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Chamber graphs of some geometries
that are almost buildings

Veronica Kelsey and Peter Rowley

The global structure of the chamber graph of certain rank 3 geometries that are
almost buildings is determined. Computer files containing extensive details of
these graphs accompany this paper.

1. Introduction

The study of geometries that are almost buildings was instigated by Tits [1981].
The acronym “GAB” was bestowed upon them in [Kantor 1981], and they also go
under the names of “geometries of type M” or “Tits geometries of type M”. These
geometries are Buekenhout-Tits geometries [Buekenhout 1979a] all of whose rank-
2 residue geometries are generalized polygons (though they are not required to
satisfy the intersection property). That is, they are incidence geometries satisfying
axioms (1) and (2) but not necessarily (3) of [Buekenhout 1979a].

We recall that an incidence geometry over a set [ is a triple (I', *, ) where I" is a
set, T an onto map from I" to / and = is an incidence relation on I" such thatif x, y €
[" and x*y then 7(x) # 7(y). The map t is called the type map and || the rank of I".
As is customary, we shall abbreviate (I, %, ) to I'. A flag F of I is a subset of I
such that xxy for all x, y € F, x # y and the type of F is {t(x) | x € F}. The residue
of FinI, I'p, is the (subgeometry) given by {x € I' | yxx for all y € F}. If F ={x},
then we write I', instead of I"(,;. We shall call a maximal flag of I" a chamber of T".
Note that, by axiom (1) of [Buekenhout 1979a], the type of a chamber of a GAB
is 1. The chamber graph C(I") is defined as follows. The vertices are the chambers
of I" with distinct chambers y and y’ deemed adjacent in C(I") if |y Ny'| = |I|— 1.
We sometimes also say that y and y’ are i-adjacent if I = {i}U{t(x) |x e y Ny'}.
Let y be a chamber of I'. The i-th disc of y, denoted by A;(y), consists of all the
chambers which are distance i from y in the graph C(I"). We shall use d(, ) for
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the distance metric on C(I") and Diam(C(I")) for the diameter of C(I"). For more
on incidence geometries, consult [Buekenhout 1979b; 1995], while for GAB’s the
survey paper [Kantor 1986] contains much interesting material.

The chamber graph of a building contains all the important geometric informa-
tion about the building. For example, the (chambers of the) apartments of the
building can be detected in the chamber graph. The sets A;(y), for y a chamber,
encode data relating to the Weyl group of the building. Further, if d is the diameter
of the chamber graph and G is the automorphism group of the building, then G,
a Borel subgroup of G, acts transitively on A;(y). See [Ronan 2009; Tits 1974;
1981] for more on buildings. It is natural to wonder about chamber graphs of other
geometries associated with groups which are, in some sense, close to buildings.
This has prompted a number of papers which have focussed on analyzing the disc
structure of such chamber graphs. See [Carr and Rowley 2018; Rowley 1998;
2009; 2010]. Most of the geometries of interest have a large number of chambers
and so these investigations have necessarily involved extensive computation using
packages such as MAGMA [Cannon and Playoust 1997]. Here we continue this line
of work, examining the chamber graphs of rank 3 GAB’s. The examples we look
at have been drawn from [Aschbacher and Smith 1983; Cooperstein 1989; Kantor
1981; Ronan and Smith 1980] (see also [Connor 2011; Kantor 1985; Yoshiara
1988]). We now state our main results on the disc structure of these GAB’s.

Theorem 1.1. Let G denote one of the five groups P2 (3), G2(3), Us(2), 93(2)
and Suz, and let I" denote a GAB associated to one of these groups. Set C = C(I'),
and let y, be a fixed chamber of C. Put B = Stabs (y,).

() If G = PQ; (3) and " has diagram
oe—@ o

then C has 25515 chambers, 196 B-orbits, diameter 10 and disc structure

i-th disc 1 2 3 4 5 6 7 8 9 10
[A; (V)] 6 20 64 176 416 1024 2432 5120 9088 7168
#of B-orbits |3 5 8 12 15 19 27 35 43 28

(i) If G = G2(3) and T has diagram
———0—0

then C has 66339 chambers, 1144 B-orbits, diameter 12 and disc structure

i-th disc 12 3 4 5 6 7 8 9 10 11 12
[A; (v)] 6 20 64 208 600 1728 4640 10368 17920 20416 9472 896
#of B-orbits |3 6 10 18 27 42 90 176 288 321 148 14
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(i) If G = G2(3) and T has diagram
[ e ———— ]

then C has 66339 chambers, 1144 B-orbits, diameter 13 and disc structure

i-th disc 12 3 4 5 6 7 8 9 10 11 12 13
[A; (Y] 6 20 56 144 384 960 2176 4864 10368 19072 21248 6976 64
#of B-orbits |3 6 9 14 21 31 51 92 172 302 332 109 1

(iv) If G = Ue(2) and T has diagram
oe—@ o
then C has 1576960 chambers, 505 B-orbits, diameter 8 and disc structure

i-th disc 1 2 3 4 5 6 7 8
[A; (vl 15 117 972 6075 35721 203391 875043 455625
#of B-orbits | 3 6 10 17 35 98 246 89

W) IfG= Qg’ (2) and T has diagram
e—eo —o

then C has 179200 chambers, 317 B-orbits, diameter 9 and disc structure

i-th disc 12 3 4 5 6 7 8 9
[A; (V) 9 45 216 891 3159 11421 37098 80676 45684
#of B-orbits |3 6 10 16 26 43 68 95 49

(vi) If G = Suz and T has diagram
[ —— ]
then C has 18243225 chambers, 1276 B-orbits, diameter 16 and disc structure

i-th disc 1 2 3 4 5 6 7 8

[A; (V) 8 32 128 432 1216 3712 11008 29184
#of B-orbits | 3 5 8 12 15 19 26 33

i-th disc 9 10 11 12 13 14 15 16

[A; (v | 81920 229376 598016 1576960 3595264 5410816 5304320 1400832
# of B-orbits | 44 66 99 155 241 270 222 57

The GAB associated with the Lyons sporadic simple group is beyond our com-
putational reach having 207060716016 chambers. However, we can give bounds
on the diameter of the chamber graph.

Theorem 1.2. Let I" be the GAB for Ly. Then 10 < Diam(C(I")) < 16.
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2. Properties of C(T')

The information collated in Theorem 1.1 was obtained using the code available
with [Carr and Rowley 2018] and employing MAGMA. In fact, much more intricate
details about C(I") were obtained, and these are available in the files in the online
supplement (see article web page, doi 10.2140/1ig.2019.17.189). We give a brief
summary of such things.

The chambers of I" are viewed as the right cosets of B. The panel stabilizers
will be denoted by P;, P, and P; (recall we are only looking at rank 3 geometries).
The data obtained and program code is underpinned by D B, a sequence contain-
ing the (B, B) double coset representatives. So for g = DBJj], the Bg coset
is a representative for the B-orbits on the chambers of I'. To minimise storage,
we record j rather than D B[j] whenever possible.The important output files are
BorbitsDiscs and Neighbours. The first is a sequence where BorbitsDiscs[i] tells us
the B-orbits making up A;(y,) (where y, is identified with the coset B). Here we
give B-orbit representatives Bg, where g = D B[k], by recording k. Neighbours is
also a sequence where Neighbours[j] is giving information on the neighbours of
Bg (where g = DB[j]). Suppose we have [P; : B] =3 fori =1, 2, 3 (as happens
for the GAB associated with PQ¢ (3), for example), so C(I") has valency 6. Re-
turning to Neighbours[ j], in this case this would be a 6-tuple [k, k7, k3, k4, k5, k¢].
This is saying that the six neighbours of Bg are in the B-orbits of B x D B[k;]
(i=1,...,6). More than this we are also keeping track of the kind of adjacency.
So the neighbours in the B-orbits of B x DB[k{] and B * D B[k;] are 1-adjacent to
Bg, those in the B orbits of B x DB[k3] and B % D B[k4] are 2-adjacent to Bg, and
those in the B-orbits of B % D B[ks] and B * D B[ke] are 3-adjacent to Bg.

Proof of Theorem 1.2. Let G = Ly and let y, be a chamber of C(I"), and put
B = Stabg (y,). Recall that the diagram for I" is

[ e, —————

Let x be a point of I'. Then by Section 6 of [Kantor 1981], ', is a generalized
hexagon dual to the usual G,(5) generalized hexagon. In particular, for any two
chambers y, y’ of I' containing x we have d(y, y’) < 6. Let the point, line and
plane of y, be respectively xo, lo, po and y; a chamber whose point, line and plane
are respectively x1, lo, py where xo # x1. So xo and x; are collinear in I". Now y, =
{xo0, lo, po}, {x0, Lo, p1}, {x1, Lo, p1} = y; is a path in C(I"), whence d(y,, y;) < 2.
Since the point-line collinearity graph of I" has diameter 2 (see Section 6 of [Kantor
1981] again), we infer that Diam(C(I")) <2+ 6+2+ 6 = 16.
The number of chambers in the GAB associated with the Lyons group is

Gl _ 1G]
Ng(S) 56.2¢4

= 207060716016,


http://msp.org/iig/2019/17-3/iig-v17-n3-x03-Kelsey+Rowley-MAGMA.zip
http://msp.org/iig/2019/17-3/iig-v17-n3-x03-Kelsey+Rowley-MAGMA.zip
https://doi.org/10.2140/iig.2019.17.189
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where S € Syls(G). We find a lower bound for the diameter of the C(I") by working
out the maximum number of chambers that can be in each disc. We have [P; : B] =
6,i=1,2,3, and so the valency of C(I") is 15. Therefore each chamber y in A;(y,)
is joined to 5 chambers in A;(I'g) U {y,}. Hence |A(y) N Az(y)| = 10. Of course
for i > 2, a chamber in A;(),)) can have at most 14 neighbours in A;(y,). Thus,
letting d = Diam(C(I")),

207060716016 < 1+ 15+ 150+ 150- 14+ - - -+ 150- 1492 = 16 4 150(14°211).

This gives d — 1 > log,4(12;(207060716001) + 1), whence d — 1 > 8.947. Conse-
quently, Diam(C(I")) > 10, which completes the proof of Theorem 1.2. (I

Collapsed adjacency graphs. For a GAB with diameter of say d, we call A;(y,)
the last disc (of y)) of the chamber graph. When examining the number of B-
orbits which comprise the last disc we see, from the point of the chamber graph,
the appellation of “almost building” is something of a misnomer. Of the GAB’s
investigated here only the GAB associated with G, (3), diagram

[ e, —— ]

has its last disc as a B-orbit. Because of this we have calculated the geodesic
closure for this GAB, the results of which are summarized in Theorem 2.1. All
the others have the number of B-orbit ranging from 14 to 89. Indeed the more
sporadic geometries studied in [Carr and Rowley 2018] and [Rowley 2009] come
closer to buildings in this respect.

Notwithstanding the above comments on the last disc, we have looked at the
induced graph on this disc. The most interesting (as far as we can see) are the
GAB’s from G,(3). Now we describe the B-collapsed adjacency graphs for the
last disc of y,. The B-collapsed adjacency graph is formed by taking B-orbits,
B = Stabg y,,, as the vertices. We use j to stand for the B orbit of Bx D B[ j] (where
J 1s as given in the accompanying files). Two B-orbits, j and k are adjacent if and
only if each chamber in j is adjacent to some chamber in k& and we label the edge
coming out from j with the number of chambers in k a chamber in j is adjacent
with. If this number is 1 (as is mainly the case below) we omit this number.

(i) If G = PR (3) and I has diagram
oe—@ o

then the last disc of the B-collapsed adjacency graph is connected apart from
87 and 89, with 87 and 89 having the following adjacencies.

Cwrw )
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(i1) If G = G,(3) and I" has diagram
o———9

then the 14 B-orbits in the last disc form the following collapsed B-adjacency
graph.

465 501 10 320
AN e AN e
460 —— 497 8§ — 318
AN ~ N ~
699 677
\ \

702 682
273 686

(iii) If G = G2(3) and I" has diagram
[ e, ————— ]
then there is only one B-orbit in the last disc and A13(y,) is a co-clique.
(iv) If G = Ug(2) and T has diagram
o—o—o

then the last disc of the B-collapsed adjacency graph is connected apart from
215 and 377, with 215 and 377 having the following adjacencies.

2C 215 ZC 377

(v) If G = QJ (2) and T has diagram
e—o—9o

then the B-collapsed adjacency graph of Ag(y,,) is connected.
(vi) If G = Suz and T has diagram

o — 06—

then the last disc of the B-collapsed adjacency graph is connected apart from
145, 146, 175 and 196, which have the following adjacencies.

145
/ ™~
196 175
™~ /
146
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Geodesic closure. For y,y’ € C a shortest path between them in C is called a
geodesic. The geodesic closure of a set of chambers X is defined to be the set
X of all chambers lying on some geodesic of y, y’ for any pair y, ¥’ € X. The
motivation for geodesic closures comes from the fact that in the chamber graph of
a building, the geodesic closure of two chambers at maximal distance apart yields
(the chambers of) an apartment.

Theorem 2.1. Let G denote one of the groups PS¢ (3) or G2(3), and let T denote
a GAB associated to one of these groups. Set C = C(I'), and let 'y, be a fixed
chamber of C. Put B = Stabg (y,)).

(i) Suppose G = P2y (3) and I" has diagram
e—O —o

and let y; € A1o(y,), i =1, ..., 28 be B-orbit representatives of Aig(y,). Set
nij = vy v} N Aj(y)l. Then:

—
(=)

J
nl,j, }’lz,j
I’l3’j, n4,j, }’l5,j, I’lgﬁj
ny j, ng, j, No j, nio,;
nii,j, ni,j
nis,j, Ni4,;
nis,j, nie,j, n17,j, n18,;
nio,j, n20,j, N21,5, N22,;j
na3 j, N24,j, N5, j, N6, j
np7,j, N28,j

—_ o e e e e = | O
DN NN W= W W W|—
(NSRS RO R S A L S S
AN A A =0 WA W
X \C IS ) B e) W) W VS o) N I AN
A D AN B VDD B~ W
[N \S e SRV B T I VS o) )
AN U A= R R WO
AN AR DD WP Ao
W N W LW =N WO
e e e e e e e

(i1) Suppose G = G,(3) and T has diagram
o— 69

and let y' € A13(y,). Setnj = [{yy, v} N A;(y)|. Then:

jl1012 3 4 5 6 7 8 9 1011 12 13
nj|1 61523 24 26 25 25 26 24 23 15 6 1

(iii) Suppose G = G,(3) and T" has diagram
—@—0

and let y; € A12(yy), i =1, ..., 14 be B-orbit representatives of A12(y,). Set
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ni.j = vy, v} N Aj(vp)l Then:

j 012 3 4 56 7 8 91011 12
nijna; 136 9 91012109 9 6 3 1
najne; |15 9 131313 18 13 13 13 9 5 1
nsj,ne; |16 14 17 2529 26 29 25 17 14 6 1
ning; 135 6 6 7 7 8 7 7 5 3 1
noj,nio, |15 1215 18 18 16 18 18 15 12 5 1
nnn, (135 77 8 77 6 6 5 3 1
nizona, |15 8 121213 16 13 12 12 8 5 1

Apartments of GABs associated with Ug(2) and SZ; (2). The GAB’s for Ug(2) and
Q; (2) possesses apartments (see [Kantor 1981]), viewed as the fixed chambers of
T. For Ug(2) we take T to be a cyclic group of order 4, and for 93(2) we take
T to be an elementary abelian group order 4, see [Kantor 1981]. In both cases
the apartments are isomorphic and have diameter 8. They also have the property
that the distance between any two chambers in the apartment (as measured in the
apartment) is the same as in the chamber graph. So this is something one expects
from a building. However, for Q; (2) the diameter of its chamber graph is 9, so
not equal to the diameter of the apartment— unlike the situation in a building.

Theorem 2.2. Suppose G = Q;(Z), let T denote a GAB associated to G. Set
C=C(I'), and let y, be a fixed chamber of C. Put B = Stabg (y,)).
An apartment, A, of I' containing vy, cuts the discs as follows.

4 5 6

Disciof C(I') | O 3 789
1 8 11 13 13 8 2 0

2
AN A; ()l 5

1
3

Let AN Ag(yy) = {y), Vo). For j = 1,2 the geodesic closure of the y,, y; cuts
the discs as follows.

DisciofC(I') |01 2 3 4
1

5678
{0, 7,1 N A (1)l 34444431

The graphs on the next page are the geodesic closures {y,, y,} and {y,, y,}. The
type of adjacency between two connected chambers is shown by the labelling on
the edges, where

e—o —o
1 2 3

The set of chambers in both geodesic closures are subsets of the apartment. The
intersection between {y,, y,} and {y,, y,} has size 18 and the chambers that lie in

both geodesic closures are labelled with squares rather than circles.
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Geodesic closures (see Theorem 2.2).

Theorem 2.3. Suppose G = Ug(2), and let I denote a GAB associated to G. Set
C =C(I"), and let y, be a fixed chamber of C. Put B = Stabg (y,,).
An apartment, A, of T' containing vy, cuts the discs as follows.

4 5 6

Disci of C(T) | 0 3 7
1 8 11 13 13 9

2 8
AN A; ()] 5 1

1
3
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Let AN Ag(y,) = {y'}. The geodesic closure of y,, y' cuts the discs as follows.

2345678

Disc i of C(I') 01
134444431

o, v'1 0 Ai (%)

The graph for the geodesic closure of the only B-orbit in the last disc of the
apartment in the GAB of Ug(2) is identical to the first diagram on page 197.

Again, the set of chambers in the geodesic closure in Theorem 2.3 is a proper
subset of the apartment (once more not very building like).

Maximal opposite sets. A maximal opposite set of chambers is a set of chambers
of maximal size subject to having the property that any two chambers are opposite
to each other, meaning that their distance apart is the diameter of the graph.

Theorem 2.4. If G = G,(3) and " has diagram
o — 06—

then a maximal opposite set of chambers consists of three chambers.

Proof. Suppose G = G,(3) and I" has diagram
o—06—°

Since G, is transitive on A13(y,), we may assume our maximal opposite set con-
tains {y,, y;}, where y; € A3(y,) is the chamber corresponding to B x D B[149]
(the right coset of B containing D B[149]). We identify a chamber y with the
triple {F1(y), F2(y), F3(y)} which corresponds to a point-line-quad triple. Us-
ing the action of B, we determine A13(y,), and by applying D B[149] to this set
we obtain A13(y;). We can then see that [A13(y,) N Aiz(yy)| = 1. If we take
¥ € A13(yy) N A13(y;) we can see that [A13(y,) N Az(y) N A13(y,)| =0, and so
{o» 1> v») 1s a maximal opposite set. ([

Theorem 2.5. If G = G,(3) and " has diagram
——0

then each choice of the B-orbits in the last disc gives rise to a maximal opposite
set of chambers consisting of four chambers. In particular all maximal opposite
sets consist of four chambers.

Proof. We proceed as in Theorem 2.4, starting with y, but then there are 14 possible
choices of y; € A12(y,) (one from each B-orbit in A2(y,)). We give the details for
v, being the chamber corresponding to B x D B[8] (the right coset of B containing
D B[3]). We use MAGMA to calculate A1>(y;) and find that A2(y) N Aa(y,) is
comprised of 21 chambers. One of these 21 chambers, y,, has the property that
[A12(¥y) N A12(y;) N Ara(y,)| = 2. Two of the other twenty chambers give rise to
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an intersection of 1 and the others to 0. Taking y; to be either of the chambers in
Ap(y) NAR(y))NA12(y,) we find that A12(y) NAR(Y)NALR(Y,)NAR(;) =D.
Hence y, is contained in a maximal opposite set with four chambers, so proving
the theorem. (I

Perhaps the most surprising overall result was how unalike the chamber graphs
of buildings and the chamber graphs of these GABs appear. In [Carr and Row-
ley 2018] and [Rowley 2009] all the geometries investigated were in some sense
“building like”, indeed their chamber graphs had at most two B-orbits in their final
disc. The only GAB investigated here displaying this type of behaviour was G,(3)
with diagram

o—6—0

There were also differences by other measures. For the two groups, 93(2) and
Us(2) possessing apartments we found that the geodesic closures were proper sub-
sets of the apartments rather than being equal. Furthermore the apartment of 93(2)
did not even span the whole diameter of the chamber graph as it would were it a
building.

Perhaps it would be of interest to try and characterise why a limited number of
these GABs have so few B-orbits in their last disc while most have so many. Could
it be that there is a more unifying lens through which to view these chamber graphs
that would justify the name “geometries that are almost buildings”?
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Groups of compact 8-dimensional planes:
conditions implying the Lie property

Helmut R. Salzmann

The automorphism group ¥ of a compact topological projective plane with an
8-dimensional point space is a locally compact group. If the dimension of X is
at least 12, then ¥ is known to be a Lie group. For the connected component A
of X it is shown that dim A > 10 suffices, if A is semisimple or does not fix
exactly a nonincident point-line pair or a double-flag. A is also a Lie group, if
A has a compact connected 1-dimensional normal subgroup and dim A > 11.

1. Introduction

A systematic study of compact 8-dimensional projective planes began with [Salz-
mann 1979]. Many of the results obtained in the following 15 years are presented
in Chapter 8 of the treatise Compact projective planes [Salzmann et al. 1995].
An up-to-date account of more recent contributions to the theme can be found
in [Salzmann 2014]. The classical model, the projective plane over the quaternion
field H, has the automorphism group PSL3;H of dimension 35. If P = (P, £) is
any other compact 8-dimensional plane, then its automorphism group X = Aut P,
taken with the compact-open topology, is a locally compact transformation group
of the point space P as well as of the line space £, and dim X < 18. All planes P
such that dim ¥ > 17 have been described explicitly [Hahl 1986; Salzmann 2014].
The goal is to extend these results and to determine all pairs (P, A), where A is a
suitable connected subgroup of AutP. As in the cases of finite projective planes or
compact connected planes of smaller dimension, such a classification is possible
only if the group —in our case its dimension —is not too small. An important step
is to show that A is a Lie group. In all known examples, lines are homeomorphic
to the 4-sphere Sy, each closed proper subplane is connected and has a point space
of dimension 2 or 4, and X is even a Lie group. In general, however, it is only
known that lines are homotopy equivalent to Sy; it is conceivable that some planes

MSC2010: 22D05, 51H10.
Keywords: topological plane, Lie group.
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have compact O-dimensional subplanes; and it is an open problem whether or not
¥ is always a Lie group. According to [Priwitzer 1994], the following theorem
holds: if dim ¥ > 12, then X is a Lie group. Depending on the structure of a
connected subgroup A and the configuration Fx of its fixed elements (points and
lines), sharper bounds will be obtained here.

2. Preliminaries and background

This section contains a collection of basic facts. P = (P, £) will always be a com-
pact 8-dimensional projective plane if not stated otherwise; A denotes a connected
closed subgroup of AutP.

Notation. The notation is more or less standard and agrees with that in the book
[Salzmann et al. 1995]. A flag is an incident point-line pair; a double flag consists
of two points, say u, v, their join uv, and a second line in the pencil £,. Homeo-
morphism is indicated by &~. As customary, Csa I" or just Cs I" is the centralizer
of I' in A. Distinguish between the commutator subgroup I and the connected
component I'! of the topological group I". The coset space A/T" ={I'§ | § € A}
has the (covering) dimension A : I' =dim A —dimI". The group A 4] consists
of the axial collineations in A with axis A and center c. A collineation group I' is
said to be straight if each orbit x! is contained in some line. In this case a theorem
of Baer [1946] asserts that either I' = I'[; 47 is a group of axial collineations or the
fixed configuration Fr is a Baer subplane.

2.1. Baer subplanes. It is known that each 4-dimensional closed subplane B of a
compact 8-dimensional plane P is a Baer subplane; i.e., each point of P is incident
with a line of B (and dually, each line of P contains a point of B); see [Salzmann
2003, §3] or [Salzmann et al. 1995, 55.5] for details. Lines of a Baer subplane are
homeomorphic to S,. If P contains a closed Baer subplane B, it follows easily that
the pencil of lines through a point outside B is a manifold, and hence, the lines of
‘P are homeomorphic to Sy; see [Salzmann et al. 1995, 53.10] or [Salzmann 2003,
3.7]. By aresult of Lowen [1999], any two closed Baer subplanes of P have a point
and a line in common. Generally, (M) will denote the smallest closed subplane of
‘P containing the set M of points and lines. We write 5 < P if BB is a Baer subplane.

2.2. Stiffness. In the classical plane H, the stabilizer A = X, of any frame ¢
(= nondegenerate quadrangle) is isomorphic to SO3R; in particular, A is compact
and dim A = 3. In any plane, A can be identified with the automorphism group
of the ternary field H; defined with respect to e. The fixed elements of A form
a closed subplane £ = F,. It is not known if £ is always connected or if A is
compact in general. Therefore, the following stiffness results play an important
role:
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(1) dim A <4 [Bodi 1994].

(2) If Fa is connected or if A is compact, then dim A < 3 [Salzmann et al. 1995,
83.12-13].

(3) If Fp is contained in a Baer subplane B, then F is connected and the con-
nected component A' of A is compact ([Salzmann et al. 1995, 55.4 and 83.9]
or [Salzmann 1979, (*)]).

(4) If, moreover, B is A-invariant, then dim A <1 [Salzmann et al. 1995, 83.11],
(21) if Fp itself is a Baer subplane, then A is compact [Salzmann et al. 1995, 83.6].
(5) If A is compact, then A is commutative or A' = SO3R [Salzmann 1979, 2(1)].

(6) The stabilizer Q2 of a degenerate quadrangle has dimension at most 7 [Salz-
mann et al. 1995, 83.17].

(7) Ifdim Q =7, then Q' = ¢® - SO4R and lines are 4-spheres [Salzmann 1979,
(**)].
() If a subgroup ® = SO3R of A fixes a line W, then each involution in ® is

planar. Either ® has no fixed point on W or Fg is a 2-dimensional subplane
[Salzmann 2010, Observation].

2.3. Fixed elements. The Lefschetz fixed-point theorem implies that each homeo-
morphism ¢ : P — P has a fixed point.

(a) By duality, each automorphism of P fixes a point and a line [Salzmann et al.
1995, 55.19].

(b) The solvable radical P = /A of A fixes some element of P.

(c) If Fa = O, then A is semisimple with trivial center, or A induces a simple
group on some connected closed A-invariant subplane.

Proof. Argument (A) If ® is a commutative connected normal subgroup of A
and if 1 # ¢ € Cs ®, then p® = p for some point p, and either p® = p, or p®
is contained in a fixed line of ©, or p® generates a connected (closed) subplane
S = (p®) and ¢|s = 1. In the latter case, ® = ®|s # 1, and S is a proper subplane
of P.

(b) The claim will be proved by induction over the solvable length. Suppose that
A itself is solvable and that the normal subgroup ® has no fixed element. Let S
be a proper subplane as given by (A). If dim S = 2, then S has no proper closed
subplane [Salzmann et al. 1995, 32.7], and ® has a fixed element in S. If Sis a
Baer subplane, then (A) can be applied to ®; again Fg # @, say p® = p. Then
©|,a = 1. Either A fixed some element or D = ( p?) is a proper subplane. In the
latter case, A|lp = (A/®)|p has a fixed element by induction.
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(c) This will be proved successively for planes R of dimension 2, 4, and 8. If A
is not semisimple, then P = /A # 1 by definition, and P fixes some element by
step (b), say p¥ = p. Assume also that Fo = @. Then p” is not contained in a
line and (p®) = S < R is a closed subplane; normality of P implies P|s = 1. If
¢ # 1is a central element of A, then (A) yields a common fixed element p of ¢
and P, and ¢|s =P|s = 1.

If dim R = 2, there is no proper closed subplane, Plg = 1 = |z, and A is
semisimple with trivial center, and hence A is strictly simple; see [Salzmann et al.
1995, 33.7] or [Salzmann 1967, 5.2]. If dimR =4, then P # 1 or ¢ # 1 implies
S #R,dimS = 2, and A = Als # 1 is simple. Finally, let dimR = 8. Then
S = (p?) <R, dimS <4, and F5 = @. Either dimS = 2 and Als is simple by
what has just been proved, or dimS =4 and A is semisimple with trivial center.
In the latter case A is simple by [Salzmann et al. 1995, 71.8]. ([

2.4. Dimension formula. By [Halder 1971] or [Salzmann et al. 1995, 96.10], the
following holds for the action of A on P or on any closed A-invariant subset M
of P, and for any point a € M:

dimA =dim A, +dima® or dima® =A:A,.

2.5. Approximation theorem, see [Salzmann et al. 1995, 93.8].

(a) Every locally compact group T has an open subgroup A which is an extension
of its connected component A' by a compact group.

(b) If A is locally compact and A A" is compact, then A has arbitrarily small
compact normal subgroups N such that A /N is a Lie group.

(¢) If, moreover, dim A is finite, then dim N = O for each sufficiently small sub-
group N < A.

2.6. Groups with open orbits. Let L be a line of the 8-dimensional plane P, and
let A be a closed subgroup of AutP with L® = L. If U C L is a A-orbit which
is open or, equivalently, satisfies dimU = dim L, then L is a manifold and A
induces a Lie group on U. It follows that all lines are manifolds homeomorphic
to S4 (adapted from [Salzmann et al. 1995, 53.2]).

2.7. Compact groups on S4 (Richardson). If a compact connected group ® acts
effectively on the 4-sphere S, and if ® has an orbit of dimension > 1, then ® is a
Lie group and (®, S) is equivalent to the obvious standard action of a subgroup of
SOsR on S4 or @ = SO3R has no fixed point on S [Salzmann et al. 1995, 96.34].

2.8. Theorem (Lowen). If the connected subgroup A of AutP fixes the line W
and if Ay is a Lie group for each x ¢ W, then A itselfis a Lie group.
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Proof. The following has been shown in [Lowen 1976]. Let (I', M) be a locally
compact connected transformation group of finite dimension, where X = M U co
is a Peano continuum, all cohomology groups H?(X, Q) are finite-dimensional,
and H?(X, Q) = 0 for some »n and all ¢ > n; moreover, the Euler characteristic
x(X, Q) # 0,1. If all stabilizers I'y with x € M are Lie groups, then I" is a
Lie group. This result applies to (A, P \ W): by [Salzmann et al. 1995, 51.6,
51.8, 52.12], the one-point compactification X of P\ W is homeomorphic to the
quotient space P/ W, and X is a Peano continuum (i.e., a continuous image of
the unit interval); moreover, X is homotopy equivalent to Sg, and X has Euler
characteristic x (X) = 2. O

2.9. Compact groups. Each compact connected group is of the form (AxA)/N,
where A is the connected component of the center and A is a direct product of
compact simply connected almost simple Lie groups; the kernel N is a compact
central subgroup of dimension dimN = 0. A compact connected commutative nor-
mal subgroup © of a connected group A is contained in the center of A [Salzmann
et al. 1995, 93.11, 93.19].

2.10. Groups of subplanes. The automorphism group of every proper connected
closed subplane is a Lie group by [Salzmann et al. 1995, 32.21, 71.2].

2.11. Lemma. Suppose that ® is a compact connected Lie group and that the
compact connected 1-dimensional group © is not a Lie group. If I' = ®O acts
effectively on a subspace M of the plane, if H = ® N O is finite, and if ©, = 1 and

®,, is finite for some a € M, then dima® > dima®.

Proof. First, let H= 1, so that ' = ®x®. If dima" = dima®, then the con-
nected component E of (®®), satisfies dim E = 1. Consider the restrictions of
the projection maps 7 : & — ® and ¢ : & — ©. Both maps are continuous
homomorphisms. The kernel ker = is contained in ®, = 1 and 7 is injective.
Compactness of @ implies that E is isomorphic to a closed subgroup of ®; hence,
& is a Lie group. From ker o < &, we infer that ker o is finite, and [Salzmann et al.
1995, 93.12] shows that o is surjective, but then ® would be a Lie group contrary
to the assumption. In the general case analogous arguments apply to the natural
maps 7 : & — ®/Hand p: E - ©/H. ]

2.12. Definition. For the remainder of this article, we shall call a compact, con-
nected 1-dimensional subgroup of A a serpentine subgroup. The letter ® will be
reserved for such subgroups. They are 1-tori or, more frequently, solenoids; the
latter are not Lie groups.
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3. No fixed elements

Suppose in this section that Fp = &.

3.1. Theorem. If dim A > 10, or if A is semisimple and dim A > 9, then A is a
Lie group.

Proof. By the approximation theorem, there is a compact O-dimensional central
subgroup N such that A /N is a Lie group. Suppose that 1 # ¢ € N, and let p® = p
be a fixed point of ¢. A slight variation of argument (A) in the proof of 2.3 shows
that £ = (p”) is a connected proper subplane.

(a) If dim €& = 2, then A induces on £ a group A* = A /K of dimension at most
8, and stiffness yields dim K < 3. Hence, dimK > 1 and A : K > 6. In particular,
£ is isomorphic to the classical real projective plane [Salzmann et al. 1995, 33.6],
and A* is a subgroup of SL3R. As A* has no fixed element, A* is simple by
[Salzmann 1967, 5.2] or [Salzmann et al. 1995, 33.1] (see also 2.3 above), and
then dim A* = 8, A* = SL3R. If A is semisimple, the kernel K is also simple,
and dim K = 3. In any case, dim A > 10 and dim K > 2. Because N induces a Lie
group on & (see 2.10 or [Salzmann et al. 1995, 32.21]), we may assume that N < K.
Either 7, <P for some ¢ € N\ {1}, or N acts freely on the set of exterior points
(points not belonging to £). In the first case, the stiffness result (4) would imply
dimK < 1. Hence, N, = 1 for each exterior point z on an inferior line L (a line
of £). If dim A; —dim A, =4, then A} induces a Lie group on the orbit z2Z by 2.6.
Therefore, N is finite, and A would be a Lie group. Consequently A : A, <2+ 3.
Choose two interior points a, b ¢ L and consider the stabilizer 2 = A, , p; it fixes
also the point L Nab and hence 3 collinear points of £. Linear algebra shows that
2 fixes all interior points of ab; moreover, dim 2 > 1 and Q|,x = 1. Thus, Fq
is a connected proper subplane of dimension 2 or 4, and N acts effectively on Fg,.
From 2.10 it follows that N is a Lie group, and so is A.

(b) Finally, let £ <P and note that A* = A|¢ has no fixed element. According to
[Salzmann et al. 1995, 71.4, 71.8], the group A* = A /K is strictly simple. Stiffness
shows dimK <1 and A : K > 8 (since dim A > 10 or dim K = 0). All possibilities
for A* are listed in [Salzmann et al. 1995, 71.8]; only PSL3; C has dimension > 8.
Hence, dim A > 16, and A is a Lie group by [Priwitzer 1994]. (]

Remark. Previously 3.1 was only known for dim A > 11; see [Salzmann 2010,
Theorem 1.1] or [Salzmann 2014, 2.1].

3.2. Compact normal subgroup. If A has a serpentine normal subgroup © and if
dim A > 9, then A is a Lie group or, conceivably, A = SL3;Rx® induces the full
collineation group on some invariant 2-dimensional desarguesian subplane.
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Proof. The proof follows the scheme of the previous one, and the same notation
will be used. If A is not a Lie group, then dim A =9 by 3.1.

(a) Let £ = (p”) be a 2-dimensional subplane. Again &£ is the classical real plane
and A* = A/K = SL3R is simple. Hence, ®N < K. Either A’ = A* or A’ is a
twofold covering of SL3R. In the first case, each involution in A’ is a reflection
of P (if g <P for some involution B, then N induces a Lie group on Fg by 2.10,
the induced map B|¢ is a reflection, (£, Fg) = P, and A would be a Lie group).
Consequently, there is a translation group Az 71 = R? for each interior axis L. It
remains an open problem whether or not ® must be a Lie group in this situation.

In the second case, the center of A’ contains an involution ¢ such that F, < P,
and the lines of P are homeomorphic to S4 (see 2.1). Moreover, ®|r = 1 by the
stiffness property [Salzmann et al. 1995, 71.7(a)] or by [Grundhéfer and Salzmann
1990, X1.9.3] (recall that ®|¢ = 1). Hence, ® acts freely on the set of points not
belonging to F,. Let L be a line of £ and put L’ = L \ F,. The group A’ has a
subgroup Y = SU, C, and the connected component ® of Y, is a torus. As L’ is
dense in L, it follows that ® acts effectively on L’ (note that £ is classical). Let
p € L’ such that p® # p,dim®, = 0, and ®,, is finite. We have ® N O = (1).
Therefore, Lemma 2.11 applies and shows that 1 = dim p® < dim p®® =2. By
[Salzmann et al. 1995, 96.24] or 2.7 above A is a Lie group.

(b) If (p2) = C < P, the lines of P are 4-spheres. From 2.3 and 2.9 it follows
that ®|¢ = 1 and that A|¢ is semisimple of dimension 8. By 2.3(c) and [Salzmann
et al. 1995, 71.8], the group A* = A|¢ is isomorphic to SL3R or to PSU3(C, r),
r < 1. For each of the unitary groups, there is an interior line L such that SU, C acts
nontrivially on the set L of exterior points of L. In particular, a maximal compact
subgroup of A has an orbit of dimension > 1 on L’. Recall that N acts freely on
the set of exterior points. By Richardson’s theorem, A, induces a Lie group on L'.
Hence, N and A are Lie groups. If A* = SL3R, then there exists a A-invariant
2-dimensional subplane of C [Salzmann et al. 1995, 72.3], and dim L2 =2fora
suitable line L. Hence, A’|;/ contains a circle group ®. Again ® acts effectively
on L'. The proof can now be completed exactly as at the end of step (a). (I

3.3. Normal vector group. If Fao = @, if A has a minimal normal vector subgroup
E, and if dim A > 7, then A is a Lie group.

Proof. From 2.3 it follows that 7 = Fg is a proper connected A-invariant subplane.
There is a compact group N < A such that A/N is a Lie group. We may assume
that dim N = 0, that N is not a Lie group, and that N|r = 1. Note that dim A <9
by 3.1. If F <P, then E|r = 1 by definition, and E would be compact by stiffness.
Hence, F is a 2-dimensional subplane.
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(a) First, let dim A = 9. Then the induced group A|r = A /K is simple by 2.3;
in fact, A /K = SL3R. A maximal compact subgroup ® of A is connected by the
Malcev-Iwasawa theorem, and N < ®. Consequently, dim ® =4 (or ® = SOz R by
[Salzmann et al. 1995, 93.12]), ® is a product of ®' and a compact group © = K!,
EN® =1, and E would be contained in A/K!, which is locally isomorphic
to SL;R.

(b) In the cases dim A € {7, 8} the induced group A /K is simple by 2.3, and then
A : K =3 [Salzmann et al. 1995, 33.6,7], but dim K < 3 by stiffness. O

Remark. 1f F, is not empty, E can be a group of axial collineations, and in the
case & < A there are no sharper results than in general.

4. Exactly one fixed element
Up to duality, we may assume that F consists of a line W.

4.1. Semisimple groups. If the semisimple group A fixes exactly one line and pos-
sibly some points on this line, and if dim A > 3, then A is a Lie group [Salzmann
2010, Theorem 1.3].

4.2. Theorem. If Fo = {W}and ifdim A > 9, then A is a Lie group.

Proof. (a) Again there exist arbitrarily small compact central subgroups N < A of
dimension O such that A /N is a Lie group; see 2.5. If N acts freely on P \ W, then
each stabilizer A, with x ¢ W is a Lie group because A,NN =1, and A is a Lie
group by 2.8.

(b) If x* =x ¢ W for some ¢ € N\ {1}, then x2 is not contained in a line, ¢|,s =1,
and € = (x®, W) is a proper connected subplane. Assume in this step that £ is 2-
dimensional. In this case the claim follows by similar arguments as in 3.1(a): let
A* = Al¢ = A/K. Then A : K < 6 by [Salzmann 1967, 3.19] or [Salzmann et al.
1995, 33.6] together with the dimension formula 2.4, and dim K < 3 by stiffness.
It follows that dimK =3, A : K= 6, and £ \ W is the classical real affine plane
[Salzmann 1967, 4.3]. As A* is a Lie group, we may assume that N < K. Again N
acts freely on the set of exterior points. The remainder of the proof is as in 3.1(a)
with W instead of L.

(c) If A is not a Lie group, the case £ < P will lead to a contradiction. Write again
A* = Alg = A /K. Note that K is compact and acts freely on the set of points not
in £. If A is transitive on W N E & S,, then a maximal compact subgroup of A
induces a Lie group on W by 2.7. Hence, K and A are Lie groups. Therefore, A
has a 1-dimensional orbit V. C W N E. Brouwer’s theorem [Salzmann et al. 1995,
96.30] (see also [Hofmann 1965]) shows that A|y = A/ T" has dimension at most 3.
Consequently dimI" > 6. Choose a point v € V, aline L in £ with v € L, and an
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exterior point z € L. By 2.6 we have dim z'* < 4. Note that A = (I', ;)" fixes V
pointwise and that dim A > 0. Because N acts freely on L\ £ and N < Cs A, it
follows that F, is a proper connected subplane. Now N is a Lie group by 2.10. [J

5. Collinear fixed points

Suppose in this section that A fixes a unique line W and one or more points on W.

S.1. Theorem. Let Fa = {v, W} be aflag. If dim A > 10, then A is a Lie group.

Proof. By the approximation theorem, there is a compact O-dimensional normal
subgroup N such that A /N is a Lie group. Because of 2.8 we may assume that
x¢ = x for some ¢ € N\ {1} and some x ¢ W. As x® is not contained in a line
and ¢|,a = 1, it follows that C = (x®, v, W) is a proper connected subplane. If
C is 2-dimensional, then dim A|s < 5 and dim A < 8 by stiffness. Therefore, C
is a A-invariant Baer subplane. The induced group Al = A /K is a Lie group
by 2.10. Hence, it may be supposed that N < K. Obviously, K acts freely on the
set of exterior points (points not in C), and dim K < 1 by stiffness. Thus, A : K> 9,
and C is isomorphic to the classical complex plane [Salzmann et al. 1995, 72.8].
Choose interior points u, w € W, an interior line L in the pencil £,, and an exterior
point z € L. If N is not a Lie group, then the connected component A of A, ,, ,
has positive dimension by 2.6, because A : A, , 1. < 6. Note that N c F, and that
A fixes all interior points of W, so that F, is a connected proper subplane. Now
N is a Lie group by 2.10. O

5.2. Theorem. If Fn = (u, v) and if dim A > 8, then A is a Lie group.
For a proof see [Salzmann 2017, Lemma 6.0'].

5.3. Proposition. If A fixes at least 3 distinct points and exactly 1 line, and if
dim A > 8, then A is a Lie group.

Remark. This follows from 5.2. An easy proof is given in [Salzmann 2017, 7.0'].

5.4. Compact normal subgroup. Suppose that Fx is a flag and that A has a ser-
pentine normal subgroup ©. If dim A > 9, then A is a Lie group.

Proof. This can be proved in a similar way as 5.1 and the first arguments are the
same. Again there is a A-invariant Baer subplane C and A|c = A /K is a Lie group.
Note that ® < Cs A by 2.9 and that ®|¢ is a Lie group.

(a) ®* =0|¢ does not contain any involution: as F is a flag, there is no reflection
in ®*. If ¢ is a planar involution in ®*, then C N F, is a A-invariant 2-dimensional
subplane and stiffness implies dim A <5+ 1. Hence, ®* =1 and ® < K.
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(b) Choose an interior line L € £,, and exterior points x € L and z € W. The
kernel K acts freely on the set of all exterior points. Result 2.6 implies that
1 <dimxX, dimz¥ <3, so that A = (A, ;)" has positive dimension. Recall that
N<K.PutI'=ONand £ = (x, zI'). ThenE < Fp isa proper connected subplane,
I acts faithfully on &, and I', N, and A are Lie groups (2.10). O

5.5. Compact normal subgroup. Assume that Fa = (u, v, w). Ifdim A > 7, and
if A has a serpentine normal subgroup ©, then A is a Lie group.

Proof. If A is not a Lie group, there exists a point p ¢ W = uv such that £ =
( pA, u, v, w) is a 2- or 4-dimensional subplane; see steps (a) and (b) in the proof
of 4.2. Put A|¢ = A /K. In the first case, A : K <3 and dim K < 3 by the dimension
formula and stiffness. Therefore, £ < P and lines are homeomorphic to S4. Recall
that ® < Cs A and that ®|¢ is a Lie group, either a torus or trivial. A torus would
contain a reflection [Salzmann et al. 1995, 55.21(c)], and A would fix some point
c ¢ W. Hence, £ = Fg and ® < K. There is a compact central subgroup N < A
such that A /N is a Lie group and N < K. As £ is maximal in P, the kernel K acts
freely on the set of points outside £ (the exterior points). Let x be an exterior point
on an interior line L in the pencil £,. Because of 2.6, we have A : A, < 4. Hence,
A = (A,)! satisfies dim A > 2. Stiffness implies that F, is 2-dimensional. KN
acts freely on F,, and N is a Lie group by 2.10, but then A is also a Lie group. [J

Arguments a little more intricate show that even the following is true:

5.6. Compact normal subgroup. Assume that Fa = (u,v). If dim A > 7, and if
A has a serpentine normal subgroup ®, then A is a Lie group.

Proof. Suppose that A is not a Lie group. Again there is a point p ¢ W = uv
such that £ = (p®, u, v) is a proper connected subplane; see steps (a) and (b) in
the proof of 4.2. Put A|¢ = A /K. There is a compact central subgroup N < A of
dimension dim N = 0 such that A /N is a Lie group and N < K.

(a) If £ is 2-dimensional, then dim K = 3 and A : K = 4. From [Salzmann et al.
1995, 33.9] it follows that £ is the classical real plane; moreover, each compact
subgroup of A|¢ is trivial, and ®|¢ = 1. Let L be a line of £ in the pencil £,
and consider a point x € L \ £ and a third point w e uvNE. Then A = Ay, has
positive dimension and fixes each point of uv N E. Hence, F4 is a proper connected
subplane, and N| r, is a Lie group by 2.10. This is true for each choice of x. As P
is generated by £ and at most two of such subplanes, N itself is a Lie group, and
sois A.

(b) Thus, £ <P and lines are homeomorphic to S4 by 2.1. Recall that ® < Cs A.
Again ®|¢ is a compact Lie group by 2.10, and ®|¢ is either a torus or trivial. In the
first case, the involution in ®|¢ is a reflection by [Salzmann et al. 1995, 55.21(¢c)],
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and A would fix its center and axis. Hence, ®|¢ = 1 and Fg = £. Choose L, x,
and w as in step (a). Because of 2.6, we have dimA, > 2. Put A = A, ,, and
note that ®N acts freely on L \ £. It follows that F, is connected and that N
acts effectively on F,. Hence, 4 = P and A, = 1 for each admissible w.
Therefore, A, is sharply transitive on a cylinder and A, has a torus subgroup W.
If the involution ¢ € W is planar, then ©®N acts effectively on F,, and N would be
a Lie group. Thus, ¢ is a reflection, its axis is L and its center is u. Interchanging
the roles of u and v, we find also a torus subgroup ® < A such that the involution
o € ® has the center v. We have Ay, 1 : Ay, <dimx® <3 and dim L% = A, :
Ay, = 5—3. Consequently A is transitive on the set of admissible lines L, which
is homeomorphic to R?. Therefore, ® fixes one of the lines L. This follows, e.g.,
from the much more general result [Poncet 1959, Théoréme a]. The axis of o is an
interior line in £, and o ¢ ®, so that ®, is finite. As L* ~ R? is simply connected,
a maximal compact subgroup X of Ay is connected [Salzmann et al. 1995, 93.10],
and X induces a connected group X on L \ £. The group ® yields a torus ® < X. If
dimX =2, then X = ®0 by [Salzmann et al. 1995, 93.12], and N < ®. Moreover,
®N O =1 because ® acts effectively on &, and dim x®® > 1 by 2.11. If dim X > 2,
then dim xX > 2 because X, < A, and X, is a torus. In both cases, X is a Lie
group by [Salzmann et al. 1995, 96.24], and then A is also a Lie group. (I

6. Nonincident fixed elements

If A fixes a nonincident point-line pair (and possibly further elements), then Lowen’s
criterion 2.8 does not apply.

6.1. Proposition. If A fixes a line W and if A is transitive on W, then A is a Lie
group [Priwitzer 1994, 2.1].

Alternative proof. By [Hofmann and Kramer 2015, Corollary 5.5], the induced
group Alw is a Lie group and W is a manifold; in fact, W ~ S4 [Salzmann et al.
1995, 52.3]. From [Salzmann et al. 1995, 96.19-22] it follows that A|y has a
transitive subgroup SOsR. The Malcev—Iwasawa theorem [Salzmann et al. 1995,
93.10] implies that a maximal compact subgroup ® of A is connected. The result
[Salzmann et al. 1995, 55.40] shows that ® has a subgroup T = SpinsR. The
central involution in Y is a reflection with some center a ¢ W. It suffices to show
that @ is a Lie group. By the approximation theorem, there is an arbitrarily small
central subgroup N < @ such that ®/N is a Lie group. As N centralizes each
stabilizer Y, with z € W, we conclude that N|y = 1, i.e., N consists of homologies
with axis W and center a. Select a point v € W and consider the action of &,
on the line av. Note that T, = Spin,R fixes a second point # € W, and that
T, has no subgroup of dimension 5. Put Y,|,, = Y, /K. The homology group
K has dimension at most 3. Hence, Y, has an orbit on av of dimension > 1, and
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Richardson’s theorem applies to ®,|,,. In particular, ®, induces a Lie group on av,
and then N is a Lie group. U

6.2. Semisimple groups. Suppose that Fa is a nonincident point-line pair {a, W},
A is semisimple, and dim A > 10. Then A is a Lie group.

Proof. By [Priwitzer 1994] we may assume that dim A < 12.

Case 1 (dim A = 11). Then A ="'V is a product of two almost simple factors,
where dimI" = 3.

(a) Suppose that A is not a Lie group, and denote the center of A by Z. If 'Z|w # 1,
then there is a point p such that G = (p'%, a, W) is a connected subplane (note
that 'l = 1 implies p! # p). If dim p¥ = 8, then A would be a Lie group
by [Salzmann et al. 1995, 53.2]. Therefore, ¥, # 1 and ¥ ,|g = 1, so that G is
a proper subplane (in fact a Baer subplane) and I'Z|g is a Lie group (see 2.10).
Thus, G = F; for some ¢ € Z. Consequently G2 = G, but A cannot act on the
4-dimensional plane G [Salzmann et al. 1995, 71.8].

(b) Hence, I'Z < A, wy. From [Salzmann et al. 1995, 61.2] it follows that the
almost simple group I" is compact. By [Salzmann et al. 1995, 55.32(ii)], the homol-
ogy group I" does not contain a pair of commuting involutions. Hence, I' = SU, C.
Moreover, I' has 3-dimensional orbits on any line av, v € W. The group W acts al-
most effectively on W and W is not a Lie group. Therefore, W |y = PSU; (C, 1). In
fact, W\ is strictly simple because Z|w = 1, and V| is different from PSL3; R and
from the compact group PSU3 (C, 0) because these groups admit only finite cover-
ings and W is not a Lie group. The kernel K of the canonical map « : ¥ — Wy is
contained in Z. Let ® be a maximal compact subgroup of W. Then ® is connected,
®“ ZU,C, and dim ® =4. As WV is not a Lie group, it follows that K is compact. If
lines are manifolds, then Richardson’s theorem as stated in [Salzmann et al. 1995,
96.34] applies and shows that ® has two fixed points on W. Let v® =v € W. Then
a maximal compact subgroup €2 of A fixes v, and 2 is connected by the Malcev—
Iwasawa theorem [Salzmann et al. 1995, 93.10]. Now £2|,, is a Lie group by 2.7,
and so are Z < Q and A. Thus, lines are not manifolds, and 2.6 implies that all
orbits of A on W have dimension < 4.

(¢) The structure theorem 2.9 shows that @' is a Lie group. In fact, & = SU,C
because ®“ Z SO3R. The restriction of x to @’ is an isomorphism, the involution
w € @' is in the center of ®, and w is not planar (or lines would be manifolds);
moreover, o is not a reflection with axis W. Hence, w € Ay, 4, for suitable points
u, v e W. Choose a maximal compact subgroup €2 of A such that & < €2, so that €2
fixes u and v. Both ®" and I" act effectively on au; the product of their involutions
is a reflection in A, 4. Hence, ®'T'|y, = SO4R. From dim ® = 4 it follows
that dim Q2 = 7. The structure theorem of compact groups [Salzmann et al. 1995,
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93.11] shows that €2 is a product of the connected component ® of its center and
the groups ®" and I'. Let U be some nontrivial orbit of & on au and note that
dimU < 4; in fact, dim U = 3 because I" acts freely on U. By [Salzmann et al.
1995, 96.13] we have dim 2|y < 6. Consequently 2 has a 1-dimensional normal
subgroup acting trivially on U. The only possible kernel contains ®, but ®|y # 1
since Z acts freely on U. This contradiction proves that dim A # 11.

Case 2 (dim A = 10). Then A/Z = PSp,;R = O4(R, 2); note that the other two
10-dimensional simple groups have simply connected double coverings [Salzmann
et al. 1995, 94.33] and hence cannot be images of non-Lie groups.

(a) The center Z acts freely on C = {x € P\ W | x # a}: suppose that p’ = p
for some p € C and ¢ € Z\ {1}. Then ¢|,» = 1, by assumption p? is not
contained in a line, and D = (a, p®, W) is a proper connected subplane. The
induced group A|p is locally isomorphic to Sp, R, and D is a Baer subplane, but
then dim A|p < 8 because A fixes a, W € D. (According to [Salzmann et al. 1995,
72.8] a 4-dimensional plane with a group of dimension > 8 is classical, and A|p
would be contained in GL, C; see also [Salzmann 1971, 8.1].)

(b) If A contains a planar involution 8, then Z induces a Lie group on Fg, Fg = F;
for some ¢ € Z, and F; would be a A-invariant Baer subplane. This is impossible
for the same reasons as in step (a).

(c) As A/Z has a subgroup SO3R, the structure theorem 2.9 shows that A has
a subgroup ® = SU,C: in the case ® = SO3R one of 3 pairwise commuting
reflections of ® would have the axis W [Salzmann et al. 1995, 55.35], but SO3 R
is simple.

(d) Suppose that lines are manifolds. Then W ~ S, by [Salzmann et al. 1995, 52.3].
Some orbit of ® on W has dimension at least 2. Consequently A induces a Lie
group A /K on W (use Richardson’s theorem 2.7). The structure of A shows that
a maximal compact subgroup €2 of A is 4-dimensional. As K <Z and dimZ =0,
it follows that dim 2 /K = 4. Note that Q' = ® = SU, C. Richardson’s theorem as
stated in [Salzmann et al. 1995, 96.34] shows that either ®|y = @ has exactly two
fixed points u, v € W, where v is the center of the involution ¢ € ®, or |y = SOz R
has a circle of fixed points and the central involution ¢ € ® is a reflection with
axis W. In any case, there is a point v € W such that v® = v and ®|,, = ®. By 2.7
each orbit ¢® with a, v # ¢ € av is a 3-sphere. It follows that the orbit space av/®
is a closed interval J. The compact group K < A4 w) induces a group of order-
preserving homeomorphisms on J. Each endpoint b = ¢® of an orbit x¥ c J is
a fixed element of K. Hence, K maps ¢?® onto itself. As K is central, ¢¥ = ¢9®)
defines an injective continuous homomorphism K — ®. Consequently K is finite
and Q2 would be a Lie group.
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(e) Thus, lines are not manifolds, and by 2.6 each orbit of (a subgroup of) A on
a line has dimension at most 3. The group 2 is a product ®®, where © is the
connected component of the center of 2, ® N ® < (o) is trivial or generated by
the involution o € ®, and ® is not a Lie group.

(f) Suppose that o is not a reflection with axis W. Step (b) shows that o has some
center u € W and an axis av with v € W. Consider an arbitrary point z € ¥ :=
WA {u, v}. We have dim ®, = 0, and &, is finite. With [Salzmann et al. 1995,
93.6] it follows that dim A, = 7 and dim A,® = 10. Therefore, A = A;® and
72 =z®. Thus, Y2 =Y and {u, v} would be A-invariant, but Fx = {a, W}.

(g) Hence, o € A, w). Recall that a maximal compact subgroup 2 = ©® of A
has dimension dim Q = 4. If z2 € W is a nontrivial orbit, and if A| 2 =A/K
then the kernel K is contained in Z (because A is almost simple). Therefore, €2
acts almost effectively on z*. By [Salzmann et al. 1995, 96.13(a)] either 7 =z
or dim z* = 3. Consequently, dim z® = 3 for each z € W. (Note that z* # z. If
dimz® <3, then Q%|.a =1 forall § € A. As A is generated by all conjugates of £,
this is impossible.)

(h) ® has (at least) 2 fixed points u,v € W. This follows from [Lowen 1976,
Lemma 1 or 2]; see also 2.8 above.

(i) By 2.5, there is a sufficiently small compact central subgroup E of A such that
A/E is a Lie group. Put N=® N E. Then ® /N is a Lie group, and so is £2/N.
Hence, A /N is also a Lie group. Denote the canonical map A — A /N by A. The
quotient space M = A*/(A,)" is a manifold, and M can be written in the form

((Ny |y e AINS |8 e Ay ={A8|8€ A} =A/A, ~v™>,

since N < © < A,. Therefore, v2 is a 3-manifold. If v¥* # v, then [Salzmann et al.
1995, 96.11(a)] implies v = v2. As ® < Cs Q, we have ®l],2 = 1 and hence
®l,» =1, i.e., O is in the kernel of the action of A on M. This kernel is contained
in Z because A is almost simple. Consequently dim ® = 0, a contradiction showing
that v$* = v.

(j) Consider the action of 2 and of ® on K :=av \ {a, v}. The only involution
in ® is the reflection o with axis W. Therefore, dim ®. = 0 for each ¢ € K,
and the compact group @, is finite. Let I' = (A,)! and note that dimT" = 7,
dimc" =dimc¢® =3, dimI'. =4, dim.® =7, and hence ' =T ®, c® C " =c®.
As A /Zis a Lie group and Z, = 1 by step (a), it follows that the stabilizer [1 = ®, is
a Lie group. The condition ¢” = ¢#®) defines a continuous injective isomorphism
of the compact group ®/II onto a closed subgroup of ®. Hence, ®/I1 is a Lie

group, and so are ® and A. U
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6.3. Compact normal subgroup. Suppose that Fa ={a, W} is a nonincident point-
line pair. If A has a serpentine normal subgroup © and if dim A > 11, then A is a
Lie group.

Proof. (a) © is contained in the center Z = Cs A (see 2.9), and A /Z is a Lie group.
Assume that Z is not a Lie group. If Z|y # 1, there is some point p ¢ W such
that pZ Z ap, and Aplipzy = 1. From [Salzmann et al. 1995, 53.2] it follows that
dim A, > 4. Thus, £ = p?) is a proper connected subplane, and Z|¢ is a Lie group
by 2.10. Therefore, ¢ |¢ = 1 for some ¢ € Z\ {1}. In particular, p® = p, Clps =1,
dim pA <4, and dim A, > 7. This contradicts stiffness and proves that Z < A, w).

(b) By assumption, A has no fixed point on W, and 6.1 shows that A is not tran-
sitive on W. Hence, there is some orbit V = v® C W such that 0 < dimV < 4.
Choose points u, w € V and ¢ € av \ {a, v} and note that dimc®* < 4 by 2.6. If
A = A, w #1, then Fj is a proper connected subplane, Z acts freely on Fp, and
Z would be a Lie group by 2.10. We have dim A, > 5 and dim u® = 3 for each
u € V \ {v}. Consequently A is doubly transitive on V.

(c) By [Salzmann et al. 1995, 96.16-17], either V is compact and the induced
group A* = Aly is isomorphic to one of the simple groups PSL4R, O5(R, 1), or
PSU3(C, 1), or A* is an extension of R} &~ V by a transitive linear group. In the
first case dim A > 15 and A is a Lie group. In the last case, dim wher < 1, A #*1,
and A is also a Lie group. Only two possibilities remain: A* is a simple group of
dimension 10 or 8.

(d) If dim A* = 10, then a maximal semisimple subgroup ¥ of A is isomorphic
to the simple group O5(R, 1) or to its double cover U, (H, 1); a maximal compact
subgroup @ of W is isomorphic to SO4R or to Spiny R. Accordingly ®, = SO3;R
or ®, = Spiny R. In the first case, &, would contain a reflection with axis W, but
SO3R is simple. Hence, T = @, is simply connected. The involution w € Y is
contained in A, wi, and each orbit ¢, ceav \ {a, v}, is 3-dimensional. Hence,
w ¢ Y. and Y, is finite. Moreover, ®, =1 and T NO < (w). Lemma 2.11, applied
to Y@, shows that dimcY® = 4. By 2.7 the group ® is a Lie group and so is A.

(e) Finally, let A* = A/K = PSU;(C, 1). Note that the central group ® is con-
tained in K. There exists an 8-dimensional semisimple subgroup ¥ of A (see
[Salzmann et al. 1995, 94.27] or apply Levi’s theorem [Salzmann et al. 1995, 94.28]
to a Lie approximation of A). Consequently K = /A is the radical, A = WK, and
K < Csp . Suppose that zX £z e W, let ¢ € az \ {a, z}, and put A = ¥... If
dim A = 0, then dimc® = 8, and A would be a Lie group by [Salzmann et al.
1995, 53.2]. As A fixes a connected set of points on W, it follows that & = Fp
is a connected proper subplane, and £ = £ because ® < Cs A. The fact that
Oly = 1 implies that ® acts effectively on &, so that ® would be a Lie group by
2.10 above. Therefore, K < A[, w1, and K contains a compact connected subgroup
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of dimension at least 2 by [Salzmann et al. 1995, 61.2]. If lines are manifolds,
the claim follows from Richardson’s theorem 2.7. In the other case, 2.6 shows
dim z® < 4 for each z € W. In fact, A is doubly transitive on each orbit z* € W;
see step (b) of the present proof. Moreover, all transformation groups (A /K, U),
where U is an orbit of A on W, are equivalent to (PSU3 (C, 1), S3) by [Salzmann
et al. 1995, 96.17(b)]. Consequently, A, has a fixed point in each of these orbits.
Let again ¢ € av \ {a,v}. Then dimc® < 4, A = A, fixes a quadrangle, and
dim A > 5. This contradicts stiffness and completes the proof. U

7. Fixed double flag

Throughout this section, let Fa = (u, v, av) be a double flag.

7.0. Fact. If a semisimple group A fixes a double flag, then dim A < 10 [Salzmann
2014, 6.11].

7.1. Semisimple groups. Suppose that Fp is a double flag. If A is semisimple and
if dim A > 10, then A is a Lie group.

Proof. (a) We have dim A = 10 by 7.0, and A is almost simple. Let ® be a
maximal compact subgroup of A. If A is not a Lie group, then A maps onto
PSp,R (or else @ is locally isomorphic to SOx R, k € {4, 5}, and A would be a Lie
group). Hence, @’ is locally isomorphic to SU, C. The center Z of A is an infinite
compact 0-dimensional subgroup, and Z acts freely on P\ (uvUav): if x* =x
for some x not on a fixed line and ¢ € Z\ {1}, then ¢ |2y =1 and (x®) is a proper
connected subplane, but the almost simple group A cannot act on this subplane
[Salzmann et al. 1995, 71.8]. By the Malcev-Iwasawa theorem Z < ®.

(b) Any involution o € ® is a reflection with axis av; in particular, ® = SU,C
and ®'|,, = SO3R. In fact, o is not planar (or else Z would induce a Lie group on
Fs and the kernel of the induced action would not act freely on P \ (uv Uav)). If
0 € Ajq,uv], then o0 would be a normal subgroup of translations of dimension
A A, Hence, o € Ay gv)-

(¢) Z consists of homologies with axis av. Suppose that a # a. Then dim A, <7
by [Salzmann 1979, (*)] or [Salzmann et al. 1995, 83.17], and d = dima® > 3.
It follows that av &~ Sy: in the case d = 3, dim A, = 7 [Salzmann 1979, (**)];
otherwise apply 2.6. Moreover, 2.6 implies that ®|,, is a Lie group, since @’ has
an orbit of dimension > 1 on av. More precisely, ®|,, = SO3R and ® = VO acts
trivially on av; see the explicit form of Richardson’s theorem in [Salzmann et al.
1995, 96.34].

(d) A acts faithfully on uv, in particular, ®y,,; = 1: this holds since A is almost
simple and Ap,y) <Z < Ay
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(¢) Recall that &' = SU, C and that ® = '@ is not a Lie group. If dim z® =2 for
some z € uv \ {u, v}, then q>2 would contain an involution o, but ¢ is a reflection
in @[, 4. Hence, dim z® =3 < dim z®. Note that all the assumptions of Lemma
2.11 are satisfied by @ instead of I'; in fact, &’ NO < (o), ® < A, 40}, and O, =1;
moreover, dim @, =0 and &’ is finite. Consequently dim z® =4 and 2.6 implies
that A is a Lie group. 0

7.2. Compact normal subgroup. If A has a serpentine normal subgroup ©, and
ifdim A > 11, then A is a Lie group.

Proof. Assume that A is not a Lie group. By the approximation theorem, there is
a compact subgroup N < A such that A /N is a Lie group and dim N = 0. From 2.9
it follows that I' := ®N < Cs A.

(a) If I is straight, then Fr <P or I" is a group of axial collineations with fixed
center and axis in Fa [Baer 1946]. In the first case, A induces on Fr a group of
dimension at most 6, and dim A <7 by stiffness. Letting a € 7, we get dim A, <5.

(b) If T has the center v, then the axis passes through u and is fixed by A, i.e.,
I' < Apy,uv) and I'y, = 1. From 2.6 it follows that there is a suitable point a such
that dima® < 4. Let z € uv \ {u, v}. The group I' acts effectively on the connected
subplane D = (a", z, u) and Ay zlp =1. In the cases D < P both I" and A would
be Lie groups by 2.10. Therefore, A, , =1,dim A <7, and dim A, < 4.

(c) If " has the center u, then the axis of I' is av. For a given point a there are
points z € uv and b € au such that dim z*, dim b < 4. As I' is not a Lie group, the
connected subplane D = (a, b, v, z'') coincides with P. Consequently A, p . =1,
so that dim A, < 6 and dim A < 10.

(d) If I is not straight, there is a point x such that £ = (xr, u, v, av) is a connected
subplane and A, |¢ = 1. In particular, I'y|¢ = 1 and I" acts effectively on £. Again
& =P, and then dim A <7 by 2.6. Similarly, dim A, < 6. (|

Remark. In any case, dim A, < 6. This proves 8.2.

8. Fixed triangle
Let Fa = {a, u, v} be a triangle.

8.0. Theorem. Ifdim A > 10, then A is a Lie group.

Proof. If A is not a Lie group, then 2.6 implies that A has only orbits of dimension
at most 3 on two sides of the fixed triangle, say on uv and av. Hence, dim A, =7
for z € uv\ {u, v}, and [Salzmann 1979, (**)] applies to A,. Choose c € av \ {a, v}
and put x =azNcu. Then dim A, ; >4, but 2.2(7) or [Salzmann 1979, (**)] asserts
that A, = SO3R, a contradiction. O
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8.1. Semisimple groups. If Fa is a triangle, if A is semisimple, and if dim A > 9,
then A is a Lie group.

Proof. Suppose that A is not a Lie group. Only the case dim A = 9 has to be
considered. Then A has a 3-dimensional factor I" which is not a Lie group. Either
the complement W of I is locally isomorphic to SL, C, or W is a product of two
3-dimensional factors. Let D = P \ (au U av Uuv).

(a) The center Z of A acts freely on D: if x* = x € D for some ¢ € Z\ {1}, then

(x®) is a proper subplane, and dim A, > 5 contrary to stiffness 2.2.

(b) I'lyy # 1 and T'/Z = PSL, R: in the case I' < A[, 4y it would follow from
[Salzmann et al. 1995, 61.2] that I" is compact and hence a Lie group. For the
same reason, I" acts nontrivially on the other sides of the fixed triangle.

(c) There is at most one fixed line, say uv, such that Z|,, is a Lie group: otherwise
I" itself would be a Lie group.

(d) dimx?® < 6 for each x € D, and dim A, > 3: as Z|,, and Z|,, are not Lie
groups, 2.6 implies that all orbits on these two sides of the fixed triangle have
dimension < 4.

(e) There is some p € D such that (ZWV), =1, and A = (Ap)1 satisfies dim A = 3;
moreover, (T'Z), = 1: if p Z ap (such a point p exists by step (b)), then (p") is
a connected subplane, and (p'?) = P, or else Z would be a Lie group by 2.10. On
the other hand, (Z¥),|,rz =1, dim p¥ =6, dim A, = 3 by step (d), (pYy="p,
and (I'Z) | v = 1.

(f) A =T'/Z and any involution 1 € A is planar: consider the canonical epimor-
phism « : A — A/Z and note that A* = ' xW¥*. Let & be the projection onto
the first factor. Then x : A = A” since ANZ = 1. The restriction 7 : A* — I'*
is injective because A N WZ = 1, and it is surjective since dim A = dimI" = 3
[Salzmann et al. 1995, 93.12]. A reflection in A would have one of the fixed lines
as axis, but A is simple; moreover, ¢ fixes a nondegenerate quadrangle. Therefore,
¢ is indeed planar. Now Z acts effectively on F, by step (a), and Z is a Lie group
contrary to the assumption. ([

lp

8.2. Compact normal subgroup. If A has a serpentine normal subgroup ®, and
ifdim A > 7, then A is a Lie group (see the remark after 7.2).

Summary

The following table lists our conditions implying that A is a Lie group. There
are always three conditions to be combined: the first column specifies the fixed
configuration Fy, the first row lists possible assumptions on the structure of A, and
in the body of the table, a lower bound for dim A is given. The abbreviations in
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the first line mean, in this order, that A is semisimple, that A contains a serpentine
normal subgroup in the sense of 2.12, that A contains a normal vector group, or
that no condition is imposed on the structure of A.

Fa As-s O<aA R'«A A arbitr. references
o] 9 o* 7 10 3.1, 3.2, 3.3
{W} 4 9 4.1, 4.2
flag 4 9 10 4.1,5.4, 5.1
{(u, v) 4 7 8 4.1, 5.6, 5.2
(u, v, w) 4 8 4.1,5.5, 5.3
{o, W} 10 11 12 6.2, 6.3, [Priwitzer 1994]
{(u, v, ov) 10 11 12 7.1, 7.2, [Priwitzer 1994]
(o, u,v) 9 7 10 8.1, 8.2, 8.0
arbitrary 10 11 12 [Priwitzer 1994]

Here 9* means that also A = SL;Rx ® is conceivable.

References

[Baer 1946] R. Baer, “Projectivities with fixed points on every line of the plane”, Bull. Amer. Math.
Soc. 52 (1946), 273-286. MR Zbl

[Bodi 1994] R. Bodi, “On the dimensions of automorphism groups of four-dimensional double
loops”, Math. Z. 215:1 (1994), 89-97. MR Zbl

[Grundhéfer and Salzmann 1990] T. Grundhofer and H. Salzmann, “Locally compact double loops
and ternary fields”, pp. 313-355 in Quasigroups and loops: theory and applications, edited by O.
Chein et al., Sigma Ser. Pure Math. 8, Heldermann, Berlin, 1990. MR Zbl

[Héhl 1986] H. Hihl, “Achtdimensionale lokalkompakte Translationsebenen mit mindestens 17-
dimensionaler Kollineationsgruppe”, Geom. Dedicata 21:3 (1986), 299-340. MR Zbl

[Halder 1971] H.-R. Halder, “Dimension der Bahnen lokal kompakter Gruppen”, Arch. Math. (Basel)
22 (1971), 302-303. MR Zbl

[Hofmann 1965] K. H. Hofmann, “Lie algebras with subalgebras of co-dimension one”, Illinois J.
Math. 9 (1965), 636-643. MR Zbl

[Hofmann and Kramer 2015] K. H. Hofmann and L. Kramer, “Transitive actions of locally compact
groups on locally contractible spaces”, J. Reine Angew. Math. 702 (2015), 227-243. Correction in
702 (2015), 245-246. MR Zbl

[Lowen 1976] R. Lowen, “Locally compact connected groups acting on Euclidean space with Lie
isotropy groups are Lie”, Geometriae Dedicata 5:2 (1976), 171-174. MR Zbl

[Lowen 1999] R. Lowen, “Nonexistence of disjoint compact Baer subplanes”, Arch. Math. (Basel)
73:3 (1999), 235-240. MR Zbl

[Poncet 1959] J. Poncet, “Groupes de Lie compacts de transformations de 1’espace euclidien et les
spheres comme espaces homogenes”, Comment. Math. Helv. 33 (1959), 109-120. MR Zbl


http://dx.doi.org/10.1090/S0002-9904-1946-08557-2
http://msp.org/idx/mr/0015220
http://msp.org/idx/zbl/0061.30810
http://dx.doi.org/10.1007/BF02571700
http://dx.doi.org/10.1007/BF02571700
http://msp.org/idx/mr/1254814
http://msp.org/idx/zbl/0809.22005
http://msp.org/idx/mr/1125817
http://msp.org/idx/zbl/0749.51016
http://dx.doi.org/10.1007/BF00181535
http://dx.doi.org/10.1007/BF00181535
http://msp.org/idx/mr/867163
http://msp.org/idx/zbl/0605.51011
http://dx.doi.org/10.1007/BF01222579
http://msp.org/idx/mr/0293003
http://msp.org/idx/zbl/0218.54033
http://dx.doi.org/10.1215/ijm/1256059306
http://msp.org/idx/mr/0181704
http://msp.org/idx/zbl/0142.27601
http://dx.doi.org/10.1515/crelle-2013-0036
http://dx.doi.org/10.1515/crelle-2013-0036
https://doi.org/10.1515/crelle-2013-5001
http://msp.org/idx/mr/3341471
http://msp.org/idx/zbl/1330.22023
http://dx.doi.org/10.1007/BF00145954
http://dx.doi.org/10.1007/BF00145954
http://msp.org/idx/mr/0419673
http://msp.org/idx/zbl/0343.57025
http://dx.doi.org/10.1007/s000130050033
http://msp.org/idx/mr/1705020
http://msp.org/idx/zbl/0941.51014
http://dx.doi.org/10.1007/BF02565911
http://dx.doi.org/10.1007/BF02565911
http://msp.org/idx/mr/0103946
http://msp.org/idx/zbl/0084.19006

220 HELMUT R. SALZMANN

[Priwitzer 1994] B. Priwitzer, “Large automorphism groups of 8-dimensional projective planes are
Lie groups”, Geom. Dedicata 52:1 (1994), 33—40. MR Zbl

[Salzmann 1967] H. R. Salzmann, “Topological planes”, Advances in Math. 2:fasc. 1 (1967), 1-60.
MR Zbl

[Salzmann 1971] H. Salzmann, “Kollineationsgruppen kompakter 4-dimensionaler Ebenen, II”’, Math.
Z.121 (1971), 104-110. MR Zbl

[Salzmann 1979] H. Salzmann, “Compact 8-dimensional projective planes with large collineation
groups”, Geom. Dedicata 8:2 (1979), 139-161. MR Zbl

[Salzmann 2003] H. Salzmann, “Baer subplanes”, Illinois J. Math. 47:1-2 (2003), 485-513. MR
Zbl

[Salzmann 2010] H. R. Salzmann, “Classification of 8-dimensional compact projective planes”, J.
Lie Theory 20:4 (2010), 689-708. MR Zbl

[Salzmann 2014] H. R. Salzmann, “Compact planes, mostly 8-dimensional: a retrospect”, preprint,
2014. arXiv

[Salzmann 2017] H. R. Salzmann, “Compact 16-dimensional planes: an update”, preprint, 2017.
arXiv

[Salzmann et al. 1995] H. Salzmann, D. Betten, T. Grundhéfer, H. Hihl, R. Lowen, and M. Stroppel,
Compact projective planes, De Gruyter Expositions in Mathematics 21, de Gruyter, Berlin, 1995.
MR Zbl

Received 18 Nov 2018. Revised 19 Mar 2019.

HELMUT R. SALZMANN:

helmut.salzmann @uni-tuebingen.de
Mathematisches Institut, Universitit Tiibingen, Tiibingen, Germany

:'msp


http://dx.doi.org/10.1007/BF01263522
http://dx.doi.org/10.1007/BF01263522
http://msp.org/idx/mr/1296144
http://msp.org/idx/zbl/0810.51003
http://dx.doi.org/10.1016/S0001-8708(67)80002-1
http://msp.org/idx/mr/0220135
http://msp.org/idx/zbl/0153.21601
http://dx.doi.org/10.1007/BF01113480
http://msp.org/idx/mr/0284913
http://msp.org/idx/zbl/0218.50009
http://dx.doi.org/10.1007/BF00181484
http://dx.doi.org/10.1007/BF00181484
http://msp.org/idx/mr/538522
http://msp.org/idx/zbl/0465.51003
http://dx.doi.org/10.1215/ijm/1258488168
http://msp.org/idx/mr/2031336
http://msp.org/idx/zbl/1036.51002
http://msp.org/idx/mr/2778232
http://msp.org/idx/zbl/1228.51012
http://msp.org/idx/arx/1402.0304v1
http://msp.org/idx/arx/1706.03696v1
http://dx.doi.org/10.1515/9783110876833
http://msp.org/idx/mr/1384300
http://msp.org/idx/zbl/0851.51003
mailto:helmut.salzmann@uni-tuebingen.de
http://msp.org

Innovations in Incidence Geometry vol. 17, no. 3, 2019
Algebraic, Topological and Combinatorial dx.doi.org/10.2140/iig.2019.17.221

On two nonbuilding but simply connected
compact Tits geometries of type C3

Antonio Pasini

A classification of homogeneous compact Tits geometries of irreducible spheri-
cal type, with connected panels and admitting a compact flag-transitive automor-
phism group acting continuously on the geometry, has been obtained by Kramer
and Lytchak (2014; 2019). According to their main result, all such geometries
but two are quotients of buildings. The two exceptions are flat geometries of
type Cz and arise from polar actions on the Cayley plane over the division
algebra of real octonions. The classification obtained by Kramer and Lytchak
does not contain the claim that those two exceptional geometries are simply
connected, but this holds true, as proved by Schillewaert and Struyve (2017).
Their proof is of topological nature and relies on the main result of (Kramer and
Lytchak 2014; 2019). In this paper we provide a combinatorial proof of that
claim, independent of (Kramer and Lytchak 2014; 2019).

1. Introduction

We presume that the reader has some knowledge of diagram geometry, in particular
Tits geometries, namely geometries belonging to Coxeter diagrams, and buildings.
A celebrated theorem of Tits [1981] states that Tits geometries generally come from
buildings. Explicitly, a Tits geometry of rank n > 3 is 2-covered by a building if
and only if all of its residues of type C3 or H3 are covered by buildings; moreover,
buildings of rank n > 3 are 2-simply connected.

Having mentioned coverings and simple connectedness, I recall that, for 1 <
k <n, a k-covering of geometries of rank » is a type-preserving morphism which
induces isomorphims on rank k residues (with the convention that an n-covering
is just an isomorphism), the domain of a k-covering being called a k-cover of the
codomain. A geometry is said to be k-simply connected if it does not admit any
proper k-cover [Pasini 1994, Chapter 12]. (It goes without saying that a k-covering
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Keywords: compact geometries, composition algebras, diagram geometries.
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is proper if it is not an isomorphism.) I warn that (n — 1)-coverings are usually
called coverings, for short (which forbids us from using the word “covering" as a
possible abbreviation for k-covering). Accordingly, a geometry of rank » is said to
be simply connected if it is (n — 1)-simply connected. In particular, coverings of
geometries of rank 3 are 2-coverings and when we say that a geometry of rank 3
is simply connected we just mean it is 2-simply connected.

Turning back to the above theorem of Tits, that theorem shows the importance
of the investigation of C3 geometries. As noticed by Tits [1981], geometries of
type C3 that have no relation at all with buildings can be constructed by some kind
of free construction, but more examples exist that are not covered by buildings.
Classifying them all is perhaps hopeless. Nevertheless, with the help of some rea-
sonable additional hypotheses, something can be done. For instance, the following
is well known [Aschbacher 1984; Yoshiara 1996]:

Theorem 1.1. There exists a unique flag-transitive finite thick Cs-geometry which
is not a building. It is simply connected and its automorphism group is isomorphic
to the alternating group Alt(7).

The exceptional geometry of Theorem 1.1 is called the Alt(7)-geometry (also
Neumaier geometry after its discoverer Neumaier [1984]). Calling the elements of
a C3 geometry points, lines and planes as explained by the picture

o ———»
points lines planes

the Alt(7)-geometry has 7 points, 35 lines and 15 planes. Moreover, all of its
points are incident with all of its planes; therefore, this geometry is flar. We refer to
[Neumaier 1984] (also [Rees 1985; Pasini 1994, §6.4.2, §12.6.4]) for more details
on the Alt(7) geometry.

A number of flag-transitive locally finite (even finite) thick Tits geometries of
irreducible type are known that admit the Alt(7)-geometry as a proper residue (see,
e.g., [Buekenhout and Pasini 1995, §3] for a survey), but none of them belongs to
a diagram of spherical type. Indeed, as proved by Aschbacher [1984], the Alt(7)-
geometry cannot occur as a rank-3 residue in any flag-transitive finite thick Tits
geometry of irreducible spherical type and rank n > 3. Moreover, no finite thick
geometry of type H3 exists (as no finite thick generalized pentagons exist [Feit and
Higman 1964]) and no finite thick building of irreducible type and rank at least 3
admits proper quotients [Brouwer and Cohen 1983]. Consequently:

Corollary 1.2. Apart from the Alt(7)-geometry, all flag-transitive finite thick Tits
geometries of irreducible spherical type are buildings.
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Results in the same vein as Theorem 1.1 and Corollary 1.2 have recently been
obtained by Kramer and Lytchak [2014; 2019] for compact Tits geometries with
connected panels admitting a flag-transitive and compact group of automorhisms
acting continuously on I'. Before reporting on those results, I must explain what
a compact geometry is and what we mean when saying that it admits connected
panels.

Let I" be a geometry over a (finite) set of types /. Assume that for every i € [
a compact Hausdorff topology is given on the set I'; of i-elements of I" and let
V'; be the topological space thus defined on I';. For every J C [ the set I'; of
J-flags of " is a subspace, say Vs, of the product space [ | jes Vi IV is closed
(equivalently, compact) for every J C I, then I is said to be a compact geometry.
(We warn that this definition is not literally the same as in [Kramer and Lytchak
2014, §2.1], but it is equivalent to it; see Remark 1.7 below.) When saying that
I has connected panels we mean that, for every type i € I, the i-panels of I" are
connected as subspaces of V'; (or of V', if we regard panels as sets of chambers).

With I a compact geometry as defined above, let G be a flag-transitive group
of type-preserving automorphisms of I". Suppose that G is a locally compact
topological group (we recall that for topological groups local compactness entails
Hausdorff, by convention) and that G acts continuously on V; for every i € [
(explicitly, the function p : G X V; — V; that maps (g, x) € G x V; onto g(x) € V;
is continuous). Then the pair (I, G) is called a homogeneous compact geometry
[Kramer and Lytchak 2014, §2.1]. We call I and G the geometric support and the
group of (T, G).

If (I', G) is a homogeneous compact geometry, then G also acts continuously
on V'; for every J C I. Consequently, for every flag X € I';, the stabilizer Gx
of X in G is closed in G (recall that, as V' is Hausdorff, the singleton {X} is
closed in V';). The function px : G/Gx — V'; which maps every coset gG x onto
the flag g(X) € V' is a continuous bijection from the coset space G/Gx to V.
If moreover G/ G x is compact (which is obviously the case when G is compact),
then py is a homeomorphism. Indeed every continuous bijective mapping from a
compact space to a Hausdorff space is a homeomorphism.

Conversely, without assuming any topology on the sets I';, let G be a flag-
transitive automorphism group of I' carrying the structure of a locally compact
group such that G is closed and G/ G x is compact for every flag X of I'. Note that,
as G is Hausdorff and G is closed, the coset space G/G x is Hausdorff (see, e.g.,
[Freudenthal and de Vries 1969, §4.8]). For every i € I and chosen x € I';, we can
copy the topology of G/G, on I'; via the bijection p, : G/G, — [';, thus defining
a compact Hausdorff space ¥; on I';. As G/G, ~ G/G, for any two elements
x,y €T, the space V'; does not depend on the particular choice x € I'y. The group
G acts continuously on the space ¥';. Thus, I' is turned into a compact geometry
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and (I', G) is a homogeneous compact geometry. By the previous paragraph, we
also have G/Gx ~%'; forany J C I and any flag X € V.

In this way, as noticed in [Kramer and Lytchak 2014], one can see that all build-
ings of spherical type associated to semisimple or reductive isotropic algebraic
groups defined over local fields are (geometric supports of) homogeneous compact
geometries.

We add one more definition and a few conventions. Given two homogeneous
compact geometries (T, G) and (F G) of rank n > 2 with compact groups G and G,
a compact covering from (F G) to (I', G) is a 2-covering y : I — I such that y
is continuous as a mapplng from the space ¥ of elements of T to the space V" of
elements of I, the group G normalizes the deck group D of y and y induces a
continuous isomorphism from the topological group G / G N D to the topological
group G. Clearly, GNDis compact.

The category of homogeneous compact geometries with compact groups and
compact coverings as morphisms is named HCG in [Kramer and Lytchak 2014].
We have defined compact coverings only for homogenous compact geometries with
compact groups since these are the objects of HCG. According to this restriction,
when we say that a given homogeneous compact geometry (I', G) with G compact
is compactly covered by another homogeneous compact geometry (T, 5), it must
be understood that G too is compact.

We warn the reader that the name “compact covering" is not used in [Kramer
and Lytchak 2014]. We have introduced it with the hope that it can remind the
reader of the objects and the morphisms of the category HCG.

We say that a homogeneous compact geometry is a Tits geometry (in particu-
lar, a building) if its geometric support is a Tits geometry (a building). Accord-
ingly, when saying that a homogeneous compact geometry with compact group
is compactly covered by a building, we mean that it is compactly covered by a
homogenous compact geometry, the geometric support of which is a building. It
goes without saying that, when speaking of coverings of geometric supports, we
mean coverings in the usual “combinatorial” sense, recalled at the beginning of
this Introduction.

More generally, when we say that (I, G) has some geometric property which
neither refers to the topology of I' nor to the group G (such as being a flat Cs3-
geometry, for instance) we mean that the geometric support I' of (I', G) has that
property as a diagram geometry.

We are now ready to state the main result of Kramer and Lytchak [2014; 2019].

Theorem 1.3. Let (I, G) be a homogeneous compact Tits geometry of type C;
with connected panels and compact group G. Then either (I', G) is compactly
covered by a building or it is one of two exceptional flat geometries where G is
either ((SU(3) x SU@3))/C3) x Cy or SO(3) x Gy, respectively, in its polar action
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on the Cayley plane of real octonions. Moreover, the geometric supports of these
two exceptional geometries are not covered by any building.

It is convenient to have a name for the two exceptional geometries mentioned in
Theorem 1.3. We shall call them OP2-geometries where O stands for the octonion
algebra over the reals and OP? is the Cayley plane, namely the projective plane
over O.

By exploiting Theorem 1.3, Kramer and Lytchak [2014; 2019] also obtain:

Corollary 1.4. Apart from the two OP?-geometries, all homogeneous compact Tits
geometries of irreducible spherical type, rank at least 2, with connected panels and
compact group, are compactly covered by buildings.

The two OP2-geometries, or rather the group actions giving rise to them, were
first discovered by Podesta and Thorbergsson [1999] and Gorodski and Kollross
[2016], in the context of an investigation of polar actions of Lie groups on sym-
metric spaces. A purely algebraic construction of (the geometric supports of) these
two geometries is given by Schillewaert and Struyve [2017]. We shall report on
that construction in the next section.

Let (I', G) be any of the two OP?-geometries. The reader should be warned
that in the final part of Theorem 1.3 it is not claimed that I' is simply connected.
It is only stated that the universal cover [ of T is not a building. Thus, in view
of the rest of the statement of Theorem 1.3, if r # ", then either T is not the
geometric support of any homogeneous compact geometry with compact group or,
if it is such, no compact covering exists from that homogeneous compact geometry
to (I', G). So, it is natural to ask if I' is simply connected. The following theorem,
due to Schillewaert and Struyve [2017], answers this question in the affirmative.

Theorem 1.5. The geometric support of either of the two OP?-geometries is simply
connected.

The proof that Schillewaert and Struyve give for this theorem is of topological
nature. They prove that, if (I, G) is any of the two OP2-geometries, then the
universal cover I" of I carries a compact Hausdorff topology and G lifts to a
compact group G < Aut(F), so that (F, G)isa compact cover of (I', G). Having
proved this, the conclusion follows from Theorem 1.3: necessarily I' =T. How-
ever, Schillewaert and Struyve [2017] also collect a great deal of information of
combinatorial nature on homotopies of closed paths of the two OP?-geometries.
In this paper we shall exploit that information to arrange a combinatorial proof of
Theorem 1.5, with no use of [Kramer and Lytchak 2014] or [2019].

Remark 1.6. As the title of [Kramer and Lytchak 2019] makes clear, an error
occurs in [2014]: the @Pz—geometry associated to SO(3) x G, is missing in [2014].
That gap is filled in [2019].
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Remark 1.7. In the definition of compact geometry as stated in [Kramer and
Lytchak 2014, §2.1], a compact Hausdorff topology V" is assumed on the set of
elements of I' such that for every J C I the set I'; is closed in the power space V7.
In particular, I'; is closed in V" for every i € I. So, {I';};<s is a finite partition of
V" in closed sets. Accordingly, V" is the “free” union of the spaces V'; induced by
¥ on the sets I'; for i € I, the open sets of V" being just the unions J;.; A; with
A; open in V;. Clearly, 7/ and its subspace [] jes Vj induce the same topology
on I';. Thus, we can forget about V" and start from a compact Hausdorff space V;
defined on I'; for each i € I, as we have done in our definition.

2. The two OP*-geometries

A description of the two OP?-geometries as coset geometries is given by Kramer
and Lytchak [2014] (for the geometry with group G = (SU(3) x SU(3))/C3z x C»)
and in [2019] (for G = SO(3) x G). On the other hand, Schillewaert and Struyve
[2017] propose a purely algebraic construction for these geometries, which we are
going to recall in this section.

2A. Algebraic background. Let A be a division algebra over the field R of real
numbers. It is well known that A has dimension 1, 2, 4 or 8 over R. Accordingly,
A is either R itself or the field C of complex numbers or the division ring H or
real quaternions or the Cayley—Dickson algebra O of real octonions. In any case,
A comes with a norm |- | : A — R and a conjugation ~ : A — A,

Explicitly, when A = R, then | - | is the usual absolute value and ~ is the identity;
if A =C, then |-| and - are the usual modulus and conjugation. When A = H,
then A can also be regarded as a right C-vector space with canonical basis {1, j}.
The C-span C = 1-C of 1 is a subring of H, j?> = —1 and xj = jXx for any x € C.
The norm and the conjugation of H map x + jy onto /|x|>+ |y|? and X — jy,
respectively. The conjugation of H is an involutory antiautomorphism. Clearly,
{1,i, j, ji} is a basis of H over R (the canonical one), where i stands for any of
the two square roots of —1 in C.

Finally, O contains H as a subring and is generated by H together with an extra
element k such that k> = —1 and

uk =ku forueH, ey
where - denotes the conjugation in H as defined above. Moreover,

(ku)v =k(vu) =v(ku) and (ku)(kv)=—vu forallu,veH. 2)
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Conditions (2) imply (uv)k = v(uk) = v(ku). Jointly with (1) they also imply that
the elements of O admit the representation

u—+kv foru,veH. 3)

In spite of (3), the multiplication of O does not yield an H-vector space on O, as it
follows from the first equality of (2) and the fact that H is noncommutative. More
precisely, O does carry an H-vector space structure, as is clear from (3), but the
scalar multiplication of that space is not the multiplication of O restricted to O x H.
On the other hand, for x, y € C we have

(kx)y = k(yx) = k(xy),
(kjx)y =(k(xj)y=k(y(xj)) =k((yx)j) = (kj)(yx) = (kj)(xy).

So, the multiplication of O restricted to @ x C defines a 4-dimensional C-vector
space on O, with {1, j, k, kj} as the canonical basis. Needless to say, {1, i, j, ji, k,
ki, kj,k(ji)}is abasis of @ over R (the canonical one).

The norm and the conjugation of O map u + kv onto +/|u|? + |v|? and i — kv,
respectively. The conjugation of O is an involutory antiautomorphism.

In any case, the norm of A induces a positive definite R-bilinear form (- | - )g
which maps (x, y) € A x A onto the real part Re(xy) of the product xy. Clearly,
|x| = +/(x, x)g. We denote by Lg K the orthogonal complement of a subspace K
of A with respect to (- | - )r.

Let [ be R or C, with F = R when A = R. Regarding F as a subfield of A in
the usual way, namely as the F-span of 1, we set Pup(A) := Lr F (in particular,
Pup(A) = 0 when A = ). Clearly, Pug(A) is a subspace of the F-vector space A
and A = F & Pug(A). The elements of Pup(A) are said to be F-pure.

As A = F @ Pug(A), every element x € A splits in a unique way as a sum
x = x1 + xp with x; € F and x; € Pug(A). We call x; and x; the F-part and the
F-pure part of x.

When F = C we also define a Hermitian inner product (- | -)c : A x A — C by
taking (x | y)c equal to the complex part of xy. Obviously, Re((x | y)c) = (x | ¥)Rr.
Hence, we also have |x| = /(x| x)¢ for every x € A.

The elements of A of norm 1 are called unit elements. Clearly, the set Un(A) of
unit elements of A is closed under multiplication and taking inverses in A and

A =Un(A) - |R| := {x - || | x € Un(A), ¢ € R}.

We recall that a homomorphism of F-algebras is an F-linear mapping which also
preserves multiplication. In the sequel we shall deal with a particular class of
homorphisms of F-algebras, which we shall call sharp F-morphisms. We define
them as follows:
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Definition 2.1. With F equal to R or C, let A and let B be two division algebras
over R containing F. When F = C both A and B can also be regarded as algebras
over C. Thus, in any case, both A and B are F-algebras.

A sharp F-morphism from A to B is a homomorphism of F-algebras from A
to B which also preserves the inner product (- | - ).

Let ¢ : A — B be a sharp F-morphism. Then ¢ is injective, since it pre-
serves (- | -)r. Consequently, ¢ (1) = 1; hence, ¢ (Pur(A)) C Pur(B). Moreover,
#(Un(A)) € Un(B). We have ¥ = x~! for every unit element x. Therefore,
#(xX) = ¢(x) for every x € Un(A). Finally, ¢ also preserves conjugation.

As sharp F-morphisms are injective, every sharp F-morphism from A to A is an

automorphism. We call it a sharp F-automorphism.

Setting 2.2. From now on we assume that A and F are as follows: either A = H
andF=RorA=0and F=C.

The following is proved in [Schillewaert and Struyve 2017, Proposition 2.1]:

Lemma 2.3. With F and A as in Setting 2.2, let a;, a; € Pug(A) and by, by € Pup(B)
be such that (ay | ax)r = (b1 | b2)F, |ai| = |b;| fori =1, 2 and a\F # aF. Then there
exists a unique sharp F-morphism from A to QO mapping a; onto b; fori =1, 2.

Lemma 2.4. Every sharp R-morphism from H to O can be extended to a sharp
R-automorphism of O.

Proof. Let ¢ : H — O be a sharp R-morphism. Put i’ := ¢ (i) and j' := ¢ (i) and re-
call that ¢ (1) = 1. Then ¢ (H) is the R-span H' := (1, i’, j', j'i")r of {1,i’, j', j'i'}
and ¢ is a sharp R-isomorphism from H to H’. We can construct a copy O’ of O
starting from H’ instead of H, and if k" is the element of @’ corresponding to k,
a sharp R-isomorphism ¢ : O — O’ is uniquely determined which maps i, j and
k onto i’, j" and k', respectively, which coincides with ¢ in H. If we can choose
k' € O, then ¥ can also be regarded as a sharp F-automorphism of O and we are
done.

So it remains to prove that we can choose k' € O, namely O contains an element
k' orthogonal to H and such that (k')> = —1. But this is obvious. Indeed every
unit element orthogonal to H has this property. The conclusion follows. U

2B. Construction of the geometries. With A and F as in Setting 2.2, let PG(A)
be the projective space of the F-vector space A. For every nonzero vector x € A,
we denote by [x] the corresponding point of PG(A), and for every subset X of A
we put [X] :={[x] | x € X\ {0}}. In particular, if X is a subspace of A, then [X]
is the corresponding subspace of PG(A).

We write (- | -) instead of (- | -)f and _L instead of _Lf, for short. As usual,
[F* stands for the multiplicative group of F. Following Schillewaert and Struyve
[2017], we construct a C3-geometry ['r(A) as follows.
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Definition 2.5. The elements (points, lines and planes) of 'f(A) are defined as
follows:

(A1) The points are the points of [Pur(A)].

(A2) The lines are the sets of pairs [x, u] := {(xt, ut) | t € F*} with x € Pup(A),
u € Pup(0) and |x| = |u| #0O.

(A3) The planes are the sharp F-morphisms ¢ : A — O.
The incidence relation is defined as follows:

(B1) Every point is incident with all planes.
(B2) A line [x, u] and a point [y] are declared to be incident when y € xt.

(B3) A line [x, u] and a plane ¢ : A — O are incident precisely when ¢ (x) = u.

Clearly, the conditions defining point-line and line-plane incidences do not de-
pend on the particular choice of the pair (x, u) € [x, u]. It is proved in [Schillewaert
and Struyve 2017, Proposition 4.3] that I'r(A) is indeed a Cz-geometry. According
to clause (B1) of Definition 2.5, this geometry is flat.

Lemma 2.6. Both the following hold:

(1) Two lines [x, u] and [y, v] are coplanar if and only if (x | y) = (u | v). If this
is the case, then the unique sharp F-morphism ¢ : A — O such that ¢ (x) = u
and ¢ (y) = v (see Lemma 2.3) is the unique plane incident with both [x, u]
and [y, v].

(2) If two lines have two distinct points in common, then they have the same set
of points.

Proof. Claim (1) immediately follows from Lemma 2.3 (see also [Schillewaert and
Struyve 2017, Lemma 4.2]). Claim (2) follows from clause (B2) of Definition 2.5
and the fact that Pup(A) has dimension 3 over [ (see also [Schillewaert and Struyve
2017, Lemma 5.1]). (I

The set of points of a line [x, u] is the line x* N Pup(A) of PG(Pug(A)). We
call it the shadow of [x, u] and also a shadow-line. With this terminology, we can
rephrase claim (2) of Lemma 2.6 as follows:

Corollary 2.7. The set of points of T'r(A) equipped with the shadow lines as lines
coincides with the projective plane PG(Pug(A)).

2C. Automorphism groups. Let Auty(A) and Autp(Q) be the groups of sharp [F-
automorphisms of A and O. The product Auty(A) x Autg(0) acts on I'f(A) as a
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group of automorphisms. Explicitly, given an element (¢, w) € Autp(A) x Autp(0),

(a0, w) : [x] = [a(x)] for every point [x] of I'r(A),
(o, w) : [x, u] = [a(x), w(u)] for every line [x, u] of I'r(A),
(¢, w) : p — a)d)oz_l for every plane ¢ of I'r(A).

The first questions one may ask are whether this action is faithful and whether
all automorphisms of I'g(A) arise in these way. Both questions are answered by
Schillewaert and Struyve [2017], but the answers are different according to whether
(F,A) =R, H) or (F, A) = (C, O).

Let F =R and A = H. Then both questions are answered in the affirmative:

Aut(Tr(H)) = Autg(H) x Autg(0) = SO(3) x G».

(Recall that Autg(H) = SO(3) and Autr(0) = G,.) When F =C and A = Q
the answer is sligthly different. Indeed Autc(O) x Autc(0) acts nonfaithfully on
['c(0), with kernel a group C3 of order 3 contributed by elements (¢, ¢) with ¢ in
the center of SU(3) (recall that SU(3) = Autc(0)). Moreover, the conjugation in C
also induces an automorphism y of I'c(0Q) which, being semilinear as a mapping
of O x O, does not belong to Autc(Q) x Autc(0). All automorphisms of I'c (O)
belong to the group generated by (Autc(0) x Autc(0))/Cs and y. To sum up,

Aut(I'c(0)) = ((Autc(0) x Autc(0))/C3) X C2
= ((SUM) xSU(3))/C3) x Ca.

2D. Recognizing I'r(A) as an @Pz-geometry. Let I' :=Tf(A) and G := Aut(T").
As shown by Schillewaert and Struyve [2017, §5], in either of the two cases that
we have considered, (I', G) is a homogeneous compact geometry. They obtain this
conclusion by noticing that in either case G is compact and the stabilizers in G of
the flags of I" are closed in G, but a direct proof is also possible. We shall briefly
sketch it here.

In order to stick to the notation used in the Introduction of this paper, let I'y,
I'; and I'3, respectively, be the sets of points, lines and planes of I'. In either case
each of I'1, I'; and I'3 can be equipped with a natural compact topology.

Explicitly, I'; = [Pup(A)] carries the topology of the real projective plane RP>
when (F, A) = (R, H) and the topology of the complex projective plane CP? when
(F, A) = (R, H). Either of these spaces is both Hausdorff and compact.

When (F, A) = (R, H), the line-set I', carries the topology of the quotient
(S? x S%)/Z of the product space S? x S® C R!? over the center Z of SL(R'?).
When (F, A) = (C, Q) then I'; carries the topology of the quotient (U x U)/A
where U := {x € C? | |x| = 1} is the standard unital of C* and A is the group of
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scalar transformations A - id of C® with |A| = 1. Again, either of these spaces is
Hausdorff and compact.

When (F, A) = (C, O) then I's carries the same topology as Autc(Q) = SU(3),
which is (Hausdorff and) compact. Finally, let (F, A) = (R, H). Then every
sharp R-morphism from H to O can be regarded as the restriction of a sharp R-
automorphism of O (Lemma 2.4). Accordingly, the planes of I" naturally corre-
spond to the cosets w H of the elementwise stabilizer H of H in G := Autg(0Q) =Go.
The group H is the intersection H = (), G of the stabilizers G, for x € H, which
are closed. Hence, H is closed as well. Thus, I'3 can be regarded as a copy of the
quotient-space G/H, which is still compact and Hausdorff since H is closed.

As in the Introduction, let V';, ¥, and 9’3 be the spaces defined on I'y, I'; and I'3
as above. It is straighforward to check that I'; ;, is closed in V; x ¥'; for every
choice of 1 <i < j <3 and the set of chambers I'(j 2 3y is closed in V1 X V5 x V3.
So I' is a compact geometry. Each of the groups Aut(I'g(H)) = SO(3) x G, and
Aut(I'c(0)) = ((SU3) x SU(3))/C3) x C; is compact and acts continuously on
on , QVZ and L\V3.

It remains to show that the group G acts flag-transitively on I'. Clearly, in either
case G is transitive on the set of point-line flags of I'. So in order to prove flag-
transitivity, we only must show that the stabilizer in G of a given point-line flag
([u], [v, x]) of " acts transitively on the set of sharp F-morphisms ¢ of I such that
¢ (v) = x. This follows from Lemma 2.4. So:

Result 2.8. The pair (I, G) is indeed a homogeneous compact geometry.

As G acts flag-transitively on I', we can recover I" as a coset-geometry from G,
where the flags naturally correspond to the cosets of the stabilizers of the flags
contained in a selected chamber of I', two flags being incident precisely when the
corresponding cosets meet nontrivally (see, e.g., [Tits 1974, §1.4] or [Pasini 1994,
§10.1]). Accordingly, I' is uniquely determined by the complex of the stabilizers
in G of the subflags of a chamber of I". This complex, as described by Schillewaert
and Struyve [2017] for the case (F, A) = (C, O), is the same as computed for G
regarded as the automorphism group of the OP?-geometry considered in [Kramer
and Lytchak 2014] (see also [Schillewaert and Struyve 2017]). Similarly for the
case (F, A) = (R, H) and the @Pz—geometry of [Kramer and Lytchak 2019]. So:

Result 2.9. The C3-geometries I'r(H) and I'c(O) are the (geometric supports of
the) two OP?-geometries.

Remark 2.10. The two cases of Setting 2.2 correspond to the two cases of [Schille-
waert and Struyve 2017] with B = O. Schillewaert and Struyve [2017] also consider
one more case, with F = R and A = B = H, which leads to a flat C3-geometry
which is a quotient of the building associated to the Chevalley group O(7, R) and
admits SO(3) x SO(3) as a flag-transitive automorphism group. This geometry
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also appears in [Rees 1985, §1.6, (2.2)(ii)] as a member of a larger family of flag-
transitive flat Cz-geometries, obtained as quotients from O(7, K)-buildings, with
K any ordered field. Note that the construction used by Rees [1985] is primarily
geometric.

This geometry is indeed worth further investigation, but I have preferred to leave
it aside in order to stick to the subject of this paper.

3. A combinatorial proof of Theorem 1.5

3A. Preliminaries. We follow [Pasini 1994] for basics on diagram geometry. We
recall that, according to [Pasini 1994], all geometries are residually connected, by
definition. In particular, all geometries of rank at least 2 are connected.

Throughout this subsection I" is a given geometry of rank n > 2. Recall that I
can be regarded as a simplicial complex, where the vertices are the elements of the
geometry and the simplices are the flags. Moreover, with {1, 2, ..., n} chosen as
the type-set of I', the vertices of the complex are marked by positive integers not
greater than n, according to their type as elements of I". The incidence graph of I'
is just the skeleton of the complex I'.

We firstly state some notation and recall a few basics on homotopy of paths.
Given two paths o = (ap, ..., ax) and g = (bo, ..., by) of I' with ay = by, the join
of o with B, also called the product of o and B, is the path:

O[-ﬂ = (ao,a],...,ak=b0,b1,...,bh).
A null path is a path of lenght 0. The opposite (also called the inverse) of a path
o = (ag, ai, ..., a) is the path « ! := (ay, ax_1, . . ., ap).
Two paths & = (ag, ay, . .., ar) and B = (b, by, . . ., ny) with ag =bg and a; = by,

are said to be elementarily homotopic ifa =y -’ -8 and B =y - B’ - § for suitable
subpaths y, 8, &’ and B’ with @’ and B’ contained in the same simplex (namely flag)
of I'. More generally, two paths « and 8 are said to be homotopic if there exists a
sequence oo, &1, .. . , &y, of paths with « = g, 8 = «;,, and such that ¢; 1 and «;
are elementarily homotopic fori =1,2, ..., m.

If « and B are homotopic we write o ~ 8. We say that a closed path « based at
a vertex a is null homotopic if it is homotopic with the null path (a). Equivalently,
«a splits in triangles each of which is contained in a simplex and, possibly, paths of
the form g - g~ 1.

Clearly, homotopy is an equivalence relation. We denote by [«] the homotopy
class of a path . Given a vertex a of I', the homotopy classes of closed paths
of I" based at a form a group 7| (I', @), with [(a)] as the identity element and
multiplication defined as follows: [«]-[8]:= [« B]. The group 1 ([, a) is called the
fundamental group of I based at a. As I is connected, we have (", a) = (T, b)
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for any two vertices a, b € I'. Explicitly, for very choice of a path y from a to b,
the mapping
lel € (T @) > [y~ -a-y] € mi (T, b)

is an isomorphims from 71 (", @) to w1 (T, b). So, as far as we are interested only
in the isomorphism type of 71 (I", a), we are free not to keep a record of the base
point a of 1 (I", @) in our notation, thus writing 7r;(I") for 71 (T", a) and calling
(") the fundamental group of T, for short.

It is well known (see, e.g, [Pasini 1994, §12.6.1]) that the geometry I is simply
connected (namely (n — 1)-simply connected) if and only it is simply connected
as a complex, namely mr;(I") is trivial; equivalently, every closed path is null-
homotopic.

Lemma 3.1. For 1 <i < j <n,letT'; j be the {i, j}-truncation of ', namely the
subgeometry induced by I" on the set of elements of I of type i or j. Then every
path of T starting and ending at I'; ; (in particular, every closed path based at an
element of type i or j) is homotopic to a path of T'; ;.

Proof. Let o = (ag, ai, ...,a;) be a path of I with ap, ay € F; ;. We argue
by induction on the length k& of «. When k < 1 there is nothing to prove. Let
k =2. If a; € I'; j there is nothing to prove as well. Let a; ¢ I'; ;. By the so-
called strong connectedness property [Pasini 1994, Theorem 1.18], the intersection
Res(a;) NI j of the residue Res(ay) of a; with I'; ; contains a path

B = (bo=ao, b1, ...,by_1,bp =az)

from ag to ap. We have (b;_1, b;) ~ (bi_1, a1, b;) foreveryi =1,2, ..., h, since
{bi_1, a1, b;} is a flag. Moreover, (ay, b;, a;) ~ (ay) forevery i =1,2,...,h.
Therefore

B~y :=(by,ai, bi,a1,by,...,by_1,a1,by)~ (b, ai, by) = (ap, a1, ar) =a.

The claim is proved. Let now k > 2. If a;_1 € I'; ; the claim follows by the inductive
hypothesis on the subpath (ag, a1, ..., ar—1). Letay_1 ¢ I'; j. If ar_» € I'; j then
the conclusion follows by the above on the subpath (ax—_», ax—1, ax) and the induc-
tive hypothesis on (ap, ai, ..., ax—2). Let ax_» ¢ I'; ;. Then Res(ax—2, ax—1) N
I';, j # @, since neither i nor j belong to the type of the flag {ax_>, ar—1} and every
flag is contained in a chamber. Pick an element ¢ € Res(ax—2, ax—1) NI"; j and
consider the paths

o = (ap, ai, ..., ax—2,¢), " :=(c,ax_1, ar).

The path o has length k — 1. So, by the inductive hypothesis, a path g’ exists in
I'; j from aq to ¢ such that B’ ~ &’. Similarly, as we have already proved the claim
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for paths of length 2, a path 8" exists in I'; ; from ¢ to ax such that 8” ~«”. So,
B:=p"-B"~a -a” ~aisapathof I'; ; with the required properties. O

The following lemma is implicit in [Pasini 1994, Lemma 12.60].

Lemma 3.2. Given two elements v and w of ', let o and B be two paths of T from

v to w. If an element u exists in " such that its residue Res(u) contains both o and
B, then o ~ B.

Proof. Let o = (ag, ay, ..., a;) with ag = v, gy = w and o < Res(u). For every
i=1,2,...,kpute; = (a1, u, a;). As (a;—1, a;) ~ (a1, u, a;) and (u, a;, u) ~
(1), we have

A~ ar = (aop, u,ay, u,ay, ..., a1, u,ay) ~ (ap, u, a).
So, o ~ (ap, u, ax) = (v, u, w). Similarly, 8 ~ (v, u, w). Therefore o ~ B. U

3B. Peculiar properties of C3-geometries. From now on I" is a geometry of type
C3. The integers 1, 2 and 3 are taken as types and stand for points, lines and planes
respectively.

Definition 3.3. A primitive path of T is a closed path « := (p, L, g, M, p) where
p and ¢ are points and L and M lines. If p = ¢ or L = M then « is said to be
degenerate.

Clearly, degenerate primitive paths are null-homotopic. The following is also
well known [Tits 1981, Proposition 9] (see also [Pasini 1994, Corollary 7.39]).

Lemma 3.4. The geometry I is a building if and only if all of its primitive paths
are degenerate.

The proof of the next lemma is implicit in [Schillewaert and Struyve 2017, §6.6].
We make it explicit.

Lemma 3.5. Every closed path of T based at a point is homotopic to a primitive
path.

Proof. Let a be a closed path based at a point p. In view of Lemma 3.1, we
may assume that « is contained in I'y 3. So, o = (po, L1, p1, ..., Lk, pr) where
po=pr =pand, fori =1,...,k, p; is a point and L; a line. We argue by
induction on k. If k = 1 there is nothing to prove. Let k > 1. Suppose firstly that
L;_1 and L; are coplanar. Let £ be the plane on L;_; and L; and let M be the line
of Res(§) through p; 5 and p;. Then (p;—2, Li—1, pi—1, Li, pi) ~ (pi—2, M, p;)
by Lemma 3.2. Accordingly, « ~ o« := (po, L1, ..., pi—2, M, pi, ..., L, pr).
However o, being shorter than «, is homotopic to a primitive path, by the inductive
hypothesis. Hence « too is homotopic to a primitive path.

Assume now that L;_; and L; are never coplanar, for any i =2, ..., k. Choose
a plane & on L,. The residue Res(p;) of p; contains a unique line-plane flag
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(M1, &) such that L and M, are incident with & and &, respectively. Similarly,
Res(py) contains a unique line-plane flag (M», &€3) such that L3 and M, are incident
with &3 and &, respectively. Let g be the meet-point of M| and M, in Res(&), let
M be the line through pg and g in Res(&;) and let M3 be the line through p3 and
g in Res(&3). By Lemma 3.2 we have the following homotopies:

(po, L1, p1) ~ (po, Mo, q, My, p1),
(p1, L2, p2) ~ (p1, M1, q, M2, p2),
(p2, L3, p3) ~ (p2, M2, q, M3, p3).

Therefore

(po, L1, p1, L2, p2, L3, p3) = (po, L1, p1) - (p1, L2, p2) - (p2, L3, p3)
~ (po, Mo, q, M1, p1) - (p1, M1, q, M2, p2) - (p2, M2, q, M3, p3)
= (po, Mo, q, My, p1, M1, q, Ma, p>, M>, q, M3, p3)
~ (po, Mo, q, M3, p3).

Accordingly, @ is homotopic to the path, say 8, obtained by replacing the subpath
(po, L1, p1, L2, p2, L3, p3) of o with (po, Mo, g, M3, p3). The path B is shorther
than o, whence it is homotopic to a primitive path by the inductive hypothesis. As
o ~ B, the same holds for «. [

By Lemma 3.5 we immediately obtain the following:

Corollary 3.6. The geometry U is simply connected if and only if all of its primitive
paths are null-homotopic.

Let ¢ : ' — T be the universal covering of I'. As T is simply connected, all
of its closed paths (in particular, all of its primitive paths) are null-homotopic. A
closed path of I" is null-homotopic if and only if it lifts through ¢ to a closed path
of . In particular:

Corollary 3.7. A primitive path of T is null-homotopic if and only if it is the ¢-
image of a primitive path of T.

Corollary 3.8. The geometry ' is covered by a building if and only if none of its
nondegenerate primitive paths is null-homotopic.

Proof. Let Tbea building. Then, by Lemma 3.4, no nondegenerate primitive path
occurs in I By Corollary 3.7, none of the nondegenerate primitive paths of I' can
be null-homotopic. On the other hand, let I be not a building. Then I' admits
at least one nondegenerate primitive path &, necessarily null-homotopic since r
is simply connected. Accordingly, « := ¢ (&) is a null-homotopic nondegenerate
primitive path of T. U
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Definition 3.9. Let o« = (p, L, g, M, p) be a nondegenerate primitive path. Recall
that Res(g) is a generalized quadrangle, the lines L and M being points of this
quadrangle. So, lines on ¢ exist which are coplanar with each of L and M. Let
N be such a line and r a point of N. The line N is different from each of L and
M, as L and M are noncoplanar. Let & be the plane on N and L and let L’ be the
line of & through p and r. Similarly, if x is the plane on N and M, let M’ be the
line of x through p and r. Then (p, L', r, M’, p) is a primitive path. We denote it

by o, (@) and call it the shift of a from q to r along N. We also say that N is

q—r
admissible for the path «.

Lemma 3.10. Let @« = (p, L, q, M, p) be a nondegenerate primitive path, N a
line admissible for o and r a point of N. Then:

(1) We have oévﬁr(a) =« ifand only ifr =q.

(2) The shift o () is a nondegenerate primitive path and the line N is admis-

q—r

sible for it.

3) o, (o), (@) =a.

@) a~al, ().

Proof. Claims (1), (2) and (3) are trivial. Claim (4) can be proved as follows:

(p.L,q.M,p)~ (p,§,L,qg, M, x,p)~ (p.§,q,x,P)
~(p,§&,N,q,N, x,p)~ P, &, N, x,p)~(p,§,N,r,N, x, p)
~(p.&.r,x,p)~(p. L Er,x, M, p)~(p,L',r,M', p).

(This is essentially the same argoment as used by Schillewaert and Struyve to prove
Lemma 6.6 of [2017].) O

3C. Primitive paths in OP?-geometries. Henceforth I' = I'f(A) (see Section 2B).
Recall that the point-line geometry with the same points as I and the shadow-lines
as lines coincides with PG(Pup(A)) = PG(2, F) (Corollary 2.7). In particular, two
lines of I" either have just one point in common or have exactly the same points.

Definition 3.11. Let L and M be two lines of I' with the same shadow, namely
L =1a,u] and M = [b, v] for a, b € Pug(A) and u, v € Pug(O) with |a| = |u| #0,
|b| = |v| # 0 and [a] = [b]. Suppose we have chosen the pairs (a, u) and (b, v) in
such a way that a = b, as we can. Then we put (L | M) := (u | v)/|ul|v|.

Given a primitive path « = (p, L, g, M, p) we put £(«) := (L | M) and we call
{(a) the line-invariant of «.

Clearly, |(L | M)| <1 by Cauchy—Schwartz inequality, with equality if and only
if u and v are proportional. Moreover (L | M) =1 if and only if L = M. So,
£(a) # 1 whenever « is nondegenerate.
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The hypothesis a = b is necessary for the above definition of (L | M) to make
sense. Indeed, without it, only the modulus [(u | v)|/|u||v| of (u | v)/|ul|v| is
determined by the pair L and M. It is also clear that (L | M) can be defined only
when L and M have the same shadow. On the other hand, the particular choice of a
in the representations L = [a, u] and M = [a, v] is irrelevant. Indeed, if we replace
a with @’ = ta for some ¢ € [\ {0} then we must also replace u with u’ = tu and v
with v = tv. Accordingly, (u’ | v')/|u/||v'| = |t|>(u | v) /22| |u]|v] = (u | v)/|u]|v].

Remark 3.12. Schillewaert and Struyve [2017] call £(«) the P L-invariant of «.

Definition 3.13. We say that a primitive path « = (p, L, g, M, p) is orthogonal if
p L g. Assuming that « is nondegenerate but not that it is orthogonal, an orthogonal
shift of o is a shift o*cjv_)r(a) with p L r.

Lemma 3.14. Every nondegenerate primitive path « = (p, L, q, M, p) admits or-
thogonal shifts along every line N admissible for it and, once N has been chosen,
the orhogonal shift of a along N is uniquely determined. Moreover, if « is orthog-
onal, then o is its own orthogonal shift.

Proof. As N is coplanar with either of L and M, it has at most one point in common
with L or M. However N contains g. Hence it cannot contain p. By Corollary 2.7,
the line pL N [Pur(A)] of PG(Pur(A)) meets the shadow of N in just one point.
(This argument is the same as in the proof of Lemma 6.6 of [Schillewaert and
Struyve 2017].) The first part of the lemma is proved. The last claim of the lemma
is obvious. U

Henceforth we denote by Giv (o) the orthogonal shift of o along a line N admis-
sible for «.

Lemma 3.15. Given a nonorthogonal nondegenerate primitive path a of I" and a
line N admissible for «, let § = oiv () be the orthogonal shift of @ along N and
let £ = €(B) be the line-invariant of .

We can always choose the line N in such a way that £ # —1.

Proof. We must distinguish two cases and two subcases for each of them.
Case 1. I' = I'gr(H). Modulo automorphisms of I', we can always assume that
L=1j,jl, M=Ljim+jm), mi+m;=1,
p=lil,  q=lig+jigl,  agi+a3i=1.

So, £(a) = my. Note that g; # 0 (otherwise p L ¢, while « is nonorthogonal by
assumption) and g3 # 0 (otherwise p = ¢). Let N = [b, x] be admissible for «,
where

b=iby+ jby+ jibs, bi+bs+b3=1,
x=ixi+ jxo+ jixs+kxs+kixs+kjxe+k(ji)xy, x| =1.
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Modulo automorphisms of O that leave H elementwise fixed, we can always as-
sume that

X =ix;+ jxo+ jixz+ kxy, (xlz—l—x%—}—x%—{—xf =1).

For N to be admissible for « the following must hold: (iq; + jigsz | b) =0 (namely
g belongs to N) and (j | b) = (j | x) = (im + jmy | x) (Lemma 2.6, claim (1)).
Explicitly:

biq1 +b3q3 =0, 4)

and by = xo = m x| + myx,, namely
by =xz, mix;=(1—my)by. (5

Let r = [iry + jrp + jirs] be the unique point of {[b], p}l. So, r; = 0, namely
r=[jr+ jirs], and
byry +bs3r; =0. (6)

Moreover we assume r22 + r32 =1, as we can. We have already noticed that g; # 0.
We also have r, # 0, otherwise equations (4) and (6) force by = b3 = 0, hence
b = =j, contrary to the fact that N is coplanar with L and M. Thus, by (4) and
(6) we obtain

bi=—biqzqy ', ba=—bsrsry . (7)

These equations show that b3 # 0 (otherwise b = 0, which is ridiculous). Recalling
that b% + bg + b% =1 now we get

qir _ qir . qir2

®)

ded-ar Jedei-ni-an
Equation (8) is equivalent to the following

b3

b3+ b3

which better shows that the point » depends on the choice of the line N but, in view
of the sequel, (8) is more convenient. We shall now consider two subcases: either
my=—1or —1 <my < 1 (note that m, = 1 is impossible, since m, = (L | M) and
(L | M) # 1 because L # M).

Subcase 1.1. m, = —1. Equivalently, m; = 0. Then b, = x, =0 by (5), 3 =0
by (7) and since b3 # 0, whence r, = %1 (as r22 + r32 = 1) and b3 = £q; by (8).
Consequently, b = *+¢3, since b% + b% = q12 + q% = 1. Summarizing:

==

my my ryr3 by by b3 x;
0 —1 £1 0 £g3 0 =£q; O.
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Let now £ be the plane on L and N and y the plane on M and N. Then & and
X, regarded as sharp R-morphisms from H to O, are uniquely determined by the
following conditions (Lemma 2.3): £(j) = j, x(j) = im; + jm, and £(b) =
x (b) = x. By entering the above values for m, m, and x, we get

EW=J. xWD=-Jj, &Eb)=xb)=ixi+jixs+kx,. ®

Clearly i =i(b; — jb3)(b) — jb3)~' = b(b; + jb3). Therefore, and taking (9) into
account,
§@1) = (ix1 + jixz +kxs) (b1 + jb3),

(10)
x (@) = (Ax1+ jixz +kxa)(by — jb3).

Let now L’ and M’ be the lines through p and r in & and y respectively. Then
L' =[a,&(a)] and M’ = [a, x(a)] where a = ia; + jas + kas is orthogonal with
both p and r and we assume a12 + a% + a% =1, as we can. Orthogonality with p
and r forces a; =0 = ay. Therefore a = £ ji. Accordingly, and recalling (10),

§(a) =xj(x1+ jixs+kxs)(bi + jb3),

(11)
x(a) =Fj(ixi + jixs+kx4)(by — jb3).

With 8 = af(oz) =(p,L',r, M', p) we have £(B) = (£§(a) | x(a)). Equations (11)
allow to explicitly compute the inner product (£(a) | x (a)). We obtain:
(E(a) | x(@) = x7 (b3 —b1)* + x5 (b3 — b}) + x5 (b3 — b7)
=+ +x)B;—b) =bi—bi=q7—q5.  (12)

So, (€(a@) | x(@)) =4q} —q5- As q1, g5 # 0, we have —1 < (§(a) | x(a)) < 1.

Subcase 1.2. m; # 0, namely m;, # —1. In this case the second equation of (5)
yields
1—my

x| = bs. (13)

mq

The planes & and x on L and N and on M and N are determined by the following
conditions:

EW =7, x(G)=imi+jmy,

1—m
E(b) = x(b) =ix| + jxo+ jixs+kxs= <i - 2 —I—j)b2+jix3+kx4.
1
(14)
Moreover, x32 —I—xf =1-({(1- mz)zml_2 + 1)b§ =1-2(1 +m2)_1b§. Therefore
2, .2 2 2
x5+x;=1-— bs. (15)

14+my
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Now i = (b — jba)(by — jb3)™' = (b — jby) (b1 + jb3)(b] + b3)~'. Recalling
equations (7), we obtain

. ur . —
= (b-i-Jibs)(Jql —q3)qibs - (16)

As in Subcase 1.1, let L' = [a, £(a)] and M’ = [a, x (a)] be the lines through p
and r in & and y respectively, where a = ia; 4+ ja, + kas with |a| = 1. The vector
a is orthogonal with both p and r. Orthogonality with p still forces a; = 0 but
orthogonality with r only implies ayr; + azr3 = 0. So a; = —azrar, Uand the
condition |a| = 1 implies a3 = £r,. Hence a, = £r3. Summarizing

a==x(jry+ jir). (17)
Exploiting (14), (16) and (17), we can compute &(a) and yx (a) explicitly, whence
(£(a) | x(a)) too. We firstly obtain (£(a) | x(a)) = A(x3 +x3) + B where
A = (g3ma+qDqir3bi?,
B = (—=mr3+ (x1 —mib2)qiraby Nxigiby ' +rim;
+ (my — Dr3ragibaby ! + (ximags — migsba)x1q3qirsb; .

By exploiting (7), (8) and (15) we eventually obtain the following:

4.2
2 91"

—r
314+my

E() | x () = +q3mr +4qi. (18)

In this equation (£(a) | x(a)) is expressed as a function of r3 rather than b3, but
recall that r is uniquely determined by b. Note that the coefficient of r32 in (18) is
negative except when my, = 0. If my = 0 then ((a) | x(a)) = qlz, which is strictly
positive and less than 1, since neither g; nor g3 are zero.

Case 2. I' =I'c(0). As in Case 1, we can assume that
L=[k.kl, M=k jmi+kmsl, |mi|*+m*=1,
p=Ul  g=lia+kjgl lq11> +1gs1* = 1.

So, (a) = m;. As in Case 1, we have q; # 0 # g3. Let N = [b, x] be admissible
for o, where

b= jby+kby+kjbs, |bi|*+|baf* +|bs)* =1,
x=jxi+kxy+kjxs, |xi)?+ 0P+ x?=1.

For N to be admissible for « the following must hold: (jg; +kjgs | b) =0 and
(k1b)=(k|x)=((m+km;, | x). Explicitly:

q1b1 +q3b3 =0, (19)
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and by = x, = m x| +myxy, namely
by =xz, mix; = (1 —ma)b;. (20)

Let r = [jri + kry + kjr3] be such that {r} = {[b], p}*. So, r = [kry + kjrs],
where we assume ||+ |r3]*> = 1, and

r2by +713b3 = 0. 21

Recall that ¢, # 0 because p X g by assumption. We also have r, # 0, otherwise
N cannot be coplanar with either of L and M. Thus, by (19) and (21) we obtain

bi=—by B, by=—by>. (22)
q1 )

These equations show that b3 # 0. Recalling that |b; 12+ |ba)> + 163> = 1 we get
qir2 qirn
3 =& =¢£
Vgl +1nlP =g PR V1=lgIrs

for a suitable multiplier ¢ with |¢| = 1. We shall now consider two subcases: either
|my| =1 or |m| < 1.

b (23)

Subcase 2.1. |m;| = 1. Equivalently, m; = 0. Then by = x, = 0 by (20), s =0
by (22) and since b3 # 0, whence |r;| = 1 and |b3| = |q1| by (23). Consequently,
b1l = lgsl.

Let now & be the plane on L and N and y the plane on M and N. Then & and y,
regarded as sharp C-autorphisms of O, are uniquely determined by the following
conditions: &£(k) =k, x(k) = jm, + km, and £(b) = x(b) = x. In view of the
above:

k) =k, x(k)=kmy, §&®b)=xDb)=jxi+kjxs. (24)

It is easy to check that
J = (b1 +kjb3)(by +kb3) = b(b; + kb3).
By this and (24) we get
E(J) = (jx1 +kjx3) (b +kbs),
X (J) = (x1 + jkjx3) (b1 + kmabs).

Let L' = [a, &(a)] and M' = [a, x(a)] be the lines through p and r in & and x
respectively, where a = ja; + ka, + kjas is orthogonal with both p and r and
lai|*> + |aa| + |a3|? = 1. Orthogonality with p and r forces a; = 0 = a;. Therefore
a = kjn for a suitable n with || = 1. By this and (25),

§(a) = k((jx1 +kjxs +k) (b1 +kb3))n,

x (@) =kmy((jx1 +kjxs +kxq) (b1 +kmab3))n.

(25)

(26)
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Equations (26) allow to explicitly compute the inner product (§(a) | x(a)). We
obtain:

(E(a) | x (@) = |b3]* + |b1 )Mz = g1 + |31 27)

So, [(§(a) | x(@)| = lq1l* + lg31* + |g11*1g31>(m2 +12) < 1, as my 43 is a
real number not less than —2 and less than 2 (because |m;| = 1 but m, # 1) and
lg11* + lg31* = 1.

Subcase 2.2. m| # 0, namely |m,| < 1. In this case the second equation of (20)
yields
1 —my

mi

xXp = b;. (28)
The planes & and x on L and N and on M and N are determined by the following
conditions:

E(k)y=k, x(k)=jmi+km,,
(29)

m
2 +k>b2+ij3.
mj

E(b)=x(b) = jxi+kxy+kjx; = (j

Moreover, |x3|> =1 — (1 + |1 — ma|?|m1|~2)|b>2|? by (28) and x» = b,. Therefore

—my—my

- b2 (30)

bl =1-

Now j = (b —kby)((by + kb3)(1 — |by)>)~"). Recalling equations (22), we obtain
. 3 .

j= (b +k%b3>((kf11 —q3)qiby ). (31)

Let L' = [a, &(a)] and M’ = [a, x(a)] be the lines through p and r in & and x
respectively, where a = ja; + ka, + kjas is orthogonal with both p and r and
|a] = 1. Orthogonality with p forces a; = 0 but orthogonality with r only implies
Faar +713a3 = 0. So ay = —azr3r> ' and the condition |a| = 1 implies |a3| = |r2],
namely a3 = rn for some n with || = 1. Hence

a=(—kr3+kjra)n = (k(=r3+r2j))n = (k(=r3+ jr2)n. (32)

By exploiting (29), (31) and (32) as well as (22) and (30) one can compute &(a)
and x (a) explicitly, whence (£(a) | x (a)) too, but these computations are terribly
toilsome. However, in order to prove the lemma, we do not need to perform them.
It is enough to show that, for a lucky choice of N = [b, x], whence of r, satisfying
the above conditions, we get £ % —1. We will go on in this way, referring the
interested reader to Remark 3.16 for a way to express (§(a) | x (a)) in the general
case.
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The previous conditions on r, b and x allow to choose r3 = 0. Accordingly,
|ro| = 1. Hence b, = 0 by the second equation of (22) and b3 = Ag; for some A
with |A] =1 by (23). Therefore b; = —Aq3 by the first equation of (22). Moreover
x1 = x2 = 0 by (20) and (28), whence |x3| = 1. Accordingly,

Jj=b(kgi —g3)2™") (33)
by (31) and since b1 = Ag; and
a=kjrn (34
by (32) and since r3 = 0. By (33), recalling that x; = x, = 0, we obtain
() = x((kq1 —g3)27") = kjxs(kqin™" —gs1~")
= jqixsr — kjgaxsh,

x(j) = x(((Gm +kma)g —g3)»™ 1) (35)
=kjxs(jmig A+ kmagi AT — gaah

= jimaqixsh — kmiqixsh — kjgsxsi.
(Recall that A~! = A since |A| = 1.) By combining (34) with (35) we obtain

£(a) = (k(jqixsh — kjqsxsh))ran
= jq3xsraan + kjqixsrain,

x (@) = ((jmy + kmy)(jmaqixsh — kmiqixsh — kjqsxsh))ran

= jmagzxsrahn — kimigsxsrahn + kjqixsrn.

Therefore (£(a) | x(a)) = (Ig3/*ma2+ | ¢7)(Ix31%r21*|2*In]?. Finally, recalling that
lx3| = [r2| = Al = [n] =1,

E(a) | x(@) = |gs1*mz + |q1 1% (36)

The right side of (36) is equal to —1 only if g; = 0 and m, = —1. However, g1 # 0
because p L g. Therefore (£(a) | x(a)) # —1. ]

Remark 3.16. In Subcase 2.2 of the above proof, with no additional hypotheses
on [b, x] we get

(§@) | x(@) = Alra*|bs| 7 = 2Im(m1g1g31g31°r2r3b3 ) +|r3* B
where Im(.) stands for imaginary part and

A =|q1q3*m7 + g1,
B=my—A—|qiqsl* + |qi|*(m3 + 3 — 2)Imy| 2.
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This shows that (§(a) | x(b)) depends on r;, r3 and x; nontrivially. Thus, we
can always choose the line N = [b, x] in such a way that |(§(a) | x(a))| < 1.
Accordingly, Lemma 3.15 can be given a stronger formulation: we can always
choose N in such a way that |¢]| < 1.

Remark 3.17. It follows from above proof that when |m;| =1 then |¢| < 1 for every
choice of the admissible line N = [b, x]. However, for certain values of m, we can
also choose N in such a way that £ = —1. For instance, when (F, A) = (R, H), this
is possible in the following cases:

(1) qf = ¢3 (namely g7 = (v/5— 1)/2) and —1 <my < —(v/5+1)/4;

(2) ¢?>q2and —1 <my < (1 —/49° +84] —3)/(q} — ¢3);
(3) ¢? <q?and 1 >my > (=14 ,/4¢° +84% —3)/(q> — q}).

Lemma 3.18. Every orthogonal nondegenerate primitive path o of I'c(Q) such
that |[€(a)| = 1 but £(x) # —1 is homotopic with an orthogonal nondegenerate
primitive path B such that |£(8)| < 1.

See [Schillewaert and Struyve 2017, Lemma 6.7] for the above. The following
lemma is also proved in [Schillewaert and Struyve 2017, Lemma 6.8].

Lemma 3.19. Let £ € [ such that |£| < 1. Then, for every choice of two distinct lines
L and M with the same shadow, there exists a sequence Lo =L, L{,...,L, =M
of lines with the same shadow as L and M and such that (L;_ | L;) = £ for every
i=1,2,...,n.

The next statement is implicit in what Schillewaert and Struyve say to justify
[2017, Remark 6.9]. We make it explicit.

Corollary 3.20. Let ¢ € [ such that || < 1 and let « = (p,L,q, M, p) be a

nondegenerate primitive path of I' = I'r(A). Then o« ~ oy -ap - -+ - o, for a
suitable sequence of nondegenerate primitive paths oy, oy, ..., o, of I' with the
same points p and q as o and such that £(«;) = £ foreveryi =1,2,...,n.

Proof. By Lemma 3.19 there exist lines Lo =L, Ly, ..., L, = M such that (L;_1 |
L)y=¢fori=1,2,...,n. Fori=1,2,...,nputeo; = (p,L;—1,q, L;). Thus,
the product oy -0ty - - - - - o, is well defined. Note that
ap—1-y=(p,Lp2,q9,Ly—1,p,Ln—1,q9, Ly, p) ~(p,Ly—2,q9,L,) =: 05;/1_]-
So, a1 cap - -e - O] Oy ~ Q- Q3 - v 0‘;171- By iterating this argument we
eventually obtain oy -crp - - - - - o, ~(p, Lo, q, Ly, p)=a. O

We can now prove the main theorem of this subsection.

Theorem 3.21. Either T'r(A) is simply connected or it is covered by a building.
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Proof. Suppose that I' = ' (A) is not covered by a building. Then, by Corollary 3.8,
at least one of its nondegenerate primitive paths is null-homotopic. By Lemma 3.10
(claim (4)) and Lemma 3.14, at least one orthogonal nondegenerate primitive path,
say «, is null-homotopic. Let £ = £(«) be its line-invariant. The action of G :=
Aut(I") on A and O makes it clear that G acts transitively on the set of orthogonal
primitive paths with line-invariant equal to £. Thus, all orthogonal primitive paths
with line invariant £ are null-homotopic.

Suppose firstly that |[£| < 1. Then every orthogonal primitive path 8 is null
homotopic, by Corollary 3.20 and the above remark. In this case I is simply
connected by Lemmas 3.10 and 3.14 and Corollary 3.6.

Let || =1. If £ # —1 (whence I' = I'c(0)) then « ~ B for some orthogonal
primitive path 8 with [£(8)| < 1, by Lemma 3.18. Thus, we can replace o« with
and we are back to the previous case.

Finally, let £(«r) = —1. Clearly o admits a nonorthogonal shift 8 ~ «, necessarily
nondegenerate (Lemma 3.10). In its turn B admits an orthogonal shift y with
L(y) # —1, by Lemma 3.15. Moreover 8 ~ y by Lemma 3.10. Hence o ~ y.
Therefore y is null-homotopic. We can now replace o with y and we are back to
the first or second one of the two previous cases, according to whether |£(y)| < 1
or [£(y)|=1. O

Remark 3.22. What Schillewaert and Struyve say to explain their Remark 6.9
in [2017] amounts to a sketch of the first three paragraphs of the above proof.
However, as they had nothing like Lemma 3.15 at their disposal, they could only
refer to the case £ # —1 in that remark.

3D. End of the proof of Theorem 1.5. Let I be the universal cover of " = ' (A).
In view of Theorem 3.21, either T =T or I is a building. In order to finish the
proof of Theorem 1.5 it only remains to prove that I cannot be a building. This
immediately follows from the last claim of Theorem 1.3. However, as we have
promised not to use that theorem, we shall give an explicit proof of this claim.

We firstly recall a few general properties of universal coverings and state some
notation for quadratic and hermitian forms and related polar spaces.

3D1. Lifting automorphisms through universal coverings. Let ¢ : I — T be the
universal k-covering of a geometry I' of rank n > k. Let G := Aut(I") and G:=
Aut(T).

Pick a chamber C of T and a chamber C € p~(C ) For every g € G and every
chamber X € ¢~ (g(C)) there exists a umque g € G called a lifting of g to r
through ¢, such that ¢ - g = g - ¢ and g(C) X [Pasini 1994 Theorem 12.13].
The set of all liftings of the elements s g € G is a subgroup G of G and the function
Do - G — G which maps every g € G onto the unique g € Gsuchthat¢p-g=g-¢
is a (surjective) homomorphism of groups. The kernel of py, namely the group of
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all liftings of the identity automorphisms of I', is the deck group D(¢) of ¢ and
r=r /D(¢) [Pasini 1994, Theorem 12. 13]

Given a subflag F C C of rank k, let F be the correspondlng subflag of C and
let G r be the stabilizer F in G. The stabilizer Gz 7 of F in G meets D(¢) trivially.
Hence py induces an 1som0rphlsm from G & 7 to Gr. We call G> 7 the lifting of Gr
ol through ¢ based at F.

Moreover, let Kr < G be the elementwise stabilizer in G g of the residue
Resp(F) of F in I'. Similarly, let K # be the elementwise stabilizer of RCSf(f ) in
5;5. Then py isomorphically maps K 7 onto K.

In order to complete the notation adopted above, we denote by Gr 7 and Kz 7 the
stabilizer of F in G and the elementw1se stablhzer of ResF(F )in Gz 7. Needless to
say, G 7 7 and K7 7 are subgroups of Gr 7 and K5 7 respectively and K7 F= = K5 7N Gr 7

The group K Kr (respectively Kz gor K F) is often called the kernel of Gy (respec-
tively Gz 7 or G 7), as a shortening for “kernel of the action of Gr on Resr(F)".
We shall adopt this terminology too in the sequel.

3D2. Some notation for quadratic and hermitian forms. For a positive integer n,
let f¥ be the usual scalar product on " and let L(f}) be the group of all linear
mappings preserving fn[F. So, L( fnR) =0(n) and L( fn‘c) = U(n) (notation as usual
for Lie groups).
Given two positive integers n, m with n <m, let f|, = (—f}) @ f;;. Namely,
» admits the following representations, according to whether F =R or F = C,
where X = (x,)”+’” and y = (yl)"+m (vectors of F*1):

n m
(F=R) fn (X, y) =— inyi + in+nyi+m,
i=1 i=1

F=C) fi,x.0)==Y %yi+ Y XitaViim:
i=1 i=1

Clearly, n is the Witt index of fn[F,m. We also recall that, by Sylvester’s law of
inertia, every nondegenerate bilinear form on R"*" of Witt index n < m can be
expressed as R or its opposite, modulo a suitable choice of the basis of R**"
(see, e.g., [Bourbaki 1959, §7, n.2]). The same for hermitian forms of C**.

Let L( an.m) be the group of linear trasformations of "™ preserving Jom F . So
we have L(f;',) = 0" (2n, R), L(f,,, 1) =0Qn+ 1, R), L(f;,) =U(2n, C) and
L( ffn n 1) =U@2n + 1, C) (notation as usual for Chevalley groups).

Let I'( fn[ﬁm) be the polar space associated to fn[F,m. Recall that its full automor-
phims group Aut(I'( fn[F, ) 1S the projectivization PL( fn[f m) of L( fn[ﬁ ), extended by
two (possibly trivial) outer automorphism groups, henceforth denoted by d and f.
The group d is contributed by linear transformations of "™ which do not preserve
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n[ﬁ,,l but multiply it by a scalar. However, as we deal with PL( fn[ﬁm) rather than

L( fn[F’m), it turns ut that d is either trivial or isomorphic to the group C, of order 2,
according to whether n + m is odd or even. The group f is trivial when F = R and
isomorphic to C; when F = C. In the latter case, the unique nontrivial involution of
f is contributed by the usual conjugation of C and the extension (PL( f,(Em) -d)- fis
split: it can be realized as the semidirect product (PL( ,S?m) -d) x (1) of PL( f,fm) -d
with the group (i) generated by a suitable involutory semilinear transformation ¢
of C"t™,

3D3. The case (F, A) = (C, 0). Let ¢ : ' — T be the universal covering of I' =
['c(0). We already know that either F=TorTisa building. We want show that
T cannot be a building.

By contradiction, suppose that Tisa building, namely a polar space of rank 3.
We know that the residues of the planes of I" are isomorphic to the complex pro-
jective plane CP?> = PG(2, C) while the panels of type 3 (namely the residues of
the point-line flags) are homeomorphic to the 3-dimensional sphere S* [Kramer
and Lytchak 2014]. The same properties hold for T'. So, in view of Tits’s classi-
fication of polar spaces [Tits 1974, Chapter 8], necessarily I'=T( f3“?4), with full
automorphism group

G == Aut(I'(f{)) =PU(7,C) x f =PSU(7, C) x C».

We set G := Aut(I") = ((SU3) x SU(3))/C3) x C, (see Section 2C).

Let £ be a plane of T and £ = ¢(£). With the notation and the terminology
of Section 3D1, let G¢, f}\g and 55 be respectively the stabilizer of £ in G, the
siabilizer of £ in G and the lifting of G¢ to I' through ¢ at & and let K¢, K £ and
K £ be their kernels. It is not difficult to check that

G: =PSUB) x C, with Kz = 1.

(See also [Schillewzfrt and Struyve 2017].) Henie 5§ =PSU(3) x C, and Eg =1.
On the other hand, Gg is the semidirect product Gz = U x L of its unipotent radical
U and a Levi complement L, where U = C°® x R? = R, with C®, R® and R"
being regarded as additive groups, and L = GL(3, C) x f =T'L(3, C). Moreover
I?g =UxZ whire Z = Z(L) is the center of L (si:e, e.g., [Weiss 2003, Chapter
11]). The groupf}g =PSU(3) x C, is contained in Gg=UxL but, as its kernel is
trivial, it mfets K; =U x Z trivially. Accordingly, the group L =TL(3, C) contains
a copy of Gz =PSU(3) x €. The group L indeed contains copies of SU(3) % C,
but no copy of PSU(3) x C». Indeed SU(3) is not a semidirect product of its center
C3 and a copy of PSU(3).
We have reached a contradiction. Hence in this case I' =T.
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3D4. The case (F, A) = (R, H). Let now ¢ : ' — T be the universal covering of
I' = 'r(H). By contradiction, suppose that Tisa building. The residues of the
planes of I' are isomorphic to the real projective plane PG(2, R) and the panels
of type 3 are homeomorphic to the 5-dimensional sphere S° [Kramer and Lytchak
2019]. By Tits’s classification of polar spaces [1974] we see that = I'( f&), with
full automorphism group G := Aut(I'( f3')) =PL(f3%). We set G := Aut(I') =
SO(3) x Gy (see Section 2C). As in the previous case, let § be a plane of T and
£ := ¢(£). We now have

= (SU(2) x SU(2))/{(—t, —1)) =2 (PSU(2) x PSU(2)),
K: =2 PSU(2) = SU(2),
G:/K: ZPSU(2) = SO@3).

Here ¢ stands for the identity element of SU(2), whence (¢, ¢) is the identity element
of SU(2) x SU(2). The extension 2" (PSU(2) x PSU(2)) is nonsplit.

On the other hand, (A;g =U x L where L =GL(3,R) x SO(5) and U = Uy U,
with Uy and U, isomorphic to the additive groups of R and R! respectively. The
group Uy is both the center and the commutator subgroup of U. Moreover, K F=
U x(Z x SO(S)) where Z is the center of GL(3, IR)

We have Gj =G =2 (PSU(2) x PSU(2)), K = K¢ =SU(2) and K must
be placed in K;. As U < K: ¢ the intersection K ﬂ U is normal in K However
K : =SU(2) is quas1snnple as an abstract group, w1th center of order 2, whlle every
nontr1v1a1 subgroup of U is infinite. Therefore K NU =1, namely K <LnN K =
Z x SO(5). Moreover K £ < SO(5), since SU(2) doesn’t split as the direct product
of its center and a copy of PSU(2). So far, no contradiction has arised; indeed
SO(5) actually contains copies of SU(2).

Similarly, G;/K; = PSU(2) must be placed in Gz/K; = L/(Z x SO(5)) =
PGL(3, R). This can be done as well, since PGL(3, R) contains copies of SO(3) =
PSU(2). However these copies of SO(3) inside GL(3, R) meet the center Z of
GL(3, R) trivially. It follows that Gé is the direct product G = K x X for a
subgroup X = SO(3) = PSU(2) of GL(3, R). In short, G~ = SU(2) x PSU(2).
However G~ = G¢ = (SU2) x SU(2))/((—t, —t)), which is not a direct product
of SU(2) and PSU(2). Eventually, we have reached a contradiction.

Therefore I' = I in this case too. The proof of Theorem 1.5 is complete.
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