0— SI(V—V'@SI H (V) —AV' QST 2(V)—---
8’ 8
= ATV Q VI —AL(V) — 0
where § is the skew-symmetrization operator
p . . .
SWAa. . Avi@uw! - w?) :Zv1 Ao AV AW @u! e w T TP,
i=1
The symmetrization operator reads
q . . . .
sA L Avi@uw! - wP) z:(_l)q_’v1 AT AT A @ w!t - w?
i=1
These two operators satisfy (§')2 =0, s2 =0, (§.s + 568 naprgspan = (P +¢)1d.

For any a € T'(W ® A?), write
k i i j j
a = Z apg = Z Y ak,il,n-,ip,jl,n-,qu 1 ...y" dle A...Adx79,
p>0,g>0 2k+p>0,g>0

In particular
agp = Z vEay, with ay € C®(M).

k
Define
9 1 ki 9 if > 0:
S(a) =) dx* A —ak» 8 (apg) = 1 P+ 2k 1 (gar)pa L
B dy 0 if p+¢g=0.
Then

§2=0, 6 H?2 =0, 6871 +68718)(a) = a—aqgo.
Note that § can be written in terms of the algebra structure by
1 L
5(a) = ; |: Z —a)ijy’dxj y Cli|
ij
so that § is a graded derivation of 'V ® A*). It is also not difficult to verify that
08 +380=0.

Geometry & Topology Monographs, Volume 17 (2011)



184 Simone Gutt

With these preliminaries we now look for a connection D on W, so that Dy is a
derivation of the algebra I'(W) for any vector field X on M, and so that D is flat
in the sense that Do D = 0. Such a connection can be written as a sum of d and a
End(W)-valued 1-form. The latter is taken in the form

) Da = da—5(a) — %[r, al

Then an easy calculation shows that
1 5 1
DoDa = —|:R— or +r + —|r, r],a:|
v 2v

and [r,r] = 2r or. So we will have a flat connection D provided we can make the
first term in the bracket be a central 2—form.

Theorem 9 (Fedosov [27]) The equation

_ 1 -
(8) Sr=—R+3r——r*+Q
V

for a given series
©) Q=> Mo
i>1

where the w; are closed 2—forms on M , has a unique solution r € TOW ® Al)
satisfying the normalization condition

§slr=0
and such that the VW —degree of the leading term of r is at least 3.

Proof We apply 6! to the equation (8) and use the fact that r is a 1—form so that
roo = 0. Then r, if it exists, must satisfy

_ 1 -
(10) r=8"16r==8""R+81oar— -1 +571Q.
V

Two solutions of this equation will have a difference which satisfies the same equation
but without the R term and the Q term. If the first non-zero term of the difference has
finite degree m1, then the leading term of §~19r has degree m + 1 and of §~'(r2/ h)
has degree 2m — 1. Since both of these are larger than m for m > 2, such a term
cannot exist so the difference must be zero. Hence the solution is unique.

Existence is very similar. We observe that the above argument shows that the equation
(10) for r determines the homogeneous components of r recursively. So it is enough to
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show that such a solution satisfies both conditions of the theorem. Obviously §~r=0.
Let A=8r+R—0r+1r2—Q € TOW® A?). Then

_ 1 ~
8_1A=8_15r+5_1(R—8r+—r2—§2) =r—r=0.
v

Also DA =0A4—6A4— %[r, A]=0. We can now apply a similar argument to that which
proved uniqueness. Since Agp =0, § 14 =0 and DA = 0 we have

1
A=686164=6"" (aA ——r, A])
%

and recursively we can see that each homogeneous component of 4 must vanish, which
shows that (8) holds and the theorem is proved. O

Actually carrying out the recursion to determine r explicitly seems very complicated,
but one can easily see that the following proposition holds.

Proposition 10 (Bertelson [5; 7]) Let us consider Q= Zizl hiw; and the corre-
sponding r in (W ® A') , solution of (8), given inductively by (10). Then r,, only
depends on w; for 2i + 1 < m and the first term in r which involves wy, is

Fap1 =08 (Viwr) + k41

where the last term does not involve wy, .

3.3 Flat sections of the Weyl bundle

In this section, we consider a flat connection D on the Weyl bundle constructed as
above. Since Dy acts as a derivation of the pointwise multiplication of sections, the
space Wp of flat sections will be a subalgebra of the space

Wp ={a e T(W)|Da = 0}

of sections of WW. The importance of this space of sections comes from

Theorem 11 (Fedosov [27]) Given a flat connection D, for any a, € C*®°(M)[v]
there is a unique a € Wp such that a(x,0,v) = a.(x,v).

Proof This is very much like the above argument. We have

1
(11) Da =0 <= da = da— —[r,al.
v
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Since §7'a = 0 as it is a O—form, we apply §~! and we get
1

(12) a=5§"8a+a, =5_1(8a——[r,a]) + do.
v

We solve this equation recursively for a, so a(x, 0, v) =ao(x, v). The fact that A = Da
vanishes follows as before by showing that §7'4 = 0 and DA = D?a = 0. Unicity
for a follows by an induction argument for the difference of two solutions. |

Definition 12 Define the symbol map o: T (W) — C°(M)[v], by
(13) o(a) =a(x,0,v).

Theorem 11 tells us that o is a linear isomorphism when restricted to WWp. So it can
be used to transport the algebra structure of Wp to C°°(M)[v]. We define

(14) axb=o( Y a)oo (b)), a.beC®M)[v].

One checks easily that this defines a x—product on C°°(M), called the Fedosov star
product; its construction depends only on the choice of a symplectic connection V and
the choice of a series 2 of closed 2—forms on M . If the curvature and the 2 vanish,
one gets back the Moyal *—product.

Proposition 13 (Bertelson [5; 7]) Let us consider Q= ZiZI hiw;, the connection
Dg corresponding to r in (W ® A') given by the solution of (8) and the correspond-
ing star product xg on C°°(M)[v] obtained by identifying this space with Whpy - Let
us write uxgv = Y ;> v’CQ(u v). Then, for any r, CQ only depends on w; for
i <r and

r+1(“ v) = wp(Xy, Xy) + Cr—i—l(“ v)
where the last term does not depend on wy .

Proof Take u in C°°(M) and observe that the lowest term in the WV grading of

o~ lu involving wy is in (07 1)k, coming from the term —197 ! [ry5 41, uy] and

one has
1
(O waser = =07 07 (o), ]+ u

where u’ does not depend on wy, . Hence the lowest term in o (0~ ! (1) oo~ (v)) for
u,v e C®(M) involving w; comes from

(@ @)akt1 0@ @)1+ (67110 (07 (0))2k+1)(x, 0, ). o
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4 Classification of Poisson deformations and star products on
a symplectic manifold

4.1 Hochschild cohomology

Star products on a manifold M are examples of deformations — in the sense of Gersten-
haber [32] — of associative algebras. The study of these uses the Hochschild cohomology
of the algebra, here C°° (M) with values in C°° (M), where p—cochains are p-linear
maps from (C*°(M))? to C°(M) and where the Hochschild coboundary operator
maps the p—cochain C to the (p+1)—cochain

0C)(ug, ... .up) =uoC(uy,...,up)
P
+ Z(—l)’C(uo, csUpqty,y . up) + (DPTIC(ug, . up— ) up.
r=1

For differential star products, we consider differential cochains, that is, given by
differential operators on each argument. The associativity condition for a star product
at order k in the parameter v reads

(0Ck)(u, v, w) = Z (Cr(Cs(uvU)v w)_Cr(UaCs(v:w)))-

r+s=k,r,s>0

If one has cochains Cj, j < k such that the star product they define is associative to
order k — 1, then the right hand side above is a cocycle (d(RHS)= 0) and one can
extend the star product to order k if it is a coboundary (RHS = 9(Cy)).

Theorem 14 (Vey [53]) Every differential p—cocycle C on a manifold M is the sum
of the coboundary of a differential (p—1)—cochain and a 1 —differential skew-symmetric
p—cocycle A:

15) C=0B+4

In particular, a cocycle is a coboundary if and only if its total skew-symmetrization,
which is automatically 1—differential in each argument, vanishes. Also

HE(C®(M),C®(M))=T(A’TM).

Furthermore (see Cahen and Gutt [12]), given a connection V on M , B can be defined
from C by universal formulas.
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By universal, we mean the following: any p—differential operator D of order maximum
k in each argument can be written

(16) D(Lll,...,up): Z Dl(zll.lnapmplvalul ---vapup

.....

log |<k...|oep | <k

where o’s are multi-indices, Djq| | are tensors (symmetric in each of the p
groups of indices) and Vou = (V... (Vu))(axi,-l, e axifa) when o = (i1, ...,iq).
We claim that there is a B such that the tensors defining B are universally defined as
linear combinations of the tensors defining C, universally meaning in a way which is
independent of the form of C. Note that requiring differentiability of the cochains is

essentially the same as requiring them to be local (see Cahen, Gutt and De Wilde [15]).

(An elementary proof of the above theorem can be found in Gutt and Rawnsley [37].)

Remark 15 Behind Theorem 14 above, there exist the following stronger results about
Hochschild cohomology:

Theorem 16 Let A= C*>°(M), let C(A) be the space of continuous Cochains and
Caif(A) be the space of differential cochains. Then

(1) T(APTM)C HP(C*®(M),C®(M));

(2) the inclusions T'(A?TM) C Cgirr(A) C C(A) induce isomorphisms in cohomol-

0gy.

Point (1) follows from the fact that any cochain which is 1-differential in each argument
is a cocycle and that the skew-symmetric part of a coboundary always vanishes. The
fact that the inclusion T'(ATM) C Caigr(A) induces an isomorphism in cohomology is
proven by Vey [53]; it gives Theorem 14. The general result about continuous cochains
is due to Connes [20]. Another proof of Connes result was given by Nadaud in [43].

In the somewhat pathological case of completely general cochains the full cohomology
does not seem to be known.

4.2 Equivalence of star products

Definition 17 Two star products * and *' on (M, P) are said to be equivalent if
there is a series

o
17) T=Id+> V'T,

r=1

where the T} are linear operators on C°° (M), such that

(18) T(fxg)=Tf+Tg.
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Remark that the 7} automatically vanish on constants since 1 is a unit for * and for ’.
Using in a similar way linear operators which do not necessarily vanish on constants,
one can pass from any associative deformation of the product of functions on a Poisson
manifold (M, P) to another such deformation with 1 being a unit. Remark also that
one can write T = exp A where A is a series of linear operators on C°°(M).

In the general theory of deformations, Gerstenhaber [32] showed how equivalence is
linked to some second cohomology space.

Recall that a star product * on (M, w) is called differential if the 2—cochains C; (u, v)
giving it are bidifferential operators. As was observed by Lichnerowicz [41] and
Deligne [24]:

Proposition 18 If x and *’ are differential star products and T (u) =u+)_, = v" Tr(u)
is an equivalence such that T'(u * v) = T'(u) ¥’ T'(v) then the T, are differential
operators.

Proof Indeed if 7 =1Id +v* T} +--- then T} = C,. — Cy, is differential so C; — Cy
is a differential 2—cocycle with vanishing skew-symmetric part but then, using Vey’s
formula, it is the coboundary of a differential 1-cochain E and 7j — E, being a
1—cocycle, is a vector field so T} is differential. One then proceeds by induction,
considering 7" = (Id +v¥ 7)™ o T =1d +vk 1T/ + ... and the two differential
star products * and *”, where u " v = (Id +v* T) =1 ((Id +vE T )u ' (1d +vE Ty )v),
which are equivalent through 7" (that is, 77 (u * v) = T'(u) *” T'(v)). O

A differential star product is equivalent to one with linear term in v given by %{u, v}.
Indeed Ci(u,v) is a Hochschild cocycle with antisymmetric part given by %{u, v}
so C; = %P + dB for a differential 1—cochain B. Setting T(u) = u + vB(u) and
ux'v="T(T'(u)* T~'(v)), this equivalent star product ' has the required form.

In 1979, we proved [33] that all differential deformed brackets on R?” (or on any
symplectic manifold such that b, = 0) are equivalent modulo a change of the parameter,
and this implies a similar result for star products; this was proven by direct methods by
Lichnerowicz [40]:

Proposition 19 Let * and %’ be two differential star products on (M, ) and suppose
that H*>(M ;R) = 0. Then there exists a local equivalence T = 1d + D oks1 vE Ty on
C®(M)[v] such that u ' v = T(T'ux T~ 'v) forall u,v € C®(M)[v].

Proof Let us suppose that, modulo some equivalence, the two star products * and
«" coincide up to order k. Then associativity at order k shows that Cy — C ]2 is a
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Hochschild 2—cocycle and so by Theorem 14 can be written as (Cy — C,i)(u, v) =
(0B)(u,v) + A(Xy, Xy) for a 2—form A. The total skew-symmetrization of the
associativity relation at order k + 1 shows that A is a closed 2—form. Since the second
cohomology vanishes, A is exact, 4 = dF. Transforming by the equivalence defined
by Tu = u +vEk~12F(X,), we can assume that the skew-symmetric part of Cj, — CIQ
vanishes. Then Cp, —C /; = dB where B is a differential operator. Using the equivalence
definedby 7T'=1 + v% B we can assume that the star products coincide, modulo an
equivalence, up to order k£ + 1 and the result follows from induction since two star
products always agree in their leading term. a

It followed from the above proof and results similar to [33] (that is, two star products
which are equivalent and coincide at order &k differ at order k£ 4+ 1 by a Hochschild
2—cocycle whose skew-symmetric part corresponds to an exact 2—form) that at each
step in v, equivalence classes of differential star products on a symplectic manifold
(M, w) are parametrised by H?(M ;R), if all such deformations exist. The general
existence was proven by De Wilde and Lecomte. At that time, one assumed the parity
condition Cy(u,v) = (—1)"Cy(v, u), so equivalence classes of such differential star
products were parametrised by series H?(M ; R)[v?]. The parametrization was not
canonical.

In 1994, Fedosov proved the recursive construction explained in Section 3: given any
series of closed 2—forms on a symplectic manifold (M, ), he could build a connection
on the Weyl bundle whose curvature is linked to that series and a star product whose
equivalence class only depends on the element in H?(M ;R)[v] corresponding to that
series of forms.

In 1995, Nest and Tsygan [44], then Deligne [24] and Bertelson—Cahen—Gutt [5; 7]
proved that any differential star product on a symplectic manifold (M, w) is equiv-
alent to a Fedosov star product and that its equivalence class is parametrised by the
corresponding element in H2(M;R)[v].

4.3 Poisson deformations on a symplectic manifold

Definition 20 A Poisson deformation of the Poisson bracket on a Poisson manifold
(M, P) is a Lie algebra deformation of (C°°(M),{, }) which is a derivation in each
argument, that is, of the form

19) {u, v}y, = Py(du, dv)

where P, = P+ ) pk Py is a series of skew-symmetric contravariant 2—tensors on
M (such that [Py, P,] =0).
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Two Poisson deformations P, and P}, of the Poisson bracket P on a Poisson manifold
(M, P) are equivalent if there exists a formal path in the diffeomorphism group of M,
starting at the identity, i. e. a series

1 .
_ — - nJ — r
(20) T—expD—Id+E ]_!D for D = E v' D,
J r=1
where the D, are vector fields on M , such that

(21 T{u,v}, ={Tu, Tv},
where {u, v}, = Py(du,dv) and {u, v}, = P} (du,dv).

For symplectic manifolds, Flato, Lichnerowicz and Sternheimer in 1974 studied 1-
differential deformations of the Poisson bracket [31]; the next proposition follows from
their work.

Proposition 21 On a symplectic manifold (M, w), the equivalence classes of Poisson
deformations of the Poisson bracket P are parametrised by H*(M ;R)[v].

Indeed, one first shows by induction that any Poisson deformation P, of the Poisson
bracket P on a symplectic manifold (M, w) is of the form P for a series Q =
O+ k> vk ey where the wy, are closed 2—forms, and P (du, dv) = —Q(XL?, XUQ)
where X = X, +v(...) € T(TM)[v] is the element defined by i (X$*)Q = du.

One then shows that two Poisson deformations P and P< are equivalent if and only
if wy and (‘)I,c are cohomologous for all k£ > 1. In fact

TP (du, dv) = P¥ (d(Tu),d(Tv))
with T =exp D for D =) .., v" D, iff
Q' =exp(Lp)Q

50 iff Q' —Q = do for @ = Y g V¥ with

1
da = (exp(Lp) —1d)Q2 = d(kg(:) (k +1)!

In 1997, Kontsevich proved that the coincidence of the set of equivalence classes of
star and Poisson deformations is true for general Poisson manifolds:

i(D)([,D)ksz).

Theorem 22 (Kontsevich [39]) The set of equivalence classes of differential star
products on a Poisson manifold (M, P) can be naturally identified with the set of
equivalence classes of Poisson deformations of P :

P, =Pv+ Pp?+...e (X, A’ Ty)[v]. [Py.P,]=0
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All results concerning parametrisation of equivalence classes of differential star products
are still valid for star products defined by local cochains or for star products defined by
continuous cochains (see Gutt [36] and Pinczon [48]). Parametrization of equivalence
classes of special star products have been obtained: star products with separation of
variables (by Karabegov [38]), invariant star products on a symplectic manifold when
there exists an invariant symplectic connection (with Bertelson and Bieliavsky [6]),
and algebraic star products (Kontsevich [39]).

4.4 Deligne’s cohomology classes

Deligne defines two cohomological classes associated to differential star products on
a symplectic manifold. This leads to an intrinsic way to parametrise the equivalence
class of such a differential star product. Deligne’s method depends crucially on the
Darboux theorem and the uniqueness of the Moyal star product on R2” so the methods
do not extend to general Poisson manifolds.

The first class is a relative class; fixing a star product on the manifold, it intrinsically
associates to any equivalence class of star products an element in H2(M ; R)[v]. This
is done in Cech cohomology by looking at the obstruction to gluing local equivalences.

Deligne’s second class is built from special local derivations of a star product. The same
derivations played a special role in the first general existence theorem (see De Wilde
and Lecomte [22]) for a star product on a symplectic manifold. Deligne used some
properties of Fedosov’s construction and central curvature class to relate his two classes
and to see how to characterise an equivalence class of star products by the derivation
related class and some extra data obtained from the second term in the deformation.
With John Rawnsley [37], we did this by direct Cech methods which I shall present
here.

4.4.1 The relative class Let x and %’ be two differential star products on (M, w).
Let U be a contractible open subset of M and Ny = C°°(U). Remark that any
differential star product on M restricts to U and H*(M;R)(U) = 0, hence, by
Proposition 19, there exists a local equivalence 7 =1d + ) ;- vak on Ny[v] so
that u ' v = T(T " 'u* T~ 1v) for all u,v € Ny[v].

Proposition 23 Consider a differential star product x on (M, ), and assume that
H'(M;R) vanishes.

* Any self-equivalence A =1d+ ) -, vak of x is inner: A = expadx a for
some a € C*®°(M)[v].
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e Any v-linear derivation of x is of the form D =Y ;- v' D; where each D;
corresponds to a symplectic vector field X; and is given on a contractible open
set U by

|
Diuly = ;(fiU*u—u >|<flU)
if Xjuly ={ V. u}lu.

Indeed, one builds a recursively; assuming A =Id+ ) .5, v"4, and k > 1, the
condition A(u * v) = Au * Av implies at order k in v that Az (uv) + Ci(u,v) =
Ar(u)v + uAdr(v) + Cr(u,v) so that Ay is a vector field. Taking the skew part of
the terms in v¥*! we have that Ay is a derivation of the Poisson bracket. Since
HY(M:;R) =0, one can write Ay (1) = {ayx_;,u} for some function aj_;. Then
(exp — ad vE=lap_1) o A =1d +0(**1) and the induction proceeds. The proof for
v-linear derivation is similar.

The above results can be applied to the restriction of a differential star product on (M, w)
to a contractible open set U. Set, as above, Ny = C®(U). If A=1d+ ) ;- vk Ay
is a formal linear operator on Ny [v] which preserves the differential star product *,
then there is a € Ny [v] with 4 = exp ady a. Similarly, any local v-linear derivation
Dy of % on Ny[v] is essentially inner: Dy = %ad* dy for some dy € Ny[v].

It is convenient to write the composition of automorphisms of the form exp adx @ in
terms of a. In a pronilpotent situation this is done with the Campbell-Baker—Hausdorff
composition which is denoted by a o4 b:

1
22) aoxb=a —I—/ W(exp ads« aoexp t ady b)b dt
0

where

() = zlog(z) _ Z ((—1)” N (_1;n+1)(2_ Wy

z—1 = n+1

Notice that the formula is well defined (at any given order in v, only a finite number
of terms arise) and it is given by the usual series

aoxb=a+b+a, bl + & ((a a. blel« +[b.[b.alls) . ...
The following results are standard (see Bourbaki [10, Chapitre 2, Section 6]).

e o, is an associative composition law;

e exp ady(aox b) =exp ady aoexp ady b;
e aqoyboy(—a)=-exp(adsa)b;

* —(aoxb) = (=b)ox(—a);
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d 1 —exp(—ad
e L) Cayoutatrh) = LZXP(da)
dt |,

®).

ady a

Let (M, w) be a symplectic manifold. We fix a locally finite open cover U = {Uqy }qer
by Darboux coordinate charts such that the U, and all their non-empty intersections
are contractible, and we fix a partition of unity {64}yes subordinate to /. Set Ny =
C*®(Uy), Nyg = C*®(Uy NUg), and so on.

Now suppose that * and %" are two differential star products on (M, w). We have
seen that their restrictions to Ny [v] are equivalent so there exist formal differential
operators Ty: Ny [v] = Ng[v] such that

(23) To(uxv) = Ty (u) ¥ Ty (v), u,v € Ny[v].

On Uy NUp, Ty o T,, will be a self-equivalence of * on Ngg[v] and so there will
be elements 7g, = —1yg in Nyg[v] with

24) Tﬂ_loTa:exp ady gy .
On Uy NUg N U, the element
(25) typa = lay Ox lyp Ox Iga

induces the identity automorphism and hence is in the centre R[v] of Nyg, [v]. The
family of 7,84 is thus a Cech 2—cocycle for the covering I/ with values in Rv].
The standard arguments show that its class does not depend on the choices made,
and is compatible with refinements. Since every open cover has a refinement of the
kind considered it follows that 7,g, determines a unique Cech cohomology class
[typal € H*(M:R)[v].

Definition 24
(26) t(+', %) = [t,pq] € H*(M;R)[v]
is Deligne’s relative class.

It is easy to see, using the fact that the cohomology of the sheaf of smooth functions is
trivial:

Theorem 25 (Deligne) Fixing a differential star product * on (M, w), the relative
class t (%', x) in H*>(M ;R)[v] depends only on the equivalence class of the differential
star product %", and sets up a bijection between the set of equivalence classes of
differential star products and H*(M ; R)[v].
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If %, ', %" are three differential star products on (M, w) then

(27) t(", %) = t(+", &) + 1 (¥, %).

4.4.2 The derivation related class The addition formula above suggests that 7 (*’, )
should be a difference of classes ¢(x'),c(x) € H*(M;R)[v]. Moreover, the class
¢(*) should determine the star product * up to equivalence.

Definition 26 Let U be an open set of M . Say that a derivation D of (C*°(U)[v], *)
is v—Euler if it has the form

9
(28) D=v—+X+D
av

where X is conformally symplectic on U (Lyw|y = w|y)and D' =3 .., v' D,
with the D). differential operators on U .

Proposition 27 Let * be a differential star product on (M, ). For each Uy € U there
exists a v—Euler derivation Dy = v% + Xy + D), of the algebra (Ny[v], *).

Proof On an open set in R?” with the standard symplectic structure 2, denote the
Poisson bracket by P. Let X be a conformal vector field so Ly = Q. The Moyal
star product *py is given by uxpv=uv+) .- (3)"/r!P"(u,v) and D = v% +X
is a derivation of %y .

Now (Uy,®) is symplectomorphic to an open set in R?” and any differential star
product on this open set is equivalent to %37 so we can pull back D and ;4 to Uy by
a symplectomorphism to give a star product *’ with a derivation of the form v % + Xy .
If T is an equivalence of * with ' on Uy then Dy = T~ 1 o (v% + Xg)oT is a
derivation of the required form. a

We take such a collection of derivations Dy given by Proposition 27 and on Uy N Ug
we consider the differences Dg — Dy, They are derivations of * and the v derivatives
cancel out, so Dg — Dy is a v—linear derivation of Nyg[v]. Any v-linear derivation
is of the form % ady d , so there are dgy € Nyg[v] with

1
29) Dg— Dy = — ad« dgy
v

with dg, unique up to a central element. On Uy, N Ug N U, the combination dy, +
d,p + dg, must be central and hence defines d, g, € R[v]. It is easy to see that d,,gy
is a 2—cocycle whose Cech class [dygal € H?(M ;R)[v] does not depend on any of
the choices made.
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Definition 28 d(x) =[d, g,] € H*(M ;R)[v] is Deligne’s intrinsic derivation-related
class.

e In fact the class considered by Deligne is actually %d (). A purely Cech-
theoretic account of this class is given in Karabegov [38].

e If x and %" are equivalent then d(*) = d(x).

o Ifd(x) =) ,5¢v"d"(*) then d® (%) = [w] under the de Rham isomorphism,
and d!(x) = 0.

Consider two differential star products * and *" on (M, w) with local equivalences
To and local v—Euler derivations D, for x. Then D& =TyoDyoTy, I are local
v—Euler derivations for *’. Let Dg— Dy = %ad* dgq and Tﬁ_1 o Ty = exp adx gy

on Uy NUg. Then D:g - D, = %ad*/d/’ga where

1 —exp (— ad« f4)
ad* taﬂ

déoc = Tﬂdﬂa—vTﬂO( )ODalaﬂ.

In this situation

0
dypo = Ta(dypa + ”zﬁlyﬂtx)-

This gives a direct proof of the following theorem:

Theorem 29 (Deligne) The relative class and the intrinsic derivation-related classes
of two differential star products * and %" are related by

ad
(30) uza—z(*/, %) = d(+') —d(%).

v
4.4.3 The characteristic class The formula above shows that the information which
is “lost” in d (") — d(*) corresponds to the zeroth order term in v of 7(%’, *).

Remark 30 In Gutt [34] and De Wilde-Gutt-Lecomte [23] it was shown that any
bidifferential operator C, vanishing on constants, which is a 2—cocycle for the Chevalley
cohomology of (C®°(M),{, }) with values in C*°(M) associated to the adjoint
representation (that is, such that

® [{u. Cv,w)} — C({u, v}, w)] =0

u,v,w

where @, , ,, denotes the sum over cyclic permutations of u, v and w) can be written
as
C(u’ U) = aS]z(u’ U) + A(Xu, XU) + [{ua EU} + {Eu’ U} - E({u’ U})]
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where a € R, where SI3‘ is a bidifferential 2—cocycle introduced in Bayen et al. [4]
(which vanishes on constants and is never a coboundary and whose symbol is of order
3 in each argument), where A is a closed 2—form on M and where FE is a differential
operator vanishing on constants. Hence

Heey e (CP (M), C®(M)) =R & H*(M;R)
and we define the # operator as the projection on the second factor relative to this
decomposition.
Proposition 31 Given two differential star products * and %', the term of order zero
in Deligne’s relative class t (x', x) = Y~ o v"t" (+, %) is given by

1O, %) = =2(C"y))* +2(C))*.

IfC, = %{, }, then C; (u,v) = A(Xy, Xy) where A4 is a closed 2—form and (Cz_)# =
[A4] so it “is” the skew-symmetric part of C,.
It follows from what we did before that the association to a differential star product of

(& )* and d(*) completely determines its equivalence class.

Definition 32 The characteristic class of a differential star product * on (M, ) is
the element c(x) of the affine space # + H?(M ;R)[v] defined by

c(%)° = —2(C5 )", aivc(*)(u) = %d(*).

Theorem 33 (Gutt and Rawnsley [37]) The characteristic class has the following
properties:

e The relative class is given by
@31 1+, %) = (') —c(¥)

e The map C from equivalence classes of star products on (M, w) to the affine
space # + H?(M ;R)[v] mapping [*] to c¢(x) is a bijection.

e Ify: M — M’ is a diffeomorphism and if * is a star product on (M, w) then
ux' v =~ H*(Y*u*y*v) defines a star product denoted ¥’ = (Y ~1)*x on
(M', ') where ' = (Y ~1)*w. The characteristic class is natural relative to
diffeomorphisms:

(32) (P ) = (W) e(x)
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* Consider a change of parameter f(v) =) ,-;v" f, where f, €R and f; #0
and let " be the star product obtained from * by this change of parameter, that is,
ux'v=uv+Y 5 (f () Cru,v) =uv+ f1vCi(u, v)+v3((/1)*Co(u, v)+

f>Ci(u,v)) +---. Then %" is a differential star product on (M, ') where
w = %w and we have equivariance under a change of parameter:
(33) (")) = c(x)(f(v))

The characteristic class c¢(*) coincides (see Deligne [24] and Neumaier [45]) for
Fedosov-type star products with their characteristic class introduced by Fedosov as the
de Rham class of the curvature of the generalised connection used to build them (up to
a sign and factors of 2). That characteristic class is also studied by Weinstein and Xu
in [55]. The fact that d(*) and (C, )* completely characterise the equivalence class
of a star product is also proven by Cech methods in De Wilde [21].

4.5 Automorphisms of a star product

The above proposition allows to study automorphisms of star products on a symplectic
manifold (see Rauch [49] and Gutt—Rawnsley [37]).

Definition 34 An isomorphism from a differential star product * on (M,w) to a
differential star product " on (M’, ') is an R-linear bijective map
A: C®(M)[v] - C®(M")[v],

continuous in the v—adic topology (thatis, A(Y_,v"u,) isthe limitof }_, x4 u,)),
such that
A(u*v) = Au*" Av.

Notice that if A is such an isomorphism, then A(v) is central for *’ so that A(v) = f(v)
where f(v) € R[v] is without constant term to get the v—adic continuity. Let us denote
by *” the differential star product on (M, w, = %w) obtained by a change of parameter

Uy v =ukppyv=F(F lux Flv)
for F: C(M)[v] = C®M)[v]: X, vViur =, fv)u,.

Define A”: C®(M)[v] — C*®°(M')[v] by A = A’ o F. Then A’ is a v-linear
isomorphism between *” and *’:

A'ur"v)y=Aux"Av
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Atorder zero in v this yields A¢(u.v) = Aju.Ajv so that there exists a diffeomorphism
V: M’ — M with Aju =y *u. The skew-symmetric part of the isomorphism relation
at order 1 in v implies that ¥ *w; = ’. Let us denote by %"’ the differential star
product on (M, w;) obtained by pullback via ¥ of %',

u >l</// V= (w—l)*(w*u */ w*v)’

and define B: C°(M)[v] — C*°(M)[v] so that A’ = y* o B. Then B is v-linear,
starts with the identity and

B(u*"v) = Bux*"" Bv

"

so that B is an equivalence — in the usual sense — between *” and *””. Hence we have

the following proposition.

Proposition 35 (Gutt and Rawnsley [37]) Any isomorphism between two differential
star products on symplectic manifolds is the combination of a change of parameter
and a v —linear isomorphism. Any v—linear isomorphism between two star products
x on (M,w) and %" on (M’,w') is the combination of the action on functions of a
symplectomorphism y: M’ — M and an equivalence between * and the pullback via
Y of *'. In particular, it exists if and only if those two star products are equivalent, that
is, if and only if (Y ~1)*c(+’) = c(x), where here (~1)* denotes the action on the
second de Rham cohomology space.

Thus two differential star products * on (M, w) and *” on (M’, »’) are isomorphic
if and only if there exist f(v) =),V f; e R[v] with f; #0 and y: M' — M,
a symplectomorphism, such that (¥ ~1)*c(x')(f(v)) = c¢(*)(v). In particular (see
Gutt [33]): if H?(M ;R) = R[w] then there is only one star product up to equivalence
and change of parameter. Omori et al. [47] also show that when reparametrizations are
allowed then there is only one star product on C P”.

A special case of Proposition 35 gives the following proposition:

Proposition 36 A symplectomorphism 1 of a symplectic manifold can be extended
to a v -linear automorphism of a given differential star product on (M, w) if and only

if () e(x) = c(x).

Notice that this is always the case if ¥ can be connected to the identity by a path of
symplectomorphisms (and this result is in Fedosov [28]).

Homomorphisms of star products are more difficult to study; we refer to the preprint
of Bordemann [8].
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5 Star products on Poisson manifolds and formality

The existence of a star product on a general Poisson manifold was proven by Kontsevich
in [39] as a straightforward consequence of the formality theorem. He showed that the
set of equivalence classes of star products is the same as the set of equivalence classes
of formal Poisson structure. As we already mentioned, a differential star product on
M is defined by a series of bidifferential operators satisfying some identities; on the
other hand a formal Poisson structure on a manifold M is completely defined by a
series of bivector fields P satisfying certain properties. To describe a correspondence
between these objects, one introduces the algebras they belong to.

5.1 DGLAs

Definition 37 A graded Lie algebrais a Z—graded vector space g =D,y g endowed
with a bilinear operation

[. g®g—g
satisfying the following conditions:
(a) (graded bracket) [a, b]e g®th
(b) (graded skew-symmetry) [a, b]= —(=1)*A[b, a]
() (graded Jacobi) [a. [b, c]]=[[a. b], c]+ (=1)*[b, [a. c]]

forany a € g%, b € gf and ¢ € g¥

Remark that any Lie algebra is a graded Lie algebra concentrated in degree 0 and that
the degree zero part g° and the even part g¢¥¢" := P, g*' of any graded Lie algebra
are Lie algebras in the usual sense.

Definition 38 A differential graded Lie algebra (briefly DGLA) is a graded Lie
algebra g together with a differential, d: g — g, that is, a linear operator of degree 1
(d: g8 — g'T1) which satisfies the compatibility condition (Leibniz rule)

dla,b]=[da,b]+ (-1)%a,db] aeg®begh
and squares to zero (d od = 0).
The natural notions of morphisms of graded and differential graded Lie algebras are

graded linear maps which commute with the differentials and the brackets (a graded
linear map ¢: g — b of degree k is a linear map such that ¢(g’) C hitk vi e N).
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Remark that a morphism of DGLAs has to be a degree 0 in order to commute with the
other structures.

Any DGLA has a cohomology complex defined by
Hi(g) :=ker(d: g’ - g't')/im(d: ¢! — ¢").

The set H := P; H'(g) has a natural structure of graded vector space and inherits the
structure of a graded Lie algebra, defined by

[lal, 1bl1y = |la, byl

where |a| € H denote the equivalence classes of a closed element « € g. The cohomology
of a DGLA can itself be turned into a DGLA with zero differential.

Any morphism ¢: g — g» of DGLAs induces a morphism (¢): Hi; — Hy. A
morphism of DGLAs inducing an isomorphism in cohomology is called a quasi-
isomorphism.

5.1.1 The DGLA of polydifferential operators Let A be an associative algebra
with unit on a field K; consider the complex of multilinear maps from A to itself:

o0
C:=) ¢ C':=Homg(4®tD 4)
i=—1

We remark that we shifted the degree by one; the degree | 4| of a (p + 1)—linear map
A isequalto p.

The Lie bracket of linear operators is defined by skew-symmetrization of the com-
position of linear operators. One extends this notion to multilinear operators: for
Ay €eC™ A, € C™2 define

(A10A2)(f1s s Jimy+mat1) 1=

mj
Z(_l)(mZ)(J_l)Al(fl’ ) f}—l’AZ(f}" e f}-H‘VZz)’ f}-i—mz-i—l’ ) fm1+m2+1)

j=1
for any (m;+my+1)—tuple of elements of 4.
Then the Gerstenhaber bracket is defined by
[A1, Az]G := A1 0 Ay — (=1)"1"™2 430 A4;.

It gives C the structure of a graded Lie algebra.
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The differential dp is defined by
dpA=—[u, Al=—po A+ (=40 p

where j is the usual product in the algebra 4. Hence dA = (—1)I411184 if § is the
Hochschild coboundary

p—1

A (oo Sp)= 2 DT Ao ficrs fi g )+ Sor AU fp)
i=0 +(—1)(1’+1)A(f0,---’ﬁv)‘ﬁvﬂ'

Proposition 39 The graded Lie algebra C together with the ditferential dp is a
differential graded Lie algebra.

Here we consider the algebra 4 = C*°(M), and we deal with the subalgebra of C
consisting of multidifferential operators Dpoly (M) := P Dgoly(M ) with Déoly(M )
consisting of multi differential operators acting on i + 1 smooth functions on M
and vanishing on constants. It is easy to check that Dy (M) is closed under the

Gerstenhaber bracket and under the differential dp, so that it is a DGLA.

Proposition 40 An element C € vDéoly(M )[v] (that is, a series of bidifferential
operator on the manifold M ) yields a deformation of the usual associative pointwise
product of functions (:

x=pu+C

which defines a differential star product on M if and only if

dpC —3[C.Clg = 0.

5.1.2 The DGLA of multivector fields A k-multivector field is a section of the
k th exterior power AKTM of the tangent space 7'M ; the bracket of multivector fields
is the Schouten—Nijenhuis bracket defined by extending the usual Lie bracket of vector
fields:

[Aﬁ A.../\X},)H,A...A\Y”S:=

k1
SN DT XX ALK AL AKX AY I AL YA LAY,
r=1s=1
Since the bracket of an r—and an s—multivector field on M is an (¥ +s—1)—multivector
field, we define a structure of graded Lie algebra on the space 7po1y (M) of multivector
fields on M by setting 7 (M) the set of skew-symmetric contravariant (i +1)—tensor

poly
fields on M (remark again a shift in the grading).
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‘We shall consider here
[Tl’ Tz]ig = —[Tz, TI]S-

The graded Lie algebra 7,1y (M) is then turned into a differential graded Lie algebra
setting the differential d7 to be identically zero.

Proposition 41 An element P € v7;1)1y(M )[v] (that is, a series of bivector fields on

the manifold M ) defines a formal Poisson structure on M if and only if

drP — [P, Pl =

If one could construct an isomorphism of DGLA between the algebra 7,01y (M) of
multivector fields and the algebra Djo1y (M) of multidifferential operators, this would
give a correspondence between a formal Poisson tensor on M and a formal differential
star product on M . We have recalled previously that the cohomology of the algebra of
multidifferential operators is given by multivector fields

H (Dpory (M) ~ T, (M).

i
poly
This bijection is induced by the natural map

Ur: 7;;>ly(M) — Df)o]y(M)
which extends the usual identification between vector fields and first order differential

operators, and is defined by

U(Xon...AXn)(fo. .-\ fn) Z €(0) Xo(fo(0) *** Xn(fom))-

- 1
(n+1)! oS

Unfortunately this map fails to preserve the Lie structure (as can be easily verified
already at order 2). We shall extend the notion of morphism between two DGLA to
construct a morphism whose first order approximation is this isomorphism of complexes.
To do this one introduces the notion of L ,—morphism.

5.2 L -algebras, L, —morphism and formality

A toy picture of our situation (finding a correspondence between a formal Poisson
tensor P on M and a formal differential star product * = w + C on M) is the
following. If C and P were elements in neighborhoods of zero V; and V), of finite
dimensional vector spaces, one could consider analytic vector fields X; on Vi, X, on
V5, vanishing at zero, given by (X1)¢c =dpC — %[C, Clg, (Xp)p=drP— %[P, Pl
and one would be interested in finding a correspondence between zeros of X, and zeros
of X;. An idea would be to construct an analytic map ¢: V, — V; so that ¢(0) =0
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and ¢« X> = X;. Such a map can be viewed as an algebra morphism ¢*: 4; — A,
where A; is the algebra of analytic functions on V; vanishing at zero. The vector
field X; can be seen as a derivation of the algebra A;. A real analytic function being
determined by its Taylor expansion at zero, one can look at C(V;) :=} >, S"(V;) as
the dual space to A4;; it is a coalgebra. One view the derivation of A; corresponding to
the vector field X; dually as a coderivation Q; of C(V;). One is then looking for a
coalgebra morphism F: C(V,) — C(V7) sothat Fo Q, = Q0 F.

This is generalized to the framework of graded algebras with the notion of Lso—
morphism between L o, —algebras.

Definition 42 A graded coalgebra on the base ring K is a Z—graded vector space
C =P,z C* with a comultiplication, that is, a graded linear map

A:C—->CQC

such that
A(Chc @ c/eck
jtk=i
and such that (by coassociativity)

(A®id)A(x) = 1dRA)A(x)
for every x € C. A counit (if it exists) is a morphism
e: C ->K
such that e(C?) = 0 for any i > 0 and
(e ®id)A = (id®e)A =id.
The coalgebra is cocommutative if
ToA=A
where 7: C ® C — C ® C is the twisting map
T(x®y):= (¥ ygx

for x, y homogeneous elements of degree respectively |x| and |y|.

Additional structures that can be put on an algebra can be dualized to give a dual
version on coalgebras.
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Example 43 (The coalgebra C(V)) If V is a graded vector space over K, V =
@,z V', one defines the tensor algebra T(V) = @52, V& with V& =K, and
two quotients: the symmetric algebra S(V) =T (V)/(x ® y — (—=1)*IP1y @ x) and
the exterior algebra A(V) = T(V)/{(x ® y + (=D)*I?1y @ x); these spaces are
naturally graded associative algebras. They can be given a structure of coalgebras with
comultiplication A defined on a homogeneous element v € V' by

Av:=1Qv+v®l
and extended as algebra homomorphism.

The reduced symmetric space is C(V) := ST (V) := @, S"(V); it is the cofree
cocommutative coalgebra without counit constructed on V. (Remark that Av = 0 iff
veV.)

Definition 44 A coderivation of degree d on a graded coalgebra C is a graded linear
map §: C' - C i+d \which satisfies the (co)Leibniz identity

AS(v) =8V @ " + (—1)4Vly @ §v”

if Av =73 v ®v”. This can be rewritten with the usual Koszul sign conventions
AS = (§®id+id ®8)A.

Definition 45 A L—algebra is a graded vector space V over K and a degree 1
coderivation Q defined on the reduced symmetric space C(V[1]) so that

(34) 000 =0.

[Given any graded vector space V', we can obtain a new graded vector space V[k] by
shifting the grading of the elements of V by k, that is, V[k] = @,z V[k]' where
VIk] = Vitk]

Definition 46 A L., —morphism between two Loo—algebras, F: (V, Q) — (V’, Q),
is a morphism

F: C(V[1]) — C(V'[1))
of graded coalgebras, so that Fo Q = Q'o F.

Any algebra morphism from ST (V') to ST (V) is uniquely determined by its restriction
to V and any derivation of ST (V) is determined by its restriction to V. In a dual
way, a coalgebra—morphism F from the coalgebra C(V) to the coalgebra C(V’) is
uniquely determined by the composition of F and the projection on 7’: C(V') — V'.
Similarly, any coderivation Q of C(V) is determined by the composition F o where
7 is the projection of C(V) on V.
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Definition 47 We call Taylor coefficients of a coalgebra-morphism F: C(V)— C(V’)
the sequence of maps Fy,: S™(V) — V' and Taylor coefficients of a coderivation Q of
C (V) the sequence of maps Q,: S"(V)— V.

Proposition 48 Given V and V' two graded vector spaces, any sequence of linear
maps F,: S"(V) — V' of degree zero determines a unique coalgebra morphism
F: C(V)— C(V’) for which the F, are the Taylor coefficients. Explicitly

1
Flxy...xn) =) — > ex(I1..... I)Fir(x1,) - Fip (x1,)
jz1 J: {1,..,ny=LU..UI;

where the sum is taken over Iy ...I; partition of {1,...,n} and ex(Iy,...,1;) is
the signature of the effect on the odd x; ’s of the unshuffle associated to the partition
(I1,....I;) of {1,...,n}.

Similarly, if V' is a graded vector space, any sequence Qn: S™(V)— V,n > 1 of linear
maps of degree i determines a unique coderivation Q of C(V') of degree i whose
Taylor coefficients are the Q,,. Explicitly

Ox1...xn) = Y ex(I.I)NQ(xp)xy.

{1,....n}=1uJ
A coderivation Q of C(V[1]) of degree 1 has for Taylor coefficients linear maps
On: S"(V[1]) - V[2].

The equation Q2 = 0 is equivalent to

Q% =0 and Q; is a linear map of degree 1 on V,

02(Q1x.y + (=DHM1x.01y) + 01 02(x.y) =0

(remark that |x| —1 is the degree of x in V[1]),

03(Q1x.y.2+ (=D 1x. 0y y.z + (=D)XH"2x 5.0 2)
+010;3(x.3.2) + 02(Q2(x.).2) + () PI=DU=D 9, (x 7).y
_|_(_1)(IXI—1)(IyI+IZI—2)Qz(y.z).x =0,

Introduce the natural isomorphisms
®,: S"(V[1]) — A" (V[n]) Dp(X1...Xn) = (X1 ... X0)X1 Avr A Xp,

where o(xy ...Xxy), for homogeneous x;s, is the signature of the unshuffle permutation
putting the even X;’s on the left without permuting them and the odd ones on the right
without permuting them.
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Define O, := Qno(®,)"': A"(V) — V[-n+ 1] and
dx = (=D¥Q1x  [x, 3= 0a(x A y) = (DXIIIED 0y (k) ).

Then d is a differential on V', and [, ] is a skew-symmetric bilinear map from V xV —
V satisfying

(_1)(\XI)(|Z|)[[X’ yl, Z]+(_1)(|y|)(|X|)[[y’ z], x](_l)(IZI)(IyI)[[Z’ x], ]+ terms in Q3 =0
and d[x, y] = [dx, y] + (=1)*|[x, dy]. In particular, we get the following.

Proposition 49 Any L, —algebra (V, Q) so that all the Taylor coefficients Q, of Q
vanish for n > 2 yields a differential graded Lie algebra and vice versa

A morphism of graded coalgebras between C(V[1]) and C(V'[1]) is equivalent to a
sequence of linear maps (the Taylor coefficients)

Fu: S"(V[1])) = V'[1];
it defines a L oo—morphism between two Lo —algebras (V, Q) and (V'/, Q') iff FoQ =
Q’ o F and this equation is equivalent to
e Fi0Q;=0Q|0oF;so Fi:V— V'isamorphism of complexes from (V, d)
to (V',d").
e Fi([x,y]) —[Fi1x, F1y] = expression involving F,

So, for DGLAS, there exist L ,—morphisms between two DGLAs which are not DGLA-
morphisms. The equations for F to be a Lo,—morphism between two DGLAs (V, Q)
and (V’/, Q' (with @, =0, Q) =0Vn>2)are

Q Fu(xi-..oxn)+ 5 Y ex(. )OS (Fir(xp)- Fly(x)))

n
=Y extk. .. k... n)Fu(Q1(xp) - x1 ... X ... xn)
k=1
+ % Zex(k,l, L...kl...,n)Fp—1(Qa(Xg-Xx7) - X1 ... XkX] ... Xn)
k#l

Definition 50 Given a Lo algebra (V, Q) over a field of characteristic zero, and
given m = vR[v], a m—point is an element p € vC(V)[v] so that Ap = p ® p or,
equivalently, it is an element

2
(35) p:ev_1:v+%+...
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where v is an even element in V[1]®@ m = vV[1][v].

A solution of the generalized Maurer—Cartan equation is a m—point p where Q
vanishes; equivalently, it is an odd element v € vV [v] so that

(36) 01(v) +3Q02(v-v)+---=0.

If g is a DGLA, it is thus an element v € g so that dv — %[v, v]=0.

Remark 51 The image under a L, morphism of a solution of the generalised Maurer—
Cartan equation is again such a solution. In particular, if one builds a L, morphism
F between the two DGLA we consider, F: Tpoly (M) — Dpoly(M ), the image under
F of the point e* — 1 corresponding to a formal Poisson tensor,

(37) a € v (M)[v] so that [a,a]s =0,

yields a star product on M ,

(38) =+ Fule").

Definition 52 Two Lo—algebras (V, Q) and (V', Q') are quasi-isomorphic if there
is a Loo—morphism F so that Fi: V — V’ induces an isomorphism in cohomology.

Kontsevich has proven that if F is a Lo—morphism between two Lo —algebras (V, Q)
and (V’, Q') sothat Fy: V — V' induces an isomorphism in cohomology, then there
exists a Loo—morphism G between (V/, Q') and (V, Q) so that G1: V' — V is a
quasi inverse for Fj.

Definition 53 Kontsevich’s formality is a quasi isomorphism between the (Loo—
algebra structure associated to the) DGLA of multidifferential operators, Dpo1y (M),
and its cohomology, the DGLA of multivector fields Tpo1y (M ).

5.3 Kontsevich’s formality for R¢

Kontsevich gave an explicit formula for the Taylor coefficients of a formality for R?
that is, the Taylor coefficients Fj of an L.—morphism between the two DGLASs

F: (Tooy®?), Q) — (Dpoty (RY), 0')

where Q corresponds to the DGLA of (%Oly(Rd ), [, /S , Dy =0) and Q' corre-
sponds to the DGLA (Dpoly(Rd ), [, g, dp) as they were presented before, with

the first coefficient
Fl: 7;)oly (Rd) - Dpoly(Rd)
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given by (U;) with, as before

Ur(Xo Ao A X)) (o fo) 3" €0) Xo(fo0) -~ Xalfortm)-

- 1
(n+1)! cesmis

The formula is written as follows:

Fa=)_ 2. Wribr

m=0 1_—:GGn,m

e where Gy, is a set of oriented admissible graphs;

* where By associates a m—differential operator to an n—tuple of multivector
fields;

¢ where Wy, is the integral of a form wy. over the compactification of a configura-
- +
tion Space C{Pl’-uaPn}{‘h,---aqm}'

For a detailed proof of this formality, we refer the reader to the article by Arnal,
Manchon and Masmoudi [3].

5.3.1 The set G, ;, of oriented admissible graphs An admissible graph e Gnm
has n aerial vertices labelled py,..., pn, has m ground vertices labelled ¢q1,...,qm.
From each aerial vertex p;, a number k; of arrows are issued; each of them can end on
any vertex except p; but there can not be multiple arrows. There are no arrows issued
from the ground vertices. One gives an order to the vertices: (p1,..., Pn.q1s----qm)»
and one gives a compatible order to the arrows, labeling those issued from p; with
(ki1+--+ki—1+1,..., ki +---+kj—1 +k;i). The arrows issued from p; are named
Star(p;) = {piay... .,pi—ak:} with Vg, 1oqk,_ +7 = Didj .

5.3.2 The m-differential operator Bz (c.....a,) Given a graph I’ € Gy and
given n multivector fields (a1, ..., a,) on R?, one defines a m— differential operator
By, (o¢q -...-ay); it vanishes unless o is a kq—tensor, ap is a kp—tensor,..., oy is a
kn—tensor and in that case it is given by

Ba(@i ... n)(fieees fu) =
i1k Uy + 1Tk +h Iy +otby_+1K
Z Dplal lez()[zl 1 62...Dpnanl n—1 Dqlfl...qufm
I1,00siK

where K :=ky +---+ k, and where D, :=[] 0;

jlvi=-a "l
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5.3.3 The configuration space C 1o P HG Lo} Let H denote the upper half

plane H = {z € C|Im(z) > 0}. We define

zj € H;zi # zjfori # j;
Conf;," =9z, 2ty .. J e J ’
{z1,nznHtr, st} { 1 n m t eR;ty<th <<ty

and C{;l .... PuHdt o) O be the quotient of this space by the action of the 2—

dimensional group G of all transformations of the form
zj > azj + b, ti—at; + b, a>0,belR.

The configuration space C{p1 ..... PR

orientation induced on the quotient by

) has dimension 27 + m — 2 and has an

_____ Znittotm) = AXT ANdyy AL odXy Adyg Adty AL N dy

We define the compactlﬁcatlon C{pl, oM} to be the closure of the image of
the configuration space C;* Dy a1t} into the product of a torus and the product
of real projective spaces P (]R) under the map W induced from a map i defined on
Confzrz TR YPRT in the following way: to any pair of distinct points 4, B taken
amongst the {zj, Zj, fx} ¥ associates the angle arg(B — A) and to any triple of distinct
points A, B, C in that set, i associates the element of P?(R) which is the equivalence

class of the triple of real numbers (|4 — B|,|B—C|,|C — A]).

iS.3.4 The form wy  Fora graph Te Gp,m , one defines a form on C {;1 .... Pl
induced by

1
wp = (2n)k1+"'+k"(k1)!...(kn)!quU_I) /\.../\dq)@

where @, = Arg (5= P’)

5.3.5 Sketch of the proof Remark that Wr = 0 implies that the dimension of the
configuration space 2n + m — 2 is equal to the degree of the form = k; + ...+ k, =
K(=the number of arrows in the graph).

F”:Z Z Wr By, = ZF(kl ..... kn)

m=0 feGn,m

‘We shall write

where Fy,, . ,) corresponds to the graphs Te Gn,m with k; arrows starting from
Pi
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The formality equation reads

0= Fi,, kn(ar- -ap)op— (=Kt o Figey,oky 01+ -ay)
+ Y e D EEVRIEG (o) o Fy,y ()

I1.J#2
_Zex(’ J. 1. W F e e e ko (X190) 0 GG t)
i#j
where
o en k—l ”1 Tty 1 ”‘za A AOip  ANDi AeeeAD;
T ) ) 2 e =
so that

[a,@2]s = (=D)*17 oy ey — (~D),1k2= Dy, o .

Recall that, for multidifferential operators

(Al OAZ)(fl’ R ’fm1+m2—1) =

mi
Y DTV A (S o s (S fama—1)s s Sy ma—t)-

j=1

The right hand side of the formality equation can be written as

Z CFBP(OH - aty)
=

—
for graphs I'” with n aerial vertices, m ground vertices and 2n + m — 3 arrows.

To a fage) G of codimension 1 in the boundary of C,* (D1 i) and an oriented
e N EARAS]
graph T"" as above, one associates one term in the formahty equatlon (or 0).

_ + . . .

e G = a{pilﬂ“"pinl}{ql+1"""11+m1}c{p1 ..... w1} if it is the case that the
aerial points {pj,, ..., pi, } and the ground points {¢g;41....,q1+m,} all col-
lapse into a ground point ¢. We associate to G the term B’_3 (¢1- -oty) in
the formality equation of the form BF7 obtained from G

B (@ @i, )(fieo o fi B @i i, Wit oo frem)s Jitmy st s fin)

Where F1 is the restrlglon of F 0 {piys- s Pin, yYLGI415 - - qi4m, }, Where
F2 is obtained from I'" by collapsing {p;,,..., Pin, YUXGI415 -2 Qigm, ) into
g and where {j; <--- < ju,} ={1,....03 \{i1.....in,}.
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¢ G = a{pl p] }C{pls aPn}{‘II aaaa dm
aerial point p
If the arrow p, p; belongs to F then we associate B’_7 (01 - -ay) whichis
the term in the formality equation of BF, obtained from’

) if the aerial points {p;, p;} collapse into an

Bo>(aj e ) -y - Gidj - an)
2

—>
where I_'>2 is obtained from I'” by collapsing {p;, pj} into p, discarding the
arrow p, Dj -
If p,pj is not an arrow in 1"/ we set B., G(al . -an) =0.

F

..........

s

Looking at the coefficients of BF; in each of the B’, o the right hand side of the
I,

formality equation now writes

;ch;(al- a)=), ) BL (e o)
=

T Gcact 7
= ( Z / a)—>)B—>(a1 -p)
F/ €G. GCoCc+
=0
by Stokes theorem on the manifold with corners which is the compactification of C*.
This formality for R4 associates in particular a star product on C (R4 to a formal
Poisson tensor on R and gives:
Theorem 54 (Kontsevich [39]) Let o be a Poisson tensor on R4 (thus o € 7'1 (Rd )
and [a, )]s = 0), let X be a vector field on R?, let f,g € C*®°(R?) Then
e the series of bidifferential operators
(39) P(a):=p+C(a):=pu+ Z F (- -
=17 '
defines a star product on R ;

e the series of differential operators

(40) AX,a) = Z FJH(X EE)
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satisfies
d
@h  AX.0fxg+ [+ AX a)g—AX.)([*8) =7 P(@Fa)(/.8)
0
where ®X is the flow of X .

5.4 Star product on a Poisson manifold

Kontsevich builds a formality for any manifold M . Here, we shall sketch the approach
given by Cattaneo, Felder and Tomassini [19], which gives a globalization of Kontsevich
local formula for a star product on a Poisson manifold. For a detailed proof we refer to
Cattaneo and Felder [18]. Using similar techniques, Dolgushev [25] gave a globalisation
of Kontsevich formality, using a torsion free connection on the manifold.

Remark that given a Poisson bivector field & on R9, the star product P(x)(f, g)(x)
on R¥ only depends on the Taylor expansion at x of f, g and «.

If (M, P = «) is any Poisson manifold, we shall use a torsion free connection and the
exponential map associated to it to lift smooth functions and multivector fields from
M to U C TM and we shall consider their Taylor expansions in the fiber variables.
The lift of P allows to define a fiberwise Kontsevich star product on sections of the jet
bundle. One then defines a bijection between C°°(M)[v] and a subalgebra of those
sections.

5.4.1 Formal exponential maps and x—product on the sections of the jet bundle
Consider a smooth map ®: U C TM — M where U is a neighborhood of the zero
section; denoting @ := ®|7, ar, we assume that P, (0) = x and that (Px)«o = Id.
Define an equivalence relation on such maps, defining ® ~ W if all partial derivatives
of &, and W, at y = 0 coincide. A formal exponential map is an equivalence class
of such maps. In a chart, we can write a formal exponential map [®]~. as a collection
of formal power series

oL (y) =x"+y = T )y 4o
Here we shall look at the exponential map for a torsion free connection.

Consider the jet-bundle E. The fiber is the space of formal power series in y € R4
with real coefficients, R[y!,.. ., ydﬂ ; if F(M) is the frame bundle of TM

E = F(M) xgimr) RV, .. »9].

Given a formal exponential map, one associates to any f € C° (M), the Taylor
expansion fg of the pullback ¢ f'; it is a section of E and is given by

Jo(x:p) =S+ 0, [y + 3V YV + -
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with V2 f =02, f —T% (x)9; /. Remark that any section of E is of the form
o(x. )= aiy iy ()"t eee
where the a;,...j, define covariant tensors on M .

To any polyvector field o € Tho1y(M ), one associates the Taylor expansion ag of the
pullback (¢x); 'a. For instance, if X is a vector field on M one gets

-1
Xé(x, ») = expansion of (Xj(tb(x))((a;x) ) =x'xX)+ (V, X))y +--
J

and for a Poisson bivector o one gets
;i .
ag(x.y)=a () 4.

Given a formal exponential map, Kontsevich formula for a star product on R4 yields
an associative algebra structure on the space of formal power series of sections of the
jet bundle. Indeed, if £ := E[v] define

ox1T:= Plag)(o, 1)
with P(ag) defined by formula (39), for sections o, 7 of £.

To define a star product on (M, «) we shall try to find a subalgebra of this algebra of
sections (I'(£), ) which is in bijection with C°°(M)[v]. The idea is to look at flat
sections for a flat covariant derivative which acts as a derivation of «.

5.5 Grothendieck connection

Let us recall that a section o of the jet-bundle E is the pullback of a function, that is,
o = fg if and only if

(42) Dyo=0 VX eTI>*(TM)
where
43) DX=X—XZ'((3(;D") l)kﬂik =X+ X.
y j ox!t dy
Remark that D? = 0.
Introducing §:=dx’ aiy,. and defining the total degree of a form on M taking val-

ues in sections of E as the sum of the form degree and the degree in y (that is,
Aiy.ip,jiojg ¥t - YPAXIV AL A dxIa s of degree p + ), one can write

D=-8+D
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where D is of order > 1. This allows to show that the cohomology of D is concentrated
in degree 0.

5.6 Flat connection

The above shows that there is a connection D on the bundle E which is flat and so
that the subspace of D—flat sections is isomorphic to the algebra of smooth functions
on M . Remark that D is a derivation of the usual product of sections of E (extending
the product of polynomials in y to formal power series) but D is not a derivation of .

The aim is to modify the connection D in order to have a flat connection which is a
derivation of *, then to build a bijection between the space of formal power series of
smooth functions on M and the space of flat sections of £ for that new connection.

One first defines
(44) Dy =X + A(X, )

where A is defined as in formula (40) using the formality on RY. Tt is a derivation of
* but in general it is not flat:

D?0 =[FM o],

where FM is a 2—form on M with values in the sections of £ defined using the
formality as

o
~ ~ v/ ~ ~
FMX.Y)=F(X.Y. ap) =) —Fi2(X, Y, ag, ... x0).
j=0
One then modify D’ so that the new covariant derivative is again a derivation

(45) D=D +[y, ]«

where y is a 1- form on M with values in the sections of £ and so that its curvature
vanishes. One has

D20=[F/M,o]* where F'M = FM 4y Dy+yxy

and one can find a solution y proceeding by induction using the fact that the D—
cohomology vanishes.
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5.7 Flat sections and star products

D is a flat connection on £ which is a derivation of » so the space of flat sections of
£ is a x—subalgebra. To identify this space of flat sections with the space of formal
power series of smooth functions on M, one builds a map

p: T(E)[v] — T°(E)[v] withp=id+O(v) andp)_, =id
so that
(46) D p(o) = p(Do).
This is again possible by induction using the results on the cohomology of D.

The image under p of the space of D—flat sections of £ (which is isomorphic to the
space of formal series of functions on M) is the x—subalgebra of D—flat sections of
€.

The star product of two formal series f, g of smooth functions on M , is defined as the
formal series of functions / so that p(h4) = (p(fo) * (p(ge)); hence the star product
is given by

(47) fxg=1Ip " (p(fo) * (p(ga))]y=0-

Remark that the construction of the star product only depends on the choice of a
torsion free connection. The existence of a universal star product when one has chosen
a torsion free connection V (universal meaning whose corresponding tensors -see
formula (16)- are polynomials in the Poisson tensor, the curvature tensor and their
covariant derivatives) follows also from Dolgushev [25]. Ammar and Chloup have
given an expression for a universal star product at order 3.
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