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The exterior splash in PG (6, ¢g): transversals

Susan G. Barwick and Wen-Ai Jackson

Let 7 be an order-g-subplane of PG(2, ¢°) that is exterior to £,. Then the
exterior splash of 7 is the set of g2 4+ ¢ + 1 points on £, that lie on an extended
line of . Exterior splashes are projectively equivalent to scattered linear sets
of rank 3, covers of the circle geometry CG (3, q), and hyper-reguli in PG(5, g).
We use the Bruck—Bose representation in PG(6, ¢) to investigate the structure
of m, and the interaction between 7 and its exterior splash. We show that the
point set of PG(6, g) corresponding to 7 is the intersection of nine quadrics, and
that there is a unique tangent plane at each point, namely the intersection of the
tangent spaces of the nine quadrics. In PG(6, ¢), an exterior splash S has two
sets of cover planes (which are hyper-reguli) and we show that each set has three
unique transversal lines in the cubic extension PG(6, ¢*). These transversal lines
are used to characterise the carriers and the sublines of S.

1. Introduction

In [Barwick and Jackson 2012; 2014], we studied order-g-subplanes of PG(2, q3)
and determined their representation in the Bruck—Bose representation in PG(6, g).
A full characterisation in PG(6, g¢) was given for order-g-subplanes that are secant
or tangent to £o, in PG(2, ¢°). In [Rottey et al. 2015], this was generalised to
study subplanes of PG(2, ¢") in PG(2n, q). The cases when the subplane is secant
or tangent to £, yield nice geometric characterisations. However, the case of an
order-g-subplane 7 of PG(2, ¢3) that is exterior to £+, yields a complex structure
denoted [7] in PG(6, ¢). Our main motivation in this article is to investigate the
geometric properties of the structure [r]. The splash of & gives crucial informa-
tion about the geometrical properties of [r], and so we also study the interplay in
PG(6, g) between [r] and its splash.

The splash of a subplane = of PG(2, ¢") is defined to be the set of points on £
that lie on an extended line of 7. In [Barwick and Jackson 2015] it was shown that

MSC2010: 51E20.
Keywords: Bruck-Bose representation, subplanes, exterior splash, linear sets.
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2 SUSAN G. BARWICK AND WEN-AI JACKSON

the splash of a tangent order-g-subplane of PG(2, ¢°) is a linear set. In [Lavrauw
and Zanella 2015] the notion of splash was generalised from subplanes to subge-
ometries, and to general field extensions. It was shown that a splash is a linear set,
and conversely, a linear set is a splash.

In this article we let 77 be a subplane of PG(2, ¢°) of order ¢ that is exterior to £.
The lines of 7w meet £, in a set S of size g>+¢+ 1, which we call the exterior splash
of 7. Properties of the exterior splash of PG(2, ¢*) were studied in [Barwick and
Jackson 2016]. The sets of points in an exterior splash has arisen in many different
situations, namely scattered [;-linear sets of rank 3, covers of the circle geometry
CG(3, q), hyper-reguli in PG(5, ¢), and Sherk surfaces of size g2 4¢ + 1. Scattered
linear sets are surveyed in [Lavrauw 2016]. An important result is that all scattered
[y -linear sets of rank 3 are projectively equivalent [Lavrauw and Zanella 2015].

This article proceeds as follows. In Section 2 we introduce the notation we use
for the Bruck—Bose representation of PG(2, q3) in PG(6, g), as well as presenting
some other preliminary results.

We next introduce coordinates; as all scattered [F4-linear sets of rank 3 are projec-
tively equivalent, we will work with an exterior splash equivalent to the set of points

{(x,x9) : x € GF(¢*)\{0}}.

In Section 3 we coordinatise an order-g-subplane B in PG(2, ¢°) that is exterior
to {0, With this exterior splash. This order-g-subplane will be used in many of the
proofs in this article.

In Section 4, we study the structure of an order-g-subplane in PG(6, g). We
show that it contains g 4+ g + 1 twisted cubics and is the intersection of nine
quadrics. Further, we show that there is a unique tangent plane at each point,
which is the intersection of the tangent spaces of these nine quadrics.

We next study the exterior splash S of £, in the Bruck—Bose representation
in PG(5, ¢). By results of Bruck [1973], S has two switching sets denoted X, Y,
which we call covers of S. The three sets S, X, Y are called hyper-reguli in [Ostrom
1993]. In Section 5, we look at the exterior splash

{(x,x9) : x € GF(¢*)\{0}},

and working in PG(6, ¢q), find coordinates for the two covers X, Y. In Section 6,
we show that each of the sets S, X, Y has a unique triple of conjugate transversal
lines in the cubic extension PG(5, q3). Theorem 6.5 characterises the carriers of an
exterior splash as the only planes of the regular spread that meet all nine transversal
lines. Theorem 6.6 shows that the nine transversal lines are common to the set of
g — 1 disjoint splashes of £, that have common carriers. We interpret this result
in terms of replacing hyper-reguli to create André planes. In Section 7 we use the
transversal lines to characterise the order-g-sublines of an exterior splash in terms
of how the corresponding 2-reguli meet the cover planes.
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2. The Bruck-Bose representation

2A. The Bruck-Bose representation of PG(2, q3) in PG(6, g). We introduce
the notation we will use for the Bruck—Bose representation of PG(2, q°) in PG(6, q).
We work with the finite field F; of order ¢. A 2-spread of PG(S, q) is a set of g> +1
planes that partition PG(5, g). A 2-regulus of PG(5, q) is a set of ¢ + 1 mutually
disjoint planes my, ..., w44 with the property that if a line meets three of the
planes, then it meets all g + 1 of them. A 2-regulus R has a set of g% + ¢ + 1
mutually disjoint ruling lines that meet every plane of R. A 2-regulus is uniquely
determined by three mutually disjoint planes, or four (ruling) lines (mutually dis-
joint and lying in general position). A 2-spread S is regular if for any three planes
in S, the 2-regulus containing them is contained in S. See [Hirschfeld and Thas
1991] for more information on 2-spreads.

The following construction of a regular 2-spread of PG(5, ¢g) will be needed. Em-
bed PG(5, ¢) in PG(5, ¢*) and let g be a line of PG(5, ¢?) disjoint from PG(S, g).
Let g9, ng be the conjugate lines of g; both of thege are disjoint from PG(5, q).
Let P; be a point on g; then the plane (P;, Pl.q, Piq ) meets PG(5, ¢) in a plane.
As P; ranges over all the points of g, we get ¢> + 1 planes of PG(5, ¢) that partition
PG(5, g). These planes form a regular 2-spread S of PG(5, ¢g). The lines g, g9, ng
are called the (conjugate skew) transversal lines of the 2-spread S. Conversely,
given a regular 2-spread in PG(S5, ¢), there is a unique set of three (conjugate skew)
transversal lines in PG(5, ¢°) that generate S in this way.

We will use the linear representation of a finite translation plane P of dimension
at most three over its kernel, due independently to André [1954] and Bruck and
Bose [1964; 1966]. Let X, be a hyperplane of PG(6, ¢) and let S be a 2-spread
of Y. We use the phrase a subspace of PG(6, g)\ X to mean a subspace of
PG(6, ¢g) that is not contained in ¥,. Consider the following incidence structure:
the points of A(S) are the points of PG(6, g)\ Xo; the lines of A(S) are the 3-
spaces of PG(6, ¢)\ X that contain an element of S; and incidence in A(S) is
induced by incidence in PG(6, ¢)\ X. Then the incidence structure A(S) is an
affine plane of order ¢3. We can complete .A(S) to a projective plane P(S); the
points on the line at infinity £+, have a natural correspondence to the elements of
the 2-spread S. The projective plane P(S) is the Desarguesian plane PG(2, ¢°) if
and only if S is a regular 2-spread of X, = PG(5, ¢) (see [Bruck 1969]). For the
remainder of this article, we use S to denote a regular 2-spread of X, = PG(5, gq).

We use the following notation. If T is a point of £+, in PG(2, q3), we use [T'] to
refer to the plane of S corresponding to 7. More generally, if X is a set of points
of PG(2, q3), then we let [X] denote the corresponding set in PG(6, g). If P is
an affine point of PG(2, ¢3), we generally simplify the notation and also use P
to refer to the corresponding affine point in PG(6, g), although in some cases, to
avoid confusion, we use [P].
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When S is a regular 2-spread, we can relate the coordinates of P(S) = PG(2, ¢°)
and PG(6, ¢) as follows. Let 7 be a primitive element in F s with primitive poly-
nomial x> — f,x? —tjx —t9. Every element o € F,3 can be uniquely written as
o =ap+a T +at? with ap, a;, a» € Fy. Points in PG(2, q3) have homogeneous
coordinates (x, y, z) with x, y, z € [Fq3, not all zero. Let the line at infinity €.
have equation z = 0; so the affine points of PG(2, q3) have coordinates (x, y, 1).
Points in PG(6, g) have homogeneous coordinates (xg, x1, X2, Yo, Y1, Y2, 2) With
X0, X1, X2, Yo, Y1, Y2, 2 € Fg. Let X have equation z =0. Let P = (¢, 8, 1) be a
point of PG(2, q3). We can write o = ag +a1T +axt? and B = by + b1t + byt?
with ag, a1, az, by, b1, by € Fg. We want to map the element « of [3 to the vector
(ag, a1, az), and we use the following notation to do this:

[a] = (ao, a1, a2).

This gives some notation for the Bruck—Bose map, denoted ¢, from an affine point
P=(a, B,1)ePG(2, (,13)\£oo to the corresponding affine point [P] € PG(6, ¢)\ o,
namely

e(a, B, 1) =[(a, B, D] = ([x], [B], 1) = (a0, a1, a2, by, b1, by, 1).

More generally, if z € [y, then e(a, B, 2) = ([a], [B], 2) = (a0, a1, az, by, b1, b2, 2).

Consider the case when z =0, that is, a point on £, in PG(2, q3) has coordinates
L = («, B, 0) for some «, 8 € [qu. In PG(6, g), the point €(«, 8, 0) = ([«], [8], 0)
is one point in the spread element [L] corresponding to L. Moreover, the spread
element [L] consists of all the points {([ex], [Bx], 0) : x € F/,}. Hence the regular
2-spread S consists of the planes {[kx], [x],0]: x € [F;3} for k € [Fq3 U {o0}.

With this coordinatisation for the Bruck—Bose map, we can calculate the coor-
dinates of the transversal lines of the regular 2-spread S.

Lemma 2.1 [Barwick and Jackson 2012]. Let pg = t; + 1T — 2 = —rqtqz,
pi=h—-t=19+4 rqz, p2 = —1,and A = (po, p1, p2). Then in the cubic ex-
tension PG(6, ¢°), one transversal line of the regular 2-spread S contains the two
points Ay = (po, p1, p2,0,0,0,0) = (A, [0], 0) and A, =(0, 0, 0, po, p1, p2,0) =

([01, A, 0).

2B. Some useful homographies. In order to simplify the notation in some of the
following coordinate-based proofs, we define some homographies which will be
useful. We can represent an element x = xg + x17 + xtl e [an as a point [x] =
(xg, x1, x2) in PG(2, q). For k € [Fq’3, consider the homography ¢ in PGL(3, gq)
with matrix M; that maps [x] to [kx]. Let k € [Fl;3 and write k = ko + k1T + ko2,
then My = koM, + k1M + kM >, and hence

MA=kA and M;AY =k9 AT, (1)
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where A = (po, p1, p2)' is defined in Lemma 2.1. We use ¢ to define the homog-
raphy 6; of PG(5, q), k € [Fqsz

O, ([x], [yD) — ([kx], [y]) = (Mi[x], [yD.

From the matrix M,, we construct three more homographies of PG(2, g) with
matrices Uy, Uy, U, that help with the notation in the proof of Theorem 7.4. For
i=0,1,2, (with p; as in Lemma 2.1), let

g i g
Py T4 Po

Ui = (pol + piMy; + poM2)? = P?l Tqipill Tzqipi]l

2t 4
1 p,

9 _g 4 24 4
Py quz quz

Then .
q[
ao . [P0
ql qu ql
U la | =@+art? +at?) P |- ao,al,age[an.
a i
q
1)

Note that if ag, a1, ax € g, and o =ap+at +a212, then [a] = (ag, a1, a2)’, and we
write the matrix equation as U;[«] = ol AT,

2C. Sublines in the Bruck—Bose representation. An order-q-subplane of PG(2,q°)
is a subplane of PG(2, ¢*) of order ¢. Equivalently, it is an image of PG(2, ¢) under
PGL(3, ¢°). An order-q-subline of PG(2, ¢*) is a line of an order-g-subplane of
PG(2, ¢*). An order-q-subline of PG(1, ¢%) is defined to be one of the images of
PG(1,q) ={(a, 1) :a € F;} U{(1, 0)} under PGL(2, ¢*).

In [Barwick and Jackson 2012; 2014], we determine the representation of order-
g-subplanes and order-g-sublines of PG(2, ¢*) in the Bruck—Bose representation
in PG(6, g), and we quote the results for order-g-sublines which are needed in this
article. We first introduce some terminology to simplify the statements. Recall that
S is a regular 2-spread in the hyperplane at infinity ¥, in PG(6, g).

Definition 2.2. (i) An S-special conic is a nondegenerate conic C contained in a
plane of S, such that the extension of C to PG(6, ¢>) meets the transversals
of S.

(ii) An S-special twisted cubic is a twisted cubic N in a 3-space of PG(6, ¢)\ X
about a plane of S, such that the extension of N to PG(6, q3) meets the
transversals of S.

Theorem 2.3 [Barwick and Jackson 2012]. Let b be an order-q-subline of PG(2, ¢°).

(1) If b C Lo, then in PG(6, q), b corresponds to a 2-regulus of S. Conversely
every 2-regulus of S corresponds to an order-q-subline of £ .
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(i1) If b meets Lo, in a point, then b corresponds to a line of PG(6, ¢)\ L.
Conversely every line of PG(6, q)\ X0 corresponds to an order-q-subline of
PG(2, ¢°) tangent to £ .

(iii) If b is disjoint from {, then in PG(6, q), b corresponds to an S-special
twisted cubic. Further, a twisted cubic N of PG(6, q) corresponds to an order-
g-subline of PG(2, ¢*) if and only if N is S-special.

In [Barwick and Jackson 2012], we also determine the representation of secant
and tangent order-g-subplanes of PG(2, ¢*) in PG(6, ¢). The representation of an
exterior order-g-subplane in PG(6, g) is more complex to describe. One of the
motivations of this work is to investigate this representation in more detail. Some
aspects of the representation are discussed in more detail in Section 4.

2D. Properties of exterior splashes. We need some group theoretic results about
order-g-subplanes and exterior splashes; the first appears in [Barwick and Jackson
2016].

Theorem 2.4. Let G = PGL(3, ¢°) be the collineation group acting on PG(2, ¢°).
The subgroup Gy fixing a line £ is transitive on the order-q-subplanes that are
exterior to £, and is transitive on the exterior splashes of £.

This theorem can be proved by generalising the arguments in [Barwick and
Jackson 2015]. In particular, it involves looking at two important subgroups of G.
The first subgroup fixes an order-g-subplane, and the following property will be
very useful.

Theorem 2.5. The group K = PGL(3, ¢°), acting on PG(2, ¢*) and fixing an
order-q-subplane 7 is transitive on the points of .

The second important subgroup is I = G, ¢ which fixes an order-g-subplane
and a line £ exterior to w. By [Barwick and Jackson 2016], I fixes exactly three
lines: ¢, and its conjugates m, n with respect to 7r; and I fixes exactly three points:
Ei=¢Nnm, E, =¢Nn, E3 =mNn, which are conjugate with respect to 7.
Further [ identifies two fixed points E; =€ Nm, E, = ¢ Nn on £ which are called
the carriers of the exterior splash S of w. This is consistent with the definition
of carriers of a circle geometry CG(3, ¢g); see [Barwick and Jackson 2016]. In
[Lunardon et al. 2014], scattered linear sets of pseudoregulus type are considered,
and they use the term “transversal points”. The fixed points and fixed lines of / are
used to define an important class of conics in an order-g-subplane 7 with respect
to an exterior line £. A conic of 7 whose extension to PG(2, ¢°) contains the three
points Ey, E», E5 is called a (;, £)-carrier conic of w. A dual conic of w whose
extension to PG(2, q3) contains the three lines ¢, m, n is called a (i, £)-carrier-
dual conic. Note that carrier-conics/dual conics were called special-conics/dual
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conics in [Barwick and Jackson 2016]; we change the name here so that the term
“special” is reserved for objects in PG(6, g).

3. Coordinatising an exterior order-g-subplane

Recall from Theorem 2.4 that the group of homographies of PG(2, ¢°) is transitive
on pairs (7, £) where 7 is an order-g-subplane exterior to the line £. So if we
want to use coordinates to prove a result about exterior order-g-subplanes, we can
without loss of generality prove it for a particular exterior order-g-subplane. In
this section we calculate the coordinates for an exterior order-g-subplane B of
PG(2, ¢*) whose exterior splash has a simple form. Set

-7 1 0 -1 1 0
K=|-71¢ 1 0], K=| -1t ¢ 0 . 2)
119 —1—19 1 —t2 72 ¢4

Let o be the homography of PG(2, ¢*) with matrix K. Note that as KK’ is a
F,s-multiple of the identity matrix, it follows that K " is a matrix for the inverse
homography o ~!. Thus, if we write the points X of PG(2, ¢°) as column vectors,
and the lines £ of PG(2, q3) as row vectors, then 0 (X) = KX and o (¢) = £K’. The
order-g-subplane mg = PG(2, g) is secant to £,. We show that the subplane o (779)
is exterior to £, and has the desired simple form as exterior splash.

Theorem 3.1. In PG(2, q3), let mg = PG(2, q), let o be the homography with
matrix K given in (2), and let B = o (7wy). Then B is an order-q-subplane exterior
t0 Lo with exterior splash S = {(k, 1,0) : k € F 3, ke’ atl = 1} and carriers E| =
(1,0,0) and E, = (0, 1, 0).

Proof. Note that o maps 7y = PG(2, ¢) to B and the line £ =[—t79, T 4+ 19, —1]
to £ = [0, 0, 1]. By [Barwick and Jackson 2016], mg is exterior to £ and has
carriers E = (1, 7, %) and E? = (1, v, 729) on £. Hence ‘B is exterior to £, and
has carriers o (E) = (0, 1,0) and o (E?) = (1,0, 0) on £. By considering the
action of o on the lines [/, m, n] (I, m,n € [, not all zero) of my, we calculate
the lines of B are £ ,,, = [-] — 19m — t%n, |+ tm + 2n, n(r — t9)], with
l,m, n € [y, not all zero. The exterior splash of B consists of the points Q; ;. , =
Cmn Moo = +Tm+12n, (+Ttm+12n)4,0). Writing y =1+ tm +1°n, gives
Qimn=,y4,0)=(y'79,1,0) and writing y =t~/ for some j € {0, ...,q>—2}
yields Q;mn = (r7@=D 1, 0). Note that if we write j = n(g>+q + 1) +i where
0<i<gq®>+q+1,then /=D = 7i4=D S0 we may assume that Q;,,, =
(r/@=D 1,0) with 0 <i < g> +¢ + 1. It is useful to observe that

S={k,1,0):k€Fp kT =1} = {47V 1,0):0<i <¢q’+q+1)

as the solutions to k7°+9+! = 1 are /@D, 0 <i < g*+q+1. 0
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4. The structure of the subplane in PG (6, q)

If v is an exterior order-g-subplane of PG(2, q3), then in the Bruck—Bose represen-
tation in PG(6, ¢), 7 corresponds to a set of g 4+ ¢ + 1 affine points denoted [7].
It is difficult to characterise the structure of [7]. We note that as 7 contains
g*> + q + 1 order-g-sublines that are exterior to £, then by Theorem 2.3, [r]
contains g2 + g + 1 S-special twisted cubics, each lying in a 3-space through a
distinct plane of the exterior splash of 7. In this section we aim to determine more
about the structure of [77].

4A. The intersection of nine quadrics. We show that the structure [77] of PG(6, g)
corresponding to an exterior order-g-subplane 7 of PG(2, ¢%) is the intersection of
nine quadrics in PG(6, ¢). This is analogous to [Barwick and Jackson 2015, The-
orem 9.2] which shows that a tangent order-g-subplane of PG(2, ¢°) corresponds
to a structure in PG(6, ¢) that is the intersection of nine quadrics.

Theorem 4.1. Let 7w be an exterior order-q-subplane in PG(2, ¢*). The corre-
sponding set [rr] in PG(6, q) is the intersection of nine quadrics.

Proof. By Theorem 2.4, we can without loss of generality prove this for the order-
g-subplane B coordinatised in Section 3. We use the homographies o, o ~! with
matrices K, K’ respectively, given in (2). A point P = (x, y, 1) e PG(2, ¢*) belongs
to B if its preimage K'P = (—x+y, —tIx+71y, —2x 42y + (1 —19)) belongs
to mop = PG(2, q¢). Suppose firstly that —x 4y # 0, then

K'P= (1 —tix4ty —t¥x4y+ (71— rq))

—x+y —x+y

This belongs to myp = PG(2, ¢) if and only if the second and third coordinates
belong to [Fq, that is,

(—rqx—l-ry)q_ —1ix 41y 3)
—x+y ) —x+y ’
— My 4Py 4+ (r—1)\! —tUx4+1iy+(r—19)
= . “)
—x+Yy —x+y

Writing x = xo + x17 + x72% and Yy =y+ yit + yzrz, where x;, y; € F; and

i =1,2, 3, then equating powers of 1, 7, 72, yields three quadratic equations from

each condition, a total of six, each of which represents a quadric in PG(6, ¢).
Secondly, suppose —t%x + Ty # 0, then

opo( XY —t2x + 12y + (r — 19)
S\ —tix 41y —tix+ 1Yy '
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As before, this lies in mrg if and only if

_ q _
( x+y ) _ x+y ’ 5)

—T9x + 1Yy —tix+ 71y

= , (6)

—t2Mx+ 2y +(r -1\ —tHx+12y+(r —19)
—T9x + Ty

—T19x + 1Y

leading to a further six quadrics in PG(6, g¢). The equations (3) and (5) give the
same triple of quadrics. Hence the point P lies in B if and only if the point [ P]
lies on a total of nine quadrics in PG(6, ¢). Finally, note that if both —x +y =0
and —19x + 1ty =0, then x = y =0 and the point P has coordinates (0, 0, 1). This
satisfies all the quadratic equations from (3), (4), (6), and so in PG(6, ¢), [P] lies
on each of the nine quadrics. (I

4B. Tangent planes at points of an exterior subplane. We now consider a point P
lying in an exterior order-g-subplane 7 of PG(2, ¢3). In the Bruck—Bose represen-
tation in PG(6, ¢), P corresponds to an affine point which we also denote by P. We
show that in PG(6, ¢), there is a unique tangent plane Tp at P to the structure [r].
We show that there are two equivalent ways to define this tangent plane. Recall
from Theorem 2.3 that the order-g-sublines of & correspond to twisted cubics in
PG(6, g). Theorem 4.2 shows that we can define 7p by looking at the tangent lines
at P to these twisted cubics. Then Theorem 4.3 shows that we can define 7p by
looking at the tangent space of P with respect to the nine quadrics defined by [r].

Theorem 4.2. Let 7w be an exterior order-q-subplane of PG(2, ¢*), and let P be
a point of w. Label the lines of w through P by Ly, ..., {,. InPG(6, q), {; corre-
sponds to a twisted cubic [£;]. Let m; be the unique tangent line to [{;] through P.
Then the lines my, . .., mg lie in a plane Tp, called the tangent plane of [r] at P.

Proof. By Theorems 2.4 and 2.5, we can without loss of generality prove this for
the order-g-subplane B coordinatised in Section 3, and the point P = (0, 0, 1) of B.
First consider the order-g-subplane 7y = PG(2, ¢). The point P = (0, 0, 1) lies
in 77p, and the lines of 7 through P have coordinates £,, = [m, 1, 0], m € F; U{oo}.
Points on the line £, distinct from P have coordinates P, = (1, —m, x) for x € [F.
We map the plane 7 to B using the homography o with matrix K given in (2). As
o (P) = P, the lines of B through P are £,, = o (¢,,), m € F; U {co}. Points on the
line ¢, distinct from P have coordinates

Pi=oc(P)=(—t—m, =t —m, 11?7+ (t+1)m+x),
for x € .
To convert this to a coordinate in PG(6, ¢g), we need to multiply by an element of
I]: 3 so that the last coordinate lies in F;. Let F(x) = tt? 4+ (v +19)m + x (the third
coordlnate in Py). As F(x) € F 3, we have F(x)? “+4+1 ¢ [,. So in PG(6, q), we
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have the point Py = ([—(t +m)F(x)7" ], [—(t9 +m)F(x)4" 4], F(x)?Ta+1).

By Theorem 2.3, the line ¢,, of PG(2, q3) corresponds to a twisted cubic [£,,] =
{P, : x € Fg} U{P} of PG(6, q). Consider the unique tangent to [£,,] through P,
and let [,, be the intersection of this tangent with X,,. We will show that the
points I,,, m € [y U {oco}, form a line. To calculate the coordinates of 1,,,, we let
Oy = PP, N Xw. To calculate I, = O, we use the homogeneous coordinate
technique of dividing by the largest power of x, and then substituting x = oo, that
is, replacing 1/x by 0. We use the notation lim,_, o, to describe this technique.

Iy = lm PP Zeo = lim ((=(x +m)F@)* 1, [~ +m) F(x)7 9], 0)

=([—(t+m)], —[t?+m],0).

Hence the points 1,,,, m € F; U {oo}, form a line £ = (([1], [1], 0), ([7], [t?], 0))
in Y. Hence the tangent lines my, ..., m, to the twisted cubics of [r] through P
form a plane 7p = (¢, P) through P, as required. ([

Theorem 4.3. Let v be an exterior order-q-subplane of PG(2, ¢°), and let P be a
point of w. In PG(6, q), consider the intersection of the tangent spaces at P of the
nine quadrics corresponding to []. Then this intersection is equal to the tangent
plane Tp of [7] at P as defined in Theorem 4.2.

Proof. By Theorems 2.4 and 2.5, we can without loss of generality prove this for
the order-g-subplane B coordinatised in Section 3, and the point P = (0, 0, 1) of B.
In PG(6, g), consider the nine quadrics corresponding to [B] which are given in
equations (4), (5) and (6). We want to find the set of lines through P that meet
each of these nine quadrics twice at P. Every line £ of PG(6, ¢g) through P has the
form £ = R P for some point R = ([u], [v],0) € X, u, v € qu. So the points of £
are of the form Py = P +sR = ([su], [sv], 1) where s € [F;. Substituting the point
Py into the quadrics of (4) gives

(=2 su+12sv+ (1 —19)) (—su—+sv) = (=t su+t2sv+ (1 — 1)) (—su+sv)?.

This expression is a polynomial of degree two in s. The line £ = PR is tangent to
the three quadrics of (4) if this expression has a repeated root s = 0, that is, if the
coefficient of s is equal to zero. That is,

(=1 (—u+v) = -1t (—u+v),

and so k = (—u +v)/(r — t9) is in F;. Rearranging gives v = k(t — 79) + u.
Substituting the point Ps into the quadrics of (5) gives no constraints. Substituting
the point Ps into the quadrics of (6) and simplifying gives that the constraint m =
(—t%u+rtv)/(r — 1) lies in Fy, and so v = (m(r — t9) + t%u) /7. Equating this
with the expression for v obtained from (4) gives u =m — kt, and so v =m — k1.
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Hence the line £ = PR is tangent to all nine quadrics when R has form
R = ([u], [v], 0) = (Im — kt], [m — k7?], 0) = m([1], [1], 0) — k([z], [t7], 0).
Thus the tangent space to [B] at P is the plane through P and the line

€= (([11, 11, 0), (=], [z], 0))

of Y. This is the same as the tangent plane 7p to [B] at P calculated in the proof
of Theorem 4.2. (I

5. Coordinatising the exterior splash and its covers

Let S be an exterior splash of PG(1, ¢°). In the Bruck-Bose representation, S
corresponds to a set of g2 +¢ + 1 planes of the regular 2-spread S in Lo, =PG(5, q).
To simplify the notation, we use the same symbol S to denote both the points of
the exterior splash on £, and the planes of the exterior splash contained in S.
In [Barwick and Jackson 2016], we show that an exterior splash is projectively
equivalent to a cover of the circle geometry CG(3, ¢). Hence by Bruck [1973],
there are two switching sets X, Y for S. That is, X and Y consist of g + ¢ + 1
planes each, such that the planes of the three sets S, X and Y each cover the
same set of points. Further, planes from different sets meet in unique points, and
planes in the same set are disjoint. The three sets S, X, Y are called hyper-reguli
in [Culbert and Ebert 2005; Ostrom 1993]. In this article, we call the families X
and Y covers of the exterior splash S.

In this section we take the order-g-subplane B coordinatised in Section 3, with
exterior splash S, and use [Ostrom 1993] to calculate the coordinates of the two
covers of S. We will characterise the two covers in terms of the subplane B.

We call one cover of S the tangent cover with respect to ‘B, and denote it by T,
or if there is only one subplane under consideration, we shorten this to T. The
nomenclature for tangent covers comes from Theorem 5.3 which shows that the
tangent planes 7p of [B] meet X in lines that lie in distinct planes of the cover T.

We call the other cover of S the conic cover with respect to ‘B, and denote
it by Cg, or C. The nomenclature for the conic cover comes from [Barwick and
Jackson 2017] which shows that the planes in the cover C are related to the (B, £oo)-
carrier conics of B.

A certain type of embedding is looked at in [Lavrauw et al. 2015]. Specialising
their results to PG(S5, ¢), their embedding Q, , is equivalent to the set SUCUT.
They determine the collineation group stabilising @, 4. In particular they demon-
strate: a collineation of PG(5, ¢) that fixes Q> , and permutes the families S, C, T;
and a collineation fixing Q, , that permutes the planes in each family. Further,
[Lavrauw et al. 2015] determines the equation of Q5 ,. In Lemma 5.1 we describe
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the homogeneous coordinates for the planes in S, C, T in the format we will work
with, and in Lemma 5.2 we calculate the matrix of a homography that fixes the
planes in S, permutes the planes of T, and permutes the planes of C (this is the
map ¢o.0(t, v) of [Lavrauw et al. 2015]).

Lemma 5.1. Let S be the exterior splash of the exterior order-q-subplane B coor-
dinatised in Section 3. Let K = {k =1'4™V :0<i < g’ +q+1}. nPG(6, q), S
and its two covers T, C have planes given by

S = {[Sk] = {([kx], [x],0) : x € F;3} ke X},
T={[Ti] = {(Tkx], [x91,0) : x € F1} 1 k € K,
C = {[Ci] = {([kx], [x7'],0) : x € Fa) ik e X,

Proof. The points of £, in PG(2, ¢>) have coordinates Sy =(k, 1, 0) fork € [Fqs U{oo}.
Hence in the Bruck—Bose representation of £, in £, = PG(5, ¢), planes of the
regular 2-spread S are given by [Si] = {([kx], [x]) : x € [F(;3}, for k € [Fq3 U {o0}.
Consider the homography S (of order 3) of X, =PG(5, ¢) defined by

B (x1 [yD — (x1, [yD. (N

We consider the action of § on the planes of [S;]. For each k € ﬂ:qz U {00}, de-
fine the planes [Tx], [Ck] by B([Sk]) = [Tk] aznd BTk = [Ci]. Thatis, [Tx] =
{(lkx], [x7]) : x € [F(;.z}, and [Cy] = {([kx], [xT]) : x € F/;}.

We now consider the exterior order-g-subplane B coordinatised in Section 3
which by Theorem 3.1 has exterior splash S = {Sy = (k, 1,0) : k € K} C £, and
carriers Soo = (1, 0, 0), So= (0, 1, 0). Note that in PG(5, g), the carriers of B lie in
each of the three sets of planes, as [So] = [Tp] = [Co] and [Seo] = [To0] = [Cxo]- In
PG(5, g), wehave S={[S¢]: k€ K}. Let T ={[T¢]: k € K} and C = {[Cy] : k € K},
then 8 : S+ T +— C. By [Ostrom 1993], the sets S, T, C cover the same set
of points. Moreover, planes in the same set are disjoint, and planes from different
sets meet in one point. That is, T and C are the two covers of S. U

The next lemma calculates the action of a useful homography of PG(6, ¢) (this
is the map ¢ (7, 7) of [Lavrauw et al. 2015]). Recall that 7 is a zero of the
primitive polynomial x3 — r,x% — t;x — 1.

Lemma 5.2. Let S be the exterior splash of the exterior order-q-subplane B coor-
dinatised in Section 3 with covers C and T coordinatised in Lemma 5.1. Consider
the homography ® € PGL(7, q) with 7 x T matrix

M 00 00 g
0 MO), where M=|10 f
0 01 01n
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Then in PG(6, q), O fixes each plane of the regular 2-spread S, maps the cover
plane [Ci] € Cto [C,1-4;] € C, and the cover plane [T;] €T to [Ttl,qzk] el, keX.

Proof. 1t is straightforward to show that ® fixes the planes of the regular 2-spread S
(so it also fixes the planes of the exterior splash S). In fact (®) acts regularly on
the set of points, and on the set of lines, of each spread element. Note that M is the
matrix M, defined in Section 2B, and so M[x] = [tx]. Consider the action of ®
on a point of the cover plane [Cy] € C coordinatised in Lemma 5.1. We have

([kx], [x71,0)® = ([tkx], [x9'1,0) = ([r '~ 7k(r9x)], [(9x)4’], 0)

which lies in the cover plane [C,i1—4;] of C. Similarly a point ([kx], [x?], 0) in
the cover plane [T;] € T maps under ® to the point ([rl_qzk(tqzx)], [(‘L'qzx)q], 0)
which lies in the cover plane [Tr,_qz k] of T. O

Theorem 5.3. Let P be a point of an exterior order-q-subplane w. In PG(6, q),
the tangent plane Tp at P to [] meets L in a line that lies in a plane of the
tangent cover T of [m]. Moreover, distinct points of w correspond to distinct cover
planes of T.

Proof. By Theorems 2.4 and 2.5, we can without loss of generality prove this result
for the order-g-subplane B coordinatised in Section 3 and the point P = (0, 0, 1) € B.
In PG(6, g), let Tp be the tangent plane at P. The line £ = Tp N X, was calculated
in the proof of Theorem 4.2 to be

¢={a([1],[11,0) +b([], [t?],0) : a, b € Fy}.

The points of £ all lie in the plane [T1] = {[x], [x?],0) | x € [I:(;3 }, which by Lemma 5.1
is a plane of the tangent cover T of B. The collineation of Lemma 5.2 is transitive
on the cover planes of T, hence each cover plane contains a line of a distinct tangent

plane. Hence there is a one-to-one correspondence between points of 7 and cover
planes of T. O

6. Transversal lines of covers

Recall that a regular 2-spread in PG(5, ¢g) has three (conjugate skew) transversals
in PG(5, ¢*) which meet each (extended) plane of S. In this section we consider
an exterior splash S C &, and show in Lemma 6.1 that the transversals of the 2-
spread S are the only lines of PG(5, ¢°) that meet every extended plane of S. We
then consider the two sets of cover planes T and C. Corollary 6.2 shows that each
can be uniquely extended to regular 2-spread, and we calculate the coordinates
of the corresponding transversal lines in Theorem 6.3. Theorem 6.5 shows that
the nine transversals of S, C and T can be used to characterise the carriers of
the exterior splash S. Theorem 6.6, looks at the transversal lines in the situation
when {, is partitioned into exterior splashes with common carriers.
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6A. The exterior splash and its covers have unique transversals. If X is a set in
PG(6, g) (such as a line, a plane, or a conic), then we denote its natural extension
to PG(6, ¢) by X*. Let S be the regular 2-spread in X, of the Bruck-Bose
representation in PG(6, ¢). If we extend the planes of S to PG(6, ¢%), yielding S*,
then there are exactly three transversal lines to S*, that is, three lines that meet
every plane of S* These three lines are conjugate and skew. We now consider an
exterior splash S C S and extend the planes of S to PG(6, ¢°), yielding S*. We
show that there are exactly three lines of PG(6, ¢*) that meet every plane of S¥,
namely the three transversals of S.

Lemma 6.1. Let S be a regular 2-spread in PG(S, q), and let S C S be an exterior
splash. In the cubic extension PG(5, ¢°), there are exactly three transversals to' S,
namely the three transversals of S. Hence S lies in a unique regular 2-spread,
namely S.

Proof The three conjugate transversal lines of the regular 2-spread S, denoted
gs, gg, g§ , are also transversals of S Suppose there is a fourth transversal line £
of S. Then the four lines gs, gg, gS , £ are pairwise skew. Further, these four lines
are ruling lines of a unique 2-regulus R of £* = PG(5, ¢°), which contains the set
of extended planes S*. Now consider two planes [L], [M] € S; the corresponding
points L, M of £« in PG(2, ¢*) lie in two order-g-sublines contained in S by
[Lavrauw and Van de Voorde 2010, Corollary 15]. Hence by Theorem 2.3, [L], [M]
lie in two 2-reguli R, R, which are contained in S. Let P be a point in [L], then
there are unique lines m, m; through P that are ruling lines of R, R, respectively.
Now R1, R lie in S, and so lie in R, so the extended lines m?, i =1, 2, are two
ruling lines of R that meet in a point P, a contradiction. Hence the line £ cannot
exist. That is, there are only three transversal lines to S, and these are necessarily
the transversals of S. (]

As S, C, T are projectively equivalent by [Lavrauw et al. 2015, Theorem 16],
an analogous result holds for the two covers of S.

Corollary 6.2. In PG(5, q), let S be an exterior splash with covers T and C. Then
in the cubic extension PG(5, ¢°),

(i) the cover T has exactly three transversal lines in PG(5, ¢*)\PG(5, q), denoted
gr, gt gTr ,and so T lies in a unique regular 2-spread,

(1) the cover (]3 has exactly three transversal lines in PG(5, ¢°)\PG(5, q), denoted
gc, gC, gc , and so C lies in a unique regular 2-spread.

Later we will need the coordinates of the point of intersection of the transversal
lines with the corresponding cover planes, and we calculate these next.

Theorem 6.3. Let B be the order-q-subplane coordinatised in Section 3 with ex-

. 2
terior splash' S and covers C, T. Let po =t +trt — 12> = —191%, py=th — 7 =
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w9+ 17, py = —1, and n= po+ pit + pat’ Let A1 = (po, p1, p2,0,0,0,0),
A, =1(0,0,0, po, p1, p2, 0). Then in PG(6, ¢*),

(i) one transversal line of S is gs = (A, Az) and gs N[Sk]* = kA + Ay,
2
(ii) one transversal line of Tis gt = (A1, A ) and gt N [T ]* = kA1 + nI*qZAg ,
(iii) one transversal line of Cis gc = (A1, A ) and gc N[C]* = kA, + nl_qu.

Proof. We use the coordinatisation in PG(5, ¢g) of the exterior splash S of B and
the two covers T, C given in Lemma 5.1. Lemma 2.1 shows that gs = (A}, Ap) is
a transversal line for the regular 2-spread S, where A = (po, p1, p2,0,0,0) =
(A, [0D and Az = (0,0,0, po, p1, p2) = ([0], A). Hence gs = (A1, Az) 1s a
transversal line for the exterior splash S. The planes of the regular 2-spread
S are [Si]={(kx],[x]):xeF,}, k € [Fq3 U {oo}. We first show that the ex-
tended plane [S;]* meets the line gs in the point kA| + A;. Consider the point
P = po([k], [1]) + pi(lkt], [x]) + p2([kT?], [t?]) of PG(5,q?), and note that
P € [Si]* Using the matrix M} defined in Section 2B, we have

P = po(Mi[11, [11) + p1 (Mi[7], [2]) + pa(Mi[77], [27]) = (M A, A) = (kA, A)

by (1). Hence P = kA + A, which lies in gs = (A1, A»), that is, P is the inter-
section of gs and [S;]* proving part (i).

Consider the homography g defined in (7), acting on PG(5, ¢*). The proof of
Lemma 5.1 shows that 8 maps gs to gr, and maps gt to gc. Each element y € [/,
can be considered as a point [y] in PG(2, ¢). The collineation of PG(2, ¢) mapping
the point [y] to [y?] is a homography, and can be represented using a matrix N with
entries in ;. We omit the transpose notation, and write N[y] = [y?]. Hence we can
write the collineation ﬂ as B([x], [y]) = ([x], N[y]). Clearly B(A;) = Ay, and we
show that 8(A,) = Aq Recall the point A = (po, p1, p2) = poll]+ pilt]+palr 2],
so NA = po[l1] + pl[T"] + pa[t?]. Usmg the matrlx Mk from Section 2B, it is
straightforward to write this as NA= (p0 I+ p1 M + p2 M 2)7 [1]. Now

(pg 1+p§1 Mf—f-pg M.)[1]1=A? and (pg 1+p§1 Mf—i—pg M2)AT =n?" AT

by (1). So repeated use of (1) yields NA = nqz(q_l)qu = nl_quqz. Further, as N
is over g, we have

NA=n'"TAT NAI=p1"'A, NAT =y 949, (8)

Hence ﬂ(kAl +A2) =kA + nl q Aq As B : gs — g1, we have gt N[T;]* =
kA +n'=d A2q and gt = (A1, A ) proving part (ii). Similarly, calculating

BkA, +n'7 Ag )= kA, +nlma' e 1Al = kA +n' 1AL,

and using B : g —> gc, we get gc N[Cl* =kA; +n'"7A% and gc = (A, AT). O
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We can use the transversals of the covers T and C to generalise the notion of S-
special conics and twisted cubics in PG(6, ¢) defined in Definition 2.2. We define
C-special here, T-special is similarly defined.

Definition 6.4. (i) A C-special conic is a nondegenerate conic C contained in a
plane of C, such that the extension of C to PG(6, q3) meets the transversals
of C.

(ii) A C-special twisted cubic is a twisted cubic A in a 3-space of PG(6, ¢)\ X0
about a plane of C, such that the extension of A to PG(6, ¢*) meets the
transversals of C.

6B. Characterising the carriers in PG(6, g). Letting S be a regular 2-spread of
PG(5, q), and S be an exterior splash contained in S, with covers C and T, we can
then characterise the carriers of S in terms of the nine transversals of S, C and T.

Theorem 6.5. Let S be a regular 2-spread of PG(5, q), and let S C S be an ex-
terior splash with covers C, T, whose corresponding triples of transversal lines
are gs, g%, gé , &C, gqq:, gqq: ,and gT, g%, g% , respectively. Then the carriers of S
are the only two planes of S whose extension to PG(5, ¢°) meets all nine transver-
sal lines.

Proof. By Theorem 2.4, we can without loss of generality show this for the exterior
splash S of the exterior order-g-subplane B coordinatised in Section 3, with car-
riers £; = (1,0,0), E, = (0, 1, 0). In PG(6, g), the transversal lines gs, g%, gé
each meet the carriers [E], [E>] of S. We use the notation for planes [S;] € S,
[T:]1 € T and [C] € C from Lemma 5.1. By Corollary 6.2, in the cubic extension
PG(5, ¢°), the transversal lines gqy, gv, gT meet each plane [7¢], k € [ 3 U {oo};
and the transversal lines gc, gC, gC meet each plane [Ck], k € F 3 U {oo} The
carriers of S satisfy [E>] = [So] = [To] = [Co] and [E1] = [Sx ]=[ Too]l = [Cxl.
Hence in the cubic extension PG(5, q3), all nine transversal lines meet the carriers
of S.

We now show that no other plane of the regular 2-spread S meets all nine
transversal lines. We use the homography with matrix M} defined in Section 2B.
A plane of the regular 2-spread S distinct from [E], [E>] has the form [S] =
{([kx],[x],0):x € [F; ,}, for some k € [FC/] ;. This plane is spanned by the three points

So = ([k],[11,0) = (Mi(1,0,0),(1,0,0)),

Sie = (k] [7],0) = (Mk(0, 1,0), (0, 1,0))

o = ([kz?], [2%1, 0) = (Mk (0,0, 1), (0,0, 1)).
Hence the extension [S;]* to PG(5, q3 ) contains the points

Sk,j = C()S(),j +C151,]‘ +CzSz,j,
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where ¢; € F 3, not all zero. By Theorem 6 3, a general point X on tl%e transver-
sal line gt has coordinates X =rA; + A = (rpo, rP1, rP2, pO p1 ,p2 ) for
some r € F 3 U {oo}. NowS]k_leandonlylfcl_ ?, i _O 1,2, and
Mk(co,cl,cz) =r(po, p1, p2). That is, MkAq =rA. However, MkAq — k7’ Aq

by (1), so there are no solutions to ¢y, ¢, ca. Hence the transversal line g1 does
not meet any further plane of the regular 2-spread S, and so gT, gT do not meet
any further plane of S. A similar argument shows that the lines gc, gC, gC do not
meet any further plane of the regular 2-spread S. ]

6C. Transversal lines of exterior splashes with common carriers. As exterior
splashes are equivalent to covers of the circle geometry CG(3, g), there are g — 1
disjoint exterior splashes on £, with common carriers Eq, E>. We show that in
PG(6, g), the covers of these disjoint exterior splashes have common transversals.

Theorem 6.6. Let Sy, ..., S, be q — 1 disjoint exterior splashes on £, with
common carriers Ey, Ey, and let exterior splash S; have covers Cj, T;. Then
the covers Cy, . .., C4_1 have common transversal llnes 8¢ gC, g(D , and the covers
To, ..., Ty—1 have common transversal lines g, gw, gT

Proof. By Theorem 2.4, we can without loss of generality prove this for the order-
g-subplane B coordinatised in Section 3. Let X = {k € [/, : k' t4+!l = 1} =
{k=74D:0<i< q2 + g + 1}. Recall that B has carriers E£; = (1,0, 0),
E,=(0, 1, 0), and exterior splash Sg = {Sx 0= (k, 1,0) : k€ K}. Let X; = /K, for
j=0,...,9g—2,bethe g—1 cosets of K in I]:q’3. LetS; ={S, ;j=(k,1,0):keX;},
0 < j <q—2. Consider the homography & acting on £, that maps the point (x, y, 0)
to (zx,y,0). Then £ fixes Ey, E», maps S; to S;4 (0 < j < ¢ — 3), and maps
Sy—2 t0 Sp. Hence Sy, ..., S, are the g — 1 disjoint exterior splashes on £,
with carriers (1, 0, 0) and (0, 1, 0).

In ¥, =PG(5, q), we have planes [ S ;1= {([kx], [x]) : x € [Fq’3} €S, and define
the planes [T, ;] = {([kx], [x?]) : x € [F;s} and [Cy, ;] = {([kx], [xT]) 1 x € [F(;%}
for k € Xj. SoS; = {[S,;], k € X;}, and define T; = {[T; ;],k € X;} and
C; ={[Cy ], k € X;}. Note that Ty, CDO are the covers of the exterior splash S
of B. Now consider the map 6; of PG(5, ¢) acting on X, defined in Section 2B;
itmaps S; to S;41, T;to T;;y, and C; to C;4;. Hence T; and C are covers
for S;. By Theorem 6. 3 the transversal line of Ty is g7 = (A 1s Aq ) Using (1),
we see that the homography 6; fixes gy, and so gy is a transversal for all T;.
So gqy, gT, gT are transversal lines of T; for each j =0,...,q — 2. Slmllarly,
gc, ng g(D are transversal lines of C; for each j =0,...,qg —2. (I

Remark 6.7. We can interpret this result using the terminology of [Culbert and
Ebert 2005]. We can partition the planes of a regular 2-spread into g — 1 disjoint
hyper-reguli with common carriers. Each hyper-regulus has two replacement hyper-
reguli, which correspond to our conic and tangent covers. If we replace all g — 1
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hyper-reguli of S with hyper-reguli of the same type (that is, all belonging to C, or
all belonglng to T), then the resulting 2-spread has transversals either gc, gC, gC

or gr, gv, gT , and so is regular. Hence the resulting André plane is Desarguesian.
If we replace all the hyper-reguli of S with a combination of hyper-reguli from
each type, then the resulting 2-spread is not regular, and so the resulting André
plane is non-Desarguesian.

7. Sublines of an exterior splash

In this section we characterise the order-g-sublines of S with respect to the covers
of S and their transversal lines.

7A. Background. Let i be an exterior order-g-subplane of PG(2, ¢*) with exte-
rior splash S on £,. There are 2(¢% 4 ¢ + 1) order-g-sublines in an exterior splash
which lie in two families of size g> +¢ + 1. These families are studied in [Lavrauw
and Van de Voorde 2010; Barwick and Jackson 2016].

We first describe properties of the two families given in [Lavrauw and Van de
Voorde 2010]; here the two families are called regular and irregular with respect to
a plane in one of the covers. That is, let S be an exterior splash in PG(5, ¢), and let
o be a plane that meets each plane of S in a point, so « lies in one of the covers X
orY of S. In PG(2, q3), let b be an [F4-subline contained in S, so by Theorem 2.3,
in PG(6, g), [b] is a 2-regulus. The subline b is called regular with respect to o if
aN[b] is a line, otherwise b is irregular. Suppose « lies in the cover X, and o N [b]
is a line, then each plane in the cover X meets [b] in a line, and each plane in the
cover Y meets [b] in a set of points which is not collinear. We adapt the phrases
regular and irregular with respect to « in terms of the covers of S. We say b is
both X-regular and Y-irregular if each plane in X meets [b] in a line. In particular,
we note that if we start with a scattered [F;-linear set of rank 3 of PG(1, ¢°), then
an [y-subline b contained in the linear set can be categorised as both regular and
irregular (by choosing « in different covers).

In [Lunardon and Polverino 2004], it is shown that if S is an exterior splash
of £+ in PG(2, ¢°), then there is an order-g-subplane 8 and point P such that S is
the projection of 8 from P onto £.,. In [Barwick and Jackson 2016, Theorem 5.2],
the projection and splash constructions are compared, and it is shown that in almost
all cases, the projection and exterior splash of 8 are distinct. In [Lavrauw and
Van de Voorde 2010], the two families of sublines of S are characterised in relation
to a point P and subplane 8 which project S: one family arises from projecting
the sublines of B, the other arises from projecting certain conics of 8. The latter
family are described as irregular in [Lavrauw and Van de Voorde 2010], although
it is not specified which cover these sublines are irregular with respect to.

Now we describe properties of the two families given in [Barwick and Jackson
2016]. Here the two families of order-g-sublines of S are characterised with respect
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to geometric objects of an exterior 7 with exterior splash S. If A is a point of 7,
then the pencil of g + 1 lines of & through A meets £, in an order-g-subline of S,
called a w-pencil-subline of S. Recall from Section 2D that a (7, £)-carrier-dual
conic of m is a dual conic that contains the three lines fixed by the subgroup /
fixing 7 and £. If I" is a (7, £ )-carrier-dual conic of m, then the lines of " meet
{~ in an order-g-subline of S, called a 7 -dual-conic-subline of S. Note that in
[Barwick and Jackson 2016, Theorem 4.4], we show that it is possible to switch
the roles of the two families by considering different associated order-g-subplanes.

7B. A characterisation of the sublines of an exterior splash. We now consider
the interaction in PG(6, ¢) of the two families of order-g-sublines of S with the
two covers of S. We show in Theorem 7.1 that each family meets planes from
one cover in lines, and planes from the other cover in conics. Theorem 7.2 shows
that the converse is true, and so we have a characterisation of the order-g-sublines
of S. This allows us to relate the families from [Barwick and Jackson 2016] and
[Lavrauw and Van de Voorde 2010]. Theorem 7.4 shows that the conics concerned
in each case are special with respect to the conic cover.

Suppose R is a 2-regulus in PG(5, ¢), and consider a plane « that meets R in a
set of g 4+ 1 points. Then an easy counting argument shows that these points form
either a line or a conic in . We abbreviate this to “R meets « in a line or a conic”.

Theorem 7.1. Let w be an exterior order-q-subplane with exterior splash S, conic
cover C, and tangent cover T.

(1) A m-pencil-subline of S corresponds in PG(6, q) to a 2-regulus that meets
each plane of T in a distinct line, and meets each plane of C in a conic.

(i) A m-dual-conic-subline of S corresponds in PG(6, q) to a 2-regulus that
meets each plane of T in a conic, and meets each plane of C in a distinct
line.

Proof. Let P be a point in the exterior order-g-subplane , and let d be the corre-
sponding 7 -pencil-subline of S. By Theorem 2.3, in PG(6, q), [d] is a 2-regulus
contained in S. Consider the tangent plane 7p to [7] at P. By Theorem 4.2,
the lines of Tp through P meet X, in points that lie in distinct planes of the 2-
regulus [d]. Hence Tp N X is a ruling line of the 2-regulus [d]. By Theorem 5.3,
this ruling line 7p N X lies in a tangent cover plane. The homography ® of
Lemma 5.2 fixes the planes of [b] and is transitive on the cover planes of T. Hence
each ruling line of [b] meets a unique cover plane of T.

A straightforward geometric argument shows that planes of T, C meet a 2-
regulus of S in a line or a conic. Hence a conic cover plane meets the 2-regulus [d]
in a conic. As there are g% + ¢ + 1 w-pencil-sublines of S, every line in a plane
of T is a ruling line for some 2-regulus corresponding to a -pencil-subline. Hence
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if [d'] is a 2-regulus of S corresponding to a 77 -dual-conic-subline, then planes of T
meet [d'] in conics, and so planes of C meet [d’] in ruling lines of [d’]. Moreover,
applying the homography of Lemma 5.2 shows that each ruling line of [d'] lies in
a unique conic cover plane. ([

By Theorem 2.3, there is a one-to-one correspondence between the order-g-
sublines of S in PG(2, q3), and the 2-reguli contained in S in PG(6, ¢). Hence the
converse of Theorem 7.1 is also true, and so we have a characterisation of order-g-
sublines of S relating to the cover planes of the associated order-g-subplane.

Theorem 7.2. Let w be an exterior order-q-subplane with exterior splash' S, conic
cover C, and tangent cover T.

(1) A 2-regulus contained in S that meets some plane of T in a line corresponds
to a mw-pencil-subline of S.

(i1) A 2-regulus contained in' S that meets some plane of C in a conic corresponds
to a w-pencil-subline of S.

(iii) A 2-regulus contained in' S that meets some plane of T in a conic corresponds
to a w-dual-conic-subline of S.

(iv) A 2-regulus contained in S that meets some plane of C in a line corresponds
to a ww-dual-conic-subline of S.

This allows us to determine the relationship between the different family naming
used in [Barwick and Jackson 2016] and [Lavrauw and Van de Voorde 2010].

Corollary 7.3. Let w be an exterior order-q-subplane with exterior splash S, conic
cover C, and tangent cover T.

(i) Let b be a m-pencil-subline of S, then b is T-regular and C-irregular.

(ii) Let d be a m-dual-conic-subline of S, then d is C-regular and T-irregular.

In fact, we can give a stronger characterisation of the order-g-sublines of S,
namely that the conics of Theorem 7.1 are special with respect to the associated
cover. In order to prove that the conics are special, we need to introduce coordi-
nates, and the proof is calculation intensive.

Theorem 7.4. Let 7w be an exterior order-q-subplane with exterior splash S, conic
cover C, and tangent cover T.

(1) A 2-regulus of S corresponding to a w-pencil-subline of S meets each plane
of C in a C-special conic.

(i) A 2-regulus of S corresponding to a w-dual-conic-subline of S meets each
plane of T in a T-special conic.
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Proof. By Theorem 2.4, we can without loss of generality prove this for the ex-
terior order-g-subplane B coordinatised in Section 3. We start with the order-g-
subplane 7y = PG(2, ¢) and the line £ = [—77t9, 7 4+ 79, —1] which is exterior
to mp. Note that using the notation for pg, p1, p» given in Theorem 6.3, we have
{= [pg ,p‘f ,pg ]. A line of my has coordinates [/, m, n] for I,m,n € F;, and
meets ¢ in the point Wl”m’n =(—n(T+19) —m, | —ntt?, mrt? +1(t + t9)).
We apply the homography o of Section 3 with matrix K to map mp and £ to B
and {oo, respectively. The point W/, . of £ maps to the point Wy, , = KW/, =
(I+mt +nt?, I+mt?+ntX, 0) of £. Writing € = ¢;,y.p =1 +mt +nt2 We
have W, = W, , = (6, €4,0) = (', 1,0). Using the notation from Lemma 5.1,
this is the point S,i-; € £. In PG(6, q), W, corresponds to the spread plane
[Wel = [Wymn] = {([ex], [¢9x], 0) = ([¢'79x], [x], 0) : x € F st = [Serl.
Fix a point P = (a, b, c) of my, so a, b, ¢, € 4, not all zero. Let

L={{,m,n):Il,m,n € not all zero, and la + mb + nc = 0}.

The g + 1 lines of g through P have coordinates [/, m, n] € L. These g + 1 lines
meet the exterior line £ of gy in a 7y-pencil-subline which, under the collineation o,
maps to a B-pencil-subline d of . By Theorem 2.3, in PG(6, ¢), d corresponds
to the 2-regulus [d] which we denote by R, so R = [d] = {[W.] = [S,1-¢] : € € W},
where W={e=¢; ., =1+mt +nt?:(,m,n) e L}. Foreacha € [F',, consider
the set of points 7, = {([ex], [¢?a], 0) : ¢ € W}. As W is closed under addition, #,
is a line of X, = PG(5, ¢); further 7, meets every plane in R. Hence ¢, is a ruling
line of the 2-regulus R.

By Theorem 7.2(ii), the 2-regulus R meets a cover plane of the conic cover C in
a conic C = [Cr]NR for k € K. To show that the conic Cj is C-special, we need to
extend it to PG(5, q3), and show that it meets the three transversal lines of C. To do
this, we extend the 2-regulus R of X, = PG(5, ¢) to a 2-regulus R* of PG(S, q°),
so Cf = [Cr]* N'R*. We then usze coordinates to show that one of the planes of R*
contains the transversal line g@ of C, and then deduce that C; meets g@

To extend R to a 2-regulus R* of PG(5, g>), we find four lines in PG(5, ¢°)
that meet each extended plane of R. As a 2-regulus is uniquely determined by
four ruling lines in general position, we can use these four lines to define the 2-
regulus R* The transversal line gs of the regular 2-spread S can be used as one
of our ruling lines; for the other three ruling lines, we use the extended lines 7],
17, 1%, which each meet every plane of R. So R* is the 2-regulus of PG(5, q°)
determlned by the four ruling lines #f, 77, 1%,, gs (which are in general position),
and further R* N X, = R.

We now exhibit a plane y of R* that contains the transversal line g@ of the
conic cover C. Extend the set £ to

L'={U,m,n):l,m,nec F,3 not all zero, and la +mb +nc = 0},
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We use the matrix M, defined in Section 2B, and write M = M;. The ruling
line 7%, i =0, 1,2, has points Pyi;,, , with (I, m,n) € L*, where P, , =
I(M[1], MI[1],0) + m(M'[t], M'[19],0) + n(M[z?], M'[t%7],0). Recall that
the order-g-subline d corresponds to the fixed point P = (a, b, ¢) € my. Consider
the following (I, m, n) € £*

l=ct—bt?>, m=at’—c, n=b—ar. )

Note that for these [, m, n we have
[+mt+nt*=0. (10)

For I, m, n as in (9), consider the plane y spanned by the three points Py, € 1,
Primn €17, P2, €17, We first show that y is a plane of the 2-regulus R* by
showing that the fourth ruling line gs of R* also meets y. By Theorem 6.3, g =
(A1, Az), and we show that gs meets y by showing that the point A; lies in y. With
I, m,n given by (9), consider the point F' = po Py ;mn + P1 Primn + P2Pr2 1 mn
of y. To simplify the notation, we use the point A = (pg, p1, p2)’, and matrix
Uo=pol+p1M+p M? defined in Section 2B, and note that Uy[ar] =« A. We have

F = (lUo[1] + mUp[t] + nUo[t?], LUo[1]+mUo[t?]+nUs[t*], 0)
=(IA+mtA+nt’A, IA+mtiA+nt*A, 0).

By (10), F = ([0], A, 0) = A, and by Lemma 2.1, gs = (A1, Az),s0 F € gsNy.
That is, the four ruling lines 77, 77, 1%, gs of the 2-regulus R* all meet the plane y,
and so y is a plane of R*

We now show that the transversal line g(D of C lies in the plane y of R* Let
G= Po Pllmn+p1 ,,mn+p2 P2, and note that G € y. We use the
matrix 5 5 5

Uy=p§ I+ pl M+p] M*
defined in Section 2B, and note that Us[a] = a? 2qu, so we have
G = (U:[1]1+mUs[t]+n*Ua[?], 1U2[1] 4+ mUs[t7]+nUs[t*], 0)
= (lAq’2 +mr? AT 4 nt2‘12Aq2 1AY" + mr AT + ntqu2 O).

By (10), G = (qu [0],0) = , SO y contains the pomts G = A and F=A,.
Hence by Theorem 6.3, y contalns the transversal line g(D = (A1 , Az) of C.

We showed above that the 2-regulus [d] = R meets a cover plane [C;] of C in
a conic C;. We want to show that C; is a C-special conic, that is, we want to show
that in PG(6, q3) the extended conic C = [C;]* NR* contains the three po%nts
gc NG, gC [CiT7, gC N [C;1*. We have shown that the transversal line gC of
C lies i in a plane y of R* As the extended cover plane [C;]* meets the transversal
line gC in a unique point denoted P;, we have

P =[G ﬂg@ =[G]" Ny e [GI'NR* =C/.
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Hence C; contains the point gsz N [C;]* and hence it also contains the conjugate
points gf: N [C;1*, gc N [C;]* That is, the conic C; = [C;] NR is a C-special
conic, completing the proof of part (i). As C and T are projectively equivalent by
[Lavrauw et al. 2015, Theorem 16], part (ii) holds by symmetry. (I

8. Conclusion

An investigation into the interaction between an exterior order-g-subplane 7 of
PG(2, q3), and its exterior splash on £, began in [Barwick and Jackson 2016].
The main focus of that paper was to show that exterior splashes are projectively
equivalent to scattered [F;-linear sets of rank 3, covers of circle geometries, Sherk
sets of size g2+ ¢ + 1. Further, we investigated the geometric relationship between
the order-g-sublines of S and the points of 7. The current article focusses on
using the Bruck—Bose representation in PG(6, ¢) to continue the study of exterior
splashes, in particular their interplay with order-g-subplanes. The notion of special
conics and special twisted cubics is closely tied with this interplay.

References

[André 1954] J. André, “Uber nicht-Desarguessche Ebenen mit transitiver Translationsgruppe”, Math.
Z. 60 (1954), 156-186. MR Zbl

[Barwick and Jackson 2012] S. G. Barwick and W.-A. Jackson, “Sublines and subplanes of PG(2, q3)
in the Bruck—Bose representation in PG(6, ¢)”, Finite Fields Appl. 18:1 (2012), 93-107. MR Zbl
[Barwick and Jackson 2014] S. G. Barwick and W.-A. Jackson, “A characterisation of tangent sub-

planes of PG(2, q3)”, Des. Codes Cryptogr. 71:3 (2014), 541-545. MR Zbl
[Barwick and Jackson 2015] S. G. Barwick and W.-A. Jackson, “An investigation of the tangent
splash of a subplane of PG(2, q3)”, Des. Codes Cryptogr. 76:3 (2015), 451-468. MR Zbl
[Barwick and Jackson 2016] S. G. Barwick and W.-A. Jackson, “Exterior splashes and linear sets of
rank 3”, Discrete Math. 339:5 (2016), 1613-1623. MR Zbl

[Barwick and Jackson 2017] S. G. Barwick and W.-A. Jackson, “The exterior splash in PG(6, ¢):
carrier conics”, Adv. Geom. 17:4 (2017), 407-422. MR Zbl

[Bruck 1969] R. H. Bruck, “Construction problems of finite projective planes”, pp. 426-514 in
Combinatorial Mathematics and its Applications (Chapel Hill, N.C, 1967), edited by D. J. A. Welsh,
Univ. North Carolina Press, Chapel Hill, N.C., 1969. MR Zbl

[Bruck 1973] R. H. Bruck, “Circle geometry in higher dimensions, II”, Geometriae Dedicata 2
(1973), 133-188. MR Zbl

[Bruck and Bose 1964] R. H. Bruck and R. C. Bose, “The construction of translation planes from
projective spaces”, J. Algebra 1 (1964), 85-102. MR Zbl

[Bruck and Bose 1966] R. H. Bruck and R. C. Bose, “Linear representations of projective planes in
projective spaces”, J. Algebra 4 (1966), 117-172. MR Zbl

[Culbert and Ebert 2005] C. Culbert and G. L. Ebert, “Circle geometry and three-dimensional sub-
regular translation planes”, Innov. Incidence Geom. 1 (2005), 3-18. MR Zbl

[Hirschfeld and Thas 1991] J. W. P. Hirschfeld and J. A. Thas, General Galois geometries, The
Clarendon Press, Oxford University Press, New York, 1991. MR Zbl


http://dx.doi.org/10.1007/BF01187370
http://msp.org/idx/mr/0063056
http://msp.org/idx/zbl/0056.38503
http://dx.doi.org/10.1016/j.ffa.2011.07.001
http://dx.doi.org/10.1016/j.ffa.2011.07.001
http://msp.org/idx/mr/2874908
http://msp.org/idx/zbl/1261.51006
http://dx.doi.org/10.1007/s10623-012-9754-7
http://dx.doi.org/10.1007/s10623-012-9754-7
http://msp.org/idx/mr/3189132
http://msp.org/idx/zbl/1296.51008
http://dx.doi.org/10.1007/s10623-014-9971-3
http://dx.doi.org/10.1007/s10623-014-9971-3
http://msp.org/idx/mr/3375571
http://msp.org/idx/zbl/1346.51001
http://dx.doi.org/10.1016/j.disc.2015.12.018
http://dx.doi.org/10.1016/j.disc.2015.12.018
http://msp.org/idx/mr/3475577
http://msp.org/idx/zbl/1338.51007
http://dx.doi.org/10.1515/advgeom-2017-0032
http://dx.doi.org/10.1515/advgeom-2017-0032
http://msp.org/idx/mr/3714445
http://msp.org/idx/zbl/1387.51009
http://msp.org/idx/mr/0250182
http://msp.org/idx/zbl/0206.23402
http://dx.doi.org/10.1007/BF00147854
http://msp.org/idx/mr/0420430
http://msp.org/idx/zbl/0279.50021
http://dx.doi.org/10.1016/0021-8693(64)90010-9
http://dx.doi.org/10.1016/0021-8693(64)90010-9
http://msp.org/idx/mr/0161206
http://msp.org/idx/zbl/0117.37402
http://dx.doi.org/10.1016/0021-8693(66)90054-8
http://dx.doi.org/10.1016/0021-8693(66)90054-8
http://msp.org/idx/mr/0196590
http://msp.org/idx/zbl/0141.36801
http://dx.doi.org/10.2140/iig.2005.1.3
http://dx.doi.org/10.2140/iig.2005.1.3
http://msp.org/idx/mr/2213951
http://msp.org/idx/zbl/1110.51002
http://msp.org/idx/mr/1363259
http://msp.org/idx/zbl/0789.51001

24 SUSAN G. BARWICK AND WEN-AI JACKSON

[Lavrauw 2016] M. Lavrauw, “Scattered spaces in Galois geometry”, pp. 195-216 in Contempo-
rary developments in finite fields and applications, edited by A. Canteaut et al., World Sci. Publ.,
Hackensack, NJ, 2016. MR Zbl

[Lavrauw and Van de Voorde 2010] M. Lavrauw and G. Van de Voorde, “On linear sets on a projec-
tive line”, Des. Codes Cryptogr. 56:2-3 (2010), 89—104. MR Zbl

[Lavrauw and Zanella 2015] M. Lavrauw and C. Zanella, “Subgeometries and linear sets on a pro-
jective line”, Finite Fields Appl. 34 (2015), 95-106. MR Zbl

[Lavrauw et al. 2015] M. Lavrauw, J. Sheekey, and C. Zanella, “On embeddings of minimum dimen-
sion of PG(n, q) x PG(n, q)”, Des. Codes Cryptogr. 74:2 (2015), 427-440. MR Zbl

[Lunardon and Polverino 2004] G. Lunardon and O. Polverino, “Translation ovoids of orthogonal
polar spaces”, Forum Math. 16:5 (2004), 663—-669. MR Zbl

[Lunardon et al. 2014] G. Lunardon, G. Marino, O. Polverino, and R. Trombetti, “Maximum scat-
tered linear sets of pseudoregulus type and the Segre variety 8, ,”, J. Algebraic Combin. 39:4
(2014), 807-831. MR Zbl

[Ostrom 1993] T. G. Ostrom, “Hyper-reguli”, J. Geom. 48:1-2 (1993), 157-166. MR Zbl
[Rottey et al. 2015] S. Rottey, J. Sheekey, and G. Van de Voorde, “Subgeometries in the André/Bruck—

Bose representation”, Finite Fields Appl. 35 (2015), 115-138. MR Zbl
Received 2 Feb 2015.

SUSAN G. BARWICK:

susan.barwick @adelaide.edu.au
School of Mathematical Sciences, University of Adelaide, Australia

WEN-AI JACKSON:

wen.jackson @adelaide.edu.au
School of Mathematical Sciences, University of Adelaide, Australia

:'msp


http://msp.org/idx/mr/3587265
http://msp.org/idx/zbl/1371.51003
http://dx.doi.org/10.1007/s10623-010-9393-9
http://dx.doi.org/10.1007/s10623-010-9393-9
http://msp.org/idx/mr/2658923
http://msp.org/idx/zbl/1204.51013
http://dx.doi.org/10.1016/j.ffa.2015.01.006
http://dx.doi.org/10.1016/j.ffa.2015.01.006
http://msp.org/idx/mr/3333138
http://msp.org/idx/zbl/1318.51005
http://dx.doi.org/10.1007/s10623-013-9866-8
http://dx.doi.org/10.1007/s10623-013-9866-8
http://msp.org/idx/mr/3302665
http://msp.org/idx/zbl/1311.51003
http://dx.doi.org/10.1515/form.2004.029
http://dx.doi.org/10.1515/form.2004.029
http://msp.org/idx/mr/2096680
http://msp.org/idx/zbl/1072.51010
http://dx.doi.org/10.1007/s10801-013-0468-3
http://dx.doi.org/10.1007/s10801-013-0468-3
http://msp.org/idx/mr/3199027
http://msp.org/idx/zbl/1295.51011
http://dx.doi.org/10.1007/BF01226806
http://msp.org/idx/mr/1242708
http://msp.org/idx/zbl/0792.51001
http://dx.doi.org/10.1016/j.ffa.2015.04.002
http://dx.doi.org/10.1016/j.ffa.2015.04.002
http://msp.org/idx/mr/3368805
http://msp.org/idx/zbl/1327.51014
mailto:susan.barwick@adelaide.edu.au
mailto:wen.jackson@adelaide.edu.au
http://msp.org

Innovations in Incidence Geometry vol. 17, no. 1, 2019
Algebraic, Topological and Combinatorial dx.doi.org/10.2140/iig.2019.17.25

Ruled quintic surfaces in PG (6, q)

Susan G. Barwick

We look at a scroll of PG(6, ¢) that uses a projectivity to rule a conic and a
twisted cubic. We show this scroll is a ruled quintic surface V;, and study its
geometric properties. The motivation in studying this scroll lies in its relation-
ship with an [F,-subplane of PG(2, ¢*) via the Bruck-Bose representation.

1. Introduction

In this article we consider a scroll of PG(6, ¢) that rules a conic and a twisted
cubic according to a projectivity. The motivation in studying this scroll lies in its
relationship with an F,-subplane of PG(2, g?) via the Bruck-Bose representation
as described in Section 3. In PG(6, g), let C be a nondegenerate conic in a plane «;
C is called the conic directrix. Let N3 be a twisted cubic in a 3-space 13 with
aNTl3 = &; Nj is called the rwisted cubic directrix. Let ¢ be a projectivity from
the points of C to the points of A3. By this we mean that if we write the points of C
and V3 using a nonhomogeneous parameter, so C = {Cy = (1,6, 67%) |6 € F, U{oo}}
and V3 = {N. = (1, ¢, €2, €%) | € € F, U{o0}}, then ¢ € PGL(2, q) is a projectivity
mapping (1, 0) to (1, €). Let V be the set of points of PG(6, g) lying on the g + 1
lines joining each point of C to the corresponding point (under ¢) of N3. These
q + 1 lines are called the generators of V. As the two subspaces « and I3 are
disjoint, V is not contained in a 5-space. We note that this construction generalises
the ruled cubic surface VS in PG(4, q), a variety that has been well studied; see
[Vincenti 1983].

We work with normal rational curves in PG(6, ¢). Suppose that A/ is a normal
rational curve that generates an i-dimensional space. Then we call N an i-dim
nrc, and often use the notation ;. See [Hirschfeld and Thas 1991] for details on
normal rational curves. As we will be looking at 5-dim nrcs contained in V, we
assume g > 6 throughout.

MSC2010: 51E20.
Keywords: projective space, varieties, scroll, Bruck—Bose representation.
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This article studies the geometric structure of V. In Section 2, we show that V
is a variety V; of order 5 and dimension 2, and that all such scrolls are projectively
equivalent. Further, we show that V contains exactly ¢ + 1 lines and one nondegen-
erate conic. In Section 3, we describe the Bruck—Bose representation of PG(2, ¢°)
in PG(6, ¢), and discuss how V corresponds to an [, -subplane of PG(2, q°). We
use the Bruck—Bose setting to show that V contains exactly ¢ twisted cubics, and
that each can act as a directrix of V. In Section 4, we count the number of 4- and
5-dim nrcs contained in V. Further, we determine how 5-spaces meet V), and count
the number of 5-spaces of each intersection type. The main result is Theorem 4.8.
In Section 5, we determine how 5-spaces meet V in relation to the regular 2-spread
in the Bruck—Bose setting.

2. Simple properties of V

Theorem 2.1. Let V be a scroll of PG(6, q) that rules a conic and a twisted cubic
according to a projectivity. ThenV is a variety of dimension 2 and order 5, denoted
V; and called a ruled quintic surface. Further, any two ruled quintic surfaces are
projectively equivalent.

Proof. Let V be a scroll of PG(6, g) with conic directrix C in a plane «, twisted
cubic directrix A3 in a 3-space I3, and ruled by a projectivity as described in
Section 1. The group of collineations of PG(6, g) is transitive on planes, and
transitive on 3-spaces. Further, all nondegenerate conics in a projective plane are
projectively equivalent, and all twisted cubics in a 3-space are projectively equiva-
lent. Hence, without loss of generality, we can coordinatise V as follows.

Let o be the plane which is the intersection of the four hyperplanes xg = 0,
x1 =0, x =0, and x3 = 0. Let C be the nondegenerate conic in « with points
Cy=1(0,0,0,0,1,0,0% for0 € [, U {oo}. Note that the points of C are the exact
intersection of « with the quadric of equation x52 = x4x6. Let I13 be the 3-space
which is the intersection of the three hyperplanes x4 =0, x5 =0, and x =0. Let A3
be the twisted cubic in 13 with points Ny = (1, 0, 62,63,0,0,0) for 6 € [, U{oo}.
Note that the points of N3 are the exact intersection of I3 with the three quadrics
with equations x12 = X0X2, x% = x1x3, and xpox3 = x1x3. A projectivity in PGL(2, q)
is uniquely determined by the image of three points, so without loss of generality,
let V have generator lines £g = {Vy; = Ng +1Cy, t € F, U{oo}} for 6 € [, U {oo}.
Thatis, Vg, = (1,6, 02,63 ¢,16, t02). Equivalently, V consists of the points

3 2 2 3 2 2
Vi =7, X7y, xy°, y7, 2x°, zxy, 2y°)

for x, y € F, not both 0 and z € [, U {oo}. It is straightforward to verify that the
pointset of V is the exact intersection of the following ten quadrics:
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X0X5 = X1X4, XoX6 = X1X5 = X2X4, X|X6 = X2X5 = X3X4, XoX¢ = X3X5,
2 2 2
X] = XoX2, Xy = X1X3, X5 = X4X6, X0X3 = X1X2.

Hence the points of V form a variety.

We follow [Semple and Roth 1949] to calculate the dimension and order of V.
The following map defines an algebraic one-to-one correspondence between the
plane 7 of PG(3, ¢) with points (x, y, z,0), x, y, z € [, not all 0, and the points
of V:

o:mr—>V, x,9,720m~ (x3,x2y, xyz, y3, xzz,xyz, yzz).

Thus V is an absolutely irreducible variety of dimension 2 and so we are justified
in calling it a surface. Now consider a generic 4-space of PG(6, ¢) with equation
given by the two hyperplanes X : agxo+- - -+asxs =0 and 2o : boxg+- - - +bsxs =0
for a;, b; € F,. The point V, , . = (x3, xzy, xyz, y3, x2z, xXyz, yzz) lies on X if
apx> + alxzy + azxy2 + agy3 +asx?z+ asxyz+ a6yzz = 0. This corresponds to a
cubic K in the plane 7. Moreover, K contains the point P = (0, 0, 1, 0), and P is
a double point of K. Similarly the set of points V, , . € X, corresponds to a cubic
in 7w with a double point (0, 0, 1, 0). Two cubics in a plane meet generically in
nine points. As (0, 0, 1, 0) lies in the kernel of o, in PG(6, g) the 4-space | N Xp
meets V in five points, and so V has order 5. O

Theorem 2.2. Let V25 be a ruled quintic surface in PG(6, q).

(1) No two generators of V25 lie in a plane.
(2) No three generators of V25 lie in a 4-space.
(3) No four generators of Vg lie in a 5-space.

Proof. Let V25 be a ruled quintic surface of PG(6, g) with conic directrix C in
a plane «, and twisted cubic directrix N3 lying in a 3-space I1s3. Suppose two
generator lines £y, £; of V; lie in a plane. Let m be the line in « joining the
distinct points £y N, €1 Na. Let m’ be the line in T3 joining the distinct points
29N T3, £ N T15. The lines m, m’ lie in the plane (£y, £1) and so meet in a point,
contradicting disjointness of o and IT3. Hence the generator lines of VZS are pairwise
skew.

For (2), suppose a 4-space I14 contains three distinct generators of V;. As dis-
tinct generators meet C in distinct points, I14 contains three distinct points of C,
and so contains the plane «. Further, distinct generators meet N3 in distinct points,
hence I14 contains three points of N3, and so 14 N 13 has dimension at least 2.
Hence (I1y4, IT13) has dimension at most 4 + 3 — 2 = 5. However, V3 C (g, IT3), a
contradiction as V25 is not contained in a 5-space.

For (3), suppose a 5-space I1s contains four distinct generators of VZS. Distinct
generators meet I3 in distinct points of A3, so ITs contains four points of A3 which
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do not lie in a plane. Hence I15 contains I13. Similarly I15 contains «, and so 15
contains VS, a contradiction as V; is not contained in a 5-space. (]

Corollary 2.3. No two generators of V25 lie in a 3-space containing a.

Proof. Suppose a 3-space I13 contained o and two generators of VS. Let P be a
point of V25 not in I3 and ¢ the generator of V25 through P. Then I14 = (I3, P)
contains two distinct points of £, namely P and £ NC, and so I14 contains £. That
is, [14 is a 4-space containing three generators, contradicting Theorem 2.2. ([

We now show that the only lines on V25 are the generators, and the only non-
degenerate conic on V; is the conic directrix. We show later in Theorem 3.2 that
there are exactly g2 twisted cubics on V;, and that each is a directrix.

Theorem 2.4. Let VZS be a ruled quintic surface in PG(6, q). A line of PG(6, q)
meets VS in0, 1,2, or g+ 1 points. Further, V25 contains exactly q 41 lines, namely
the generator lines.

Proof. Let VS be a ruled quintic surface of PG(6, ¢) with conic directrix C lying
in a plane «, and twisted cubic directrix N3 lying in the 3-space IT3. Let m be a
line of PG(6, ¢) that is not a generator of V; , and suppose m meets VS in three
points P, O, R. As m is not a generator of V; , the points P, Q, R lie on distinct
generator lines denoted £p, £¢, £, respectively. As C is a nondegenerate conic, m
is not a line of & and so at most one of the points P, Q, R lie in C. Suppose firstly
that P, O, R ¢ C. Then («, m) is a 3- or 4-space that contains the three generators
Lp, Lo, LR, contradicting Theorem 2.2. Now suppose P € C and Q, R ¢ C. Then
Y3 = (a, m) is a 3-space which contains the two generator lines £, £z. So X3 NTI3
contains the distinct points £ g N3, £ NN3, and so has dimension at least 1. Hence
(X3, I13) has dimension at most 3+ 3 — 1 =5, a contradiction as V25 C (23, I13),
but VS is not contained in a 5-space. Hence a line of PG(6, ¢) is either a generator
line of VS, or meets VS in 0, 1, or 2 points. O

Theorem 2.5. The ruled quintic surface VS contains exactly one nondegenerate
conic.

Proof. Let V; be a ruled quintic surface with conic directrix C in a plane «. Suppose
VS contains another nondegenerate conic C’ in a plane &’ # «. If C’ contains two
points on a generator £ of VS, then o' N V; contains C’ and £. However, by the proof
of Theorem 2.1, VS is the intersection of quadrics, and the configuration C" U £ is
not contained in any planar quadric. Hence C’ contains exactly one point on each
generator of V25 .

We consider the three cases where @ N’ is either empty, a point, or a line.
Suppose @ N’ = &. Then (@, ') is a 5-space that contains C and C’, and so
contains two distinct points on each generator of V;. Hence («, @) contains each
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generator of V25 and so contains VZS, a contradiction as VS is not contained in a 5-
space. Suppose o N’ is a point P. Then («, &) is a 4-space that contains at least
q generators of VS, contradicting Theorem 2.2 as g > 6. Finally, suppose @ N’ is a
line. Then («, «’) is a 3-space that contains at least ¢ — 1 generators, contradicting
Theorem 2.2 as ¢ > 6. So V25 contains exactly one nondegenerate conic. (Il

We aim to classify how 5-spaces meet V;, so we begin with a simple description.

Remark 2.6. Let I15 be a 5-space. Then I15N V; contains a set of g + 1 points,
one on each generator.

Lemma 2.7. A 5-space meets V; in either (a) a 5-dim nrc, (b) a 4-dim nrc and 0
or 1 generators, (c) a 3-dim nrc and 0, 1, or 2 generators, or (d) the conic directrix
and 0, 1, 2, or 3 generators.

Proof. Using properties of varieties (see, for example, [Semple and Roth 1949]) we
have V5 N V! =V}, that is, the variety V5 meets a S-space Vi in a curve of degree 5.
Denote this curve of PG(6, g) by K. The degree of I can be partitioned as

5=441=34+2=34+14+1=24+24+1=24+1+1+1=1+1+1+1+1.

By Theorem 2.4, the only lines on V; are the generators. By Theorem 2.2, K
does not contain more than 3 generators. By Remark 2.6, X contains at least one
point on each generator. Hence K is not empty, and is not the union of 1, 2, or 3
generators, so the partition 1 +14 1+ 141 for the degree of IC does not occur.

Suppose that the degree of /C is partitioned as either (a) 2+241 or (b) 24+141+1.
By Remark 2.6, IC contains a point on each generator, so /C contains an irreducible
conic. By Theorem 2.5, this conic is the conic directrix C of V;, and case (a) does
not occur. Hence KC consists of C and 0, 1, 2, or 3 generators of VS.

Suppose that the degree of K is partitioned as 3 4+ 1 4+ 1. So K consists of
at most 2 generators, and an irreducible cubic K'. By Remark 2.6, K contains a
point on each generator, so K’ contains a point on at least ¢ — 1 generators. If X’
generates a 3-space, then it is a 3-dim nrc of PG(6, ¢). If not, K’ is an irreducible
cubic contained in a plane IT,. By the proof of Theorem 2.1, K’ is contained in a
quadric, so K’ is not an irreducible planar cubic. Thus K’ is a 3-dim nrc of PG(6, ¢).
Hence K consists of a 3-dim nrc and 0, 1, or 2 generators of V3.

Suppose that the degree of K is partitioned as 2+ 3. By Remark 2.6, K contains a
point on each generator. As argued above, KC does not contain an irreducible planar
cubic. Suppose K contained both an irreducible conic C and a twisted cubic Nj.
Then there is at least one generator £ that meets C and A3 in distinct points. In this
case £ lies in the 5-space and so lies in K, a contradiction. So K is not the union
of an irreducible conic and a twisted cubic.

Suppose that the degree of K is partitioned as 4 4+ 1. So K consists of at most 1
generator, and an irreducible quartic K. By Remark 2.6, K contains a point on each
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generator, so K’ contains a point on at least g generators. If K’ generates a 4-space,
then it is a 4-dim nrc of PG(6, ¢). If not, X' is an irreducible quartic contained
in a 3-space I13. Let £, m be two generators not in . Then by Remark 2.6 they
meet K. So (I13, £, m) has dimension at most 5, and meets V25 in an irreducible
quartic and 2 lines, which is a curve of degree 6, a contradiction. Thus K’ is a 4-dim
nrc of PG(6, g). That is, I consists of a 4-dim nrc and O or 1 generators of V;.
Suppose the curve K is irreducible. By Remark 2.6, K contains a point on each
generator. So either K is a 5-dim nrc of PG(6, g), or K lies in a 4-space. Suppose
K lies in a 4-space Il4, and let £ be a generator. Then (I14, £) has dimension at
most 5 and meets VS in a curve of degree 6, a contradiction. So K is a 5-dim nrc
of PG(6, q). O

Corollary 2.8. Let I1, be an r-space for r = 3,4, 5 that contains an r-dim nrc
of st . Then I, contains O generators of st .

Proof. First suppose r = 3. By Lemma 2.7, a 5-space containing a twisted cubic
N3 of V25 contains at most two generators of st. Hence a 4-space containing N3
contains at most one generator of V25 . Hence the 3-space I3 containing A3 contains
no generator of V25.

If r = 4, by Lemma 2.7, a 5-space containing a 4-dim nrc N of VZS contains
at most one generator of V25 . Hence the 4-space T4 containing N contains no
generators of V;. If r =5, then by Lemma 2.7, 15 contains O generators of V;. O

Theorem 2.9. Let N, be an r-dim nrc lying on st forr=3,4,5. Then N, contains
exactly one point on each generator of V25 .

Proof. Let N, be an r-dim nrc lying on V; for r =3, 4, 5, and denote the r-space
containing N, by IT,. If I, contained 2 points of a generator of V;, then it contains
the whole generator, so by Corollary 2.8, the ¢ + 1 points of N, consist of one on
each generator of VS. O

3. Vg and [;-subplanes of PG (2, g3

To study V25 in more detail, we use the linear representation of PG(2, q3) in PG(6, q)
developed independently by André [1954] and Bruck and Bose [1964; 1966]. Let S
be a regular 2-spread of PG(6, ¢) in a 5-space X.. Let J be the incidence structure
with the points of PG(6, g) \ £ as points, the 3-spaces of PG(6, ¢) that contain
a plane of S and are not in X, as lines, and inclusion as incidence. Then J is
isomorphic to AG(2, ¢*). We can uniquely complete J to PG(2, ¢*), the points on
£~ correspond to the planes of S. We call this the Bruck—Bose representation of
PG(2, ¢°) in PG(6, q); see [Barwick and Jackson 2012] for a detailed discussion
on this representation. Of particular interest is the relationship between the ruled
quintic surface of PG(6, ¢) and the [,-subplanes of PG(2, q°).
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To describe this relationship, we need to use the cubic extension of PG(6, gq)
to PG(6, ¢%). The regular 2-spread S has a unique set of three conjugate transversal
lines in this cubic extension, denoted g, g7, g¢ 2, which meet each extended plane
of S; for more details on regular spreads and transversals, see [Hirschfeld and
Thas 1991, Section 25.6]. An r-space I1, of PG(6, ¢) lies in a unique r-space
of PG(6, ¢*), denoted IT*. An nrc N of PG(6, ¢) lies in a unique nrc of PG(6, ¢°),
denoted N*. Let V25 be a ruled quintic surface with conic directrix C, twisted cubic
directrix N3, and associated projectivity ¢. Then we can extend st to a unique ruled
quintic surface V25* of PG(6, ¢*) with conic directrix C*, twisted cubic directrix N,
and the same associated projectivity, that is, extend ¢ from acting on PG(1, ¢) to
acting on PG(1, ¢%). We need the following characterisations.

Result 3.1 [Barwick and Jackson 2012; 2014]. Let S be a regular 2-spread in a
5-space oo in PG(6, q) and consider the Bruck—Bose plane PG(2, ¢*).

(1) An [, -subline of PG(2, q°) that meets € in a point corresponds in PG(6, q)
to a line not in Y.

(2) An [F4-subline of PG(2, q3) that is disjoint from £, corresponds in PG(6, q)
to a twisted cubic N3 lying in a 3-space about a plane of S such that the
extension N3 to PG(6, q>) meets each transversal of S in a point.

(3) An F,-subplane of PG(2, q3) tangent to Lo at the point T corresponds in
PG(6, q) to a ruled quintic surface V; with conic directrix in the spread plane
corresponding to T such that in the cubic extension PG(6, ¢%), the transver-
sals g, g4, ng of S are generators ofVZS*.

Moreover, the converse of each is true.
We use this characterisation to show that VS contains exactly ¢ twisted cubics.

Theorem 3.2. The ruled quintic surface V; contains exactly q* twisted cubics, and
each is a directrix of V; .

Proof. By Theorem 2.1, all ruled quintic surfaces are projectively equivalent. So
without loss of generality, we can position a ruled quintic surface so that it cor-
responds to an [F,-subplane of PG(2, g?), which we denote by B. That is, by
Result 3.1, S is a regular 2-spread in a hyperplane X, VS N X is the conic
directrix C of V;, C lies in a plane of S, and in the cubic extension PG(6, ¢°), the
transversals g, g9, gq2 of S are generators of Vg*.

Let A3 be a twisted cubic contained in V25, and denote the 3-space containing
N3 by IT3. As Vf N X = C, I13 meets X, in a plane; we show this is a plane
of S. In PG(6, q3), VZS* is a ruled quintic surface that contains the twisted cu-
bic V. Moreover, the transversals g, g9, ng of § are generators of VZS*. So by
Theorem 2.9, N contains one point on each of g, g9, and g4 *. Hence the 3-space
[T} contains an extended plane of S, and so I3 meets X in a plane of S. Hence
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13 N = @. Further, by Theorem 2.9, N3 contains one point on each generator
of VS, and thus A3 is a directrix of VS.

By Result 3.1, A3 corresponds in PG(2, q3) to an F,-subline of B disjoint
from £o,. Conversely, every [F,-subline of B disjoint from £, corresponds to a
twisted cubic on V25 . Thus the twisted cubics in V25 are in one-to-one correspon-
dence with the F,-sublines of B that are disjoint from £,. As there are g* such
[F,-sublines, there are g twisted cubics on V25. U

Suppose we position Vf so that it corresponds via the Bruck—Bose representation
to a tangent [ -subplane B of PG(2, g>). So we have a regular 2-spread S in a
hyperplane ¥, and the conic directrix of V25 lies in a plane @ € S. We define
the splash of B to be the set of g2 4 1 points on £, that lie on an extended line
of B. The splash of V25 is defined to be the corresponding set of g2 + 1 planes of S.
We denote the splash of st by S. Note that « is a plane of S. We show that the
remaining g2 planes of S are related to the g2 twisted cubics of V;.

Corollary 3.3. Let S be a regular 2-spread in a hyperplane ¥, of PG(6, q). With-
out loss of generality, we can position V25 so that it corresponds via the Bruck—Bose
representation to a tangent [ ,-subplane of PG(2, q>). Then the conic directrix of
V; lies in a plane a € S, the q* 3-spaces containing a twisted cubic of V; meet Yoo
in distinct planes of S, and these planes together with « form the splash' S of V; .

Proof. By Theorem 2.1, all ruled quintic surfaces are projectively equivalent, so
without loss of generality, let V; be positioned so that it corresponds to an [,-
subplane B of PG(2, g°) which is tangent to £o,. Let b be an F,-subline of B
disjoint from £, so the extension of b meets £, in a point R which lies in the
splash of B. By Result 3.1, b corresponds in PG(6, g) to a twisted cubic of V25
which lies in a 3-space that meets X, in the plane of S corresponding to the
point R. U

Using this Bruck—Bose setting, we describe the 3-spaces of PG(6, ¢) that contain
a plane of the regular 2-spread S.

Corollary 3.4. Position V; as in Corollary 3.3, so S is a regular 2-spread in the
hyperplane X, and the conic directrix of VS lies in a plane o contained in the
splash'S C S of VS .

(1) Let B € S\ «. Then there exists a unique 3-space containing f that meets
V; in a twisted cubic. The remaining 3-spaces containing B (and not in ¥,)
meet V; in 0 or 1 point.

(2) Let y € S\'S. Then each 3-space containing y and not in X, meets V; in0
or 1 point.

Proof. By Corollary 3.3, we can position st so that it corresponds to an [, -subplane
B of PG(2, ¢*) which is tangent to £.,. The 3-spaces that contain a plane of S (and
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do not lie in X4,) correspond to lines of PG(2, ¢*). Each point on £4, not in B
but in the splash of B lies on a unique line that meets B in an [F,-subline. By
Result 3.1, this corresponds to a twisted cubic in V;. The remaining lines meet B
in 0 or 1 point, so the remaining 3-spaces meet st in 0 or 1 point. (]

As VS corresponds to an [, -subplane, we have the following result.
Theorem 3.5. Let V25 be a ruled quintic surface in PG(6, q).

(1) Two twisted cubics on V25 meet in a unique point.

(2) Let P, Q be points lying on different generators of V25 , and not in the conic
directrix. Then P, Q lie on a unique twisted cubic of V25 .

Proof. Without loss of generality, let V; be positioned as described in Corollary 3.3.
So the conic directrix lies in a plane « contained in a regular 2-spread S in ¥, and
V; corresponds to an [ -subplane B of PG(2, q3) tangent to £,. Let N7, NV, be
two twisted cubics contained in V;. By Result 3.1, they correspond in PG(2, ¢%)
to two [F,-sublines of B not containing B N £, and so meet in a unique affine
point P. This corresponds to a unique point P € V25 \ « lying in both A/j and A5,
proving (1).

For (2), let P, Q be points lying on distinct generators of VS, P, Q0 ¢C. If the
line PQ met «, then («, P, Q) is a 3-space that contains « and the generators of Vf
containing P and Q, contradicting Corollary 2.3. Hence the line PQ is skew to «.
In PG(2, ¢%), P, Q correspond to two affine points in the tangent F,-subplane B,
so they lie on a unique [ -subline b of B. By Result 3.1, the generators of VZS
correspond to the [F;-sublines of B through the point B N . As PQ is skew to «a,
we have b N ¢y, = &. Hence, by Result 3.1, in PG(6, ¢g) the points P, Q lie on a
unique twisted cubic of V;. O

4. Intersection types for 5-spaces meeting V25

In this section we determine how 5-spaces meet V25 and count the different inter-
section types. A series of lemmas is used to prove the main result which is stated
in Theorem 4.8.

Lemma 4.1. Let V25 be a ruled quintic surface of PG(6, q) with conic directrix C.
Of the q> + q> + q + 1 5-spaces of PG(6, q) containing C, r; of them meet V; in
precisely C and i generators, where

3 3

rmn=q>+q, rlz%-i-%]—i-l, rozq ;q.

_ 4’ —q
6 b

r3

Proof. Let st be a ruled quintic surface of PG(6, g) with conic directrix C lying in
a plane «. By Lemma 2.7, a 5-space containing C contains at most three generator
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lines of VS. By Theorem 2.2, three generators of VS lie in a unique 5-space. Hence
there are
()
r3 =
3

5-spaces that contain three generators of st. Such a 5-space contains three points
of C, and so contains C and «.

Denote the generator lines of V25 by o, ..., £, and consider two generators,
£y, €1 say. By Corollary 2.3, ¥4 = («, £g, £1) is a 4-space. By Theorem 2.2, (X4, ¢;)
fori =2, ..., q are distinct 5-spaces. That is, g — 1 of the 5-spaces about X4 contain

3 generators, and hence the remaining two contain £g, £; and no further generator
of V;. Hence, by Lemma 2.7, ¢ — 1 of the 5-spaces about ¥4 meet Vg in exactly
C and 3 generators; and the remaining two 5-spaces about ¥4 meet V25 in exactly
C and two generators. There are (’1‘;1) choices for X4, and hence the number of

5-spaces that meet V25 in precisely C and two generators is

+1
r2=2x<‘12 )=<q+1)q.

Next, let 7 be the number of 5-spaces that meet V25 in precisely C and one generator.
We count in two ways ordered pairs (¢, I15) where £ is a generator of VZS, and ITs
is a 5-space that contains ¢ and «, giving

G+ D(g>+qg+1)=3r3+2r +r1.

Hence r| = ¢3/2+ /2 + 1. Finally, the number of 5-spaces containing C and zero
generators is ro = (¢° +q>+q+1) —r3 —ra —r; = (¢° — q)/3, as required. [

Lemma 4.2. Let V; be a ruled quintic surface of PG(6, q) and let N3 be a twisted
cubic directrix of V; .
(1) Ofthe g> + g + 1 5-spaces of PG(6, q) containing N3, s; of them meet V25 in
precisely N3 and i generators, where
9’ —q
7

_a’+q
2 9

$2 s1=q+1, so=
(2) The total number of 5-spaces that meet V25 in a twisted cubic and i generators
is qzs,-,fori =0,1,2.

Proof. Let V; be a ruled quintic surface of PG(6, ¢) with a twisted cubic directrix
Nj lying in the 3-space I13. By Lemma 2.7, a 5-space containing A3 contains at
most two generators of VZS, so the number of 5-spaces that contain I3 and exactly
two generator lines is 5o = (q;rl). Let £ be a generator of V25 and consider the 4-
space I14 = (I1s, £). For each generator m # £, (I14, m) is a 5-space about I14 that
meets VS in V3, £, and m, and in no further point by Lemma 2.7. This accounts for
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q of the 5-spaces containing I14. Hence the remaining 5-space containing I14 meets
VS in exactly A3 and £. That is, exactly one of the 5-spaces about 14 = (I3, £)
meets Vf in precisely N3 and £. There are ¢ + 1 choices for the generator £, and
hence s; = g + 1. Finally 5o = (g% +¢ + 1) — 52 — s1 = (¢*> — q)/2, as required.
For (2), by Theorem 3.2, V25 contains q2 twisted cubics, so the total number of
5-spaces meeting V25 in a twisted cubic and i generators is g%s;, i =0, 1, 2. |

The next result looks at properties of 4-dim nrcs contained in V;. In particular,
we show that there are no 5-spaces that meet V25 in a 4-dim nrc and O generator lines.

Lemma 4.3. Let st be a ruled quintic surface of PG(6, q) with conic directrix C
in the plane a, and let Ny be a 4-dim nrc contained in V25 .

(1) The g + 1 5-spaces containing Ny each contain a distinct generator line of V; .

(2) The 4-space containing Ny meets « in a point P, and either P =C NNy or q
is even and P is the nucleus of C.

Proof. Let V25 be a ruled quintic surface in PG(6, ¢) with conic directrix C lying
in a plane o. Let NV be a 4-dim nrc contained in V3, so Ay lies in a 4-space,
which we denote I[14. By Corollary 2.8, I14 does not contain a generator of st.
By Lemma 2.7, a 5-space containing N4 can contain at most one generator of V;.
Hence each of the ¢ 4+ 1 5-spaces containing N contains a distinct generator. In
particular, if we label the points of C by Qy, ..., Oy, and the generator through Q;
by £, then the ¢ + 1 5-spaces containing Ny are ¥; = (T4, £g,), fori =0, ..., q.

If 14 met the plane « in a line, then (I14, ) is a 5-space whose intersection with
V; contains Ny and C, contradicting Lemma 2.7. Hence I14 meets « in a point P.
There are three possibilities for the point P = I14 N, namely P € C, g even and
P the nucleus of C, or g even, P ¢ C, and P not the nucleus of C.

Case 1. Suppose P €C. Fori =0,..., g, the 5-space X; = (I14, £¢,) meets « in
a line m;. Label C so that P = Qy, so the line my is the tangent to C at P, and m;
fori =1,...,q,is the secant line PQ;. We now show that P = Qg is a point of
Ny. Leti €{l,...,q}. Then by Lemma 2.7, ¥; meets V25 in precisely Ny U £g,,
and X; N V; Na is the two points P, Q;. As P ¢ £y, we have P € N. That is,
P =CNNMN;.

Case 2. Suppose ¢ is even and P = 14 N« is the nucleus of C. Fori =0, ..., q,
the 5-space X; = (Iy4, £¢,) meets « in the tangent to C through Q;. In this case,
CNNy=@.

Case 3. Suppose P =II4Na is not in C, and P is not the nucleus of C. Now P
lies on some secant m = QR of C, for some points Q, R € C. The intersection of
the 5-space (I14, m) with V25 contains Ny and two points R, Q of C. As R, Q lie
on distinct generators and are not in Ny, this contradicts Lemma 2.7. Hence this
case cannot occur. ]
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We can now describe how an nrc of Vf meets the conic directrix, and note that
Theorem 5.1 shows that each possibility in (3) below can occur.

Corollary 4.4. Let V; be a ruled quintic surface of PG(6, q) with conic directrix C.

(1) A twisted cubic N3 C VS contains O points of C.

(2) A 4-dim nrc Ny C V25 contains either 1 point of C, or O points of C, in which
case q is even and the 4-space containing Ny contains the nucleus of C.

(3) A 5-dim nre N5 C V25 contains 0, 1, or 2 points of C.

Proof. Let VZS be a ruled quintic surface of PG(6, ¢) with conic directrix C in a
plane . Let A3 be a twisted cubic of V3, so by Theorem 3.2, A; is a directrix
of st , and so is disjoint from «, proving (1). Next let A, be a 4-dim nrc on V25 ,
and let T4 be the 4-space containing N;. By Lemma 4.3, I14 N« is a point P,
and either P =C NN, or g is even and P is the nucleus of C. Thus, P ¢ V25 and
so P ¢ Ny, proving (2). Let I1s be a 5-space containing a 5-dim nrc of V;. By
Lemma 2.7, I15 cannot contain «. Hence 15 meets « in a line, and so contains at
most two points of C, proving (3). (]

We now use the Bruck—Bose setting to count the 4-dim nrcs contained in V25 .

Lemma 4.5. Let S be a regular 2-spread in a 5-space X~ in PG(6, q). Position
st as in Corollary 3.3, so V25 has splash' S C S. Then a 4- or 5-space about a plane
B € S cannot contain a 4-dim nrc of V25 .

Proof. Position V25 as described in Corollary 3.3, so S is a regular 2-spread in a
5-space X, the conic directrix of V25 lies in a plane @ € S, and S C S denotes
the splash of VS. By Lemma 2.7, a 4-space containing « cannot contain a 4-dim
nrc of V;. Let B € S\ «@. Then by Corollary 3.4, 8 lies in exactly one 3-space
that contains a twisted cubic of V;. Denote these by I3 and N3, respectively. By
Theorem 3.2, N3 is a directrix of V;, and so I3 is disjoint from «. So if £p is a
generator of VZS, then 14 = (I3, £ p) is a 4-space and 14 N« is the point P =£pNC.
Let £ be a line of « through P and let [15 = (I3, £). If £ is tangent to C, then I1s ﬂV25
is exactly N3U{p. If £ is a secant of C, so £NC = {P, Q}, then I15 OVS consists of
N3, €p, and the generator £ through Q. Varying £p and ¢, we get all the 5-spaces
that contain B and contain 1 or 2 generators of VZS. That is, each 5-space containing
B and 1 or 2 generators of V; also contains N3. The remaining 5-spaces about j
hence contain 0 generators of VS and meet « in an exterior line of C. Hence, by
Lemma 4.3, none of the 5-spaces about 8 contain a 4-dim nrc of V25. (]

Lemma 4.6. (1) The number of 4-dim nrcs contained in V; is ¢* — q°.

(2) The number of 5-spaces that meet VZS in a 4-dim nrc and one generator is
¢’ +q*—q>—q>
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Proof. Without loss of generality, position Vf as described in Corollary 3.3. That
is, let S be a regular 2-spread in a 5-space X, let the conic directrix of VS lie in a
plane @ € S, and let S C S be the splash of VS . Straightforward counting shows that
a 5-space distinct from X, contains a unique spread plane. If this plane is in the
splash S, then by Lemma 4.5, the 5-space does not contain a 4-dim nrc of V25. So a
5-space containing a 4-dim nrc of V25 contains a unique plane of S\ S. Consider a
plane y € S\S. Let P €C, let £ p be the generator of st through P, and consider the
4-space 14 = (y, £p). Suppose first that 14 contains two generators of V25. Then
there is a 5-space I1s containing y and two generators. By Lemma 2.7, ITs contains
either C or a twisted cubic of VQS. A 5-space distinct from X, cannot contain two
planes of S, so I1s does not contain C. Moreover, by Corollary 3.3, I15 does not
contain a twisted cubic of VS. Hence T4 contains exactly one generator of VS.
If every generator of V25 contained at least one point of I14, then the intersection
of IT4 with V25 contains at least £p and ¢ further points, one on each generator.
By Lemma 2.7 and Corollary 2.8, the only possibility is that IT4 N V25 contains
a twisted cubic, which is not possible by Corollary 3.3. Hence there is at least
one generator which is disjoint from ITy4; denote this £y. Label the points of £
by Xo, ..., X,. Then the g + 1 5-spaces containing I14 are ¥; = (y, £p, X;). For
eachi =0, ..., g, the intersection of X; with VS contains the generator £ p and the
point X;. By Corollary 3.3, ¥; does not contain a twisted cubic of VS. Hence, by
Lemma 2.7, X; N V; is £p and a 4-dim nrc.

That is, there are (g + 1)? 5-spaces containing ¥ and one generator of V25. Each
contains a 4-dim nrc of V25 . Further, if I15 is a 5-space containing y and zero
generators of V; , then by Lemma 4.3, I15 does not contain a 4-dim nrc of VZS.
Hence, as there are ¢> — g2 choices for y, there are

G+’ x@P-dH=+q¢*"—¢*—¢*

5-spaces that meet VS in one generator and a 4-dim nrc. By Lemma 4.3, every
4-dim nrc in VS lies in ¢ 4+ 1 such 5-spaces. Hence the number of 4-dim nrcs
contained in Vf is (¢° +q¢* — ¢ — ¢ /(g + 1) as required. (I

We now count the number of 5-dim nrcs contained in st .
Lemma 4.7. The number of 5-spaces meeting V; in a S-dim nre is ¢ — g*.

Proof. We show that the number of 5-spaces meeting V5 in a 5-dim nrc is ¢® — ¢*
by counting in two ways the number x of incident pairs (A, [1s) where A is a point
of VS and IT5 is a 5-space containing A. The number of ways to choose a point A
of V; is (g + 1)°. The point A lies in ¢° +¢* + ¢ + g%+ ¢ + 1 5-spaces. So

x=@+D*x (@ +q*+° +¢*+q+1) =q " +3¢°+4¢° +4q* +4q° +44* +3q + 1.
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Alternatively, we count the 5-spaces first; there are several possibilities for I1s. By
Lemma 2.7, 15 HVS is either empty, or contains an r-dim nrc for some r € {2, .. ., 5}.
Let n, be the number of pairs (A, I15) with A € Vf N I15 and I1s containing an
r-dim nrc of V25. Note that

X =ny+n3+ng+ns. (1)

We now calculate n,, n3, and n4, and then use (1) to determine the number of
5-spaces meeting st in a 5-dim nrc.

For n,, consider a 5-space I1s that contains the conic directrix C, so by Lemma 4.1,
[15 contains 0, 1, 2, or 3 generators of V25 , and the number of 5-spaces meeting V25
in exactly the conic directrix and i generators is r;. In this case the number of ways
to pick a point of I1s N VS is ig +¢q + 1. Hence the total number of pairs (A, I1s)
with I15 containing the conic directrix is

3
n2:Zri(iq +q+1):2q4+4q3+4q2—{—3q+1.
i=0

For n3, consider a 5-space I1s that contains a twisted cubic. Then by Lemma 4.2,
I15 contains 0, 1, or 2 generators of V3, and the number of 5-spaces meeting V; in
a given twisted cubic and i generators is s;. In this case the number of ways to pick
Ain V; NTIls is ig +q + 1. Hence the number of pairs (A, I15) with I1s containing
a twisted cubic of V; is

2
n3=q>) silig+q+1)=2¢"+4q"+3¢ +4°.
i=0

For n4, consider a 5-space I1s that contains a 4-dim nrc of VZS. By Lemma 4.3,
[15 contains 1 generator of VQS. By Lemma 4.6, the number of 5-spaces meeting
VS in exactly a 4-dim nrc and one generator is ¢° + g* — g3 — ¢2. The number of
ways to pick A in V) NIs is 2 + 1. So

=@ +q¢* -~ — > x Qg+ 1) =2¢°+3¢° — ¢* - 3¢* — ¢*.

Finally, denote the number of 5-spaces containing a 5-dim nrc of V25 by y. Then
the number of pairs (A, I1s) with Ils containing a 5-dim nrc of st is

ns=yx(q+1).

Substituting the calculated values for x, nj, n3, nq, ns into (1) and rearranging
gives y = ¢® — ¢* as required. ([

Summarising the preceding lemmas gives the following theorem describing V25.
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Theorem 4.8. Let V25 be the ruled quintic surface in PG(6, q), g > 6.

(D) st contains exactly

qg+1 lines,
1 nondegenerate conic,
q2 twisted cubics,
g*—q*  4-dim nrcs,
q%—q*  5-dim nrcs.

(2) A 5-space meets st in one of the following configurations:

number of 5-spaces

meeting V25 in the configuration

39

q%—q*  5-dimnre,
@ +q*—q>—q* 4-dimnrc and 1 generator,
(g*—¢q>/2  twisted cubic,
q>+q*> twisted cubic and 1 generator,
(g*+q>)/2  twisted cubic and 2 generators,
(@3> —q)/3  conic,
q3/2+q/2+1  conic and 1 generator,
g>+q  conic and 2 generators,
(q°>—q)/6  conic and 3 generators.

5. The Bruck-Bose spread and S-spaces

Let S be a regular 2-spread in a 5-space X, in PG(6, ¢), and position V25 so that
it corresponds to a tangent [, -subplane of PG(2, q%). So VS has splash S C S, the
conic directrix C lies in a plane « € S, and each of the g2 3-spaces containing a
twisted cubic directrix of Vg meets X, in a distinct plane of S\ «. In Corollary 3.4,
we looked at how 3-spaces containing a plane of S meet V;. In Lemma 4.5, we
looked at how 4-spaces containing a plane of S meet VS. Next we look at how
5-spaces containing a plane of S meet Vf. Note that straightforward counting
shows that a 5-space distinct from X, contains a unique plane 7 of S, and meets
every other plane of S in a line. If 7 = «, then Lemma 4.1 describes the possible
intersections with st. The next theorem describes the possible intersections with
V25 for the remaining cases 7 € S\«@ and 7 € S\ S.

Theorem 5.1. Position VS as in Corollary 3.3, so S is a regular 2-spread in a
hyperplane X, the conic directrix C lies in a plane o € S, and VS has splash'S C S.
Let € be a line of o with |€ NC| =i and let m € S, w1 # a. Then the q 5-spaces
containing m, £ and distinct from ¥, meet V; as follows.

(1) If t € S\ «, then g — 1 meet VZS in a 5-dim nrc, and 1 meets V; in a twisted
cubic and i generators.
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) If t € S\'S, then q — i meet V25 in a 5-dim nrc, and i meet VS in a 4-dim nrc
and 1 generator.

Proof. By [Barwick and Jackson 2012], the group of collineations of PG(6, q)
fixing S and V25 is transitive on the planes of S \ « and on the planes of S\ S.
As this group fixes the conic directrix C, it is transitive on the lines of « tangent
to C, the lines of « secant to C, and the lines of « exterior to C. So without loss of
generality let £( be a line of « exterior to C, let £1 be a line of & tangent to C, let £,
be a line of « secant to C, let 8 be a plane in S\ «, and let y be a plane of S\ S. For
i =0, 1, 2, label the 4-spaces X4; = (B, ¢;) and I14; = (y, €;). By Corollary 3.4, as
B € S\, there is a unique twisted cubic of V25 that lies in a 3-space about 8. Denote
this 3-space by I13. Hence for i =0, 1, 2, there is a unique 5-space containing ¥4 ;
whose intersection with V25 contains a twisted cubic, namely the 5-space (I3, ¢;).

First consider the line £y which is exterior to C. A 5-space meeting « in £( con-
tains O points of C, and so contains O generators of V25. The 4-space 24,0 = (B, £o)
lies in g 5-spaces distinct from X, each containing 0 generators of V;. Exactly
one of these 5-spaces, namely (I13, £p), contains a twisted cubic of VS. The re-
maining g — 1 5-spaces about X4 ¢ contain 0 generators, and do not contain a conic
or twisted cubic of V;, so by Theorem 4.8, they meet V25 in a 5-dim nrc, proving
(1) for i =0. For (2), let [15 # X be any 5-space containing I14 9 = (y, £o). As
y ¢ S, by Corollary 3.3, Ils cannot contain a twisted cubic of V25. As ITs contains
0 generator lines of V25 and does not contain a conic or twisted cubic of VS, by
Theorem 4.8, I15 meets V25 in a 5-dim nrc. That is, the g 5-spaces (distinct from
Y ) containing I14 0 meet V; in a 5-dim nrc, proving (2) for i =0.

Next consider the line £; which is tangent to C. Let P = £; N C and denote the
generator of V; through P by £p. A 5-space meeting « in a tangent line contains
1 point of C, and so contains at most one generator of Vg. So exactly one 5-space
contains 24 1 and a generator, namely the 5-space (X4 1, £p). Consider the 5-space
(IT3, £1). It contains P and a twisted cubic of V25 , which by Corollary 4.4 is disjoint
from «. Hence (I1s, £1) contains the generator £p. That is, (I3, £;) contains g,
£1, £p and so (I3, £1) = (X4.1, £p). That is, the intersection of (X4 1, £p) with
V; is a twisted cubic and one generator. Let [15 % X, be one of the remaining
g — 1 5-spaces (distinct from X ;) that contains X4 1, so [15 contains 0 generators
of VS and does not contain a conic or twisted cubic of V;. So by Theorem 4.8, I15
meets VS in a 5-dim nrc, proving (1) for i = 1. For (2), we consider I14,; = (y, £1).
By Corollary 3.3, as y ¢ S, no 5-space containing I14 ; contains a twisted cubic
of st. The 5-space (I14.1, £p) contains one generator of V3, so by Theorem 4.8, it
meets st in exactly a 4-dim nrc and the generator £p. Let [15 # X, be one of the
remaining g — 1 5-spaces containing I14 ;. Then I15 contains O generators of VS.
So by Theorem 4.8, I1s meets VS in a 5-dim nrc, proving (2) fori = 1.
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Finally, consider the line £, which is secant to C. Let CN ¢, = {P, Q} and let
Lp, £ be the generators of V; through P, Q, respectively. The intersection of the
5-space (I13, £>) and VS contains a twisted cubic, and P and Q. By Corollary 4.4,
this twisted cubic is disjoint from ¢, so (I3, £,) contains the two generators £p, £.
Thus <H3, Ez) = (24,2, fp) = (24,2, EQ) = <24’2, Ep, EQ). The remaining q — 1
5-spaces (distinct from X;) about X4 > contain O generators and two points of C.
By Lemma 4.3 they cannot contain a 4-dim nrc of VS. So by Theorem 4.8, they
meet V25 in a 5-dim nrc, proving (1) for i = 2. For (2), let I1s # X be a 5-
space containing 14 2> = (y, £2). By Corollary 3.3, I15 does not contain a twisted
cubic of V;, as y ¢ S. So by Theorem 4.8, I15 contains at most one generator of V25.
Hence (142, £p), (T4 2, £o) are distinct 5-spaces about I14 5, and by Theorem 4.8,
they each meet Vf in a 4-dim nrc and one generator. Let X5 #= X, be one of the
remaining g — 2 5-spaces about I14 2. Then X5 contains 0 generators of V25, and so
by Theorem 4.8, meets V25 in a 5-dim nrc, proving (2) fori =2. ]
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A characterization of Clifford parallelism
by automorphisms

Rainer Lowen

Betten and Riesinger have shown that Clifford parallelism on real projective
space is the only topological parallelism that is left invariant by a group of dimen-
sion at least 5. We improve the bound to 4. Examples of different parallelisms
admitting a group of dimension < 3 are known, so 3 is the “critical dimension”.

Consider R* as the quaternion skew field H. Then the orthogonal group SO(4, R)
may be described as the product of two commuting copies A, ® of the unitary
group U(2, C), consisting of the maps g — aq and g — gb, respectively, where a, b
are quaternions of norm one and multiplication is quaternion multiplication. The
intersection of the two factors is of order two, containing the map —id. Thus,
passing to projective space, we get PSO(4, R) = A x ®, a direct product of two
copies of SO(3, R). The left and right Clifford parallelisms are defined as the
equivalence relations on the line space of PG(3, R) formed by the orbits of A
and @, respectively.

The two Clifford parallelisms are equivalent under quaternion conjugation g — q;
this is immediate from their definition in view of the fact that conjugation does not
change the norm and is an antiautomorphism, i.e., that pg = g p. Note that both
A and & are transitive on the point set of projective space. Since they centralize
one another, each acts transitively on the parallelism defined by the other, and the
group PSO(4, R) leaves both parallelisms invariant (we say that it consists of auto-
morphisms of these parallelisms). For more information on Clifford parallels, see
[Berger 1987; Klingenberg 1984; Betten and Riesinger 2012]. For generalizations
to other dimensions, compare also [Tyrrell and Semple 1971].

The notion of a topological parallelism on real projective 3-space PG(3, R)
generalizes this example. A spread is a set C of lines such that every point is
incident with exactly one of them, and a topological parallelism may be defined

MSC2010: 51H10, 51A15, 51M30.
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as a compact set I1 of compact spreads such that every line belongs to exactly one
of them; see, e.g., [Betten and Riesinger 2014b] for details. Many examples of
different topological parallelisms have been constructed in a series of papers by
Betten and Riesinger, see, e.g., [Betten and Riesinger 2009].

The group ¥ = Aut IT of automorphisms of a topological parallelism is a closed
subgroup of the Lie group PGL(4, R), hence it is a Lie group, as well. In par-
ticular, the identity component X! is an open subgroup of ¥ and has the same
(manifold) dimension as . We know that ! is compact [Betten and Loéwen
2017], and hence (conjugate to) a subgroup of PSO(4, R) = SO(3, R) x SO(3, R).
The group SO(3, R) does not have any 2-dimensional closed subgroups, because
its Lie algebra is R? with the vector product x and x x y is always orthogonal to
both x and y. Moreover, the 1-dimensional closed subgroups of SO(3, R) form
a single conjugacy class. It follows easily that there are no closed 5-dimensional
subgroups of SO(3, R) x SO(3, R) and all 4-dimensional ones are isomorphic to
SO@3, R) x SO(2, R).

We see that in the case of the Clifford parallelism, X! is the 6-dimensional group
PSO(4, R) that we used to define the parallelism. Betten and Riesinger [2014b]
proved that no other topological parallelism has a group of dimension dim X > 5.
Examples of parallelisms with 1-, 2- or 3-dimensional automorphism groups are
known; see [Betten and Riesinger 2014a; 2009; 2011] . Here we consider paral-
lelisms with a 4-dimensional group.

Theorem 1. Let X be the automorphism group of a topological parallelism T1 on
PG(3, R). If dim X > 4, then Il is equivalent to the Clifford parallelism.

Proof. Recall that a topological parallelism IT is homeomorphic to the real projec-
tive plane in the Hausdorff topology on the space of compact sets of lines, and that
every equivalence class is a compact spread and homeomorphic to the 2-sphere;
compare [Betten and Riesinger 2014b].

The remarks preceding the theorem show that a group X of dimension at least 4
contains a 4-dimensional connected closed subgroup A, and it will suffice for our
proof to use this group. Further, up to equivalence, we may assume that A = A - T,
where I' < @ is the subgroup defined by restricting the factor b to be a complex
number (here we use the notation of the introduction). Since A does not have
any one-dimensional coset spaces, we know that A acts on IT either transitively
or trivially. If it acts trivially, then the classes of IT are the A-orbits of lines, and
we have the Clifford parallelism. Observe here that every A-orbit is contained in
a single class, and both the orbit and the class are 2-spheres.

In what follows, assume therefore that A acts transitively on IT. There is only
one possibility for this action, namely, the standard transitive action of SO(3, R) on
the real projective plane. Every 2-dimensional subgroup of A contains I". Hence,
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there is no effective action of A on the projective plane IT, and the kernel can only
be I since the only other proper normal subgroup is A, which is transitive. If
C € Il is any equivalence class, then the stabilizer A is a product of a 1-torus and
a group of order two. Hence A contains a 2-torus 7. There is only one conjugacy
class of 2-tori in A, represented by the group

To={{g) = (agb) | a,b e C, |a| = |b| =1}.

Here, (g) denotes the 1-dimensional real vector space spanned by g. We may
assume that 7" = Ty. Write quaternions as pairs of complex numbers with multipli-
cation (x, y)(u, v) = (xu — vy, vx + yu); see 11.1 of [Salzmann et al. 1995]. Then
complex numbers become pairs (a, 0), and the elements of T are now given by

((z, w)) = ((azb, awb)).

The kernel of ineffectivity of T on the 2-sphere C must be a 1-torus E, and the
elements of the kernel other than the identity cannot have eigenvalue 1 — otherwise
they would be axial collineations of the translation plane defined by the spread C
and would act nontrivially on C. There are only two subgroups of the 2-torus
satisfying these conditions, given by b = 1 and by a = 1, respectively. In other
words, the kernel E is a subgroup either of A or of ®. In both cases, C consists
of the fixed lines of E. If E < @, then A permutes these lines, contrary to the
transitivity of A on I1. If E < A, then ® permutes the fixed lines, which means
that C is a ®-orbit. Now A is transitive both on IT and on the set of ®-orbits,
hence IT equals the Clifford parallelism formed by the ®-orbits. O
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Generalized quadrangles, Laguerre planes and
shift planes of odd order

Giinter F. Steinke and Markus Stroppel

We characterize the Miquelian Laguerre planes, and thus the classical orthogonal
generalized quadrangles Q (4, q), of odd order g by the existence of shift groups
in affine derivations.

Introduction

A finite Laguerre plane £ = (P, C, G) of order n consists of a set P of n(n + 1)
points, a set C of n? circles and a set G of n + 1 generators, where both circles and
generators are subsets of P, such that the following three axioms are satisfied:

(G) G partitions P and each generator contains n points.
(C) Each circle intersects each generator in precisely one point.

(J) Three points of which no two are on the same generator are joined by a unique
circle.

Circles through x are called fouching in x if they are equal or have no other
point in common. The set of all circles through a given point x is denoted by C,.
The derived affine plane A, = (P ~\ [x],C, UG ~\ {[x]}) at a point x € P has the
collection of all points not on the generator [x] through x as its point set and, as
lines, all circles passing through x (without the point x) and all generators apart
from [x]. The axioms above easily yield that A, is an affine plane. We refer to the
generators as vertical lines in A, . Circles that touch each other in x give parallel
lines in A,. A line W is introduced to obtain the projective completion P, of A,;
the common point of the verticals will be denoted by v € W.

This research was supported by a Visiting Erskine Fellowship from the University of Canterbury for
Stroppel.

MSC2010: primary 51B15, 51E12, 51E15; secondary 05B25, 51E25.
Keywords: generalized quadrangle, orthogonal generalized quadrangle, antiregular translation

generalized quadrangle, Laguerre plane, Miquelian Laguerre plane, translation plane, shift plane,
shift group.
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The group Aut(£) of all automorphisms of a Laguerre plane £ acts on the set G
of generators. We call £ an elation Laguerre plane if the kernel A of that action
acts transitively on the set C of circles. It is known (see [Steinke 1991, 1.3]) that
in every finite elation Laguerre plane the group A has a (unique) regular normal
subgroup E called the elation group. For more details on elation Laguerre planes,
we refer the reader to the introduction in [Steinke and Stroppel 2013].

In the present note, we only use a weaker transitivity assumption on A but
combine this with additional assumptions. Our results can (and will) be applied to
elation Laguerre planes with additional homogeneity assumptions, e.g., in [Steinke
and Stroppel 2018] (see Theorem 2.3 below).

Finite Laguerre planes of odd order g are equivalent to antiregular generalized
quadrangles of order ¢ (i.e., with parameters (g, ¢)); see [Thas et al. 2006, Theo-
rem 2.4.2]. Derivation at an antiregular point of a generalized quadrangle of odd
order g produces a Laguerre plane of order g. Conversely, the Lie geometry of
a Laguerre plane of odd order yields a generalized quadrangle with an antiregu-
lar point. Thus this generalized quadrangle is antiregular; see [Thas et al. 2006,
Theorem 2.4.6]. However, this construction does not work when ¢ is even.

On the other hand, a finite elation Laguerre plane of order g (regardless of
whether ¢g is even or odd) is equivalent to a generalized oval (or pseudo-oval) with
q + 1 points and thus to a translation generalized quadrangle of order ¢; see [Casse
et al. 1985] or [Thas et al. 2006].

The elation group E is a 3m-dimensional vector space over some field [, and
the stabilizer E, of each point x is a 2m-dimensional vector subspace of E. Un-
der a duality the E, yield a family of ¢ + 1 vector subspaces of dimension m
in F¥". Changing to projective notation one sees that, geometrically, a finite ela-
tion Laguerre plane of order ¢ is equivalent to a (¢+1)-set of (m—1)-dimensional
subspaces in the (3m—1)-dimensional projective space over [; compare [Casse
et al. 1985]. In [Thas et al. 2006] such a set is called a generalized oval. In fact,
a generalized oval is just a 4-gonal family of type (¢, ¢) in an abelian group; see
[Thas et al. 2006, 3.2.2]. One obtains a translation generalized quadrangle of or-
der ¢ from a generalized oval, and on the other hand, every translation generalized
quadrangle of order ¢ arises from a generalized oval in this way; see [Thas et al.
2006, Theorem 3.5.1] or [Payne and Thas 2009, 8.7.1].

With the correspondence between Laguerre planes and certain generalized quad-
rangles as above, our results on Laguerre planes have corresponding formulations
in generalized quadrangles, but we mainly use the language of Laguerre planes.

1. Translation planes

Theorem 1.1. Let P be a finite projective plane of order n. Assume that a subgroup
D < Aut(P) fixes each point on some line L. If n® divides the order of D then D
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contains a subgroup T of order n* consisting of elations with axis L. In particular,
the plane P is a translation plane, and the order n is a prime power.

Proof. For each nontrivial element § € D there is a (unique) center cs, i.e., a point c;
such that § fixes each line through cs ([Baer 1946], see [Hughes and Piper 1973,
Theorem 4.9]). The elations in D are just those in the set

T:={idjU{re D~ {id}|c; € L};

that set forms a normal subgroup of D (see [Hughes and Piper 1973, Theorem 4.13]).

For any point x outside L, the stabilizer Dy consists of id and elements with
center x. The order of any element of D, divides n — 1. So the order of D, and the
number n? of points outside L are coprime, and D acts transitively on the set A of
points outside L. For each § € D \. T we have ¢s ¢ L, and § € D, yields that the
order of § divides n — 1, and is coprime to n?

Let B denote the set of T-orbits in A. Then D acts on B, and so does D/T
because 7" < D acts trivially on B. Transitivity of D on A implies that D/T is
transitive on B. Now |B| = n?/|T| divides |D/T|. The latter order is coprime
to n? because each member (distinct from 7') of the quotient has a representative
of order coprime to n” So |B| = 1, and transitivity of 7 is proved. (I

Theorem 1.2. Let L be a Laguerre plane of finite order n with kernel A. If cois a
point such that n® divides the order of the stabilizer A« then the derived projective
plane P is a dual translation plane, and the order n is a prime power.

Proof. The group D induced by Ao, on the dual P of P, satisfies the assumptions
of Theorem 1.1. ]

Theorem 1.3. Let L be a Laguerre plane of finite order n, and assume that there is
a point 0o such that n* divides the order of the stabilizer Aso. If there exist a circle
K € Cx and a subgroup H < Aut(L)eo such that H fixes each circle touching K
in oo and H acts transitively on K \ {o0}, then P, has Lenz type V (at least), and
is coordinatized by a semifield.

Proof. From Theorem 1.2 we know that P, is a dual translation plane. The
translation axis in the dual of P, is the common point v for the generators in
the projective closure of A.. The elations of P, with center v and axis W form
a group of order n; we denote that group by V and note that V is a group of
translations of A.

Our assumptions on H secure that H induces a group of translations of As;
the common center is the point at infinity for the “horizontal line” K \ {oo}. We
obtain a transitive group H'V of translations on Ay,. So P is also a translation
plane, and has Lenz type V at least. U
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2. Shift groups

Recall that a shift group on a projective plane is a group of automorphisms fixing
an incident point-line pair (x, Y) and acting regularly both on the set of points
outside Y and on the set of lines not through x.

Theorem 2.1. Let L be a finite Laguerre plane of odd order, and assume that there
exists a point u and a subgroup S < Aut(L), such that S induces a transitive group
of translations on the affine plane A,,.

(1) If s € [u] ~ {u} is fixed by S then S induces a shift group on Ps.

(2) If S fixes a point t of L and induces a transitive group of translations on Ay
then t = u.

Proof. Let n denote the order of £. Assume that s € [u] \ {u} is fixed by S. Then §
induces a group of automorphisms of Ps; we have to exhibit an incident point-line
pair (x, Y) such that S acts regularly both on the set of points outside ¥ and on the
set of lines not through x.

It is obvious that § acts regularly on the set of affine points in [Py because that
set coincides with the set of points of A,,. We let the line W at infinity play the role
of Y. Also, the set of vertical lines (induced by generators) is invariant under S, so
we let their point at infinity play the role of x (so x € W is the point v at infinity
of vertical lines).

It remains to show that S acts regularly on the set of nonvertical lines of Ay;
these lines are induced by the circles through s. Assume that T € S fixes a circle C
through s. Our assumption that n be odd implies that the translation of A, induced
by t does not have any orbit of length 2, and we obtain that t is trivial if there is
a set of one or two points outside [«] invariant under t.

Note that no vertical line distinct from [u] is fixed by T when 7 is not the identity.
As 1 induces a translation on A,,, there exists D € C, such that t fixes each circle
touching D in u (these circles induce the parallels to the line induced by D on A,,).
Pick a point z € C \ {5}, and let D’ be the circle through z touching D in u. Then t
leaves the intersection D’ N C invariant. This is a set with one or two elements, and
we find that 7 is trivial. So the orbit of C under S has length | S| = n?, and fills all
of Cs. Thus § acts regularly on the set of nonvertical lines of Ay, as required.

Now assume that S fixes ¢ and induces a transitive group of translations on A;.
Then ¢ € [u] because S acts regularly on the set of points outside [u#]. For any
circle C € C;, we pick two points a, b € C ~ {t}. Then there exists v € S such
that t(a) = b. As t is a translation both of A, and of Ay, the orbit of a under (t)
is contained both in the line C of A, and in some line B of A, that is, in some
circle B through u. Since n is odd, that orbit has at least three points, and B = C.
This yields ¢ = u, as claimed. (]
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Theorem 2.2. Assume that L is a finite Laguerre plane of odd order n, and let oo
be a point. Let U denote the set of all points u € [00] \ {00} such that there exists
a subgroup S, < Aut(L) of order n* fixing both oo and u and acting as a group of
translations on A,. Then the following hold:

(1) There are at least |U| many different shift groups on P.
2) If |U| > 1 then Ay is a translation plane.

(3) If A is a translation plane and U is not empty then Py, has Lenz type V
at least and can be coordinatized by a commutative semifield, and the middle
nucleus of such a coordinatizing semifield has order at least |U| + 1.

4) If \U| > y/n then Py, is Desarguesian.

Proof. Using Theorem 2.1 we see for any u € U that S, is a shift group on Py,
and different points ¢, u € U yield different groups S; and S,. This gives the first
assertion. All these shift groups have the same fixed flag in P.

If a finite projective plane admits more than one shift group, it is a translation
plane; see [Knarr and Stroppel 2009, 10.2]. If a translation plane admits at least
one shift group then it can be coordinatized by a commutative semifield ([Knarr
and Stroppel 2009, 9.12], [Spille and Pieper-Seier 1998]) and the different shift
groups with the same fixed flag are parameterized by the nonzero elements of the
middle nucleus of such a semifield; see [Knarr and Stroppel 2009, 9.4].

The additive group of the coordinatizing semifield forms a vector space over the
middle nucleus (see [Hughes and Piper 1973, p. 170]). If the middle nucleus has
more than /n elements then that vector space has dimension 1, and the middle
nucleus coincides with the semifield. This means that the semifield is a field, and
the plane is Desarguesian. (Il

Theorem 2.2 is used in [Steinke and Stroppel 2018] to prove the following:

Theorem 2.3. Let L be a finite elation Laguerre plane of odd order. If there exists
a point 0o such that Aut(L)« acts two-transitively on G ~\ {[oc0]} then the affine
plane A is Desarguesian, and L is Miquelian. [l

Remark 2.4. If P is a projective plane of even order then a shift group on P will
never be elementary abelian; see [Knarr and Stroppel 2009, 1.5, 5.8]. Thus a shift
group on such a plane will not act as a transitive group of translations on any other
affine plane (of the same order).

With the correspondence between Laguerre planes and certain generalized quad-
rangles as mentioned in the introduction, Theorem 2.3 yields the following. Here
we use the standard notation of x* for all points collinear to x in a generalized
quadrangle Q and 7 (x, y) for the affine plane obtained at an antiregular point x;
see [Thas et al. 2006, Theorem 2.4.1] for a definition).
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Corollary 2.5. Let Q be a finite translation generalized quadrangle of odd order
q with an antiregular base point x. If there exists a point y collinear to x such
that the stabilizer Aut(Q), , acts two-transitively on xt~{x, v} then the affine
plane w(x, y) is Desarguesian, and Q is the classical orthogonal generalized quad-

rangle Q(4, q).
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A new family of 2-dimensional Laguerre planes
that admit PSL,(R) x R as a group of automorphisms

Giinter F. Steinke

We construct a new family of 2-dimensional Laguerre planes that differ from
the classical real Laguerre plane only in the circles that meet a given circle
in precisely two points. These planes share many properties with but are non-
isomorphic to certain semiclassical Laguerre planes pasted along a circle in that
they admit 4-dimensional groups of automorphisms that contain PSL;(R) and
are of Kleinewillinghofer type I.G.1.

1. Introduction

A 2-dimensional Laguerre plane is an incidence structure on the cylinder Z = S'xR
determined by a collection of graphs of continuous functions S! — R; see the fol-
lowing section for a definition of and facts about Laguerre planes. The collection of
all automorphisms of a 2-dimensional Laguerre plane is a Lie group of dimension
at most 7. All 2-dimensional Laguerre planes whose automorphism groups have
dimension at least 5 are known; see [Lowen and Pfiiller 1987, Theorem 1]. The
classification of 2-dimensional Laguerre planes whose automorphism groups are
4-dimensional is almost complete except when the automorphism group fixes no
parallel class but is not transitive on the point set. Examples of 2-dimensional
Laguerre planes which exhibit such groups of automorphisms can be found in
[Steinke 1987; Lowen and Steinke 2007].

In this paper we contribute to the investigation of 2-dimensional Laguerre planes
whose automorphism groups are 4-dimensional, and construct a new family of such
planes that admit a group of automorphisms isomorphic to PSL, (R) x R. It shares
many circles with the classical real Laguerre plane (and the semiclassical Laguerre
planes of group dimension 4 from [Steinke 1987]; see Section 5 for a brief descrip-
tion). Its full automorphism group fixes a distinguished circle and is 3-transitive
on it. Derived projective planes at points on the distinguished circle are dual to
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the derived projective planes at corresponding points in the semiclassical Laguerre
planes of group dimension 4 pasted along a circle. However, our Laguerre planes
are not semiclassical. The new planes and the semiclassical Laguerre planes of
group dimension 4 will play a prominent role in the classification of 2-dimensional
Laguerre planes of group dimension 4 whose automorphism groups fix a circle.
Section 2 summarizes facts about 2-dimensional Laguerre planes. Section 3
describes the new family of 2-dimensional Laguerre planes. Section 4 proves that
these are indeed 2-dimensional Laguerre planes. In the last section we determine
isomorphism classes, full automorphism groups and Kleinewillinghéfer types of
our planes. We further show that the Laguerre planes are not semiclassical and
investigate the associated compact 3-dimensional generalized quadrangles.

2. Laguerre planes

A Laguerre plane ¥ = (P,6,||) is an incidence structure consisting of a point
set P, a circle set ¢ and an equivalence relation || (parallelism) defined on the
point set such that

e three mutually nonparallel points can be joined by a unique circle,

e given a point p on a circle C and a point ¢ not parallel to p, there is a unique
circle that contains both points and fouches C geometrically at p, that is,
intersects C only in p or coincides with C,

e cach parallel class meets each circle in a unique point (parallel projection),
and

e there are four points not on a circle and there is a circle that contains at least
three points (richness);

compare [Groh 1968; 1969b].

In this paper we are only concerned with Laguerre planes whose common point
set is the cylinder Z = S' x R (where the 1-sphere S! usually is represented
as R U {o0}), whose circles are graphs of functions S! — R and whose parallel
classes of points are the generators of the cylinder. Notice that for an incidence
structure on the cylinder with circles and parallel classes like this, the axioms of
parallel projection and richness are automatically satisfied. In particular, we are
interested in 2-dimensional or flat Laguerre planes on the cylinder. These Laguerre
planes are characterized by the fact that all their circles are graphs of continuous
functions from S! to R; cf. [Groh 1968; 1969b]. The axiom of joining and touching
show that the collection of circle-describing functions of a 2-dimensional Laguerre
plane solves the Hermite interpolation problem of rank 3.

The classical real Laguerre plane £ is obtained as the geometry of nontrivial
plane sections of a cylinder in R with an ellipse in R? as base, or equivalently, as
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the geometry of nontrivial plane sections of an elliptic cone, in real projective three-
space, with its vertex removed. The parallel classes are the generators of the cylin-
der or cone. By replacing the ellipse in this construction by arbitrary ovals in R?
(i.e., convex, differentiable simply closed curves), we also obtain 2-dimensional
Laguerre planes. These are the so-called 2-dimensional ovoidal Laguerre planes.

Circles of a 2-dimensional Laguerre plane, as described above, are homeomor-
phic to the unit circle S'. When the circle set is topologized by the Hausdorff
metric with respect to a metric that induces the topology of the point set, then
the plane is fopological in the sense that the operations of joining three points by
a circle, intersecting two circles, and touching are continuous with respect to the
induced topologies on their respective domains of definition. For more information
on topological Laguerre planes we refer to [Groh 1968; 1969b].

For each point p of £ we form the incidence structure s, = (A4, £,) whose
point set A, consists of all points of & that are not parallel to p and whose line
set &£, consists of all restrictions to A, of circles of & passing through p and of
all parallel classes not passing through p. It readily follows that #, is an affine
plane. We call s, the derived affine plane at p. In fact, the axioms of a Laguerre
plane are equivalent to each derived incidence structure being an affine plane. For
example, each derived affine plane of an ovoidal Laguerre plane is Desarguesian.

Each derived affine plane 9, of a 2-dimensional Laguerre plane is even a topo-
logical affine plane and extends to a 2-dimensional compact projective plane %,
which we call the derived projective plane at p; see [Salzmann 1967], [Salzmann
et al. 1995] or [Polster and Steinke 2001, Chapter 2] for more information on topo-
logical 2-dimensional compact projective planes. Circles not passing through the
distinguished point p induce closed ovals in %, by removing the point parallel to p
and adding in ?, the point w at infinity of lines that come from parallel classes of &£.
The line at infinity of P, (relative to s4,) is a tangent to this oval. According to
[Polster and Steinke 1994, Proposition 2] there is a unique topology extending the
natural topology of the affine plane such that one obtains a 2-dimensional Laguerre
plane.

An automorphism of a Laguerre plane is a permutation of the point set such that
parallel classes are mapped to parallel classes and circles are mapped to circles.
Every automorphism of a 2-dimensional Laguerre plane is continuous and thus a
homeomorphism of Z. The collection of all automorphisms of a 2-dimensional
Laguerre plane & forms a group with respect to composition, the automorphism
group I of £. This group is a Lie group of dimension at most 7 with respect to
the compact-open topology; see [Steinke 1986]. We call the dimension of I" the
group dimension of &.

The maximum dimension is attained precisely in the classical real Laguerre
plane. In fact, group dimension 6 does not occur. Furthermore, 2-dimensional
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Laguerre planes of group dimension 5 must be special ovoidal Laguerre planes;
see [Lowen and Pfiiller 1987, Theorem 1].

We investigated 2-dimensional Laguerre planes admitting 4-dimensional point-
transitive groups of automorphisms in [Steinke 1993]. It was shown that such
planes must be classical. The 2-dimensional Laguerre planes admitting 4-dimen-
sional groups of automorphisms that fix a parallel class were completely deter-
mined in [Steinke 2015]. These planes are covered by the families of Laguerre
planes of generalized shear type, Laguerre planes of translation type and Laguerre
planes of shift type; see [Steinke 2015, Corollary 3.5] for details and references to
the various types of Laguerre planes.

The remaining open case is when a closed connected 4-dimensional group of
automorphisms fixes a circle but no parallel class. Then the automorphism group
contains a subgroup isomorphic to PSL,(R) or its universal (simply connected)
covering group m; compare [Steinke 1990, Theorem B]. Examples of 2-
dimensional Laguerre planes which admit such groups of automorphisms can be
found in [Steinke 1987; Lowen and Steinke 2007].

The collection of all automorphisms of & that fix each parallel class is a closed
normal subgroup of I', called the kernel of &. The kernel of a 2-dimensional
Laguerre plane has dimension at most 4. Furthermore, a kernel of dimension 4
characterizes the ovoidal Laguerre planes among 2-dimensional Laguerre planes,
that is, a 2-dimensional Laguerre plane & is ovoidal if and only if its kernel is
4-dimensional; see [Groh 1969a].

3. The new models of 2-dimensional Laguerre planes

We construct a class of 2-dimensional Laguerre planes that admit a 4-dimensional
group of automorphisms fixing a circle. This class depends on a real positive
parameter k. To begin with, it is readily seen that a multiplicative homeomorphism
of R is of the form

hie(x) = x x|,

where k > 0. Furthermore, /iy, is differentiable for all x # 0 and has derivative
h (x) = k|x|*=1. We use & also when k < 0. Of course, in this case, /i is not
defined at 0, but still multiplicative on R\ {0}.

Description of the models &),. We consider the following incidence structures £y,
where 0 < k < 2. For each such k we let k' =2 —k, so that 0 < k' < 2. The
point set is the cylinder Z = (R U {oco}) x R. Two points (x1, y1), (x2,)2) € Z
are parallel if and only if x; = x,, and parallel classes in & are the sets {u#} X R
for u € RU {oo}. Circles are of one of the following forms:

o Cape=1{(x,y) €R?*| y=ax?+bx+c}U{(c0,a)}, where b* < 4ac; these
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are circles of the classical real Laguerre plane and precisely those that do not
meet Cy = Cy 9,0 in exactly two points;

* Dope=1{(x,y) € R? |y = bhy(x —c)} U{(c0,0)}, where b > 0;
e Dope=1{(x.») €R2 |y = by (x — )} U{(00,0)}, where b < 0; and
* Dype=1(x,y)€ R2 |y =ahi(x—b)hy (x—c)}U{(c0, a)}, where a(b—c) > 0.

We call a circle of the form C, p . a C-circle and a circle of the form D, p .
a D-circle; see Figure 1 for the shape of D-circles. Note that unless k = k' =1,
the graph of D, . for a # 0 has a vertical tangent line at one of its points on the
X-axis.

The set of all circles (C- and D-circles as above) is denoted by 6;. Then
L = (Z,%6y, ||) is the incidence structure with point set Z, set of circles 6; and
equivalence relation || on Z as given above.

Sometimes it will be more convenient to use a slightly different parametrization
of C-circles. We define

Cope=10x,9) €R? | y =a(x —b)* + c} U{(c0,a)},

where ac > 0, a # 0. This uniquely covers all C-circles except the circles Cp o,¢
where ¢ € R, the circles that touch Cy at (00, 0). (Extending the definition of
Cop ! . toinclude ¢ = 0 would yield multiple descriptions of the latter touching
c1rcles ) Note that when the parameter ¢ tends to b in a D- c1rcle D, p. one just
obtains Ca,b,O' This is due to the fact that Ay (x)h (x) = x? for all x € R.

We show in the next section that £y is indeed a Laguerre plane. C-circles are
the same as in the classical real Laguerre plane £, which is obviously isomorphic
to £1. So only the circles meeting Cy in precisely two points have been replaced
in & by the D-circles.

Y Y
Dy 1,0

Do, 1,0

DO,I/

X X

]

Figure 1. The circles DO,I,la D(),_l’() and Dl,l,O in 581/2.
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In [Polster and Steinke 1995, Proposition 6] it was proved that the set of circles
that meet a given circle in exactly two points can be exchanged by a corresponding
set of circles from a different 2-dimensional Laguerre plane so long as the two
planes share the circles that touch the distinguished circle. However, the planes &£y,
are not examples for this construction as we do not have a 2-dimensional Laguerre
plane (other than ¥ ) that contains all D-circles of & and all circles touching Cj.

It is readily verified that the permutations

ax+b r(ad —bc)y .
f R, d#0,
(cx—i—d’ (cx 1 d)? ifxeR, cx+d#
2 d
(oo, ;C);) ifc#£0, x =——,
ad —bc I
Ya,b,c,d,r - (x, )~
a r(ad—bc)y i
- — ifc#0, x =00,
C c
d
(oo,u) ifc=0,x=00
a

of the cylinder Z, where a, b, c,d,r € R, ad —bc # 0 and r > 0, are automorphisms
of & (i.e., take circles to circles). Indeed, since each Y, p ¢ 4., is an automorphism
of the classical real Laguerre plane, a C-circle is taken to a C-circle. For D-circles
it suffices to consider the generating transformations y1 ;,0,1,1 With 7 € R, ¥5.0,0,1,1
with s # 0, ¥1,0,0,1,, Withr > 0, and Yo —1,1,0,1. For example, in case a # 0 one
finds that

Y1,t,0,1,1 (Da,b,c) = Da,b+t,c+t»

Vs,0,0,1,1 (Da,b,c) = Da/s,bs,cs’

Y1,0,0,1,r (Da,b,c) = Dra,b,c’

Y0,—1,1,0,1(Dab,c) = Danye(byhyr(c),—1/b,~1/c>

where also bc # 0 in the last case.

Let
I'={abedrlab.c.dreRad—bc#0,r>0}

Then I is a group of automorphisms of <. Obviously,
X ={Vabed1lab,c,deR ad—bc#0}

is a subgroup of I". Furthermore, X is isomorphic to PGL;(R) and I" is isomorphic
to PGL,(R) x R. The action of ¥ on Cj is equivalent to the standard action of
PGL,(R) on RU {co}. In particular, X is sharply 3-transitive on Cy. The subgroup
{71,0,0,1,r | ¥ > 0} of I" comprises the kernel of I'. Moreover, X and I' have two
orbits on Z, namely Cy and Z \ Cy. On the circle space, I" has four orbits: {Cp},
{Cape | b? =4ac}, {Cyp | b? <4ac}, and the set of all D-circles.
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We equip the cylinder Z with the natural Euclidean topology of S! x R. On
R? C Z, the usual Euclidean topology is induced. In our representation, a neigh-
bourhood of a point (oo, @) consists of all (x, y) such that either x = oo and y
is sufficiently close to @, or x € R is of sufficiently large modulus and y/x? is
sufficiently close to a. It is readily checked that in this topology, circles of £, are
closed subsets of Z (in fact, are homeomorphic to S!) and that all transformations
in I" are continuous.

4. The geometric axioms

Since I' has precisely two orbits on Z it suffices to verify that the derived incidence
structures at (o0, 0) and (oo, 1) are affine planes in order to show that & is a
Laguerre plane.

We first deal with the derived incidence structure ¢ at (0o, 0). The point set of
g is R? and nonvertical lines come from Co,0,c- ¢ €R,and Dy p ., b # 0. Hence,
nonvertical and nonhorizontal lines are given by

y=bhi(x—c), b>0, and
y=bhy(x—c), b<0.

Lemma 4.1. The derived incidence structure o of £y at (00, 0) is an affine plane.
Furthermore, sdy is Desarguesian if and only if k = 1.

Proof. We make the coordinate transformation
R? — R?: (x,y) — (h,:l(y),x).
Then the nonvertical and nonhorizontal lines in the new (u, v)-coordinates become
v= Bu+c, where B>0 (B = l/hlzl(b)), and
v= Bhy(u)+c, where B<0 (B=1/h (b))

One also has the vertical and horizontal lines ¥ = ¢ and v = ¢, respectively.
Since /iy is an orientation preserving homeomorphism of R, one sees that 4
is an affine plane; compare [Steinke 1985, Proposition 2.1]. In the notation of
[Steinke 1985] the plane described above in the (u, v)-coordinates is the affine
plane s, Jrvide 1t is a plane over a Cartesian field— see [Salzmann et al. 1995,
Section 37] — the affine part of the plane P x/x’,1 in the notation of [Salzmann
et al. 1995, 37.3]. Such a plane is Desarguesian if and only if k/ k" = 1; compare
[Steinke 1985, Corollary 3.2] or [Salzmann et al. 1995, 37.3 and Theorem 37.4].
However, k = k’ implies k = 1. O

Before we consider the derived incidence structure s¢; at (oo, 1), we deal with
the intersection of two general distinct circles in &j.
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Lemma 4.2. Two distinct circles in £, have at most two points in common.

Proof. The statement is obviously true for two distinct C-circles. Consider a C-
circle and D-circle. By applying the group I' we may assume that the D-circle is
Do m.r, where m # 0 and the C-circle is Cj o ., where ¢ > 0. The x-coordinates
of points of intersection are found from the equation

x2 4 ¢ =mhy(x —1). (1)
We apply h,:l = hy/k on both sides to obtain
hik(x* +¢) = Ax + B,

where 4 = h,:l(m) #0and B = —h,:l(m)t. However, the function f : x +—
hy /k(x2 + ¢) on the left-hand side is strictly convex. Tlhis can be seen from
the second derivative of f given by f/'(x) = 7(x? + c)F_z(%xz + ¢), which
is positive except possibly when x = 0. Hence, (1) has at most two solutions and
thus Cy o, and Dy, , have at most two points of intersection.

In the last case we consider two D-circles. By applying the group I" and
Lemma 4.1 we may assume that one circle is Dg ;, s, where m # 0 and the other
circle is Dy, 1,0. We first assume that m > 0. Then x-coordinates of points of
intersection are found from the equation

hi(x — Dhp(x) = mhp(x —1t). 2)
We apply h,:l on both sides to obtain
(x = Dhgr/p(x) = Ax + B,
where A = h,:l (m)>0and B = —h;l(m)t. The function fy : x+— (x —1)A;(x),
where [ = k’/ k, on the left-hand side of the above equation has derivative
S = hy(x) + 10 = DIl = (@ + Dx =Dl
and second derivative
JL) =+ DX+ 1 = DA + Dx = Dhy—p(x)
=h () +Dx+{I-D)((+Dx=1))
=lhj_,(x)(({+Dx—=14+1).

Hence f4 is strictly decreasing on (—o0, Xmin), where xmin =/(/ 4+ 1) > 0, strictly
increasing on (X, +00) and has an absolute minimum at xp,;,. Furthermore, f
is strictly convex on the interval (Xpmin, +00); compare the diagram on the left
in Figure 2. Since the restriction of f4 to (Xmin, +00) (the increasing branch
of the graph of f4) is convex, a Euclidean line of positive slope can meet the
increasing branch in at most two points and the decreasing branch (the graph of
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Y ¥

y=/+Kx) y=Jf-(x)

Figure 2. The graphs of f1 (x) = (x — 1)hs(x) and f—(x) = (x + 1)h;/2(x).

the restriction of f4 to (—00, Xmin)) in at most one point. If such a line meets
the increasing branch in two points, then because limy_— 400 f4(X)/Xx = +00 the
point (Xmin, 4+ (X¥min)) lies above this line, so that the line cannot meet the graph
of f4 in any more points. In any case, we see that a Euclidean line of positive
slope intersects the graph of f at most twice. This shows that (2) has at most two
solutions and thus that Dy ;, ;, where m > 0, and D1 ;o have at most two points
in common.
When m < 0 one similarly considers the equation

hi(x — Dhp(x) = mhy (x —t), 3)
from which one obtains
(x + l)hk/k/(x) = Ax + B,

where A = h,:,l (m)<0and B = h;,l (m)(1—1). A similar straightforward analysis
of the function f_ : x +> (x + 1)/;(x) on the left-hand side, where now [ = k/k’,
shows that the decreasing branch is strictly convex, so that a Euclidean line of
negative slope intersects the graph of f_ at most twice; compare the diagram on
the right in Figure 2. Therefore, (3) has at most two solutions and thus Dz, ;,
where m <0, and D ; o have at most two points in common. This shows that in
any case two distinct D-circles intersect in at most two points. O

We are now ready to deal with the derived incidence structure ${; at (oo, 1). The
point set of ¢ is R? and nonvertical lines are induced by C 1,b,c» Where b? <4,
and Dy p ., where b > c. Explicitly, these lines are given by

y=x2+bx+c, b?> <4¢, and
y=hg(x=b)hp(x—c), b>c.
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We call them C-lines and D-lines, respectively, as they come from C- and D-
circles of &..

Lemma 4.3. The derived incidence structure 1 of £y at (00, 1) is a linear space.

Proof. By Lemma 4.2 we know that two different lines in &; intersect in at most
one point. This yields the uniqueness of a line joining two points if it exists.

Let p; = (x;, yi), i = 1,2, be two distinct points of s{1. If x; = x,, then the
vertical line x = x; (coming from a parallel class of the Laguerre plane) joins the
two points. We therefore assume that x; # x,. By the transitivity properties of
the stabilizer I'(o0,1) We may assume that without loss of generality x; = 0 and
X = 1. Finally, because # (and thus each s, o) where u € R) is an affine plane
by Lemma 4.1, we may further assume that yq, y, # 0.

In case 2(y1 + ¥2) > (2 — y1)? + 1 there is a unique C-line through p; and
p». Indeed, the Euclidean parabola given by y = x2 4 (v, — y1 — 1)x + y; passes
through the two points, and this is a line of &/ if and only if

0=(n—yi—D*=4y1 =2 —y1)> + 1 =21 + »2).

In this case, the two points cannot be on a D-line by Lemma 4.2.
So now assume that 2(y; + y2) < (y2 — ¥1)? + 1. We must show that p; and
p> are on a D-line D 5 .. The two parameters b > ¢ satisfy the equations

y1=he()h (), y2=hg(b—=Dhp(c=1).

After application of h;,l on both sides we obtain

vy = Iyt (1) = hi(b)e, @)
v :=hi! (y2) = (b= 1)(c = 1), &)
where [ = k/k’. Hence
g(b) :=hy(bYhy(b—1) —vihy(b—1) + vahy(b) = 0.

First note that g(b) = (h;(b) —v1)(h; (b —1) 4+ v3) 4+ v{v,. From this equation one
sees that limp_, 4o, 2(b) = +00.

When y; < 0, then g(1) = v, < 0. Thus, by the intermediate value theorem,
there is a b > 1 such that g(b) = 0. From (5) it follows that ¢ < 1. Similarly,
when y; <0 < y,, then g(0) = v; <0 and g(1) = v, > 0 so that there is some b,
0 < b < 1, such that g(b) = 0. From (4) it then follows that ¢ < 0. Hence, in these
two cases, b > ¢ and we have a D-line through p; and p,.

We finally assume that y;, y, > 0. We compute

vi = hiyie (i) = )" = (V3D
= (Vo) O = (T = i (V).
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where i = 1, 2. Hence,

g(Wy1) = hi (VYD (Vy1 — D1 = /y1) + 3]
= I (VTSI = | = 1.

One similarly obtains that

g(=/71) = hi(—= /D (=71 = D + /37) + 2]
= i (— /D (T2 T = 1T+ 1.

The inequality 2(y; + y2) < (2 — ¥1)? + 1 can be rewritten as
(y2—y1—=1)7>—4y; >0

from which we see that either y, > (/71 + 1) or y» < (/71 — 1)?. In the former
case, g(—./¥1) <0, and in the latter case, g(/y1) < 0. Since g(0) = v; > 0
and limp_, o, g(b) = 400, there must be a b € (—,/¥1,0) or b € (\/y1, +00),
respectively, such that g(b) = 0. Finally, because

11 =WrD? = (VIDhie (V).
one obtains from (4) that

hio(c//y1) = hi(V1/b).

Hence ¢ < —,/y1 <b when b <0,and 0 <c < ,/y; <b when b > /y;. Hence,
in any case, b > ¢ and we have a D-line through p; and p,.

This proves that any two distinct points of s{; can be joined by a unique line,
that is, & is a linear space as claimed. O

Lemma 4.4. The derived incidence structure 1 of £y at (00, 1) is an affine plane.

Proof. By Lemma 4.3 it only remains to show that through each point there is a
unique line that is parallel to a given line. This is clearly the case for vertical lines.
For a nonvertical line we define its slope s by

s(Cipe)=—b and s(Dype)=kb+ke.

We claim that two nonvertical lines of s{; are parallel if and only if they have the
same slope. To see this and where the definition of s comes from, we apply the co-
ordinate transformation induced by yo.1,—1,0.1, that is, (x, y) = (=1/x, y/x?) for
x real and nonzero, suitably extended to Z. Then C 5 . and D j . are described
by v = cu? —bu+1and v = hy (1 + bu)hy (1 + cu), respectively. Differentiation
at u = 0 yields —b and kb + k’c, that is, the slope of the corresponding line. Now,
if the slopes of two nonvertical lines are different, then after the above coordinate
transformation the resulting circles intersect transversally at (0, 1). Hence these
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circles intersect in a second point in Z \ {0} x R. Therefore the original lines meet
in a point of s{; and so are not parallel.

We now assume that two nonvertical lines of s have the same slope s. In case
of two C-lines Cj p, ¢, and Cj p, ., this means that by = b, = —s, and the two
lines are clearly parallel.

A D-line of slope s is described by the function f (¢, x) = hy(x —b)hy/(x —¢),
where b = (s — k’c)/ k. Differentiation with respect to ¢ yields

af (¢, x)
ac

=k |x = b|F Ve (x — ¢) — kK hy (x — b)|x — |1

=k'|x =b|F Vx—c|K"1(b—c)
/
= ol — by — e (s — 2¢).
But b > ¢ if and only if s —2¢ > 0. Thus %f(c, x) >0, and ¢ — f(c, x) is strictly
increasing on (—oo, %) for all x € R. It now follows that two D-lines Dy p, ., and
Dy p,.c, of the same slope kby + k’cy = kb, + k'c; are parallel.

Note that ¢ < % < b for a D-line of slope s. Furthermore, as ¢ tends to £, the
D-line Dy, kb + k'c = s, converges to Dy 52 5/2 = Cl/,s/2,0' In particular,
Cl/ $/2.0 and Dy p . are parallel, and Dy p . lies below Cl/ $/2.0° Finally, a C-line

1/ /2,00 €2 0, of slope s lies above or coincides with Cl/ 5/2,0° Hence, a C-line
and a D-line of slope s are parallel.

Finally, given a point p = (xg, yo) and a line of slope s there is a unique line of
slope through p. Indeed, when yy > (xo — %)2, the parallel through p must be a

C-line C 1”s /2.0 and c is uniquely determined by

$\2
c=y0—(x0—§> = 0.

When yy < (xo — %)2, the parallel through p must be a D-line Dy p ., kb+k'c =s.
Since
lim (yo—hgp(x —b)hp(x —c)) = +o0 and
c—>—00

im0 = e (x =) (x =) = yo = (v0 —3)" < 0.

there is a ¢ such that D; p . passes through p.
This shows that sd; satisfies the parallel axiom and that s4; is an affine plane. [J

The following is a direct consequence of Lemmata 4.1 and 4.4, together with
the transitivity properties of I and the fact that each derived plane of an ovoidal
Laguerre plane is Desarguesian.
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Corollary 4.5. The incidence structure £ where 0 < k < 2 is a Laguerre plane.
Furthermore, &y, is ovoidal if and only if k = 1. In this case the Laguerre plane is
classical.

Since in the topology on Z circles of &}, are closed Jordan curves on Z we have
the following; compare [Groh 1969b, 3.10].

Theorem 4.6. Each & where 0 <k < 2 is a 2-dimensional Laguerre plane.

5. Isomorphisms and other properties

Lemma 5.1. Let Y be an isomorphism from £y, to £;. If k # 1, then  takes C
in%y to Cyin¥y.

Proof. Suppose that ¥ (Co) # Co. Then ¥ ;¥ ~! is a group of automorphisms of
&, that has Z \ ¥ (Cy) and ¥ (Cy) as orbits. However, I'; has Z \ Cy and C as
orbits, and it follows that the automorphism group of &; must be transitive on Z.
Hence, ¥; is classical by [Steinke 1993]. But then & is also classical and k = 1 —
a contradiction to our assumption. This shows that {(Cy) = Cp. O

Proposition 5.2. Two Laguerre planes ¥ and &) are isomorphic if and only if
[ € {k,k'}. In particular, each plane is isomorphic to exactly one plane ¥y, where
0<k=<1.

Proof. Note that u : Z — Z given by u(x, y) = (x,—y) is an automorphism of
the classical real Laguerre plane; circles C, p . are taken to C_, _p _. In fact,
induces an isomorphism from ¥ onto £j: one has

k k’

a,b,c a,c,b

1D = Doy
(Here the superscripts refer to the Laguerre planes the circles are from.) This
verifies that &£ and ¥}/ are isomorphic.

Assume that ¥ and &¥; are isomorphic. If k = 1, then &, is classical and so
is¥;. Thus/ =1,and / =k =k'.

Suppose that k 7 1. Let v be an isomorphism from £ to &;. By Lemma 5.1 we
know that ¥ (Cy) = Cy. Using the transitivity properties of ['; on &; we may further
assume that ¥ takes (00, 0), (00, 1) and (0, 0) in &, to the corresponding points
with the same coordinates in &;. Hence the derived affine planes sélgk) and ﬂg ) are
isomorphic. As seen in the proof of Lemma 4.1 the projective extensions of &ﬁ(()k)
and &ﬂg) are isomorphic to cartesian planes Py x/x’,1 and Py ;/p 1, respectively.
By [Salzmann et al. 1995, Theorem 37.3 and Proposition 37.6] we thus have that
[/I"=k/k'orl/l"=k’/k. In the former case % = % so that / = k. In the
latter case we similarly obtain / = k’. O

when a # 0, and
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Proposition 5.3. The group T from Section 3 is the full automorphism group of
L when k #£ 1.

Proof. Let k # 1 and let @ be an automorphism of ;. By Lemma 5.1 the au-
tomorphism leaves Cy invariant. The 3-transitivity of ¥ on Cy implies that there
is a 0 € X such that o« fixes each of (00, 0), (0,0) and (1,0). By using an
automorphism y1 ¢.0,1,-, ¥ > 0, we can furthermore achieve that y = y1 9,0,1,,0x
fixes (00, 0), (0,0), (1,0) and takes (o0, 1) to (00, 1) or (0o, —1). In the former
case y fixes each of the four points (00, 0), (0,0), (1,0), (co, 1). Hence y must
be the identity by [Steinke 1990, Lemma 2.10] or [Salzmann 1967, Corollary 3.6].
Thus o = )/1,0’0,1,1/,0_1 erl.

In the latter case there is an s > 0 such that y ¢ ¢,1,s¥> fixes each of the four
points (00, 0), (0,0), (1,0), (0o, 1). Therefore y;,0,0,1,s¥> = id so that y? acts
trivially on Cy. But y fixes the three points (00, 0), (0, 0), (1,0) on Cy and thus is
an orientation preserving homeomorphism of Cy. This implies that y is the identity
on Cy.

Given a point p in the open upper half-cylinder Z* not parallel to (oo, 0), there
are exactly two circles through (oo, 1) and p that touch Cy. Indeed, if p = (x¢, yo),
where yg > 0, the two touching circles are C{ 1 /550 and C{ , _ /55 0. Since
the point of touching on Cj is fixed by y and because y (0o, 1) = (00, —1), these
circles are taken to C’y  \ oo and CLy 0 oo, respectively. Therefore,
¥ (X0, yo) = (X0, —Yo)-

Now, the trace of a D-circle Dg 10 on Z T is taken by y to the set

{(e, =hg (X)) | x > 03,

which must be part of a D-circle through (oo, 0) and (0, 0). Therefore, there must
be an m < 0 such that —Ay (x) = mhy/(x) for all x > 0. When x = 1 we obtain
m = —1. But then x¥ = x* for all x > 0, so that kK = kK’ —a contradiction to
our assumption that k # 1. This shows that the latter case cannot occur, and we
have o € T. O

Kleinewillinghtfer [1979; 1980] classified Laguerre planes with respect to cen-
tral automorphisms, that is, automorphisms of the Laguerre plane such that at least
one point is fixed and central collineations are induced in the derived projective
plane at one of the fixed points. A subgroup of central automorphisms with the
same “centre” and “axis” is said to be linearly transitive if the induced subgroup
of central collineations of the derived projective plane is linearly transitive, that is,
transitive on the points of each central line except the centre and its intersection
with the axis. In [Polster and Steinke 2004], 2-dimensional Laguerre planes were
considered and their so-called Kleinewillinghéfer types were investigated, that is,
the Kleinewillinghtfer types with respect to the full automorphism group. The
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classification of those types that can occur in 2-dimensional Laguerre planes is
almost complete except for two open cases; see [Steinke 2012] and the references
to models of various types given there.

It turns out that the planes &£, constructed here are of type 1.G.1 when k # 1, the
same type as some semiclassical Laguerre planes pasted along a circle; see [Polster
and Steinke 2004, Section 6] and below for a description of these semiclassical
planes. This means that there is no circle for which the automorphism group of
&}, is linearly transitive with respect to Laguerre homologies (type I, a Laguerre
homology fixes a circle pointwise), that there is a circle C such that for each point p
on C the group of Laguerre translations fixing p and the bundle of circles touching
C at p is linearly transitive (type G, a Laguerre translation fixes a parallel class
pointwise and induces a translation in a derived projective plane at one of the fixed
points), and that there is no group of Laguerre homotheties that is linearly transitive
(type 1, a Laguerre homothety fixes two nonparallel points and each circle through
them). In type VII.K.13 all possible subgroups of central automorphisms with
given centre and axis are linearly transitive. We refer to [Kleinewillinghofer 1979]
or [Polster and Steinke 2004] for a description of all types.

Proposition 5.4. The Laguerre plane &, is of Kleinewillinghdfer type 1.G.1 when
k # 1 and of type VILK.13 when k = 1.

Proof. When k = 1 we have the classical real Laguerre plane, which is of type
VIIL.K.13; see [Polster and Steinke 2004, Corollaries 3.2 and 4.2,] and [Hartmann
1982, Satz 7]. Assume that k 7 1. Then every automorphism of ¥, fixes Cy, so that
Cy is the only possible axis of a Laguerre homology. Similarly, points on Cy are
the only possible centres of Laguerre homotheties, and Laguerre translations must
be in direction of a tangent bundle to Cy. Hence, together with the 3-transitivity
of I" on Cy, only types I or II with respect to Laguerre homologies, types A or
G with respect to Laguerre translations and types 1 or 6 with respect to Laguerre
homotheties are possible as the types of £. See [Kleinewillinghtfer 1979] or
[Polster and Steinke 2004] for a full list of Kleinewillinghofer types.

Now {y1,,0,1,1 | t € R} is a linearly transitive group of Laguerre translations
in direction of the tangent bundle to Cy at (co, 0). Conjugation by elements in I’
then shows that & has type G with respect to Laguerre translations. The automor-
phisms of £ that fix each point of Cy are y,,0,0,4,-» Where a # 0, r > 0. However,
the collection of these Laguerre homologies is not linearly transitive (because the
open upper half-cylinder ZV is left invariant). Thus ¥ has type I with respect to
Laguerre homologies.

Similarly, the automorphisms of ¥ that fix (c0,0) and (0,0) are y,,0.0,4.r»
where ad # 0, r > 0. Explicitly, these are the maps (x, ) — (sx, rsy) extended
to the parallel class at infinity, where 0 # s(= a/d), r > 0. A D-circle Dy ¢
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is taken to Dy ,.p /(5% 0 When b > 0 and Dy .45k’ o When b < 0. However, a
Laguerre homothety with centres (oo, 0) and (0, 0) must fix each circle through
the two centres, so that p
r=ls* =ls/*

for all s # 0. This implies k = k’ — a contradiction to k # 1. This shows that &£
has type 1 with respect to Laguerre homotheties. O

In [Steinke 1987; 1988], semiclassical Laguerre planes were introduced. These
are 2-dimensional Laguerre planes which are composed of two classical half-planes.
By a half-plane we mean the closure of a connected component of the complement
of two parallel classes or of a circle. Such a half-plane is called classical if, with its
induced geometry, it is isomorphic to a half-plane of the same kind in the classical
real Laguerre plane.

Some of the semiclassical planes also admit PSL,(R) x R as a group of automor-
phisms and are of Kleinewillinghtfer type 1.G.1. These are the planes £(/,,, id),
where m > 0, in the notation of [Steinke 1987]. They are obtained by pasting along
a circle. According to [Steinke 1987, Theorem 4.8] in this case circles are of the

form
Kope=1{(x,y) €R*| y =ax?+bx +c}U{(c0.a)},

where a, b, ¢ € R, b* < 4ac and

Ka,b,c:{(x,y)ERz|y:ax2+bx+czo}
U{(x, y) € R2 |y = (b2 —4ac)(m_1)/2(ax2 +hx+¢) < 03U {(00.d)}.

where a, b, ¢ € R, b% > 4ac, m > 0 and

G- a, ifa>0,
(b2 —4dac)™m D2 ifa <.

(In case m = 1 one just obtains the classical real Laguerre plane £;.)

These planes are semiclassical because the geometries and topologies on the
closed upper half-cylinder Z = S! x [0, 4+00) and the closed lower half-cylinder
Z_ =S' x (—00, 0] are the same as on the corresponding subsets of the (topo-
logical) classical real Laguerre plane &.;. The two classical geometries are pasted
together along the circle Ko := Ky g,0.

Those permutations ¥, p ¢ 4. of Z from Section 3 where ad —bc =1and r > 0
are in fact also automorphisms of £(/y,,1d); see [Steinke 1987, 4.3 and Lemmata
4.4 and 4.5]. The collection of all these transformations is a group with respect to
composition and is isomorphic to PSL, (R) x R.

Note that the circles that do not meet K in precisely two points are the same
as in & and thus as in our planes ¥;. However, our planes are not semiclassical
except for the classical plane itself.
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Proposition 5.5. No Laguerre plane ¥y, k # 1, is semiclassical.

Proof. By [Steinke 1988, Proposition 5.1] an automorphism of a semiclassical
Laguerre plane pasted along two parallel classes leaves invariant the union of the
two parallel classes along which the pasting occurs, provided the Laguerre plane
is nonclassical. Since the automorphism group of & is transitive on the set of
parallel classes, & cannot be isomorphic to a semiclassical Laguerre plane of this
kind unless k = 1.

Regarding semiclassical Laguerre planes pasted along a circle, only the plane
L(hm,id), where m > 0, pasted along the circle K¢, needs to be considered because
other planes have lower group dimension; see [Steinke 1987, Theorem 4.8]. One
first notes as in the proof of Lemma 5.1 that an isomorphism ¥ from £(h,,,1id) to
Lk, where k #£ 1, must take K as in the description above to Cy.

As in the proof of Proposition 5.3 we may without loss of generality assume
that i fixes (o0, 0), (0,0), (1,0) and takes (o0, 1) to (0o, 1) or (oo, —1). In the
former case Y fixes each of the four points (oo, 0), (0, 0), (1,0), (o0, 1). Hence the
circles Ky,9,0 and Ky _» 1, which pass through (oo, 1) and touch K at (0, 0) and
(1, 0), respectively, are taken to the corresponding circles in £y, that is, to Cj g0
and Cj _, ;. Therefore the point (%, %) in the intersection of K g0 and Ky 5 ;
is taken to the point (%, %) in the intersection of Cj .o and Cy _5 1. Moreover, the
circle K1,—1,0 through (0, 0), (1,0), (o0, 1) is taken to the corresponding circle
Dy,1,0 in &i. Finally, there is a unique circle through (oo, 0) that touches K
and K _1,0. The latter point of touching is calculated to be (% —%). In &} one
calculates that the unique circle through (oo, 0) that touches Cp and Dy 1,9 is Co.o.c,
where

¢ = —3hi(k)h (k")

and that the common point between the latter two circles is (% c). However, ¥

preserves parallelity of points so that
1 1y _ (1 1 1 _1\_ (K
(2:3)=v(z.2) [ vz -3) = (3.0

This shows that %/ = %, that is, K’ = 1 —a contradiction to our assumption k # 1.

In the case that ¥ takes (o0, 1) to (00, —1), we may apply the isomorphism
w L — Ly from the proof of Proposition 5.2. Then the map py fixes each
of the four points (o0, 0), (0, 0), (1,0), (0o, 1). Hence we conclude as before that
k = (k') = 1 — again a contradiction.

This proves that &, k # 1, is not semiclassical. O

Remark 5.6. In the proof of Lemma 4.1 we already mentioned that the derived
projective plane of £(k) at (o0, 0) is isomorphic to a cartesian plane Py j/x/ 1. Itis
readily seen that the derived projective plane of a semiclassical plane £ (/,,,id) at
(00, 0) is isomorphic to a cartesian plane %, 1,1. As mentioned in [Salzmann et al.
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1995, Proof of 37.6] the plane P, g . is dual to Pg o .. Hence, when m =k / k',
the derived projective plane at (oo, 0) of a Laguerre plane £ (k) and of a semiclas-
sical plane £(/1,,,1d) are dual to each other. However, there does not seem to be
an extension of this duality to the level of the Laguerre planes (for example, via
associated generalized quadrangles, see below).

It is well known that 2-dimensional Laguerre planes correspond to certain com-
pact 3-dimensional generalized quadrangles, compare [Schroth 1993a], [Schroth
1993b] or [Schroth 1995b]. In a compact 3-dimensional generalized quadrangle the
point and line spaces are compact and 3-dimensional. These generalized quadran-
gles are also characterized by having topological parameter 1 (so that all lines and
line pencils are homeomorphic to the 1-dimensional sphere S!). More precisely,
the Lie geometry associated with a 2-dimensional Laguerre plane is an antiregu-
lar compact generalized quadrangle with topological parameter 1. Up to duality,
every compact 3-dimensional generalized quadrangle is the Lie geometry of a 2-
dimensional Laguerre plane; see [Schroth 1995b, Corollary 2.16 and Chapter 3].
Recall that the Lie geometry of a Laguerre plane & has as points the points of & plus
the circles of & plus one additional point at infinity, denoted by co. (The bar helps
distinguish this from other uses of the symbol co.) The lines of the Lie geometry
are the augmented parallel classes, that is, the parallel classes to which the point
o0 is adjoined, and the augmented tangent pencils, that is, the collections of all
circles that touch a given circle at a given point p together with the point p, called
the support of the tangent pencil. Incidence is the natural one. So “collinear” in the
Lie geometry corresponds to “on the same parallel class or incident or touching’
in the Laguerre plane. The generalized quadrangle obtained from the classical real
Laguerre plane & is the real orthogonal quadrangle Q(4, R) over R. Points are
the 1-dimensional isotropic subspaces of R>, with respect to a symmetric form of
Witt index 2; lines are the 2-dimensional totally isotropic subspaces of R?>.

Conversely, for every point p of an antiregular generalized quadrangle 2, one
obtains a Laguerre plane 2/, called the derivation of 2 at p, whose points are the
points of 9 that are collinear with p except p itself and whose circles are of the
form p N ¢t for points ¢ not collinear with p, where x denotes the set of all
points collinear with the point x. See also [Joswig 1999, Theorem 3.1], where it is
shown that it suffices to have a strongly antiregular point of the generalized quad-
rangle in order to obtain a Laguerre plane as derivation at that point. Each derived
Laguerre plane of the real orthogonal quadrangle Q(4, R) over R is isomorphic to
the classical real Laguerre plane.

Starting with a 2-dimensional Laguerre plane & one obtains an antiregular com-
pact 3-dimensional generalized quadrangle 92.(¥f). One can then derive at any point
p of 2(Z) to obtain another 2-dimensional Laguerre plane 58;, = (92(58));,. In
[Schroth 1995a] and [Schroth 1995b, Chapter 6] this Laguerre plane 551’,, is called

2
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a sister of . The process of going from ¥ to its sister QZ/p can be completely
described within & without explicitly using the associated generalized quadrangle;
see [Schroth 1995a, Section 3]. In case one derives 9.(¥) at a point that comes
from a circle K of &, the points of SB’K are the circles of & that touch K and the
points of &£ on K. The parallel classes of &£ are obtained from the tangent pencils
with support on K.

Circles of & correspond to the points of £ not on K (more precisely, such a
point g represents the collection of all circles of & through ¢ that touch K) and
to the circles of & not touching K (more precisely, such a circle C represents the
collection of all circles of & that touch C and K), and the extra point 50. Incidence
is the natural one; compare [Schroth 1995a, Section 3].

Note that an automorphism o« of & extends to an automorphism & of 9.(f).
Furthermore, & fixes co. If « fixes a point or circle of &, then & induces an
automorphism in the derived Laguerre plane of 9(f) at that point or circle.

We carry out the above procedure for the Laguerre planes &, and the distin-
guished circle Cy. Since Cy is fixed by I', this group is again a group of auto-
morphisms of (ik)’co. Note that & shares many circles with the classical real
Laguerre plane £ and, in particular, all the circles that touch Cy. So we expect
that (§£k)/CO has many circles in common with &, and looks like one of the La-
guerre planes constructed in this paper or a semiclassical Laguerre plane obtained
by pasting along a circle. In fact, we have the following.

Proposition 5.7. The Laguerre plane (§Bk)’cO obtained by deriving the generalized
quadrangle 9.(¥£y) at Cy is isomorphic to .

Proof- A circle of £, touching Cy is C’ 0.5.0° where a,b € R, a # 0, or Cy o, where
¢ € R, ¢ # 0. We identify such a cucle with (b ) € Z and ( ) respectively.
A point (x, 0) on Cj is identified with (x,0) € Z. This coordlnatlzatlon maps all
points of (ENPk)’CO onto the cylinder Z. Parallel classes are still the generators of Z.

The point 50 gives rise to the set Cy, which thus is again a circle of (££k)’co. If
(X0, ¥0), Yo # 0, is a point not on Cy, then for each b € R, b # X, there is a unique
circle through (xg, yo) that touches Cy at (b, 0); this circle is C Yo/ (xo—b)2,b,0°
which yields the point (b, (xo —b)?/ o) according to the above rule. One further
obtains (xg, 0) (from the parallel class through (x¢, y¢)) and (oo, 1/yg) (from the
circle Cy,,, touching Cy at (00, 0)). Put together we thus obtain all the points on

1’/y0 xo,0° S0 that this is again a circle of (SEk)’C

Next cons1der a circle not meeting Cy. Such a circle is of the form C ! .» Where
ac > 0. The circle of £, touching Cy at («, 0) and also touching C’ ab.c 1s Ca 10,0’
where u € R and @ = ac/(a(u — b)? + c. Hence we obtain the point

b+
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in (Z),- When u = 0o we find the circle Co o, which yields the point (00, 1).
Thus we have recovered the C-circle C 1’ Jeb1ja 82 circle of (EEk)’CO.

Finally consider a circle meeting Cy in two points. Such a circle is a D-circle.
In this case the calculations are a bit more involved. To find the circle C;,u,o that
touches D, p ., a # 0, and also touches Cy at (u,0), where u # b,c, 00, it is
necessary that the equations

v(x —u)? = ahy(x —b)hp (x —¢), (6)
20(x —u) = alhi(x —b)hg (x — )
=a(2x —k'b—ke)|x = b x —c|F ! (7)

are satisfied. Dividing (6) by (7) one finds that

‘= u(k’b+kc)—2bc
 2u—kb—k'c -

Substitution into (6) then yields

1 4

v T T a0 T Gy ey W = i (=)
In the coordinates of (ka)’co as introduced above the two points (b, 0) and (c, 0) of
intersection of Co and D, p, . yield the points (b, 0) and (c, 0) on the circle induced
by Dj-b .- When u = oo one similarly obtains from (sx (x —b)hy/(x —c¢))' =0
that x = %(k/b + kc) and thus v = —%a(b —¢)?hy (k)hg (K"). In total we have
recovered all the points of D . 5, where

- 4
a=-— .
a(b—c)?hy(k)hy (k')
The cases when a = 0 are dealt with in a similar way. |

In case one derives the generalized quadrangle 9.(¥) at a point that comes from
a point p of ¥ then the points of 55;, are the circles of £ that pass through p, the
points of &£ on the parallel class |p| of p but not p itself, and the extra point co.
The parallel classes of 58;, are obtained from the parallel class | p| and the tangent
pencils with support p. The circles of 33;, correspond to the points of & not on | p|
(more precisely, such a point g represents the collection of all circles of & through
p and ¢) and to the circles of & not passing through p (more precisely, such a
circle C represents the collection of all circles of & through p that touch C). Thus
the affine part of 5!3;, with respect to the parallel class containing oo is made up
of the nonvertical lines of the derived affine plane s, of & at p, and points of
sAp represent circles of SE;, through 50. Hence the derived projective plane %~ of
55;, at oo is the dual of %, the derived projective plane of & at p. A circle of &
not passing through p induces an oval 0 in %,. Since this circle also represents
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a circle of &}, we just obtain the dual oval 0* of 0 in . Hence, the whole
process involves forming the dual of the derived projective plane P, plus all duals
of the ovals in %, that are induced by circles of &; we then remove one line to
obtain the affine part of the sister SB;) and add one parallel class at infinity in order
to complete the Laguerre plane. Although applying this process to a point p on
K of a nonclassical semiclassical Laguerre plane ¥(/,,,id) yields the dual of the
derived plane at p, other circles of L (), id);, do not match circles of &;.. Since
the point p has a 1-dimensional orbit we also expect the automorphism group of
L(hm,id)}, to be at most 3-dimensional, and so £(/, id);, cannot be isomorphic
to a plane &y.

Schroth [2000] used a provisional classification of 2-dimensional Laguerre planes
of group dimension 4 to show that a compact 3-dimensional generalized quadrangle
is the real orthogonal quadrangle Q(4,R), or its dual if the group of automor-
phisms of the quadrangle has dimension at least 6. Since the new Laguerre planes
& do not appear on the list used in [Schroth 2000], this can potentially affect
Schroth’s result. However, as noted in [Schroth 2000, Section, 3.7], in case of a
4-dimensional group of automorphisms of a 2-dimensional Laguerre plane such
that a circle is fixed, the information on the groups involved is enough to see that
the dimension of the automorphism group of the associated quadrangle does not
become larger; see also [Schroth 2000, Section 4.6]. The automorphism group of
&) has at most as many orbits on the circle set and point set as the automorphism
group of semiclassical Laguerre planes pasted along a circle. This implies that the
same dimensions of orbits occur as stated in [Schroth 2000, Section 4.6]. Hence
we have the following result; compare [Schroth 2000, Theorem 4.8].

Corollary 5.8. The automorphism group of the 3-dimensional compact general-
ized quadrangle (%}, ) is 4-dimensional when k # 1.

As a consequence, the planes constructed here are not counterexamples to the
main theorem of [Schroth 2000].
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