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The arithmetic of trees
Adriano Bruno and Dan Yasaki

(Communicated by Robert W. Robinson)

The arithmetic of the natural numbers N can be extended to arithmetic oper-
ations on planar binary trees. This gives rise to a noncommutative arithmetic
theory. In this exposition, we describe this arithmetree, first defined by Loday,
and investigate prime trees.

1. Introduction

J.-L. Loday [2002] published a paper Arithmetree, in which he defines arithmetic
operations on the set Y of groves of planar binary trees. These operations extend
the usual addition and multiplication on the natural numbers N in the sense that
there is an embedding N ↪→ Y, and the multiplication and addition he defines
become the usual ones when restricted to N. Loday’s reasons for introducing these
notions have to do with intricate algebraic structures known as dendriform algebras
[Loday et al. 2001].

Since the arithmetic extends the usual operations on N, one can ask many of the
same questions that arise in the natural numbers. In this exposition, we examine
notions of primality, specifically studying prime trees. We will see that all trees of
prime degree must be prime, but many trees of composite degree are also prime.
One should not be misled by the idea that arithmetree is an extension of the usual
arithmetic on N. Indeed, away from the image of N in Y, the arithmetic operations
+ and × are noncommutative. Both operations are associative, but multiplication
is only distributive on the left with respect to+. In the end it is somewhat surprising
that there is a very natural copy of N inside Y.

The paper is organized as follows. Sections 2–6 summarize without proofs the
results that we need from [Loday 2002]. Specifically, basic definitions are given
in Section 2 to set notation. The embedding N ↪→ Y is given in Section 3, and
Section 4 discusses the basic operations on groves. Sections 5 and 6 define the

MSC2000: primary 05C05; secondary 03H15.
Keywords: arithmetree, planar binary trees.
These results grew out of an REU project in the summer of 2007 at the University of Massachusetts
at Amherst; the authors are grateful for this support.
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2 ADRIANO BRUNO AND DAN YASAKI

arithmetic on Y. Finally, Section 8 discusses some new results and Section 9 gives
a few final remarks.

2. Background

In this section, we give the basic definitions and set notation.

Definition 2.1. A planar binary tree is an oriented planar graph drawn in the plane
with one root, n+ 1 leaves, and n interior vertices, all of which are trivalent.

Henceforth, by tree, we will mean a planar binary tree. We consider trees to
be the same if they can be moved in the plane to each other. Thus we can always
represent a tree by drawing a root and then having it “grow” upward. The degree
is the number of internal vertices. Here is an example of a tree of degree four, with
five leaves:

Let Yn be the set of trees of degree n. For example,

Y0 = { }, Y1 = {!}, Y2 = {",#}, Y3 = {$,%,&,',)}.

One can show that the cardinality of Yn is given by the n-th Catalan number,

cn =
1

n+ 1

(
2n
n

)
=

(2n)!
(n+ 1)!n!

.

The Catalan numbers arise in a variety of combinatorial problems [Stanley 2007].1

Definition 2.2. A nonempty subset of Yn is called a grove. The set of all groves
of degree n is denoted by Yn .

For example,

Y0 = { }, Y1 = {!}, Y2 = {",#,"∪#}.

Notice that we are omitting the braces around the sets in Yn and use instead ∪ to
denote the subsets. For example we write "∪# as opposed to {",#} to denote
the grove in Y2 consisting of both trees of degree 2. Let Y =

⋃
n∈N Yn denote the

set of all groves. By definition groves consist of trees of the same degree; hence
we get a well-defined notion of degree

deg : Y→ N. (1)

1He currently gives 161 combinatorial interpretations of cn .
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n #Yn #Yn

1 1 1
2 2 3
3 5 31
4 14 16383
5 42 4398046511103
6 132 5444517870735015415413993718908291383295
7 429 ∼ 1.386× 10129

Table 1. Number of trees and groves of degree n ≤ 7.

The Catalan numbers cn grow rapidly. Since Yn is the set of subsets of Yn , we
see that the cardinality #Yn = 2cn−1 grows extremely fast (Table 1), necessitating
the use of computers even for computations on trees of fairly small degree.

3. The natural numbers

In this section we give an embedding of N into Y. There is a distinguished grove
for each degree given by set of all trees of degree n.

Definition 3.1. The total grove of degree n is defined by n =
⋃

x∈Yn
x .

For example,

0= , 1=!, 2=#∪", 3=$∪'∪)∪%∪&.

This gives an embedding N ↪→ Y. It is clear that the degree map is a one-sided
inverse in the sense that deg(n) = n for all n ∈ N. We will see in Section 7 that
under this embedding, arithmetree can be viewed as an extension of arithmetic on
N.

4. Basic operations

In this section we define a few operations that will be used to define the arithmetic
on Y.

4.1. Grafting.

Definition 4.1. We say that a tree z is obtain as the graft of x and y (notation:
z = x ∨ y) if z is gotten by attaching the root of x to the left leaf and the root of y
to the right leaf of !.

For example, "=!∨ and &=!∨!. It is clear that every tree x of degree
greater than 1 can be obtained as the graft of trees x l and xr of degree less than n.
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Specifically, we have that x = x l
∨ xr . We refer to these subtrees as the left and

right parts of x .
Given a tree x of degree n, then one can create a tree of degree n+1 that carries

much of the structure of x by grafting on 0= . Indeed, there are two such trees,
x ∨ 0 and 0∨ x . We will say that such trees are inherited.

Definition 4.2. A tree x is said to be left-inherited if xr
= 0 and right-inherited if

x l
= 0. A grove is left-inherited (resp. right-inherited) if each of its member trees

is left-inherited (resp. right-inherited).

We single out two special sequences of trees Ln and Rn .

Definition 4.3. Let L1= R1= 1. For n> 1, set Ln = Ln−1∨0 and Rn = 0∨ Rn−1.
We will call such trees primitive.

Notice that Ln is the left-inherited tree such that L l
n = Ln−1. Similarly, Rn is

the right-inherited tree such that Rr
n = Rn−1.

4.2. Over and under.

Definition 4.4. For x ∈ Yp and y ∈ Yq the tree x/y (read x over y) in Yp+q is
obtained by identifying the root of x with the leftmost leaf of y. Similarly, the tree
x\y (read x under y) in Yp+q is obtained by identifying the rightmost leaf of x
with the root of y.

For example, #/!=' and "\!=&.

4.3. Involution. The symmetry around the axis passing through the root defines
an involution σ on Y . For example, σ(&)=& and σ(")=#. The involution can
be extended to an involution on Y, by letting σ act on each tree in the grove. One
can easily check that for trees x, y:

(i) σ(x ∨ y)= σ(y)∨ σ(x),

(ii) σ(x/y)= σ(y)\σ(x),

(iii) σ(x\y)= σ(y)/σ (x).

We will see that this involution also respects the arithmetic of groves.

5. Addition

Before we define addition, we first put a partial ordering on Yn .

5.1. Partial ordering. We say that the inequality x < y holds if y is obtained from
x by moving edges of x from left to right over a vertex. This induces a partial
ordering on Yn by imposing:

(i) (x ∨ y)∨ z ≤ x ∨ (y ∨ z).
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(ii) If x < y then x ∨ z < y ∨ z and z ∨ x < z ∨ y for all z ∈ Yn .

For example, $<'<)<%. Note that the primitive trees are extremal elements
with respect to this ordering.

5.2. Sum.

Definition 5.1. The sum of two trees x and y is the following disjoint union of
trees

x + y :=
⋃

x/y≤z≤x\y

z .

All the elements in the sum have the same degree, namely deg(x) + deg(y).
The definition of addition extends to groves by distributing. Namely, for groves
x =

⋃
i xi and y =

⋃
j yi ,

x + y :=
⋃
i j

(xi + y j ). (2)

We remark that it is not immediate that the result of the sum is a grove since it
is not obvious that the trees arising in the union are all distinct. Loday shows that
this is indeed the case for total groves

n+m = n+m,

and deduces the general case from this as every grove is a subset of some total
grove.

Proposition 5.2 (Recursive property of addition). Let x = x l
∨ xr and y = yl

∨ yr

be nonzero trees. Then

x + y = x l
∨ (xr

+ y) ∪ (x + yl)∨ yr .

The recursive property of addition says that the sum of two trees x and y is
naturally a union of two sets, which we call the left and right sum of x and y:

x a y = x l
∨ (xr

+ y) and x ` y = (x + yl)∨ yr .2 (3)

Note that x+y= x a y∪x ` y. You can think about this as splitting the plus sign
+ into two signs a and `. From (2) and the definition, we see that the definition
for left sum and right sum can also be extended to groves by distributing.

With the definition of inherited trees/groves and (3), one can easily check that
left (respectively right) inheritance is passed along via right (respectively left)
sums. More precisely,

Lemma 5.3. Let y be a left-inherited tree. Then x ` y is left-inherited. Similarly,
if x is right-inherited, then x a y is right-inherited.

2We set x ` 0= 0 a y = 0.
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5.3. Universal expression. It turns out that every tree can expressed as a combi-
nation of left and right sums of !. This expression is unique modulo the failure of
left and right sum to be associative. More precisely,

Proposition 5.4. Every tree x of degree n can be written in as an iterated Left and
Right sum of n copies of !. This is called the universal expression of x , and we
denote it by wx(!). This expression is unique modulo:

(i) (x a y) a z = x a (y+ z),

(ii) (x ` y) a z = x ` (y a z),

(iii) (x + y) ` z = x ` (y ` z).

For example,
"=! `! and &=! `! a!.

Loday gives a algorithm for computing the universal expression of a tree x .

Proposition 5.5 (Recursive property for universal expression). Let x be a tree of
degree greater than 1. The algorithm for determining wx(!) is given through the
recursive relation

wx(!)= wx l (!) `! a wxr (!).

6. Multiplication

Essentially, we define the multiplication to distribute on the left over the universal
expression.

Definition 6.1. The product x × y is defined by

x × y = wx(y).

This means to compute the product x× y, first compute the universal expression
for x , then replace each occurrence of ! by the tree y, then compute the resulting
Left and Right sums. For example, one can easily check that " = ! ` !. This
means for any tree y, "× y = y ` y. In particular,

"×#=# `#

is the tree shown in the figure on page 2.
Note that the definition of x × y as stated still makes sense if y is a grove. We

can further extend the definition of multiplication to the case when x is a grove by
declaring multiplication to be distributive on the left over disjoint unions:

(x ∪ x ′)× y = x × y ∪ x ′× y = wx(y)∪wx ′(y).
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7. Properties

We list a few properties of arithmetree.

• The addition + : Y×Y→ Y is associative, but not commutative.

• The multiplication × : Y×Y→ Y is associative, but not commutative. It is
distributive on the left with respect to +, but it is not right distributive.

• There is an injective map N ↪→ Y, n 7→ n (defined in Section 3) that respects
the arithmetic. Namely,

m+ n = m+ n and mn = m× n for all m, n ∈ N.

• Degree gives a surjective map deg :Y→N that respects the arithmetic and is
a one-sided inverse to the injection above . For every x, y ∈ Y,

deg(x + y)= deg(x)+ deg(y) and deg(x × y)= deg(x) deg(y).

• deg(n)= n for all n ∈ N.

• The neutral element for + is 0= .

• The neutral element for × is 1=!.

• The involution σ satisfies

σ(x + y)= σ(y)+ σ(x) and σ(x × y)= σ(x)× σ(y).

8. Results

The recursive properties of addition and multiplication allowed us to implement
arithmetree on a computer using PARI/GP [2005]. The computational experimen-
tation was done using Loday’s [2002] naming convention for trees.

8.1. Counting trees. Since each grove x ∈ Y is just a subset of trees, there is
another measure of the “size” of x other than degree.

Definition 8.1. Let x ∈ Y be a grove. The count of x , denoted C(x) is defined as
the cardinality of x .

It turns out that count function gives a coarse measure of how complicated a
grove x is in terms of arithmetree. Namely, if x is the sum (resp. product) of other
groves, then the count of x is at least as large as the count of any of the summands
(resp. factors).

Lemma 8.2. Let x, y ∈ Y be two nonzero groves. Then

(i) C(x a y)≥ C(x)C(y), with equality if and only if x is a left-inherited grove.

(ii) C(x ` y)≥C(x)C(y), with equality if and only if y is a right-inherited grove.
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Proof. We first consider Lemma 8.2(i). Since a is distributive over unions, it
suffices to prove the case when x and y are trees. Namely, we must show that
for all nonzero trees x and y, C(x a y) ≥ 1, with equality if and only if x is a
left-inherited tree. It is immediate that C(x a y) ≥ 1; it remains to show that
equality is only attained when x is left-inherited. From the definition of left sum,
x a y = x l

∨ (xr
+ y). If x is not left-inherited, then xr

6= 0 and

C(x a y)= C(x l
∨ (xr

+ y))= C(xr
+ y)

= C(xr
a y ∪ xr

` y)= C(xr
a y)+C(xr

` y)

> 1.

On the other hand, if x is left-inherited, then xr
= 0 and

C(x a y)= C(x l
∨ (xr

+ y))= C(x l
∨ y)= 1.

Item (ii) follows similarly. �

Proposition 8.3. Let x, y ∈ Y be two nonzero groves. Then

(i) C(x + y)≥ 2C(x)C(y), with equality if and only if x is a left-inherited and y
is right-inherited.

(ii) C(x × y)≥ C(x)C(y)deg(x).

Proof. Since x + y = x a y ∪ x ` y, Proposition 8.3(i) follows immediately from
Lemma 8.2. For Proposition 8.3(ii), we note that multiplication is left distributive
over unions, and so it suffices to prove the case when x is a tree. Namely we must
show that for a tree x and a grove y, C(x × y)≥ C(y)deg(x).

Let wx be the universal expression of the tree x . Then x × y = wx(y) is some
combination of left and right sums of y. By distributivity of left and right sum over
unions and repeated usage of Lemma 8.2, the result follows. �

8.2. Primes.

Definition 8.4. A grove x is said to be prime if x is not the product of two groves
different from 1.

Since deg(x × y) = deg(x) deg(y) for all groves x, y, it is immediate that any
grove of prime degree is prime. However, there are also prime groves of composite
degree. For example, by taking all possible products of elements of Y2, one can
check by hand that the primitive tree L4 is a prime grove of degree 4.

We turn our focus to prime trees, which are prime groves with count 1. It turns
out that composite trees have a nice description in terms of inherited trees. Namely,
a composite tree must have an inherited tree as a right factor and a primitive tree
as a left factor.
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Theorem 8.5. Let z be a composite tree of degree n. Then there exists a proper
divisor d 6= 1 of n and a tree T ∈ Yd−1 such that

z = Ln/d × (0∨ T ) or z = Rn/d × (T ∨ 0).

Proof. Let z = x × y be a composite tree of degree n. By Proposition 8.3, x and y
must also be trees. Since n = deg(z)= deg(x) deg(y), it follows that there exists a
proper divisor d 6= 1 of n such that deg(y)= d and deg(x)= n/d .

We proceed by induction on the degree of x . Suppose x is a tree of degree 2.
Then x =! a! or x =! `!. If x =! `!, then x = L2 is primitive and

1= C(x × y)= C(y ` y).

From Proposition 8.3, it follows that y is right-inherited. Similarly, if x = a ,
then x = R2 and y is left-inherited.

Now suppose x is a tree of degree k such that x × y is a tree of degree n. From
Proposition 5.5 and the definition of multiplication, it follows that

x × y = wx(y)

= wx l (y) ` y a wxr (y)

= (x l
× y) ` y a (xr

× y).

Suppose xr
6= 0. Then xr

× y 6= 0 and C(y a (xr
× y)) = 1. Then by

Proposition 8.3, y is left-inherited. Let T = y a (xr
× y). By Lemma 5.3, T

is also left-inherited. Since C((x l
× y) ` T ) = 1 and T 6= 0, we must have that

either T is also right-inherited, or (x l
× y)= 0. The only tree that is both left and

right-inherited is the tree 1= . It follows that (x l
× y)= 0, and hence x l

= 0. By
the inductive hypothesis, xr is a right-primitive tree, and hence x = Rk .

Now suppose xr
= 0. Then x l

6= 0, and an analogous argument shows that y is
left-inherited and x = Lk . �

From this theorem, we get a nice picture of the possible shapes of composite
trees:

T · · · T T T T T T · · · T

Indeed, one computes that the product Lk×(0∨T ) has the form shown on the left,
and and Rk × (T ∨ 0) the form on the right.

It follows that the primitive trees (Lk and Rk) and the inherited trees (0∨T and
T ∨ 0) are prime. More precisely:
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Proposition 8.6. A nonzero tree is either !, prime, or the product of exactly two
prime trees. Furthermore, the factors are exactly the ones given in Theorem 8.5,
and can be read off from the shape of the tree.

The following combinatorial formula is a consequence of Proposition 8.6:

Corollary 8.7. Let an denote the number of composite trees of degree n. Then
an

2
=−c1− cn +

∑
d|n

cd , where cd is the d-th Catalan number.

9. Final remarks

9.1. Unique factorization. Loday [2002] conjectures that arithmetree possesses
unique factorization. Namely, when a grove x is written as a product of prime
groves, the ordered sequence of factors is unique. Very narrowly interpreted, this
statement is false. For example since multiplication in N is commutative and mul-
tiplication in Y extends arithmetic on N, we see that for n ∈N, if n = p1 p2 · · · pk ,
then

n = pσ(1)× pσ(2)× · · ·× pσ(k),

for any permutation σ . However, away from the image of N in Y, it appears that this
narrow interpretation is true. Specifically, computer experimentation on groves of
degree up to 12 yielded a unique ordered sequence of prime factors for each grove
outside of the image of N in Y.

If we interpret the image of N in Y in terms of the count function, we see that
it is precisely the set of groves with maximal count:

Ymax
=

⋃
n∈N

{x ∈ Yn | C(x)= cn}.

This subset Ymax possesses unique factorization up to permutation of the factors.
On the other extreme, the trees are precisely the set of groves with minimal count;

Ymin
=

⋃
n∈N

{x ∈ Yn | C(x)= 1}.

It follows from Proposition 8.6 that Ymin possesses unique factorization in the
narrow sense. The question of unique factorization for all of Y is open.

9.2. Additively irreducible. From Proposition 8.3 we see that not every grove can
be written as a sum of groves. In fact it is easy to see that every tree is additively
irreducible in the sense that it cannot be written as the sum of two groves. It would
be interesting to study additively irreducible groves. In an analogue to the question
of unique factorization, one could ask if arithmetree possesses unique partitioning.
Namely, when a grove is written as a sum of additively irreducible elements, is the
ordered sequence of summands unique?
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Vertical transmission in epidemic models
of sexually transmitted diseases
with isolation from reproduction
Daniel Maxin, Timothy Olson and Adam Shull

(Communicated by Suzanne Lenhart)

We describe a population logistic model exposed to a mild life-long sexually
transmitted disease, that is, without significant increased mortality among in-
fected individuals and providing no immunity/recovery. We then modify this
model to include groups isolated from sexual contact and analyze their potential
effect on the dynamics of the population. We are interested in how the isolated
class may curb the growth of the infected group while keeping the healthy pop-
ulation at acceptable levels. In particular, we analyze the connection between
vertical transmission and isolation from reproduction on the long term behavior
of the disease. A comparison with similar effects caused by vaccination and
quarantine is also provided.

1. Introduction

The dynamics of a population depends on the relation between reproduction and
mortality. One factor that we analyze in this paper is the long-term effect on the
population growth caused by the segregation of portions of the general (reproduc-
tive) population into a nonreproductive class that really consists of individuals of
two very different kinds: sexually active but nonprocreating, such as infertile indi-
viduals, and sexually inactive, consisting of individuals who by choice or medical
reasons refrain from sexual contact for life. The influence of the nonreproductive
group on general population dynamics has been analyzed for several exponential
and logistic models in [Milner 2005]. It has been shown that the nonreproductive
group can indeed alter the population trend and may even make an exponentially in-
creasing population stagnate or decline. A similar result holds for logistic models.
Maxin and Milner [2007] extended these models to incorporate a sexually trans-
mitted disease (STD) without recovery that does not increase mortality. It has been

MSC2000: primary 92D30; secondary 92D25.
Keywords: sexually transmitted diseases, abstaining individuals, vertical transmission, isolation

from reproduction.
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shown that the abstaining groups have the ability to induce a stable disease-free
equilibrium (DFE) in an endemic situation. This is quite different from quarantine
since the sexually isolated individuals do not reproduce and, by this, the number
of susceptibles decreases since no vertical transmission is assumed.

In this paper we extend the logistic model from [Maxin and Milner 2007] —
a reference we henceforth abbreviate as [MM 2007] — to include vertical trans-
mission which assumes that the newborn can acquire the disease from an infected
mother. It is intuitively obvious that, with vertical transmission, there is a new
source of newly infected individuals in the population and the conditions for dis-
ease clearance will become more restrictive. Our goal in this paper is to show that,
even in this case, a stable, disease-free steady state is possible and may be caused
primarily by isolation from reproduction.

The paper is structured as follows. In Section 2, we introduce the model and ana-
lyze the extinction and the disease-free equilibrium, and correlate these results with
the ones obtained in [MM 2007]. We then compute a threshold condition on the
nonreproductive rates that describes how the isolated class induces a disease-free
equilibrium in an endemic situation caused by vertical transmission. In Section 3,
we analyze a particular model that assumes total vertical transmission when all the
newborn from infected people are infected at birth and that leads to the existence
of a total endemic steady state when the entire healthy population vanishes. While
this is not realistic for known diseases, the stability condition of the endemic equi-
librium suggests that, contrary to what might be expected, a higher isolation rate of
infected leads to an endemic equilibrium (where healthy and infected individuals
coexist) regardless of how big the infection rate may be. We conclude in Section 4
with a brief comparison between our model and a similar S-I type model with
vaccination and quarantine to show that the previous result may not be possible in
the absence of isolation from reproduction. We conclude our paper with several
thoughts on further avenues of research.

2. The logistic model with abstaining groups and vertical transmission

Maxin and Milner [MM 2007] introduced several exponential and logistic STD
models that incorporate an abstaining class A of people who are isolated from
sexual contact. Here we consider their model with logistic mortality and assume
that each newborn from an infected individual has a probability ε of being healthy
at birth. Thus, if β is the per capita birth rate and I is the infected class, the rate
at which individuals are born already infected is β(1− ε)I . The system becomes

S′ = βS+βε I − λSI − µ̄S− ν1S,
I ′ = β(1− ε)I + λSI − µ̄I − ν2 I,
A′ = ν1S+ ν2 I − µ̄A,

(1)
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where µ̄= µ+ bP with P = S+ I + A.
The meaning of the remaining parameters is as follows:

• S and A denote the susceptible and the abstaining class. Note that, since the
abstaining individuals do not reproduce and do not participate in the infection
process, we can include both the infected and healthy isolated people into
a single group A in order to keep the dimension of the system as small as
possible. Whenever the disease is cleared (such as in the case of a stable
disease-free equilibrium) A will contain healthy isolated individuals only.

• µ̄ is the logistic death rate and b is the logistic linear coefficient that captures
the total population effect on the death rate.

• λ represents the infection rate using the mass-action law corresponding to a
homogeneous population.

• ν1 and ν2 represent the transition rates from susceptibles and infected into the
isolated class A.

• P will denote, throughout this paper, the total population.

When ε = 1, this system is identical with the one analyzed in [MM 2007].
It is reasonable to assume that the isolation rate of infected individuals is greater,

since some infected individuals may choose to quarantine themselves in order to
avoid spreading the disease. Thus, we will assume throughout this paper that

ν1 < ν2.

The model always admits an extinction equilibrium (0, 0, 0).
If β −µ− ν1 > 0 there is also a disease-free equilibrium (S∗, I∗, A∗) where

S∗ =
(

K −
ν1

b

)(
1−

ν1

β

)
=

(β −µ− ν1

b

)(
1−

ν1

β

)
,

I∗ = 0,

A∗ =
(

K −
ν1

b

)ν1

β
=

(β −µ− ν1

b

)ν1

β
,

(2)

with K = (β −µ)/b. The endemic equilibrium will be analyzed in the context of
complete vertical transmission in the following section.

Theorem 1 (stability of the boundary steady states). The extinction equilibrium is
locally asymptotically stable if

β −µ− ν1 < 0.

The disease-free equilibrium (S∗, I∗, A∗) is locally asymptotically stable if

β −µ− ν1 > 0 and λ <
βε− ν1+ ν2(

1− ν1
β

)(
K − ν1

b

) .
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Proof. The Jacobian of (1) is

J =

β−λI−µ̄−bS−ν1 βε−λS−bS −bS
λI−bI β(1−ε)+λS−µ̄−bI−ν2 −bI
ν1−bA ν2−bA −µ̄−bA

 .
Evaluated at (0, 0, 0) this is

J (0, 0, 0)=

β−µ−ν1 βε 0
0 β(1−ε)−µ−ν2 0
ν1 ν2 −µ

 .
It follows that the extinction equilibrium is locally asymptotically stable if

β −µ− ν1 < 0 and β(1− ε)−µ− ν2 < 0.

However, the second inequality follows from the first, since 0<ε < 1 and ν1 <ν2:

β(1− ε) < β < µ+ ν1 < µ+ ν2.

Assuming now that β −µ− ν1 > 0, and denoting

P∗ = S∗+ A∗ = K −
ν1

b
=
β −µ− ν1

b
> 0,

the Jacobian J evaluated at (S∗, I∗, A∗) isβ−µ−bP∗−bS∗−ν1 βε−λS∗−bS∗ −bS∗
0 β(1−ε)+λS∗−µ−bP∗−ν2 0

ν1−bA∗ ν2−bA∗ −µ−bP∗−bA∗

 .
The eigenvalues are β(1−ε)+λS∗−µ−bP∗−ν2 (this being the single nonzero

entry on its row) together with the eigenvalues of the complementary minor,

M =
(
β−µ−bP∗−bS∗−ν1 −bS∗

ν1−bA∗ −µ−bP∗−bA∗

)
.

Since Tr(M) = −µ− 2bP∗ < 0 and det M = bβS∗ > 0, the eigenvalues of M
have negative real parts. Thus local asymptotic stability holds for (S∗, I∗, A∗) if

β(1− ε)+ λS∗−µ− bP∗− ν2 < 0,

which is equivalent to

λ <
βε− ν1+ ν2(

1− ν1
β

)(
K − ν1

b

) . �

From [MM 2007] we know that, in the absence of the isolated class A, the
disease is endemic if β/K < λ. Similarly, with vertical transmission, if there is no
isolation from reproduction, the disease is endemic provided that βε/K < λ. The
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double inequality below indicates the range of the infection rate λ that would cause
an endemic situation in the absence of the isolated class A and a stable disease-free
equilibrium in the presence of it:

βε

K
< λ <

βε− ν1+ ν2(
1− ν1

β

)(
K − ν1

b

) . (3)

This condition resembles the similar one obtained in [MM 2007], with ε = 1
(no vertical transmission):

β

K
< λ <

β − ν1+ ν2(
1− ν1

β

)(
K − ν1

b

) .
This means that the isolated class A, represented by the two isolation rates ν1

and ν2, has the ability to induce stability to the disease-free equilibrium in an
otherwise endemic situation. With the addition of vertical transmission we notice
another threshold effect which suggests that the vertical transmission alone can
induce an endemic situation even in the case where the abstaining class satisfies
the condition in [MM 2007]. This happens if the infection rate satisfies

βε− ν1+ ν2(
1− ν1

β

)(
K − ν1

b

) < λ < β − ν1+ ν2(
1− ν1

β

)(
K − ν1

b

) .
To summarize, the vertical transmission reduces the disease-free stability range of
λ, which is to be expected with the additional infected newborns in the model.

In Figure 1 we plot two numerical examples to illustrate Theorem 1. The birth

S

I

t

S

A
I

t

Figure 1. Example equilibria: endemic equilibrium (left) in the
absence of abstainers (ν1 = ν2 = 0) and disease-free equilibrium
(right) in their presence (ν1 = 0.01, ν2 = 0.04). In both cases,
β = 0.04962, µ= 0.02026, ε = 0.7, b= 0.0002, and λ= 0.0004.
The first inequality in (3) is satisfied in the first case, and both are
in the second.
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and death rates are those given in the CIA World Factbook for Niger in 2008, but
all other parameter values are for illustration purposes only and do not reflect real
data.

A major difference from the model treated in [MM 2007] appears when the
vertical transmission rate is very high. Although not realistic, for theoretical pur-
poses we will assume the extreme case, ε = 0, which indicates 100% vertical
transmission. We treat this case in greater detail in the following section.

3. Complete vertical transmission

Setting ε = 0 in (1), we obtain:
S′ = βS− λSI − µ̄S− ν1S,
I ′ = β I + λSI − µ̄I − ν2 I,
A′ = ν1S+ ν2 I − µ̄A.

(4)

The system, in this form, allows us to explicitly compute the endemic equilib-
rium (a nontrivial task if ε 6= 0):

S∗ =
µ∗+ ν2−β

λ
, I ∗ =

β −µ∗− ν1

λ
, A∗ =

(ν2− ν1)(β −µ
∗)

λµ∗
,

where µ∗ = µ+ bP∗. Adding the equations for S∗, I ∗, and A∗ together gives us

P∗ =
(ν2− ν1)β

λµ∗
.

For a biologically meaningful endemic equilibrium (EE) to exist (i.e., positive
values) we need

ν1 < β −µ
∗ < ν2,

or
β

µ∗+ ν1
> 1 and

β

µ∗+ ν2
< 1.

This translates to a requirement that the reproductive number of the susceptibles
must be greater than one, while the reproductive number of the infected population
must be less than one.

In addition to the disease-free and endemic equilibria, (4) admits a third steady
state in which the entire healthy population vanishes. We call this the susceptible
extinction equilibrium (SEE):

S̄ = 0, Ī =
(

1−
ν2

β

)
P̄, Ā =

ν2

β
P̄,

where P̄ = (β −µ− ν2)/b.
We see that, for a positive SEE equilibrium, we need β −µ− ν2 > 0.
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Theorem 2 (existence and local stability conditions for EE and SEE). If either

ν2− ν1(
1− ν1

β

)(
K − ν1

b

) < λ < ν2− ν1(
1− ν2

β

)(
K − ν2

b

) (5)

or
ν2− ν1(

1− ν1
β

)(
K − ν1

b

) < λ and β <
µ

2
+ ν2, (6)

the endemic equilibrium (S∗, I ∗, A∗) exists and is locally asymptotically stable. If

β > µ+ ν2 and λ >
ν2− ν1(

1− ν2
β

)(
K − ν2

b

) , (7)

the susceptible extinction equilibrium (S̄, Ī , Ā) exists and is locally asymptotically
stable.

Proof. First we show that the EE is stable whenever it exists. The Jacobian of (4),
evaluated at (S∗, I ∗, A∗), is

J (S∗, I ∗, A∗)=

 −bS∗ −λS∗− bS∗ −bS∗

λI ∗− bI ∗ −bI ∗ −bI ∗

ν1− bA∗ ν2− bA∗ −µ∗− bA∗

 .
If the characteristic equation of this matrix is x3

+p1x2
+p2x+p3 = 0, then

p1 =−Tr(J )= µ∗+ bP∗,

p2 =
(
b2S∗ I ∗+ (λ2

− b2)S∗ I ∗
)
+
(
bS∗(µ∗+ bA∗)+ bS∗(ν1− bA∗)

)
+
(
bI ∗(µ∗+ bA∗)+ bI ∗(ν2− bA∗)

)
= λ2 I ∗S∗+ bν1S∗+ bν2 I ∗+ bµ∗(S∗+ I ∗),

p3 =−Det(J )= λS∗ I ∗(bν2− bν1+ λµ
∗
+ λbA∗).

Clearly p1 > 0, p2 > 0 and p3 > 0, since ν2 > ν1.
Replacing S∗, I ∗, A∗ and P∗ with their corresponding values computed above,

we also see that p1 p2 > p3 since

p1 p2− p3 =
bβ(ν2− ν1)

(
λ(µ∗)2+ bβ(ν2− ν1)

)
λ2µ∗

> 0.

Hence, according to the Routh–Hurwitz criterion, the interior equilibrium is
always stable whenever it exists. It remains now to interpret the positivity condition
ν1 < β −µ

∗ < ν2 in terms of the original parameters.
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To this end, we solve for µ∗ using the following equation:

P∗ =
µ∗−µ

b
=
β(ν2− ν1)

λµ∗
.

There is a unique positive solution

µ∗ =
µλ+

√
µ2λ2+ 4bβλ(ν2− ν1)

2λ
,

and the existence condition above becomes

2(β − ν2)−µ <
1
λ

√
µ2λ2+ 4bβλ(ν2− ν1) < 2(β − ν1)−µ. (8)

Consider the second inequality first. Its right side is positive, since our standing
assumption is that β > µ + ν1, to avoid total population extinction. Therefore
squaring both sides leads to an equivalent inequality,

1
λ2

(
µ2λ2

+ 4bβλ(ν2− ν1)
)
< 4(β − ν1)

2
+µ2

− 4µ(β − ν1),

which after simplification becomes, in terms of K =
β −µ

b
, the condition

λ >
ν2− ν1(

1− ν1
β

)(
K − ν1

b

) .
Thus the second inequality in (8) amounts to precisely the opposite of the condition
for disease-free stability at the end of the statement of Theorem 1, in the case ε=0.

There remains to study the first inequality in (8). It is certainly satisfied if its
left side is negative, that is, if

β <
µ

2
+ ν2.

In the opposite case, β ≥ µ
2
+ν2, we can square both sides to obtain the equivalent

condition
λ <

ν2− ν1(
1− ν2

β

)(
K − ν2

b

) . (9)

In other words, the endemic equilibrium exists and it is stable if conditions (5)
and (6) are satisfied.

The Jacobian of (4) evaluated at (S̄, Ī , Ā) is−λ Ī + ν2− ν1 0 0
(λ− b) Ī −bĪ −bĪ
ν1− bĀ ν2− bĀ −µ̄− bĀ

 ,
where µ̄ here denotes µ+ b(S̄+ Ī + Ā).
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It is clear that one of the eigenvalues is negative when λ Ī > ν2 − ν1, which is
equivalent to the second condition in (7):

λ >
ν2− ν1(

1− ν2
β

)(
K − ν2

b

) . (10)

Removing the row and column containing that eigenvalue leaves us with a 2× 2
matrix whose determinant is always positive (bβ Ī > 0) and whose trace is always
negative (−µ̄− bP̄ < 0). Thus, the susceptible extinction equilibrium is locally
asymptotically stable, with λ satisfying condition (7) . �

Remark 1. Condition (6) has an interesting consequence. First, if β < µ/2+ ν2,
then β <µ+ν2 also, so the susceptible extinction equilibrium does not exist in this
case. This means that if ν2 is big enough, the susceptible class never goes extinct
and the endemic equilibrium is stable regardless of how big the infection rate λ
may be. This emphasizes the epidemiological role of isolation from reproduction.

Remark 2. If one excludes the fact that the isolated class A does not reproduce,
then the model (4) resembles an S− I type model with vaccination (ν1) and quar-
antine (ν2). Thus, in order to sustain the previous remark that the Susceptible
Extinction Equilibrium may be eliminated by the isolation from reproduction we
need to investigate whether this result holds for a similar model where the vacci-
nated and quarantined classes do reproduce. In the next section we show that the
answer to this question is negative meaning that the result obtained for our original
model is indeed primarily due to the isolation from reproduction.

We provide some numerical examples to illustrate Theorem 2. In Figure 2 we

I

A

S

t

Figure 2. Example of a susceptible extinction equilibrium: β =
0.04962, µ= 0.02026, ν1 = 0.005, ν2 = 0.01, ε = 0, b = 0.0002,
λ= 0.0004. Inequality (10) is satisfied.



22 DANIEL MAXIN, TIMOTHY OLSON AND ADAM SHULL

S

A

I

t

S

A

I

t

Figure 3. Examples of endemic equilibria: β = 0.04962, µ =
0.02026, ν1 = 0.005, ν2 = 0.04, ε = 0, b = 0.0002, λ = 0.0004
(left) or λ= 0.0008 (right). Inequalities (6) are satisfied.

show an example when the SEE is stable. In Figure 3 we illustrate the case of a
stable EE satisfying (6). In Figure 3, right, we double the value of λ while keeping
the other parameters the same as in the left half of the figure, to illustrate that under
condition (6) the stability of EE is maintained regardless of how big the infection
rate is.

4. A model with complete vertical transmission, vaccination and quarantine

The model proposed in this section is intended to eliminate the ambiguity concern-
ing the epidemiological role of the isolated class A. In other words, we would like
to see if the result in the previous section is due to the nonreproduction or perhaps
due to vaccination and quarantine (which are other possible interpretations for the
transition rates ν1 and ν2). To this end, we assume now that the model resembles
an S-I type dynamics with vaccination and quarantine. Another main difference is
that all individuals reproduce, including the quarantined. Since the isolated classes
reproduce and one needs to track the infected and healthy newborns, we must
separate the isolated class A into two classes: V , the vaccinated individuals and
Q the quarantined infected people. Furthermore, we denote by η the transition
rate from vaccinated individuals back to the susceptible class S to account for a
possible imperfect vaccine where some individuals loose the acquired immunity.

The model is as follows:
S′ = β(S+ V )− λSI − µ̄S− ν1S+ ηV,
I ′ = β(I + Q)+ λSI − µ̄I − ν2 I,
V ′ = ν1S− µ̄V − ηV,
Q′ = ν2 I − µ̄Q,

(11)
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where µ̄= µ+ b(S+ I + V + Q).

Remark 3. In this model we assumed the same reproduction rate for all individu-
als. A possible interpretation is that, in the case of sexually transmitted diseases,
quarantine can be viewed as abstaining from sexual contact with healthy people
only. This is true sometimes for diseases such as herpes simplex type 2 (HSV-2)
when infected individuals search for partners among groups already infected. In
reality, due to these considerations, the quarantined class will always exhibit a
certain degree of isolation from reproduction. However, the main purpose of model
(11) is to verify the results in the previous sections under the assumption that no
isolation from reproduction occurs with transitions from one class to another.

Notice that there is no endemic equilibrium where the healthy and infected in-
dividuals coexist as shown below:

Substituting V = ν1S/(µ̄+ η) and Q = ν2 I/µ̄ into the first two equations, we
obtain

λI = (β − µ̄)
(

1+
ν1

µ̄+ η

)
and λS = (µ̄−β)

(
1+

ν2

µ̄

)
.

Clearly, it is impossible for both of them to be positive since λS> 0 implies β < µ̄
which, in turn, implies λI < 0.

Adding the equations of (11) we obtain a logistic equation for the total popula-
tion P:

P ′ = βP − µ̄P = (β −µ− bP)P.

Therefore,

lim
t→∞

P(t)=
β −µ

b
:= K ,

provided that β > µ. If β < µ the population declines to zero.
Thus there are three steady states:

• the extinction equilibrium: (0, 0, 0, 0),

• the susceptible extinction equilibrium (SEE):

S̄ = 0, Ī =
βK
β + ν2

, V̄ = 0, Q̄ =
ν2K
β + ν2

,

• the disease-free equilibrium (DFE):

S∗ =
(β + η)K
β + ν1+ η

, Ī = 0, V̄ =
ν1K

β + ν1+ η
, Q̄ = 0.

Theorem 3. If β > µ, the SEE is locally asymptotically stable and the DFE is
unstable (whenever it exists).
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Proof. The Jacobian of (11) is

J =


β−λI−µ̄−bS−ν1 −(λ+b)S −bS+β+η −bS

(λ−b)I β+λS−µ̄−bI−ν2 −bI −bI+β
ν1−bV −bV −µ̄−bV−η −bV
−bQ ν2−bQ −bQ −µ̄−bQ

 .
We evaluate first the characteristic polynomial of J (S̄, Ī , V̄ , Q̄), which is

f (x)=
(
x2
+ (bĪ + bQ̄+β + ν2)x + b( Ī + Q̄)(β + ν2)

)
×
(
x2
+ (β + ν1+ λ Ī + η)x + λ Ī (β + η)

)
.

Since all its coefficients are positive then the real parts of all eigenvalues are
negative and the susceptible extinction equilibrium is locally asymptotically stable
whenever it exists.

On the contrary, for the disease-free equilibrium, the characteristic polynomial
of J (S∗, I ∗, V ∗, Q∗) is

g(x)=
(
x2
+ (bS∗+ bV ∗+β + η+ ν1)x + b(S∗+ V ∗)(β + η+ ν1)

)
×
(
x2
+ (β + ν2− λS∗)x −βλS∗

)
and the real part of one of its eigenvalues is always positive: from the second
quadratic factor of g(x) we see that the product of its roots is given by

x1x2 =−βλS∗ < 0. �

Thus, the DFE is always unstable and the possibility of eliminating the disease
is not possible through quarantine and vaccination alone when the population is
faced with complete vertical transmission. In Figure 4 we provide a numerical
example using the same parameter values as those in Figure 3 to illustrate that,
in the absence of isolation from reproduction, the SEE is stable and the healthy
population vanishes.

5. Conclusions

We modified the epidemic model with sexually abstaining groups introduced in
[MM 2007] to include vertical transmission. We found that previous results claim-
ing that the isolated class may induce the stability of the disease-free equilibrium in
an endemic situation are still valid in the presence of vertical transmission although
the range of the infection rate when this is possible is more restrictive.

One major difference appears when the vertical transmission rate is very high,
that is, close to 100%. To simplify our analysis we actually considered a complete
vertical transmission situation where every newborn from infected parents is in-
fected as well. In this case, under certain conditions on the vital parameters, we
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Figure 4. The susceptible extinction equilibrium in the absence
of isolation from reproduction. Parameter values: β = 0.04962,
µ=0.02026, ν1=0.005, ν2=0.04, ε=0, b=0.0002, λ=0.0004,
η = 0.2.

found that the model admits a steady state (SEE) when the entire susceptible popu-
lation vanishes, in addition to the disease-free and interior (endemic) steady states.
The local stability analysis for the endemic equilibrium shows that both the infected
and the healthy groups may coexist and that the total endemic situation when the
healthy population declines to zero can be avoided by isolation from reproduction
alone. A comparison with model (11) shows that this result may indeed be due
to isolation from reproduction and not due to vaccination or quarantine, which are
other possible interpretations for the transition rates ν1 and ν2.

One important limitation of our work is given by the use of one-sex models.
Since we were interested in showing that there is an important correlation between
vertical transmission and isolation from reproduction, we chose the simplest pos-
sible model to sustain our argument and to keep the mathematical details as simple
as possible. Our next objective related to the present research is to investigate if
similar results can be obtained using two-sex models. The influence of sexually
abstaining groups on STD dynamics has been analyzed in [Maxin 2009; Maxin
and Milner 2009] using a gender structured logistic model. We intend to extend
that model to include vertical transmission. This research is currently underway
and will be reported later.
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