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Smooth structures on Morse trajectory spaces,
featuring finite ends and associative gluing

KATRIN WEHRHEIM

We give elementary constructions of manifold with corner structures and associative
gluing maps on compactifications of spaces of infinite, half infinite and finite Morse
flow lines. In the case of Euclidean metric in Morse coordinates near each critical
point, these are naturally given by evaluations at end points and regular level sets.
For finite ends this requires a blowup construction near trajectories ending at critical
points.

37D15, 57R55

1 Introduction

We begin with a summary of Morse theory in order to fix notation. For more back-
ground see eg Austin and Braam [2], Bott [3], Hutchings [9], Milnor [12], Morse [13],
Schwarz [19], Weber [22] and Witten [23]. Let X be a compact manifold (without
boundary). A Morse function f: X — R is a smooth function with nondegenerate
critical points. That is, at each point of Crit(f) = {p € X | df(p) = 0} the Hessian
D? f(p): TpX xTpX — R is a nondegenerate (symmetric) bilinear form. The dimen-
sion of the negative eigenspaces of D? f'(p) is called the Morse index |p| € N of a
critical point p. By the Morse Lemma (eg [12, Lemma 2.2]) there exist coordinates

R" S By <25 X
for a neighborhood of each critical point p that bring f into the normal form

@ /)51 X0) = f(p) = (7 4ot By ) + (% 4o 4D).

This normal form shows that the sublevel sets of f provide a decomposition of X in
terms of handle attachments, and hence capture the full (smooth) topology of X . In
order to read off the homology of X from a Morse function, however, it is more useful to
choose an auxiliary Riemannian metric g on X and study the flow lines of the gradient
vector field V f € T'(TX). More precisely, let V: Rx X — X, (s, x) — Ws(x), denote
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370 Katrin Wehrheim

the negative gradient flow given by W (x) = x and d%\lfs (x) ==V f(¥s(x)). Then
we can consider the unstable and stable manifold for each critical point p € Crit( f),

W, ={xeX| lim W(x)=p}. Wt ={xeXx| lim W(x) = p}.

These are smooth manifolds of dimension | p| and n—| p|, respectively; see eg Shub [20,
Chapter 5]. The pair ( f, g) is called Morse—Smale if the unstable and stable manifolds
intersect transversely. The Morse complex of a Morse—Smale pair then reproduces the
homology of X . It is generated by the critical points p € Crit( /'), and the differential d
is defined by the intersection numbers of unstable and stable manifolds, ie the number of
flow lines between critical points of index difference 1. The fact that 3> = 0 is proven
by showing that the space of flow lines between critical points of index difference 2 is
a l—dimensional manifold, whose ends exactly correspond to the broken flow lines
counted by 92.

More generally, the spaces of Morse flow lines M(p—, p4) between critical points
p—, p+ € Crit(f) have a natural compactification by broken flow lines, and the com-
pactified Morse trajectory spaces M (p—, p+) (consisting of broken and unbroken flow
lines)! can be given the structure of a smooth manifold with corners, whose lower strata
are given by products of Morse trajectory spaces; see Section 2.1 for more details. This
is a folk theorem, possibly first stated in Austin and Braam [2], and with various partial
proofs in the literature. A complete proof in the case of index difference 2 is given in
Schwarz [19], but all general treatments run into technical difficulties with the gluing
of broken flow lines to nearby unbroken flow lines, which provides the charts near the
boundary and corners. These can likely be solved by subtle global estimates, but at
this point we also expect a complete proof to arise from casting the Morse trajectory
spaces in the general abstract framework of polyfolds, developed in Hofer, Wysocki and
Zehnder [8] for dealing with moduli spaces of elliptic PDEs with geometric singularity
formation.

The gluing difficulty can also be overcome by more elementary means by restricting
to Morse—Smale pairs of a Euclidean normal form near each critical point, so that
the generalized trajectory spaces cut out smooth submanifolds with corners on the
critical level sets of f. In that case the gluing analysis (working with implicit function
theorems on Banach manifolds) can be replaced by finite-dimensional intersection
theory. We will construct charts geometrically using the same normal form, and extend
the results to general Morse—Smale metrics by topological conjugacy. This approach

! Throughout, all unbroken flow lines that we refer to will be unparametrized (ie parametrized negative
gradient curves modulo time shift), broken flow lines are finite sequences of unbroken flow lines with
matching limit critical points, and we will summarize unbroken and broken flow lines by the term
generalized trajectory.
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Smooth structures on Morse trajectory spaces 371

was laid out in Burghelea and Haller [4] and Franks [6] and is also followed in Qin [18],
but to the best of our knowledge — though generally considered “known” — present
literature contains neither a rigorous statement for general metrics nor the technical
details of dealing with various issues of noncompactness and interrelated choices in
the intersection theory. The first of three goals of this paper is to fill these gaps by
giving a technically complete geometrically explicit construction of smooth structures
on the Morse trajectory spaces. The following rough version will be stated precisely in
Theorem 2.3.

Theorem 1.1 Let (f, g) be a Morse-Smale pair and let p_, p4 € Crit(f). Then
M(p—, p+) can be equipped with the structure of a smooth manifold with corners
such that the k™ corner stratum is

) Mp—. p0) x M(p1. p2) - x M(pr. p+)-
Dlsees Pi €Crit(f)

In the case of a Euclidean Morse—Smale pair ( f, g), the smooth structure is naturally
given by requiring the evaluation maps at regular level sets to be smooth

To make the normal form precise we denote open balls by Bf ={x eR¥||x] <r}.

Definition 1.2 A Euclidean Morse—Smale pair on a closed manifold X is a pair (f, g)
consisting of a smooth function f € C*°(X,R) and a Riemannian metric g on X
satisfying a normal form and transversality condition as follows:

(i) For each critical point p € Crit( /') there is a local chart ¢: Bg'_”"xB(lgp| e ﬁ(p)
to a neighborhood U (p) C X of p = ¢,(0) such that

@y )X1s X)) =f(P) + 5 (5T 4+ x5 5) — 3 (1 o+ X0)

(prg) =dx;®dx; 4+ + dx, ® dx,.

(i) For every pair of critical points p, g € Crit( f) the intersection of unstable and
stable manifolds is transverse, W~ M Wq+.

Remark 1.3 (i) Given any Morse function and metric, there exist L2—small pertur-
bations of the metric on annuli around the critical points that yield Morse—Smale
pairs, by Burghelea and Haller [4, Proposition 2]. In particular, given a metric of
normal form (1) near the critical points, such a perturbation yields a Euclidean
Morse—Smale pair.
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372 Katrin Wehrheim

(i) The flow ¥, of any Morse—Smale pair is topologically conjugate to the flow
\If? of a Euclidean Morse—Smale pair. That is, there exists a homeomorphism
h: X — X such that o Wy = W0 0 1. We review the proof of this classical
result in Remark 3.6.

The Euclidean normal form induces a natural smooth structure on a space of flow
lines near each critical point. Deviating from the approach in [4] we separate this
local smoothness issue from the generally smooth Morse flow on the complement
of the critical points. This setup is explained further below, will be made precise
in Section 4.3, and should also provide a useful framework for constructing smooth
structures in infinite-dimensional Floer-theoretic settings. In fact, a similar setup was
used in Kronheimer and Mrowka [10] to construct gluing maps for Seiberg—Witten
Floer theory.

For general Morse—Smale pairs one does not expect a natural smooth structure since the
evaluation at regular level sets has a singular image. However, any choice of topological
conjugation to a Euclidean Morse—Smale flow induces a smooth structure.

Homotopy-theoretic applications such as Cohen, Jones and Segal [5] require moreover
“associative gluing maps” near the boundary strata, introduced in detail in Section 2.3.
While it is a general fact that manifolds with corners and a certain face structure of
the boundary strata can be equipped with associative gluing maps (see eg Qin [18]),
our second goal is to construct such gluing maps geometrically explicit in order to
identify the gluing parameters as transition times through fixed neighborhoods of critical
points.2 A precise definition and construction is given in Corollary 2.8 by inverting
“global charts” for the Morse trajectory spaces that are constructed in Theorem 2.5. The
following gives a rough first impression.

Theorem 1.4 There exists a collection of gluing maps for every p—, p+ € Crit(f),
q=1(q1.....qx) CCrit(f) and a uniform constant ¢ > 0,

p(@): M(p—.,q1) x[0,1) x M(q1.42) X -+ x[0,1) x M(gk, p+) — M(p-, p+).

These are homeomorphism onto their images, restrict to a smooth map on the subset of
positive gluing parameters t1, ..., T € (0, 1), and are given by the canonical map to
k —fold broken trajectories for vanishing gluing parameters t| = --- = 15, = 0. Moreover,
the gluing maps are associative in the sense that the following triangles commute:

2 While the pregluing maps that provide basic polyfold charts are evidently associative, it is unclear
whether the polyfold setup can induce associative gluing maps on the Morse trajectory spaces. This is
since the latter are merely cut out by a transverse section from the polyfold.
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M(p—.q1)x - x[0,0)x M(qj.q})x - xM(qp. qj+1)X[0, )% -+ x M (g, p+)

wq@

1d xp(g") x 1d M(p-. p+)

p(q)
M(p—.q1) x--x[0,1) x M(gj,qj+1) X [0,1) X -+ x M(qk. p+)

The final goal of this paper and main source of technical complications is to extend
Theorems 1.1 and 1.4 to compactifications of spaces of half infinite Morse flow lines
M(X, p+) and M(p—, X) and to the space of finite Morse flow lines M (X, X). This
is a natural step in the construction of associative gluing maps sketched below. More
crucially, the smooth structures on theses spaces are required for various foundational
results in symplectic topology, sketched in the following remark.

Remark 1.5 Many foundational structures in symplectic topology, such as Floer
homology and Fukaya’s A,—category, are constructed from moduli spaces of pseudo-
holomorphic curves. In general symplectic manifolds, these constructions must take
“bubbling” into account, which poses analytic and algebraic challenges in the regular-
ization of moduli spaces and their evaluation to chains on Lagrangian submanifolds.
The ideal resolution of the algebraic issues should replace singular chain complexes
by a finitely generated complex that is invariant under pull-push constructions on
pseudoholomorphic curve moduli spaces. The natural candidates are Morse complexes,
for which the pull-push construction amounts to coupling pseudoholomorphic curves
with Morse flow lines whose finite ends are attached to the curves at marked points. This
approach has been used in various applications to the class of “monotone” symplectic
manifolds in which restriction to counting problems allows to work only with the
smooth Morse flows and stable/unstable manifolds. In general symplectic manifolds,
the regularization issues require one to work with compact unregularized moduli spaces,
which can contain highly singular solutions, in particular involving multiply broken
Morse trajectories.

The recent polyfold theory of Hofer, Wysocki and Zehnder [8] provides a new framework
for resolving the analytic challenges of regularization, so a natural idea is to now give
rigorous constructions of moduli spaces of pseudoholomorphic curves coupled with
Morse trajectories. A first example are trees of pseudoholomorphic disks with Morse
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edges, which will yield finitely generated Ao,—algebras associated to Lagrangian
submanifolds, once a polyfold description is given in Li and the author’s [11]. A second
example is a polyfold-theoretic proof of the Arnold conjecture by Albers, Fish and the
author [1] based on moduli spaces of punctured spheres with half infinite Morse flow
lines as in Piunikhin, Salamon and Schwarz [17]. In both cases, a polyfold setup can
be obtained as fiber product of SFT polyfolds (the main part of which is constructed
in Hofer, Wysocki and Zehnder [7]) with the compactified Morse trajectory spaces.
This crucially relies on a manifold with corner structure on the Morse trajectory spaces,
with respect to which evaluations at finite ends are smooth maps.

In the application to pseudoholomorphic curve moduli spaces, it is important to isolate
the boundary component given by zero length trajectories from all other boundary
components given by broken trajectories. However, there are broken trajectories with
endpoints near a critical point arbitrarily close in the Hausdorff topology to the zero
length trajectory at the critical point. To separate those boundary components we use
the natural blowup construction of including the length of a trajectory in the Morse
trajectory space, thus introducing a constant trajectory at the critical point for every
length L € [0, 00), converging to a broken trajectory with domains [0, o0), (—o0, 0] as
L — oo. More generally, we obtain a smooth structure for trajectories starting at or
near a critical point (and potentially breaking there) by a similar blowup construction
given by a natural variation in the definition of transition times near the critical point.

Organization and construction of global charts

The following Section 2 describes in detail the main results of this paper, in particular
the construction of “global charts” in Theorem 2.6 for the Morse trajectory spaces
of a Euclidean Morse—Smale pair. For example, for the space M(g_, g+) of Morse
trajectories between critical points g4+ € Crit( /) we construct one chart for each

tuple of critical points ¢ = (q1, ..., qx) C Crit(f), covering the open set of Morse
trajectories V(q) C M(q—, q+) that intersect specific fixed neighborhoods U(g;) of
each ¢1,...,qr and don’t break at other critical points.

Section 3 establishes basic topological results for the Morse trajectory spaces and
evaluation maps and deduces Theorem 2.3 from Theorem 2.6. Section 4 prepares the
proof by constructing various restriction maps and equipping the spaces Mq of ”local”
Morse trajectories traversing a fixed neighborhood U(g) of a critical point in Euclidean
normal form with a smooth structure ./\_/lq ~[0,7) xS ; x S, . Here [0,7) encodes the
transition time through U(g) with 0 corresponding to the trajectory breaking at ¢, and
S, ;E denotes the spheres in the unstable and stable manifolds of ¢.
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Finally, Section 5 constructs the “global charts” of Theorem 2.6. In the above example
this requires a homeomorphism V(g) =~ [0, 0% x M(g—,q1) x-+-x M(qx,q+). For
that purpose we first identify V(¢) with a fibered product

(M(S, . SF)x M(S;,. 85 ) x - x M(S,, . SH))

EvXEy/ (Mth X Mg, X0 X qu) ’

where the first tuple of factors are spaces of unbroken “connecting” trajectorles with
endpoints on the (un)stable spheres ST, respectively the entry and exist sets S S
of the neighborhoods U (q,) The fiber product is given by the endpoint evaluatlons to
S xS, + X S XSy + X S L XSg + Here the product of connecting trajectory spaces
on the left Carrles a natural smooth structure induced by the Morse flow. The product of
local trajectory spaces on the right is equipped with the smooth structure with boundary
and corners induced by the factors M, = [0, ) x S;,r_ X Sg; - We will obtain a smooth
structure on V(g) by proving transversality of the evaluation maps, and we construct the
global chart V(a) —[0, )k x M(g—, q1) %+ -x M(q. q+) by reading off the transition
times in [0, ¢) from the local trajectory spaces Mq, and projecting each connecting
trajectory space M(S q + 1) to the corresponding Morse trajectories between the
critical points M (g;, q,+1) which are embedded into the former by restrictions.

Acknowledgements I would like to thank Alberto Abbondandolo and Jiayong Li for
helpful discussions, the IAS for inspiring writing atmosphere and the NSF for financial
support.

2 Morse trajectory spaces, global charts, associative gluing

2.1 Compactified Morse trajectory spaces

This section introduces the infinite, half infinite and finite length versions of Morse
trajectory spaces for a general Morse—Smale pair ( f, g). For distinct critical points
p—# p+ €Crit(f) the space of unbroken Morse flow lines is the space of parametrized
gradient flow lines y: R — X modulo shift in the R—variable,

M(p-.ps)i={y R>X|7==Vf(y). lim y(s)=ps|/R
~ (W, NnW,E) /R~ W, nWtn ().

It is canonically identified with the intersection of unstable and stable manifold modulo
the R-action given by the flow W, or their intersection with a level set for any
regular value ¢ € (f(p+), f(p—)). In either formulation, they carry canonical smooth
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structures; see eg Schwarz [19, Section 2.4.1]. We will consider the constant trajec-
tories at a critical point as part of a larger trajectory space below, hence here declare
M(p, p) := . For open subsets U_, Uy C X and critical points p_, p+ € Crit(f)
the spaces of half infinite flow lines

MU=, p+) = {r:10.00) > X | 7 ==V /(). (0) € U, lim y(s) = p+|

~ Wt
~ W, NU-,

M(p=.Us) i={y: (<00,0] > X |y ==V /(). lim_y(s) = p—.y(0) € Us|
~ Wp__ ﬂU+,

inherit smooth structures directly from the unstable and stable manifold. Finally, the
space of finite unbroken flow lines

MU=, Uz) = {y: [0.L] = X | L €[0,00).7 = =V /(7). y(0) € U-. (L) € U

~ | J U-nw ' (Uy) = ([0.00) x U-) N~ (UY)
Le[0,00)

can be identified with an open subset of M (X, X)) >~ [0, c0) x X since the flow map
W is continuous. Hence it naturally is a smooth manifold with boundary given by
constant flow lines. These three types of spaces can contain constant trajectories at a
critical point. Note in particular that we do not construct M (X, X)) by the images of
finite Morse flow lines, {(x,x") € X x X | x" € ¥[g o0)(x)} but replace the diagonal
critical points (x, x) with x € Crit(f) in this image space by an interval [0, co] x {x}
parametrizing the length (in time) of the trajectory.

From the smooth spaces of unbroken flow lines we obtain topological spaces of broken
flow lines as follows: To unify notation we denote by U4 C X a set that is either open
U4+ = U4 or a set consisting of a single critical point {4+ = p4 . For two such subsets
UsL C X (of same or different type) we define the set of k—fold broken flow lines (also
called the k—stratum) by

MU- U= | MU=, p)x M(py, p2) x -+ x M(px,Us),
(p1...pi)€ECritseq( f,U—,U1)

Here and throughout we use the notation of critical point sequences between U :

Critseq( f,U-,U+)

k € Ny, p1,..., pr €Crit(f),
=P )

MU=, p1), M(p1. p2)s.... M(pr.Uy) # O
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To simplify notation we will usually identify p € Critseq( f,U—, U+ ) with the tuple p =
U=, p1,..., px.Uy), and denote pg :=U_, Pk+1 := U4 . Critical point sequences
form a finite set since they have to decrease in function value. For k = 0 we only have
the empty critical point sequence and hence M(U_, U)o = M(U-,U+). Now the
Morse trajectory space is the space of all generalized trajectories,

MU-Uy) = | ] MU-. Uy ).
kGNO

In the following we denote broken flow lines by ¥ = (Yo, V1 ..., Yk) € MU_, Uk
and also write y = yy € M(U_,U4 ) for the unbroken flow lines. Note here that, by
slight abuse of notation, we write y; instead of [y;] for the unparametrized flow lines
in M(p;, pi+1). If U—, respectively U, is a critical point, then g, respectively yy,
is an unparametrized flow line as well, otherwise it is defined on a half interval and
hence parametrized. With this notation we can define the evaluation maps at endpoints

ev_: M(X, py) — X,
) evi: M(p—, X) — X,
ev_ xevi: M(X,X)— X x X,

by ev—(yo, -, k) = y0(0) for any k € No, by evy(yo, ..., k) = vk (0) for k > 1,
and by ev4 (yo: [0, L] — X) = yo(L) for a single trajectory k = 0.

Next, we define a metric on the Morse trajectory spaces,
diz(v. ") 1= diausaort(im y . im y") + [£(y) —L(y")| fory.y" € MU-.Uy).
by the Hausdorff distance and the renormalized length

L/(1+L) y=(r:[0,L]—>X),
1 otherwise.

3 b MU- U —[0.1], y+— {

Here the image of a generalized trajectory y = (yo. ..., ¥x) is the union of the images
in X of all constituting flow lines (which is independent of the parametrization),

imy:=imyyU---Uimyg C X.

The closure im y contains in addition the critical points limg_s oo Vi—1 = limg— o0 ¥j
for j =1,... ,k as well as limg__oo Yo, respectively limg— o Y%, in case U_, re-
spectively U/, is a single critical point, and hence im y is a compact subset of X . We
use closures since the Hausdorff distance B

diausaort(V. W) = max{sup inf dy (v, ). sup inf dy(w.v)}

vely WeW weW V€
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is a metric on the set of nonempty compact subsets of X .

Remark 2.1 (i) The length term in dz; vanishes on M@U_,Uy) if at least one of
the sets U/ is a critical point (and hence all lengths are 1).

(i) The length term is crucial in the case of open sets /+ = U+ containing a critical
point p € Crit( f)NU4+NU- in their intersection. In that case it provides the topological
blowup construction at the trajectories whose image is a critical point. More precisely,
it separates trajectories in M(U—_, U;+) U M(U_, p) x M(p, U4 ) that are constant
y = p, respectively (yo = p, Y1 = p), but of different lengths.

(iii) The Hausdorff distance is definite on M (U, U ) except for pairs of trajectories
as in (ii) whose image is a critical point. This is since the critical points in imy are
uniquely determined by the flow lines, and flow lines are in one-to-one correspondence
with their images except for constant trajectories (where the length cannot be read off
from the image). Together with (ii) this shows that d5; defines a metric.

(iv) The identifications of the spaces of unbroken flow lines as above,

M(p—’p'f'):Wp__me—:_mf_l(c)’ M(X’p'i'):Wp—:_’
M(p-. X) = W,_, M(X, X) ~[0,00) x X,

are homeomorphisms with respect to the metric d ;. This follows from the continuity
of the evaluations maps as in Lemma 3.3 in one direction, and for the inverse from the
continuity of the Morse flow together with the limit conditions.

The renormalized length (3) is continuous by definition, and we will establish continuity
of the evaluation maps in Lemma 3.3. With that, the Morse trajectory spaces for open
sets Ux C X are open subsets M(U_, p1) =ev_1(U_), M(p—,Uys) = ev;l(U+),
MU_,Uyp)=ev2(U-) ﬂev;l (U4+) of the Morse trajectory spaces for Uy = X . So
from now on we can restrict our discussion to the Morse trajectory spaces M (U_, )
for Uy = X or Uy = py € Crit(f). In each case we will prove the following folk
theorem. For reference, we recall the definition of a manifold with corners and its
strata.

Definition 2.2 A smooth manifold with corners of dimension n € Ny is a second
countable Hausdorff space M together with a maximal atlas of charts ¢,: M D U, —
V, C[0,00)" (ie homeomorphisms between open sets such that | J, U, = M) whose
transition maps are smooth. For k = 0,...,n the k™ stratum M} is the set of all
x € M such that for some (and hence every) chart the point ¢,(x) € [0, c0)" has k
components equal to 0.
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Theorem 2.3 Let ( f, g) be a Morse—Smale pair and let U_, Uy denote X or a critical
point Crit( f). Then (MU_,U), dz;) is a compact, separable metric space and can
be equipped with the structure of a smooth manifold with corners. Its k —stratum is
MU_, Uy )y, with one additional 1—-stratum {0} x X given by the length 0 trajectories
incase U_ =Uy = X.

Remark 2.4 In the case of a Euclidean Morse—Smale pair the smooth structure (in
the strict sense of a maximal atlas of smoothly compatible charts) on each M(U_, U )
will be naturally given by the flow time and evaluation maps at ends (2) and regular
level sets, as detailed in Section 4.3. As a consequence, the evaluation maps (2) and
evaluations at regular level sets are smooth maps M (U_,U+) — X, as will be shown
in Remarks 5.3 and 5.5.

This theorem will be deduced from much stronger constructions of global charts for
Euclidean Morse—Smale pairs in the following section. The proof is given at the end of
Section 3, based on Theorem 2.6 and topological conjugacy for general Morse—Smale
pairs.

2.2 Global charts

Assuming (f, g) to be a Euclidean Morse—Smale pair from now on, we will go beyond
Theorem 2.3 to construct “global charts” on “large open subsets” of the Morse trajectory
spaces. To state these results we fix a Euclidean normal neighborhood

Bl s B P = T (p)c x

as in Definition 1.2 for each critical point p € Crit(f), a family of neighborhoods
U:(p) CU(p) for t € (0, 1] and a further precompact neighborhood U(p) C U(p).
The highly specific choices

Te(p)=dp|(x. )€ B, )y x BT Il vl <182 Up) =, (BY'x B3,

are quite important and will be refined in Section 4 such that the neighborhoods
are disjoint for different critical points. Note here that we have precompact nesting
U, (pC (7;/( p) for t <t’, where we write C for an inclusion whose closure is compact.
For t — 0 the sets U, (p) converge in the Hausdorff distance to the union of unstable
and stable manifold in U(p). Moreover, Morse trajectories which intersect U, (p)
traverse the critical level set f~1(f(p)) within U(p) or have an end within U (p).

Now for any 7 € (0, 1] and critical point sequence ¢ = (¢1, . . . g ) € Critseq(f, U, U5)
we define the large open subset

Vi(g) =ViU-.q1.....qx.Us) C MU-.U3)
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as the subset of those generalized Morse trajectories that intersect the neighborhoods
U, (g¢i) C X of each of the critical points ¢y, ..., ¢ and do not intersect any other
critical points (other than /1 = p+ in case this denotes a critical point). A more
formal definition of the large open sets V; (g) will be given in Section 5, where
we will also choose the U, (p) sufficiently small to guarantee that V;(q) # @ iff
q € Critseq( f;U—,U+). Next, we denote the intersection of the large open subsets
with the strata of M(U_,Uy) by

Vt(g)m = Vt(i]) N ./\_/l(u_,U+)m.

The large open subset associated to the empty critical point sequence is the space
of unbroken trajectories V;(U—,U+) = M(U—-,Uy). For general ¢ we know that
Vi(q)o = Vi(g)NM(U-, Uy ) is the intersection with the space of unbroken trajectories
(heﬁce carries a natural smooth structure). Moreover,

Vi@ = MU=, q1) x M(q1.,q2) %+ x M(qx,Uy)

is the subset of maximally broken trajectories since we do not allow the trajectory to
hit critical points other than py and ¢4, ..., g%, and hence V;(¢), = & is empty for
m>k.

The following theorem provides global charts in the case of infinite Morse trajectories
U+ = pi, that is homeomorphisms between the large subset V;(g) and spaces with
a fixed smooth structure (as manifold with boundary and corner_s). The charts are
moreover compatible in three ways: Firstly, the charts are compatible with the given
smooth structure on the space of unbroken trajectories M (p—, p+). Secondly, they are
given by the canonical maps on the maximally broken trajectories in V;(g)y . Finally,
the charts are compatible with each other in the sense that their transition maps are
given by further chart maps on smaller domains. In particular, the transition maps are
smooth, hence this induces an atlas for M(p_, p4) as a manifold with boundary and
corners. Moreover, it induces an identification of the boundary strata with products
of smaller Morse trajectory spaces and the construction of associative gluing maps in
Corollary 2.8.

Theorem 2.5 There is a uniform constant t > 0 such that for every pair pL € Crit(f)
there exist homeomorphisms (called global charts)

¢(q): Vi(g) —> M(p—.q1) x[0,1) x M(q1,g2) x -+ x[0,1) x M(qx. p+)

for every critical point sequence (q1,...,qy) € Critseq( f, p—, p+) satisfying the
following:
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(i) The restriction ¢(q)|y,(q), is a diffeomorphism

Vi(@)o — M(p-.q1) x(0,1) x M(q1.q2) ¥ -+ x(0,1) x M(qr. p+)-

(ii) The restriction ¢(q)|y,(q), is the canonical bijection
Vi@ — M(p—.q1) x {0} x M(q1,g2) x -+ - x {0} x M(q, p+),
(Vo’yla--'v)/k) > (VO’anl""’O’yk)'
In particular, the global chart for ¢ = (p—, p+) (with k =0)is ¢(p—, p+) =1d on
Vi(p-, p+)o = Vi(p-, p+) = M(p-, p+).

(iii) The global charts are compatible as follows: Let q, Q € Critseq(f, p—, p+) be
such that Q = (..., qi,q},---+9ysqi+1,---) is obtained from g by inserting another
critical point sequence q¢' = (qi = 44,41+ -4y 4y, = gi+1) € Critseq(f. gi, gi+1)-
Then we have

POV @ONVe(Q)) C- - X M(gi—1,4:)X[0, ) x Vi (g0 X[0, )X M(Gi 41, Git2) X"+
and

(D, @i = (Idx¢(g") x1d) 0 ¢ (@) ly, ()rvi(Q)-
That is, the following triangle commutes:

c X M(qi-1.qi) x[0,1)
X M(qi.q7) % (0,1) x -+ x M(qy, gi+1) X [0,1) X M(gi41.qi42) X -+

P(Q)

é(q)
o X MU(Gi-1,4i) x[0, 1) X Ve (g")o x [0, ) X M(Gi+1.qi+2) X+

(iv) The corner parameters are given explicitly by e~Ti € [0,1) associated to each
gi € Crit(f) encoding the time T; for which the trajectory is contained in U(g;). In
particular, e~Ti = 0 corresponds to the trajectory breaking at g; .

For Morse trajectories with one or both ends finite we will obtain very similar charts,

except that the natural construction of a global chart for V;(X, ¢qq,...) C M(X,Uy)
using the entry and exit points in dU(g;) does not match smoothly with the natural
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chart for trajectories with initial point in U(g1). The latter arises from the normal form
(1) and reflects the blowup construction at trajectories ending at ¢;. The analogous
issue arises on V:(...,qx, X) C M(U-_, X) for trajectories ending in U(gy). We
could give a less natural smooth construction but would lose the geometric interpretation
of the corner parameters. Instead, we have chosen to cover V;(X,q;,...) as well
as V¢(...,qk, X) by separate charts with the following domains. Given a nonempty
critical point sequence ¢ = (¢1, ..., qx) € Critseq( f,U—,U+) we cover Vi(q) with
one, two or four open sets of the form -

@ Vi(Qo.q1s - Gk, Qkt1) = (ev! xevi)(Qo x Qg 41)
C Vt(u—»QI, o ,kau-i-)

For infinite ends at critical points /— = p_ or U4+ = p4+ wekeep Qg := p—, respectively
OQk+1 := p+. For finite ends U_ = X, respectively U/ = X, we introduce a choice
of open subsets Q¢ C X, respectively Q1 C X, in each case allowing two open
subsets that cover X', namely

Qo=X\U(gq1) or Qo=Ul(q),
resp. Qx+1=X\Ulgr) or Qi1 =Ulqp).

To simplify notation we will also write V;(q) for V:(Qo, 41, - - -, qk, Qk+1), vViewing
the choice of Qp and Q. as part of the critical point sequence ¢g. The above
observations on the strata V;(q)m := Vi (q) N M(U-, Uy )m then gene_ralize directly.
In particular, V;(¢)x = M(Qo.q1) X M(q1.¢2) X -+ x M(qx, Ok +1) is the subset
of maximally broken trajectories between Qg and Q4. With this notation we
may state the generalization of Theorem 2.5 to any combination of finite and infinite
ends. We include some more technical details in order to be able to use this exact
statement in the iterative proof. For that purpose we use the normal coordinates to
igentify U (q) ~ E;’ X Eq_ as product of balls in the stable and unstable manifold
B;t = qu N U(q). Then we pull back the Euclidean norms |-| to U(g).

Theorem 2.6 There is a uniform constant 0 < t < 1 such that for every combi-
nation of U = X and Uy € Crit(f) there exist global charts for the open sets
Vi(Q0.q1s- .-Gk Qis1) C MU=, U4 for every critical point sequence (q1., . . ., qx)
in Critseq( f,UU—,U+) and choice of the open subsets Qo CU—, Q11 C U4+ from 2.2.
Each global chart is a homeomorphism ¢ (q) = ¢(Qo, 41, - --,qk, Qr+1) of the form

Vi(Qo. 415 -+ ks Le+1)
- M(Qov ql) X [O’ Z) S M(qvaZ) XX [O?t) X M(Qk’ Qk-i—l)’

with the following adjustments for trajectories starting near ¢; or ending near qy :
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e Incase Qy = ﬁ(ql) the factors M(Qg, q1) x [0, t) are replaced by

{(v, E) e M(U(q1).q1) x[0, 1 +1) | Elev_(y)| <tA}.

e Incase Qp41 = Ul(qy) the factors [0, 1) x M(qx. Q1) are replaced by

{(E,y) €0, 14+1)x M(qx, Ulqr)) | Elev4(y)] <tA}.

e Incase k =1 and Qy = U(ql) = Q, the image of the chart (j)(ﬁ(q),q, U(q)) is

{(VO’E%) B Elev—(yo)llev+(y1)| < 1A%, }
e MU(q).q) x[0,1]x M(q.U(q)) | Elev—(yo)l. Elev+(y)l <(1+0AJ’

Moreover, the global charts satisfy the following:

(i) The restriction ¢(q)|y,(q), is a diffeomorphism

Vi(@)o — M(Qo. 1) x (0,1) x M(q1, g2) X -+ % (0,2) x M(qp, Qic+1)-

Incase Qg =U (q1), respectively Qx 1 = U (qx), this involves replacements as above,
but restricting those domains to E > 0.

(i) The restriction ¢(q)|y, (g, is the canonical bijection

Vi@ — M(Qo.q1) x {0} x M(q1,q2) x -+ x {0} x M(qk, Qr+1),
(VO,Vl’u-Vk) — (VO’O’VI""’O’V]C)'

In particular, the global chart for ¢ = (Qo =U-, Q1 =U4) (with k = 0) is the identity
¢U-,Uy) =1d on ViU-, U)o = MU-.U).

(iii)) The global charts are compatible as follows:

o Let Q =(Qo,---qiqy>- 4y Git1s---»Luy1) for 0 <i <k, £ =1, be
obtained from ¢ = (Qo. - - ., 4i, qi+1. - - - » Qk+1) by inserting a critical point sequence
g’ = (Qi,q;,...,qé,qiﬂ). Then we have

¢ (@) Ve(@) NV (Q))
C - X M(gi-1,4:) x[0,2) x Ve (g )0 %[0, 2) x M(Gi+1,qi+2) X+,
P (Dlv, @) = (Idx¢(g") x1d) 0 p(@) v, ()i (0)-
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o Let Q=1(Qy.41,----9;.91,---) be obtained from g = (Qo, g1, ...) by inserting
¢ > 1 critical points.> Then with q' =(9Q4.4,---.qy q1) we have

o) Ve(q) NVe(Q) CVi(g)o x [0, 1) x M(q1,q2) X -+,
(D, @) = ((¢) x1d) 0 (@), (v, (0)-

 Let Q=(....qk. 4} qy, Q) be obtained from g = (..., qx, Q+1) by
inserting £ > 1 critical points.* Then with 4" =k 9y 4y Qyy) we have

(@ Vi(q) NVi(Q)) C ++ x M(gk—1.qx) x[0,1) x Vi (q")o,
(Dl @) = (1dx90(q)) 0P (@)lv, (@nvi(Q)-

(iv) The corner structure, compatibility between charts with different Qg or Qg 41,
and explicit form for trajectories ending near critical points is given explicitly as follows:

e For 1 <i <k such that Q # (7(q1) incase i =1 and Qyy1 # ﬁ(qk) in
case i = k, the parameter e~ 1i € [0,t) associated to ¢; € Crit(f) encodes the time
T; > —Int for which the trajectory is contained in U(g;). In the limit T; — oo, the
parameter e~ 1i = 0 corresponds to the trajectory breaking at q; .

e For Qg= ﬁ(ql) and (k> 1 or Q, # ﬁ(ql)), a parameter e =11 €[0, 1) encodes the
length of time T > 0 for which the trajectory is defined and contained in Vr_(U(q1)),
with e~T1 = 0 corresponding to the trajectory breaking at q;. A parameter e~ 1!
in [1,2) with nonpositive time T; < 0 encodes the fact that the trajectory intersects
VU (_oo,11(U(q1)) iff T > —T}.° Moreover we have

P@ W) = Pryr(©v-0)).-..). @~ (v...) CevIl(ev-(y) x By,).

e Analogously, for Q41 = ﬁ(qk) and (k > 1 or Qg # l7(q1)), we encode the
time Ty > 0 for which the trajectory is defined and contained in Wr_ (U(qy)), with
e~ Tk = 0 corresponding to breaking at gy , respectively the time T}, < 0 for which it
intersects the closure of W[r, o0)(U(qx)). Moreover we have

$@DP) = (- prwz (v (). $@ 7' (-...y) Cevi! (B xevi(y)).

3 We allow any choice of end point conditions QE), Qo depending on q/] ,q1 - Note that the charts have
nontrivial intersection only for (Qy), Qo) = (¢—,g-), (X'\ U(qi), X\ U(q1)) or (U(g}), X \U(q1))-

4 The intersection is nontrivial for (X\U(qy), X \U(qx)), (U(gy), X \U(gy)) or (Q;(_H, Op+1) =
(9+.9+)-

3 This definition of transition time is the crucial part of the blowup construction near trajectories with

initial point ¢ . The extension to negative transition times is technically useful for the proof.
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e Incase k =1 and Qy = ﬁ(ql) = Q, we have
D@ 1) = (pry (v-(). e prgg (V4 (1)),

where the parameter e~ 11 encodes the length of the time interval on which the trajectory
is defined. In particular, e~T' = 0 corresponds to the trajectory breaking at q; , and
e~Ti =1 corresponds to the trajectory having length T} = 0.

e For any nontrivial critical point sequence (¢q1, ..., qy) € Critseq( f,U—,U+) and
fixed Qi1 C U4 the transition map ¢(X \U(q1).q1....)o¢p(U(q1).q1,...) isa
diffeomorphism between open subsets of

MU (g \Ulg1). q1) x[0,2) x - x M(qk, Qk+1)

given by the identity on all but the second factor, and the family of linear reparametriza-
tions E+— E|ev_(y)|/A fory e M(U(q1)\U(q1), q1) in the normal coordinates (1).

For fixed Qg C U— the transition map ¢(...,qr, X \ U(qk))~o (..., qx%, lﬁ]‘(qk))_1
is analogously given by E +— E|evy(y)|/A fory € M(q1,U(q1)\ U(q1)).

Remark 2.7 A direct consequence of concatenating the commuting triangles in
Theorem 2.6(iii) is the following more general compatibility. Let

Q:(QO,(]la---J]k,Qk—H) and QZ(Q:),,Q;(_{_l)

be two tuples of critical point sequences and end conditions such that Q is obtained
from ¢ by changing the end conditions and inserting critical point sequences

q°=1(24.47.---.q0-q1).
' =1.91. - 451 92).

gk = (kaQ{(’---,quk, Q;C-i-l)
with €0 + ¢! 4+ ...+ ¢k > 1. Then we have

$( Do) = (6(g°) xTd xg(g") x - x Id x(g*)) 0 (@) v, v (0)

on

¢ (@) (Vi(9) NVi(Q)) CVi(g%)o x[0,1) x Vi(g")o x++-x[0.1) x Vi (g¥)o.

The proofs of Theorems 2.5 and 2.6 are the main contents of this paper in Section 5.
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2.3 Associative gluing maps

Inversion of the compatible global charts gives rise to associative gluing maps. Here we
restrict ourselves to the case of a Euclidean Morse—Smale pair ( f, g) and the standard
Morse trajectories relevant to Cohen, Jones and Segal [S5]. We note the generalization
to Morse trajectories with finite ends and general Morse—Smale pairs in Remarks 2.10
and 2.11.

Corollary 2.8 There is a uniform constant t > 0 such that for every p_, p4+ € Crit(f)
and ¢ = (q1,...,4qx) € Critseq(f, p—, p+) there exists a homeomorphism onto its
image (called gluing map)

p(q): M(p—.q1) x[0.1) x M(q1.q2) X -+ x[0,1) X M(q. p+) —> M(p—. p+).

that satisty the following:

(i) Each p(q) restricts to a smooth map

M(p-,q1) x(0,1) x M(q1,q2) x -+ x(0,2) x M(gk, p+) — M(p-, p+).

(ii) Each p(q) restricts to the canonical map

M(p—, q1) x {0} x M(q1,q2) X --- x {0} x M(qk, p+) —> M(p-, p+),
(J/O?O?ylv"'vovyk) i (VO’VI""’V/()'

(iii) The gluing maps are associative in the following sense:

Let q, Q € Critseq(f, p—, p+) be such that Q = (...,qj.q},-- .. qy.qj+1,-..) is
obtained from q by inserting another critical point sequence

4" =0 =4q0:91> 449441 = qj+1) € Critseq(f, g, qj+1)-

Then we have
p(Q) = p(g) o (Id xp(g") x1d),

that is the following triangle commutes:
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M(p—.q1)x -+ x[0,0)x M(qj.q7)% - xM(q}. qj+1) X[0,1)x - - x M(qg. p+)

w

1d xp(g') x 1d M(p-, p+)

M(p—.q1) x-+-x[0,1) x M(qj,qj+1) X [0,7) x - +- x M(qk. p+)

Remark 2.9 A direct consequence of concatenating the commuting triangles in
Corollary 2.8(iv) is the following general associativity: For any critical point sequences
q=1(q1....qx) and Q =qU U?:oﬂj as in Remark 2.7 we have

(5) p(Q) = p(g) © (p(q°) x I xp(g") x -+ x Id x p(g")).

Moreover, the canonical form in Corollary 2.8(iii) generalizes as follows: Let L =
{1,....m} C{1,... k} be an ordered subset. Then the restriction of p(p) to the
set where L indexes the vanishing gluing parameters,

{(ZO,TI,ZI,---,Tk,Zk)Edomp(g) | 7¢ :0<:>£€L},

takes values in the subset of trajectories breaking at exactly py,...., pg,,,
p(P)({te =06 Le L) C M(p-. pe) x M(pe,. pe,) X - x M(py,,. p+)-
This follows from the canonical form (iii) for p(py,,.... pg,,). expressing p(p) in

the form of (5) with ¢ = (py,, ..., py,,), and property (ii) for the factors ,o(gj).

Remark 2.10 The constructions for Corollary 2.8 also provide further gluing maps
for the compactified moduli spaces of types M(X, p+), M(p—, X) and M(X, X),
which together with the gluing maps for the spaces of type M(p_, p+) satisfy the
general associativity relations. However, there are different gluing maps for the same
critical points but different end conditions. These are related by a reparametrization in
the first or last real valued parameter. For M (X, p4) the elementary gluing maps are

MX\U(q1). q1) x[0,2) x -+ x[0,7) x M(qg, p+) — M(X \ U(q1). p+)
and

{(x. E) e M(U(q1). q1) x [0, 1 +1) | E|x| <tA} x -+ x[0,1) x M(qk. p+)
— MU (q1), p+)-
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For M(p_, X) the elementary gluing maps are
M(p=,q1) x[0,7) x - x [0,7) x Mg, X \ U(gx)) — M(p—, X \ U(gx))
and

M(p—.q1) x[0.0) x - x {(E. p) €[0. 1+ 1) x M(qi. U(q)) | E|y| <A}
— M(p-, U(qx))-
For M(X, X) the elementary gluing maps are

MX\U(q1),q1) x[0,2) x -+ x[0,1) x Mg, X \ Ulgx))
— M(X\U(q1), X \ U(4gx)),

along with

{(X,E)lEle <tA}X./W(Q2,C[3)X[O,t)X'--X/W(C[k_l,Qk)X{(E,y) | E|y| <IA}
— M(U(g1). U qx))

and

MU (g1).q1) x[0, 1] x M(q1, TU(g1)) D {E|x|ly| < 1A% Elx|, Ely] < (1 +0)A}
— M (q1). Tq))-

Here we use the evaluations
ev_: M(U(q).q) => U(q) and evy: M(q.U(q)) => U(q)

to pull back the Euclidean norm |- | on U (g) to the stable and unstable manifold
near ¢.

Remark 2.11 The previous constructions can be pulled back by topological conjugacy
to the Morse trajectory space for any general Morse—Smale pair. More precisely, the
homeomorphism 4: X — X intertwining a Morse-Smale flow W with the flow W?
of a Euclidean Morse—Smale pair induces homeomorphisms /*: Mg U_,Us) —
./W\I/O (U—,U+) between the corresponding Morse trajectory spaces; see (8). Conju-
gation of the gluing maps p for W° with 4#* in each component then yields gluing
maps for the trajectory spaces My (U—,U4) which satisfy the standard form (ii) and
associativity (iii), but may not be smooth in the interior. So the associated global charts
for general Morse—Smale pairs may not be compatible with the smooth structure on
the unbroken Morse trajectory spaces induced by evaluations.
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Proof of Corollary 2.8 Recall that each global chart ¢(q) has image

im ¢ (q) = M(p-.q1) x[0.1) x M(q1.g2) X -+ x[0.1) x M(qx. p+)

which covers the interior (and some boundary strata) of the domain

dom p(q) = M(p—.q1) x[0.1) x M(q1.q2) x -+ x[0,1) x M(qx. p+).

So we can define p(q)|ime(q) := ¢(¢)~! for all critical point sequences and pairs
p—, p+ of critical po_ints, and deduce (i) and (ii) from Theorem 2.5(i) and (ii). On
the further boundary strata of their domains, the gluing maps will be determined by
the associativity (iii) and canonical form (ii). For example, the trivial critical point

sequence ¢ = & € Critseq( f, p—, p+) yields im¢(p—, p4+) = M(p—, p+) and we
defined p(p—, P+ Mmp—,py) :=Idm(p_,py)- This evidently satisfies (i) and (ii) and
has a unique continuous extension to the homeomorphism p(p—, p+) :=Idx(p_,py)-
For general ¢ € Critseq( f, p—, p+) we also wish to define p(g) as continuous extension
of ¢(q)~! . For that purpose we express the domain as disjgint union

dom plg) = || Vi(q®)eo %[0.6) x Vi(g")e, - x[0,1) x VilgF)s,
q9,....g%

over all (k + 1)—tuples of critical point sequences g]j = (q{ e ,qgj) contained
in Critseq( f, ¢;.gj+1);: allowing trivial sequences and using the notation gg = p—,
qk+1 = p+ . Here each factor

Velg))e, = M. q)) x M(g] .a)) x -+ x Mg}, .qj 1) € Mgj.q41)

is the maximally broken stratum of V; (gj yC M (9j,qj+1). For trivial tuples QO =
=£]k = @& we have V;((_]j) = M(qj.qj+1) and already defined

/0(51)|vt (@) X[0,0) XXV (g¥)¢, = ¢(g)_1 .

If some of the gj are nontrivial then the corresponding component of the domain
dom p(q) has a neighborhood V; (QO) x[0,£) X ++-x Vy (gk ). On its interior

Vi(g%)o x[0.0) %+ x Vi(g")o
the compatibility of global charts for Q :=¢q U U5'€=0 gjj gives

$(@) " =¢(Q) " o (¢(g°) xId xg(g") x -+- x Id xp(¢F)).

Here the right-hand side extends continuously to the maximally broken stratum

Vi@ x10,8) x -+ x Vi (g, .
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which shows that p(¢) = ¢(¢)~! continuously extends to this component. Taking the
inverse of this identity also shows that p(g)~! = ¢(g) extends continuously. This
defines p(g) as continuous map on its entire domain. Its inverse is continuous since
we checked the continuous extension of p(¢)~! to each of the disjoint components,
and their images do not overlap since the ir;lage of the component corresponding to
tuples ¢°, ... ,q* consists exactly of those trajectories that break at all of these critical
points and a subset of q.

Finally, with this definition of the gluing maps, the above identity becomes

—1
PNy, @)x(0,0x-xv, @) = P(Q) 0 (p(g°) xTd xp(g") x -+ xTd xp(g")) ™.

The domain of this identity is dense in the image of p(go) xId xp(g Dyx...xId x,o(gk) ,
hence precomposition and continuous extension prove the general associativity (5). O

3 Geometry and topology of Morse trajectory spaces

This section reviews various geometric and topological constructions on Morse tra-
jectory spaces. In particular, we introduce evaluations and reparametrizations of
Morse trajectories, compare different metrics on the Morse trajectory spaces, prove the
topological content of Theorem 2.3, and show how the manifold with corner structure
is induced by the global charts in Theorem 2.6 and topological conjugacy. We fix a
Morse—Smale pair ( f, g) and begin by introducing some restricted spaces of Morse
trajectories.

Definition 3.1 Let I/ C X be open sets or single critical points, and let V1, ..., Vi,
W C X be open subsets. We denote the set of trajectories intersecting all V; by

MU- U Vi Vi) = {y e MU-Uy) |imyNVi# @ Vi=1,... k}
and we denote the set of trajectories additionally contained in W by
MU- U Vi Vi W) = {y e MU= Uy: Vi, ... Vi) |imy € WYL
The openness of these subsets follows from the definition of Hausdorff distance.
Lemma 3.2 The subsets M(U—,U+; Vi, ..., Vi: W) C MU-,Uy) are open.
Next, we define the evaluation at regular level sets and other local slices to the flow.

Let H C X be a submanifold of codimension 1 whose closure is transverse to V f* (ie
V /" is nowhere tangent to H), and such that Vg (H) N H = &, where Ry = (0, 00).
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Then Wg_(H) C X and WR, (H) C X are open sets and we can define the evaluation
map

(6) evy: /W(U_,U+;\IJR_(H),\IJR+(H))—>H, y+r—imyNH,

for all trajectories that intersect H but don’t end there. Furthermore, we recall the
evaluation maps at endpoints from (2),

ev_: M(X, py) = X,
©) evi: M(p—, X) = X,
ev_xevi: M(X,X) = X x X,

given by ev_(yo, ..., ¥x) = y0(0) for any k € Ny, by ev4+ (Yo, ..., ¥x) = ¥ (0) for
k > 1 and by evy(yo: [0, L] = X) = yo(L) for k = 0. We will show below that

these are continuous, and hence the Morse trajectory spaces M(U_, p+) =ev_1({U-),
M(p-,Uy) = ev;1 Us) and MU-,Uy) = evZ1U-) N ev;l(Z/{Jr) for open sets
U4 C X are open subsets of the Morse trajectory spaces for U+ = X .

Lemma 3.3 The evaluation maps (6) and (7) are continuous with respect to the Haus-
dorff distance. When restricted to the subsets of unbroken trajectories M(p—, p+),
M(X, py), M(p—, X), respectively M(X, X), the evaluation maps are smooth. In
fact,

evg: M(p—, p+) Ddom(evy) — H, ev_: M(X, py) — X,
ev_xevy: M(X,X)* — X x X, evy: M(p—, X) — X,

are embeddings, where M (X, X)* denotes the nonconstant trajectories.

Proof We show continuity in (7) representatively for evi: M(X,X) — X ata
fixed y € M(X, X) with evy (y) =: e. Note that we drop the length term from the
metric d %7 and work with the weaker Hausdorff pseudometric dg < d w7- Consider
vi € M(X, X) with dg (y;i,y) — 0 and ev (y;) =: ¢; € X. By assumption we have
dy (ej,imy) — 0, so there exist g; € imy such that dy(e;, gi) — 0. By uniform
continuity_of f (on the compact X') that also implies | f(e;) — f(gi)] = 0. On the
other hand, we claim that F; := f(e;) - F := f(e). Indeed, for those i € N with
F; < F we have

dy (/' (F). f7'[F.00)) < dx(ei.imy) — 0
since f(imy) C [F,00); and similarly for those i € N with F; > F we have

dy (f~'[Fi.00), f~'(F)) <dx(e.imy;) — 0.
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Since the level sets and the superlevel sets of f are compact, this implies F; — F.
Putting things together we have g; € im y with f(g;) — f(e), which implies g; — e
since f is monotone decreasing along_ the concatenation of flow lines in y. The
previously established dyx (e;, gi) — 0 now implies ¢; — e, which proves cothinuity.

The spaces of unbroken trajectories M (X, p+), respectively M(p—, X), inherit
their smooth structure from the evaluation maps ev_, respectively evy , making the
restrictions ev— | rq(x,p;)> €V+ |M(p_,x) embeddings by definition. The space of
unbroken trajectories M (X, X) inherits its smooth structure from the evaluation map
ev_ together with the length,

M(X, X) = {y: [O,L]—>X‘Le[O,oo),)}=—Vf(y)}—>[O,oo)><X,
y —> (L. y(0)).

That is, this map is an embedding by definition. In particular, ev_ | r((x,x) is smooth.
The second evaluation ev4 |rq(x,x) is smooth since in the above global chart of
M(X, X) it corresponds to the smooth Morse flow [0,00) X X — X, (L, xq) —
W1 (x0). The product (ev— X ev4 )| aq(x,x) is the composition of the above embedding
with the map [0,00) x X — X x X, (L, x¢) — (xg, Y (xg)), which is an embedding
on the complement of [0, co) x Crit( f), corresponding to the constant trajectories in

M(X, X).

The proof of continuity in (6) is somewhat more technical. We fix a generalized
trajectory ¥ = (Yo, - . -, ¥%) and note that due to the transversality of H and V f', the
intersection point imy N H =evy (y) =: x¢ cannot be a critical point of /. Moreover,
the gradient flow pro;ides a diffemﬁorphism

(=6, 8)x H =5 W_s5(H)=:Ns CX, (5,x)— Yy(x),

such that any generalized trajectory l// e MU_,Uy; Yr_(H), ¥R +(H)) has the
intersection im y’ N Ng ~ I x {y} for y =evy(y’) € H and an interval I C (=4, )
containing 0. Moreover, Ag will contain a neighborhood Ba (xg) C X of radius A >0

Now if Y’ has Hausdorff distance dg(y’,y) < ¢, then it has to pass by xo within
distance dy (imy’, xo) <e. Since im y’ \ V3 is contained in the complement of the ball
B (xo) we can ensure by choosing & < A that dy (imy’ NN, xo) < drausdorit(Y's ¥)-
In the following we will use the product metric dRx H on N3, which on Bp GC())_iS
equivalent to dy with a constant C. Then we obtain continuity

dx (y,x0) < drxp (imy" N N3, x0) < Cdy (imy’ NN, x0) = Cduausaorti (v, ¥)-

Finally, we need to check the smoothness of the evaluation map evy on unbro-
ken trajectories. When one or both of U4+ C X are open sets, then this domain
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MU-, Uy ; Yr_(H), YR (H))o is simply an unbroken trajectory space. Let us
denote the restricted open subsets in these cases by U f :=Ux NYR, (H), then the
evaluation map is given as follows:

evy: M(Uf,pQ:UfﬂWp’: — H, X — Yr(x);
evy: M(p_,L{f):ufﬂWp__—>H, X —> WUr(x);
eve: MUHE U ~ ((0,00) xUT) N U — H, (L,x)+— Wr(x);

where in each case 7" € R is the solution of W(7, x) € H. This is a transverse equation
since V [ is transverse to H, hence T € R depends smoothly on the parameter x,
and this proves smoothness of the evaluation map evg (L, x) = ¥(7,x) in these
cases (dropping L in the first two cases). In case {/+ = p4 the domain of unbroken
trajectories inherits its smooth structure® from the identification

M(p-, p+3Wr_(H), Wr (H))o = W;_ N W50 £~ () N Wa(H)

for any regular value ¢ € (f(p+), f(p—)). Now the evaluation map evg (x) = W(T, x)
is smooth since it is again given by solving W(T', x) € H for T € R, depending on the
parameter x in an open subset of W,~ N WI;_LF N f~!(c). The same argument proves
smoothness of the inverse and hence the embedding property. a

With the notion of evaluation maps in place, we can compare the Hausdorff distance to
other natural distance functions on the Morse trajectory spaces.

Remark 34 (i) On M(p—, p+), M(X, p4+) and M(p—, X) the Hausdorff dis-
tance dyy is not equivalent to the distance on W, N Wpt N f=1(c), respec-
tively Wpt , respectively W~ . (A counterexample for M(S 1 p4) is a Morse
function with one maximum and one minimum at p4. Then consider Morse
trajectories starting near the maximum. These initial points can be arbitrarily
close, but if they lie on different sides of the maximum then the associated Morse
trajectories have large Hausdorff distance.) However, it still induces the same
topology. (This follows from the continuity of the flow in one direction and from
the continuity of the evaluation maps in the other.)

(i) On M (X, X) the distance dxg(y: [0, L]— X, y’: [0, L']— X) is not equivalent
to the distance dy (y(0),y’(0))+|L—L’| on [0, 00) x X, but they still generate
the same topology. (This follows from the continuity of the flow and evaluation
maps as well as the length conversion L +— L/(1+ L).)

6 The independence of the smooth structure from the choice of ¢ is one case of this smoothness
statement with H = f~1(¢) for another choice of regular value ¢’.
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Lemma 3.5 For (f, g) Euclidean Morse—Smale, a continuous reparametrization map
MU= Uy) — CO([0.1].X), yr—Ty,

is defined by parametrizing the image im y by a continuous map I'y: [0, 1] —>imy C X
given by requiring linear growth of the function value

S(Ty() =1 =s)- flev-(¥) +5- f(ev+ ().

On the complement of the trajectories of zero length, this is in fact a homeomorphism
to its image since dyausdortr(im y,im y’) < dpo(Ty, T'y) J

Proof The reparametrization map is well-defined since the image of any general-
ized Morse trajectory is a connected finite union of critical points and embedded
submanifolds along which f strictly decreases. Continuity of the inverse of this
map follows from the inequality dyausdortr(im I, im I'') < deo (T, T) for any pair of
maps ', T: [0, 1] — X . Conversely, we claim that I'y/(s9) — I'y (so) for any fixed
so €[0,1] as y' — y in the Hausdorff metric. (This suffices to prove convergence
of the C®—distance due to the continuity of the paths I' and the compactness of their
domain.)

If Ty (so) & Crit(f) then we can pick a coordinate chart diffeomorphic to a product
B x (=6, 8) near I'y (s9) =~ (0,0) on which the Morse function and flow are linear
fi e f(T (50))47, ¥y (z,7) > (2, T+1). The metric on X is equivalent with
a constant C to the product metric on By x (=6, §), so that for dyausdorer(im y im y/ )
sufficiently small the trajectory y has to take image in {z’} x (-4, 8) with z/ — 0 as
dHausdortr(im 7, im ') — 0. Due to the explicit form of the flow, ’ now has to pass
any function values near f (I'y (59)) within this coordinate chart. In particular, since
evaluation is continuous with respect to the Hausdorff distance, we can ensure that
STy (50)) = (1= 50) f(ev— (")) + 50 f (ev4- (")) is sufficiently close to f (T’ (s0))
to guarantee that I'y/(s9) =~ (z 7y) lies in the coordinate chart. With that we have
STy (s0) = f(Ty ,(50)) + fo and can deduce T'y/(so) >~ (Z/, ro) — (0,0) ~ Ty (s0)
from the continuity of the evaluation maps in

|75l = | /(Tyr(50)) = /(T (50))]
< (1=s0)| f(ev—(r") = f(ev—(¥)| + 50| f (v (") — [ (ev+(¥))| = 0.

If Ty (so) is a critical point then we can work in a Euclidean coordinate chart Ba x Ba
for f and the metric in which I’y (s0) =~ (0,0) and

fG.y) = f(Ty(s0) — 3Ix1> + 3yI>.

"The Hausdorff and C® metric are in fact equivalent, as can be seen from adding linear estimates in
the following proof.
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As before, Hausdorff convergence y’ — y implies convergence of the function value
f(Ty:(s0)) = f(Ty(s0)). This implies that T'(so) ~ (x’, ') lies in the coordinate
chart for y’ sufficiently close to y. Indeed, a trajectory passing the function value
STy (s0)) outside of the coordinate chart will never intersect the chart in backward or
forward time, so cannot be closer to y than A in the Hausdorff distance. With that we
have B
STy (s0) = f (Ty(s0)) = 3 1¥'I* + 3112

and can deduce |x’| —|y’| — 0. Moreover, y is part of a trajectory that breaks or ends
at (0,0), so imy C Ba x {0} U {0} x Ba and hence the distance between (x’, ')
and imy is bounded below by min{|x’|[,|y’|}. On the other hand, this distance is
bounded above by the Hausdorff distance. So its convergence to zero implies that

Ty (s0) = (x", ¥) = (0,0) = Ty (s0). o

Finally, we prove the topological content of Theorem 2.3 and deduce the smooth
structure from Theorem 2.6 and the following topological conjugacy.

Remark 3.6 Let Wy be the negative gradient flow of a Morse—Smale pair. Then there
exists a homeomorphism /: X — X such that o Wg = W20 /1, where WY is the flow
of a Euclidean Morse—Smale pair. Let us give a few more details on the proof outlined
in Franks [6].

Near each critical point we can choose coordinates X D U >~ Bx C R” in which the Hes-
sian DV f(p) ~diag(A, ..., A,) is diagonalized and p ~0. Let Yjip(x) := ) A;x; 0y,
denote the linearized vector field, and let ¢ € C*°([0, A), [0, 1]) be a compactly sup-
ported cutoff function with ¢|[a/2,4) = 1. Then

Y (x):= (1= XDV /(@) + (7 x]) Vin(x)

defines vector fields on X that C!—converge to V f with » — 0. So by structural
stability (see Palis [15] and Palis and Smale [16]) for some r > 0 the flows of V f and Y,
are topologically conjugate, with Y, still satisfying the Smale condition (transversality
of stable and unstable manifolds).

Next we construct a further homeomorphism /: X — X supported in the balls B% Ar
near each critical point. In the local coordinates we have A; # 0 by nondegeneracy, so
X (%Ar)l_p"_1 sign(x)|x|™ ™" defines a homeomorphism of [—1Ar, L Ar], which
we can extend smoothly to [—A, A] such that /;(x) = x near |x| = A. Then &: (x;)+—
(hi(x;)) extends to a homeomorphism of X that is smooth on the complement of the
critical points and pulls back Y, to a vector field #*Y, that has the standard form
> sign(A;)x;dx; on aneighborhood of each critical point, and hence smoothly extends
by h*Yy|crie( f) := 0. Moreover, this homeomorphism is the identity on the complement
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of neighborhoods of the critical points, and within these neighborhoods leaves the
unstable and stable manifolds of the critical point invariant. Thus the stable and unstable
manifolds of 2*Y, agree with those of Y, on the complement of the neighborhoods of
critical points, which suffices to guarantee the Smale condition. (Transversality between
given unstable and stable manifolds can be checked at a single regular level set, since it
is preserved by the flow.) Moreover, in the coordinates near each critical point, 4*Y; is
the negative gradient of a standard Morse function % > sign(A i)x,-2 with respect to the
Euclidean metric. Now by the classification of gradient dynamical systems [21], there
is a Morse function f°: X — R which coincides with the given functions near critical
points up to a constant, and for which 4*Y, is negative gradient-like, ie d f°(h*Y,) <0
at noncritical points. Finally, one finds a metric such that 4*Y, = —V f© and that
equals the Euclidean metric near each critical point. Indeed, starting with any metric g
equal to the Euclidean near critical points, we have 4*Y, = v £ near the critical
points and g(h*Y,, —V £9) < 0 elsewhere. Then it remains to smoothly adjust g on
span(h*Y;, —V 19), which is an exercise in linear algebra.

Proof of Theorem 2.3 The metric axioms are easily checked; in particular we dis-
cussed definiteness in Remark 2.1. It follows that the space (M(U—,Uy), dx7) is
Hausdorff. To check separability just note that the space is a finite union of the
sets M(U_, U4 ), which themselves are unions of products of finite-dimensional
submanifolds of X. Note here that due to f being Morse on a compact manifold,
there are only finitely many critical point sequences, ie tuples ¢1, ..., g; € Crit(f)
such that f(q1) > f(g2) > --- > f(qxr). Since we are dealing with a metric space,
separability also implies second countability.

Sequential compactness for M(p—, p+) follows from [4, Proposition 3] and Lemma 3.5.
For sequences (y")nen in M(X, p1), M(p+,X) or M(X, X) we use analogous
arguments as follows. Lemma 3.5 provides continuous parametrizations I'”*: [0, 1] > X
of im y” with bounded derivative |%F” (s)| < C¢ on the complement of neighborhoods
of the critical points, I'"?(s) € X \ {x € X | |[Vf(x)| < ¢}. As in [4] this proves
equicontinuity of the I'”, hence the Arzela—Ascoli theorem provides a C®—convergent
subsequence of (I'”). By Lemma 3.5 this implies Hausdorff convergence of the
corresponding subsequence of (¥”). On M(X, X') convergence of the rescaled length
in [0, 1] follows by taking another subsequence.

For Euclidean Morse—Smale pairs, the manifold with corner structure is provided
by the global charts in Theorem 2.6 and the canonical manifold structure for each
space of unbroken flow lines, given in Section 2.1. The open subsets V;(g) cover
M(U-,Uy) since any generalized trajectory either does not break (hence lies at least
in the subset for ¢ = &) or breaks at a finite number of critical points ¢, ..., q; and
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hence lies in V;(g) for some choice of end conditions Qg, Q.+ as in 2.2. The smooth
structure on this atlas is given by the natural smooth structure on, firstly, the unbroken
trajectories M(U_,Us) C M(U-,Us). Secondly, the images of the global charts are
open subsets of

M(X, q1) x[0,2) x M(q1.42) x--- x[0,2) x M(gg., X),
or in the special case k =1 and Q¢ = Q;, = (7((]1) of
MG (1), q1) [0, 1] x M(g1. T (41)),

all of which have the natural structure of a manifold with boundary and corners. Using
these charts, the k —stratum M (U_, Uy )x naturally is the subset of (k — 1)—fold broken
trajectories, except that M (X, X); has as additional boundary stratum the trajectories
of length 0. The latter appear in the chart V; (X, X) = M(X, X) ~[0, c0) x X, where

ev_: IV (X, X))~ {0} x X — X

identifies the boundary component, and in the chart V(l7 (9), U (g)), where ev_
identifies the boundary component d(q) "L MU (), q) x {1} x M(q,U(q))) with
U@ cX.

The transition maps between different charts with different critical point sequences can
be read off from Remark 2.7. If ¢ and Q are related by inserting critical points into ¢
and potentially changing the end conditions, then the transition map for V¢ (¢)NV¢(Q) is

(D, @i °¢@) " =¢(g°) xId xp(g") x -+ xId x¢(¢*),

a product of chart maps on V;(¢%) % [0,7) X Vi (g x - +- x [0, 1) x V;(¢¥)¢, where
they are diffeomorphisms by Theorem 2.6(i). Generally, if ¢’ and ¢” contain different
critical points and V;(¢') N V;(¢") # @, then Q := ¢’ Ug” (with the induced end
conditions) also is a critical po_int sequence (since ﬁt(Qj contains this nonempty
intersection). More precisely, V; (q’ )NV (q/ ) CV(Q) is a subset of those trajectories
that break at most at the critical points ¢ ﬂq/ ', hence is contained in both V; (q YWV (Q)
and V; (q/ N Vi(Q). Now the transition map is a composition of the corresponding
two transition maps of the previous type and hence is smooth.

The compatibility above also applies to the case of ¢ = (Qo, Q1) being the trivial
critical point sequence with any end conditions, when ¢(¢) = Idr(g,,0,)- It remains
to consider the transition map on an overlap of domains

Vi(Q0.q1s - qk> Quer1) NVe(Q0. 415 - -+ ks Qegey)

for the same critical points but different end conditions. By Theorem 2.6(iv) it is the
reparametrization in the last or first real valued parameter, so it is smooth.
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To show the uniqueness of the maximal atlas induced by these charts, as claimed in
Remark 2.4 for Euclidean Morse—Smale pairs, it remains to check smooth compatibility
of charts arising from different choices of Euclidean normal neighborhoods. This will
be done in Remark 5.4, together with the proof of smoothness for the evaluation maps
in Remarks 5.3 and 5.5 as part of the proof of Theorem 2.6.

For a general Morse—Smale pair, the topological conjugation of Remark 3.6 induces
homeomorphisms between the Morse trajectory spaces

®) h*: MyU-.Us) — MyoU-.Us),  ([¥iDi=o,...k = (1o ¥iDi=o,...k-

Indeed, this is a well-defined map under reparametrizations; it preserves the length (in
time) of trajectories in M (X, X), and transforms the images by a homeomorphism
im(/ 0 y;) = h(imy;). Hence both 4* and its inverse, given by composition with 271,
are continuous in the Hausdorff metric. Now the smooth structure on Mo (U_, Uy )
constructed above can be pulled back with /* to equip My (U_, Uy ) with a smooth
structure whose corner strata are given by broken trajectories as claimed, since i*
preserves the breaking points. a

4 Restrictions to local and connecting trajectory spaces

This section constructs natural charts with boundary for the local trajectory spaces near
the critical points of a Euclidean Morse—Smale pair. These charts, together with the
smooth flow map, will induce the smooth structure on the general Morse trajectory
spaces. For that purpose we construct restriction maps from general Morse trajectory
spaces to the local trajectory spaces as well as to connecting trajectory spaces of
unbroken flow lines between the boundaries of neighborhoods of different critical
points.

4.1 Trajectories near critical points

Let (f, g) be a Euclidean Morse—Smale pair as in Definition 1.2. Then for some A > 0
and any p € Crit(f) we have normal coordinates

_ _ dp ~
R"IPI RIPI 5 B;’A“" xB'ZPA| 2 U(p)cX
on the product of open balls such that ¢,(0,0) = p and

@) = F)+3 3 xF -2 302,
i J

©)
($,8) = E dx; ® dx; + E dy; ®dy;.
i J
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Here we write X = (xX;);=1,... .n—|p| and will abbreviate |x|? = D x and similarly for
Y= (»j)j=1,..,|p|- These coordinates are unique up to orthogonal diffeomorphisms
O(n—|p|) x O(]p]) and the choice of A > 0. We choose A > 0 so small that the
closure of the neighborhoods U (p) for different critical points p are disjoint.

Remark 4.1 For future purposes we note that by sufficiently small choice of A > 0
we can guarantee that there exists a finite flow line from U (p~) to U(p™) iff there
exists an unbroken Morse trajectory between p~ and p™. That is, we may assume

(ev—xev ) (MX, X)NN(U(p)xT(pM) 22 <= M@p .pH)#o.

This is possible since, on the one hand, given A > 0, every infinite flow line in
M(p~, pT) contains a finite part that intersects U (p7) and U (pT). On the other
hand, suppose that we cannot choose A > 0 sufficiently small for the opposite impli-
cation to hold. Then we find TijE € Ry and x; € X in the complement of separating
neighborhoods of p~ # p™ such that W (% Tl.i, x;) — p*. By continuity of the flow
we deduce Tl.i — 00, and by compactness of X may choose a subsequence of the x;
converging to x € X \ {p~, p™}, hence lD(Tl.i, x) — pT, proving the assertion by
contradiction.

The analogous assertion ev_ (M (X, X)) N ﬁ(p_) #+ g M(p~,X) # @ for half
infinite Morse trajectories holds automatically since by definition M (p~, X') always
contains a constant trajectory; and similarly for M(X, p™).

The gradient in these coordinates is V f(x, y) = (x,—»), so the negative gradient
flow is
U, (x,y) = (e "x,e"y).
In particular, the identification of the trajectory spaces M(ﬁ (p), p) and M(p, U (p))
with the stable, respectively unstable, manifold in normal coordinates yields balls
(10) ev_: M(U(p), p) => Wjﬂﬁ(p):B?Z'p‘x{O}: Ej,
evi: M(p.U(p)) 2> W, nT(p) = {0} x B =: By

From now on we will identify points in normal coordinates (x,y) € B X B+ with
their image ¢, (x, y) € U( p) C X . In particular, we use these coordlnates to construct
the global chart in Theorem 2.6 for trajectories near the critical point p.

Lemma 4.2 The open set V(p) = (ev_xevy) L (U(p) x U(p)) C M(X, X) sup-
ports a homeomorphism

$(p) =T x (pr+ xpry) o (ev—x ev4): V(p)
— [0, 1]x M(U(p), p) x M(p, U(p))
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given by the evaluations (7), the projections pr B Elj’ X Elj — E;,t in normal coordi-
nates, the identification (10) and the rescaling of the renormalized length (3),
et y=@:[0.L]>X),

(1) Fp: V(p) —> [0.1],  y —> e /A=) = |
- 0 otherwise.

Moreover, a (p) satisfies the properties of a global chart in Theorem 2.6 as follows.

(i) The restriction to the unbroken trajectories ]7(p)o~= 17(]9) NnM(X, /~Y)0 is a
diffeomorphism ¢ ()5, : P(pYo — (0. 11x M(T (p). p) x M(p, T (p).

(ii) The restriction to the maximally broken trajectories V(p)1 =V(p)NM(X, X);
is the canonical bijection

V(p)1 —> {0} x MU (p), p) x M(p, T (p)), (r=,v+) —> (0, y—, v).

(iv) The parameter e~T € [0, 1] encodes the length T of the time interval [0, T]
on which the trajectory is defined. In particular, e=T = 0 corresponds to the
trajectory breaking at p, and e=T =1 corresponds to a trajectory of length 0.

Finally, the evaluation maps are smooth with respect to this chart, that is (ev— X evy) o
é(p)~! maps smoothly to X x X .

Remark 4.3 The inverse of the homeomorphism q~5 (p) in Lemma 4.2,

$(0)~": 0. 11x MT (). p) x M(p. T (p)) — V(p).  (2.X.7) = Yrixy.
is explicitly given in the normal coordinates by the unbroken flow lines for = > 0,
(12)  yrx,: [0.T]— U(p), sr— (e x,¢Ty) withT:=—Int,
and the broken flow lines y x,y := (y4, y-) for T =0 given by

Y+:[0,00) — l7(p), s+ (e7%x,0),

(13) ~
y—: (=00,0] — U(p), s+ (0,¢€°x).

Proof of Lemma 4.2 and Remark 4.3 Bijectivity of 5 (p), the canonical form (ii),
and the formulas for 5 (p)~! are seen by checking that (12) and (13) uniquely character-
ize the trajectories of the flow W; in U (p). Indeed, these trajectories can break at most
at p, hence are determined by an initial point (x, y’) and end point (x’, y). If they are
connected by a flow of length 7" then y’ =e ™7 y and x’ =7 x. If they are connected
by a broken flow, then »’ = 0 and x’ = 0 corresponding to t = 0. Continuity of ¢(p)
follows from the continuity of the evaluation maps (see Lemma 3.3), the renormalized
length (by definition of the metric on M(X, X)), the projections in normal coordinates
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and the diffeomorphism [0, 1) 3 £ > e—¢/(1=9 ¢ (0, 1], which extends continuously
to 1+ 0. So it remains to check (i) and the continuity of ¢(p)~!.

The renormalized length ()¢ x,y) = —Int/(1 —In7) is a continuous function of
t € (0, 1] which for T — O_converges to lim; o —Int/(1—=In7) =1 = €(yo,x,y)-
Hence we obtain uniform continuity (independent of x, y) with respect to the_length
term in the metric on M (X, X). To check continuity of the Hausdorff distance near a
fixed (7,x,y) €[0,1) x §;‘ X Ep_ note that the image of the generalized trajectory is

imyzx,y= {(z-x,(r/z)-y) |Z €r, 1]} U {((f/w)-x,w-y) ‘ w €[z, 1]}

(In case T > 0 both sets are the same.) For t > 0 one easily obtains for (z/, x’, y) in
[0,1) x B;‘ x B, the estimate

dg (Ve x oy Vexy) S IX =x|+ 1y =yl + 280 + 7 Y[t —7].
For t = 0 we obtain
du(ye .y Yoxy) <X —x|+1y = y| +4AV7"

Indeed, the distance to the point (z-x,0) (and similarly for (0, w- y)) for all z € [0, 1]
is

/
dgn((z-x,0). {(2'-x". (&'/2) V) | 2/ € [T/ A1) < 2y = x|l |2 =2+ 5
<|x'—x|+4AV7

by choosing z’ = max{z, v/7'} such that 0 < z/ — z = max{0, V7' — z} < V7'.
Conversely, the distance to the point (z' - x’, (z//z') - y') for z/ € [+/7/,1] can be
estimated by picking z =z’ as

drn({(z-x,0) |z €[0, 1]}, (z/-x', ('/2)) - ) < Ix' = x| + 2ANT,
and for all remaining w’ = v//z" € [v/7/, 1] by picking w = w’ as
drn ({0, w-p,0) [ w € [0, 1]}, ((z'/w)-x" w'- ) < |y — y| + 247
This finishes the proof of continuity of ¢ (p)~'.
For (i) note that in the smooth coordinates M (X, X )¢ ~ [0, 00) x X we have
V(p)o = {(T.2) €[0,00) x U (p) | ¥1(2) € U(p)}.
The smooth structure for the trajectory spaces

MU (p). p)~ B} and M(p.U(p)) ~ B,
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is given by (10). Now in these coordinates and with U (p) ~ B X BJr the map
¢( p): (T, (x,y)) — (x,eT, y) evidently is a diffeomorphism as clarmed Finally,
the evaluation map is given by the evidently smooth map

(ev—xevi) od(p) 1 [0, 1]x M(T (p), p) x M(p,U(p)) — U(p) x U(p)
(z, %, ) — ((x, ), (zx, y)).D

Next, we introduce the half size neighborhood of p, which is precompact in U (p),

U(p) —¢p( I’l |p| XBIP')

From the above characterization of Morse trajectories we can read off its entry and
exit sets,

+ . _ _ o+t — o— . . _ p+ _

where S Ij' = 8BI'," and S, := dB,, are spheres in the stable, respectively unstable,
manifolds and we abbreviated

Bf =By P ~wrnup), By :=BY'~w;nup).

Indeed, S, Stu S is the boundary of the domain U(p) ~ B+ x B, and the intersection
of any broken or unbroken flow line with U(p) has its endpornts on S, S+ and S . With
this we can introduce the local trajectory space near p as the set of broken or unbroken
trajectories that start and end on the entry and exit set,

Mp = (ev_xevi) (S5, . §) c M(X, X),

with topology induced from M (X, X). The following gives the local trajectory space
M, the structure of a smooth manifold with boundary in which the evaluations ev
are smooth.

Lemma 4.4 The evaluations (ev_ x evy): M p— §; X §p_ composed with the pro-
jection
(14) pry: §F xS —[0.1)x S, xS;,  (x.y ¥, ) —> (% ,y),

define a homeomorphism

(15) pryo(ev— xevy): /\_/lp — [0, 1)><S;r XS, .
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Proof The map pr, o (ev— xevy) is the restriction of the homeomorphism ¢(p)
from Lemma 4.2 to ./\/l p C V( D). Indeed the endpomts of a trajectory y of length
T < oo are of the form (x, )’ = e~ Ty, x’ = e Tx, y), hence the length parameter

e~ tW/A=tW) js given by e~ T = (|x’|+]|y’[)/2A. Broken trajectories are of the form
(x,y"=0,x"=0, y), hence again the length parameter is givenby 0= (xX"1+1y'D/2A.
Here it is important to note that (ev xevy)(M p) C S, S+ x S so that the projection
map (14) is only defined at (x, y’,x’, y) with |x| = |y| A > 0, thus continuous.
Surjectivity onto [0, 1) ><SJr x S, follows from checking that the inverse map given
by (12) and (13) indeed pr0V1des trajectories in M p» 1e with endpoints on S, S*¥. @O

4.2 Restrictions to local trajectory spaces

In the construction of the smooth corner structure for general Morse trajectory spaces
we will use restriction maps from the spaces of trajectories passing near a critical point
to the local trajectory space of that point. For that purpose we introduce the following
families of open neighborhoods for ¢ € (0, 1],

Ui(p) := {#p(x,y) |Ix] <1+ DA, |yl < (L+0)A, |x]|y| < A%t} C X,
Ui(p) :=Ui(p) NU(p) = {dp(x, ») | IX] < A, Iy| < A, |x]]y] < A%t} C X,

These neighborhoods are precompactly nested U,(p) c Uy (p) for t <t (ie the
compact closure of U; (p) is contained in Uy (p)), and for t — 0 converge to the union
of stable and unstable manifold, {¢,(x,y) [x =0o0r y =0} = (W, U W;r) NU(p).
The nesting Uy ( p) C Uy (p) and convergence also holds for U, (p), all of which are
precompact in U(p), and with U; (p) = U(p). We will keep identifying U (p) with
B, x Bf cRr-IPlxRIPL

Remark 4.5 The entry and exit sets for U;(p) are the nested subsets
S () — S w (Rt ~ 9=  SH()-— R~ w St ~ ot
S, t):=S8, xtBy CS,. S,(t):=tB, xS, CS,.
The set of trajectories traversing U;(p) is
Mp,s = (ev— x eV+)_1(§p_(Z), 5;(1)) C M,.

The homeomorphism (15) then restricts to M pt == [0,1) x A + x S, . The global
chart for the tuple ¢ = (U(p) p.U(p)) and ¢t > 0 in Theorem 2.6 W111 be defined
as restriction ¢(q) := ¢( P)lvi(g) to the open subset V;(q) C V( p) given by those
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trajectories that intersect U, (p). Using Remark 4.3 we may read off the image

¢(p)(Vi(9)) € M(U(q).q) x[0.1]x M(q. U (q))

_ {(y Elev_(yo)l, E|ev4+(y1)] < (1 +z>A,}
- Elev_(yo)l|evs(y)] < 1A '

Indeed, the end points are of the form ev_(yp) = (x, E y) evy(y1) = (Ex,y), and
since the product of norms of the coordinates in B+ and B is preserved by the flow,
the condition E|x||y| <tA? is equivalent to the trajectory intersecting Wy (U +(p).
The conditions E|ev_(yy)| < (14+¢)A and E|evi(y1)| < (1 +1)A are equivalent to
the trajectory not being entirely contained in \DR(U ((p)\ U; (p).

In order to construct restriction maps from spaces of Morse trajectories traversing U(p)
to the local trajectory space M p we will use evaluation at the entry and exit sets S“}:,t
These are transverse to V /', hence are local slices for the flow such that the evaluation
maps (for U+ any open sets or critical points)

evge: MU-.Us: Vr_(57). YR, (57)) — 55
are well-defined; see Definition 3.1. From these we can construct a restriction map
(16) (ev— xevy) ™ o(evg xevsy): MU-. U Wr_(5). W, (S;)) — Mp,

which is well-defined and continuous since it can be written as composition of the
homeomorphism (15) with

prp o(evgy x evg): MU= U Yr_(S;). ¥R, (8;)) —[0. ) x S, xS, .

Continuity of the latter map follows from Lemma 3.3 for the evaluation map and
continuity of the projection pr,, defined in (14) holds as in Lemma 4.4. In particular,
the latter map contains the (rescaled) transition time through U(p), which we separately
denote by

(17)  1p:= Epo(evgs xevg): MU-Us: Ur_(S;). ¥R (S,)) — [0, 1),

with E,(x, )", x",y) := (|y'| + |x])/2A. Note that the restriction of trajectories
intersecting U;(p) then takes values in [0, ) x S; X S, with actual transition time
—In1, > —In7 bounded below.

The above restriction maps will be used in the construction of charts for Morse trajecto-
ries starting and ending outside of U(p). The case of trajectories that start and end in
U (p) was already dealt with in Lemma 4.2. So it remains to construct restrictions to
local trajectory spaces for trajectories with one end in U (p). Let us give an outlook on
the use of the restriction maps in order to justify the subsequent technical constructions.
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The global charts for Morse trajectory spaces will be obtained from a fibered product
of local trajectory spaces and spaces of flow lines between the exit and entry set
§p_ and 5’;’7 of different critical points. The construction of tubular neighborhoods of
M(p, p’ ) in the latter will require a smooth extension of restriction maps to trajectories
from S C aU(p) to X \ U(p). Hence we will not restrict ourselves to trajectories
1ntersect1ng U(p). However, evaluation at S is still important, so we will extend
this definition to trajectories starting in W[o, C>o)(S ) as the unique intersection point
of the extended trajectory. With this the natural transition time for trajectories from
U (p) to X \ U(p) is the time for which the trajectory is defined and contained in
Wr_(U(p)). For trajectories starting in ﬁ(p) N W[0,00)(U(p)) = Y[o,In 2)(§;) this
leads to negative numbers, or in the exponential rescaling to factors £ €[1,2) between
the y—coordinates of initial point and evaluation to §;

So for trajectories with initial or end point in U (p) we consider the local trajectory
spaces

"My = (ev—xev) TN (U (p). 3T (p) € M(X, X: Tr(p)),
T My, = (ev-xevi) "' (00 (p). U(p)) € M(X. X: U (p)).
The intersection condition imy N U, ( p) * g implies that the exit, respectively entry,

point of the trajectory lies in W1, 2(S ) C U (p). We may hence define extended

evaluation maps at Si on T M p» and more generally
%) evs-: MU (p). Uy VR, (S,) — S, y+— 5, NWr(imy),
evst: /W(U_,ﬁ(p);\DRf(S';))HS”E Z|—>§;HWR(imz).

We use these evaluations to give the local trajectory spaces a smooth structure as
follows.

Lemma 4.6 The extended evaluation maps (18) are continuous, and smooth when
restricted to M(U-,U4). The evaluations ev_ X evg.-, respectively evg;} xevy,
composed with

pry: U(p)x 8y —10.2)x B xS, (3. (' ») = (%L x. ),
iy S5 xU(p) — [0.2)x S x By (06,0, () = (5 v p),

define homeomorphisms

(19)

_/\_Ap,t—>{(E,X,y)G[O,I—I-Z)XE;XSP_ | Elx| <A},
+~A_/tp,t—>{(E,X,y)E[O,l—l-Z)XS;XE;‘E|y|<[A}.
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Proof The initial points ev_(y) of trajectories in M (17 (p).Uy; YR, (§;) lie within
U, (p) by the intersection condition with

W, (5;) ={(x.p) | |x]ly] < A% A <|y| <2AL

The standard evaluation map evs-(y) is well-defined for ev_(y) € U, (P)\Y[0,00) (§;)
and has the claimed regularity by Lemma 3.3. So it suffices to establish the regularity
of the extended evaluation on the open subset ev_! ((7 1M\ Wp"'), where it can be
expressed as composition evs,- = p—oev_ with the smooth map in normal coordinates

p-i ) €0 |y # 0y — 5 o — (Bl B).

The extension of ev§; has an analogous expression. The regularity then follows from
the fact that the endpoint evaluations evy are continuous, respectively smooth, on
M@U-,U+) by Lemma 3.3.

As in the proof of Lemma 4.4, note that the map ~pr, o (ev— x evs,- ) restricted
to ev_! (WURr_ (S )) (ie trajectories that actually intersect S ) is a restriction of the
homeomorphism ¢(p) from Lemma 4.2, mapping onto the subset {E£ < 1} of the
claimed image. The complement of ev_! (Ur_ (S ) C M p,t are the trajectories
that intersect Ut(p) \U(p) = Yo, 1n(1+,))(S )N {|x| |y| < tA?} but not Wg_ (S ).
These are uniquely determined by their initial points

(., ) eTU(p) | A< YIS +0A,|x]]Y] <tA?).

Their generalized evaluation at 5; is given as above by (x’,y) = p—(x,)’), and
“pr, identifies these pairs of points with the subset {1 < E <1 +1¢} of the claimed
image. This shows bijectivity of ~pr, o (ev— x ev§,-). Continuity and openness can
be checked separately on the open sets

evZ' (Wgr_ (§;)) and  ev_! (W(_in2,m2) (§;)),

which cover the domain. On the first subset, regularity follows from the homeomorphism
property of ¢(p). On the latter, we may use the coordinate chart ev_ to express the
map in local coordinates as the evident homeomorphism

() €T | 1Y > A, Ix[1y'| < 1A%}
— {(E.x.y) € (%,2)x§; xS, | E|x| <tA},
(x, ") — (%,x, ﬁx).

This establishes the homeomorphism for =M p.t 5 the proof for M p,t 1s analogous. O
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Now we obtain restriction maps to these local trajectory spaces (with = 1)
(ev—xevy) ™ o(evo xevg): M(U(p).Us: Ur, (S;) — "M,

(20) — ~ ~ _
(ev_xevy) lo (ev§; xevy): MU-,U(p); \IIR_(S;)) — +Mp,

which are well-defined and continuous since it they be written as composition of the
homeomorphisms of Lemma 4.6 with

“pryo(ev— xevs), resp. ~pr, o (evs;f xevy).

We separately denote the transition time, namely the rescaling of the time for which
the trajectory is defined and contained in Wg_(U(p)), respectively Wg , (U(p)), by

Ttp =" Epo(ev-xevg.): M(U(p).Us: ¥R, (S;)) —[0.2),

21 _ - -
(21 +fp:=+Epo(eV§;XeV+):M(Z/{_,U(p);\IIR_(S;))—>[0,2),

with “E,(x, )/, x", p) :=|y'|/A and TE,(x, )", X", y) := |x'|/A.

A natural extension of the local trajectory spaces of trajectories yith one end in U (p)
are the spaces~0f trajectories from Wg_ (Sl‘,'r) CX\U(p) to S, , respectively from
Sy to YR, (S;) C X\ U(p),

“ M, = (ev— xevy) T (Wr_(S;) x §;) € M(X, X),

+Mp = (ev_xevy)! (§; X \IJR+(§I,_)) c M(X, X).

The global charts will also involve the restriction maps to these spaces,
~1 v S+ . - -
(ev— xevy) o(ev_erSp_). M(\IJR_(SP ) U YR, (S, )) — " Mp,

22 _ ~ ~ —
22 (ev_xevy)lo (ev§; X evy): ./\/l(u_, YR, (S,); \IJR7(S;)) — T M,,.
However, instead of extending the charts for = M p» the natural charts for these trajectory
spaces are given by combining the charts for M p with flow times T’ + outside of
U(p). The restriction maps are then well-defined and continuous since they are a
composition of the following charts with (7', “pr,, o (ev— x ev§)), respectively
(T, +prp o(evs; xevy)).

Lemma 4.7 The flow times given by solving evy(y) € Wr+ (§;F) define continuous
maps

T7: M(Wr_(S)).Us) —R_ and TT: MU-, Vg, (S;)) — Ry
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Restricted to M(X,U4+ ), respectively M(U—, X'), the low times are smooth. Together
with the maps pr , o(evs;t X ev§;) they define homeomorphisms

My —R_ox[0,1)x S, xS, and tM,— Ry x[0,1)x S5 xS,

The subspaces * M p.t» Which consist of trajectories that intersect U, (p), have image
R4x[0,1) X SI‘," xS, .

Proof We may express 7, and similarly 7, as composition of the evaluation ev_
and the map W _ (S+) — R_, z >t given by solving W(¢,z) € SJr The latter is
well-defined and smooth by the implicit function theorem since SJr is a local slice to
the Morse flow. The regularity of ev_ is as claimed by Lemma 3. 3

Using the homeomorphism (15), we may view the maps on M p.t as products of T+
with the continuous restriction map to M p.t- They are bijective since the trajectories in
the domains are uniquely determined by the respective flow time and their behavior in
U (p). To see that the inverses are continuous in the Hausdorff distance, we express the
image of the trajectory associated to (77, 7, x, y) as im y z,x,y UW([T ™, 0], ¢p (x, 7)),
and similarly for the second map, and quote continuity of (15), 7% and the flow. 0O

Finally, we compare the charts for the local trajectory spaces £ M p and =M p- They
differ only in the transition times, which we moreover compare with the rescaled length
of time interval from Lemma 4.2 for trajectories in V(p) entirely contained in U (p).

Lemma 4.8 The transition times 1, and :l:‘l,'p defined in (17) and (21) are con-
tinuous, and smooth when restricted to M(L{_,Z/{+) On the overlap of domains
v (WR_ (S+) N U(p)) respectively ev (\DR+ (S )N U(p)) they are related by

A-tp(y)
[P ev-()|°

A-tp(y)
Torg, v ()]

T—(y)

_Tp(l/) =e 'Tp(l/) =

o) =e W () =

The rescaled length T, from (11) is related to the transition times irp on the overlap

of domains evy' (Vg . (§;)) C V(p), respectively ev_! (Wg_ (§;)) c V(p), by

Wz gy = A0

Tp(y) = m’ L7 m.

Proof Both continuity and smoothness in the interior follow from the corresponding
regularity of the evaluation maps, see Lemma 3.3, and the maps E, tE p» which are
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smooth on the complement of (x” =0, y’ = 0), corresponding to the broken trajectories.
The relations on the overlaps follow from the definitions and the explicit form of the
flow on U (p). a

4.3 Connecting trajectory spaces and fibered products

For pairs of critical points p_, p+ € Crit(f) with M(p—, p+) # @ we construct the
connecting trajectory space

M(E;_, §;+) = (ev_ xev+)_1(§p__ X §;+) C M(X,X)

as space of unbroken flow lines between the exit set S . and the entry set S ; - The
embedding ev_ x ev4 identifies it with the graph of the flow,

p— . p— Q- Qo+

Gry. 1= graph(G, ) C S, xS, ,

Gl S, NWr_(U(py) — 5f. z+—> Vst (U(-, 2)).

(23)

These are indeed graphs of smooth maps defined on open subsets of S »_» since the
entry sets S ; . are local slices to the flow. This gives M(S,_, S p+ ) the structure of a
smooth manifold. Moreover, we have a continuous restriction map to the connecting
trajectory space

24) ,011,’; = (ev_xevy) lo (eVEIT_ X eV§;+): JW(Z/{_,UJr; U(p-), U(p+))

— M(S, . S).
In the special cases /— = p_, respectively U = p4, the same restriction map takes
values in the subspaces

M(S,_, §;+) = eVZI(Sp__), resp. M(§;_, SI;:) = evjrl(SI;:),

of M(§ > S ; +), which are identified by the evaluations ev4 with intersections of the

unstable, respectively stable, manifold with the opposing entry, respectively exit, set,
pll;; ~ evy ~

M(p-U:U(p4)) — M(S, ,Sf)—"Grb =W, NS},

(25) ,

€

— Ppy ~_ v ~_
MU=, p+;U(p-)) — M(S,_. 85,) —> TGrp =W, L NS, .

We can now give an outline of how the restriction maps (16), (24), (25) are employed to

construct the smooth structure and global charts for the compactified spaces of Morse
trajectories between critical points U4 = g+ .
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For any critical point sequence ¢ = (ql, ...,qr) € Critseq(f;g—, g+) the open set
Vi(q) of trajectories intersecting all Ut (90) supports restriction maps to the con-
necting trajectory spaces M(S,_ ) M(Sq A +1) fori =1,...,k—1 and
M(qu, ) as well as the restrlctlon maps (16) to the local trajectory spaces My, ¢
fori =1,...,k. Now trajectories in V;(q) are exactly given by tuples of trajectories
in all these spaces that fit together on the_entry and exit sets. Thus we have identified
V¢ (g) with the fibered product

(M(Sq_ ) X HM(Sq ’Sq )X M(qu’ ;;))EVXEV’ (Maye X x Mgy )

where both products of evaluations

k—1 k
Ev=cvy x l_[ (ev—xevy)xev_ and Ev = l_[(ev_ X evy)
i=l1 i=1

map to ]_[f-czl S ;lf xS q; - Here the product of connecting trajectory spaces on the left
carries a natural smooth structure without boundary, induced by evaluation at a local
slice to the flow from the smooth structure of X . The product of local trajectory spaces
on the right was equipped above with a natural smooth structure with boundary and
corners, induced by evaluations at local slices and a projection to unstable and stable
sphere and a time parameter. Once we have proven transversality of the evaluation
maps (reformulated in Remark 5.3), this induces a smooth structure on V;(g), with the
corner strata determined by the transition times in the local trajectory spages.

Remark 4.9 The smooth structure on the local trajectory spaces depends on the
choice of a homeomorphism p: [0,1) => (0, 00) U {co}. In the polyfold setup of
[8], this is known as the choice of a gluing profile. Our choice e~7 > T is the
“logarithmic gluing profile” pj,(t) = —In 7 and naturally arises from the evaluation
maps by mapping A™!| prz=(evx(y)]| to the length of time for which the trajectory
is contained in U(g). This Choice thus ensures smoothness of the evaluation maps
ev4: /Wq,, — X . Any other choice of homeomorphism p would yield a diffeomorphic
smooth structure on each /\_/lq,,. The induced smooth structures on M (U_, ) may
also be diffeomorphic, if the diffeomorphisms p;.! o p on the gluing parameters can
be extended to a homeomorphism of M (U_,Uy) with the help of the associative
gluing maps. However, the regularity of the evaluation map is given by the regularity
of the function py, 0 p~1: [0, 1) — [0, 1), which differentiates between some of these
smooth structures. For Euclidean Morse—Smale pairs, we are thus constructing a
smooth structure that not only does not depend on any abstract choices, but also uses
the geometrically natural choice of gluing profile. Note that this defines a smooth
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structure, not just a diffeomorphism class of smooth structures, since we construct an
explicit atlas and prove in Remark 5.4 that all other choices (eg of Euclidean normal
coordinates) induce smoothly compatible charts.

In order to construct the global chart V;(g) — [0, 1)K x M(g_,q1) X - X M(qx.q+)
we will read off the transition times from the local trajectory spaces and project each
connecting trajectory space M(§ 7 S, ;lf + ,) to the corresponding Morse trajectories
between the critical points M(qg;, ¢;+1), which are embedded into the former by
restrictions. To make this precise we need to show that the local trajectories for fixed
transition times t € [0, t)k intersect each fiber of the product of these projections
transversely in a unique point. For that purpose we will iteratively construct the
projections as tubular neighborhoods of the embedding

k—1 k—1
M(g-.q) x [ ] M(Gi-qis1) x M(qi. g+) <= ~Grdy x [ [ Grdi | x+Grdr

i=1 i=1

given by k—1
ev:s:q_] X H(GV:S:;; Xev§l;+l) XeVS';;( .

The construction of these tubular Tidighborhoods will iteratively proceed by pulling back
previously defined charts for M(U (p-), U(p+)) near broken trajectories to Grf,’;,
where the charts induce tubular neighborhood submersions, which then just need to
be extended to a compact set. In fact, this is enforced by the associativity. Thus the
construction of associative gluing maps for standard Morse trajectory spaces naturally
uses Morse trajectory spaces with finite ends.

For the Morse trajectory spaces with finite ends, we will use a similar fibered product
setup, making use of the restriction maps (20) and (22) and the following connecting
trajectory spaces for pairs of one finite end condition P+ = X and a critical point p4

in Crit(f),
MX. Sy =evi (SF) c M. X), M(S, . X):=ev"' (5, ) C M(X. X).

The evaluations ev_, respectively evy, identify them with the set of initial points
YR_ (§ Ij' . ), respectively end points Wr (§ »_). However, the initial conditions for
our global charts will also allow for trajectories with initial, respectively end, point
in U, (p4+) that do not intersect the entry, respectively exit, set. For eg initial point in
U, ( P+ )\ Ep_+ we can extend the trajectory backwards in time to obtain an intersection
with S; s however this definition does not extend to initial points on the unstable
manifold B, . As a consequence, we lack a complete identification with a space of
connecting trajectories for the relevant sets of initial, respectively end, points

(26) ~Gr), = Wr_(Ui(py). TG :=Ur, (Ti(p-)).
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We do however have continuous restriction maps to the connecting trajectory spaces
ev_'oev_: M(X.Us;U(py)) DevZ' (Wr_(S))) — M(X.SH).

27) . - -
( ev]_1 oevy: MU-_, X;U(p-)) D ev]_l(\IJRJr (SP__)) — M(S, . X).

5 Global charts for Morse trajectory spaces

This section constructs the global charts of Theorem 2.6, following the outline in
Section 4.3, and thus providing associative gluing maps by Corollary 2.8 and equipping
the Morse trajectory spaces with a smooth corner structure, finishing the proof of
Theorem 2.3.

5.1 Domains and targets

Recall that we restrict ourselves to the Morse trajectory spaces M (U_, Uy ) with free
endpoint(s) 4+ = X or limits at critical points U+ = g4 € Crit(f). We then need to
construct global charts for all critical point sequences

k € No: q1,...,q € Crit( f); }
MU-,q1), M(q1.92), ... M(qr.Us) # @

and end conditions Q¢ CU—, Q41 C U4 asin 2.2. Recall here that the end condition
Q) is either g_ in case U/— = g_ or one of X \qu) or ﬁ(ql) incase U— = X, and
analogously Q. is either ¢4+ or one of X \ U(gqy) or U (g% ) - For unified notation
we will also denote the tuple of end conditions and critical point sequence by g =
(Q0=90:91----+qk>qGk+1 = Qk+1) and write go = Qo, respectively gx+1 = Qk+1,
in case these are critical points rather than open sets. The domain of the global chart for
g will be the set of all trajectories starting in Qg, ending in Qg 1, intersecting each
of the neighborhoods U, (q1), ..., U, (¢%), and not touching any other critical point.
More precisely, we define the domains for # > 0 as

ev—(y) € Qo., ev4(y) € Qk+1, }
my C X*, 1myﬂUt(q,)7é® Vi

Critseq( f,U—_,U4) = {(ql, ce i)

vig) =y € Mttt

with X* := (X \ Crit(f)) U {g—.q1,....qk.q+}, where we only add ¢+ in case
Ut =q+.

Remark 5.1 The domains V;(q) C M( _,U4) are open subsets by Lemma 3.2 since
they are defined by open sets X* and U, (g;). The inclusions V; () CVr(g) forz < t
are precompact up to breaking, that is the closure of V;(¢)o C M (U—,U) is contained
in V¢ (q)o. Indeed, this follows from the precompact inclusion U; (pC U v(p).
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Moreover, by Remark 4.1 the domains V;(g) for ¢ > 0 sufficiently small are nonempty
iff the subspace of maximally broken trajectories is nonempty, ie

Vi(g) # ¢ M) = Ve@)k = M(Qo, 41) x M(g1. 42) X --x M(qr, Qu11) # 2.

This coincides with the definition of critical point sequences ¢ € Critseq( f;U—,U+)
unless ¢ is a local minimum or gg; is a local maximum. In the latter case we
have critical point sequences (¢, ...) in Critseq( f; X,U4+), respectively (..., gx) in
Critseq( f;U—, X'), and nonempty domains

ViU (q1),-..),  tesp. Ve(...,Ulqp))

(these contain eg broken trajectories starting at ¢;, respectively ending at g, cor-
responding to M(U(q1).q1) ~ {¢1}, respectively M(qx, U (qx)) =~ {qx}), but the
domains for Q¢ = X \ U(q1), respectively Q11 = X \ U(gx), are empty, correspond-
ing to M(X \ U(q1),q1) = @, respectively M(qi, X \U(qx)) = .

We will prove Theorem 2.6 by constructing for every such tuple g a homeomorphism
(28) ¢(@): Vi(g) = | J - x Myz(g) 0.1+ 0% x M(q)
€l (q)

to the open subset given by

tilev_(yo)| <tA incase Qo = U(qy), }

Mecld) = {(VO""’yk) ade-L il ev4 ()l <tA incase Qi = U(qx)

and

Ii(g):= { [0,1+17) if Qo= U(ql),}x[o, l)k_zx{ [0,147) if Qpiq = ﬁ(CIk),}

[0,7) otherwise, [0,7) otherwise,

except in the special case ¢ = (17 (q1). 91, ﬁ(ql)), when ¢(q1) will be defined as in
Remark 4.5 with image in an open subset of [0, 1] x M(g) given by

Ii(gy) =[0.1].

Mt,rl (511) = {(VO, Vl)

Tilev—(yo)l. Tilev+(y1)] < (1 +I)A,}
Tlev_(yo)|levy(y1)| < tA? '

In case k =0 with ¢ = (Qo, Q1) we interpret | ¢/, ;) Mr,z(¢9) = M(Qo, Q1). The
further properties required by Theorem 2.6 of the homeomorphisms (28) are as follows.

(i) The restriction ¢(q)|y,(g), is a diffeomorphism

Viigro — | Mez(@).

€l (g)N(0,00)%
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(ii) The restriction ¢(¢)ly,(q), is the canonical bijection V;(¢)x — {0} x M(q).

(iii) Let g, Q be tuples such that Q = (Qo,....qi g+ G Gi+1s--» Qkt1)
is obtained from ¢ = (Qo,....qi,qi+1,- .., Qk+1) by inserting a nontrivial
critical point sequence (¢, .. .,¢,). Then we have ¢(Q)=(d qu(i]’) x 1d) o
$(9) on Vi(g) NV,(Q) with

’_ Qo =0, ’ / Qk—i—l i:k,})
Q—({ qi i>1}’q1""’q"{ gi+1 1 <k.f)
(iv) The real parameters, the transition maps between different end conditions for

U4 = X, and the form of charts for Q¢ = ﬁ(ql), respectively Qx4+ = (7(6]1),
are given explicitly.

We will construct global charts ¢ (¢) with these properties iteratively. Before going into
the general construction we take note of two special cases that are already constructed.

5.2 Construction of a global chart for k = 0

The open sets associated to the shortest critical point sequences with k = 0,
Vi((Qo. Q1) = {y e MU-.Uy) |ev—(y) € Qp.ev4(y) € Qp.im(y) C X*}
= (ev_ xevy) ' (Qo x Q1) C MU-_.Uy),
are the subsets of unbroken flow lines with the given end conditions, and by (ii) with
k = 0 these homeomorphisms are set to be the identities
?((Qo, Q1)) = IdM(U—,U+) |Vt((Qo,Ql))‘

This chart also clearly satisfies (i), will trivially fit into (iii), has no real parameters to
which (iv) would apply, and the transition maps for different choices of Qg or Q; are
the identity. In fact, there is no need to separate /— = X or /4 = X into two domains
in this case.

5.3 Construction of a global chart for k = 1 with end conditions

Qo=U(q1)=9;

For the special tuples ¢ = ((7 (91). 41, U (g1)) with end conditions near the same crit-
ical point we constructed the charts ¢(q1) := ¢(q1)|y,(4,) forany £ >0 in Lemma 4.2
and Remark 4.5. For future reference, -

#(q1) = Tq, ¥ (prgzrl xprgzl) o(ev—xevy): V(g1) — U {t1} x My z, (91)
11 €[0,1]
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is given by a transition time t(q 1) = T4, evaluation Ev(ql) = ev_ xevy4 and
projection 7(gy) := pr Bf XPrg By - These charts are completely fixed by (iv) and
by construction satisfy (i) and (ii). Note that V; (ql) has nonempty intersection with
another chart V;(g) only for ¢ = (Qo,¢1, Q2) since the trajectories are contained in
U (g1), which is disjoint from the neighborhood of any other critical point. Hence
this chart appears in (iii) only in the trivial identity ¢(£]1) = ¢(£11) oldap(x,x) on
M(X, X) N Vs(g1). The transition maps in (iv) will be established in the iterative
construction.

For all other end conditions and critical point sequences ¢ the global charts on V;(q)
will be constructed similarly as composition of transition times and evaluations, which
we introduce next, and tubular neighborhoods of ./\/l(q) generalizing the projections
from U (g) to

By ~M(U(q).q) and By ~M(q.U(9)).

which will be constructed iteratively.

5.4 Evaluations and transition times

For any tuple ¢ of a critical point sequence (¢1,...,qx) € Critseq(f,U—,U+) and
choices of end conditions Qo CU—, Q41 C U4+ from 2.2 we define the evaluation
map

Ev(g) :=ev q,) X evé:q,lx eVGEX e X eV

X eVE+ X eV(g, 141)
Ty DV8G T ity)

where
evg+ fU-=gq-, evg— ifUy =gy,
N L P Va0 by = x

This generalizes the evaluation Ev(X, g1, X) = ev_ x ev} from Section 5.3. However,
due to the time parameter in [0, 1] this special case does not quite fit into the language
of the rest of this section, where we build up to showing in Proposition 5.2 that for ¢
not covered by Section 5.2 or 5.3 this evaluation defines a homeomorphism to its imag_e

Ev(¢): Vi(q) — St

+ S+ oS- _.
Uea) * S X S - X qu X qu X S(Qk,z/{-i-) =:S5(q)

in the target space given by the entry and exit sets, with the notation
S+ _ S ifU-=q-, - _ [Sq iUy =gy,
U-q) 7\ X ifU_ =X, @UD) "7\ X iUy =X
Since the evaluations of V; (q) are connected by flow lines between each consecutive

S, 4 and S+ Qi1 and the initial, respectively end, evaluation is connected by a flow
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line to U_, respectively U4, the image of the evaluation map is contained in the
submanifold

Gr(q) := _Grz{; X Grgl x -+ x Grdk-1 x"'GrZ,’jr C §(£]).

Here Grp - are the graphs of the flow from (23), homeomorphlc to the connecting spaces
of trajectories from exit set S to entry set S . For critical point end conditions,
iGrP + are the restrictions from (25) to trajectorles starting on the unstable sphere,
respectively endlng on the stable sphere. For finite end conditions, the behavior of the
trajectories before S , respectively after S, ;]'{ , will be encoded in the local traJectory
space for (Qo,q1), respectively (k> Qk+1), so we merely use the spaces Grp o
respectively JrGr/,’}_, of possible initial, respectively end, points. To summarize,

{Wq—r_ ﬂ~Sq_k ifUy =q+,
Ur, (Ui(gx)) ifUL =X

On the other hand, the evaluations of trajectories in V;(g) are also connected by
trajectories in /\_/lqi fori =1,...,k, except for i = l,k_and Uy = X, when we
need to use the local trajectory spaces iﬂqi, respectively i/ﬂqi , depending on
the end conditions Qg, Qr+1. Including the intersection conditions with U, (gi),
we thus descrlbe the open set V;(¢) as fibered product of Gr(g) and the evaluation
Ev = ]_[,_1 (ev— x ev4) from the Tocal trajectory spaces,

-‘rG‘Ik —

Yr_(Ui(q1)) ifU-=X, Us

— ~+ . _
_Gr(LI/ {Wq ﬂ~Sq1 1fu_—q_,
1

Mg ) B M,
Vi (ﬁ]) >~ Gr(g) Xgy _%‘Ii X Mgy X X Mgy X M‘]k
My, My,
From Lemmas 4.4, 4.6 and 4.7 we know that the evaluations of the local trajectories are
given by the smooth family of embeddings for transition times T = (71, ..., %) € 1:(¢),
+ —
.2 S(@0.q1) % Sar XX Sqi X Sigr0 )
S+ S+ - _ 3
_>S(u_q )xS X... S, xS(qk,qu) = 5(q).

(T—vxlvylv--"xk’yk’ T+)
— (Y7o (X1, Tiyn)s (Txe, vi)s s Ok T i) Yy (T X Vi)

Here we still identify the coordinates E;; X E,; with their images in U (¢i) C X, and
(T—, x1), respectively (x, T+), are coordinates on Wq‘f, respectively W, . taking
values in

{0} x S;I if Qo =¢q-—, L
=1R_x S} if Qo =X \U(q1).

S+
(Qo,q1) i ) -
{0} x B, if Qo =Ul(q1),
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respectively

Sge X0} if Qry1 =g+,
5_ xRy if Qpqq = )f\U(Clk),
B, x{0} if Qry1 = Ulgp)-

For a complete description of V;(g) it remains to note that the intersection condition
with U, ¢(qi) gives rise to a restriction of the domain of ¢, in the case of end conditions
near ¢ or gy . With that, and abbreviating (; = (4, , the evaluations of local trajectories
are given by -

S(_qk,Qk+l) =

/\qu . . qu 5
Ev/ _qui X Mg, X+ o X Mg, X qu = U im ¢ (Drz(9)) C S(g),
My, Mg, el (g)

where

- (T—,xl,---,yk,T+) Tlx1| <tA if Qo =U(qy).
Dt,z(i]) = g+ g . o~
€901 X X O, Quy ) | ThIVEl <A i Qpeyy = Ulgr)

Here we do not deal with the cases k = 0 or Qp = U (g1) = Qy, for which the
global charts were constructed in the previous sections. For all other critical point
sequences we have achieved a complete description of the image of the evaluation
homeomorphism,

(29) Evig)(Vi(@) = | t(Dr.2(9)) NGCr(g).
el (g)

The transition times T € I;(¢g) implicit in (29) can be read off explicitly by the map
T(9) :=T(Qo.q1) X Ta2 X+ X Tgie—y X Ugx,041) Vi(@) —> [0, 2
given by the transition times from (17) and (21),

g, if Qo =Ulq).
74,  if otherwise,

o if Qkrr = Ulqr),

Uqk,Qk+1) = {T

T =
(Q0,91) { a if otherwise.

Note that this does not define 7(g) in the special case g; = ((7(q1), q1, U(ql)) of
Section 5.3. In that case we denote by t(q1) 1= T4, the rescaled time for which the
trajectory is defined. Similar to the construction of the global chart in that special case,
we can show in general that the transition times and evaluations provides a map that
satisfies most properties of a global chart, except that it maps to a neighborhood of the
intended target. In particular the following establishes the homeomorphism property of

Ev(q).
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Proposition 5.2 Forany t >0, (¢q1,...,qx) € Critseq( f,U—,U+) and choice of end
conditions Qo C U—, Q41 C U+ from 2.2 that are not covered by Section 5.2 or 5.3,
the map

T(q) X Ev(g): Vi(q) — U {t} % (1e(Dr.(9)) N Gr(g)) C[0,2)* x Gr(q)
el (q)

is a homeomorphism and satisfies the following:

(i) Restricted to the unbroken trajectories, (t(q) X Ev(¢))|y, (g), is a diffeomorphism

Vi@)o— | {2} x ((Dr.(9) N Gr(9)) C (0,2)* x Gr(g).
el (g)N(0,00)k

(i) Restricted to the maximally broken trajectories, (r(g) X Ev(g))|yt(g)k is the
bijection

Ve(@)k = M(g) == {0} x (im0 N Gr(g))
given by evaluating (Yo, ..., V) to

(0; eV g1y (v0) evg, (1), evg: (1), - LeVEE (V=1 &V (gr ) Vi)

(iii) Let Q = (...,qi,q},---+49y qi+1,---) be obtained by inserting a nontrivial
critical point sequence (¢}, ..., q,) into ¢ = (Qo, ..., qi,qi+1,---» Qk+1)- Then we
have

(t(@) xEv(@))},, @nvi(Q) — F2.2° (t(Q) xEv(Q))],, @NVi(Q)
with the forgetful map Fy,o: 1:(Q) x Gr(Q) — 1(q) x §(g).

(iv) The transition times t(q) are given explicitly as in Theorem 2.6. For nontrivial
critical point sequences (qy,....qx) € Critseq( f,U—_,Uy) and switching end con-
ditions from Qg = l7(q1) to Qo = X \ U(q1), respectively from Q1 = U(qk)
to Qx+1 = X \ U(qg), the homeomorphisms t x Ev have overlap of domains
ev_ ! (Ur_ (5&'[) N l7(q1)), respectively ev;1 C5: (S;\,) N ﬁ(qk)), and are related by

+
+ |erqur(Zl)‘ +
(Ey.... zf.. e |—9"FE... b,

A

_ Py (20 B
( ..., Eg; ...,zk)|—>( ...,Q+Ek; - B

This last part includes the special case Qg = Q, = ﬁ(ql) with T(g) from (11).
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Proof We will give the proof for # = 1, then the general case follows by restriction to
Vi(¢) C V1(g)- The product of the evaluation maps

Ev(g) = eV ,qp) ¥ eV, X X ev§;; X €V (g Us)

is injective since the value of evs X ev§q—i (respectively ev— x evg— in some cases
of i = 1, respectively eV, Xev4 in some cases of i = k) determines the behavior
near the critical point ¢;, a generalized trajectory in V;(q) does not break at any other
critical point, and the behavior near all critical points, together with initial and end
point, determine the entire trajectory. Moreover, Ev(g) is a product of continuous
maps by Lemma 3.3. In fact, when restricted to V;(¢)o, then Ev(g) is a product
of smooth embeddings, again by Lemma 3.3. The transition times are continuous
by Lemma 4.8 and smooth when restricted to V; (q)o This shows that t x Ev is a
continuous injection and (z x Ev)|y,(g), is an embedding into (0, 2)k x Gr(g). This
proves (i) up to determining the image (t x Ev)(V;(q)), since then the unbroken
trajectories in V;(g)o are exactly those with no breakiﬁg, ie with rescaled transition
times in (0,2). -

The characterization of the image was given in Section 5.4, based on the fact that the
trajectories in V;(¢) can be uniquely described by their behavior near each critical
point ¢1,...,qk, ﬁlcluding the initial or end point in case /— = X or Uy = X. On
the other hand, a tuple of local trajectories near ¢1, ..., gy fits together to a trajectory
in V¢(q) if and only if they satisfy the matching conditions encoded in Gr(g).

Properties (ii), (iii) and (iv) follow directly from the definition of the maps, so it remains
to prove continuity of ((g) x Ev(g))~!. For that purpose it suffices to show that the

map R(q): Vi(q) > Ugepo.oyx {1} X (Dr.z(q) N1 (Gr(g))) given by

R(g) := (Idjg pyx X (17 ) zef0,2)) © (x(q) X Ev(g))

has a continuous inverse. We will do this explicitly for the case of trajectories between
critical points U+ = g+ . The case of finite end conditions U/— = X or Uy = X is
completely analogous, after replacing the spheres SJr , respectively S, , with either a
ball B;‘l , respectively Bq, , or adding a flow time parameter in R_ respectlvely R4.
To prove continuity for U4 = g4 first recall from Lemma 4.4 that we have continuous
local inverse maps

R0, x S xS, — MX,X), (1. Xi.9i) ¥ Yrroxivi-

Their images lie in the neighborhoods U(g;) and the matching conditions of L;l (Gr(g))
can be rephrased as ev—(yz;,x;,5,) € Wy, eV (Vg xp,0i) € Wq‘: and

eV_(ZfiaXi,J/i) € "I]R+ (eV-i-(l/‘Ei_l,x,'_l,yi_l)) Vi=12,..., k.
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Hence the image of the full trajectory y (r,x,y) := R(ﬁ])_1 ((zi, x5, Yi)i=1
by the local trajectories and Morse flow lines between,

k) 1s given

.....

k k
iml/(r,x,y) = U iml/t,-,x,-,yi U U ‘IJR+(Tixi,yi) UWR_(x1,T1)1)-

i=1 i=1
For 2 <i <k we can even replace WR_, (7;x;, y;) by a finite flow line Wyo,7;1(7i X;. yi),
where 7; > 0 is determined by W7, (7;X;, yi) = (X;—1, Ti—1Vi—1). We can now fix a
neighborhood U C My, ; x---x My, ; of (t,x,y) such that for every
(T/’ X/, y/) = (Ti/’ x;» yl{)i=l,...,k eU
the corresponding flow times 77/ > 0 satisfy 7/ < 27;. With that we can express the

new image as similar union

iml/(r/’x/’y/)
k k
= Jimyerar U Ypoom(xix, y) U WR_(xX], 7]y U WR, (1.X% 7).
i=1 i=2

Now, given ¢ > 0, we need to choose the neighborhood U so small that the Hausdorff
distance between the images of trajectories is small,

da(im y @/ x/,yn M Y (z.x,9)) = &

(Note that adding finitely many critical points for the closure of the image will not
change the Hausdorff distance.) By the additivity property

dy(A1 U Ay, By U By) <max{dy(41, B1),du(A42, By)}

it suffices to check that the corresponding local trajectories and flow lines are nearby.
Firstly, from the continuity of R;l,l we have dy(im Z,l{,xl{,yl{,im l/fi,xi,yi) < ¢ for
sufficiently small U. Secondly, continuity of the Morse flow W provides

dH(\Ij[O’ZTi](Tl{XI{, )’l/), \IJ[O,ZT,'](TZ'xh )’z)) =e

Finally, for the convergence to g— we can fix 7_ > 0 and choose U such that
V_r(x],t1»]) € Be(g-) forall (</,x’,y’) € U and T > T. Then we obtain

du(Yr_ (X1, 71137). YR_(X1. T1 1))
< max{e, dy(Yj—_r_0)(x]. 71 1), Yi—1_,01(x1. T1 ¥1))}.

which by continuity of the flow W will be bounded by ¢ for small U. A similar
argument ensures du(WR, (1, X, ¥;), YR (tx Xk, V) < & and finishes the proof. O
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5.5 Construction of a general global chart

To obtain a smooth structure for V;(¢) from Proposition 5.2 note that for z = 0 the
embedding (¢ intersects Gr(q) transv?arsely. Indeed, im¢¢ is the product of stable and
unstable spheres, -

imt0=S+ X Sq, X+ xS+ XS
with Sf' replaced by W (gy) in case U— = X and S, replaced by W~ (gx) in case
Uy = X It intersects the submanifold Gr(g) C S (9) transversely by the Morse—-Smale
condition,

qdi+1 di+1 q+°

k—1
(30) imigNGr(g) = S h W~ x (H(S x St ) hGedi ) xSg Wi

i=1
where in the case of finite ends .S, ;‘ M W, , respectively S, rh qur , is replaced by
the trivial intersection W+ M Wg_ (U 1 (ql)) respectively W, rh Y, (Ui(qx)). In
case U+ = q+ the first respectlvely last factor is simply an 1ntersect10n of stable and
unstable manifold within SJr respectively S .- In each of the middle factors the
intersection is with the graph of the map Gq . Which encodes the flow from S,
Sq; + , and hence transversahty follows from the transverse intersection of the unstable
mamfold Ggl’ (S =W, n S;' " with the stable manifold S;' " in S;l' 1
Remark 5.3 The transversality im ¢, M Gr(g) for T = 0 does not simply extend to
small z # 0 since Gr(g), and sometimes also the domain of ¢, is noncompact. We will
however prove as part of the construction of the global charts that the smooth embedding
v (@ T-,x1, .. Vi, T4) > 1 (T-, X1, ..., Yk, T ) is transverse to Gr(g), as a map
from the manifold with corners

L k + —
C:= U Dt,;(g) C[0,2)" x S(Q POR S(qk,QkJrl)
zel;(g)

to S (g) in the following sense: At every intersection point ¢ € ¢t~ (Gr(g)) the image of
the “interior tangent space” Tci"‘C under the differential d.t contains a complement of
T, Gr(q). Here Tci“‘C consists of those tangent vectors in 7.C that are represented
by paths_( g, &) — C tangent to the boundary dC' . Indeed, dCL(Tng) atc=(z,...)
contains the image of dt; on T(S( Q0.a1) X S(; . Qk+1))’ so transversality follows
from (33) below.

This transversality with corners then induces a smooth structure on ¢ 1(Gr(q)) as
submanifold of C, ie with the corner strata determined by the coordinates in [0, 2)X;

see eg [14]. Since ¢ is a smooth embedding, this coincides with the smooth structure on
im(idpo,2)x x¢) N ([0, 2)* x Gr(q)) = (t(q) xEv(g))(V:(¢)). Now the smooth structure
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on V;(¢) will be defined by pullback with the homeomorphism 7(¢) X Ev(g), so that
the transition times 7(¢) and evaluations Ev(g) are smooth by definition.

Remark 5.4 The previous remark already fixes the smooth structure on M (U, U)
in the sense that it induces an atlas of smoothly compatible charts, given by smooth
charts for the open subsets V,(¢) which cover M(U-,Uy). Before going into the
construction of specific (associative gluing) charts, we can check that charts arising
from different choices of Euclidean normal coordinates are smoothly compatible.

For simplicity of notation, we give the argument for the special case M(g_,q+)
of Morse flow lines between fixed critical points. Let eS;E and egf for £ =1,2
be the spheres in the (un)stable manifolds and entry/exit sets that arise from two
different choices of Euclidean normal coordinates. Then the transition maps between
the charts for M(q_, g+) arising from a fixed critical point sequence ¢ can be viewed
as homeomorphisms between the corresponding submanifolds of -

o =10.)Fxtst = xts, .

The latter is the pullback via the embeddings b tct§ q‘ﬁ x.--xt§ g, Of the product
of maps induced by the Morse flow between open subsets of each pair of entry/exit sets
lgqf and 2§q:'l?. Each of these maps is smooth since the flow is smooth and the egqj,?
are transverse to the flow. Moreover, 1! is given by (19) and thus extends to a smooth
map between open subsets of ‘55;1 X oo X qu_k and ¢C. This shows compatibility of
charts for fixed ¢ arising from different choices of normal coordinates, and since each
set of charts is a compatible atlas by itself, this implies complete compatibility.

Remark 5.5 At this point we can also deduce smoothness of the evaluation maps
evy at the hypersurfaces of type (6). In the interior M(U—, U ) this was proven in
Lemma 3.3. For the global charts covering the boundary note that V;(g) intersects the
domain of definition of evg* only when p € ¢ is part of the critical_point sequence.
Hence evgz is part of Ev(g), except for evg;t a in case U = X or evi__ i

in
. . - Ikt
case U+ = X . In the latter cases, the domain of the evaluations within the chart is

ev_'(Wr_(5))) CVi(g). resp. evi' (¥R, (S,)) CVi(g)

and the evaluations ev_ respectively ev are part of Ev(g), hence smooth by definition.

In this chart ev is smooth since it is given by composing ev_ with the map

Si=a)
Yr_(S))— S z+—Ur, (9)NS,,

which is smooth by Lemma 3.3. Similarly evg_ is smooth since it is the compo-
.. . pP=q
sition of evy with the smooth map et

z— YRr_(2)N §;
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For a general hypersurface H C X transverse to the flow consider a trajectory near
the boundary y € V;(g) that also lies in the domain of H, ie imy N Vg, (H) ;é .
Its intersection pomt evy (y) with H flows in finite time to the next entry set S, +,,
unless it lies within U (gj) or near the endpomt of y, in which case it flows in ﬁmte
time backwards to the previous exit set S . Now evpg is smooth in a neighborhood of
Y€ M(U-_, Uy ) since it can be expressed as composition of evsi with a smooth map
from a neighborhood of evsi ()/) € S S¥toa neighborhood of ev, H(y) € H, given by
the finite (backward) flow from S SE to H

Next, recall that the evaluation maps Ev(g) identify the maximally broken trajectories
in Vi(q)x = M(g) with the intersection im¢o N Gr(g),

Ev(q)(M(g)) = im o N Gr(g).

In fact, this is an embedding by Lemma 3.3. In the case of finite ends, the evaluations
moreover intertwine the restricted domains,

Ev(9)(M:(9)) = 1o(Dr,:(9)) NGr(g) Vz € I1(q).

Construction of the global chart (28) now requires identifications of tz(D;,(g)) NGr(g)
with 19(Dy,z(q)) N Gr(q) varying continuously with t € I;(g). We will achieve this
by constructir_lg a gene;alized tubular neighborhood of the e;nbedding of maximally
broken trajectories Ev(g): M(g) — Gr(q), that is a surjective submersion

n(q): Gr(g) D N(q) — M(q)

of a neighborhood A/ (q) CGr(g) of imiyNGr(g), whichrestricts to the diffeomorphism
n(q) lim 10NGr(g) = Ev((_])_1 t im 19 NGr(g) — M(q) . From this we will define the global
chart as composition with the transition times and evaluation maps

31) $(q) :=1(q) x (7(q) o Ev(9)): Vi(q) —> [0,2)* x M(q).

Equivalently, this can be expressed as composition of a homeomorphism with the
projection 7 (g) restricted to domains varying with = € I;(g),

T(g)xEv(q) Idg 5y X7 (g)

Vilg) —— | J {z} x ((Dr.2(9)) N Gr(g)) U @ x M)
z€li(q) €l (q)

In order for ¢(g) to be a well-defined map, we need to construct the tubular neighbor-
hoods and choose 7 > 0 sufficiently small to ensure that

(32) te(D1e(9) NGr(g) CN(g) Ve Ii(q).
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On the maximally broken trajectories V;(q) , this map automatically has the required
form by Proposition 5.2(ii) and

ﬂ(g) |imLQﬂGr(£1) = EV(Q)_I .

Moreover, our definition of tubular neighborhood ensures that each fiber 7(g)~'(y) is
a smooth manifold and intersects to(D;,0(¢)) uniquely and transversely in y. In order
for ¢(¢) to be a homeomorphism (and diffeomorphism in the interior) with the given
image we need 7(¢) to also induce diffeomorphisms tz(Dt,(9))NGr(q) = M (q)
for T # 0. This can be ensured by the fiber intersections for each t € I;(q) beir_lg
transverse at single points over M/ r(¢) and empty over the complement, -

1 point ify € Mt,z(g)a
o if y ¢Mt,£(g)~

This will also imply the transversality im ¢, th Gr(g) C S (g) claimed in Remark 5.3
since 7(q)~!(y) C Gr(g). Note also that in case U+ = ¢+, when the domain of
L is independent of 7 and compact, im tz N7(g)~ ' (y) remains a single transverse
intersection point for sufficiently small |z| and y ina c?)mpact subset of M(g). In the
iterative construction of the tubular neighborhoo?is 7(q) the fibers over the cor_nplement
of a compact subset will in fact be determined and automatically satisfy (33) by the
previous constructions.

(33 5@) > uDis(g) hrg) () = {

5.6 Tubular neighborhoods of subspaces of maximally broken trajectories

We will use the following generalized notion of tubular neighborhoods of embeddings.

Definition 5.6 Let e: M — G be an embedding of smooth manifolds. Then a
tubular neighborhood of e is a smooth surjective submersion 7: N — M of an open
neighborhood N C G of e(M), which restricts to 7 |,(ar) = e 1.

Remark 5.7 Let 7: N — M be a tubular neighborhood of e: M < G . Then, by the
implicit function theorem, for every n € N there is a diffeomorphism V x FF = U to
a neighborhood of 7 that pulls back 7 to the trivial fiber bundle over a neighborhood
V C M of n(n). If n = e(m) then one can make the pullback of e: V — U is a
constant section.

If M or N are noncompact, then we may not deduce a global fiber bundle structure,
but this local structure is sufficient for our purposes. In particular, each fiber 7 =1 (m)
is a smooth manifold and intersects e (M) uniquely and transversely in e(m).
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The tubular neighborhood 7(¢): N () = M(q) of Ev(g): M(g) = Gr(q) will be
constructed as product

- U- q1 qik—1 T 9k
Tgy X Ty Xooe X g mt X g

of tubular neighborhoods of the evaluation factors in Ev(g). In each of these factors
we will construct the tubular neighborhoods by iteration over the following breaking
numbers.

Definition 5.8 For each pair (P—,P+) of end conditions PL = py € Crit(f) or
P+ =X with M(P-,P+) # @ we define

b(P_, Py)
:=max{m |3pi.... pm € Crit(f) : M(P—, p1), M(p1. p2). ... M(pm, P+) # @}

as maximal number of breakings of a trajectory from P_ to P4 . Moreover, for any
tuple ¢ = (Q0,915---,9k, Qx+1) of a critical point sequence and end conditions
Qo CU-, Qr+1 CUy with M(q) # & we denote by

b(q) := max{bU-.,q1).b(q1.92) .. D(Gk—1.4k). D(qr. U+)}

the maximal breaking number between consecutive entries of ¢.

To see that the breaking number is well-defined recall that we defined M(p, p) = @
Note moreover that necessarily max f(P-) > f(p1) >---> f(pm) = min f(P4), so
all breaking numbers are bounded above by the number of critical points of f. We
can hence use a finite iteration over b =0, ..., #Crit( ) with a decreasing sequence
1>ty >ty >t >---> 0 to construct tubular neighborhoods as follows.

e For each pair P— = p_, P+ = p4 €Crit(f) with b(p—, p+) = b we will construct
tubular neighborhoods

(B4) 7)) Grp () — M(p—. p+) of (evs; xevst ): M(p-. py) = GCrj;
for 0 <t <1, by restriction of the construction for ¢ = 7 to
Gr2 (1) = Grly N(WR(Us (p-)) X Wr (Ur(p+)) € Grls
e For each pair p_, p;+ € Crit(f) with b(p—, p+) = b we then obtain tubular
neighborhoods
Trp s TGrp () > M(p—, py)  of evsy, M(p-, py)—>"GCrp =W, N ST

p+- P+

Tl TG () > M(p-, py) of evss : M(p-, p1) =T Gl = W+ﬂS_,
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for 0 < ¢ <1, on the domains
“Grf (1) := "Gy NWR(Ur(p4)) and  TGrpo (1) := TGrp- N Wr(Ur(p-))

by pullback of JT;: under the embeddings to Grf,’; = graph(Gf,’;)

—\—1 .= - — -)- + — —
() xldgl;:). Grjr <> Grfy and (ldg. xGJ7): TGy < Grpr.

These embeddings pull evg:- X ev§;+ back to ev§;r+, respectively evg.- , hence
pullback of JT;: induces tubular neighborhoods.

e For each P4 = p4 € Crit(f) and P— = X with b(X, p4+) = b we will construct
tubular neighborhoods

(35) Ty :TGr), () — MX.py) of ev_: M(X,py) > Gr), =X

for 0 <t <1, by restriction of the construction for ¢ = 7 to
“Gry ()= Yr_(Ur(p4)) C Gry,.
e For each P_ = p_ € Crit(f) and P+ = X with b(p—, X)) = b we will construct
tubular neighborhoods
(36) Trb i TGrh () — M(p—.X) of evi:M(p_.X)—> TGk =X
for 0 <t <t by restriction of the construction for ¢ = 7 to
TGri (1) := R (Us(p-)) C TGy
e From the tubular neighborhoods for H(P—,P+) < b and ¢t < t;, we then obtain
tubular neighborhoods of Ev(g): M(q) — Gr(g), given by
m(q) :=_ng’1— X Al X x pdk=t +715’jr: Ni(g) — M(g),
Ni(q) :=_G11;l— (t) x Gril (t) x -~ x Grk=1(r) x JrGrZ,’jr (t) C Gr(g),

for all critical point sequence and end conditions ¢ = (Qo, g1, - .., Gk, Qk+1) With
b(q) < b, not covered by Section 5.2 or 5.3. These automatically satisfy (32) for all
0 <1 <1 since I; (9) is defined such that im(; N Gr(g) C Ny(q) for = € I;(q). We
will moreover make the construction and choice of tb_> 0 such that the intersection
properties of the fibers (33) are satisfied for all 0 < < #¢;.

e From each tubular neighborhood for 5(g) < b we then obtain a well-defined map

¢(q) == (Idjg pyx x7(q)) © (t(q) X Ev(g)): Vi, (q) —> [0.2)* x M(g)

as in (31), and may restrict it to V;(q) for # <.
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Remark 5.9 In each case the open subsets (i)Gr;;jr (t) C (:':)Grgjr converge in the
Hausdorff distance as ¢ — 0 to the image of M (P—, P+) under the respective evalua-
tion. Indeed, in the identification

Gry = (ev— x ev+)_1(§p X S+ L) CM(X.X)

from Section 4.3 we see that for any sequence (ev— xev4)(yY) € Gr},’; (277) there
will be a convergent subsequence y” — y € M(X, X) with evy ()€ Sffi . For this
subsequence (ev— x ev4)(y") converges to a point in

(ev— xev+)((ev xXevy) 1( X S+ ) C /\_/l(X,X))
= (ev§,_ xevs, )(M(p—, p4)),
which is contained in the closure of (ev§- X evs,y Y(M(p—, p+)). On the other hand,

this latter set is contained in Grp L) for all £ > 0, which proves Hausdorff convergence
of G1rer (1) to (evs, X evsp+)(/\/l (p=, p+))- The other cases are analogous.

In order for this construction of ¢(g) to provide the global charts of Theorem 2.6, we
need to impose further conditions on the tubular neighborhoods, taking the properties
of 7(q) x Ev(g) given by Proposition 5.2 into account. In unraveling the associativity
(iii) note that the insertion of a nontrivial ¢’ implies b(¢’) < b(¢) and b(Q) < b(q),
so the compatibility can be phrased as condition on the factors of w(q). - B

Lemma 5.10 Let the special global charts in Sections 5.2 and 5.3 be fixed, and for
some b = 1 suppose that the above construction of ¢(q) for b(q) < b —1 satis-
fies Theorem 2.6 for 0 < t < t,_,. Then the following conditions on (i)np; for
b(P—,Py+) = b ensure that the induced maps ¢(q) satisfy Theorem 2.6 up to breaking
number b for 0 <t <t. -

(i) The induced maps m(q) for any critical point sequence and end conditions with
b(g) = b satisfy transversality to the fibers (33), which we may simplify to

imi; h(g)~' (y) = 1 point Vz €] (q).y € M(q),
with
Ii(g) == { [0. 51 if Qo = Ulq1) } x [0, 1)F2 x { [0, 51] if Q41 = U (qx) }

[0,7) otherwise [0,2) otherwise

(ii) (Canonical form on the maximally broken trajectories is automatically satisfied.)

(iii) For any nontrivial critical point sequence g’ with end conditions associated to
(P—,P+) with b(P—,P+) = b and the associated §' with open end conditions of the
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form

g :(p_,ql,..-yqéap-‘r)v g/:(ﬁ(p—)’p—vq;"-‘7q2?p+’l7(p+))a
resp. ¢ ' =1(94.41.....qp. P+). :’:( S,q’l,...,qz,p+,l7(p+)),
resp. ¢ =(p-.qy. .- qp. Qyy) T = (p_,(h]'(p_),q’l,...,qé,Q/Hl),

the submersions are given on the domains of trajectories intersecting all U 1 (q;) by

D— - - _ / ~/
my o (ev-xevy) ‘M(S;_,S;jr)ﬂvtb @) = ) opry od(q).

-_X _ / ~/
resp. Ty, O€V— ‘M(X,g;ﬁr)ﬂvtb(i’)o =¢(q") ©Ppry °p(q),
resp. Ty ooVt |G x Wi, @0 = P 0PIy (@),

with the canonical projections pry: I; (Q’) X M@') — [0, ) x M(q").

(iv) For b(X, p+) = b, respectively b(p—, X') = b, the submersions near critical
points are given explicitly via (10) by

- X — — x\—1 ~ ~
(37) p+|[7tb(p+)= ! opr§++’ ( p+) I(M(Utb (li‘i‘)’ p+))c l’{th (p+)9
T G, 0= Py (TrgT) T (M-, Uy (p-)))C U, (p-).

(The explicit transition times and relation between charts for different end conditions
are automatically satisfied.)

Proof To understand the simplification in (i) we begin by noting that M, (¢) = M(q)
and

_ gt —
Dt’l(g) - SQo,ql X X Oy Orti

unless 71 > ¢/2 in case Qy = ﬁ(ql) or tp >1t/2 incase Qx4 = ﬁ(qk). In the
latter cases for ¢ < 7, we will show that the unique transverse intersection follows
from the intersection property for 7; = ¢ /2 or 7, =t/2. We will do this in the case
Qp = U(ql) Okt1 = U(qk) and 1,7, > t/2. The arguments for each end will
clearly be separate so that this also covers the case of just one end condition near a
critical point. In the chosen case for € (/2,1 +1) x[0,1)k=2x (1/2, 1+ 1) we have

r 55—
Dtsl(g) EB—F XS X - XS+ X HB di

and by pullback to E;’l X oee X E[;( obtain

t2(Dr,2(@)) = Reyey, (iM (/2,00 1-1,2/2))
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with
Rt,f],'lfk
- ((2‘[1 IdB;_] e
On the other hand, by (iv) the fiber over any y = (yo, ..., ¥k) € My,z(g) is
7)) = ((ev_(yo) X Eq_l), . (E;; x ev+()/k))) NN:(q)
= (Rt,tl,fk (n(g)_l (y(;’ Yis-- s V-1, V]é))) mNt(g)’
with elongated first and last trajectories
2 ~
vp=ev=' (Srev-(r0)) e MT (1), q1).

—1(2 7
vi = vy (- eve0m0)) € Mgr. U an).

Hence transversality and uniqueness of t(Dy,z(¢)) N 7T(£])_1 (y) follows by linear
transformation with R ¢, ;, from transversality and uniqueness of

Tz ) (F i)
Id xIdS X - xIdS+ X ; Id qu2tk Id B,

qj

T S P A4 (') N (7 SRR VA )

Also, by definition of ¢; and condition (iv) any point in (]! (7‘[((])_1 Vos---5Yk)) 1s
of the form (0, ev_ (yo) *,...,%) in case Qp = l7(q1) and (; ,%,eve(vk), 0)
in case Q41 = U(qk) Hence Lt(Dtb ()N 1(q)()/) = O is automatic for
¥ & My,z(q). Moreover, for z € [0, 1)k we have im¢; N Gr(q) C N:(g) by definition,
so the t—dependence of the domain of 7(g) is immaterial. In partlcular the intersection
property for 5 implies the analogous property for all 0 <t < ¢,.

Now the intersection conditions in (i) together with the characterization of the image

(t(q) xEv(@) Vi, (@) = |J {2} x (te(Ds,.2(9)) N Gr(g))

€l (9)

evidently imply that ¢(q) = (Idjo,2)¢ xm(q)) o (t(g) x Ev(q)) is injective with the
claimed image. Moreover, it is continuous and smooth on th (9)o by the regularity
of its factors. So it remains to show that (Idr¢ xdm(g)) restricts to an isomorphism
from T(z(q) x Ev(q)(Vy, (9))) = R® x (imdi; N T Gr(g)) to R x TM(g). The latter
follows from the transversality TS (¢) =kerdm(g) +imdi; between the fibers of n(q)
and the embeddings ¢ since drx (q) is surjective and kerdn(g) C T Gr(q).

Theorem 2.6(ii) follows from the defining property 7(¢)|ev(g)(Mm(g)) = Ev(i])_1 of
tubular neighborhoods and Proposition 5.2(ii). For Theorem 2.6(iv), the explicit form
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of the charts for trajectories starting or ending near critical points is equivalent to (37).
The transition times and relation between different end conditions are determined by
Proposition 5.2(iv). Note here that the tubular neighborhood 7 (g) is the same for both
choices of end conditions in /+ = X, and in the relevant factors is given by (37).

To check that condition (iii) implies the compatibility of charts in Theorem 2.6 we
begin by noting that the compatibility is trivially satisfied for K = 0 when ¢(¢) = Id.
In the notation of the theorem the breaking numbers are related by

b(q) = b(gj.qj+1) = b(g) +{ and b(Q) <b(g).b(q)",

so in order to check the compatibility up to breaking number b it suffices to consider
the case b(q) =b > b(q/ ) and k£ > 1. Now the complement Vi(Q) \ Vi (q) consists of
those trajectories that break at one or several points of q so the overlap V; (@) NV (Q)
consists of all those trajectories y € V;(Q) that do not break between ¢; and gj41.
Here in case j = 0 respectively j = k we have to replace ¢; by Q’ respectively
dj+1 by Qk +1» and will consider these cases separately later. For 0 < j < k and
Y €Vi(@)NVi(Q) the transition times through U (¢;) (which are positive correspondmg

to no breaking) r(q/)(y) = r(q/)(y) and evaluations Ev(q )(y) = Ev(g )(¥) near g
are determined by ‘the restriction

Y= ,OZ?H(Z) € M(gq qj+1)
corresponding to
(zy.25) 1= (ev—(y) eve(y) = (evg, V) evgy (V)€ Grg) ., -

With this notation the compatibility condition of Theorem 2.6(iii) in case 0 < j <k
becomes the following tuple of conditions on the tubular neighborhood ngf 4, forall

)/EM(gq q+1)w1th1myﬂUt(ql)7é®forl_O A+
q;

nq,H((eng_; xev§;§+l)(y)) |

AT CE)) ifi =0,

1
= ”Zl/'i_‘rl(eVS‘J,; S+ )( fI]-i-l(Zya ;_))) 1f0<l<£,
, i 9i41
gy (@5 (7l (5 2) iti=¢,
¢

and

1 () =g (mg ., (5.2)) VIi<ist

Incase j =0, U_=¢qg_=¢q —qo,respectively j=k, U =9+ =qk4+1 = qeﬂ, the
compatibility can analogously be rewritten as conditions on ngf’ (zT), respectively
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trge .. (z7), on the right hand side for all

+  —90 -tk
z'T e Grql, resp. z € Gqu+1’

with Wg (z+) N U; (¢;) # @ and the corresponding trajectory y = W(-,z +). By the
pullback definition of inq +1 - these are equivalent to requirements on

ndo(z, 2 +) fory € M(Sqo, Jr) as above,
resp. nqk+l(zy,z ) forye/\/l( ar ‘Ik—i-l) as above.
On the left-hand side, the conditions involve
qq q;
“w foevg-  fori =0, resp. ‘Tt oevgs fori=¢,
9 d do+1 A
however these equal
JTq (ev X ev ) res nq/ (ev X ev )
a; Vs> St P Ty Oy St
90 a) 90 4y
by the pullback definition of +d f . Hence the requirements here are of the same

. 9i+1
form as those for 0 < j < k.

Next, we compare these requirements to the definition of the chart for b(¢’) < b,

d(q): M(gj.qj+1) DVi(@No => (0.0 x M(g)), > (T}, T Vg VL),

which is given by the transition times near ¢7,. . ., qé and projection to the trajectories
— g o
Tyl (CVS;; (n)) ifi =0,
q; e
Yl = an+1(evs+ Xevgs Y ifi=1,....0—1,
9i41
Y o
LT (ev (n)) ifi =4,

Tl-,:‘(ql{(T]) V1 Sz <.

Comparing this definition of ¢ (q’ ) with the above requirements we see that for0<j <k
Theorem 2.6(iii) is equivalent to the requirement for all y € M(S q + DNVs ((] )o

(38) ¢(g )(”q;+1 (zy, Zj))
= ((Tq,’-(y))i=1,...£ (”q’l (eVS— xevS+ )(V))i=0,...,e)'

ql+l ajqy
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The right-hand side can be expressed as composition pr,, o¢ (g/) of the chart for the
critical point sequence -

with the projection

pry:: [0.2) %[0, D x1[0,2) x M(T(g)). 4j) x M(g') x M(gj11.U(gj+1))
— [0, )" x M(q)).

Since ¢(g/ ) is invertible and ev_ xevy: y — (z,, z;f ) identifies the domains
M(S i’ S;_-H) - Grq/+1 ’

this makes the requirement Jrgj 4 oevoxevy) = qb(ﬁ]/ )y~ lo prys o¢ @/ ), as claimed.

In case j = 0, U— = X respectively j =k, U+ = X the compatibility can be
rewritten as above into conditions on ", (Z ), respectively Tk (Z+) instead of
JTq 12,2y *) on the right-hand side, Wrth the further replacements

(qo w X, evS: V> eV, Tyl v T(QO’ql))
1

respectively

(‘1k+1 v X, ev§q_/ W eV, Ty, W T(flé’%ﬂ))’
f

and with a modification of the left-hand side to

- X ..
Mgt ©€V— and T(Q).q)) fori =j =0,

resp.Jrrr:‘I,‘/Z oevy and U}, Q4 1) fori =4, j =k.
In these cases the requirements are for all restricted trajectories
ye/\/l(X,gt;q), resp. yeM(qu, X),
with imy NU(q]) # @ fori =1,...,£ and

ev_(y) € Qj, resp. evy(y) € Q§(+1,

Geometry & Topology Monographs, Volume 18 (2012)



Smooth structures on Morse trajectory spaces 433

and the corresponding 23: =ev+(y). Spelling this out for j = 0, the requirements are
- X - X - X, -
o (ov-r) = v (il )),

9 _ _ — X (=) i ;
. y'cql{Jrl(evS;ExevSJ7 ) (7)) if0<i<d,

g (eves xevge Y =1, 4 LAy N
vt 941 trgt (evs:‘; (7)) ifi =4,
4
- X, -
T(Q).q) (V) = T(%,q’l)( a1 (2 ).
Ty (y)= Ty (_ng(z;)) if2<i<{.

We again compare this with the chart ¢((_]’ ), which now depends on the choice of end
condition Qf C X, respectively Q;{ +1 € X, via the modification

/

Vo= g (ev-() and 1} =1(gp40(¥),
resp. )/é = +7T§/2 (eV+(V)) and fé = T(qz,Q;,Jrl)(V)'
Spelling this out for j = 0, the chart is
¢(£]/); M(Qp.q1) D V,(g/)o < (0,2)" x/\/l(g/), Y= (T T Voo oo Vi)

where

- X e
Ty (ev—(»)) ifi =0,
)/i/ = an (eV§+ X evg+t )()/) ifl <i<¥,
qi+) a; iy
q . .
trgt (ev§_/ ) ifi =4,
q

4
and

o ) Tepap(v) i =0,
g (¥) if2<i<d.

This shows that Theorem 2.6(iii) for j =0, U— = X, respectively j =k, Uy = X, is
equivalent to a requirement of the same form as (38) for ¢ (g/ ) n;f (z,)), respectively
P(q) (T (z))), andall y € M(X, S,F )NV, (7)o, respectively y € M(S,_, X)N
V1, (@0, just with the first respectively last trajectory and transition time on the right
hand side replaced by

. ¢
T Ev-()  and 7y qn():

resp. +7T;1(Z(GV+)(V) and 7,01 (¥
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We may again express the right-hand side as composition pr,, o¢(7') of the chart for
the associated critical point sequence §' with the canonical projection

prg: 1(@) x M@) — [0, )" x M(g).

In case j =0 that is g/ =(Q0:41s -y Ay =41, Ul(qy)) satisfying b(i/) =b(q"),
and the projection is

pry: [0, 2)f x[0,2) x M(g") x M(q1. U (g1)) — [0,2)* x M(¢).

Since ¢(g/) is a homeomorphism and ev_: y + z, identifies M(X, :S;t ) with

_Gr;(l (1), this makes the requirement

T oevo = ¢(q) " opry od(@).

X)— +Gr§(k (1), which makes

Similarly, evy: y — Z;'- identifies the domains M (S an
the requirement

trftoevy = (g opry 0b(@).
This finishes the proof of Theorem 2.6(iii). O

5.7 Construction for breaking number b = 0

In this section we construct tubular neighborhoods inﬁ; for b(P—-,P+) =0 as

specified in Section 5.6 and find 7o > 0 such that the induced maps ¢(g) satisfy
Theorem 2.6 for b(¢) =0 and 0 <7 <1p.

For pairs of critical points p_, p4 € Crit(f) with M(p—, p4+) # @ the breaking
number is b(p—, p+) = 0 iff there exist no broken Morse trajectories from p_ to p4,
which is equivalent to the space of unbroken Morse trajectories M(p—, p+) being
compact. This trajectory space is embedded in the connecting trajectory space by

(evs,_ xevsy ): M(p-. pt) — Grj. .
Its image, M C Gr{,’; has a standard tubular neighborhood diffeomorphism (given by
the exponential map for some metric)

exp: NM D B = W C Gy

from a neighborhood B of the zero section in the normal bundle NM C T Grg; |ar to
a neighborhood W of M . Since M is compact and Grf,’j_ (t) > M in the Hausdorff
distance as 1 — 0, we find ¢,_ 5, € (0, 1] such that Gy (t,_ p,) C U. Then with
the projection Ilps: NM — M the map

my = (evs, X 6V§;‘+)_1 oTlpsoexp ! Gy~ (tp_,p;) —> M(p—, p+)
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clearly defines a tubular neighborhood of evs, X evgljgr in the sense of Definition 5.6.

Next, we have b(X, p4+) = 0 iff py is a maximum, and b(p—, X) =0 iff p_ isa
minimum. In those cases the connecting trajectory spaces are
~Gry () =Yr_(U1(p1) =Ui(py). FGrk (1) =Yg (T1(p-) = Ui (p),

and we are dealing with the embeddings of the trivial Morse trajectory spaces

vt MU (p4). p+) = {rpy = p4:[0.00) — X} =5 BY = {pi} C Ui(ps).
eVt M(U(p-). p-) = {yp_ = p-: (=000l — X} = B, = {p_} c Ui(p-).
We define their tubular neighborhoods according to (37) by

X =yp, TG (1) — MU (p1). p1).
Try = ypot TGrg (1) — M(p-. U(p-).

This constructs all tubular neighborhoods for breaking number b = 0 as listed in
Section 5.6 with ¢y := min{t,_ ,, | M(p—. p+) # 2} € (0, 1].

In order for the induced maps ¢(q): V:(q) — [0, 2)K x M(q) for b(g) = 0 to satisfy
Theorem 2.6 it suffices to check the conditions of Lemma 5.10. Here condition (iii)
is trivially satisfied since b(g) = 0 does not allow for the insertion of a nontrivial
critical point sequence. Condition (iv) holds evidently since ¥z were only defined
on U;(p+). Finally, the following lemma will provide #o € (0, t5] such that (i) holds.
Note from above that (g) = 0 only for critical point end conditions U4+ = g4 or
finite end conditions Qo = U (q1) with ¢; a maximum, respectively Q41 = U (qr)
with ¢; a minimum. Moreover, b(g¢) = 0 implies compactness of the subset of
maximally broken trajectories M(g).

Lemma 5.11 Let S be a manifold, G C S a submanifold and

L [0,1)”XZ—>S, (L’Z)HLL(Z)

a smooth family of embeddings t;: Z <> S such that imty h G C S transversely. Let
e: M — S be an embedding to e(M) =imiy NG and let m: G — M be a tubular
neighborhood of e. Suppose moreover that ¢ is uniformly continuous with respect to
the Euclidean distance on [0, 1)" and some metrics on Z, S (compatible with the given
topologies).

Then for every compact open subset K C M there exists t > 0 and a neighborhood
N C G of e(M) such that

(39) imee h (77 (m)NN) =1 point Yme K,z e0,1)".
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If Z is compact then this holds with N = G .

Here all manifolds are smooth, finite-dimensional and without boundary; the difficulty
lies in allowing noncompactness, which will be needed in the iteration step. In the
present case just G : ./\f,0 (g) CGr(g) is noncompact. The base space K =M := M (q)
is compact and in case of finite end conditions Qo = U (q1), respectively Qx4 =
U (qx), only contains trajectories y with |ev_(y)| = 0, respectively |evy(y)| =0,
hence M; (q) = M(q). SimilarTy, the embed?lings lg i =1lgz to §:= §(_q) have
compact domains, in case - -

Qo=U(q1),  resp. Qr41=U(qp),

given by
+ _ n— _
Bq1 = {0}, resp. qu = {0}.

In the latter cases note that ¢, is well-defined for z € [0, l)k, so we will obtain the
intersection property for transition times in [0, #)X, which contains I 7(¢). This finishes
the construction in case b = 0 with o := min{z;,7}.

Proof of Lemma 5.11 To begin note that the transversality im o h G = e(M) together
with the submersion property of 7: G — M implies fiber-wise transversality

imiy h 7~ (m) =e(m) VYme M.

To show that, after a restriction, this intersection property persists for small 7 # 0,
we crucially need compactness of K. With that it suffices, given any k € K, to find
tr > 0 and a neighborhood Nj C G of e(M) such that (39) holds on a neighborhood
Uy of k.

By assumption, zj = LO_I (m~1(k)) is a unique point, and dz, (7 0tg): Tz, Z — dy M
is an isomorphism. The implicit function theorem for

F:([0,)"xM)xZ—MxM, (x,m;z)—> (n(t(2)), m),

with (0, k; zx) = Ajps then provides open neighborhoods [0, )" x U C [0, 1)" x M
of (0,k) and V C Z of z; such that F(z,m;-) € Aps has unique solutions in V
for all (z,m) € U. That is, ((V) Nz~ !(m) is a unique point for all |z| < ¢ and
m € U . By restricting F' to precompact neighborhoods of z; we can ensure that V' is
precompact. Then d;(m ot¢) — d; (7 01p) converges uniformly in z as T — 0, and
hence is surjective for small |z|. So by choosing ¢ > 0 smaller we additionally achieve
transversality,

(40) (V) th = (m) = 1 point  V|z| <t,m e U.
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It remains to trade the restriction to V' C Z for a restriction to N C G. For that
purpose we work with open neighborhoods throughout and write U’ = U for U’ being
precompact in U (ie its closure in U is compact, which yields a positive distance
between U’ and the complement of U ). We can combine a local trivialization of 7 from
Remark 5.7 with the transversality im o M G = e(M) to find a neighborhood Uy = U
of k, open balls By C R4mO—dmM anq ¢y ¢ RIMS—dmG and a diffeomorphism
¢: Uy x By x Cy => Sy C S to a neighborhood of ty(z) = e(k) = ¢(k,0,0) such
that

imtoﬂSO =¢(U(),O,C0), GﬂSo =¢(U(),B(),0), gb*n zprUO,¢*e :IdUo x0x0.

Now by (40) we have Lo_l (¢(U1,0,0) C I,O_l (771 (Up)) C V for any choice of neigh-
borhood U; C Uy of k. Since iy is an embedding we then find a neighborhood
Cy C Co of 0 such that Zy := (5" (¢(U;,0,Cy))) C V while

w(Z\ Zy) =imy \¢(U;,0,Cy) C S\ ¢(Uy, By, Cy).

Next, we apply the implicit function theorem again to F|[g 1)2xy;,xz, to find ¢ >0,
Vi C Z; and U, C Uy such that (Vy) h 7~ 1(m) is a unique point for all |z| < ¢’
and m € U,. Since (40) also holds on U, C U and V; C Z; C V', we obtain

41) 1(Z1) h = (m) = 1 point  V|z| <t,m € U,.

We pick further neighborhoods By C By and C, C C; of 0 to obtain a precompact
neighborhood

Sy :=¢(Us, B, Co) C ¢ (Uy, By, Cy) =: 8y

of to(zg) with § :=dg(S,, S\ S1) > 0. Now uniform continuity provides #5 > 0 such
that for all |t] <5

1(Z\ Z1) C Bs(w(Z\ Z1)) C Bs(S\ S1) C S\ ¢(U2, B1, C2)
and
te(Z1) N~ (Uz) C Bs(to(Z1) N~ (U2) = Bs(¢(U1.0.C)) N ™! (Un).
Finally, for sufficiently small §" € (0, §] we obtain for all |7| <ty =: 1y
1 (Z1) N~ (Us) € ¢(Uy, By, Co) Nt (Uz) C ¢(Us, By, 0).
Now

Ny =7 " (M\U,)UpUy, B;,0) C G
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is a neighborhood of e(M \ U;) Ue(Uy) = e(M) and for all m € U, and |z]| < ¢’
we have

imi; N~ (m) N N = imi Np(k, By, 0) = 1(Z1) Np(myg, By, 0)
=1 .(Z) N Y (m).

Thus (39) on Uy := U, follows from (41). Finally, after finding a finite open cover
K c |J Uy, , the lemma holds with ¢ :=min#;, and N := (| Ny,. If Z is compact
then we can moreover choose ¢ > 0 sufficiently small such that im:; NG C N for all
|z| <, and hence imi; N (x~ 1 (m) N N) =imi, N~ (m). O

5.8 Construction for » > 1 based on the construction for » — 1

Let the special global charts in Sections 5.2 and 5.3 be fixed, and for some b > 1
suppose that we have given a construction of ¢(g) = (Id x7(g)) o (z(g) x ev(g)) for
b(q) = b —1 as specified in Section 5.6, and satisfying Theorem 2.6 for 0 < ¢ <p_;.
Then the goal of this iteration step is to construct tubular neighborhoods (i)n py for
b(P—,P+) = b as specified in Section 5.6, and find #, > 0 such that the induced maps
¢(q) satisfy Theorem 2.6 for b(g) < b and 0 <t <¢;,. By Lemma 5.10 it suffices to
sathfy conditions (i), (iii) and (i\?). Hence we start from the formulas

o e = (¢ opry 0p(@).

vtb (5/)0

£ P 1
R
|U1 (r4) = V& prBz:zF; ’

for nontrivial critical point sequences ¢’ = (P- D Qq. ¢4, ...,q;. @y, C P4) and
the associated

- U(p-). p- if P-=p- o] p+-U(py) if Py =py
- (o/8 ifp_=x [TV R0 Q) if Py =X

to define maps

RL UG ~(tp-1.4) — | Vi1 (@)o C M(p-, p+),

q
Ul(p+)uU Gy, (h-1.94") — ev=' (B ) U Vi, (g0 C M(X. py).
lI
tay Ui(p- )uU*GrX (tp—1.q4") — evi (B, ) U JVi_ (o C M(p-. X).
q q
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with the union over critical point sequences as above, and on the domains
Gl (tp. q') = (ev§pi xevgh )(M(S SJr )NV, (@)o).

GrX (t.q") == ev_(M(X. S} ) N V1, @)o).
TGy (15.4) = evy (M(S; - X) NV, (@)o)-

If we define (i)n;j; by extension of

() A7’—|

+101, (p£)UUyr PG (16,4)
to (i)Grﬁl (tp), then (iii) and the first part of (iv) are automatically satisfied. In fact,
the following lemma shows that this definition is consistent with all conditions on the
tubular neighborhoods.
Lemma 5.12 For each b(P—,P+) = b the maps 7?5; , +n§_, +7?Xp_ are well-
defined tubular neighborhoods of evg - x evsy , ev—, respectively evy, restricted
to the above subdomains of M(P—,P+), and satisty the preimage condition in
Lemma 5.10(iv). For 0 <t < t,_; they restrict to maps

U®arg; t.q) — (Vi@
q/ g/

Moreover, the product ﬁ(q) n,zl’[l X ]ngl X oee X +n{j’; for any b(q) = b satisfies

the intersection condition in Lemma 5.10(i) for t € I t_,(g) and

veM@ n |J Vi (@) C MU-.Uy).
0Dq, b(Q)<b

Proof We begin by noting that the nontrivial critical point sequences have breaking
number b@/) = b(g/ ) < b(P-,P+) = b, hence by the iteration hypothesis we can
work with the charts d)(q’ ) and ¢('_ci/), satisfying the properties of Theorem 2.6.

In order to see that er N

atafixed (z7,z7) € Grp + (#p) for different critical point sequences q =(p=,...,P+).
Note that Q**+ ={p € Crit(f) | Vr (zHn U, (p) # @} defines a critical point sequence
in Critseq(f; p—, p4+) such that (z—,z%1) € Grer (t, in) In fact, it is maximal in
the sense that if (z7,z7) € Grp L@, q’ ) then we have q C Q. In this situation we
actually have (z7,z%") € Grp L@, Q ) for each intermediate critical point sequence
Q’ = (p—,..., py) with q C Q’ - in Now arguing step by step, it suffices to
check the identity

$(Q)  oprg op(@) = ¢(g) " opry op(@) aty,s = (ev_xevy) (.27

is well-defined we have to check consistency of the definitions
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for pairs ¢’ C Q’, where Q' is obtained from ¢’ by inserting a critical point sequence

q” = (q{ = 616’» . --»CIZ-H :qz{-l-l)

at a unique . In each step the breaking numbers b(Q") = b(_Q/) <b(q) = b(gj’) <b
are strictly less than b(p—, p+) = b, so the identity above follows, after applying ¢(q’ )
to both sides, from the associativity relations ¢(Q )=(d x¢(q” ) x1d) o ¢(q ) and

¢(Q )y=(>d X¢(q”) x1d) o (g ’). That is, we have at y,+
$(q") o (Q) " oprg op(Q')
= (Idx¢(g") ™" x1d) oprg: o(Id x¢p(g") x 1d) 0 $(7') = pryr 0¢(7)
since pr,, and prgp, merely project out the first two and last two factors in
+ x[0,2) x M(p—,q}) x[0,1) x - 3
X M(q;. gigq) % - x[0,1) x Mgy, p+) x[0.2) x B,
+x[0,2) x M(p—,q}) x---x[0, ¥
x M(g") x---x[0,1) x M(qy. p+) x [0, 2)x B )

while ¢(¢")"' o (q”) = 1d M(q.q},,) cancels out on a factor not involved in the
projections. Thus we have proven consistency of the definition

AP = d(g) " opry 0@ o (evo xevy) .

Next, by the explicit construction of transition times and tubular neighborhoods near
critical points in (37) we have for all y € M(S,_, S;.) N Vi (@)o

9@)) = (1.7@) ). Liprgy (@v-().
(i, (evs: ey 1),

Py, V()
q. i1 l seee

and conversely ¢(§')_1 (1, 0,0)%, 1: %, *, *) C M(g__, §;,"+) NV @/)0- Hence the
chart restricts to a diffeomorphism

b(@): MES,_ S5 V@0 — (13 x (0.0 x {1} x TBf x M(g) < 5B,

Since ¢(g) also restricts to a diffeomorphism to (0, 1) x M(g’ ), this already shows
that

¢(£1,)_1 Oprg’ O¢(§’): M(Sp ’Sl—):_) n th(z)o — th(g,)o C M(p—9 p+)
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is a smooth submersion. In fact, it is a tubular neighborhood of the restriction
_1 ~_ ~
phr =(ev—xevy) o (evg, x ev§p++): M(p—, p+) D Vi, (g)o = M(S, . S).

To see this it remains to check pr,s o ¢ @, )o p},’; =¢ (g’ ), which by the above expression
for ¢(§') reduces to identifying the factors

7/
- DP— = +_4¢ s
w5 oevsgt and T," oevg-—
7 Sai P+ Sq@
of ¢(¢q') with

q
7 ofeve— xevetr )opP~ fori=0andi=~¢.
941 ( s SQ;H) n

Here the effect of the restriction is

~ ~ p— — ~
(CVSP__ X GVS;;) O’OP+ =ev_ X GVS;;
1 1

~ - P — ey~
resp. (CVS_/ X eV )Jopht =evg- xevy,
dy + dy

so the required identities follow from the pullback definitions
- P—(ty _ P — -+
T[q/l (Z )—jrq/l (Z y Z )’
qp _— qp _—
resp. +npi (7)) =mp(z ,zh).
Since ﬁpp; is defined from this tubular neighborhood of pﬁ; by pullback with the

diffeomorphisms (ev_ x evy)~!: Gr},’; — M(§;_, §;‘+), it indeed is a tubular neigh-
35— S+

borhood of evs, Xevgf .

In the definition of _7?1;‘; we similarly use the explicit construction of transition times

and tubular neighborhoods near p4 to see that for all y € M(X, §;‘+) NV (6;7’)0
$@) () = (@) 17 (ev-(1)),

(nZ;ﬂ (eVS‘q—, (), 6V§;+ (V)))i=1,...,€’ Pig, (ev+(»))
i i+1

and conversely qﬁ(g/)_l (I¢(q'), 1; %, %, %) C M(X, §;’+) NVy @,)0- Hence the chart
restricts to a diffeomorphism

~ ~ ~ I ~_
$@): MX.SEHNMV@) —  |J @ x{lixMeclg)x 5B,
z€1:(g")N(0,00)*
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Since ¢ (g) also restricts to a diffeomorphism to (7, (4/)n(0,00)¢ 1T} X Mr,2(¢"), this
proves that -

¢(q") " opry 0p(@): M(X, 8,5) NV, (@)o —> Vi, (g')o C M(X, ps)

is a smooth submersion. In fact, the same identities as before prove that it is a tubular
neighborhood of the restriction ev_! oev_: M(X, p+) DV (q/ )o = M(X, S ).
Assuming for now that ~ zﬁ is well-defined on Uq (tb 1 2/ ), itis the pullback
of this tubular neighborhood by the diffeomorphism

1—Gr (1)—>M(X ),

and hence a tubular neighborhood of ev_. We may extend this by

_,\X B
&) =P,

in the identification ev_: M(X, p+) => B+ , where the domains Gr (tb 1.9")
do not intersect U (p+) since they are subsets of URr_ (Utb (q7)) for f(ql) > f(ps4).
In particular this separation of domains ensures condition (iv), that is

X )T (B ) =TUi(py).

The analogous construction of *7 X provides a tubular neighborhood of

evy: M(p—. X) 2 B, U [ JVi (@0 — TGr§ (tp-1.4).
g/

Finally, we check consistency of definitions for ~ “; (and analogously for * 72 ¥ )
at z~ € Gr (t) for different critical p01nt sequences ¢, q, q/ ’. If these have the same
type of end condmons Q=X \U (q1 ), Qo = X\ U(qY) then the same argument as
above applies. It remains to check consistency for the same critical points but different
end conditions. For g/ = (ﬁ(q/l),q;, ... ,qz,,p+), 5]” = (X\Tq/l), qi.--- ,q(’i, P+)
we have

@) o ¢V opryr op@") = (R;' x1d) o pryy o( R, x1d) 0 $(@) = pryy ob(@)

at y € Vi(q)oNVi(q")o C ev_1(U; (¢1) \ U(q})) since pr,, = pr,, both project out
the last two factors in B B

[0,2)x§+, x[0.1) x--x Mgy, p+) x[0.2) x B, |

and R;: [0,2) x BJr D{(E,x)| E|lx| <tA}—]0,1) x B is a rescaling on the first
two factors.
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With all properties of 75, , T7%~, T7§  established, let us start analyzing the

fibers. For y € M(p—, p+) and ¢’ = (p— = ¢4, 41, ---.qy,; = P+) let us denote
¢(g’)(y) = (z7,n") € (0, 2)¢ x M(i]/)’ then it is easiest to read off the fiber in the
formulation (38),

72 )

= (ev_xevi)8e M(S; .ST) a;
p=2Tp+ ) gy — (”q/ (ev:g-; X eVg; )(5)),':0,...,6
i i+1

’ —1 4
q; o— . <
= 4/(((”q;+l)i=o,...,6) (") N (Sp— x 1_[ IMig, 7 X S;))’
i=1

. V4 q; S— e . . .
where Ilg: [Tizo Grqi{+l — S, xS, . is the projection to the outside factors, and

lg,r: g X Sq+ — §q_ X 5; (x,y) — ((x. ), (xx. p))
for T €0, 1) are the slices of fixed transition time of the embedding
(ev— xevy): ./\_/(q — S"q_ X 5;
of the local trajectory space in the coordinates (15). The fibers
—ap_\—1 ~Ap_y\—1
( JTZ;:) (y)=ev_{...} and (+n7€+) (y)=ev+{...}
have analogous expressions involving special terms
— P_ q,
Ty OCVP_gis resp. +npi °eVy Py
and in case P— = X, respectively P4+ = X, embeddings
- + S+ B— + S+
R_xquSq —>XxSq or quSq —>XxSq,
resp.Sq_xS;xR_;_—>Sq_xX or Sq_xB;'—>Sq_xX,

encoding the local trajectory spaces with ends in X \ U(g) or U (¢) as in the definition
of tg,r in Section 5.4.

Now for a critical point sequence ¢ = (9— = q0, 41, - - -, qk+1 = q+) With b(q) =b
let us view M(q) = M(g—.q1) x -+ x M(qx.q+) C M(g—.q+) as stratum of a
compactified Morse trajectory space. Then the product 7 (@)= TRAT XL X x T RE
defines a tubular neighborhood (defined on the product of domains)

7(g): Gr(g) D dom 7/

a- x---xd0m+ﬁgi — M(g)N U Vi, 1 (Q)

O>q
b(0)<h
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of

(ev Vs Xe"s+ )i=0,...,Z: M(q) — Gr(g).
9 1+1

restricted to the union of domains for critical point sequences Q € Critseq(/f’; ¢—, ¢+)
with smaller breaking number b(Q) < b and containing ¢. More precisely, we can
write any such Q =g U U = Oqf as union of ¢ with (potentially trivial) critical point
sequences q/ € Crltseq( /34qj.qj+1). From the above we can then read off the fiber

over ¥y = (Yo, ... ¥k) € Vi, (@) N M(q) with ¢(¢7)(vj) = (x/.1/) as
@) ) =g (1@ 0% 1) 0 (6% 20 x Sy -0 x By, xu(gh 7))

with the natural projection HqQ: S Q) — S (¢) and the shorthands §q =S 7 X S, q‘:
and -

L((q()v q1,---,9¢, q[-ﬁ-l)? (flv ey TZ)) = im(LlI1,‘C1 XX L(Jg,‘rg)-

Let us denote

n, =0 ) eMQ) and T,,:= 011" 002"

for any o € [0, 1)k , then the image of the embedding of all local trajectory spaces for
Q, as introduced in Section 5.4, is

imior, = L(QO,ZO) Ximig, o X t(gl,gl) X o XM g, g, X L(gk,gk).

Comparing this with
lg.o0 = lgy,00 X" X 1M ig oy

we obtain for every y €V, ,(Q) N M(q) and o € [0, tp—1)k

2@ ) Nimg =17 (7@~ () Nimig r, , )-

This is a unique point by the intersection property (33) for the fibers of 7 (Q) with
b(Q) < b. Moreover, this intersection is transverse since from

JI(Q)_I(QV) M im Q.1 ,
we obtain B
TS(Q) = kerdn(q) & (Tu(q° %) x {0} x Te(g", ') x -+ x {0} x Tu(g*, %))
B B B @ ({0} ximdig, g, X {0} x -+ x im digy o, X {0})
= (kerdn(g) N (TL(QO,LO) XTEJql xTL(gl,gl) X e X quk X Tt(gk,gk)))
+KerdITZ + ({0} X im dig, g, X {0} X -+ X imdigg o, x {0}).
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Here the direct sum implies
Te(g% %€ x {0} - x {0} x Te(g¥, )€ C kerdr(q)

for some complements of Tt (go, 7°). Projection by dl'[qg then yields the claim,

Tg(g) = ngQ (kerdn(g) N (Tt(ﬁ]o,zo) X T§ql X+ X Tt(gk,gk)))
+imdig, g, X ximdig, g
= T(J?(g)_1 (Z)) + T(im Lg,g).
For general end conditions g = (U- D Qo,q1, .., Qk+1 CU+) with b(g) = b the
same arguments show that the fibers of the product

~ _ —AU_ ~q1 . + ~qK
T(g) =Ty XT ) Xe X .,

satisfy the intersection condition for any y € M(g) N UQ Vi,_,(Q) and o € 1 ' (q)),

tp—1 1
as claimed. O

We will extend each (i)ﬁ;j; to a full tubular neighborhood of the evaluation embedding
M(P-,Py) — (i)GrP:L by using the following lemma.

Lemma 5.13 Let e: M — G be an embedding between smooth manifolds, V C M
an open subset such that M \ V is compact, and suppose that 7: G — V is a tubular
neighborhood of e|y defined on an open neighborhood GCG of e(V'). Then for any
open subset V' C M suchthat V' CV and 7= 1(V')Ne(M \ V) = @ there exists a
tubular neighborhood w: G > N — M of e such that 7= (V') =7~ '(V') C N and

7T|7’.E—1(V/) = J/'l\'

Proof Since M is a metric space and M \ V is compact we may enlarge V'’ such that
M \ V' is compact. Then we find opensets V=V D Vi DV, D V3D Vy=V'D Vs
such that M \ V; is compact and V;; | C V;. Next we choose a metric on G such that
kerdy(m@ L Tomye(M). By the compactness of M \ Vs the exponential map then
induces a diffeomorphism exp: D; —> N, from a sufficiently small disk bundle in
the normal bundle

D :={Z € Touu)G |me M\ Vs, Z LTeome(M), |Z] < e} CTGloar\rs)

to a neighborhood Ny C G of e(M \ Vs). The projection to the zero section in D >~ N,
composed with e~! then provides a surjective submersion y: Ng — M \ Vs such
that

(42) 7ole\ws) = Tlea\vs):  d7oler\vg) = A7 le(\1%)-
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In fact, these are equal to e~! and the orthogonal projection to Te(M). Next, for
U C M\ Vs we will write abbreviate D¢|y: = D N TG, (). With this notation we
may choose ¢ > 0 sufficiently small such that

exp(Delyy \p) C G, exp(Delaryyy) € G\ETH(V)).

Indeed, the first inclusion can be achieved since G is a neighborhood of the compact set
e(V1\ Vs). For the second inclusion we use the assumption 7= 1(V/)Ne(M \ V) = &
and add that 71 (V/)Ne(V \V3) =@ since 771 (V' \ V3) is an open neighborhood of
e(V\V3) disjoint from 71 (V’). So the compact set e(M \V,) Ce(M\V 3) is disjoint
from the closed set 7~1(V”), and hence infpepr\p, d(e(p), 7~ 1(V'))=: §>0. Hence
we can choose & > 0 so that exp(Dg|pm\r,) is disjoint from 7~1(V’).

Now choose a smooth cutoff function ¥: M \ Vs — [0, 1] such that ¥|a\p, =0 and
Y¥|y,\7s = 1. We need to extend the linear interpolation in a local chart to a smooth
construction on V; \ V5. For that purpose we equip M with a metric, and for § > 0
smaller than the minimal injectivity radius on the compact set V'; \ Vs define

Sy: {(p.q) e M xM|peVi\Vs.d(p.q) <8} — M,
(p.q) —> exp, (¥ (p) exp, ' (¢)).

Then for sufficiently small ¢ > 0 we obtain an extended tubular neighborhood

7 on 77 1(V")
w:=4Syo(moxmT) on eXp(D8|V1\V5) : ﬁ_l(V')Uexp(D8|M\VS) =N—M.
o on exp(Delar\1y)

Here by (42) and the compactness of V1 \ Vs C V \ Vs we may choose ¢ > 0 so
that (¢ X 7)|exp( Dely\i7) takes values in the domain of Sy,. To check that this
map is well-defined it remains to check the overlap of the different domains. On
771 V") Nexp(De|m\775) C exp(De|p,\75) we have ¥ oo = 1 and hence 7 = 7.
Moreover, Sy, o (g x 7) extends smoothly to exp(D¢|ar\r,) since ¥ oy =0 on
exp(D¢|7,\v; ). Hence 7 is a smooth map. It is defined on =LV Uexp(Dg|m\7s),
which is a neighborhood of e(V')Ue(M \ Vs) = e(M), and on the latter clearly
restricts to e ~!. Towards ensuring that 7 is a submersion, note that for any p € V;\ Vs
we have by (42)

de(p) = d(p,p)Sy © (de(p)”0 X de(p)ﬁ) = de(p)To-

Since V' \ Vs is compact, we then find & > 0 such that A7 [exp(D, ontinues to

: . . vws) ©
be a submersion. Finally, we obtain

' VYy=a""(V) and w|z-iny =7
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if 7w (exp(De|p\1,)) C M \ V'. This holds for small enough & > 0 since 7|, (ar\p;) =
e~ ! maps the compact set e(M \ V) to M \ Vo, © M \ V' and 7 is uniformly
continuous on compact sets. O

We apply this lemma to 7 := (i)ﬁg; and the evaluation embedding of M :=
M(P-,Py) into G := (i)GrP;. Then

Vi=|JVi_ (g)o C M(P_.Py)
q/

has a compact complement since it covers M (P—, P), so

MP-. PO\ JVi(g)o = MP-. PN Vi(d)
q’ q

is the complement of an open set in a compact space. For P_ = X or Py = X we
add ev_! (Blj' . ), respectively ev__ir1 (B,_), to the open set V. We can then use

V= Vi, @)o CM(P-.Py),
q/

and in case P— = X or P+ = X add
—1(p+ ”‘
evy (B, NUL,  (p2)).
Its closure is contained in V' since the closure of
Vi, 1 (@)o C M(P-, Py)
is contained in Vy, _, (g’ )o by Remark 5.1, and also
Uy, ,(p2) C Ui (px).

Hence Lemma 5.13 yields tubular neighborhoods 7 =: (i)zr;);: N — M(P-,Py+)
defined on neighborhoods N C (jE)Gr;;jr of e(M(P—,P4)) that contain

a7V =0y,  (pH) U P6rn, Gis-1.9).
i1/

Now taking 0 < tl’] < %lb—l sufficiently small we can ensure that (jE)Grﬁjr (tl,;) CN
since for ¢ — 0 as in Remark 5.9 we have

@6rp, )\ P6rp; G1s-1.4) — e(MP-. PO\ IV, @)o):
q q
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which is a compact subset of N . Hence we obtain tubular neighborhoods

mh= Grho () — M(p—, p+)  of (evs, xevgf ): M(p—, p+) = Gry,

P+
- 1;‘;. Grl))(+(tl/))—>M(X,p+) of ev_: M(X, py) — Gp+,
Tl TG (1) — M(p-, X)  of evy: M(p—, X)— *Gry .

for each p_, p4+ € Crit(f) with b(p—, p+) = b, respectively b(X, p4+) = b, re-
spectively b(p—, X) = b. By construction these satisfy conditions (iii) and (iv) of
Lemma 5.10, so it remains to choose 0 <t < Zb such that the 1ntersect10n condition (i)
is met For that purpose, as specified in Section 5.6, we define * er + by pullback from
np + » and then obtain well-defined tubular neighborhoods 7(g): Ny /(q) = M(q) for
all b(g) = b. Their fibers over V;/ (Q) for Q D ¢ with b(Q) < b by construction
are identical to the fibers of 7 (¢g) as defined in Lemma 5.12. Hence the intersection
condition im ¢ h 7(q) " (y) =1 pt already holds for

tely(g) ad yeMg n | Viy(Q).
0D>q, b(Q)<b

For the remaining fibers we may apply Lemma 5.11 to the tubular neighborhood
7 := n(q) and the submanifold G := J\/};) (9) C S(g) =:S. As before,

K:=Mg\ | vy (@
©O>q
b(Q)<b

is a compact subset of M := M(q). The embeddings ¢; to S are well-defined, with

/

im¢; N Gr(g) C Ny (g) for z € [0, tb)k so Lemma 5.11 provides 0 <7,/ <, and a
neighborhood N C G of e(M) such that the intersection property

imi th (m(g) () N N) =1pt

holds for transmon times in [0, 7, ")k and the fibers within N over y € K. Finally
taking 0 <tp < sufﬁc1ent1y small we can ensure that NV, (pnm ~T(K) C N since,
as in Remark 5. 9

Ne@) N (K) =N\ | J 77" (Vi (Q)
[0

for ¢ — 0 converges in the Hausdorff distance to

e(M(g)\thb_mg)),
[%
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which is a compact subset of N. Now for
el (@Nlg (@) Cl0,0f and yeMg)=M\K)UK

we have the full intersection condition im ¢z h 7 (¢)~!(y) = 1 pt, establishing condition
(i) of Lemma 5.10. Finally, this lemma implies_that the maps ¢(g) constructed from
the tubular neighborhoods for 5(gq) < b satisfy all properties of gTobal charts claimed
in Theorem 2.6. -

Moreover, we proved the fiberwise transversality (33), hence Remarks 5.3 and 5.5
imply smoothness of the evaluation maps with respect to these charts.
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