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Abstract

The inclusion-exclusion formula expresses the size of the union of a fam-
ily of sets in terms of the sizes of intersections of all subfamilies. In [2]
N. Linial and N. Nisan use linear programming to approximate the size
of the union when the intersection sizes are known only for certain sub-
families. In this article we use purely combinatorial methods to generalize
some of their results. As an application we will construct a contrast optimal
(n — 1)-out-of-n visual cryptography scheme.
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1 Introduction
The inclusion-exclusion formula states that

AU U UAL =) A =) JAin Ay +
i i<j
S TJAINA N A = = (=1)"Ar N0 Ayl
i<j<k
Obviously every term on the right-hand side is needed to determine the size of

the union. At this point we can ask whether it is possible to give an approximate
inclusion-exclusion formula. More formally we ask:
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Given integers m,n with m < n and sets A;,..., A, and By,..., B, where
not all B; are empty and where

N4

o

€S i€s
for every subset S C {1,...,n} such that |S| < m, what is the smallest (or
largest) possible value for the fraction

|[A1U---UA|

|ByU---UB,|

In [2] N. Linial and N. Nisan use linear programming to reduce this question
to questions in approximation theory and in particular to the theory of Cheby-
shev polynomials. Their bound is nearly optimal for m < \/n, but for larger
m the bound gets worse. In this paper we give an exact bound for m = n — 2
and improve the asymptotic bound for m = n — d, d fixed. The results we find
have applications in visual cryptography. More results for small m can be found
in [1].

2 Thecasem =n—1

We start with the case m = n — 1. This case was solved in [2] using linear pro-
gramming methods. Here we present a more elementary purely combinatorial
proof. Besides being interesting for itself, the proof is a good warm up for the
more difficult case m =n — 2.

Theorem 2.1 (see [2, Theorem 3]). Let Aq,..., A, and B,..., B, be two col-
lections of sets satisfying
nal=|N=

i€S €S

for all proper subsets S of {1,...,n}. Then

’U?:lBi‘_’U?:1Ai’< 1 .
|U?:1 Bz{ - on—1

Proof. We prove by induction on n that the conditions

(4= 5

i€S i€S
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forall S C {1,...,n} and the condition

with & > 0 imply that

> k2n .

Us

=1

For n = 1 this is trivial. Now suppose that the theorem holds for n and let
the sets Ay,...,A,+1 and By, ..., B, satisfy

Nal=|n =

€S €S

forall S C {1,...,n+ 1} and

n+1 n+1
U Al +k= U B;l.
i=1 i=1

The collections A, = A;\A,+1 and B, = B;\B,4 satisfy |, Ai| + k =
| Ui, Bi| and for every proper subset S C {1,...,n} we have

(A=A~ |[) 4N A
€S €S €S
= ﬂBi — ﬂBmBn+1 = ﬂBg.
€S €S €S

Thus the collections A, B} satisfy the induction hypothesis, i.e. we have | |J]_, B}| >
k2n—1 .

On the other hand, we have the collections A] = A, N A,4+1 and B! =
B; N By41. Since

Ual=|Us
i=1 =1
UA;. UA;’ UB; UB;'
=1 =1 =1 =1

and ||J!"_; A}|+k = |U;_, B}| we find that the collections A/ and B}’ satisfy the
induction hypothesis with ||J!_, B/| + k = |, AY|. Thus |B,+1| = |Ap41| >
| Ui, A7| > k2"~ This proves

n+1 n
Ual=|Us
i=1 i=1

<~ +

+

+ [Bpg1] > k2" k2t = g2n
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as desired. O

This bound is sharp as the following example shows [3]: Let P({1,...,n})
be the power set of {1,...,n}. Choose A; C P({1,...,n}) as the set of all
subsets of {1,...,n} that have even cardinality and contain ¢. Similarly B; C
P({L,...,n}) is set of all subsets of {1,...,n} that have odd cardinality and
contain .

It is easy to check that |(),cg Ai| = [N Bi| = 2" 1715! for each proper
subset S of {1,...,n}. Furthermore || J!", A;| =2""'—1and |(J_, B;| =2""1,
i.e. the bound in Theorem 2.1 is sharp.

3 Thecasem =n — 2

For k,xz € Z and k > 0 let S, (k, z) denote the minimal size of || J;_, B,| given
(1a) |(N;es Ail = |N;cg Bil for all S with [S| <n — 2,
2a) |Nizi Ail = [Nizy Bil = (-1)"=,
Ba) [Uis, Ail + & = Ui, Bil.
As in the previous section we want to determine the largest possible value of

|U?:13i|*‘U?:1Ai’ _ k .
U, Bi UL, Bl

For this we have to minimize w, provided & # 0.

3.1 A recursion formula for the upper bound

The first step is to prove a recursion formula for S, (k,z). For simplicity we
extend the definition of S,,(k, ) to negative integers k by putting

Sp(k,x) := Sp(—k, —x)

for k < 0. Thus, for k& < 0, the number S,,(k, x) can be interpreted as the size of
Uiz Anl-

Lemma 3.1. Let n > 2, then

Snt1(k,2) > min{S, (k,x +y) + Sn(k+y,x) |y € Z}. 1)
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Proof. The proof is very similar to the proof of Theorem 2.1. It is sufficient to
consider the case when k£ > 0. Suppose Aq,...,A,+1 and By, ..., B,y are sets
realizing S,,+1(k,x), that is (1a), (2a) and (3a) are satisfied and S, (k,z) =
|Ur]! Bil. Let y be the integer satisfying |/, A;| = |, Bil — (—1)".

The sets A, = A;\ A1 and B, = B;\ B, satisfy the following conditions:
(M) [Nieg Ail = [N;eg Bil for all S with [S| < n — 2, since

(A5 =) Ai|—|[) 4N Ania
i€S i€S €S
=\ Bi| - |\ Bi N Bus1| = |[ ] Bi|-
€S €S i€S
() [Mizy Al = |NiZy Bil = (=1)"(y + ), since
n n n+1
ﬂA’Z— = ﬂAi - m A;
i=1 i=1 i=1
n n+1
=B -y || B: —(—1)"“561-
=1 1=1
(3) Uy Al + k= Ui, By, since
n n+1 n+1 n
U Af + 1Al + k= || A + k= | Bi| = | BI| + |Basa
=1 =1 =1 =1

and [Ay 11| = |Bnal .

This proves |U;_, Bi| = [(U;Z Bi)\Bn+1| = Sn(k,z +y).
Now we prove a lower bound for [A,, 41| = |By+1]. The sets A = A, N A, 41,
B!’ = B; N B+ satisfy

(M) [Nieg AY1 = N;cs BY| for all S with [S] < n—2, since [S|+1 < (n+1)—2
and thus | ﬂies All= ‘nies AiNApya| = ‘nies BiNBpy1| = |ﬂieS B,

) [Ny AY| = (=1)"z = [N, BY|, since ([, AV = 7} Ay,
@3) |Ur, AY| = |U, BY| +k +y, since

n

Ua]+Ua]= = covlna
i=1 i=1 Snt1¢s €S
= ) (-pk ﬂBi‘+y= OBé’ + LHJBQ +y.
Sn+1¢sS i€S i=1 i=1
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We distinguish two cases. If k +y > 0 then |B, 41| = |An11] > U, AY| >
Sp(k+y,z). If k+y <O0then |A, 1| = |Bpy1| > Uy BY| > Su(—k —y, —x),
which is by definition equal to S, (k + y, x).

This proves | U~} Bi| > Sn(k,x 4+ y) + Sn(k +y,2). O

3.2 From discrete to continuous

In many aspects the discrete nature of the problem adds extra difficulties. There-
fore we look at a continuous version of the inclusion-exclusion problem.

Let (2, A, 1) be an arbitrary measurable space and let A4,,..., 4, € A and
By, ..., B, € Abe collections of sets satisfying

(Ib) p(Nies Ai) = m((N;eg Bi) for all S with S| <n —2,

(2b) p(Mizy Ai) = p(Nizy Bi) — (=1)"z,

(3b) u(Uiz, Ai) +k = u(Ui, Bi)-

For k,z € R and k > 0 we ask for the smallest possible value S, (k,z) for
(Ui, B;) where the minimum is taken over all collections of sets in all finite
measurable spaces. Again we extend the definition of S,,(k, z) to negative k by
putting S, (k,z) = S, (—k, —x) for k < 0.

Lemma 3.1 also holds for the continuous problem and we get the recursion
formula

Spy1(k,z) > min{S, (k,z +y) + Su(k+y,z) | y € R}. 2

The only difference to (1) is that k, x, y can take real values. The reason why the
continuous case is easier than the discrete case is that we can restrict ourselves
to symmetric collections.

Definition 3.2. A collection A1, ..., A, is called symmetric if
(N 4:) = () 4:)
ics ics’

whenever S, 5" C {1,...,n} and |S| = |5’].

Lemma 3.3. Let (2, A, 1) be a finite measurable space and let n be a natural
number.

(a) Then there exists a finite measurable space (', A’, ') with the following
property:
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(b)

Proof.

(b)

If Ay, ..., A, are elements of A, then there exists elements A},..., A, € A
such that for every k with 1 < k < n we have: If S is a k-subset of {1,...,n},

then
!/ !
H (ﬂ Ai)
=
is equal to the average of the numbers ([, A:) taken over all k-subsets T
of {1,...,n}.
IfAy,..., A, and By, ..., B, are two collections that satisfy (1b)—(3b), then

the collections A},..., Al and Bj,...,B], constructed in (a), also satisfy
(1b)—(3b).
(a) Consider n! mutually disjoint copies (Q, A, ptr) of (2,4, 1), one

for each permutation 7 of [n]. There is a unique measure £ on the union
of these that extends each measure u,.. Put u/ := p/n!. Let f. be the
canonical map from A to A,.

Consider any collection Ay, ..., A, of (2, A, u). Let A} be the union of the
sets fr(Ax(;)) taken over all permutations 7 of [n]. This gives a collection
Al, ..., A, with the required property.

Since p((;,cg Ai) = 1(;eg Bi) for all S with |S| < n—2 also the averages
must be equal, i.e. the collections A, ..., A’ and Bj,..., B, satisfy (1b).
Since {1,...,n} is the only subset of size n of {1,...,n} we find

() 4) = ()4 ana ()8) =0 () 2):

hence the collections A, ..., A/, and Bj, ..., B, satisfy (2b).
Use the inclusion-exclusion formula to compute x(|J!"_, 4;). It is invariant

under a permutation  of the indices. Thus p/ (., 4;) = u(U!_, 4;) and
thus the collections A1, ..., A/, and B, ..., B, satisfy (3b). O

If we have collections A; and B; satisfying (1b), (2b) and (3b), then we can
use the preceding lemma to switch to symmetric collections A} and B/ that sat-
isfy (1b), (2b) and (3b) with the same numbers = and k and even with the same
values of . This is the justification that S,,(k,z) can be realized by symmetric
collections.

Theorem 3.4. For n > 2, we have

= 5 5 k
St (k) = Sk ) + Sl +y,2) where y =~ (3)
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Proof. Without loss of generality we may assume & > 0.

Part 1: We show > in (3).

Consider §ymmetric configurations Aj,...,A,11 and By,..., B,y of sets
minimizing S, 11 (k, ). Using the symmetry and properties (1b), (2b), and (3b)

we find . .
o) =n(15) + 07

1=

Hence the value of y defined in the assertion is the one that was used in the
proof of Lemma 3.1. The proof of Lemma 3.1 therefore shows the >-part of (3).

Part 2: We show < in (3).

By induction there exist symmetric collections Aj,..., A and Bj,..., B,
realizing S’n(k,x + y), that is satisfying (1b), (2b) and (3b) and such that
1 (Ui, BY) = Sn(k,z + y). There also exist symmetric collections B, ..., B!
and A, ..., A" realizing S, (k + y, x). Notice the order of the B/ and the A”,
which is meant as follows:

( "(Nizy A7) — (=)=,

( +y=p" (UL, A7),
"(Uiy BY) = Sn(k+y,z)if k+y <0, and

(

Il
> =

MUy AY) = Sulk+y,a) if b +y > 0.

Without loss of generality we may assume that Q' = J;"_; A} U{J;_, B/ and
Q" = Ui, AY UU;_, B! are disjoint. The measures z' on €’ and p” on Q"
induce a measure ; on Q' U Q.

Define A; = AU A and B, = B/UB/,i=1,....n, A,41 =, A/ UA,
and B, 41 = |J;_, B/ U B where A and B are chosen outside ' U Q" and the
measure . is extended in such a way that pu(A,41) = w(Bug1) = Sy (k + v, z).
Depending on the sign of k + y we have either u(A) = 0 or u(B) = 0, i.e. we
may choose A = () or B = (). We will show that the so defined collections A;
and B; satisfy (1b), (2b) and (3b) for n + 1. Having done this, we can conclude
that M(U?:f B;) > Sp+1(k, ) and then the proof can be finished as follows:

S (k) < u("fj B) = M(CJ BY) + (Bus1)

= Sp(k,z+y) + Su(k +y,2).
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The properties (2b) and (3b) are easy to see. In fact we have

n+1 n

and
(1140 = (1 20) = (1) e = ([ ) -

To see (1b) first notice that by construction we have
M(m Ai) = M(ﬂ Bi)
ics ics

whenever |[S| <n—2or |S|=n—1and n+1 € S. The only difficult part is to
prove the equality when |S| =n —1and n + 1 ¢ S. In that case we have

((14) =s(N ) -4(1) )

— llu(ﬂ B;) + w
-(n#)

ieS
This finishes the proof of (1b). O

) -

€S

3.3 Solving the recursion formula

In this section we derive an explicit formula for the recursion formula in Theo-
rem 3.4. To that end we define the numbers

i1

cn,i:=2”—2—z<n_,1), —1<i<n 4
i=o N/

(so c_1 = ¢g = 2"~ 2), and the intervals

In,—l = (700, 0]

J J+1 .
s= | ] esisa-y )

Inp—1:=[n—100).
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Theorem 3.5. The function §n(k, x) defined in the previous section satisfies

Cn’ik — Cn,i+1T for k>0 and % S In,i s
Sp(k,x) = { 2n=2|y| fork =0, 6)
—Cnyik + Cnip1x fork <Oand § € I, ;.

Proof. We may restrict ourselves to k > 0 since S, (—k,z) = S,,(k, —z) by defi-
nition. First note that

1+1 1+1
= Cn,i+1 — Cn i+2 n

Cn,i — Cni+1 —
) ’+n -1

—1—1
and thus the function on the right hande side of (6) is well-defined. We prove
(6) using induction on n > 2.

To determine gg(k:, x), we search sets Ay, Ay, By, By with u(A; N As) + 2 =
w(B1 N Bs) and p(A; U As) + k = pu(By U By). It is easy to see that this implies

pu(By U Bg) > max{z, k} .

Also, if # < 0, then u(A1UAs) > u(A1NAs) > —x and thus u(B1UBs) > k—u.
Moreover, equality can be obtained easily. For example, if z > k& > 0, choose
sets satisfying B; = By and As = () and such that u(B;) = z, u(A;) = v — k and
1(Az) = 0. Thus for £ > 0 we have

k—xz forx<O0,
S‘Q(k,x): k for0<z <k,
x fork <=,

which proves (6) for n = 2.

For the induction step assume now that n > 3. If K = 0 we may assume
without loss of generality x > 0. In this case the recursion formula (3) gives

Spia(0,2) = S, (o, nLHx) n S*n(—niﬂ, a;)

= 2n—2 ( n,— ° n )
n+1x+ Cn, 1n+1 + Cp0T
=1y
as desired. Finally consider the case when n > 3 and k£ > 0. Puty = *f}ﬁ .

Using

rT+y n

x 1 x n-+1
E n4+l k n+l

and, forz #nk, —— = ,
7 k+y nf—l
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it is straightforward to check the following implications.

% Inyi; = aH_yEIn,j,l for0 <j<m;

T Tr+y

7 In — = EIn_;

k? +1,—-1 k? ,—1

X €T )
n#EGIn-H,j = mEInJ for —1<j<n-1;

T

- = = k =0;

L= +y=0;

T

- > = k <0 and —— €1, _

A n +vy +y 1 -

Hence, for 0 < j <n —1land { € I,,41,; we have

§n+1(k, x) = gn(k, T +y)+ gn(k +y, )
= [enj—1k — cnj(@ + Y] + [enj(k +y) — cnjy17]
= Cn+1,j/€ — Cpj+170,

since ¢, j—1+¢n,j = cny1,; Dy the recursion formula of the binomial coefficients.
If £ € I,41,-1 we have

Sni1(k, ) = Sn(k, x4+ y) + Sn(k + y, )
=272k — 2" 2(z + )] + 2" 2(k +y) — 2" 2a]
_ 2n—1k _ 2n—1(,1j

And finally for ¥ € I,,;1,, we have k +y < 0 and thus

§n+1(k7x) = S (k ery) + Sn(k +ya )
[(1—-2""2)k+2" (x4 9)] + [-2"2(k +y) + 2" 2]
(2" '+ Dk +2"

This proves the formula for S,,,; and completes the induction. d

With the explicit formula we are able to determine min, S, (k, z).

min{ n(k,7)
k

Theorem 3.6.

3

ko €R, k>0 <"n_11). %)
%5
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Proof. We have ¢,; > 0 fori < 3,

even. Thus for n even, the function « — S,,(k, z) is decreasing for z < 2Ly

n/2+1
constant in the interval %k <z < k and increasing for > k. To obtain the

minimum we set x = k and get

Cni < 0 fori > % and Cn,z =0 for n

- n—1
Sn(kv k) = Cn,n/271k - Cn,n/2k = k<n/2 . 1) .

For n odd we find that the unique minimum is reached at x = k and is equal to

~ n—1
Sn(ka k) = Cn,n/Q—Ik - Cn,n/Qk = k((n - 1)/2) .

For n even and odd, this is expressed in the formula (7). O

This proves that two collections A, ..., A, and By, ..., B, with u(
1(Nies Bi) for |S| < n — 2 satisty

#(Uies Ai) >1- (n 1>_1_

ies A;) =

1#(Uies Bi) |27
With Stirlings formula this can be expressed as
(Ui A1) .
— =S = 14+ 0(Vn2™")
N(Uies Bi)
which is far better that the general bound
N(Uies Ai)

iUha B~ 1+ O(exp(—v/n))

from Theorem 1 (part 1) in [2].

3.4 From continuous to discrete

We have now solved the continuous version of the approximation problem. Now
we want to have a closer look on the discrete problem. First note that if we start
with rational numbers k, x every number occurring in Theorem 3.4 is rational.
Thus the measure of the sets in solution will be rational. We can make them
integral by multiplication with a suitable integer. This proves for each k,z € Q
that there exist an integer ¢ € Z with tk,tx € Z and

tS,(k, ) = S, (tk,tx) .
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So the results translate from continuous to discrete. Especially Theorem 3.6
is also valid for the discrete case.

But we are left with the question of finding small discrete examples. For a
reason that will become clear in the next section we are especially interested in

symmetric collections Ay, ..., A, and By, ..., B, that maximize
|IBiN---NBp_1|—[A1N---NA,_1]
|ByU---U By '

Similar to Theorem 3.6 we obtain the following result.

Theorem 3.7. For symmetric collections Ay, ..., A, and By, ..., B, we have
\BﬂW--OBn,l\7|A1ﬂ~~~ﬁAn,1| .’L+k
< — | k R
B U--—-UB,| SmaY LS ) | T €
(8

_ 2

- n—1 '

n(jz5)

Since the numbers on the left-hand side are integers we know that the small-
est collection of that kind must satisfy

n—1
N\, n-1

|BiU---UB,| > 5

To prove that equality is possible in (9) we give an example. We give for
every subset S C {1,...,n} the sizes

() A\ A

i€S  igSs

and

B\ B

€S i2S

The construction is best understood if we look at the example n = 9 first.

S| 1/2(3/4[5(6|7]8]9

‘niesAi\UigsAﬂ 0[3/0|1]0|0]|2]|]01|4
|ﬂi€SBi\Ui¢SBi| 410(2|0|0|]1]01]3

In general we will have a zigzag-line of numbers starting on the left side in
the B-row with the value [ 2! |, going down to 1, then has one gap and restart
with 1. The general rule is as follows:

|S| = [5] if |S| >n/2,and |S]is odd,

(VAN Ai| =< 721 18| if|S|<n/2,and|S|iseven,  (10)
i€s i¢s 0

in all other cases ;
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S| —[5] if[S] >n/2, and |S]is even,

B\ Bi| =121 15 if[S| <n/2 and |S|is odd, (11)
ies ¢S 0 in all other cases.
Theorem 3.8. For each positive integer n, the collections A;, ..., A, and By,...,B,
described above satisfy
BiU---UB, = ("1 (12)
1 ni — 2 \_HT_lJ
[BiU---UBp_1|=|A1U---UA, 1] +1 (13)
and
|[BiU---UB, | =|A1U---UA,_g| foreachk>2. (14)

Proof. To simplify notation, we shall prove this only for n = 4m. The other
cases can be handled by similar arguments. In the proof we will make use of
the following well known identities:

n

(—1)1'(79 =0 forn>1, (15)
0

~.

2

3

(—1)%’(7) —0 forn>2. (16)
ry
(The second identity follows from the first using i () = n(’;:ll) .) We have

Nal= ¥ [naUa

i€S SCS/C{l,...n} lies’ i¢S’
and thus
n—k n—k k ) k
Bi — Az = —1 v 2 —1 . 3
Nal-|Naj=Xeren ()

by (15) and (16) this sum vanishes for £k > 2. With the inclusion-exclusion
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formula this proves (13) and (14). Furthermore

> |n=us

=1 SC{1,...,n} €S i¢S
2m—1
S ) (?)
=0

S () - (2]
> o) ()]
—an(n ) =5 (1))

which proves (12). U

3.5 Application to visual cryptography

In this section we want to study a particular nice application of the approximate
inclusion-exclusion formula.

In 1995 M. Naor and A. Shamir [3] invented a new type of cryptography. The
ciphertext and key consist of two transparencies showing a pattern of white and
black dots indistinguishable from random noise. The stack of the two trans-
parencies reveals an encrypted image. Due to its simplicity visual cryptography
can be used by anyone without any knowledge of cryptography and without the
help of a computer.

We look at a generalization of visual cryptography that uses n transparencies
so that the secret image is reconstructed whenever at least k of these trans-
parencies are stacked together whereas less than k transparencies reveal no
information about the secret image.

Formally the distribution of white and black pixels is described by boolean
n X m matrices, which leads to the following definition.

Definition 3.9 (see [3, Definition 1]). A k out of n visual secret sharing scheme
consists of two multisets Cy and C of (n x m)-matrices satisfying

1. For any subset {i1,...,it} € {1,...,n} of size k and any M in Cj let M’
be the (k x m)-matrix obtained by restricting M to the rows iy,..., .
Then at most d — am columns of M’ contain a non-zero entry.
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2. For any subset {iy,...,ix} C {1,...,n} of size k and any M in C; let M’
be the k& x m matrix obtained by restricting M to the rows iy, ..., 7. Then
at least d columns of M’ contain a non-zero entry.

3. For any subset {i1,...,i,} of size ¢ < k, the two multisets of g x m matrices
Dy and D; obtained by restricting each n x m matrix in Cy and C; to
the rows i1, ..., i, are indistinguishable in the sense that they contain the
same matrices in the same frequencies.

A visual secret sharing scheme has three important parameters:

e The contrast «, that is a measure for the relative difference between
'white’ and ’black’ in the reconstructed image.

e The number of subpixels m used to encode the images. A white pixel is
encoded as follows. One chooses randomly a matrix M from Cy. The
j-subpixel on transparency i, ¢ = 1,...,n, is colored black if and only if
the (i, j)-entry of M is 1; otherwise it is left white. Similarly, a matrix of
(1 is used to encode a black pixel.

e The randomness r = max{|Cy|, |C1|}, which is a measure for the number
of random bits needed to generate the visual secret sharing scheme. The
randomness r does not effect the quality of the picture.

The contrast « is commonly considered as the most important parametet,
while the randomness r is the least important parameter.

Theorem 3.8 allows us the construction of an optimal (n — 1) out of n visual
secret sharing scheme.

Theorem 3.10. The contrast of an (n — 1) out of n visual secret sharing scheme
satisfies
2

ol ——— a7
— n—1
n(ng))
and there exists an (n — 1) out of n visual secret sharing scheme with
n—1
2 n( n—1 )
o= ——"—F and m = % . (18)
n(ag))

Proof. Without loss of generality we may assume that |Cy| = |Cy| = r. Define
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the collections A;, B; with 1 <i < n by

Ai={G,D|1<i<m1<I<r,
the [-th matrix in the collection Cj has a 1 at position (i, j)} ;
Bz:{(ﬂal)\lﬁjﬁm,1§l§7,

the [-th matrix in the collection C; has a 1 at position (z,7)} .

Condition 3 of Definition 3.9 guarantees that |(,.g Ai| = |(,cg Bil for each
SC{l,...,n}with|S| <n-—2.
For each S C {1,...,n} with |S| = n — 1 condition 1 says that

Na

€S

<r(d—am)

and condition 2 says that

ﬂ Bi > rd.
=
Application of Theorem 3.7 to the collections Ay, ..., A, and By,..., B, yields
- 2
n(ngl )
Now we give a construction of an good (n — 1) out of n visual secret sharing
scheme. Choose collections A+,...,A, and B,..., B, as described in Theo-
rem 3.8. Without loss of generality these sets are subsets of {1,...,m} where

m = %(L’;}J) Let Sy be the boolean n x m matrix with 1 at position (i, j) if
and only if j € A;. Similar let S; be the n x m matrix corresponding to the
collection By, ..., B,. By construction Sy and S, satisfy the conditions 1 and 2
of Definition 3.9. Let C; (z = 0, 1) be the multiset of size m/! that contains .5;
and all column permutations of S;. Then the collections C and C; satisfy Defi-
nition 3.9. O

4 The case m = n — d, d fixed

Now we consider the case of two collections Ay,..., A, and B,..., B, with
|(M;cs Ail = [N;cg Bil for each subset S with [S| < m = n — d for some fixed d.
For this case we are still able to prove a recursion formula, but we have no
closed form.

Let i be an arbitrary measure and let A,,..., A, and By, ..., B, be symmet-
ric collections of sets satisfying
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(10 u(N=y As) = (=, By) forall j < n —d,
20 w5 A) = w(N= Bi) — (—1)" Iy, for 0 < j < d.

As in the previous sections we ask for the smallest possible value S, (xg, . .., Z4—1)
for max{u(J!—, A;), n(U;_, B;)} where again the minimum is taken over all
collections of sets in all finite measurable spaces. With arguments similar to
Theorem 3.4 we obtain the following result.

Theorem 4.1. The function S,,(xo,...,xq—1) defined above satisfies the recursion
formula
Sni1(20, .-, 24-1) > Sn(xo + 21,21 + 22, .., Tg—2 + Ta—1,Ta—1 + 0)

+S’n(x07"'7xd71) (19)

forn > d.

Proof. As in the proof of Lemma 3.1 we define A, = A;\A4,,11, B, = B;\Bn+1,
A,IL-/ = AZ n A7;+1 and B;I = Bl n Bn+1.
It is easy to check intersections of collections A/, B’ to see that

max{u(o Ai’),u(o B;’)} > Sp(oy. s Td—1) -
i=1 i=1

And it is only slightly more complex the see that
n—j n—1 n—1
N(ﬂ A;) = M(m Ai) - M(ﬂ A; N An+1)
i=1 i=1 i=1
n—1
= lu(ﬂ Bi) - (—U"Hjxj]

i=1

n—1

- [M(ﬂ Bin Bn+1) — ()"

i=1
n—j ‘
= M( f B§> - (=" (=25 — 2ja)
i=1
where z; = 0 for j > d. Thus

e 40). (U )}

> Sp(xo + 21,21 + 22, ..., Za—2 + Ta—1,Tq—1 +0) .
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All together we have

Snt+1(xo, -+, Ta—1)

()

<

C

1)

i=1

3

— max{ (U )r(U 5) b+ nlaon)
> max{ U U } + max{p U Al Bll-’ }
() (0 sl 22).( ()

= Sn(fL'() + X1, 21 + T2y -y Td—2 + LTd—1,Ld—1 + 0) (*/EO7 e >xd71) )

which completes the proof. d
With the trivial bound Sy (xq,...,24-1) > |z4—1| we can use Theorem 4.1
to obtain
Sn(xo, L. ,xd_l) > Qn_d+1|],‘d_1| .

This is almost all we need for the following asymptotic theorem.

Theorem 4.2. Let Ay,..., A, and By, ..., B, be two collections of sets satisfying
|MNies Ail = [N;cs Bil for all subsets S C {1,...,n} with |S| <n —d. Then

|U¢ 1B| |U7, 1A|<O(d12
Uiz Bil

")

or equivalently

|U11 ’L‘ dl
U5 SLHom .

Remarks. (1) Remember that we assume d constant in this section. The O-con-
stant in the theorem will thus depend on d.

(2) This bound is much better than the one given in [2, Theorem 1, Part 2].
(3) This a remark that motivates the method used in the proof. Clearly

pUisy Bi) — (Ui A) - S5 (D
(Ui, Bi) Sn(zo,...,xq-1)

If we could assure that |z;| < cn?"'~%|z4_,| for some constant c, then the
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theorem would follow directly from

d—1 d—1 1
2o (T;)xl < 2o (?)nd ierg
Sn(x07~-~7$d—1) B Sn(l‘o,...,xd_l)
O(n¥=Yzq_1])

=T = O(nit2™).
2n—d+1|xd_1|) (TL )

The difficulty of the proof is to remove the restriction |z;| < cn?=1=%|zq_|.

Proof of Theorem 4.2. Choose constants cy, ..., cq_1 > 0 satisfying
d—1
n—d-—1 C; 1
1-— — > — 20
Z ( j—1 )cjnJ’_Q (20)
J=i+1
fori = 0,...,d — 2. Let iyay be the value of i for which ¢;n’|z;| is maximal.

Using an inductive argument, the recursion formula (19) shows that

n+1—d 1’L+1—d ] )
Sn(xo,. .., Tq-1) > Z < p )Sd1($(gj),...71’((ij_)l) 21)

j=1
where

d—1 .
xfcj)z<€zk>xg. (22)

l=k

For k = imax and all j € {1,...,n — d + 1} this implies that (in the second
step we use the definition of i,,,, and the last step uses (20))

d—1
i —d+1
ENETTNEED DI (R I

L=tmax+1 max
> | | S n—d—1 Cirnan | |
x; — ——mex
- Tmax i g _ Z’max C[?’Le_l"‘ax Tmax
1
> i\ximax\ :

Together with the trivial bound

Sd—l (x(()n—d-‘rl,i)7 o vxgjjzl) > ‘LE(J) |

Tmax

and (21) we find

n+l—d
n+1—-d\1 -
Suzor a2 3 (M) Gl =2
=
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Now we are finished, since by definition of i,,ax ,

d—1 d—1 4
> im0 (?)xz < Do M|l

Sn(.fﬂo,...,xd,l) - 2"_‘1‘3?' ‘

Tmax

§ d71 Cimax nimax ‘SU |
=0 ci Tmax

- 2=z |

d—1
S (2d Z Clmax)nimax2n _ O(nimax27’n)

c
i=0 '

The worst bound is obtained for i,,.x = d — 1, i.e. in the simple case |z;| <
en?=1=%z, ;| mentioned in Remark (3) above. O

5 Open problems

We want to close this article with some open problems.

1. What is the discrete analogue for Theorem 3.6, i.e. find the minimal k for
which min, ez S(k,z) = mingeg S(k,z). This is more difficult than the
discrete analogue for Theorem 3.7, since this time the discrete minimum
has to be asymmetric.

2. The visual cryptography scheme in Theorem 3.10 has randomness m!.
That is the trivial upper bound for the randomness. Improve that bound.

3. The explicit solution for m = n — 2 (Theorem 3.6) proves

(Ui Ail _
==l <1+ O(vn2™h)
| Ui:l Bi|
which is better than the general bound
Uiy Al _
|Uiz1 Bil
proven in Theorem 4.2. Improve the bound of Theorem 4.2 for m = n—d,

d> 2.

4. Is it possible to adapt the arguments of Theorem 4.2 to deal with non-
constant d?
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