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Groups of hyperovals in Desarguesian planes

Luke Bayens William Cherowitzo Tim Penttila

Dedicated to our friend and colleague, Gabor Korchmdros, on the oc-
casion of the 60th birthday, from whom we have learnt so much about
hyperovals.

Abstract

We show that if a hyperoval H of PG(2, q), ¢ > 4, admits an insoluble
group G, then G fixes a subplane 7 of order qo > 2, H meets m( in a regular
hyperoval of m9 on which G N PGL(3, ¢) induces PGL(2, q0), and if H is not
regular then ¢ > ¢j. We also bound above the order of the homography
stabilizer of a non-translation hyperoval of PG(2, ¢) by 3(¢ — 1). Finally, we
show that the homography stabilizer of the Cherowitzo hyperovals is trivial
for g > 8.

Keywords: hyperoval, group
MSC 2000: 51E20, 51E21

1. Introduction

Studying symmetries of configurations in finite Desarguesian projective planes
need not involve the use of deep group theory, since the subgroup structure
of the collineation groups of these planes has been known since the work of
Howard H. Mitchell in 1911 for odd characteristic, and of his student R. W. Hart-
ley in 1925 for characteristic two. Despite this advantage, we still know very
little about even the symmetries of highly studied objects like hyperovals. We
do not even know whether or not the regular hyperovals are characterized (for
planes of order greater than 2) by the property of admitting an insoluble group.
Indeed, the results of Section 3 of this paper can be viewed as a failed attempt
at such a characterization. The rich man/poor man result in Section 4 can
be considered a post facto explanation of the fact that all hyperovals of finite
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Desarguesian projective planes discovered since 1957 have such small groups.
The last section deals with the original motivating purpose for this paper — the
calculation of the groups of the last family of known hyperovals for which the
problem is still open — those of Cherowitzo (1998). In [4], an infinite family
of hyperovals in PG(2, q), ¢ = 2", h = 2e + 1, was constructed, generally known
as the Cherowitzo hyperovals,

{(1,t, 7+t + 4371 | t € GF(g) } U {(0,1,0),(0,0,1)}
where o = 211,

The groups of the Adelaide hyperovals of Cherowitzo-O’Keefe-Penttila (2003)
[5] were calculated by Payne-Thas (2005) in [19], the groups of the Subiaco
hyperovals of Cherowitzo-Penttila-Pinneri-Royle (1996) [6] were calculated by
combined results of O’Keefe-Thas (1996) in [16] and Payne-Penttila-Pinneri
(1995) in [18], and the groups of the hyperovals of Payne (1985) [17] were
calculated by Thas-Payne-Gevaert (1988) in [23], with all three using the beau-
tiful method of associating a curve of fixed degree with the hyperoval and using
Bezout’s theorem. (For earlier hyperovals, see, for example [14]). But the
attempt of O’Keefe-Thas (1996) to apply this method to the Cherowitzo hyper-
ovals only gave partial results, leading to the technical difficulties and subtlety
of the proof of Penttila-Pinneri (1999) [20] that the Cherowitzo hyperovals are
new for fields of order greater than 8. Subtlety is only necessary when faced
with paucity of knowledge, and their results are an immediate corollary of our
determination of the groups of the Cherowitzo hyperovals in the final section of
this paper. But our methods are far from beautiful. We apply the magic action
of O’Keefe-Penttila (2002) [15], to perform fiendishly difficult computations in
order to show that the homography groups of the Cherowitzo hyperovals are
trivial. We resort to the use of the computer algebra packages Mathematica and
Magma at crucial stages in the computations. The preceding sections form yet
another failed attempt to perform this computation purely theoretically.

It seems that we still understand these hyperovals poorly. It is of note that
it took 14 years to prove the generalization of the first examples found to an
infinite family, and that the proof is lengthy and involved. Perhaps a beautiful
proof exists and merely eludes us, owing to our poor understanding of these
mysterious objects.

To be more exact about the general results about stabilizers of hyperovals
that we obtain, combining Theorem 3.6 and the Remark that follows it shows
that if a hyperoval ‘H of PG(2, ¢), ¢ > 4 admits an insoluble group G, then there
is a subplane 7y of order ¢y > 2 meeting H in a regular hyperoval such that
G N PGL(3, q) induces PGL(2, qo) on 7o, and if H is irregular, then ¢ > ¢2. We
also (sharply) bound above the order of the homography stabilizer of a non-
translation hyperoval of PG(2, ¢) by 3(¢ — 1) in Theorem 3.8.
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2. Background results

The mainstay of our approach to groups of hyperovals of Desarguesian planes
are the following two fundamental results of Hartley (1925) on groups of ho-
mographies of Desarguesian planes.

Theorem 2.1 ([10]). A proper subgroup of PSL(3, q), q even, fixes a point, a line,
a triangle, a subplane or a classical unital, or is contained in the normalizer of a
Singer cycle, or ¢ = 4 and the subgroup fixes a hyperoval.

Theorem 2.2 ([10]). A proper subgroup of PSU(3, q), q even and a square, fixes
a point, a line, a triangle or a subplane, or is contained in the normalizer of a
Singer cycle, or ¢ = 4 and the order of the subgroup is 36.

A group of collineations of a projective plane is irreducible if it fixes no point,
line or triangle. It is strongly irreducible if it is irreducible and fixes no proper
subplane.

Corollary 2.3. A strongly irreducible proper subgroup G of PSL(3,q), q even,
q > 4, is contained in the normalizer of a Singer cycle, or q is a square and
G = PSU(3,q).

We also need information about the subgroups of PGL(2, ¢), ¢ even, for which
a convenient reference is [7], although the result is due, independently, to
Wiman and Moore.

Theorem 2.4 ([7]). The only non-abelian composition factors of subgroups of
PGL(2, q), q even, are PSL(2, qp), with q a power of qo. The subgroups of PGL(2, q),
q even, q > 8, of order greater than 3(q — 1) contain a Sylow 2-subgroup of
PGL(2,q).

Corollary 2.5. The only non-abelian composition factors of subgroups of PI'L(3, q),
q even, are PSL(3, qo), PSL(2, o), PSU(3, qo) and Ag, where q is a power of qo.

Proof. Let H be an insoluble subgroup of PI'L(3, ¢), ¢ even. Then HNPSL(3, q) is
insoluble. By Theorems 2.1, 2.2 and 2.4, either HNPSL(3, ¢) contains PSL(3, qo)
or PSU(3, qo) or Ag, since the stabilizer of a triangle is soluble, and the groups
of collineations with centre a point or axis a line are soluble, and the group
induced by the stabilizer of a point in H N PSL(3, ¢q) on the lines through that
point is a subgroup of PGL(2, q). O

We now survey elementary results on groups of hyperovals that also apply
in the non-Desarguesian case. Deeper results, using theorems about simple
groups, can be found in the papers of Korchmaros.
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Involutions play an important role. Their action on projective planes is de-
termined by the following result of Baer (1946).

Theorem 2.6 ([1]). An involutory collineation of a projective plane of order q,
q even, is either an elation or a Baer involution, in which case q is a square.

More can be said when the involution is an elation and fixes a hyperoval.

Theorem 2.7 ([2]). A non-trivial central collineation of a projective plane of
order q, q even, fixing a hyperoval is necessarily an involutory elation with centre
not on the hyperoval.

Proof. Since the orbits of a point, not the centre, not on the axis are collinear,
and have length the order of the collineation, any point on the hyperoval, not
on the axis, not the centre, has an orbit of length 2, and so the collineation
is involutory. By Theorem 2.6, it is an elation. Since there is a point on the
hyperoval not on the axis, the orbit of that point, together with the centre,
forms a collinear triple; so the centre is not on the hyperoval. O

The following result of Hughes (1957) controls involutions for planes of or-
der 2 modulo 4.

Theorem 2.8 ([12]). A projective plane of order ¢ > 2, ¢ = 2 (mod 4), has no
involutory collineations.

Further control of elations fixing hyperovals follows from the next result of
Penttila-Royle (1995).

Theorem 2.9 ([21]). A non-trivial central collineation of a finite projective plane
of even order q > 2 fixing a hyperoval 'H, is necessarily an elation with axis secant
to H and centre not on H.

Proof. By Theorem 2.7, we need only show that the axis is a secant line for
q > 2. By [12], ¢ = 0 (mod 4). So the number of points on the hyperoval = 2
(mod 4). Thus the number of secant lines on any point P on the axis, not the
centre, and not on the hyperoval, is odd. Hence a secant line is fixed. But the
only fixed line on P is the axis, so it follows that the axis is a secant line. O

The following elementary observation of Biliotti-Korchmaros (1987) about
two elations fixing a hyperoval is fundamental.

Theorem 2.10 ([2]). Two non-trivial central collineations of a finite projective
plane of even order q > 4 fixing a hyperoval have different centres.
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More detailed information is given in the next result of Biliotti-Korchmaros
(1987), an alternative proof of which appears in Penttila-Pinneri (1999).

Theorem 2.11 ([2, 20]). Let H be a hyperoval in a projective plane 7 of order g,
and suppose that two distinct non-trivial elations of m stabilize H. Then one of the
following holds:

(i) the elations have different centres but the same axis, which is secant to H,
and the product of the elations is an involutory elation with the same axis
but a different centre;

(i) the axes are distinct and meet at a point of 'H, the centres are distinct and
the line joining the centres is

(a) a secant line, and the product of the elations has order dividing g — 1, or
(b) an external line, and the product of the elations has order dividing q+1;

(iii) the axes are distinct secant lines which meet at a point not on H, the centres
are distinct and the line joining the centres is external to H, the product of
the elations has order 3, and ¢ = 1 (mod 3);

(iv) g=2or4.

Corollary 2.12. No hyperoval of a projective plane of order ¢, with ¢ Z 1 (mod 3),
is stabilized by 3 non-trivial elations with axes forming a triangle.

A bound on the order of the homography stabilizer of a hyperoval of a De-
sarguesian plane is given by O’Keefe-Penttila (1991).

Theorem 2.13 ([13]). The stabilizer in PT'L(3,q) of a hyperoval in PG(2,q),
q > 2, has order dividing (¢ + 2,3)(¢ + 1)q(qg — 1).

This result allows greater control of one of Hartley’s cases, when a hyperoval
is fixed.

Corollary 2.14. A subgroup of the normalizer in PGL(3, q), q even, of a Singer
cycle stabilizing a hyperoval is a 3-group, and fixes a point or a triangle.

Proof. The greatest common divisor of (¢+2,3)(¢+1)q(q— 1) and 3(¢* + ¢+ 1)
divides 9. O

3. General results

Lemma 3.1. A strongly irreducible proper subgroup of PSL(3,4) that does not fix
a classical unital is the stabilizer Ag in PSL(3,4) of a hyperoval of PG(2,4).
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Proof. By Theorem 2.1, the only case to eliminate is that of a subgroup of the
normalizer of a Singer cycle. But when ¢ = 4, the intersection of the normalizer
in PGL(3, ¢) of a Singer cycle with PSL(3, q) fixes a subplane. O

The following Lemma is reminiscent of results in [3]. The reader may find it
helpful to compare and contrast the approaches.

Lemma 3.2. If the stabilizer G in PGL(3, q) of a hyperoval in PG(2,q), g > 4, is
irreducible, then G N PSL(3, q) is irreducible.

Proof. Suppose G' N PSL(3,¢) is not irreducible. If G # G N PSL(3,¢), then
|G : GNPSL(3,q)| = 3. Suppose G N PSL(3,q) fixes a point P. Then Gp >
G N PSL(3,¢), and so the orbit of P under G has length 1 or 3, a contradic-
tion. Hence G N PSL(3, ¢) does not fix a point, and dually, G N PSL(3, ¢) does
not fix a line. So G N PSL(3,¢q) fixes a triangle A, and G = G N PSL(3,q).
We show that G(a) is a 3-group. Suppose not. Let p be a prime dividing
1G] ’ IPGL(3,9)(a)| = (¢ — 1)%. Then p # 2, since elations do not pointwise
fix a triangle. Sop > 3. Let1 # P € Syl, G(a). Since P is not generated by a
homology, | P| ‘ q—1. Hence Fix(P) = A. However, PGL(3,q)(a) = Cq—1 x Cy_1
is abelian, so P is its unique Sylow p-subgroup. Therefore P char G(a) <
G N PSL(3,q) implies P char G N PSL(3,q) < G. Hence P < G, and so G
fixes A, a contradiction.

Without loss of generality, A = {(1,0,0), (
such that there exists b € GF(¢)* with <§ g
G(a) would contain a homology). So

,1,0),(0,0,1)}. Forall a € GF(¢)*
€ G(a), b is unique (otherwise

—oo ©
~

a 0 O
G(A) = 0 f(a) 0 ‘ acS
0 O 1

where S < GF(q)* and f: S — GF(g)* is a homomorphism. Since S is the
unique cyclic group of GF(gq)* of order |S|, and f(S) < S, it follows that f(x) =
x™ for some n. Hence

a 0 O
Ga) = 0 a" 0)]a€sS
0O 0 1

But
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and so a1 = ¢!, forcing n> — n + 1 = 0 (mod |S|). Since there are

no solutions to this congruence modulo 9, it follows that |S| = 3. But now
|G| = 9 or 18, and up to conjugacy G < PGU(3,4), and G fixes a triangle, a
contradiction. O

Theorem 3.3. The stabilizer G in PGL(3,q) of a hyperoval in PG(2,q) fixes a
point, line, triangle, or a subplane my of order 4. If G is irreducible, then either

q =4 and G = Ag, or ¢ > 4 and the group induced by G on m is a subgroup of
PGU(3,4).

Proof. Suppose ¢ > 4 and G is irreducible. Then G N PSL(3, ¢) is irreducible by
Lemma 3.2. Since PSU(3, qy) contains a group of order ¢, of elations with the
same centre, G N PSL(3,¢) cannot induce PSU(3, ¢p) on any subplane of order
go > 2 by Theorem 2.10, and is not contained in the normalizer of a Singer
cycle by Corollary 2.14. Hence, G N PSL(3, q) is a proper subgroup of PSL(3, q),
and fixes a subplane by Corollary 2.3.

Let o be a minimal non-trivial subplane of order ¢, fixed by G N PSL(3, q)
and let L be the group induced by G N PSL(3,q) on 7. Then L is strongly ir-
reducible, and by Corollary 2.3 applied to L N PSL(3, qp), it follows that 7, has
order 4. (Note that a group inducing a subgroup of the normalizer of a Singer
cycle of 7 either fixes a triangle of PG(2, ¢), or is a subgroup of the normalizer
of a Singer cycle of PG(2,¢), which eliminates this case.) If L N PSL(3,¢q) is
not a subgroup of PSU(3,4), then L N PSU(3,4) fixes a hyperoval of PG(2,4)
by Lemma 3.1 and Theorem 2.1. Thus L N PSL(3,4) = Ag or PSL(2,5), how-
ever both of these contain distinct elations with the same centre, contradicting
Theorem 2.10. Since G normalizes G N PSL(3,q), it follows that in this case
G = G N PSL(3, q) and has order 36 by Theorem 2.2. O

Which insoluble groups can act on hyperovals of Desarguesian planes? The
following example is instructive.

Example 3.4. PGL(2,qy) < PGL(3, ¢)», where
H = {(1,t,¢*) | t € GF(¢)} U {(0,1,0),(0,0,1)}
is a regular hyperoval and ¢ = ¢%. Moreover, it is the stabilizer of the subplane

To = {(:z;,y,z) | z,y,z € GF(qO)}

in PGL(3, ¢)%, and my N H is a regular hyperoval of 7, consisting of a conic Cy
and its nucleus N. The points of m, are of three kinds: N, the points of C,
and the centres of elations of PGL(2, ¢qy). The lines of 7 are of three kinds: the
tangent lines to Cy, the secant lines to Cy and the external lines to Cy.



page 8/ 15

go back

full screen

close

quit

ACADEMIA
PRESS

) &

UNIVERSITEIT
GENT

In the theorem that follows we need to deduce the existence of an invariant
subplane from knowledge of a group fixing a hyperoval. The preceding example
allows us to construct this subplane from the group without needing its action
on the plane.

Example 3.5. The incidence structure Z(G) with points
(i) o
(i) Sylow 2-subgroups T of G

(iii) involutions ¢ of G

and lines
(a) Sylow 2-subgroups [T] of G
(b) dihedral subgroups U of order 2(qy — 1) of G
(c) dihedral subgroups V' of order 2(qyp + 1) of G

with incidence

oo I [T, T1[T), t1[T] <= teT
o [ U, TI1U < (T,U) = AGL(1, qp), tlU <= teU
o1V, T1V, tl1V < teV

is isomorphic to PG(2, ¢p), since the correspondence

«— N

— Fix(T)N (mg N'H)

«—— centre of ¢

tangent line to mo NH at Fix(T) N (7o N H)

«—— unique fixed line of U

= =N . 93
|

«—— unique fixed line of V'

is an isomorphism with 7.

Theorem 3.6. If the stabilizer G in PI'L(3, q) of a hyperoval H is insoluble, then
either ¢ = 4 and G = Sg, or G fixes a subplane 7 of order qo > 2. In the latter
case, g N'H is a regular hyperoval of my and G has a normal subgroup isomorphic
to PGL(2, qo).

Proof. Suppose ¢ > 4. By Theorem 3.3, GG is reducible, since both PI'uU(3,4)
and the pointwise stabilizer of a subplane are soluble. Since the stabilizer of a
triangle is also soluble, GG fixes a point or line. G N PSL(3, ¢) is insoluble, and
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so by [9]! and Theorem 2.6, G N PSL(3, q) contains an elation. Suppose G fixes
no point. Then G fixes a line ¢. If ¢ is not the axis of any non-trivial elation
in G, then G acts faithfully on ¢, and hence G is isomorphic to a subgroup
of PI'L(2,q). Since G is insoluble, G has a normal subgroup N isomorphic to
PGL(2,qo), for qo > 2, ¢ = ¢!, by Theorem 2.4. Since N contains at least
two non-trivial elations that commute, by Theorem 2.11 ¢ is the common axis,
a contradiction. Thus / is the axis of some non-identity elation in , hence
secant to H by Theorem 2.9. This implies that the stabilizer of ¢ N H is soluble,
contradicting the insolubility of G.

Therefore G fixes a point P which is on the axis of every elation of G N
PSL(3,q). By Theorem 2.10, if P is not on H, then P is not the centre of a
non-trivial elation fixing H. If P is on H, then P is not the centre of any non-
trivial elation by Theorem 2.7. Hence G acts faithfully on the lines through P,
and as above, G is isomorphic to a subgroup of PI'L(2,¢), and has a normal
subgroup N isomorphic to PGL(2, qp), for g9 > 2, ¢ a power of ¢qo. If P is not
on H, then G acts on the ¢/2 external lines through P, contrary to the action of
PGL(2, qo) on PG(1, qp). Hence P is on H.

Let Cy be the intersection of H with the orbit of length ¢y + 1 of N on the sub-
pencil of lines through P. Then Z(N) = PG(2, qo), but also Z(NV) is isomorphic
to the incidence structure with points

@ P
(ii) the points of C
(iii) centres of involutions of N
and lines
(a) PQ, where Q € Cy
(b) QQ’, where Q,Q" € Co, Q # Q'
(c) the unique line fixed by V, where V. < N, V' = Dy 41

with incidences inherited from PG(2,q), by applying Theorem 2.11. Hence
G fixes the subplane my = Z(N), and 7y N 'H is a hyperoval H, of my. By [14,
Theorem 3.3], H, is regular. O

Remark 3.7. If ¢ = ¢2, then the hyperoval is regular, for an orbit of PGL(2, qo)
on points of the hyperoval not in PG(2,qo) has length at most ¢2 — qo, but
elements of order gy — 1 have all fixed points in PG(2, qp). Such an orbit consists
of points stabilized by a cyclic gy + 1, and there are 2 such points (for each
cyclic go + 1) and they must lie on a regular hyperoval. Hence, if the stabilizer is

Iwe only need the fact that all subgroups of PGL(3, q) of odd order are soluble, which is much
easier to prove.
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insoluble and the hyperoval is not regular, then the homography stabilizer has
order less than ¢ — 1.

The following result gives a rich man/poor man classification of hyperovals
of PG(2, q).

Theorem 3.8. A hyperoval of PG(2, q) with homography stabilizer greater than
3(q — 1) is a translation hyperoval.

Proof. Let GG be the homography stabilizer of the hyperoval H, with |G| greater
than 3(¢—1). If G fixes a subplane of order 4, then |G| = 36 by Theorem 2.2, so
q = 4, a contradiction. If not, G fixes a point, line or triangle by Theorem 3.3.
By the above remark and Theorem 3.6, we can assume G is soluble. If G fixes
a point or line, GG induces a soluble subgroup of PGL(2, ¢) on the lines through
the point (points on the line). By [14, Theorem 3.6], Theorems 2.13 and 2.4, it
follows that G has order divisible by ¢, in which case H is translation. Suppose
G fixes a triangle A. By Theorem 2.7, Ga) contains no homologies. Hence G )
acts faithfully on any side of A, and so |G| divides 6(¢ — 1). If |G| = 6(¢ — 1),
then since G(a) acts semiregularly on points on no side of A, it follows that
A is a subset of H. Since G/ acts transitively on H \ A, it follows from [14,
Lemma 3.8], that H is monomial, contradicting [14, Theorem 4.4]. O

Examples 3.9. The known hyperovals that achieve equality in the above bound
are the hyperovals of Segre-Bartocci (1971) [22] in PG(2,32) and Eich-Payne-
Hirschfeld-Glynn (1972) [8] in PG(2,128) (see [14]).

4. The stabilizer of the Cherowitzo hyperoval

In order to calculate the group of the title of this section, we first need to discuss
the representation of hyperovals by o-polynomials (and o-permutations).

By the transitivity of PI'L(3,¢) on ordered quadrangles of PG(2,¢), we can
assume that a given oval has nucleus (0,0, 1) and contains the points (1,0,0),
(0,1,0) and (1,1,1). Such an oval can be written in the form

D(f) = {(L,t, f(t)) | t € GF(q)} U {(0,1,0)}

where f is a permutation polynomial of degree less than ¢—1 satisfying f(0) = 0,
f(1) = 1 and such that for each s € GF(q), the function fs; where f,(0) = 0,
fs(x) = (f(x + s) + f(s))/z is a permutation (see, for example, [11]). Con-
versely, any polynomial f satisfying the above conditions gives rise to an oval
D(f) with nucleus (0,0, 1). Such a polynomial is called an o-polynomial.
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If we drop the condition that f(1) = 1 (or equivalently, we drop the con-
dition that the oval contain (1,1, 1)) but retain the other conditions, then f is
an o-permutation. Associated with an o-polynomial are ¢ — 1 o-permutations,
namely the non-zero multiples of the o-polynomial. With an o-permutation f,
is associated a unique o-polynomial (1/f(1))f. If f is an o-polynomial then (f)
comprises the zero polynomial together with the ¢ — 1 o-permutations associ-
ated with f. Clearly, the ¢ — 1 ovals D(f;), where the f; are o-permutations
associated with an o-polynomial f are equivalent under PGL(3, q).

We now turn to a method for computing an oval stabilizer (and hence hyper-
oval stabilizer).

Let F denote the collection of all functions f: GF(q) — GF(q) such that
f(0) = 0. Note that each element of F can be expressed as a polynomial in
one variable of degree at most ¢ — 1 and that F is a vector space over GF(q).
If f(x) = > a;z* € F and v € Aut(GF(q)) then we write f7(z) = Y a]z’ or
equivalently, f7(x) = (f(z'/7))?. As usual, we write =7 for componentwise
action by v € Aut(GF(q)) on z in GF(¢").

Lemma 4.1 ([15]). For each f € F and v € PIL(2,q), where ¢: GF(q)?> —
GF(q)% = — Az for A= (¢}Y) € GL(2,q) and v € Aut(GF(q)), let the image of
f under 1 be the function ¢ f : GF(q) — GF(q) such that

f(x) = |72 {(bﬁd)f” (Zf - §> +ouf? (3) + <§>] |

Then this definition yields an action of PI'L(2, q) on F, which is called the magic
action.

We remark that in each term in the formula of the magic action, the denom-
inator of the argument of f” is always a factor. Thus, for example, df”(c/d) is
interpreted as 0 if d = 0 and so on.

The following result elucidates the relationship between o-permutations that
are equivalent under the magic action of PI'L(2, ¢) and ovals that are equivalent
under the natural action of PI'L(3, ¢) on PG(2, ¢). We remark that Theorem 4.2
holds for PGL(3, ¢) in place of PI'L(3, q).

Theorem 4.2 ([15]). Let f and g be o-permutations for PG(2, q) and suppose that
D(f) and D(g) are equivalent under PT'L(3,q). Then there exists 1 € PI'L(2,q)
such that ¥ f € (g). Moreover, there is a one-to-one correspondence between

{p € PTL(3,q) | ¢D(f) = D(g)} and {yp € PTL(2,q) [ ¢ f € (g)}-

We now outline our strategy. From now on let f(t) = t7 +t°T24+3°%4 5o that
H = D(f)U{(0,0,1)} is the Cherowitzo hyperoval. We determine PGL(3, q)
by finding
{g € PGL(3,9)# | 9(0,0,1) = P}
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for each P € H; that is

{9 € PGL(3,9)% | ¢D(f) = H\ {P}}.

Since D(f) and H \ { P} are ovals, we may apply the magic action by finding an
o-permutation h such that D(f) is equivalent to H \ { P} under PGL(3, ¢). This
reduces our calculation to a calculation with 2 by 2 matrices. In fact, there is a
slight subtlety that complicates our approach which will be apparent below (this
revolves around the difficulty of computing an explicit formula for the inverse of
a certain function). We only give the details for the case P = (1,t, f(t)) below.
Those for P = (0,0,1) and P = (0,1,0) are similar (but much simpler), and
also follow from the results of O‘Keefe-Thas [16], although we independently
checked this.

Two admissions belong here. The calculations are fiendishly difficult, so re-
quire the use of computer algebra software. Also, fields of small order (namely
32, 128 and 512) need to be treated separately. Fortunately, a straighforward
stabilizer calculation in Magma is feasible for these orders and resolves the is-
sue. The other calculation was performed in Mathematica, in characteristic 2,
with variables for the unknown quantities, thereby avoiding the need to com-
pute in infinitely many finite fields. We give some of the details below.

Our tactics involved equating the coefficients of the polynomial equations
that result from the magic action (after reducing modulo x? + z). Indeed, for
small field orders the exponents coalesce, which is why we resort to Magma in
these cases.

Theorem 4.3. Let ¢ € PGL(3,q)x, ¢ > 512. Then ¢(0,0,1) # (1,t, f(t)) for
any t € GF(q).

Proof. Suppose ¢(0,0,1) = (1,t, f(t)) for g € PGL(3,¢)» and ¢t € GF(q). Define
the permutation h: GF(q) — GF(q) by h(0) = 0, h: z — z(f(z™' +¢) + f(¢))
and let ¢ € PGL(3,¢q) be ¢: © — Ax, where

t
A= (f(t) ) € GL(3,q).
1

Then (¢ g)D(f) = D(h™1), and so by Theorem 4.2 there exists ¢ € PGL(2,q)
such that ¢f € (h=1!). Let ¢: x — Bx, where B = (2Y) € GL(2,q). From the
definition of the magic action it follows that « fh is a rational function, and so
we can write ¢ fh = v/§, for v,§ € F. Hence, for some k € GF(q)* we have

o O =
o = O

v(z) = kxd(z) (1)
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for all x € GF(q). A technical calculation shows that the terms appearing in (1)
are distinct when ¢ > 512, and we can therefore equate coefficients modulo
q — 1 to deduce conditions on . Without loss of generality, b # 0 and d # 0.
Consideration of the z—!* coefficients of (1) gives

k(C1/2d30+3t60 + a1/2b60+9d30—|—7/2t60> -0
and so t = 0. From the =2 and 7 coefficients we deduce

b30+4630+4 + b3a+4ca+2d20+2 + b30+4cad20+4

+ aab2a+402d30+2 + a30+4d3a+4 + a0620+4d3a+4 =0
and

30+4 30+4 30+4 o+2 j20+2 30+4 o j20+4
b c +b c®d +b c’d

4 a30+4d30+4 4 aa+2b20+2d30+4 4 aab20+4d3(7+4 =0

respectively. Adding these two equations forces a = 0. The constant terms now
give b3 T10c7@>° 3 = (, and so ¢ = 0. But this gives |A| = 0, a contradiction.

[
Corollary 4.4. PGL(3,q)x =1 and
PIL(3,q)1 = {(2,y,2) — (2%,y%,2%) | @ € Aut(GF(q)) } -
Corollary 4.5 ([20]). The Cherowitzo hyperovals are new.
Proof. All other known hyperovals H have PGL(3, q)» # 1. O

A final remark about the reasons for the difficulty in determining the sta-
bilizers of the Cherowitzo hyperovals is in order. Since the group is so small,
there are many candidates for the stabilizer above the group in the lattice of all
subgorups of PI'L(3, ¢). This may account for the present lack of a good proof.
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