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Suppose that P(x), Q(x) € Z[x] are two relatively prime polynomials, and that
P(x)/0(x) = Z:io a,x" has the property that a, € Z for all n. We show that if
Q(1/a) =0, then « is an algebraic integer. Then, we show that this result can be
used to provide a solution to Problem 11213(b) of the American Mathematical
Monthly (2006).

1. Introduction and statement of results

This paper has two goals. One is to prove this general observation:

Theorem 1. Suppose P(x), Q(x) € Z[x] are relatively prime polynomials with
integer coefficients and their quotient is the generating function of an integer series:

P
) = Zanx”, with a, € Z for all n.

Then the inverse of any root of Q is an algebraic integer.

The second goal is to apply this result to solve a problem from the American
Mathematical Monthly:

Problem 11213 [AMM 2006]. Proposed by Stanley Rabinowitz, Chelmsford, MA.
For positive integers n and m with n odd and greater than 1, let

(n—1)/2 lor
S , — 2m [ ™ )
(n, m) Z sec <n—|—l)

k=1
(a) Show that if n is one less than a power of 2, then S(n, m) is a positive integer.
(b*) Show that if n does not have the form of Part (a), then there exists a positive

integer m such that S(n, m) is not an integer.
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The * indicates that no solution was known to the Monthly editors. (A solution
to (a) was provided in [AMM 2008].) We solve part (b) of Problem 11213 by
proving the contrapositive:

Theorem 2. Let n > 1 be an odd integer. If, for every positive integer m, the sum

(n—1)/2
S(n,m)= Z sec?™
k=1

ki
n+1

has an integer value, then n + 1 is a power of 2.

A similar result to Theorem 1 (but less general) had appeared before in the
Monthly, as a problem proposed and solved by Michael Larsen:

Problem E 2993 [AMM 1983; 1986]. Let oy, a2, ..., @, a complex numbers such
that ) | o is an integer for every positive m; then the polynomial [ [} (x — ;) has
integer coefficients.

Here is an outline of the paper. After recalling the necessary concepts from
algebraic number theory in Section 2, we prove in Section 3 two intermediate
results: S(n, m) is always rational, and the generating function of the sequence
{S(n, m)}u~o (for fixed odd n > 0) has integer coefficients. In Section 4 we prove
Theorem 1, from which Theorem 2 follows easily given the intermediate results.

2. Background

We review some basic algebraic number theory, which is carefully laid out in
[Stewart and Tall 2002], for example. (This citation will be abbreviated as [ST].)

An algebraic number is any zero of a polynomial with integer coefficients. An
algebraic integer is any zero of a monic polynomial with integer coefficients. The
set of algebraic numbers is a field, and the set of algebraic integers forms a ring
[ST, Theorems 2.1 and 2.9].

For example, if p is prime, ¢, = e?™/P is an algebraic integer since it is a zero
of the polynomial x? — 1.

The minimal polynomial of an algebraic number « is the monic polynomial p(x)
with rational coefficients and the smallest possible degree such that p(a) = 0.
All polynomials of which « is a root are divisible by p. For example, r(x) =
xP1 4 xP2 4. .4 x+1=(xP—1)/(x — 1) is the minimal polynomial of {p.
Definition. If K is a field contained in L, we say that L is a field extension of K,

and we denote this by L : K.

If K is a field and « is an algebraic number let K (o) denote the smallest field
containing all the elements of K and «. One way to think about field extensions is
thatif L : K is a field extension, then L has a natural structure as a vector space over
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K. The dimension of this vector space, which is called the degree, is represented
with [L : K]. If [L : K] is a number the field extension is called finite. If H, K,
and L are fields such that K is a subset of L and H is a subset of K, then

[L:H]=[L:K][K:H] 1)

[ST, Theorem 1.10].

In algebraic number theory field extensions of the form Q(«) are of interest.
If @ is an algebraic number, then [Q(«) : Q] equals the degree of the minimal
polynomial of & [ST, Theorem 1.1]. A field K is called an algebraic number field
if [K : Q] is finite. If K = Q(«) and « is an algebraic number, then the ring of al-
gebraic integers in K is finitely generated as an abelian group [ST, Theorem 2.16].

Definition. If K = Q(«) is an algebraic number field of degree n, then there are
n distinct monomorphisms o1, ..., 0, from K to C. The conjugates of an element
B € K are the numbers o;(8) for all i between 1 and n.

The conjugates of an algebraic number « are the zeros of the minimal polyno-
mial of . For example, if o = ¢, = ¢**'/", where n > 0 is an integer, then « has
¢ (n) conjugates in X(«), where ¢ is the Mobius function. The conjugates of ¢,
are all the elements in the set

{2 (ke n) =1},
This information can be found in [Milne 2009, page 93].

Definition. Let K = () be an algebraic number field, and consider 8 € K. The
trace of B in K, denoted by Trg 8, is the sum of all the conjugates of 8. The norm
of B in K, denoted by Nk (8), is the product of all of the conjugates of 8.

Thus Trx ¢, =—1and Ng(¢,) = (—=1)P~! for p prime, where K = Q(¢p). If one

notes that |
S o _ s 2T
2 n
and applies (1) one can see that the conjugates of o = cos 2% in Q(«) are all the

elements in the set
{cos”;—k:(k,n):1,0<k<n/2}. 2)

A formal proof of this can be found in [Milne 2009, pages 95-96]. Also, as a
consequence of Theorem 2.6(a), Lemma 2.13, and Lemma 1.7 of [ST], if « is an
algebraic number its trace is rational; and as a consequence of Lemma 2.14 of the
same reference, if « is an algebraic integer its norm is an integer.
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3. Intermediate results

Lemma 3. Ifn > 1 is odd and m > 1, the sum S(n, m) of Theorem 2 is a rational

number.
2

Proof. We make use of the trigonometric identity sec’> x = ——————— to write
om cos(2x)+1
sec” x = f(cos2x), where
— (2 \"
fx) = (x-l—l) '

Then, dropping m from the notation and introducing N = n 4 1 for convenience,
we can rewrite our sum as

Z s(k), where s(k):= f(cos %)

O<k<N/2

3)

We assume at first that N /2 is an odd prime. All the s (k) then lie in the extension
K =Q(cos 2w /N), as follows from the characterization (2) (with n in that formula
equal to N here). More precisely, if k is odd, cos 2wk /N is a conjugate of cos 2w/ N
in K. If k is even, cos 2k /N equals —cos 2k’ /N, for k' = N /2 —k odd; therefore
it is a conjugate of —cos 27w /N. Either way, cos2mk/N lies in K, and therefore
so does s(k), since f is a rational function.

The operation of taking conjugates commutes with applying f (monomorphisms
preserve sums, products and inverses, and fix the numbers 1 and 2). Putting this
together with the previous paragraph, we conclude that half of the s (k) (those where
k is odd) make up the conjugates in K of s(1), while the other half make up the
conjugates of s(2) (taking k =2 as a representative of the even k’s). It follows that

N/2—1

3" s(k) = Trgs(1) + Trs(2) = TrKf(cos @) +Tr1<f(cos
k=1 N

2x2nk>

Thus S(n, m) is the sum of two traces of algebraic numbers, and so rational.

Now let N /2 be arbitrary. Our strategy is the same: we partition the values of
k according to their gcd with N. Let dy, ..., d; be all the divisors of N apart from
N and N /2, and define

D;:={k:gcd(k, N)=d;, 0<k<N/2}={d;j:gcd(j, N/di)=1,0<j<N/Q2d;)}.
The D; are disjoint, and together they account for all the k in the sum (3). Moreover,

dosth= Y f(COS%) T@(com,wf(”z\?/d)

keD; jiged(j,N/di)=1
0<j<N/(2d;)

where the last equality follows from the same reasoning used earlier for £ odd (with
N replaced by N/d;). We have expressed S(n, m) as a sum of traces of algebraic
numbers, which means it is rational. O
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This result allows us to prove that the generating function for the sequence
{S(n, m)},>0 (for fixed odd n > 0) is a rational function.

Lemmad4. Ifn > 1isodd,m > 1, and
o0
Fa(x) =) S(n,mx",
m=0

then there exist P(x), Q(x) € Z|x] such that F,,(x) = P(x)/Q(x).

Proof. Using the formula for the sum of a geometric series, we write

o, (n—1)/2 (n—1)/2 1

Fn(x)=Z( Z seczmnk—j1 Z —
k=1

m=0 =1 1—xsec?
n

so that

(n—1)/2 kot
= 1 — x sec? .
O(x) 1_[ < X sec p— 1)

k=1
We will show that Q(x) is a polynomial with rational coefficients. Set

, km
n+1’

by :=sec

where 1 <k < (n—1)/2. Let s; be the sum of the products of each i-element subset
of the set {by, b2, ..., b(n—1),2} (in other words, s; is the i-th elementary symmetric
polynomial applied to the b;). The coefficient of x’ in Q(x) is (—1)'s;. Also, let

n
pr = Z by.
k=1
The Newton—Girard formulas tell us that

pi—S1pic1+sapica+ -+ (=D s pr+(=1)is; =0,

forall 1 <i < (n—1)/2. Itis clear that p; is rational for all i by Lemma 4. An
easy induction argument implies that s; is rational for all i. Since the coefficients of
Q(x) can be expressed in terms of the s;, we see that O (x) has rational coefficients.
Thus P(x) = F,(x)Q(x) has rational coefficients. The desired result follows. [J

Lemma 5. Suppose that a and b are algebraic numbers, and

a o0
= Z a,x".
1—bx
n=0

If a, is an algebraic integer for all n, then b is an algebraic integer.

F(x)=
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Proof. The assumption implies that a, = ab”™. We know that ab” is an algebraic
integer for all n, and so lies in the ring of algebraic integers of the field K = Q(b).
This ring is finitely generated as an abelian group. Suppose that it is generated by

{v1, va, ..., v}. Then " must be in the finitely generated abelian group generated
by {vi/a, ..., v;/a} for all n. Lemma 2.8 of [ST] states that a complex number
0 is an algebraic integer if and only if the additive group generated by all powers
1,6,02,...1is finitely generated. Thus, b is an algebraic integer. ([

Now, we wish to expand upon the ideas presented in Lemma 5.

Definition. A sequence {a,} of algebraic numbers has a bounded denominator if
there exists a positive integer m such that ma, is an algebraic integer for all n.

Lemma 6. Let

[e.0]
F(x)= Z a,x",
n=0

where {a,} is a sequence with bounded denominator. Suppose p(x) is a polynomial
whose coefficients are algebraic numbers and let

F)p(x) =) byx".

n=0
Then, the sequence {b,} has bounded denominator.

Proof. This follows from the fact that the algebraic numbers form a subfield of
the complex numbers and the fact that given an algebraic number a there exists a
positive integer n such that na is an algebraic integer. ([

Lemma 7. Let {4, = e>™1/4P where p is an odd prime. Then

Na,) Cap+84,) =P

Proof. First note that
-1 _ l
Sap + §4p =2cos 2’

and recall the characterization of the conjugates of cos 27 /n given in (2). We have

2wik —2mwik
—1y ¢(4p)2p
N@(§4p)(§4p+§4p) - l_[ ( ote W ) - l—l 4p +1
(k,4p)=1 (k,4p)=1
1<k<dp 1<k=<4p

Now, we know that

2mik
Now)(@p+1 =[] (€2 +1).

(k,2p)=1
1<k<2p
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This implies

—¢(4p)2 —omi
¢( P)2p l_[ 4p +1 N@(fzp)(€2p+l)2(e 27[1).
(k,4p)=1
1<k<4p
Now, the minimal polynomial of ¢, is the same as that of —¢,. Furthermore,

p—1
r)=x"'4xP P px =] —¢p).
k=1

So, Na(z,) (1 —¢p) =r(1) = p since the minimal polynomial of ¢, is r(x). Thus,
Na,,) (©2p + D7) = Nag,) (1 - ¢)* = p*,
as desired. 0

is an

Lemma 8. If, for all k satisfying 1 < k < (n — 1)/2, the value of sec?

1
algebraic integer, then n + 1 is a power of two. +

Proof. Assume that n + 1 is not a power of two. Let p be an odd prime factor of
2(n+ 1). Since n is odd, 2(n + 1) is a multiple of 4 and so 4p divides 2(n + 1).
Letk=2(n+1)/(4p),so2(n+1)/k =4p. Then

, km 2 : 2 :
sec = — =\——==)
n+1 Sm+1) T Sm+1) Cap T84y

Now, from the previous lemma, Ng,,) (§4p + ¢ 4_191) = p°. This implies

N ( 2 )2 22¢(4p)
@@ p) — = °
4 &, + §4p1 P

Then, since p is an odd prime we know that 22?“?)/p* is not an integer. This
means that with the chosen k, sec? kz/(n + 1) is not an algebraic integer. This
proves the desired result. ([

4. Proof of the theorems

Proof of Theorem 2. This is a more general version of Lemma 5. Let oy, ag, ..., o,
be all the numbers whose reciprocals are zeros of Q(x). Then F(x) has a partial
fraction expansion whose terms are of the form

Ajg
(1 —aix)t’
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plus a polynomial part. Write

Q) =[] —aix)h.

i=1
Let j be the largest positive integer such that in the partial fraction decomposition
of F(x) the term A; ; /(1 — a;x)’ is nonzero. Clearly j > 0, since P(x) and Q(x)
are relatively prime. Now, let
Q(x)
The highest power of (1 — «;x) that divides Q; (x) is clearly j — 1.
We have
o.¢]
F(x)Qi(x) =) bux".
n=0
Then, by Lemma 6, {b,} has a bounded denominator. Now, we will consider the
effect of multiplying F(x) and Q;(x) by considering what happens to each term
in the partial fraction expansion of F(x). With the exception of the term
Al,]
(1 —a;x))’
Q;(x) times a term in the partial fraction expansion of F(x) is a polynomial of
finite degree. Now, one can see that

Aij 0Qilx) Aj
(I—oix))  (1—ex) =1 (1 —ax)

0i(x)

It is clear that Q;(x)/(1 — a;x)/~! is a polynomial. Thus,

i

F(x)Qi(x) =q(x)+

’

1—a;x

where ¢ (x) is a polynomial and D; is some algebraic number. So, we can say that
for sufficiently large n, b, = D;c where D; and b, are algebraic numbers. Then,
by Lemma 5, «; is an algebraic integer. ([

Proof of Theorem 1. Suppose S(n, m) is an integer for all m > 0. By Lemma 4,
oo, (n—1)/2 (n—1)/2

B om kT m 1
Fn(x)_Z( kXZ; sec n+1>x = Z <—kﬂl))

m=0 io1 \I—xsec(E

is a rational function. Hence, F,(x) = P(x)/Q(x) where P(x), Q(x) € Q[x].
Theorem 1 now implies that sec? (k7 /(n+1)) is an algebraic integer for all k with
1 <k <(m-—1)/2. According to Lemma 8, this means n + 1 is a power of two. [
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