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Abstract

In this paper I survey a number of recent results on projective and
Veronesean embeddings of orthogonal Grassmannians and propose a few
conjectures and problems.
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1. Organization of the paper

This paper consists four sections, besides the present one. Section 2 is a survey
of basic notions on projective and Veronesean embeddings and generating sets,
to be freely used in the rest of the paper. In Section 3 we recall the definition
of orthogonal Grassmannians and define two embeddings for each of them,
called the Grassmann and Weyl embedding, respectively. In the special case of
a dual polar space of type B,, those two embeddings are Veronesean and one
more Veronesean embedding can be defined, which we call the Veronese-spin
embedding. In Section 4 we compare the embeddings defined in Section 3: the
Veronese-spin embedding and the Weyl embedding of a dual polar space are
always isomorphic while the Grassmann and Weyl embeddings are isomorphic
when the underlying field has characteristic different from 2. In the case of
characteristic 2 things are more complicated. Most of Section 4 is devoted to a
discussion of that case. Section 5 is devoted to universality. Nearly all results
discussed in Sections 4 and 5 are taken from Cardinali and Pasini [9, 10, 11].
We will omit their proofs, referring the reader to [9, 10, 11] for them, but we
shall give short sketches of the proofs whenever it will be possible, so that the
reader can get at least a flavor of the arguments used in them.
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2. Basics on embeddings and generation

Throughout this section I = (P, £) is a point-line geometry, P is its set of points
and L its set of lines. We assume that the collinearity graph of I" is connected,
that no two distinct lines of I' meet in more than one point and every line of
I" has at least three points. The second condition is necessary for I' to admit a
projective or laxly projective embedding while the third condition is necessary
for the existence of a projective or Veronesean embedding. Connectedness is a
sensible requirement. Anyway, I don’t like disconnected objects.

2.1. Projective embeddings

Given I' as above, a projective embedding of I in the projective space PG(V') of
a vector space V' is an injective mapping ¢ from the point-set P of I to the set
of points of PG(V') such that € maps every line of I" surjectively onto a line of
PG(V) and ¢(P) spans PG(V).

Henceforth we will freely switch from PG(V) to V. In particular, we will
commit the abuse of regarding V' instead of PG(V) as the codomain of ¢, thus
writing ¢ : I' — V instead of ¢ : I' — PG(V'). Accordingly, if p € P we regard
¢(p) as a 1-dimensional subspace of V' and we take the dimension of V' as the
dimension dim(e) of ¢.

If F is the underlying division ring of V' then we say that ¢ is defined over F,
also that ¢ is a projective F-embedding for short. If all projective embeddings of
I' are defined over the same division ring I (as it is the case for all geometries
to be considered in this paper), then I' is said to be defined over F.

Given two projective F-embeddings ¢; : I' — V; and €5 : ' — V5, a morphism
f : &1 — &9 from e to g5 is a semi-linear mapping f : V; — V5 such that
g2 = f-e1. Note that, since (e2(P)) = V5, the equality e; = f - &1 forces
f : Vi — V5 to be surjective. If f is bijective then f is called an isomorphism.
When ¢; and ¢, are isomorphic we write e; = &,. Note that, if a morphism
f 1 e1 — e exists then f is uniquely determined by ¢; and 5 modulo scalars
(see e.g. Pasini and Van Maldeghem [23, Proposition 9]; we warn that the
connectedness of I' is essential to obtain this result). If a morphism exists from
€1 to e then we write 1 > 5 and we say that e5 is a morphic image of £5. When
€1 > g9 but g1 2% e, we write €1 > es.

Given an embedding ¢ : I' — V, let K be a subspace of V satisfying the
following:

(Q1) if z,y € P (possibly x = y) then (e(z),e(y)) N K = 0. In particular
K Nne(z) = 0 for every point x € P.
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Then the function ¢/K : I' — V/K mapping = € P to (¢(z), K)/K is an embed-
ding of I' in V/K and the canonical projection of V' onto V/K is a morphism
frometoe/K. We call e/ K a quotient of . We also say that K defines a quotient
of . Note that (Q1) implies the following:

(Q2) Forpe Pand!l e L, ifp ¢ I then ¢(p) N (¢(1), K) = 0.

This remark may look futile here, but in the next subsection it will appear in a
different light.

If f: V3 — V5 is a morphism from ¢; to e; then ker(f) defines a quotient of &,
and g5 2 e1 /ker(f). In view of this fact, we take the liberty to call 5 a quotient
of 1 (a proper quotient if £1 2 ¢5) thus taking the word ‘quotient’ as a synonym
of ‘morphic image’. We also call the morphism f : £; — £ the projection of ¢,
onto &s.

Following Kasikova and Shult [20], we say that a projective embedding of
I" is relatively universal when it is not a proper quotient of any other projective
embedding of I'. Every projective embedding ¢ of I admits a hull &, uniquely
determined up to isomorphism by the following properties (Ronan [25]): £ is
a projective embedding of T, ¢ is a quotient of £ and we have £ > ¢’ for every
projective embedding ¢’ of I" such that ¢’ > . Clearly, ¢ is relatively universal.
A projective embedding is relatively universal if and only if it is its own hull.

The hull £ of an embedding ¢ : I' — V can be constructed as follows ([25]):
denote by F the set of flags of I, and consider the presheaf

({Vx}aﬁépuﬁv {Lp,l}(pJ)E}")?

where if z € P then V, = ¢(x), if x € L then V, = (e(2)) = (UpeVp) (=
UpezVp) and ¢, is the inclusion embedding of V, in V}, for every flag (p,l) € F.
Let J be the subspace of @,cpue(z) spanned by the vectors v —¢, ;(v) for every
flag (p,1) € F and every vector v € £(p). Put V = (&,epure(z))/J and define
the mapping & : I' — V by the following clause: &(p) = (e(p), J)/J for every
point p € P. Then ¢ is the hull of .

A projective F-embedding ¢ of I is absolutely universal if all projective F-em-
beddings of I' are quotients of . The absolutely universal projective F-embed-
ding of T, if it exists, is uniquely determined up to isomorphisms. It is the hull
of all projective F-embeddings of I'. Obviously, it is relatively universal. Up
to isomorphisms, it is the unique relatively universal F-embedding of I". So,
if we know that I admits the absolutely universal projective F-embedding we
may say that a given projective F-embedding of T" is or is not universal, drop-
ping the adverbs ‘relatively’ or ‘absolutely’. We refer the reader to Kasikova and
Shult [20] for a very far-reaching sufficient condition for the existence of the
absolutely universal projective embedding.



page 4 /27

go back

full screen

close

quit

ACADEMIA
PRESS

) &

UNIVERSITEIT
GENT

Given an embedding ¢ : ' — V and an automorphism g of I, a lifting of g
through ¢ is a semi-linear mapping ¢(g) : V' — V such that e(g) - € = ¢ - g. The
lifting e(g) of g, if it exists, is uniquely determined modulo scalars. Clearly, it
is invertible. Given a group G acting on I as a group of automorphisms, the
embedding ¢ is said to be G-homogeneous if for every g € G the automorphism
of I induced by g lifts through ¢ to a semi-linear map of V.

If ¢ is absolutely universal then it is Aut(I')-homogeneous. Let ¢; and e be
projective embeddings of I" and f : €1 — &2 a morphism. Suppose that ¢; is
G-homogeneous for some G < Aut(I") and ker(f) is stabilized by G. Then ¢ is
G-homogeneous.

2.2. Veronesean embeddings

Various definitions of Veronesean embeddings have appeared in the literature,
sometimes under different names. The reader may see [27] for one of them.
The underlying idea of each of those definitions is that lines are mapped onto
conics, or even plane arcs, but that idea can be worked out in different ways,
thus obtaining different definitions. We choose the following one.

Let I' = (P, L) be a point line geometry satisfying the assumptions made at
the beginning of this section. A Veronesean embedding of I" in (the projective
space PG(V') of) a vector space V' defined over a commutative division ring
(namely a field) F is an injective mapping ¢ from the point-set P of I" to the set
of points of PG(V') such that £ maps every line of I onto a non-singular conic
of PG(V), for every line [ € L the projective plane spanned by the conic ¢({)
intersects the set £(P) just in ¢(1), and £(P) spans PG(V).

All definitions and conventions stated for projective embeddings in Subsec-
tion 2.1 can be rephrased for Veronesean embeddings word for word. In partic-
ular, we can still construct the hull ¢ of ¢ starting from ({V. }zepuc, {tp,i}(p,)eF)
where V, = ¢(xz) when z € P and V,, = (¢(z)) = (UpeVz) Wwhen z € L. As
before, for every flag (p,l) € F the mapping ¢, ; is the inclusion embedding of
Vp in V. Now ¢(l) = {e(p)}per is a non-singular conic of the projective plane
PG(V;) while in the previous subsection PG(V}) is a projective line and (1) is
its set of points. However this difference has no effect on the construction of V
(see [22], where the hulls as defined here are called linear hulls).

We have claimed that all what is said in Subsection 2.1 for projective em-
beddings can be carried to Veronesean embeddings with nearly no modifica-
tion. This is true, but when dealing with quotients more precise remarks are
necessary. Indeed, certain situations can occur now that are not paralleled by
anything occurring for projective embeddings.

Given a Veronesean embedding ¢ : I' — V/, let K be a subspace of V' satisfying
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conditions (Q1) and (Q2) of Subsection 2.1. Note that now we must assume
(Q2) in addition to (Q1), since in the present context (()2) does not follow
from (Q1). (Examples where (Q1) holds but (Q2) fails to hold are easy to
construct.) By (Q1), the function ¢/K mapping p € P to (¢(p), K)/K is an
injective mapping from P to the point-set of PG(V/K). By (Q2), given a point p
and aline/ of T, if p € [ then (¢/K)(p)N{(¢/K)(l)) = 0, no matter if ((¢/K)(l))
is 2- or 3-dimensional. Moreover ((¢/K)(P)) = V/K, since (¢(P)) = V by
assumption. Sticking to the terminology introduced in the previous subsection,
we still call e/K a quotient of ¢ and we say that K defines a quotient of e.
However, when the underlying field F of ¢ has characteristic 2 the embedding
¢/K might not be Veronesean, as we shall see in a few lines. Nevertheless, such
non-Veronesean quotients are worth of consideration.

Note firstly that ¢/K is a Veronesean embedding whenever K also satisfies
the following:

(Q3) Kn{e(l)) =0 for every line [ of I.

Indeed, if (©?3) holds then the canonical projection of V' onto V/K induces an
isomorphism from (¢(1)) to (¢(1), K)/ K.

Condition (Q3) always holds when char(F) # 2. In this case ¢/ K is a Verone-
sean embedding.

Let char(F) = 2. Then K N (¢(l)) might be non-trivial. This happens precisely
when KN (e(1)) is the nucleus of the conic ¢(/) in the projective plane PG((g(1))).
Denote by n; the nucleus of £(1), and suppose that KN (e(l)) = n; for every line [
of I'. Assume moreover that F is perfect. Then every line of PG((¢(/))) through
n; is tangent to (). It follows that the canonical projection of V' onto V/K
induces a bijection from the conic (/) to the set of points of the projective line
PG((e(1),K)/K) = PG((e(l))/n;). Thus, ¢/ K is a projective embedding.

Still assuming that char(IF) = 2 and K N (g(1)) = n; for every line I, suppose
that F is non-perfect. In this case some of the lines of PG((¢(/))) through n; are
exterior to £(/). The subspace PG({e(l), K)/K) of PG(V/K) is still a line but
¢/K induces an injective but non-surjective mapping from the set of points of [
to the set of points of PG((¢(!), K)/K). Moreover, if [ and m are distinct lines
of I" then (¢/K)(l) and (¢/K)(m) are contained in distinct lines of PG(V/K).
We say that ¢/ K is a laxly projective embedding.

Finally, keeping the assumption that char(IF) = 2, suppose that KN ({(l)) = n,
for some but not all lines of I'. In this case ¢/K maps some lines of I' into (or
onto, if F is perfect) lines of PG(V/K) while other lines of I" are mapped by ¢/ K
onto non-singular conics of PG(V/K). In this case we say that ¢/K is quasi-
Veronesean. We include Veronesean, projective and laxly projective embeddings
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in the class of quasi-Veronesean embeddings as borderline cases.

Remark 2.1. In the literature projective embeddings as defined in Subsec-
tion 2.1 are also called full projective embeddings while the embeddings that we
have called laxly projective are often called lax projective embeddings, also lax
embeddings for short (as in [29]). This terminology is used in contexts where
both full and lax embeddings must be considered. When all projective em-
beddings to consider are full people normally prefer to drop the word ‘full’,
thus calling them just ‘projective embeddings’, as we have done here. We have
replaced the adjective ‘lax’ with the adverb ‘laxly’ because, since a projective
embedding as defined in this paper is never lax, the phrase ‘lax projective em-
bedding’ would sound as an oxymoron. The phrase ‘laxly projective embedding’
sounds better.

Remark 2.2. Nothing is known on the existence of absolutely universal Verone-
sean embeddings except the following: if all lines of I" = (P, £) have just three
points then I" admits the absolutely universal Veronesean embedding, which can
be constructed as follows. Let V be an F,-vector space of dimension equal to
/P|. Then any bijection from P to a basis of V can be taken as the absolutely
universal Veronesean embedding of T'.

The previous construction is admittedly too trivial to be interesting. Perhaps,
Veronesean embeddings of geometries with three points per line are devoid of
interest.

2.3. Subspaces and generation

With I' = (P, £) as in the previous subsections, a subset S of P is a subspace of
[ if S contains every line [ of I" for which |l N S| > 2. A subspace S is proper if
S # P. A proper subspace of I' meeting every line of I' non-trivially is called a
hyperplane of T'.

Intersections of subspaces are still subspaces. So, given a set X of points
of T" we can consider the span (X)r of X in I', namely the smallest subspace
of I containing X, defined as the intersection of all subspaces containing X.
We say that X generates I" if (S)r = P. The generating rank grk(I') of T is
the minimum size of a generating set of I'. Clearly, if I"' admits a projective
embedding then grk(I') > dim(e) for every projective embedding ¢ of I". In
particular, if dim(e) = grk(I") < oo then ¢ is relatively universal.
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3. Embeddings of orthogonal Grassmannians

3.1. Grassmannians of the building of type B,, and their em-
beddings

Forn > 2let Va,4+1 =2 V(2n+1,F) be a (2n+ 1)-dimensional vector space over a
field F and ¢ a non-singular quadratic form of V5,,; with Witt index n > 2. Let
B,, the building of type B,, associated to the pair (V5,,11, ¢), where the elements
of type kK = 1,2,...,n (k-elements for short) are the k-dimensional subspaces
of V5,41 totally singular for ¢, with containment as the incidence relation. The
building B,, is described by the following Dynkin diagram, where the integers
written over the nodes of the diagram are the types:

1 2 3 n—2 n—1 n

(Bn) - e e .

For 1 < k < n, the k-shadow of a flag F' of B,, is the set of k-elements incident
to . The k-Grassmannian B, ; of B, is the point-line geometry defined as
follows. The points of B,, , are the k-elements of 5,,. When 1 < k < n the
lines of B, are the k-shadows of the flags of B,, of type {k — 1,k + 1}. The
geometry B3, ; is the polar space associated to 3,,. Its lines are the 1-shadows of
the 2-elements of 5,,. The geometry 83, ,, is usually regarded as the dual of the
polar space 5, ;. Its lines are the n-shadows of the (n — 1)-elements of 3,,. For
such an element X, let [ x be its n-shadow. Then

Ix={Z|X czZc X", dim(Z) =n, Z totally singular}

where X is the orthogonal of X with respect to q. (Recall that X is an (n —1)-
dimensional totally singular subspace of V5,,;1.) The vector space X+ /X is 3-di-
mensional and [y is a non-singular conic in the projective plane PG (X /X).

Grassmann embeddings. For 1 < k < nlet Wa,,41 5 := A*Va,4q and let 27,
be the mapping from the set of points of 53,, ;, to the set of points of PG(Wa,,41, k)
defined by the following clause. Let X be a k-element of 5,, and {vy,...,vx}
a basis of X regarded as a subspace of V5, ;. The 1-dimensional subspace
(v A+ -+ Avg) of Wap41 i does not depend on the choice of the basis {vy, ..., vs}
of X. We put e, (X) = (v1 A -+ Avy). Itis easy to see (and well known) that
this mapping is i’njective.

The mapping ¢}, is just the natural embedding of the polar space B, in
Vopt1. f 1 < k < n then sifk is a projective embedding of B3, ;, in the subspace
W1k = (€5 (Bnk)) of Way 111 spanned by €7, (B, 1) (where we take the
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liberty of using the symbol B, ; to denote also the point-set of the geometry
B, ). We call efik the Grassmann embedding of B,, .

Let k = n. If X is an (n — 1)-element of B,, then the set &5, (Ix) =
{5, (Y)}yeix is a non-singular conic of PG(W2,41,,). Moreover, if Y is an
n-element of B,, not containing X then (&', (Ix)) N &%, (Y) = 0. Thus, &5,
is a Veronesean embedding of B, ,, in the subspace W3, ,, ,, := (¢&' (B, »)) of

Wany1,n spanned by 57 (A,,). We call e’ the Grassmann embedding of B,, ...

The spin embedding. The geometry B,, ,, also admits a projective embedding,
namely the spin embedding e3P : B,, ,, — Van := V(2" F). We refer the reader
to Buekenhout and Cameron [7] for a concise description of this embedding.
It is worth mentioning that when char(F) # 2 the embedding 5P™" is relatively
universal (Blok and Brouwer [2]; also Cooperstein and Shult [15]). Hence it
is absolutely universal, since B,, ,, admits the absolutely universal embedding
(Kasikova and Shult [20]).

The Veronese-spin embedding. Let vo» be the usual quadratic Veronesean
map from Vs = V(2",F) to V((* /'), F), which maps a vector (z1,...,x2.) of
V5n onto the vector

(:B?, e ,x%n, 1T, ..., L1Ton, LT3, ..., LoLon, ..., Ton_1Ton ).
The mapping o~ defines a Veronesean embedding of PG(V5.) in V((zn; 1) ),
which we also denote by the symbol 5. The composition ¥ := von - 5P is
a Veronesean embedding of B, ,, in a subspace W of V((* N 1) ,IF). We call it
the Veronese-spin embedding of B,, ,.

Homogeneity. Let G := Spin(2n + 1,F), namely G is the universal Chevalley
group of type B,, defined over F. We recall that the adjoint group of type B,,
is G := SO(2n + 1,F) (= PSO(2n + 1,F)). If char(F) # 2 then G is a non-split
central extension of G by a group of order 2 while if char(F) = 2 then G = G.

Each of the embeddings ¢}, e%Pin and ¥ is G-homogeneous. The vector
space Vun, regarded as a G-module via e5P'®, is called the spin module. We
shall denote this module by the symbol WPI", We call WY = (V" (B,, ,,)) the

n

Veronese-spin module for G. We call W5, ., , a Grassmann module for G. When

char(FF) # 2 the group G acts as G in W° as well as in W5’

for every k, but
. 2n+1,k 5
it acts faithfully in W3P».

Weyl embeddings. Let Aq, \o,..., A\, be the fundamental dominant weights
for the root system of type B,,, numbered in the usual way (see the picture at
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the beginning of this subsection). For A = Ay,..., A, or A =2\, let V},(\) be
the Weyl module with X as the highest weight. An embedding ¢,, ) of B,, ;, (for
A= A, ork=mnand A = 2)\,) can be created in V,,(\) as follows. Let vy be a
highest weight vector of V,,(\). Then the G-orbit of (vy) corresponds to the set
of points of B,, ; and, if P, is the minimal fundamental parabolic subgroup of
G of type k and L is the Py-orbit of (vg), then the G-orbit of Ly corresponds to
the set of lines of B,, . If X is the k-element of B,, corresponding to (vg) then
en,x Maps g(Xo) to g((vy)), for every g € G. If A = A, then ¢, is projective.
In particular, it is well known that ¢,, 5, = 5P, namely V,,()\,) & WP, On
the other hand, ¢, 2), is Veronesean, as one can see by computing L, explicitly.
We denote the embedding ¢, 25, by the symbol & enn and we call it the Weyl
Veronesean embedding of 3, ,. We extend this notation to the case k£ < n: when
k < n we put 5)’;’,€ = e, and we call enwk the Weyl embedding of B, j.

We have dim(V,,(2),)) = (**1) and dim(V,,(\x)) = (*"7') when k < n, as
one can check by using the Weyl dimension formula (see e.g. Humphreys [19,
24.3]). Hence

Proposition 3.1. dim(e),) = (**/") for k=1,2,...,n

Moreover, the G-module W5, . | , is a homomorphic image of V,,()), where
A = )\, when k£ < n and A\ = 2\, when & = n. (See Blok [1, section 9]; also
Carter [12]). In other words:

Proposition 3.2. )V, > &2, fork=1,2,.

Symplectic embeddings. When F is a perfect field of characteristic 2 the
building B,, is isomorphic to the building of type C,, associated to a non-degen-
erate alternating form « on V5, := V(2n,F), the elements of B,, of type k being
now regarded as k-subspaces of Vgn totally isotropic for a. Thus, we can also
define a projective embedding 5 . of B,, 1, in a subspace of Wy, ;, := /\ Von,
which maps every totally 1sotr0p1c k: subspace (vy,...,vx) of V5, onto the point
(v1 A -+ AN vg) of PG(Way, ). This embedding is G—homogeneous (recall that
Spm(?n + 1,F) = Sp(2n,F) when F is a perfect field of characteristic 2) We
call & k a symplectic embedding of B,, .. We warn that the embedding s k, is
projective for k = n too.

Obviously, 57811,)1 is the natural embedding of 3,, ; as a polar space of symplectic
type in Va,,.

If £ > 1 then W;ﬁ”k = <5i?k(Ak)> is a proper subspace of Wy, ;. In fact
dim(WyP ) = (%) = (,2",) while dim(Way 1) = (%)

Let k = n > 2. Then the spin embedding £5P'* is a proper quotient of si?n
(Blok, Cardinali and De Bruyn [3]; also Cardinali and Lunardon [8]). Actually
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ePin < 5 since dim(e5F,) = (¥) — (,2",) > 2" = dim(£5P™"). When 2 < [F|

the embeciding epp, is the hull of &P (Cooperstein [13] for the finite case and
De Bruyn and Pasini [18] for the general case), hence it is universal. The case
F = IF5 is exceptional. Indeed when F = [y the universal projective embedding
of B, ,, has dimension equal to (2" +1)(2"~* +1)/3 > (**) — (,*",) = dim(’F,)
(Li [21]; also Blokhuis and Brouwer [6]).

spin

: _ Sp ~ Sp ~ _gr W
Finally, let n = 2. We have 5 & &,”" <&y Ze5,

€311-

112

3.2. Grassmannians of the building of type D,, and their em-
beddings

We denote by D,, the building of type D,, defined over F, where n > 3. Note
that, given a non-singular quadratic form ¢t of Witt index n in V3, = V(2n,F),
the non-trivial subspaces of V5, totally singular for ¢, with their dimensions
taken as types, form a non-thick building D,, of Coxeter type C,,. The building
D, is obtained from D,, by dropping the elements of type n — 1 and partitioning
the set of n-elements in two families, marked by two distinct types, say (n,0)
and (n, 1), where two elements X and Y of type (n,0) and (n, 1) are declared
to be incident precisely when dim(X NY) =n — 1.

(n,0)
(Dn)

(n,1)

We allow n = 3. Recall that the Coxeter diagram Dj is the same as A3, but with
the usual types 1,2,3 replaced with (3,0),1 and (3, 1) respectively. In other
words, D3 = PG(3,F), the elements of D3 of type 1, (3,0) and (3,1) being
respectively the lines, the points and the planes of PG(3,F) (or lines, planes
and points, if we prefer so).

For k < n, the k-Grassmannian D,, ;, of D,, is defined just in the same way
as the k-Grassmannian B5,, j, of B,,. We put D,, ;, := 5717,{; and we call D, , the
k-Grassmannian of D,,.

The 1-Grassmannian D,,; of D,, is the polar space defined by ¢t on V3,.
Regarded V5, as a hyperplane of V5,1 = V(2n + 1,F), we can accordingly
regard D,, ; as a hyperplane of the polar space 3,, ; (which is defined in Va,,11).
Similarly, D,, 5, is the subgeometry induced by B3, ; on the set of k-subspaces
of Vs,,.

Note that the points of D,, ,,_; are the {(n,0), (n,1)}-flags of D, while the
lines of D,, ,_1 correspond to flags of D,, of type {n—2,(n,0)} or {n—2,(n,1)}.
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In particular, D5 - is the so-called root-subgroup geometry of SL(4,F), with the
point-plane flags of PG(3,F) as points and the line-plane and point-line flags of
PG(3,F) as lines.

Remark 3.3. When k£ = n — 1 the conventions adopted above are not so consis-
tent with the terminology commonly used in the literature. If we followed the
custom, we should rather call D,, ,,_; the {(n,0), (n,1)}-Grassmannian of D,,.
Moreover, the types (n,0) and (n, 1) are usually replaced by n — 1 and n. How-
ever, in the context of this paper our slightly unusual conventions make life
easier.

Remark 3.4. Two more Grassmannians of D, should be mentioned, which
cannot be regarded as Grassmannians of D,,, namely the (n,0)- and (n,1)-
Grassmannians, called half-spin geometries in the literature. We are not going to
discuss them in this paper, but we feel compelled to say at least a few words on
them. They are mutually isomorphic and can be constructed as follows. Con-
sider the (n,0)-Grassmannian D, (, (), to fix ideas. The points of D, (,, o) are
the elements of D,, of type (n,0) while the elements of type n — 2 are taken
as lines. The geometry D,, (,, 0y admits a 2n~!.dimensional projective embed-
ding 7, called the half-spin embedding (see e.g. Buekenhout and Cameron [7]).
Moreover, grk(D,, (n.,0)) = 27~1 (Cooperstein and Shult [15]). Hence 7 is rela-
tively universal. Moreover, D, (, o) admits the universal embedding (Kasikova
and Shult [20]). Hence 7 is absolutely universal.

Grassmann and Weyl embeddings. We have remarked that D,, , is a sub-
geometry of B, ; for k = 1,2,...,n — 1. Accordingly, the Grassmann embed-
ding 5§Lfk of B, induces on D, ; a projective embedding nf:k in a subspace
WS‘,’C = (05 (Dnr)) of Way p, = A" Van. We call 15\, the Grassmann embedding
of Dn,k-

Let p1, ..., ftn—2, in,0 and p, 1 be the fundamental dominant weights of the
root system of type D,,, corresponding to the nodes 1,2,...,n — 2,(n,0) and
(n,1) of the D, -diagram in the obvious way. Put y,,—1 := fin,0 + in,1. Then for
k=1,2,...,n — 1 the Weyl module V,,(u) hosts a projective embedding nyk
of D,, . We call n:ﬁ’k the Weyl embedding of D,, ;. With the help of the Weyl
dimension formula we can check that dim(V,,(u)) = (2]:”) Therefore:

Proposition 3.5. dim(n)",) = (') fork=1,2,...,n— L

An analogue of Proposition 3.2 also holds:

Proposition 3.6. 7,V > 75, fork=1,2,...,n— L
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3.3.

4.

4.1.

A list of the embeddings defined in this section

. (Grassmann) €' : By — W5 1 € Wopuy1 k. Projective when k < n

and Veronesean when k = n. It is a quotient of £"', (item 4 of this list).

(Spin) &P : B,, ,, — WEPin =V ()\,,). Projective. Dimension equal to 2".

. (Veronese-spin) X" : B,, , — Wy C V((*" /'), F). Veronesean.

(WeyD) 5)’& : Ben — Vi(\), with A = A for k < nand A = 2 - \,, when
k = n. Projective when k < n and Veronesean when k& = n. In any case it

has dimension equal to (*"/1).

(Symplectic) gzpk B — W;E .- It only exists when F is a perfect field of
characteristic 2. It is projective, with dimension equal to (%) — (,>",).
(Grassmann) 0%, : Dy, — W§ . C Wan i, k < n. Projective. It is a
quotient of 7Y, (see below).

(WeyD) nx\jk : Dk — Vi(ur), where £ < n and p—1 = pno + tn,1-
Projective. Dimension equal to (%").

More on the previous embeddings

Grassmann and Weyl embeddings

It is well known that €%’} = &V, and 7%", = 7", for any choice of the field F.
So, throughout this subsection we assume k > 1.

Theorem 4.1. Let char(F) # 2. Then:

(1) €&, =V, forevery k=2,3,...,n.

(2) n

gr ~v

n’k:nx‘fkforeveryk:2,3,...,n—1.

Sketch of the proof. Both (1) and (2) can be proved by exploiting the fact that
the Weyl modules V,,(A2),...,Vo(An—1), V(2 - A\n), Vi(p1), ..., Vi (pn—2) and
Vi (fn,0 + pin,1) are irreducible when char(FF) # 2, but in [9] we have used a
different, more elementary argument to prove (1). The bulk of the proof given
in [9] is to show that if char(F) # 2 then the set of points of B, ; is a gener-
ating set for the k-Grassmannian Gy of PG(Vs,,4+1) = PG(2n,F) in the sense of
Subsection 2.3. Having proved this, let 7, be the natural embedding of G in
Wan+1,5, mapping every k-subspace (vy,...,vg) of Va,y1 onto (v A --- A vg).
Then v (Gr) spans W, 11,5 Moreover +; induces 5%5,{ on B, ;. Therefore,
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since B, ; generates Gy, the image of 3, ) by z—:ifk spans Wo,11,x. However
dim(Wapt1 k) = (*%F') = dim(V,,(\)) (where A = X\, if k¥ < n and X = 2],
when k£ = n). Claim (1) follows. Claim (2) can be proved by the same argu-
ment used in [9] for (1), modulo a few little modifications. O

For the rest of this subsection we assume that char(IF) = 2. We firstly consider
the building B,,. We recall that its elements are the subspaces of V5, totally
singular for a given quadratic form ¢ of Witt index n. As char(F) = 2, the radical
Ny of the sesquilinearization of ¢ is 1-dimensional. We call NV, the nucleus of q.

We need to fix some notation. As in the sketch of the proof of Theorem 4.1,
we denote by G, the k-Grassmannian of PG(V5,, 1) and by 4 the natural em-
bedding of G, in W5y, 41 1. Recall that B,, ;. is contained in Gy, and +;, induces %',
on B, ;. Given an element X of B,, of type k — 1 (recall that we have assumed
that k > 1) let Res™ (X) be its upper residue, formed by the elements of 3,, of
type k,k +1,...,n incident to X. Then Res™ (X) is the building of an orthogo-
nal polar space of rank n — k + 1 defined in X+ /X. We denote this polar space
by Res; (X). Let Gx(X) be the subspace of G, formed by the k-subspaces of
Von41 that contain X and are contained in X+ and let Wan+1,6(X) be the sub-
space of Wy, 41 1 spanned by Gi (X ). Then dim(Way41 (X)) = 2(n—k+1)+1,
Y,(Gr(X)) = PG(Wapnt14(X)) and €%, embeds Res; (X) in Wa,11,£(X) as
the polar space associated to a non-sing7ular quadratic form ¢x of Way, 41 (X)
of Witt index n — k + 1. So, & (Res; (X)) spans Wy, 11 1(X). Let Nx be
the nucleus of ¢gx and let N'¥", be the subspace of W5,1 spanned by the
1-dimensional subspaces Ny for X a (k — 1)-element of B,, ;. Clearly, N'*,
is contained in W53, ,, = (& ,(Bnx)) and it is stabilized by the group G
(= Spin(2n + 1,F)). Finally, we denote by (2", | the mapping sending every
point X of B,, y_1 to Nx. The following is prox}ed in [9]:

Theorem 4.2. Let k > 1 and char(F) = 2. Then the following hold:

(1) The subspace N, of W5 ., ;. defines a quotient of the embedding &} ,. We
have dim(W5 .\ /NE) = (°F) = (,2,). If F is perfect then &', /NZ', =
gif’k. If ¥ is non-perfect then e, /N, is projective when k < n and laxly

projective when k = n.
(2) The mapping .}, _, is a projective embedding of By, ;-1 in NF,. We have
dim(NF,) = (,2") — (2") (with the usual convention that (°") = 0, when

k = 2). If F is perfect then Lifk_l o 521,)1@_1-

3) dim(¥,) = () — (7).

Sketch of the proof. Claim (3) immediately follows from (1) and (2) (recall that
dim(eijk) = dim(WE Y ) by definition). As for (1) and (2), assume firstly that
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IF is perfect. Under this assumption, claim (2) is obtained in [9] with the help of
straightforward calculations. As for (1), in [9] we firstly prove that N 8t & satisfies
(Q1) of Section 2. When k < n this is enough to conclude that €}, //\/'n k1S a
projective embedding. When k = n we also need (Q2), but this property is fairly
easy to prove. On the other hand, (Q3) fails to hold for any line of 5, ,,. Hence
s, /NE,, is a projective embedding, as explained in Subsection 2.2. Finally,

Sp

the 1somorphlsm 5n o/ NE » = €, is proved by a direct algebraic argument.

Suppose now that F is non- perfect. Then we can replace 5,, with a suitable
sub-building defined over F5. As I, is perfect, claims (1) and (2) hold for that
sub-building. Turning back to B5,,, we obtain the statements of (1) and (2) in
the non-perfect case. O

By (3) of Theorem 4.2 we immediately obtain the following:

Corollary 4.3. Let k > 1 and char(F) = 2. Then e%', < &¥,.

Let £ > 1 and char(F) = 2. Let m, be the projection of &% g onto €X'y
By Theorem 4.2, if k¥ = 2 then dim(ker(m, ,)) = 1 while dlm(ker(wmk)) =
dim(V,,(Ak—2)) when k > 2. Moreover dim(7 nk( BL)) = dim(V,(Ag—1)). A
more clear picture is offered in [11], where the folloWing is proved.

Theorem 4.4. Let k > 1 and char(F) = 2. Then ﬂ;}g (NVE%) = Viu(Ak—1) (isomor-
phism of G-modules). Moreover, if k > 2 then ker(m, ;) = V,,(Ak—2).

Sketch of the proof. PutV :=V,(\x) when k < nand V = V,,(2)\,,) when k = n.
Let vg be a highest weight vector of V, let £ be the Lie algebra of G and 2
the enveloping associative algebra of £. It is proved in [11] that an element
ar € 2 exists such that A(a(vo)) = Vi (Ak—1), with ag(vo) in the role of high-
est weight vector of V,,(Ax—1). By the very same argument, with V' replaced
by 2(ax(vo)), an element a;_; € A exists such that A(a;_1ax(vo)) = Vi (Ak—2),
with the convention that V,,(\o) (= V,,(Ax—2) when k& = 2) is the trivial 1-di-
mensional module. It turns out that m, 1 (ar_1ax(vo)) = 0 and m, x(ax(vo)) €
NE.. Hence 2A(ap_10ax(vg)) € ker(m, ) and A(ar(vo)) C 7, L (NEL). We
know by Theorem 4.2 that dim(r,, | (NV®)) = (¥'"") = dim(V,,(\e-1)) and

dim(ker(my, 1)) = (Tn k) = (2£+21) = dim(V,,(Ak—2)). Moreover (a;_1ax(vg)) C

ker(my ;) and A(ax(ve)) € 7, L (NF,). By these inclusions and the isomor-
phisms A(ax_1ax(vo)) = Vi (Ak—2) and A(ax(vy)) = V (Ax—1) we obtain that
A(ag_1ar(vo)) = ker(m, ) and A(ax(vg)) = Wn}ﬂ( "), by comparing dimen-

sions. Hence 7, 3 (NV5) = Vi (Ar—1) and ker(mp, 1) = V (Ak—2)- O

Turning back to Theorem 4.2, that theorem also has the following interesting
consequence:
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Corollary 4.5. Let k < n and let I be a perfect field of characteristic 2. Then ¢,
is not universal. More explicitly, £)7, < %' .

Remark 4.6. The hypothesis that k£ < n is essential for the conclusion of Corol-
lary 4.5. Indeed, although si?n is a proper quotient of £%', , the latter is Verone-
sean rather than projective. So, the fact that g?fn is a quotient of &5, in the
sense of Subsection 2.2 does not imply that gi{’n is not universal. In fact, e3P is

universal when 2 < |F| < oo, as remarked at the end of Subsection 3.1.

Still assuming that char(F) = 2, we now turn to D,,. With ¢* as in Subsec-
tion 3.2, the sesquilinearization « of the quadratic form ¢* is a non-degenerate
alternating form of V5,. Let C, be the building of type C,, associated to «.
Then, for every k = 1,2,...,n—1, the k-Grassmannian D,, ;, of D,, is a subspace
(Subsection 2.3) of the k-Grassmannian C,, ;, of C,,. Let 5?& be the projective
embedding of C,, , mapping every k-subspace (vy, ..., v;) of V4, totally isotropic
for o onto the 1-dimensional subspace (v; A --- A vi) of Wa, x = AFV5, (com-
pare the definition of symplectic embeddings in Subsection 3.1, but note that
now C,, need not be isomorphic to B, since F might be non-perfect). It is well

known that £F, is a projective embedding of C,, s, dim(s>% ) = (") — (,*",) and
elP. induces 7%, on D, ;. Therefore dim(n%',) < (%) — (,*",). Consequently,

M < Ty A sharper statement is proved in [9], namely the following.

Theorem 4.7. Let 1 < k < n and char(F) = 2. Then dim(}’,) = M - (,ffg).
Sketch of the proof. Suppose firstly that ' is perfect. Let G, be the k-Grass-
mannian of PG(V2,). Then both D,, ; and C, , are subgeometries of G;. As
D,k € Cp i, we have (D, 1)g, € (Cpk)g.- The crucial step of the proof is to
prove the reverse inclusion (C, x)g, € (Dn.k)g,. Having poved this, we obtain
that (D,, x)g, = (Cnk)g, and the statement of the theorem follows, recalling
that the natural embedding of G;, in W, 5 induces 5if’k onC,,; and nfjk onD,, k.

The inclusion (C,, x)g, € (Dn.k)g, is proved in [9] by exploiting the fact that,
since C,, = B, (because F is assumed to be perfect) and D,, ; is a hyperplane
of B,,1, the subgeometry D,, ; is in fact a hyperplane of C,, ;. We refer the reader
to [9] for the details of this proof.

When F is non-perfect the conclusion of the theorem can be obtained as in
the proof of Theorem 4.2, by descent to the prime subfield F; of F. O

Remark 4.8. We have defined 7", with the help of the Grassmann embedding

si‘?k of C, . It is worth remarking that gi‘?k is in fact a Weyl embedding (see e.g.
Blok [1]).
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4.2. The Veronese-spin embedding

The next theorem is Theorem 1 of [10].

Theorem 4.9. We have £/** = WV for every choice of the field F.

n,n

Sketch of the proof. The group SL(2",F) can be lifted from V5, = V(2",F) to
V((*';),F) via the Veronesean quadratic map. Thus, V((*,!),F) can be
regarded as an SL(2",F)-module. One can prove that this module is isomor-
phic to the Weyl module V(2 - w;) for SL(2",F), where wy,...,wsn_1 are the
fundamental dominant weights of the root system of type As;-»_;. Next, re-
garding V(2 - wy) as a Spin(2n + 1, F)-module, as we can in view of the inclu-
sion Spin(2n + 1,F) < SL(2",F), we can recognize V(2 - \,,) inside V(2 - w)
as a Spin(2n + 1,F)-submodule. Finally, it is proved that the isomorphism

V(2 wi) = V((*1), F) induces an isomorphism from V(2 \,,) to Wy, O

Assumption. For the rest of this subsection we assume that char(F) = 2.

We firstly recall a number of known facts about the quadratic Veronesean
map von: Von — V((*" +1),]F‘). This map induces a Veronesean embedding
of PG(2" — 1,F) in V((*'J!),F), which we still denote by v5.. The image
von (PG(2" — 1,F)) of PG(2™ — 1,F) by vyn is called a Veronesean variety. As
noticed in the sketch of the proof of Theorem 4.9, the group SL(2",F) lifts to
V( (2n2+ "), F). Clearly, it stabilizes the Veronesean variety vo» (PG(2"—1,F)). For
every line | of PG(2" — 1,F) let n; be the nucleus of the conic v~ (1). The nu-
cleus subspace of V ((*" +1) F) relative to v5n is the subspace A of V ((*',%),F)
spanned by the nuclei n;, for [ a line of PG(2" —1,F) (Thas and Van Maldeghem
[26]). The subspace N is stabilized by SL(2",F) in its action on V((2 “),IF).
Moreover, NN (van (1)) = n; for every line [ of PG(2™ —1,F). Hence N Nva,(p) =
0 for every point p of PG(2"~1, F).

Put N := Nan N WY, For every (n — 1)-element X € B, ,,—1 of B,, let
lx be the hne of B, , correspondig to X and let nx be the nucleus of the conic

e (Ix) = van (e5P™(Ix)). We put N = (nx) xep, -

Clearly, NY§ 2 N9 and both these subspaces are stabilized by the group
G = Spln(2n + 1,IF) in its action on WYer (2 V(2 - \,) by Theorem 4.9). We
can also define two mappings £, /Ny¢ and ;" /N from B, ,, to the set of
1-dimensional linear subspaces of W' /NY¢ and W' /N9 respectively and
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amapping ¢;%,_; : Bnn1 — N/, as follows:

n,n—1

( ver/ ver)( ) e <€ver(X> ver>/Nver fOI' every pOll’lt X Of Bn ni

n

(en™ /NG(X) = (en™ (X), Nt ) /NG for every point X of By, ;

n n,l n

ver

Ln,n—l

(X) := nx for every point X of B,, ,,_1.

Lemma 4.10. Let n = 2.

(1) Suppose that I is perfect. Then N3¢ defines a quotient of 5" and we have
e;fler/NQV,er o Ezpm.

(2) In any case, N5'T defines a quotient of e5°" and dim(e3* /NYT) = 5. If F
is perfect then ever JNST = . If F is non-perfect then £V /./\/ > 1s laxly
projective.

(3) w3 =edy (=),

Sketch of the proof. Claim (3) is Lemma 2 of [10]. It can be rephrased as fol-
lows: 13 (Ba,1) is a copy of the quadric Ba; = Q(4,F) in PG(NSS) = PG(4,F)
(notation as in Payne and Thas [24]). One of the points of PG( Ver) is the nu-
cleus of the quadric (3% (B2,1). Both these claims admit straightforward proofs.
(We warn that in [10] it is assumed that F is perfect, but this hypothesis plays
no role in the proof of (3).) Moreover, denoted by /\/'2",‘32r the nucleus of the
quadric 3% (Bz,1), it is not difficult to see that Ngg = ker(mg 2), where 7g 5 is
the projection of Wy*" = V5(2)2) onto W5, as in Theorem 4.4. Accordingly,

5T INSS = N5, (notation as in Theorem 4.2). Claim (2) now follows from
Theorem 4.2.

Turning to (1), the crucial step in the proof of this claim is to prove that,
for every line [ of B; o, the intersection of Ny§ with the plane (C;) spanned
by the conic C; := &¥*(l) is just the nucleus nl of C;. This is proved in [10,
Lemma 3.2] under the hypothesis that F is perfect, exploiting the fact that,
when the underlying field is perfect, all lines through the nucleus of a conic are
tangent to the conic. Having proved that NV5q N (C)) = ny, it readily follows

that V3G defines a quotient of £3°" and &)"/ 2"7‘5{ >~ P, O

So far we have defined V)5, Ny and ¢, ;. In the proof of Lemma 4.10 we

have also defined N5 as the nucleus of the quadric 3% (B2 1). This definition
can be generalized as follows.

Let n > 2. Given a k-element X of B,, with & < n — 2, the upper residue
Res™(X) of X in B, is a building of type B,,_;, with {k + 1,...,n} as the set
of types. We can define the n-Grassmannian Res; (X ) of Res™(X) by taking the
n-elements of Res™ (X) as points and the lines of B,, ,, contained in Res' (X) as
lines.
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Let kK = n — 2. Then Res; (X) is isomorphic to the symplectic generalized
quadrangle W (3, F). We call it a quad of B,, ,,. We have dim((e5P™*(Res;" (X)))) =
4, namely £5P'" embeds Res; (X) in the 4-space (5P™*(Res;"(X))) as a copy of
W (3,F). By claim (3) of Lemma 4.10, /" ,(Res, (X)) is a copy of Q(4,F)

n,n—1
in the 5-dimensional subspace (1%, (Res; (X))) of WY. We denote by nx
the nucleus of the quadric L;’f;_l(ReSj; (X)) in (13,1 (Res, (X))) and we put

ne = (nx)xeB,.._,, where we write X € B3, ,,_ to say that X is an (n — 2)-
element of B,,. Clearly, N,y C N,/ and N,/ is stabilized by G.

We can also introduce one more mapping, which could not be defined when
n = 2: we denote by ¢}, o : By n—2 — NJS the mapping sending every point
X of B, ,—2 to nx.

Theorem 4.11. Let n > 2. Then the following hold.

(1) If F is perfect then N5 defines a quotient of e;*". In any case, N, and N7
define quotients of €)°".

(2) Let F be perfect. Then 3" /NG = gspin,

(3) IfFFis perfect then €Y NV = 5P . When F is non-perfect then )" /N is
laxly projective of dimension &) _ (,2"). 7

(4) We have )" /IN/G = €8 .

(5) The mapping ()¢, _, is a projective embedding of B,, ,—1 in NJ9. Moreover

W n,n—1 n,l*

ver ~

lpn—1 = €En,n—1-

(6) Letn > 2. Then 1), is a projective embedding of B, 2 in N,J5. Moreover
Lver ~ W
n,n—2 — “n,n—2°

Sketch of the proof. All the above claimed are proved in [10], but under the
assumption that [ is perfect. However, this assumption is only needed for claim
(2) and the first claims of (1) and (3). We firstly sketch the proof of (2), then
we shall turn to the rest.

Suppose that F is perfect. We know by Lemma 4.10 that for every quad
Q of B, the image /" /N5 (Q) of Q by )" /NG spans a 4-dimensional

n,0

vector space of W*" /NG This fact, combined with a result of De Bruyn [16,
Theorem 1.6], implies that dim(ey*"/NY{G) = 2". It follows that 7" /NG =

; n n,0 n,0 —
e,

As for the remaining claims of the theorem, a proof simpler than in [10] can
be given with the help of [11]. It follows from the main result of [11] that
v = ker(mp n) = Vi, (An—2). Claims (6) and (4) readily follow from this fact

n,2

and Theorem 4.2. It also follows that Ny /NS = Ng, . Hence (3) holds by

Theorem 4.2. Finally, Ny = V,,(\,_1) still by the main result of [11]. Claim
(5) follows. O
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The previous construction of N9 and )%, , from N9 and ()%, ; can
be generalized as follows. Suppose that for a given £ < n — 1 an embed-
ding ¢ ., of By k41 in a suitable submodule NS, | of W' has been de-
fined in such a way that for every k-element X € B, ; of B,, the subspace
Wx = (% +1(Res (X)) is (2(n — k) + 1)-dimensional, and the restriction of
Lk tO Res; (X) = Q(2(n — k),F) is isomorphic to the natural embedding
of Q(2(n — k),F) in V(2(n — k) 4+ 1,F). Thus )% _ (Res; (X)) is a quadric in
PG(Wx) (2 PG(2(n —k),F)). Let nx be its nucleus. Put N7, = (nx)xes, ,

and let ¢, ;, be the mapping which maps every X € B,, ; to nx.

We have AVYr =V, (\) (isomorphism of G-modules) by the main result

nn—k —
of [11]. Therefore:
Theorem 4.12. For 0 < k < n — 2, the mapping t,, ;, is a projective embedding of
By, in NS, isomorphic to the Weyl embedding gnw’k.

n,n—k?

5. Universality

By Kasikova and Shult [20], the geometry B,, , admits the universal projective
embedding for any k£ = 1,2,...,n and D,, ;, admits the universal projective em-
bedding for k = 1,2, ...,n — 2. The theory developed in [20] cannot be applied
to D, ,,—1, however this geometry admits the universal projective embedding
by Blok and Pasini [5]. It is well known that <€nv‘f1 (= 5551) and 777\5,71 (= nifl)
are universal (Tits [28, chapter 8]). So, we may assume k£ > 1. The following
conjecture is quite natural:

Conjecture 5.1. For k = 2,3,...,n — 1 both ¢, and 7", are universal.

As for the case k = n, we have already remarked that 5P is universal when
char(F) # 2, but eSP'* is projective whereas in this paper we are more inter-
ested in Veronesean embeddings of 5, ,,. We know nothing on the existence of
the absolutely universal Veronesean embedding of B,, ,. However, we may ask
whether €)Y, is relatively universal or not.

We begin our exposition with an elementary result on quasi-Veronesean em-
beddings of projective spaces, to be exploited more than one time in this section.
Next we will address two special cases of Conjecture 5.1. Eventually, we will

turn to &, ..

5.1. A lemma on quasi-Veronesean embeddings of PG(d, F)

We need some preliminaries on 3-subspaces and 3-generating sets of point-line
geometries. We say that a subset S of the point-set P of a point-line geome-
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try I' = (P, L) is a 3-subspace of I, if S contains every line [ of I' such that
|lNS| > 3. Intersections of 3-subspaces are 3-subspaces. Hence we can con-
sider the 3-span (X >(r3) of a subset X C P, defined as the smallest 3-subspace
of I" containing X . We say that X 3-generates I if (X >%3) = P. The 3-generating
rank grks(I") of I' is the size of a smallest 3-generating set of I'. Clearly, if I"
admits a quasi-Veronesean embedding ¢ then dim(e) < grk;(I"). If moreover
dim(e) = grk;(I") < oo then ¢ is relatively universal.

Lemma 5.2. Let F # Fy. Then grky(PG(d,F)) = (*1?) for every integer d > 0.

The proof is very elementary. We refer to [9, Section 4.4] for it. Lemma 5.2
immediately implies the following.

Corollary 5.3. Let IF # [F5 and let d be a positive integer.
(1) Every quasi-Veronesean embedding of PG(d, ) is at most (df)—dimensional.

(2) The Veronesean embedding of PG(d,F) in V((*1?),F) induced by the usual
quadratic map is relatively universal.

Remark 5.4. Remark 2.2 makes it clear that the restriction F # [, cannot be
dropped from Lemma 5.2 and Corollary 5.3. Note also that, if I' = (P, L) is a
point-line geometry with all lines of size 3 then every subset of P is a 3-subspace.
Hence grk,(T") = |P|.

5.2. Two special cases of Conjecture 5.1

The next theorem is proved in [9, Section 4].

Theorem 5.5. Let I be a perfect field of positive characteristic or a number field.
(1) If n > 2 then both ), and n,\, are universal.

(2) Let n > 3 and F # F,. Then both ¢)'5 and 1,3 are universal.

Sketch of the proof. Fork = 2or3,withk < n,letp, s : Byx — W,, , and o, :
Dy, — Ws, , be given projective embeddings of B, x and D,, ;. respectively,
for some [F-vector spaces W, , and W, . In order to avoid repetitions, we
introduce four auxiliary symbols X, £, )V and v, to be read either as B, p, D and o
respectively or as D, o, BB and p, both interpretations being allowed, except that
X = Donlyifn > k+1. With this convention, let H be a hyperplane of the polar
space X, 1 such that the polar space &), 1 i induced by &), ; on H is isomorphic
to V1 if X = Band to V,_11 if ¥ = D. Let &), ; n be the subgeometry
of X, induced on the set of k-elements of X,, contained in H. Then X, ;g
is isomorphic to either ), , or ),,_1j, according to whether X stands for B
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or D. The embedding &, i induces on &), , i a projective embedding &, ;. i :
X joir — We, ..o where We g = (&1 (Xnk,m)). So, if we know an upper
bound for the dimension of v,, , (when X = B) or v,,_; , (When X = D), then
we also know an upper bound for dim(W¢,, , u).

Let a be a point of X, ; exterior to H and X, ; , the subgeometry of X, j
induced on the set of k-elements of X, incident to a. Then X, j, , is isomorphic
to the (k — 1)-Grassmannian X, _1 1 of X, 1. Let &, x0 @ X ko — W, .0 De
the embedding induced by &, x on X, 1 o, Where We_ , 4 := (§nx (X0 i a)>. This
embedding can be regarded as a projective embedding of &),_; _;. So, if we
know an upper bound for the dimension of a projective embedding of X,,_1 x_1,
then we also know an upper bound for dim(W, , a)-

When k = 2 let [y be a line of X,, ; not contained in H U a* and such that
at N lo 75 HnNly. Put S5 .= {l()} U Xn’zﬂ U Xn,Z,H~

When £ = 3 the subgeometry &), 1 o, i of X, ; induced on at N H is isomor-
phic to the polar space X,,_; ;. This polar space admits a generating set of f(n)
points, where f(n) = 2n — 1 or f(n) = 2n — 2 according to whether X" stands
for B or D. Hence the same holds for X, 1 o, 1. Let {p1,...,psn)} be a spanning
set of f(n) points of &,, 1 o, . Forevery i =1,..., f(n) let o; be a plane of &, ;
through p; such that o; N H Nat = {p;}. Put S3 := {ai}{f{) UXps.aUXnsm.

It is proved in [9] that Sj spans X, ;, both for k = 2 and £ = 3. So, if
we know an upper bound d; for the dimension of a projective embedding of
Xn—1,x—1 and an upper bound d, for the dimension of v,, , (when X = B) or
Up—1,r (When X = D), then we obtain that dim(¢,, ) < di +d2 + 1 when k = 2
and dim(&,) < dy + d2 + f(n) when k£ = 3. In this way, by an inductive argu-
ment and going back and forth from D,, to 3,, we can compute upper bounds
for dim(p, ) and dim(o, ) for £ = 2 and £ = 3 and any n > k, provided
that we know upper bounds for dim(o3 2) and dim(oy,3). Explicitly, assume the
following:

(1*) dim(os2) < 15 (= (3));
(2*) dim(os3) <56 (= (3)).
Then dim(o,, ) < (%) and dlm(

dim(n,",) = ( ') and dim(e (
en's follows.
So, (1*) and (2*) remain to be proved. It follows from Volklein [30] that (1*)

holds true when F is either a perfect field of positive characteristic or a number
field. So, claim (1) of the theorem is proved.

) < (> for k = 2 as well as k= 3. As
"), the universality of 1%, eW,, n\s and

Let us turn to (2*). We still assume that F is either perfect of positive char-
acteristic or a number field, but now we also suppose that F £ F,. Let a and
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b be two non-collinear points of D4 ;. Let Dy3, and D4 3, be the subgeome-
tries induced by D, 3 on set of the planes of the polar space D4, containing
a or b respectively. (Note that the planes of D, ; are just the points of Dy 3.)
Let 043, and o4 3 be the restrictions of 043 to Dy 3, and Dy 3 respectively.
We have D43, = Ds3, = Dso. Therefore, by (1*), each of 043, and o043
is at most 15-dimensional. Let S, ; be the set of planes of D, ; contained in
at M bt. It is shown in [9] that S, can be regarded as the direct sum of two
copies of PG(3,F) and 0,4 3 induces a quasi-Veronesean embedding on each of
them. The embedding induced by 043 on S, ;, being the direct sum of two
quasi-Veronesean embeddings of PG(3,F), is at most 20-dimensional by Corol-
lary 5.3 (which can be applied, since we have assumed that F # F5). So far
we have constructed a subset S := Dy 3., U Dy 3 U S, of the point-set of Dy ;
such that dim((o4 3(S5))) < 50. However, S is not yet a generating set of Dy 3.
As shown in [9], in order to generate D, 3 we only must add to S a suitable set
of six points of Dy 3. So, dim(oy4,3) < 50 + 6 = 56, as claimed in (2*). O

Remark 5.6. There are two main obstacles to overcome when we try to adapt
the strategy described above to the case k£ > 3. Firstly, it is not clear how to
define an analogous of the set {ai}ff{), used in the above sketch to construct
Ss. Starting from a generating set of a polar space as &), ; ,, gy does not seem to
work. We should rather consider a generating set of the geometry X, 2.4 1 =
Xn—1, k-2 induced by &), o on the set of (k — 2)-elements of X,, contained in
a®t N H, but if we choose this way then we need to know the generating rank
of X,,_1 x—2. We may inductively assume that we already know the absolutely
universal embedding of X,,_; ,_2, but the generating rank of &,,_; ;_» might be
larger than the dimension of that embedding. In particular, it might also depend

on the underlying field IF (see Blok and Pasini [4]; see also below, Remark 5.7).

Secondly, in order to start the induction we should prove that dim(og41 1) <
(2"}: %) for every projective embedding oy1,x of Dy11, at least for suitable

choices of IF. This is perhaps the hardest point.

Remark 5.7. Cooperstein [14] has proved that if F is a prime field then 5,, 5
and D, » have generating ranks equal to (*"}") and (%) respectively. Claim (1)
of Theorem 5.5 follows from this fact too, but provided that F is a prime field.
The arguments exploited by Cooperstein in [14] do not seem to work for larger

fields.

Remark 5.8. When F = C (the field of complex numbers), if 5)’& is not univer-
sal then its hull is infinite dimensional. The same holds for ,", .
Indeed, let F = C and let & : B,,, — W be the hull of ¢\V,. Put A = ) if

k<nandA=2-\,ifk=n.Let f: W — V..(\) be the projection of € onto 52‘?,6
and 9y € f~!(vg), where v is a highest weight vector for V,,()\). Then @ has just
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the same properties as v, namely h(9g) = A(h) - 0y for every element h of the
Cartan subalgebra of the Lie algebra £ of G and X, (7y) = 0 for every positive
root a, where X, is the 1-dimensional subalgebra of £ corresponding to «.
Hence W is a quotient of the cyclic £5-module Z(\) (notation as in Humphreys
[19]). If 7 is the projection of Z()\) onto W, then ker(7) is a submodule of the
maximal proper submodule J () of Z()). Clearly, dim(W) is equal to the index
|Z(A) : ker(m)| of ker(m) in Z(A).

Suppose that dim(W) is finite, namely |Z()) : ker(w)| < cc. Since F = C,
every finite dimensional reducible £5-module is completely reducible. Hence
Z(\)/ker(m) splits as a direct sum Z(\) /ker(m) = X & J(A)/ker(n), for a suitable
submodule X of Z(\)/ker(n). Clearly, X = X /ker(r) for a submodule X of
Z(M). If J(A\)/ker(r) # 0 then X is a proper submodule of Z()\) not contained
in J(\), contrary to the maximality of J(\). Therefore ker(n) = J(\x), hamely

f is an isomorphism.

So, if ¢ % £V, then dim(€) is infinite. We cannot claim that this is impossible,
but it is hard to believe, at least when & < n.

5.3. Positive and negative results on "

We shall now turn to 5nw7n but only focusing on the following two special cases:
n = 2 with F a finite field of odd order; any n, but with char(FF) = 2. The first
case is settled by the following theorem (Theorem 5 of [10]).

Theorem 5.9. Let n = 2. Let [F be a finite field of odd order q > 3. Then 5372 is
relatively universal.

Sketch of the proof. Recall that e}, = 3" (= v4-e5P™) by Theorem 4.9. The spin
embedding "™ embeds B, » in V;, = V(4,F) as a copy of the generalized quad-
rangle W (3,FF) of symplectic type. The quadratic Veronesean map v, induces
a Veronesean embedding v, of W (3,F). Since W (3,F) and PG(3,F) have the
same set of points, the embeddings v, and v, coincide if regarded just as func-
tions from that set of points to PG(9, F). In particular, dim(v4) = dim(v4) = 10.
Nevertheless, v, and 7, are different embeddings, since they have different do-
mains, namely PG(3,F) and W (3, F) respectively. This difference becomes fully
clear if we consider their hulls: the presheaf associated to 7,4, to be used to con-
struct the hull of 7y, is a proper sub-presheaf of the one associated to v4. Thus,
although v, is relatively universal when F # [, (Corollary 5.3), it might happen
that the hull of 7, is larger than v, even if F £ Fs.

The embedding 7, is G-homogeneous (note that G = Spin(5,F) = Sp(4, F)).
Hence the hull of 7, is G-homogeneous. Thus, in order to prove the theorem,
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we only must prove that if v : W(3,F) — W is a G-homogeneous Veronesean
embedding of W (3, F) such that v > 7, then dim(v) = 10 = dim(74). Let v
be such an embedding. We recall that the hyperbolic lines of W (3, F) are lines
of PG(3,F) (see Payne and Thas [24] for the definition of hyperbolic lines).
Moreover, every line of PG(3,F) either is totally isotropic (namely it is a line
of the generalized quadrangle W (3,FF)) or it is a hyperbolic line of W (3,F).
All lines of PG(3,F) are mapped by v, onto conics. Therefore, since v > 7,
and v4(p) = v4(p) for every point p of PG(3,F), if [ is a hyperbolic line of
W (3,F) either v(l) is a conic or dim({(v({))) > 3. As G is transitive on the
set of hyperbolic lines of W (3,F) and v is assumed to be G-homogeneous, the
same situation occurs for all hyperbolic lines. So, if we can prove that v maps
a hyperbolic line of W (3,F) onto a conic of PG(W) then v is also a Veronesean
embedding of PG(3,F). Hence it is at most 10-dimensional by Corollary 5.3,
and we are done.

In [10], by combinatorial arguments and some elementary group theory, it
is proved that when F is a finite field of odd order ¢ > 3 the assumption that
dim((v(l))) > 3 for a hyperbolic line [ of W (3, F) leads to a contradiction, which
is what we need to finish the proof. We are not going to expose the arguments
used in [10] to prove the above. We only say that, if K is the kernel of the
projection of v onto 7,4, the hypothesis that ¢ > 3 is exploited to prove that
K C (v(l)) for every hyperbolic line I of W (3,F). A contradiction is eventually
obtained from this fact. O

When char(F) = 2 we have the following, where we assemble Theorems 6
and 7 of [10].

Theorem 5.10. Let char(F) = 2.
(1) Let n = 2. Then 5}72 is not relatively universal.

(2) Let IF be perfect. Then 5X\,’n is not relatively universal, for any n > 2.

Sketch of the proof. When char(F) = 2 and either n = 2 or F is perfect, the
embedding £P'™ is not universal. Indeed when F is perfect and n > 2 then
5Pl js a proper quotient of si{’n, as remarked at the end of Subsection 3.1.
When n = 2, By 5 = C2 1, whence szpi“ = 53}’1. The latter embedding is never
universal, no matter if F is perfect or not (see e.g. De Bruyn and Pasini [17] for
the non-perfect case). Let € : B, ,, — W be the hull of gPin By the above, d :=

dim(W) > 2". Let v, be the quadratic Veronesean map from W to V ((*}1),F)

and put é¥°* = vy - €. Then )" (& 5}};’” by Theorem 4.9) is a proper quotient
of &ver. O
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Conjecture 5.11. We guess that the hypothesis that F is perfect is superfluous
in claim (2) of Theorem 5.10.

Problems 5.12. (1) Compute the hull of 3%, for F = F.

(2) Can we remove the hypothesis that F is finite from Theorem 5.9?

(3) Let F be such that 3", is relatively universal (whence char(F) # 2). Does
the universality of e}, imply that €)Y, is relatively universal for any n > 2?

(4) Does B, ,, admit the absolutely universal Veronesean embedding?

(5) Corollary 5.3, when F # F5 the quadric Veronesean embedding of PG(d, IF)

in V((*£?),F) is relatively universal. Is it absolutely universal?

References

[1] R.J. Blok, Highest weight modules and polarized embeddings of shadow
spaces, J. Alg. Combin. 34, (2011), 67-113.

[2] R. J. Blok and A. E. Brouwer, Spanning point-line geometries in build-
ings of spherical type, J. Geometry 62 (1998), 26-35.

[3] R. J. Blok, I. Cardinali and B. De Bruyn, On the nucleus of the
Grassmann embedding of the symplectic dual polar space DSp(2n,F),
char(F) = 2, European J. Combin. 30 (2009), 468-472.

[4] R.J.Blok and A. Pasini, Point-line geometries with a generating set that
depends on the underlying field, Finite Geometries (A. Blokhuis et al. ed.),
Kluwer, Dordrecht 2001, 1-25.

[5] , On absolutely universal embeddings, Discrete Math. 267 (2003),

45-62.

[6] A. Blokhuis and A. E. Brouwer, The universal embedding dimension of
the binary symplectic dual polar space. Discrete Math. 264 (2003), 3-11.

[7] F. Buekenhout and P. J. Cameron, Projective and affine geometries
over division rings, Handbook of Incidence Geometry, Elsevier, Amsterdam
(1995), 27-62.

[8] I. Cardinali and G. Lunardon, A geometric description of the spin em-
bedding of symplectic dual polar spaces of rank 3. J. Combin. Theory Ser
A 115 (2008), 1056-1064.

[9] I. Cardinali and A. Pasini, Grassmann and Weyl embeddings of orthog-
onal Grassmannians. J. Alg. Combin. 38 (2013), 863-888.



page 26 / 27

go back

full screen

close

quit

ACADEMIA
PRESS

) &

UNIVERSITEIT
GENT

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

, Veronesean embeddings of dual polar spaces of orthogonal type.
J. Combin. Theory Ser. A 120 (2013), 1328-1350.

, On certain submodules of Weyl modules for SO(2n + 1,F) with
char(F) = 2. To appear in J. Group Theory.

R. W. Carter, Lie Algebras of Finite and Affine Type, Cambridge Univ.
Press, Cambridge, 2005.

B. N. Cooperstein, On the generation of dual polar spaces of symplectic
type over finite fields, J. Combin. Theory Ser. A 83 (1998), 221-232.

, Generating long root subgroup geometries of classical groups
over finite prime fields, Bull. Belg. Math. Soc. Simon Stevin 5 (1998),
531-548.

B. N. Cooperstein and E. E. Shult, Frames and bases of Lie incidence
geometries. J. Geometry 60 (1997), 17-46.

B. De Bruyn, The structure of the spin embedding of dual polar spaces
and related geometries. European J. Combin. 29 (2008), 1242-1256.

B. De Bruyn and A. Pasini, On symplectic polar spaces over non-perfect
fields of characteristic 2, Linear Multilinear Algebra 57 (2009), 567-575.

, Generating symplectic and Hermitian dual polar spaces over ar-
bitrary fields nonisomorphic to Fs, Electronic Journal of Combinatorics 14
(2007), #R54.

J. E. Humphreys, Introduction to Lie Algebras and Representation Theory,
Springer-Verlag, New York, 1972.

A. Kasikova and E. E. Shult, Absolute embeddings of point-line geome-
tries, J. Algebra 238 (2001), 265-291.

P. Li, On the universal embedding of the Sp2,(2) dual polar space, J.
Combin. Theory Ser. A 94 (2001), 100-117.

A. Pasini, Embeddings and expansions, Bull. Belg. Math. Soc. Simon
Stevin 10 (2003), 585-626.

A. Pasini and H. Van Maldeghem, Some constructions and embeddings
of the tilde geometry, Note di Matematica 21 (2002/2003), 1-33.

S. E. Payne and J. A. Thas, Finite Generalized Quadrangles, Pitman,
Boston, 1984.



[25] M. A. Ronan, Embeddings and hyperplanes of discrete geometries, Eu-

<« " ropean J. Combin. 8 (1987), 179-185.
< " [26] J. A. Thas and H. Van Maldeghem, Characterizations of the finite
quadric Veroneseans V,,> , Q. J. Math. 55 (2004), 99-113.
page 27 / 27
[27] , Generalized Veronesean embeddings of projective spaces, Com-
go back binatorica 31 (2011), 615-629.
el screen [28] J. Tits, Buildings of Spherical Type and Finite BN-pairs, Lect. Notes in
Math. 386, Springer, Berlin, 1974.
GlonE [29] H. Van Maldeghem, Generalized Polygons, Birkhduser, Basel, 1998.
quit [30] H. Volklein, On the geometry of the adjoint representation of a Cheval-
ley group, J. Algebra 127 (1989), 139-154.
Antonio Pasini
DEPARTMENT OF INFORMATION ENGINEERING AND MATHS., UNIVERSITY OF SIENA, VIA ROMA 56,
53100 SIENA, ITALY
e-mail: antonio.pasini@unisi.it
website: http://www.mat.unisi.it/docente.php?id=10
|
ACADEMIA
PRESS

) &

UNIVERSITEIT
GENT



	Organization of the paper
	Basics on embeddings and generation
	Projective embeddings
	Veronesean embeddings
	Subspaces and generation

	Embeddings of orthogonal Grassmannians
	Grassmannians of the building of type Bn and their embeddings
	Grassmannians of the building of type Dn and their embeddings
	A list of the embeddings defined in this section

	More on the previous embeddings
	Grassmann and Weyl embeddings
	The Veronese-spin embedding

	Universality
	A lemma on quasi-Veronesean embeddings of PG(d,F)
	Two special cases of Conjecture 5.1
	Positive and negative results on Wn,n


