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Abstract

We define generalized Clifford parallelisms in PG(3, F') with the help of a
quaternion skew field H over a field F' of arbitrary characteristic. Moreover
we give a geometric description of such parallelisms involving hyperbolic
quadrics in projective spaces over suitable quadratic extensions of F'.
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1 Introduction

It is known that the three dimensional real projective space PG(3,R) can be
endowed with two projectively equivalent parallelisms, namely the left and right
Clifford parallelisms, related to left and right multiplications in the Hamilton
quaternion algebra H(R) (see e.g. [15]). For these parallelisms there are many
equivalent geometric representations (see e.g. [22, Sec. 142], [8, 12 A], [16,
Chapter 14]). In particular each parallel class can be described considering the
lines that meet a fixed imaginary line (and its conjugate) belonging to one of
the two reguli of a complex hyperbolic quadric whose points do not belong to
PG(3,R).

The aim of this work is to extend these notions to the projective 3-space over
a general (commutative) field of arbitrary characteristic. This can be done in
several ways, using constructions that involve either rings of generalized quater-
nions, or the notions of Baer subspace of a projective space and indicator set of
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a spread of lines (see [12], [13]). All these constructions always give rise to
regular parallelisms.

In particular we consider these constructions over a field which admits dif-
ferent quadratic extensions.

For the description of the parallelisms our starting point in Section 4 is the
context of projective kinematic spaces (see [15]). Here the lines through the
point 1 are the maximal commutative subalgebras of H. The set of these lines is
partitioned into conjugacy classes with respect to the quaternion multiplication.
We show that each conjugacy class of lines corresponds to a different quadratic
extension L of the field F' and determines by right and left cosets respectively
two sets of mutually disjoint spreads which are some of the right and left Clif-
ford parallel classes. Such spreads are indicated by the lines of the two reguli
of a quadric in PG(3, L) with no points in PG(3, F') (Theorem 4.7). Following
this procedure for all quadratic extensions L/F the whole line set of PG(3, F')
is covered, thus obtaining the complete right and left Clifford parallelisms with
respect to the given quaternion skew field H (see Theorem 4.10). We remark
that different Clifford parallelisms corresponding to different quaternion skew
fields over F' are not projectively equivalent. Moreover new “non-Clifford” reg-
ular parallelisms can be obtained, using a method which has no equivalent in
the classical case (see Remark 4.13).

2 Quadratic spaces and quaternion algebras

Recall from [19] that a quadratic space (V(F'),q) is an n-dimensional vector
space V over a field F' of arbitrary characteristic, endowed with a quadratic
form g. The bilinear form corresponding to ¢ is b, (v, w) = q(v+w) —g(v) — q(w)
for all v,w € V, and the quadratic space (V(F'), q) is said to be regular or non-
degenerate if b, is non-degenerate, singular otherwise.

If (V(F),q) is a quadratic space, a nonzero vector v € V is said to be isotropic
if ¢(v) = 0 and anisotropic otherwise. We say that (V(F),q) is isotropic if it
contains an isotropic vector, anisotropic otherwise; a subspace W of V is said to
be totally isotropic if b,(W, W) = 0; an isotropic n-dimensional quadratic form
is said to be hyperbolic if n is even and V' is a direct sum of two totally isotropic
(n/2)-dimensional subspaces.

If (V(F),q) is a regular n-dimensional quadratic space and char F' # 2, the
discriminant of ¢ is d(q) = (—1)""""/2det(q) considered as an element of
F*/(F*)?, where we denote by (F*)? the group of squares of F*. If, on the
contrary, char /' = 2, then the symmetric bilinear form b, is in fact alternat-
ing, thus one can fix a symplectic basis (e1,..., €./, f1,--., fas2) of (V(F),q)
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(that is a basis such that b,(e;, f;) = 1 for every ¢ = 1,2,...,n/2, and all
other pairs of vectors are orthogonal) and define the discriminant to be d(q) =
q(e1)q(f1)+- - +aqlens2)q(fn/2) considered as an element of F//{z+2? | x € F}
(see e.g. [19,9.4.2]).

If (V(F),q) is an n-dimensional regular quadratic space over the field F,
then associated to ¢ there is a non-degenerate quadric Q in the projective space
PG(n — 1, F), namely the quadric whose points are represented by the isotropic
vectors of ¢ (Q = () if ¢ is anisotropic). Conversely, given any non-degenerate
quadric in PG(n — 1, F'), its equation gives rise to a family of similar regular
quadratic forms ¢, over F", i.e. quadratic forms whose elements differ in a
proportional factor p € F*. Note that the quadratic spaces (F", q,) in general
are not isometric, but they correspond to the same quadric Q in PG(n — 1, F)
and their discriminant is the same.

If K is any commutative field extension of F, then a quadratic form ¢ de-
fined in V(F') can be regarded also as a quadratic form denoted by ¢x over the
extended vector space V(K), and the quadric Q associated to ¢ in PG(3, F') as
a quadric in PG(3, K'), denoted by Q.

Let K be a separable quadratic extension of a non-separably closed field F’,
denote by = — T the unique non trivial element of Gal(X/F') and fix an element
b € F*. Then, according to [21], the quaternion algebra H = (K/F,b) is the
subring of My (K) consisting of matrices of the form

(%)

and it is a central simple algebra over F'; if F' is separably closed, then the
quaternion algebra H over F is My (F'). In both cases the ground field F can be
identified with the subalgebra of scalar matrices. For a quaternion h € H we
define the conjugate of h to be the quaternion

= (—by x > ’

the norm of h to be n(h) := hh = det(h) € F and the trace of h to be t(h) :=
h+h = tr(h) € F. Then each h € H satisfies the quadratic equation h? —
t(h)h 4+ n(h) = 0. Note that K, embedded into H as the subring of all matrices

z 0

0 )’
is invariant under the conjugation of H, which, restricted to K, coincides with
the conjugation associated to the field extension K/F. Note also that n is a
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non-degenerate quadratic form on the vector space F*, which in the sequel will
be called the norm form of H, thus (F*,n) is a quadratic space that turns out to
be regular. The following holds true.

2.1 Theorem ([18, Chapter 3, Theorem 2.7], [10, Chapter 11]). For H =
(K/F,b) the following statements are equivalent.
(i) H = My(F).
(ii) H is not a division algebra.
(iii) (H,n) is isotropic as a quadratic space.
(iv) (H,n) is hyperbolic as a quadratic space.
(v) b€ N(K), where N is the norm of K/F.

If any of these conditions holds for the algebra H, then we say that H splits
over I, or equivalently that H is a split quaternion algebra over F' or that F' is
a splitting field for H.

Recall that the quaternion algebra H = (K/F,b) is a 4-dimensional vector

space over F', and it is always possible to find a basis (1,1, j,ij) of H such that
K = F(i) and

i’=a P’+i=a
j2=0b  if char F # 2, or j2=b if char F' = 2.
ij = —ji i =j(i+1)

Moreover, if char F' = 2, then K’ := F(j) is an inseparable field extension of F'
contained in H.

The following theorem is a characterization of those quadratic field exten-
sions of the given field F' which are subalgebras (indeed maximal commutative
subfields) of a fixed quaternion skew field H over F' in terms of algebraic prop-
erties of the norm of H which correspond to geometric properties of the quadric
associated to the norm form.

2.2 Theorem. Let F be a field of any characteristic, and let H be a quaternion
skew field over F, with norm form n. Let L be a quadratic extension of F. Then
the following are equivalent:

(i) L is a subalgebra of H.
(ii) ny is isotropic.
(iii) nr is hyperbolic.

The equivalence (i) < (ii) is a well known result, see e.g. [23, Chapter I,
Theorem 2.8], [19, Chapter 8, Theorem 5.4] and also [10, 11.A]; in the partic-
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ular case char F' # 2 we provide a simple and direct proof in [2]. Equivalence
(i) < (iii) follows from Theorem 2.1.

2.3 Proposition. Let g be a 4-dimensional regular quadratic form over a field F'.
If d(q) is trivial, then q is similar to the norm form of a suitable quaternion algebra
H over F, and H is a skew field if and only if q is anisotropic over F. If d(q) is non-
trivial, then there exists a quadratic extension F' of F' (namely the discriminant
extension) such that qp is similar to the norm form of a quaternion algebra H
over I, and H is a skew field if and only if q: is anisotropic over F'. Conversely
if q is isometric to the norm form of a quaternion algebra H over a field F, then
d(q) is trivial.

Proof. Assume d(q) is trivial. Then by [6, Lemma 4.4] ¢ is either hyperbolic
or similar to the orthogonal sum of quadratic forms s; N 1 sV for suitable
s1,82 € F*, where N is the norm of a separable quadratic extension K/F.
In the first case ¢ is similar to the norm form of a split quaternion algebra,
and this happens exactly when ¢ is isotropic over F. If, on the contrary, ¢ is
anisotropic over F, then ¢ is similar to the norm form of the quaternion algebra
H = (K/F, sy "ss). If d(q) is non-trivial and d is a representative for the square
class of d(q), the same as above holds over the discriminant quadratic extension
F' = F(v/d) of F. The converse is obvious. O

2.4 Proposition. Let Q be a quadric of PG(3, F) and write g for a representative
of the similarity class of quadratic forms associated to Q in the vector space .
Then the following hold:

(i) Q is hyperbolic if and only if q is isometric to the norm form of the split
quaternion algebra My (F') over F.

(ii) Q has no points in PG(3, F') and there exists a separable quadratic extension
K of F such that Q is hyperbolic in PG(3, K) if and only if q is isometric
to the norm form of a quaternion skew field H over F.

Proof. (i) is obvious. To prove claim (ii) note that, if ¢ is anisotropic and ¢k
hyperbolic, by [6, Lemma 4.2], ¢ is similar to the quadratic form s; N L s3N,
where N is the norm of the extension K/F, and thus, as in the proof of the
previous proposition, ¢ is similar to the norm form of a suitable quaternion
algebra H. Since ¢ is anisotropic over F', H is a division algebra.

Conversely if ¢ is isometric to the norm form of a quaternion skew field H
over F, then Q does not have points in PG(3, F') by Theorem 2.1. Moreover H
contains a maximal separable subfield K, so ¢k is hyperbolic by Theorem 2.2
and Qg is then hyperbolic in PG(3, K). O
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2.5 Remark. Note that Propositions 2.3 and 2.4(ii) characterize the quadrics Q
without points in PG(3, F') which determine a quaternion skew field H over F
as those quadrics whose similarity class of associated quadratic forms consists
of anisotropic forms with trivial discriminant.

3 Spreads and parallelisms in 3-space

Let P = (P, L) be a 3-dimensional projective space. If M C £, thenaline L € £
is said to be transversal to M if L meets each M € M in a unique point.

Using the notion of transversals, we can now state the definition of a regulus
in P, due to B. Segre [20, Chapter 18] (see also [14]):

Let Ty, Ty, Ty € L be pairwise skew. Then the set
R :={L € L | L transversal to Ty, T1,T>} (3.1

is called a regulus.

The elements of a regulus R must be pairwise skew, because otherwise the
three lines Ty, 71, T> € L that determine R could not be pairwise skew.

Given three pairwise skew lines Ry, R, Ry, there is always at least one regu-
lus containing them, since R, Ry, Ry possess at least three transversals Ty, 71, T5,
that are also pairwise skew and hence determine a regulus that of course must
contain Ry, R1, Rs. This regulus is unique, i.e., does not depend on the choice
of the transversals Ty, T1, T, if and only if the field F' is commutative. See [14,
Chapter 4].

Given a regulus R, we consider
Ropp :={T € L | T transversal to R}.

By the above, Ry, is a regulus if and only if F' is commutative. In this case,
we call R, the regulus opposite to R. Note that in this situation a regulus and
its opposite cover the same set of points, namely, a hyperbolic quadric Q% in
PG(3, F) (see [4], [5, Chapter 4]).

In pappian spaces, one can also define reguli as follows (see, e.g., [9, 17]):
A regulus R is a set of pairwise skew lines, such that each line that meets three
lines of R, is a transversal of R, and each point on a transversal of R lies on an
element of R.

Recall that a set S C £ is called a spread of P, if each point p € P lies on
exactly one line L € S. So S is a partition of the point set P into lines. In
particular, any two elements of a spread S are skew. A spread S in a pappian
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3-space is called regular, if with any three pairwise skew lines S;,S55,55 € S
also all other lines of the unique regulus through S;, S2, S5 belong to S.

A partial parallelism of P is a set of mutually disjoint spreads. A parallelism
of IP is a partial parallelism which covers the whole line set £ of the projective
space; a regular parallelism is a parallelism consisting of regular spreads only.
Given a parallelism of P we say that two lines L, M € L are parallel (L J M) if
they belong to the same spread.

From now on we study the pappian projective space P = PG(3, F') over a
commutative field F.

By [1], there is a regular spread in PG(3, F') if and only if the field F' admits
a quadratic extension K. In this case PG(3,F) = (P, L) can be embedded in
PG(3,K) = (P’, L) as a Baer subspace, i.e. a projective subgeometry such that
each point p € P’ is incident with at least one line L. € £. This means that, given
any line I € £’ not intersecting P, through any point p of I there is exactly one
line L, € £; so I defines the set of lines

S(I)={L,|pelycL

which turns out to be a regular spread of PG(3, F') (see [1, Theorem 3.6]).

Conversely, any regular spread of PG(3, F) can be obtained as a set S(I) as
above, where K is a suitable quadratic extension of F'. We say that the line I
indicates, or is an indicator set of, the spread S(I) (see e.g. [11]). If K/F is
a separable field extension and I denotes the line (which is necessarily skew
to I) conjugate to I with respect to this extension, then S(I) = S(I). Note that
different spreads of PG(3, F') may give rise to different quadratic extensions of

the ground field F' (see [3]).

4 Clifford parallelisms

Let now H = (K/F,b) be a quaternion skew field over F. We consider H =
F* as the underlying vector space of PG(3, F). The group H* acts on H via
right (or left) multiplications. Since these are F'-linear bijections they induce
collineations of PG(3, F'). Now the right and left Clifford parallelisms on PG(3, F')
can be defined as follows:

L ). M < L = Mhforsome h € H* (right Clifford parallel)
L /i M <= L=hM forsome h € H* (left Clifford parallel)

One can easily check that these two relations are in fact parallelisms. By defini-
tion, right multiplications map each line to a right parallel one. Moreover, left
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multiplications map right parallel classes to right parallel classes. These same
holds if “right” and “left” are interchanged. Altogether, PG(3, F'), endowed with
the two Clifford parallelisms, is an example of a kinematic space (for details see
[15D).

Since each (right or left) parallel class is a spread, we know that it has a
unique representative passing through the point 1 := F. The lines through 1
are exactly the 2-dimensional subspaces F' + Fz, + € H \ F, and these are
exactly the maximal commutative subfields of H, which are certain quadratic
field extensions of F'.

First we study the split quaternion algebra (by Theorem 2.2) Hj over one
of such extension fields L. As mentioned above, then H is isomorphic to the
algebra Ms(L) of 2 x 2 matrices over L and the norm is nothing else but the
determinant.

We consider H;, = My (L) also as the endomorphism ring of the vector space
L?, where the matrices are supposed to act from the right. For each U < L? we
introduce the following notation:

Iy = {M e€Ms(L) |U Cker M}, IV := {M € My(L) | imM C U}.
We study the quadric Qj, associated to ny, = det in PG(3, L), i.e.
Qp ={LM | M € My(L), M # 0,det M = 0}.

By Proposition 2.4, the quadric Q;, is hyperbolic. In addition, the following
holds.

4.1 Proposition. The two reguli on Q, are the sets
R ={Iy |U<L?dimU =1}

and
(Ri)opp = {IV | U < L?,dimU = 1}.

Proof. For each U < L? with dimU = 1 the set Iy; is a 2-dimensional subspace
of My(L), since for a fixed u € U \ {0} the mapping My(L) — L? : M — uM
is linear and surjective with kernel I;;. Similarly, one can see that IV is a 2-di-
mensional subspace of My(L). So all Iy and all IV are lines in Qp,. Clearly, two
such lines meet if and only if they are of different types, and each point LM in
Q. belongs to a line of each type. O

Now we turn to the quaternion skew field H = (K/F,b) over F' and consider
a maximal commutative subfield of H, i.e. a quadratic field extension L of F
with F C L C H. Then the following holds true.
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4.2 Proposition ([7, p. 104]). Let H be a quaternion algebra over F' and L any
quadratic subfield of H.

(i) If L/F is separable, then there exists d € F* such that H = (L/F,d).

(i) If char FF = 2 and L = F'(h) is inseparable, then there exists a separable
quadratic extension F C L' C H such that H = (L' /F, ¢), where ¢ = n(h).

According to this result in the following, whenever we consider a quadratic
subfield L of H, me may assume without loss of generality L = K = F + Fi
if L/ F is a separable extension, or L. = K’ := F + Fj if L/F is an inseparable
extension.

4.3 Lemma. Consider the quaternion skew field H = (K /F,b), write K/ = F+Fj
and consider the matrix algebras Hx = My (K) over K and Hyr = My (K') over
K.

(i) The elements of H C Hy are exactly those matrices that are fixed by the

bijection
Sz y t b 'z
H.<Z t>H<b37 ja)7

which is involutory and K-semilinear with respect to conjugation.

(ii) If char F = 2, the F-algebra H can be embedded in the K'-algebra Hy: via
the correspondence ¢ mapping
(a +1 a>
= )
a a

1 0
(o 1)
.'_)Oj i,H.aa+1
J j 0) J Ja a .

(iii) If char F' = 2, the embedding  described above is an isometry, i.e. for each
h € H, n(h) = det ¢(h).

Proof. Direct computation. O

4.4 Remark. Since K/F is quadratic, the projective space PG(3, F') is a Baer
subspace of PG(3, K). Describe the projective spaces with the help of the 4-di-
mensional vector spaces H and Hp, respectively. Then, the collineation & in-
duced by k is a Baer collineation of PG(3, K), fixing exactly the points and lines
of PG(3, F'). The quadric Q is invariant under %. In particular, lines in Qx are
mapped to lines in Q. Assume that for a line R € Ry we have R* € (Rx )opp-
Then R and R meet in a point, which must belong to PG(3, F). But Qx con-
tains no points of PG(3, F) since the norm of H is anisotropic, a contradiction.
Hence the reguli R x and (Rx )opp are invariant under . Each line of Rk (and,
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similarly, each line of (Rx)opp) indicates a regular spread of PG(3, F'). The
spreads indicated by lines I, I’ € Ry with I’ # I, I* are disjoint (this can be
shown analogously to [2, Proposition 3.1]); so Rx (and also (Rx)opp) gives
rise to a regular partial parallelism.

In the case of characteristic 2, if we consider the inseparable extension K'/F,
conjugation is trivial for points in PG(3, K’) and so we do not have a Baer
collineation.

In what follows we will use the notion of conjugation with respect to multi-
plication in H, which here means automorphisms of type z +— ¢ lwzc, ¢ € H*,
rather than the anti-automorphism = — Z from before.

4.5 Remark. Let x,y be elements of an arbitrary quaternion algebra H. Then
x is conjugate to y (i.e. y = ¢ txc for some ¢ € H*) if and only if as matrices
in My (K), they have the same characteristic and minimal polynomials, if and
only if t(z) = t(y) and n(z) = n(y). This simple characterization of conjugate
elements entails that, considering a quaternion algebra H over a field F' and the
algebra H, over any extension field L/F, any two elements z,y € H C Hy, are
conjugate with respect to multiplication in H, if and only if they are so in H.

4.6 Lemma. Let R be any line of PG(3, F') through the point 1. Then R, consid-
ered as a line of PG(3, L), meets Qy, if and only if R is conjugate to L.

Proof. Let R be the line through the points 1 = F' and Fh, for some h € H \ F.
Since by Lemma 4.3 the quaternions 1 and h are matrices of My(L), R meets
Qy, if and only if there is an | € L such that det(—I/1 + h) = 0. This in turn is
equivalent to the statement that the characteristic polynomial p;,(X) = X? —
tr(h)X + deth = X2 — t(h)X + n(h) of the matrix h has a root [ € L\ {0}.
Since h € H \ F the polynomial p; (X) € F[X] is irreducible over F, and since
[ is a root of p,(X), it is the minimal polynomial of / over F’, hence ! € L\ F.
Moreover, since p,(X) has degree 2, it is also the characteristic polynomial of /,
thus the quaternions & and [ are conjugate as elements of My (L) and R = F+Fh
is conjugate to F' + F[ = L. O

Now we study the partial parallelisms mentioned in Remark 4.4. We show
that the spreads indicated by lines on Qj are Clifford parallel classes. By
Lemma 4.6 a line through 1 which is not conjugate to L does not meet Q,
and hence its (right or left) parallel class cannot be indicated by a line on Q..

4.7 Theorem. The regular spreads S(I) indicated by lines I € Ry, (or (RL)opps
respectively) are exactly the right (left) parallel classes of lines R through 1 that
are conjugate to L.
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Proof. We distinguish the cases L = K = F'+ Fiand L = K' = F + F'j. First
consider the line L = K. Each line of the right parallel class of K has the form
Kh for some h € H*, thus it is spanned by h = (x_ lf) and ih = <z'x_ ng)

by =z biy T
The points of intersection of K'h and Q are exactly the points p = K M, where
M is a non-invertible K -linear combination of these two matrices. One obtains
the two solutions

. . N ifréy:,_ﬁxy
p=KM, with M= Z<bgj 3_3)—&—(])@ zf) (i z)(o 0) and

;o ;. N w1\ _ = (0 0
p'=KM', with M’ = Z<bgj j)+(bigj i;f)_(l Z)(bg j)

Obviously (cfr. Proposition 4.1), the matrices M from above, with x,y € K, are
exactly the elements of I = Iy € R, where U = K(0,1). In particular, the
right parallel class of K is indicated by I. Similarly, one can show that the left
parallel class of K is indicated by J = IV € (R )opp, Where V = K (1,0).
Assume now char F' = 2 and consider the inseparable extension L = K’ =
F + Fj. Again each line of the right parallel class of K’ is spanned by h and jh
for a suitable h € H*. We consider H as a subring of Hg- (cfr. Lemma 4.3(ii)),
and thus h = <w y) and jh = <‘]Z ]t) The points of intersection of K'h
z t Jr Jy
and Q- are the points p = K’ M where M is a non-invertible K’-linear combi-
nation of h and jh. A straightforward computation shows that, assuming as a
consequence of h € H* that det(h) # 0, the only solution is

p=K'M, with M =; (TT% YTt}
r+z y+t

and, again by Proposition 4.1, the matrices M of this form are the elements of
I =1y € Rg/, where U = K’'(1,1). Similarly one can show that the left parallel
class of K’ is indicated by J = IV € (Rk+)opp-

In the remainder of this proof there is no need to distinguish any more the
separable case from the inseparable one, thus, from now on, writing I, we mean
either K or K’. We consider now R = ¢ 'Lc, ¢ € H*. Let « be the collineation
of PG(3, L) induced by the conjugation z + ¢~ 'xc. Then « leaves both PG(3, F)
and Qj, invariant. Moreover,

uweker M <= uc e kerc !Me, weimM <= uceime 'Mec “4.1)

implies that « leaves Ry, and (Rp)opp invariant. Since o maps the right (left)
parallel class of L to the right (left) parallel class of R we conclude that the right
(left) parallel class of R is indicated by I* € Ry, (or J* € (R )opp, respectively).
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It remains to show that all spreads indicated by a line of Ry (or (Rr)opp)
are right (left) parallel classes of lines ¢~!Le. But this follows from the above
by (4.1), since for each 1-dimensional subspace W < L? there is a ¢ € H* with
W = Uc (or W = Ve, respectively). O

Note that, in the proof above, in the separable case we have p’ = p~ (see
Remark 4.4). So the right parallel class of K is also indicated by I’ = I*.

Since each (right or left) parallel class has a representative through 1, which
is a maximal commutative subfield of H, by Proposition 4.2 we can describe it as
S(I), with I a line in an appropriate Baer superspace of PG(3, F'). In particular,
we get the following.

4.8 Corollary. The right and left Clifford parallelisms are regular.

In the special case that F' admits only one quadratic extension K (and hence
K/F is separable, thus char F' # 2), the Clifford parallelisms are indicated by
exactly the lines of a regulus and its opposite in PG(3, K). For F = Rand K = C
this is well known, see e.g. [8, 12 A]. This observation leads to the following
corollary.

4.9 Corollary. Let F, K and H be as before. Then all quadratic extensions of F' in
H are conjugate to K if and only if there exists a hyperbolic quadric Q in PG(3, K)
having no points in PG(3, F') and incident with every line of PG(3, F).

In general, however, we need more than one Baer superspace PG(3,L). In
order to get a unified description of the entire parallelisms, we proceed as fol-
lows: Let F be the quadratic closure of F. Then all quadratic extensions L of
F are contained in F. We consider PG(3, F) and all PG(3, L) as subspaces of
PG(3, ﬁ). More explicitly, we take H as underlying vector space of PG(3, F')
and Hp, or Hg (with the same basis (1,4, j,7j)) as underlying vector spaces of
PG(3, L) or PG(3, I*A“), respectively. In particular, for any two distinct separable
quadratic extensions L, L’ we have PG(3, L) N PG(3, L") = PG(3, F).

In addition, we consider in PG(3, F') and in all PG(3, L) the quadrics Q 7 and
Q) associated to the norm of H. By Theorem 2.2 the quadric Qy is empty
exactly if L is not a subalgebra of H, and hyperbolic otherwise. This implies
that also Q is hyperbolic. Let the reguli Rz on Q@ and Ry on Qp, be defined
as in Proposition 4.1. Then R, consists exactly of those lines of R 5 that belong
to PG(3, L), the same holds for the opposite reguli. In case that Q; = () we set
RL = @ = (RL)opp-

For a line I on Qz we can define S(I) only if I belongs to some PG(3, L);
note that of course we then only consider the points of I that are points of
PG(3,L).
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4.10 Theorem. Let F be a (commutative) field, H be a quaternion skew field
over I and, for any quadratic extension L of F, let Qj, be the quadric of PG(3, L)
associated to the norm of H and Ry and (Rr)opp the reguli of Q defined as
above. Then the set

{8(I) |1 € Ry, L/F quadratic extension}
is the right Clifford parallelism of PG(3, F'). Analogously,
{SUI) | I € (RL)opp, L/F quadratic extension}
is the left Clifford parallelism of PG(3, F).

Proof. This follows from Theorem 4.7. The change of basis we employed in
order to prove that theorem (depending on L, and writing the elements of H
and of Hy as matrices) does not affect the statements needed. O

4.11 Remark. Note that, according to Proposition 2.4, any quadric of PG(3, F')
which has no points in PG(3, F') and is hyperbolic in a quadratic field extension
of F is in fact the quadric associated to the norm form of a quaternion skew field
over I, and thus, according to the previous theorem, it defines a Clifford paral-
lelism in PG(3, F'). Moreover any two such quadrics which are not projectively
equivalent on F' (i.e. such that there is no projective collineation of PG(S,I*A“)
with coefficients in F' mapping one to the other) define non projectively equiv-
alent Clifford parallelisms in PG(3, F).

4.12 Example. In order to illustrate that in fact many different Baer super-
spaces may be needed, we consider an example. First, we make some general
observations: Consider a field F' of characteristic different from 2. A quadratic
extension K = F(y/c) of F (with ¢ € F' a non-square) appears as a maximal
commutative subfield of H, if K = F' + Fz with ¢t(x) = 0 and n(z) = —c. Two
subfields F + Fz, F + Fy of H with ¢(x) = 0 = ¢(y) are isomorphic as F-al-
gebras if and only if they are conjugate in H (by the classical Skolem-Noether
Theorem), i.e., if and only if n(z) and n(y) are in the same square class of F™*.
So the conjugacy classes of maximal commutative subfields of H are in 1-1 cor-
respondence with the square classes of the subgroup {n(z) | x € H*,t(x) = 0}
of F*.

Let us take the special case of the ordinary rational quaternions, i.e., F' = Q
and H = (K/Q,b), where K = Q(i) with i*> = —1 = b. Then for z € H
with t(x) = 0 we have n(z) = 22 + 22 + 22, whence each field Q(v/—d), with
d € Q sum of three squares, appears as a subfield of H. Among many others, H
contains the non-conjugate subfields Q(v/—1), Q(v/—2), Q(v/—3), each of which
gives rise to (only) a part of the Clifford parallelisms.
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4.13 Remark. Assume that the 2-dimensional subalgebras of a quaternion skew
field H over F' do not belong to the same conjugacy class, or equivalently that
the field F' has non isomorphic quadratic extensions that are subalgebras of H.
In this case the projective space PG(3, F') can be endowed with new parallelisms
in the following way. Consider the right and left Clifford parallelisms defined in
Theorem 4.10, fix a family .# of quadratic extensions L of F with F C L C H
and define the following family of spreads:

€¢(7):={S(I)| I € Ry, L/F quadratic extension, L ¢ .%}
ULSU) | € (Rp)opps L € Z).

Then ¢'(.7) is a covering of the line set of PG(3, F'), and any two spreads of
this family are disjoint, for, a line Rh through a generic point & of PG(3, F')
belongs to a left parallel class if and only if there exists a line R’ through 1
such that Rh = hR’, and hence if and only if R and R’ are conjugate in H.
By Theorem 4.7 this happens if and only if the parallel classes are indicated by
lines belonging to the same quadratic extension L of F.

These new “Clifford-like” parallelisms will be the target of more investiga-
tions in forthcoming papers.
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