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Solutions to generalized Yang—Baxter equations
via ribbon fusion categories

ALEXEI KITAEV
ZHENGHAN WANG

Inspired by quantum information theory, we look for representations of the braid
groups B, on V®+tm=2) for some fixed vector space V such that each braid
generator 0;, i = 1,...,n—1, acts on m consecutive tensor factors from i through
i +m — 1. The braid relation for m = 2 is essentially the Yang—Baxter equation, and
the cases for m > 2 are called generalized Yang—Baxter equations. We observe that
certain objects in ribbon fusion categories naturally give rise to such representations
for the case m = 3. Examples are given from the Ising theory (or the closely related
SU(2);), SO(N), for N odd, and SU(3)3;. The solution from the Jones—Kauffman
theory at a 6 root of unity, which is closely related to SO(3), or SU(2)4, is explicitly
described in the end.
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Dedicated to Mike Freedman on the occasion of his 60" birthday

1 Introduction

A constant Yang—Baxter operator is an invertible linear operator R: V@V — V&V
which satisfies the braided version of the Yang—Baxter equation (YBE):

(YBE) (RRII) Iy QR)(RRIy)=Uyr@R)(R® Iy)(Iy ® R)

Any Yang—Baxter operator leads to a representation of the braid group B, by attaching
V to a braid strand, ie, assigning /®0~1 @ R ® I®"~i~1) (o the braid generator o},
i =1,...,n—1. Inspired by quantum information theory, R is recently interpreted
as an entangling operator of V' ® V. Thinking along these lines, we could equally
consider operators R: V" — V@™ for any m > 3 that satisfy some generalized
version of the YBE. Such a generalization is proposed by Rowell, Zhang, Wu and Ge
in [4]. There are deep theories that lead to solutions of the YBE. A natural question
is how to find solutions to some generalized Yang—Baxter equations (gYBEs). There
are essentially four new solutions (Rowell et al [4] and Chen [1]) that are not derived
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from solutions to the YBE. Though solutions to the YBE always lead to braid group
representations for all 7, this is not the case for general solutions to gYBEs because far
commutativity is not automatically satisfied (See Section 4.1 of [1]). However, the four
known solutions do satisfy far commutativity. In this note, we point out a connection
between the gYBE and the ribbon fusion category theory. By finding a suitable object
in a ribbon fusion category, we provide a solution to the gYBE for m = 3 (or the
(d,3,1)-gYBE in the terminology of [1]) which automatically leads to a braid group
representation.

2 Generalized Yang—Baxter—-Equation object

We follow the terminology in Section 2 of [1] for the gYBE and in Chapter 4 of Wang
[5] for ribbon fusion categories. By far commutativity for the gYBE, we mean the
condition in Definition 4.1 of [1] as adapted in Definition 2.2 below.

2.1 Definition Let V be a complex vector space of dimension d. The (d,m, 1)—
gYBE is an equation for an invertible operator R: V®" — V' ®™" guch that
(gYBE) (R 1Iy)(Iy @ R)(RQ Iy) = (Iy @ R)(R® Iy)(Iy ® R),
where m is a natural number and Iy is the identity operator on V.
Any matrix solution to the (d,m, 1)-gYBE is called a (d, m, 1)— R—matrix.
Note that the form of the (d,m, 1)-gYBE is exactly the same as the YBE, though the
YBE is the (d,2, 1)-gYBE in this language.
If R is a solution to a (d,m, 1)-gYBE, for the braid generator o; € B, set
Ry, = 196D o R g [®C—i—1)

Again this is exactly the same assignment as in the YBE case, but B, acts on the vector
space V®"+m=2) The braid relation holds because R satisfies the gYBE. But far
commutativity is not necessarily satisfied when |i — j| > 1.

2.2 Definition Suppose R is a (d,m, 1)—R—-matrix. Then R satisfies far commuta-
tivity if for each j suchthat2 < j <m+1,

Ral RO']' = Roj R01

in End(V®U~1+™M) for the braid generator o; € Bj.
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If a (d, m, 1)— R—matrix satisfies far commutativity, then it yields a representation of
each n—strand braid group B, on y®m+m=2)

There is a family of solutions to the (2, 3, 1)—gYBE that comes from the ribbon fusion
category theory. The solutions and representations can be conveniently described by
the tree bases of morphism spaces. There are constraints on the labels for the labeled
trees to become a basis of general morphism spaces. Therefore, the representation
spaces are not necessarily tensor products. But in certain categories we can form
invariant subspaces which have tensor product structures and are the desired braid
representations. Some choices are formalized by the following definition.

2.3 Definition An object X in a ribbon fusion category C is called a (d, 3, 1)-gYBE
object with respect to a set of objects S = {X;};es of C if the objects {X;};ecs are d
simple objects of distinct types of C such that foreachi € I, X @ X; = & ier Xj-

2.4 Example Note that in the definition of a (d, 3, 1)—gYBE object, X is not nec-
essarily a simple object. An example of a non-simple (2,3, 1)-gYBE is 1 & ¢ with
respect to {1, ¥} in the Ising theory. Actually, the (2,3, 1)-gYBE object 1 & v leads
to the following (2, 3, 1)— R—matrix:

(1

o O

(e RN el e 2 ==l e R e

S OO O = O O O

|

—_
SO — O O O o oo
S O O OO

—

S OO = O OO O
—_ 0 O O O O o O

SO OO o O =0

S OO OO
OO'

\0

Suppose X is a gYBE object with respect to a set of objects S = {X;}icy. Then
there is a representation Vy, yen, X; of the braid group B, obtained by considering
the (n + 1)—punctured disk D)z(i’ xon x;°
one X; and n X ’s together with the boundary labeled by X . In anyonic language,
there are (n + 1) anyons—one X; and n X ’s—in the disk with total charge X;. A
convenient orthonormal basis of Vy. yen, X; is given, in graphical notation, by all
admissible labelings of the tree illustrated in Figure 1, where iq,...,iy,—1 € I. Note
that when X is a (d, 3, 1)—gYBE object with respect to a set of objects S = {X;};er,
then every simple object X;,7 € I is an admissible label for any internal slant edge

where the (n + 1)—punctures are labeled by

of the tree above. Since all morphism spaces Hom(X;, X ® X;) are 1-dimensional,
there are no vertex labelings.
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in—l

Figure 1 J

The representation of a braid o on Vy, yen, X; is simply given by the stacking of the
braid onto the n—strands labeled by X .

2.5 Theorem (1) Any (d,3,1)-gYBE object X leads to a solution of the (d,3,1)-
gYBE which satisfies far commutativity.

(2) Let L = {Y}} be arepresentative set ot all isomorphism classes of simple objects
of C. Then the number of distinct eigenvalues of each braid generator is less or equal
tol, where | =}y y dim(Hom(Yz, X ® X)). Note that the resulting braid group
representation is always a direct sum over i, j € I and therefore reducible.

(3) The quantum dimension of a gYBE object is always an integer. Actually, dim(X) =
d, where d is also the cardinality of the index set I .

Proof (1) Using the graphical notation above, the (d, 3, 1)-gYBE solution is given by
the braiding matrix R=€P; ;¢; MXIXX. Dijer Vx, xo2,x, > Dijer Vi x92,x; -
where M Xi XX consists of the braldlngs RX X below in (2) conjugated by the
F —matrix F XiXX Because R leads to a representatlon of By for each n, it follows
that R satlsﬁes far commutativity.

(2) Using graphical calculus, we find that the eigenvalues of a (d, 3, 1)— R—matrix
given in (1) consist of the elgenvalues of the braidings {RX X Y, € L} for all Yy, such
that the fusion coefficients N vx 70 and Ny Y" ;é 0. Th1s follows from the fact that
the representation matrix for a braid generator on Vx; x®2 x; is the conjugation of the
braiding matrix by the F'—matrix F XXX
(3) From X ® X; = ;¢ Xj, we have dxdx, = } ;¢ dx; . Thus, the quantum
dimension dy; is independent of i. It follows that dydy, = ddy, and therefore that
dy =d. O

To provide examples of (d, 3, 1)—gYBE objects, we consider the unitary modular
category SO(N ), described in Section 3.1 of Naidu and Rowell [2]. When N = 2r +
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1,7 =1, SO(N), is of rank r +4 with simple objects denoted as { Xy, X5, , X, 1=
i <71, Xe, Xer} in [2]. We will denote X as 1, X5, as Z, and Xy,- as X; below. All
fusion rules follow from the following:

(1) Xe® Xe=1a@Z] X

2) XeQXizZXePXer, 1 <i=<r

B X.®@Xe=Za®Z) X

4) ZRXe=Xe

6 ZZ=1

6 ZXi=Xi,1=i=r

(7 Xi®Xi=10Z® Xninf2i2r+1-2i}, | ST =71

@) Xi®Xj=Xj—i® Xninfit+j2r+1-i—j}i <J

By examining the fusion rules, we observe:

2.6 Theorem The simple objects X;,1 <i <r, are (2,3,1)-gYBE objects with
respect to the set S = {X¢, X/}

2.7 Remark In order to write down a (d, 3, 1)— R—matrix as an explicit matrix, we
need conventions for ordering bases and tensoring matrices. For tensoring matrices, we
will use the Kronecker product, which means bases will be ordered lexicographically.

For an explicit example, we compute the gYBE solution given by the Jones—Kauffman
theory at a 6™ root of unity, closely related to SO(3),. Let the Kauffman variable
A =ie 12, then the label set consists of L = {0, 1,2, 3,4} (Wang [5]). In the notation
above, Xog =0, X =1, Xe =3, X1 =2, Z = 4. Thus, the object 2 isa (2,3,1)-
gYBE object with respect to simple objects {1, 3}. The (2, 3, 1)-gYBE—- R—matrix is
the braiding matrix for the braid generator o, with respect to the tree basis illustrated
in Figure 2, where i € {1, 3}. The internal edge can be labeled by either 1 or 3, just
like the other two slant edges. The qubit space C? is spanned by the two labels {1, 3}
with a basis denoted as {e;,i = 1, 3}. Therefore, the representation space for o, has
a basis {e;jx =e; ®ej ®ey | for i, j,k €{1,3}, which can be identified as (C%)®3,
For matrix tensor products, we use the Kronecker product. Then the basis is ordered
lexicographically as
{er11. €113, €131, €133, €311, €313, €331, €333,

It follows that the (2, 3, 1)— R—matrix is the 8 X8 matrix given in the form R = P 'BP,
where B = M1122 @ M1322 @ M3122 @ M;’22 is a braid matrix and P is a permutation
matrix. The natural order to compute the braid matrix B is

{e1117813176113’e1337e311763315631378333}'
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lor3 2 2

lor3
Figure 2

Furthermore, we need to order the bases for the braidings {Rizz,i =0,2,4}. Our
orderings are {i = 0,i =2} and {i =4,i = 2}. Under this ordering of the bases, each
2 x 2 matrix Mjbc is the conjugation of an R-matrix by the F-matrix ngc, where
the R matrix is diagonal. Explicitly as an 8 x 8 matrix, the braid matrix B is

2mi
(H (e ’ 2”.) H 0 0 0
0 e 3
)
0 H (6 4,,,.) H 0 0
0 e 3
)
0 0 H(° i | H 0
0 e 3
=0
0 0 0 H ¢ axi | H
\ 0 e 3
where H is the Hadamard matrix H = JLE( ' 1). The permutation matrix results from

the order changing of the two bases, so it is the block sum P =1® 0, ®1 P 1Po, B 1,
where oy is the Pauli matrix oy = ((1’ (1)) Note that P = P~!. Computing everything,
we find the (2, 3, 1)— R—matrix to be:

-1 0 Hi 0 o 0 0 0
0o —%Bi 0o L 0o 0o o 0
Lo =L 0 0 0o 0o 0
0 L 0o -%Li 0o o 0 o
o 0o o o0 -¥%i o L o
o 0o o o0 o0 -1 o ¥
o 0 0o 0 L o - o
o o o o o i o -1
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Since the distinct eigenvalues of the (2, 3, 1)— R—matrix R are {e et et }, this

solution is different from the four known solutions in [4] and [1].

The referee pointed out a (3, 3, 1)—gYBE simple objectin SU(3)3. The unitary modular
category SU(3)3 is of rank 10. Using the notation of Rowell [3], the simple object
Y of dimension 3 is a (3, 3, 1)—gYBE object with respect to {X7, X>*, X3} (see the
Bratelli diagram in Figure 1 of [3] for the fusion rules).

Finally, we make the following conjecture.

2.8 Conjecture Images of resulting braid group representations from (d, 3, 1)-gYBE
objects in unitary ribbon fusion categories are always finite groups.
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