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A k-ranking of a graph G is a function f : V(G) — (1,2, ..., k} such that if
f () = f(v), then every u-v path contains a vertex w such that f(w) > f(u).
The rank number of G, denoted x,(G), is the minimum k such that a k-ranking
exists for G. It is shown that given a graph G and a positive integer ¢, the question
of whether x, (G) <t is NP-complete. However, the rank number of numerous
families of graphs have been established. We study and establish rank numbers
of some more families of graphs that are combinations of paths and cycles.

1. Introduction

Let G be an undirected graph with no loops and no multiple edges. A func-
tion f: V(G) — {1,2,...,k} is a (vertex) k-ranking of G if for u,v € V(G),
f(u) = f(v) implies that every u-v path contains a vertex w such that f(w) > f(u).
By definition, every ranking is a proper coloring. The rank number of G, denoted
xr(G), is the minimum value of k such that G has a k-ranking. If the value of £ is
not important then f will be referred to simply as a ranking of G.

Interest in rankings of graphs was sparked by its many applications to other
fields, including designs of very large scale integration (VLSI) layouts, Cholesky
factorizations of matrices in parallel, and scheduling problems of assembly steps
in manufacturing systems [Duff and Reid 1983; Iyer et al. 1991; Leiserson 1980;
Liu 1990; Sen et al. 1992]. The optimal tree node ranking problem is identical to
the problem of generating a minimum-height node separator tree for a tree. Node
separator trees are extensively used in VLSI layout [Leiserson 1980]. Ranking
of graphs is used in communication networks in which information flow between
the nodes has to be monitored. An application of graph ranking to scheduling of
assembly steps in manufacturing system is discussed in [Iyer et al. 1991].
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Bodlaender et al. [1995] show that for a graph G and a positive integer ¢, the
question of whether x,(G) <t is NP-complete. However, the rank number of
numerous families of graphs have been established [Alpert 2010; Bruoth and
Horiidk 1999; Dereniowski and Nadolski 2006; Hsieh 2002; Novotny et al. 2009;
Ortiz et al. 2010; Sergel et al. 2011]. Bodlaender et al. [1995] established that
Xr(Py) = |log, n] + 1, where P, is a path on n vertices. They showed that a
k-ranking for P, = vjv; - - - v,, where k = x, (P,), can be obtained by labeling v;
with y 4 1, where 2V is the largest power of 2 that divides i. Throughout this paper,
this particular scheme of ranking of a path will be referred as a standard ranking.

In this paper, we study and establish rank numbers of some more families of
graphs, called flower graphs, lollipop graphs, star-flower graphs, and spider-flower
graphs, which are defined in the following sections. These graphs can be considered
as combinations of paths and cycles. We restate some known results that are used
throughout this paper.

Lemma 1 [Ghoshal et al. 1996]. Let H be a subgraph of G. Then x,.(H) < x,(G).

Lemma 2 [Sergel et al. 2011]. Let H and H; be two vertex-disjoint graphs such
that x,(Hy) = x,(Hy) = k. Let G be a connected supergraph of Hy U Hy. Then
x(G) = k+1.

Theorem 3 [Bodlaender et al. 1995]. x,(P,) = |log, n| + 1, where P, is a path
on n vertices.

If z is an integer, any ranking of P,: must have a label > z. Hence:

Lemmad. Let x,(P,) = j, andlet f be a x,-ranking of P, suchthat f (v,) =k < J,
where v, is an end vertex of P,. Then n < Z{:k 2i—1,

The rank number of a cycle on n vertices, where n > 3, is as follows:

Theorem 5 [Bruoth and Horfidk 1999]. x,(C,) = [log, n]+ 1, where C, is a cycle
onn > 2 vertices.

2. Flower graphs

A flower graph is a graph consisting of ¢ cycles that share a common vertex. Figure 1
gives an example.

Theorem 6. Let G be a flower graph where C,, is the largest cycle in G. Then
Xr(G) = Xr(Cn)-
Proof. Let G be a flower graph with largest cycle C,, and let x,(C,) = k. Since C,
is a subgraph of G, we have x,(G) > k by Lemma 1.

Now, consider a labeling f such that each cycle is given its y,-ranking so that the
vertex with the largest label would be the center vertex x. Then, let f(x) = k. This
is a valid k-ranking of G, since for any two vertices u, v on the same cycle in G, if
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Figure 1. A flower graph where all of the cycles are the same size.

f(u) = f(v), then any u-v path will contain some vertex w such that f(w) > f(u)

because f restricted to each cycle is a valid ranking. In addition, if the two vertices

are on different cycles, then any u-v path will contain x, and f(x) =k > f(u).
Therefore, k < x,(G) <k and x,(G) = x,(Cp). [l

3. Lollipop graphs

A lollipop graph L, ; consists of a path of order a and a cycle of order b joined by
an edge, as shown in Figure 2.

In this section, we determine the rank number of L, ; for all values of a and
b. In determining the rank number of lollipop graphs, we consider three cases:
Xr(Pa) < xr(Cp), xr(Pa) = xr(Cp), and x,(Py) > xr(Cp).
Theorem 7. Let L, ;, be a lollipop graph where x,.(P,) < x-(Cp). Then x,(Lgp) =
Xr (Cp).

Proof. Let L, ; be a lollipop graph with x,(P,) < x»(Cp) and let x,(Cp) =k. Since
Cy is a subgraph of L, p, x-(L4p) > k by Lemma 1.

Now, consider a labeling f of L, ;, where P, is labeled according to the standard
ranking of a path and the cycle Cj, is given a valid k-ranking such that the vertex
adjacent to P, is labeled k. Note that f restricted to C, and P, respectively are
valid rankings. Also, for any two vertices u#, v where one is on P, and the other is
on Cy, if f(u) = f(v), then any u-v path will contain the vertex on C, labeled k,
and k > f(u). Thus f is a valid k-ranking.

Thus k < xr(La,p) <k, and so if x,(Pa) < xr(Cp), then x,(Lap) = x-(Cp). U

Theorem 8. Ier(Pu) = Xr(cb)a then Xr(La,b) = Xr(Pa) + L

Figure 2. Lollipop graph.
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Proof. Let L, ;, be a lollipop graph and let x,.(P,) = x-(Cp) = k. Since L, is
the connected supergraph of P, and Cj, and since x,(P,) = x,(Cp) =k, we have
Xr(Lap) > k+1by Lemma 2.

Now, consider a labeling f of L, as in the proof of Theorem 7, and let
f(x) = k+ 1, where x is the vertex on Cj that is adjacent to P,. Clearly f
is a valid (k+ 1)-ranking, since the restrictions of f to Cj and P, are valid rankings,
and for any two vertices u, v, one on P, and the other on Cy, if f(u) = f(v), then
any u-v path will contain x which is labeled k + 1 and k + 1 > f(u).

Therefore k+1 < x,(L4p) <k+1, and so if x,(P,) = x-(Cp), then x,(Lyp) =
Xr(Pa) + 1. U

Theorem 9. If x,(P,) > x-(Cp), then

Xxr (Pa) X
X (Po) if2X’(P")_1§a§< 3 2’-1)—1,

L = i=x,(C
Xr(Lap) {Xr(Pa)+1 otherwise. =ar )

Proof. Let L, ;, be a lollipop graph where x,(P,;) > x,(Cp), and let x,(P,) = j and
xr(Cp) = k. Since L, ; can be labeled to have a valid (j + 1)-ranking by giving C},
a valid k-ranking, P, a valid j-ranking, and by changing the label of the vertex on
Cj adjacent to P, to j+ 1, we have x,(L,p) < j+1. Also, since P, is a subgraph
of L, p, we have x,(L,p) > j by Lemma 1. Thus, j < x,(Lsp) <j+1.

Let L, ; be a lollipop graph such that

J
2l << (Zz’”) —1.
i=k

Now consider a labeling f of L, defined as follows. Label C; so that it has a
valid k-ranking, with the vertex adjacent to P, labeled k. Beginning with the vertex
of P, that is joined to Cp, label the vertices of P, starting with the label of the
(281 4+ 1)-st vertex in the standard ranking of P, 1ok—1. Since

J
2l <a< (Zzi“) —1,
i=k

we have ‘

j

a+21< (Zz"*) — 142kt =2/ 1.
i=k

However, x,(Ppj_1) = j, which means x, (P, -1) < j and thus f uses at most j
labels.

Let x be the vertex on C}, that is adjacent to P,. The restriction of f to P,41, the
induced subgraph induced by V (P,) U{x}, is part of the standard ranking of P, y«-1
and hence is a valid ranking. Also, f restricted to C is a valid ranking, and for
any two vertices u, v, one on P, and the other in V(Cp) \ {x}, if f(u) = f(v), then
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any u-v path contains the x and f(x) =k > f(u). Thus f is a valid j-ranking.

Thus, if x,(Ps) > xr(Cp) and 2/~ <a= (Z{:k Zi_l) —1,then j < x,(Lap) < J,
and hence x,(L, ) = xr(P,) in this case.

Now, let L, be a lollipop graph such that a > (Z{:k 2/=1) — 1. Consider any
Xxr-ranking of L, ;. Since x,(Cp) = k, a label of at least k + & < j, where § > 0,
must go on Cp. (Note that if Cj has a label j, and since x,.(P,) = j, there must be
a label j + 1.) Assume, without loss of generality, that k 4§ is the largest label on
Cj and that the vertex labeled k 4 ¢ is the vertex which is adjacent to P,. Then by
Lemma 4, if there is no vertex with label j 4+ 1 on P,, then

L
a< Y 27N
i=k+68
This is a contradiction, and thus a vertex on P, must have label j + 1. This
means x,(Lqp) > j + 1. Thus if x,(Pa) > x-(Cp) and @ > (3_/_, 2°~") — 1, then
Xr(La,b) = Xr(Pa) + 1. g

4. Star-flower graphs

A star-flower graph is a graph that consists of ¢ vertex-disjoint cycles each appended
to a center vertex x by an edge. The largest cycle in a star-flower graph will be
referred to as C,. An example of a star-flower graph is shown in Figure 3.

Theorem 10. Let G be a star-flower graph such that no two cycles in G have the
same rank number. Then x,(G) = x,(C,).

Proof. Let G be a star-flower graph where no two cycles in G have the same rank
number and let x,(C,) = k. Since C, is a subgraph of G, x,(G) > k by Lemma 1.

Consider a labeling f of G in which each cycle is labeled using its x,-ranking
such that the vertices which are adjacent to x are labeled with the highest label

Figure 3. Star-flower graph.
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needed in each cycle. Now let f(x) = 1. This is a valid k-ranking of G, since f
restricted to each cycle is a valid ranking and because for any two vertices u, v with
f(u) = f(v),if u and v are on different cycles or one of them is x, then any u-v
path contains the vertex on the larger cycle adjacent to x which is greater than f ().
Thus k < x,(G) <k, and hence if no cycles in G have the same rank number, then

X (G) = xr (Cp). O

Theorem 11. Let G be a star-flower graph such that G has two or more cycles with
the same rank number, and let w be the largest repeated rank number among the cy-
cles. Then, x,(G) = x,(C,) if there exists q such that w < q < x,(C,) and such that
there is no cycle C in G with x,(C) = q. In the opposite case, x,(G) = x,(Cp) + 1.

Proof. Let G be a star-flower graph with two or more cycles with the same rank
number, and let w be the largest repeated rank number among the cycles. Also, let
Xxr(Cn) = k. Note that k < x,(G) < k+ 1. The lower bound follows from Lemma 1,
since C, is a subgraph of G. The upper bound follows from the fact that G can be
given a valid (k + 1)-ranking by giving the cycles valid k-rankings and labeling x
with k£ + 1.

Suppose G is a star-flower graph such that there exists some g, where w < g <k,
for which there is no cycle with a rank number ¢. Consider a labeling f of G as
follows. Label each cycle using its x,-ranking so that the vertices adjacent to x are
given the highest label needed in each cycle. Now let f(x) =gq.

The restriction of f to each cycle is a valid ranking. For any two vertices u
and v, where both are on different cycles with rank number less than ¢, any u-v
path contains x and f(x) =¢q > f(u) if f(u) = f(v). Also, if both u and v are on
different cycles where one or both of the cycles have a rank number greater than ¢,
and if f(u) = f(v), then any u-v path contains the vertex on the larger cycle which
is greater than f(u). Thus f is a valid k-ranking, and therefore x,(G) < k. Hence
in this case x,(G) = x(Cy).

Now, let G be a star-flower graph such that for all integers g in w < g < k there
is at least one cycle with rank number ¢g. If there are two or more cycles in G
with rank number & (that is, w = k), then by Lemma 2 we have x,(G) > k + 1.
Otherwise, since there are at least two cycles with a rank number of w, the connected
supergraph of these cycles must have a rank number of at least w + 1 by Lemma 2.
Since there is a cycle with a rank number of w + 1, the subgraph of G formed by
taking the connected supergraph of this cycle and the subgraph with rank number
w + 1 must have a rank number of at least w + 2, also by Lemma 2. Continuing
this argument, since there are cycles with rank numbers of w + 2 through k, we see
that x,(G) > k + 1. Thus, if G is a star-flower graph with two or more cycles with
the same rank number and if there is at least one cycle with rank number ¢ for all
integers g in w < g <k, then x,(G) = x,(C,) + 1. U
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Figure 4. Spider-flower graph.

5. Spider-flower graphs

A spider-flower graph consists of three or more lollipop graphs

Lu,b1 s La,bz’ La,b3a ey La,b,,

that are appended to a center vertex x (the pendant vertex in each lollipop graph is
adjacent to x in the spider-flower graph). Figure 4 illustrates a spider-flower graph
which consists of five lollipop graphs. The paths of the lollipop graphs comprising
the spider-flower graph are of the same length by definition. The largest cycle in a
spider-flower graph will be referred to as C,,, and the paths of the lollipop graphs
which comprise the spider-flower graph will be referred to as P, and are the arms
of the spider-flower graph. Note that any spider-flower graph has at least three arms
by definition.

To determine the rank number of a spider-flower graph, as with lollipop graphs,
we will consider three main cases of spider-flower graphs: x,(C,) < xr(P,),
Xr(cn) = Xr(Pa)’ and Xr(Cn) > Xr(Pa)-

Theorem 12. Let G be a spider-flower graph such that x,(Cy) < xr(P,). Then

(G) Xr(Pa) +1 lf 2Xf(Pa)71 <a< Z 2i71,
Xr = =

Xr(Py) +2 otherwise. =)
Proof. Suppose G is a spider-flower graph with x,(C,) < x,(P,). Let x,(Py) = j
and let x,(C,) =k. Then j +1 < x,(G) < j + 2. The lower bound follows from
Lemma 2 since there are at least two vertex-disjoint copies of P, in G. The upper
bound is true because G can be given a valid (j 4 2)-ranking as follows. Label
each of the cycles in G using its x,-ranking, label the vertex on each arm that is
adjacent to the cycles with j + 1, label the remaining vertices of each arm using
the standard ranking of a path, and label x with j + 2.
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Now, suppose G has arms of order a such that

Xr(Pa) )
2Xr(Pa)7l Sa < Z 2171‘
i=x(Cn)

Consider a labeling f of G as follows. Label the cycles in G using a k-ranking
where the vertices on each cycle that are adjacent to the arms are labeled with k.
Label each arm using the labeling scheme described in the proof of Theorem 9.
Finally, let f(x) =j+ 1.

The restriction of f to each lollipop graph is a valid ranking by similar arguments
as in the proof of Theorem 9. Also, for any two vertices u, v with f(u) = f(v), if
u and v occur on different cycles or on different arms, or if one is on a cycle and the
other is on a nonadjacent arm, then any u-v path contains x and f(x)=j+1> f(u).
This means f is a valid j + 1-ranking. Thus x,(G) < j + 1, and hence if

J
Xxr(Cp) < xr(P;) and Zj_l <a< Zzi_l,
i=w
then x,(G) = Xr(Pg) +1 ‘ .
Suppose a > Z{:k 2i=1 Since xr(P,) = j, we have 21 1< g <27, 50

j
22“1 <a<?2/.
i=k

There is at least one lollipop graph L, ;, which is a subgraph of G that has rank
number j + 1 by Theorem 9. There are also at least two other arms in G which are
vertex-disjoint from L, ;, and the rank number of the connected supergraph H of
these two arms must also be at least j + 1 by Lemma 2. So, by applying Lemma 2
again, the rank number of the connected supergraph of L, ; and H must be at least
j +2, and thus x,(G) > j + 2. Therefore, if

j
Xr(Cn) < xr(P) and Y 27" <a <2/,

i=w
then x,(G) = x,(Pa) + 2. O

Theorem 13. Let G be a spider-flower graph such that x,(C,) = x,(P,). Then
xr(G) = x(Cp) +2.

Proof. Let x,(P,) = x-(C,) = k. Using the same arguments as in the proof of the
second case in Theorem 12, we have y,(G) > k + 2.

Now consider a labeling f of G as follows. Label the largest cycle(s) using a
valid k-ranking, where the vertex which is adjacent to the arm of G is labeled k.
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Label all of the other cycles using their y,-ranking and placing the largest label on
the vertex adjacent to the arm. Now, label the vertex on each of the arms which is
adjacent to the cycles k + 1. Label the remainder of each of the arms according to
the standard labeling of a path. Finally, let f(x) =k + 2.

Note that f restricted to a cycle or an arm is a valid ranking. Also, for any two
vertices u, v where both are on different cycles or both are on different arms, if
f(u) = f(v) then any u-v path will contain x and f(x) =k +2 > f(u). Finally,
for any two vertices u, v where one is on a cycle and the other is on an adjacent
arm, if f(u) = f(v), then any u-v path will contain the vertex on the arm of G
which is adjacent to the cycle and is labeled k + 1 > f(u). Hence, f is a valid
(k + 2)-ranking and thus x,(G) <k +2.

Therefore if x,(Cy) = x-(P,), then x,.(G) = x,(Cy,) + 2. [l

Now we consider the case where x,(C,) > x,(P,) in a spider-flower graph.

Lemma 14. Let G be a spider-flower graph such that x,.(C,) > xr(P,). Then
Xr(Cn) < xr(G) < % (Cp) + L.

Proof. C, is a subgraph of G, and thus by Lemma 1, x,(C,) < x-(G).

Consider a labeling f of G as follows. Label all cycles using their x,-ranking
by placing the highest label on the vertices adjacent to the arms, and then relabel
these vertices with x,(C,). Label the arms of G according to the standard labeling
of a path, and then label x with x,(C,) + 1. Note that f restricted to a cycle or an
arm is a valid ranking. If two vertices u, v are on different cycles, different arms,
or one on a cycle and the other on a nonadjacent arm, then any u-v path contains
the vertex x, and f(x) = x,(C,) + 1> f(u). Also, since x,(Cy) > x,(P,), if u is
on a cycle and v is on an adjacent arm, then any u-v path contains vertex adjacent
to the arm labeled x,(C,) > f(v).

Therefore f is a valid (x,(C,)+1)-ranking of G, and so x,(G) < x,(C,)+1. U

For the rest of the paper, we consider d the largest repeated rank number among
the cycles. If no two cycles have the same rank number, then we assume d = 0.

Theorem 15. Let G be a spider-flower graph such that x.(Cy) > x,(P,). Suppose
G has two or more cycles with the same rank number, the greatest of these being
d. Let x,(P,) <d < x,(Cy). Then x,(G) = x,(Cy) if there exists t such that
d <t < x-(Cy) and such that there is no cycle C in G with x,(C) =t. In the
opposite case, x,(G) = x-(C,) + 1.

Proof. Let G be a spider-flower graph where two or more cycles have the same
rank number, the greatest of these being d, and x,(P,) < d < x,(Cy). Also, let
xr(Cy) = k. Suppose there exists some ¢ such that d < ¢ < k and there is no cycle
with rank number ¢ in G. Consider the labeling f of G as follows. The cycles in G
are labeled using their x,-ranking, where the vertices adjacent to the arms are given
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the largest label for each cycle. For those cycles with rank numbers less than d,
replace the largest label with d. Label the arms using the standard labeling of a
path. Finally, since there is some ¢, where d < t < k, for which there is no cycle
with a rank number ¢, label x with the greatest such ¢.

Note that f restricted to a cycle or an arm is a valid ranking. For any two vertices
u, v where both are on different arms of G, if f(u) = f(v), then any u-v path will
contain x, and f(x) =t > x,(P;) > f(u). Also, for any two vertices u, v where
both are on different cycles of G or where one is on a cycle and the other is on
a nonadjacent arm, if at least one of the cycles has a rank number greater than
t > d, then if f(u) = f(v), any u-v path will contain the vertex on the larger cycle
adjacent to the arm which has a label greater than f(u). And, for any two vertices
u, v where both are on different cycles of G or where one is on a cycle and the
other is on a nonadjacent arm, if none of the cycles have a rank number greater
than ¢, then if f(u) = f(v), any u-v path will contain the center vertex x, and
f(x) =t >d > f(u). Finally, for any two vertices u, v where one is on a cycle
and the other is on the arm adjacent to that cycle, if f(u) = f(v), then any u-v
path will contain the vertex on the cycle which is adjacent to the arm with label
q>d> x,(P;) > f(u). Thus f is a valid k-ranking, and hence x,(G) < x,(Cp).
Therefore, by Lemma 14, we have x,(G) = x,(C,).

Now, suppose for all ¢ in d < t < k there is a cycle with rank number ¢ in G.
If there are two or more cycles with a rank number of k, then x,(G) > k + 1 by
Lemma 2. Otherwise, since there are at least two cycles with a rank number of d,
the rank number of the connected supergraph of these two cycles must be at least
d + 1. Then using similar arguments as in the proof of Theorem 11, x,(G) > k+ 1.
Thus, by Lemma 14, x,(G) = x,(C,) + 1. O

Theorem 16. Let G be a spider-flower graph such that x.(Cy) > x,(P,). Suppose
G has two or more cycles with the same rank number, the greatest of these being d,
and that d < x,(P,) < xr(Cp). Let b be the largest number for which

X (Pa)
2xr(Pa)=1 <a< Z oi=1
i=b
Suppose there are no cycles with rank number r where b+ 1 <r < x,(P,). Then
Xxr(G) = x,(C,) if there exists t such that x,(P,) <t < x,(C,) and such that there
is no cycle C in G with x,(C) = t. In the opposite case, x,(G) = x-(C,) + 1.

Proof. Assume that there exists ¢ as in the statement. Let x,(P,) = j and let
xr(Cn) = k. Consider a labeling f of G as follows. Label the cycles in G using
their x,-ranking so that the vertex adjacent to the arm has the largest label on the
cycle. Relabel the highest-labeled vertices in each of the cycles that have rank
numbers less than b with b. Now, label the arms adjacent to cycles with rank



RANK NUMBERS OF GRAPHS THAT ARE COMBINATIONS OF PATHS AND CYCLES 379

numbers greater than j using the standard labeling of a path. The rest of the arms
are now adjacent to vertices labeled b. As there are a maximum of Z{:bf -1
vertices on each arm which remain to be labeled, these arms can be labeled with j
labels using the standard labeling of a path beginning with the vertex adjacent to
the cycle and treating that vertex as if it were the (2°~! 4 1)-st vertex in the path
as in the proof of Theorem 9. Finally, let f(x) = s, where s is the greatest ¢ in
Jj <t < k for which there is no cycle with a rank number of 7.

Note that f restricted to a cycle or an arm is a valid ranking. For any two vertices
u, v where both are on different arms, both are on different cycles whose rank
numbers are less than s, or one is on a cycle with rank number less than s and the
other is on a nonadjacent arm, if f(u) = f(v), then any u-v path will contain the
center vertex x, where f(x) =s > j > f(u). For any two vertices u, v where both
are on cycles where one or both of the rank numbers is greater than s or one is
on a cycle with rank number greater than s and the other is on a nonadjacent arm,
if f(u) = f(v), then any u-v path will contain the vertex that is adjacent to the
arm on the larger cycle and has a label ¢ > f(u). Also, for any two vertices u, v
where one is on a cycle and the other is on an adjacent arm, if the rank number
of the cycle is greater than j and f(u#) = f(v), then any u-v path will contain the
vertex on the cycle adjacent to the arm which has a label z > j > f(u). If the rank
number of the cycle is less than j and f(u#) = f(v), then any u-v path will either
contain the vertex on the cycle labeled b where b > f (u), or will contain the vertex
with a higher label as in the proof of Theorem 9. Therefore f is a valid k-ranking,
and hence x,(G) < x,(Cy). Thus x,(G) = x,(C,) by Lemma 14.

Now, let G be a spider-flower graph where for every ¢ such that j < ¢t < k,
there exists some cycle with rank number equal to ¢. Since there are at least two
disjoint copies of P, in G, a label of y > j + 1 must be used to separate these arms.
However, since for every ¢ in j <t < k there is some cycle with rank number equal
to t, x,(G) > k+ 1 by the same argument used in the proof of Theorem 11. Thus,
by Lemma 14, x,(G) = x,(C,) + 1. ([l

Theorem 17. Let G be a spider-flower graph such that x.(Cy) > x,(P,). Suppose
G has two or more cycles with the same rank number, the greatest of these being d,
and that d < x,(P,) < xr(Cp). Let b be the largest number for which

Xr(Pa) )
2Xr(Pa)71 Sa < Z 2171‘
i=b

Suppose there is at least one cycle with rank number r for b+1 <r < x,(P,). Then
Xr(G) = x,(Cy) if there exists t such that x,(P;) +1 <t < x,(Cy) and such that
there is no cycle C with x,(C) =t. In the opposite case, x,(G) = x,(C,) + 1.
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Proof. Assume there exists ¢ as in the statement. Let x,(P,) = j and let x,(C,) =k.
Now, consider a labeling f of G as follows. Label G as in the proof of Theorem 16
except that for those cycles with rank number », where b + 1 <r < j, the vertices
on the arms adjacent to the cycles are labeled j + 1 and the remainder of the arms
are labeled according to the standard labeling of a path. Finally, let f(x) =s, where
s is the largest # in j + 1 < ¢ < k for which there is no cycle with rank number ¢.

For any two vertices u, v where one vertex is on a cycle with rank number r,
where b 4+ 1 <r < j, any u-v path will contain the vertex on the arm adjacent
to the cycle labeled j + 1, and j 4+ 1 > f(u). For two vertices u, v in any other
position of the graph, we can use the same arguments as in the proof of Theorem 16
and conclude that f is a valid k-ranking. Therefore x,.(G) < x,(C,), and hence
xr(G) = x-(C,) by Lemma 14.

Now, let G be a spider-flower graph where for every ¢ in j + 1 < ¢ < k there is
some cycle with rank number ¢. Since there is a cycle with rank number r for each r
such that b+1 <r < j, G contains a cycle with rank number j. This cycle, together
with its arm P,, forms a lollipop graph L, , with rank number j 4 1 by Theorem 8.
Also, since G has at least three lollipop graphs as subgraphs, there are at least two
disjoint copies of P,, namely P and Q, which are also disjoint from L, ;. G also
has cycles of rank number ¢, where j + 1 <t < k. These cycles, P, O, and L,
are mutually vertex-disjoint. Then, using a similar argument as in Theorem 11, we
get x,(G) > k + 1, and hence by Lemma 14 we get x,(G) = x,(C,) + 1. Ul

6. Conclusion and future directions

We determined the rank numbers of flower graphs, lollipop graphs, star-flower
graphs, and spider-flower graphs. We determined the rank number of each of these
graphs for any size of cycles. The spider-flower graphs consists of at least three
lollipop graphs that are appended to a vertex. However, the graph where exactly two
lollipop graphs are appended to a vertex requires significantly different analysis than
the spider-flower graphs. Some cases of this graph were looked into in [McClive
2010].

By definition, the arms of the spider-flower graphs are of the same length. One
related graph to consider would be the graph that consists of lollipop graphs of
different arm lengths appended to a center vertex. Finding the rank number of this
graph requires finding the rank number of a special type of graphs called extended
star graphs. We can define an extended star graph to be a graph that consists of
paths of any length appended to a single vertex. It is clear that the rank number
of an extended star graph is either y,(P,) or x,(P,) + 1, where P, is the longest
path in the extended star graph. However, characterizing extended star graphs with
respect to their rank numbers turned out to be extremely difficult.



RANK NUMBERS OF GRAPHS THAT ARE COMBINATIONS OF PATHS AND CYCLES 381

References

[Alpert 2010] H. Alpert, “Rank numbers of grid graphs”, Discrete Math. 310:23 (2010), 3324-3333.
MR 2012a:05264 Zbl 1221.05280

[Bodlaender et al. 1995] H. L. Bodlaender, J. S. Deogun, K. Jansen, T. Kloks, D. Kratsch, H. Miiller,
and Z. Tuza, “Rankings of graphs”, pp. 292-304 in Graph-theoretic concepts in computer science
(Herrsching, 1994), edited by E. W. Mayr et al., Lecture Notes in Comput. Sci. 903, Springer, Berlin,
1995. MR 96h:68145

[Bruoth and Horiidk 1999] E. Bruoth and M. Horidk, “On-line ranking number for cycles and paths”,
Discuss. Math. Graph Theory 19:2 (1999), 175-197. MR 2002g:05109 Zbl 0958.05076
[Dereniowski and Nadolski 2006] D. Dereniowski and A. Nadolski, “Vertex rankings of chordal

graphs and weighted trees”, Inform. Process. Lett. 98:3 (2006), 96-100. MR 2006j:68032 Zbl 1187.
68340

[Duff and Reid 1983] I. S. Duff and J. K. Reid, “The multifrontal solution of indefinite sparse
symmetric linear equations”, ACM Trans. Math. Software 9:3 (1983), 302-325. MR 86k:65030
Zbl 0515.65022

[Ghoshal et al. 1996] J. Ghoshal, R. Laskar, and D. Pillone, “Minimal rankings”, Networks 28:1
(1996), 45-53. MR 97e:05110 Zbl 0863.05071

[Hsieh 2002] S.-y. Hsieh, “On vertex ranking of a starlike graph”, Inform. Process. Lett. 82:3 (2002),
131-135. MR 2002k:05085 Zbl 1013.68141

[Iyer et al. 1991] A. V.Iyer, H. D. Ratliff, and G. Vijayan, “On an edge ranking problem of trees and
graphs”, Discrete Appl. Math. 30:1 (1991), 43-52. MR 91k:90071 Zbl 0727.05053

[Leiserson 1980] C. Leiserson, “Area efficient graph layouts for VLSI”, pp. 270-281 in Proc. 21st
Ann IEEE Symp. FOCS, IEEE, Piscataway, NJ, 1980.

[Liu 1990] J. W. H. Liu, “The role of elimination trees in sparse factorization”, SIAM J. Matrix Anal.
Appl. 11:1 (1990), 134-172. MR 91a:65115 Zbl 0697.65013

[McClive 2010] J. N. McClive, “Rank numbers for graphs with paths and cycles”, Master’s thesis,
Rochester Institute of Technology, 2010, https: //ritdml.rit.edu/handle/1850/13411.

[Novotny et al. 2009] S. Novotny, J. Ortiz, and D. A. Narayan, “Minimal k-rankings and the rank
number of Pnz”, Inform. Process. Lett. 109:3 (2009), 193—-198. MR 2009m:05067

[Ortiz et al. 2010] J. Ortiz, A. Zemke, H. King, D. Narayan, and M. Horndk, “Minimal k-rankings for
prism graphs”, Involve 3:2 (2010), 183-190. MR 2011g:05264 Zbl 1221.05159

[Sen et al. 1992] A. Sen, H. Deng, and S. Guha, “On a graph partition problem with application to
VLSI layout”, Inform. Process. Lett. 43:2 (1992), 87-94. MR 1187395 Zbl 0764.68132

[Sergel et al. 2011] E. Sergel, P. Richter, A. Tran, P. Curran, J. Jacob, and D. A. Narayan, “Rank num-
bers for some trees and unicyclic graphs”, Aequationes Math. 82:1-2 (2011), 65-79. MR 2012¢:05331
Zbl 1232.05210

Received: 2013-04-25 Accepted: 2013-07-29

blakeb®@augsburg.edu Mathematics Department, Augsburg College,
Minneapolis, MN 55454, United States

fieldel@owls.southernct.edu Department of Mathematics, Southern Connecticut State
University, New Haven, CT 06515, United States

jxjsma@rit.edu School of Mathematical Sciences, Rochester Institute of
Technology, Rochester, NY 14623, United States

mathematical sciences publishers :.msp


http://dx.doi.org/10.1016/j.disc.2010.07.022
http://msp.org/idx/mr/2012a:05264
http://msp.org/idx/zbl/1221.05280
http://dx.doi.org/10.1007/3-540-59071-4_56
http://msp.org/idx/mr/96h:68145
http://dx.doi.org/10.7151/dmgt.1094
http://msp.org/idx/mr/2002g:05109
http://msp.org/idx/zbl/0958.05076
http://dx.doi.org/10.1016/j.ipl.2005.12.006
http://dx.doi.org/10.1016/j.ipl.2005.12.006
http://msp.org/idx/mr/2006j:68032
http://msp.org/idx/zbl/1187.68340
http://msp.org/idx/zbl/1187.68340
http://dx.doi.org/10.1145/356044.356047
http://dx.doi.org/10.1145/356044.356047
http://msp.org/idx/mr/86k:65030
http://msp.org/idx/zbl/0515.65022
http://dx.doi.org/10.1002/(SICI)1097-0037(199608)28:1<45::AID-NET6>3.0.CO;2-D
http://msp.org/idx/mr/97e:05110
http://msp.org/idx/zbl/0863.05071
http://dx.doi.org/10.1016/S0020-0190(01)00262-9
http://msp.org/idx/mr/2002k:05085
http://msp.org/idx/zbl/1013.68141
http://dx.doi.org/10.1016/0166-218X(91)90012-L
http://dx.doi.org/10.1016/0166-218X(91)90012-L
http://msp.org/idx/mr/91k:90071
http://msp.org/idx/zbl/0727.05053
http://ieeexplore.ieee.org/iel5/4567793/4567794/04567828.pdf
http://dx.doi.org/10.1137/0611010
http://msp.org/idx/mr/91a:65115
http://msp.org/idx/zbl/0697.65013
https://ritdml.rit.edu/handle/1850/13411
http://dx.doi.org/10.1016/j.ipl.2008.10.004
http://dx.doi.org/10.1016/j.ipl.2008.10.004
http://msp.org/idx/mr/2009m:05067
http://dx.doi.org/10.2140/involve.2010.3.183
http://dx.doi.org/10.2140/involve.2010.3.183
http://msp.org/idx/mr/2011g:05264
http://msp.org/idx/zbl/1221.05159
http://dx.doi.org/10.1016/0020-0190(92)90017-P
http://dx.doi.org/10.1016/0020-0190(92)90017-P
http://msp.org/idx/mr/1187395
http://msp.org/idx/zbl/0764.68132
http://dx.doi.org/10.1007/s00010-011-0079-9
http://dx.doi.org/10.1007/s00010-011-0079-9
http://msp.org/idx/mr/2012e:05331
http://msp.org/idx/zbl/1232.05210
mailto:blakeb@augsburg.edu
mailto:fielde1@owls.southernct.edu
mailto:jxjsma@rit.edu
http://msp.org

Colin Adams

John V. Baxley
Arthur T. Benjamin
Martin Bohner
Nigel Boston
Amarjit S. Budhiraja
Pietro Cerone
Scott Chapman
Joshua N. Cooper
Jem N. Corcoran
Toka Diagana
Michael Dorff
Sever S. Dragomir
Behrouz Emamizadeh
Joel Foisy

Errin W. Fulp
Joseph Gallian
Stephan R. Garcia
Anant Godbole
Ron Gould
Andrew Granville
Jerrold Griggs

Sat Gupta

Jim Haglund
Johnny Henderson
Jim Hoste

Natalia Hritonenko
Glenn H. Hurlbert
Charles R. Johnson
K. B. Kulasekera

Gerry Ladas

involve

msp.org/involve

EDITORS
MANAGING EDITOR
Kenneth S. Berenhaut, Wake Forest University, USA, berenhks@wfu.edu

BOARD OF EDITORS

Williams College, USA
colin.c.adams @williams.edu

Wake Forest University, NC, USA
baxley @wfu.edu

Harvey Mudd College, USA
benjamin@hme.edu

Missouri U of Science and Technology, USA
bohner@mst.edu

University of Wisconsin, USA
boston@math.wisc.edu

U of North Carolina, Chapel Hill, USA
budhiraj @email.unc.edu

Victoria University, Australia
pietro.cerone @vu.edu.au

Sam Houston State University, USA
scott.chapman @shsu.edu
University of South Carolina, USA
cooper @math.sc.edu

University of Colorado, USA
corcoran@colorado.edu

Howard University, USA
tdiagana@howard.edu

Brigham Young University, USA
mdorff@math.byu.edu

Victoria University, Australia
sever@matilda.vu.edu.au

The Petroleum Institute, UAE
bemamizadeh @pi.ac.ae

SUNY Potsdam

foisyjs @potsdam.edu

Wake Forest University, USA
fulp@wfu.edu

University of Minnesota Duluth, USA
jeallian@d.umn.edu

Pomona College, USA
stephan.garcia@pomona.edu

East Tennessee State University, USA
godbole @etsu.edu

Emory University, USA
rg@mathcs.emory.edu

Université Montréal, Canada
andrew @dms.umontreal.ca
University of South Carolina, USA
griggs @math.sc.edu

U of North Carolina, Greensboro, USA
sngupta@uncg.edu

University of Pennsylvania, USA
jhaglund @math.upenn.edu

Baylor University, USA
johnny_henderson@baylor.edu
Pitzer College

jhoste @pitzer.edu

Prairie View A&M University, USA
nahritonenko @pvamu.edu

Arizona State University, USA
hurlbert@asu.edu

College of William and Mary, USA
crjohnso@math.wm.edu

Clemson University, USA
kk@ces.clemson.edu

University of Rhode Island, USA
gladas @math.uri.edu

David Larson
Suzanne Lenhart
Chi-Kwong Li
Robert B. Lund
Gaven J. Martin
Mary Meyer

Emil Minchev
Frank Morgan
Mohammad Sal Moslehian
Zuhair Nashed

Ken Ono

Timothy E. O’Brien
Joseph O’Rourke
Yuval Peres

Y.-F. S. Pétermann
Robert J. Plemmons
Carl B. Pomerance
Vadim Ponomarenko
Bjorn Poonen
James Propp
Jozeph H. Przytycki
Richard Rebarber
Robert W. Robinson
Filip Saidak

James A. Sellers
Andrew J. Sterge
Ann Trenk

Ravi Vakil

Antonia Vecchio
Ram U. Verma
John C. Wierman

Michael E. Zieve

PRODUCTION
Silvio Levy, Scientific Editor

Texas A&M University, USA
larson@math.tamu.edu

University of Tennessee, USA
lenhart@math.utk.edu

College of William and Mary, USA
ckli@math.wm.edu

Clemson University, USA
lund@clemson.edu

Massey University, New Zealand
g.j.martin @massey.ac.nz
Colorado State University, USA
meyer @stat.colostate.edu

Ruse, Bulgaria

eminchev @hotmail.com

Williams College, USA
frank.morgan @ williams.edu
Ferdowsi University of Mashhad, Iran
moslehian @ferdowsi.um.ac.ir
University of Central Florida, USA
znashed @mail.ucf.edu

Emory University, USA
ono@mathcs.emory.edu

Loyola University Chicago, USA
tobriel @luc.edu

Smith College, USA

orourke @cs.smith.edu

Microsoft Research, USA

peres @microsoft.com

Université de Geneve, Switzerland
petermann @math.unige.ch

Wake Forest University, USA
plemmons @wfu.edu

Dartmouth College, USA
carl.pomerance @dartmouth.edu
San Diego State University, USA
vadim@sciences.sdsu.edu

UC Berkeley, USA
poonen@math.berkeley.edu

U Mass Lowell, USA
jpropp@cs.uml.edu

George Washington University, USA
przytyck@gwu.edu

University of Nebraska, USA
rrebarbe @math.unl.edu
University of Georgia, USA
rwr@cs.uga.edu

U of North Carolina, Greensboro, USA
f_saidak@uncg.edu

Penn State University, USA
sellersj @math.psu.edu

Honorary Editor

andy @ajsterge.com

Wellesley College, USA

atrenk @wellesley.edu

Stanford University, USA

vakil @math.stanford.edu
Consiglio Nazionale delle Ricerche, Italy
antonia.vecchio@cnr.it

University of Toledo, USA
verma99 @msn.com

Johns Hopkins University, USA
wierman@jhu.edu

University of Michigan, USA
zieve @umich.edu

See inside back cover or msp.org/involve for submission instructions. The subscription price for 2013 is US $105/year for the electronic version, and
$145/year (+$35, if shipping outside the US) for print and electronic. Subscriptions, requests for back issues from the last three years and changes
of subscribers address should be sent to MSP.

Involve (ISSN 1944-4184 electronic, 1944-4176 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o University of California,
Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional mailing offices.

Involve peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY

:I mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
©2013 Mathematical Sciences Publishers


http://msp.berkeley.edu/involve
mailto:berenhks@wfu.edu
mailto:colin.c.adams@williams.edu
mailto:baxley@wfu.edu
mailto:benjamin@hmc.edu
mailto:bohner@mst.edu
mailto:boston@math.wisc.edu
mailto:budhiraj@email.unc.edu
mailto:pietro.cerone@vu.edu.au
mailto:scott.chapman@shsu.edu
mailto:cooper@math.sc.edu
mailto:corcoran@colorado.edu
mailto:tdiagana@howard.edu
mailto:mdorff@math.byu.edu
mailto:sever@matilda.vu.edu.au
mailto:bemamizadeh@pi.ac.ae
mailto:foisyjs@potsdam.edu
mailto:fulp@wfu.edu
mailto:jgallian@d.umn.edu
mailto:stephan.garcia@pomona.edu
mailto:godbole@etsu.edu
mailto:rg@mathcs.emory.edu
mailto:andrew@dms.umontreal.ca
mailto:griggs@math.sc.edu
mailto:sngupta@uncg.edu
mailto:jhaglund@math.upenn.edu
mailto:johnny_henderson@baylor.edu
mailto:jhoste@pitzer.edu
mailto:nahritonenko@pvamu.edu
mailto:hurlbert@asu.edu
mailto:crjohnso@math.wm.edu
mailto:kk@ces.clemson.edu
mailto:gladas@math.uri.edu
mailto:larson@math.tamu.edu
mailto:lenhart@math.utk.edu
mailto:ckli@math.wm.edu
mailto:lund@clemson.edu
mailto:g.j.martin@massey.ac.nz
mailto:meyer@stat.colostate.edu
mailto:eminchev@hotmail.com
mailto:frank.morgan@williams.edu
mailto:moslehian@ferdowsi.um.ac.ir
mailto:znashed@mail.ucf.edu
mailto:ono@mathcs.emory.edu
mailto:tobrie1@luc.edu
mailto:orourke@cs.smith.edu
mailto:peres@microsoft.com
mailto:petermann@math.unige.ch
mailto:plemmons@wfu.edu
mailto:carl.pomerance@dartmouth.edu
mailto:vadim@sciences.sdsu.edu
mailto:poonen@math.berkeley.edu
mailto:jpropp@cs.uml.edu
mailto:przytyck@gwu.edu
mailto:rrebarbe@math.unl.edu
mailto:rwr@cs.uga.edu
mailto:f_saidak@uncg.edu
mailto:sellersj@math.psu.edu
mailto:andy@ajsterge.com
mailto:atrenk@wellesley.edu
mailto:vakil@math.stanford.edu
mailto:antonia.vecchio@cnr.it
mailto:verma99@msn.com
mailto:wierman@jhu.edu
mailto:zieve@umich.edu
http://msp.berkeley.edu/involve
http://msp.org/
http://msp.org/

Potentially eventually exponentially positive sign patterns
MARIE ARCHER, MINERVA CATRAL, CRAIG ERICKSON, RANA HABER, LESLIE
HOGBEN, XAVIER MARTINEZ-RIVERA AND ANTONIO OCHOA

The surgery unknotting number of Legendrian links
BIANCA BORANDA, LISA TRAYNOR AND SHUNING YAN

On duals of p-frames
ALI AKBAR AREFIJAMAAL AND LEILI MOHAMMADKHANI

Shock profile for gas dynamics in thermal nonequilibrium
WANG XIE

Expected conflicts in pairs of rooted binary trees
TIMOTHY CHU AND SEAN CLEARY

Hyperbolic construction of Cantor sets
ZAIR IBRAGIMOV AND JOHN SIMANYI

Extensions of the Euler—Satake characteristic for nonorientable 3-orbifolds and
indistinguishable examples
RYAN CARROLL AND CHRISTOPHER SEATON

Rank numbers of graphs that are combinations of paths and cycles
BRIANNA BLAKE, ELIZABETH FIELD AND JOBBY JACOB

261

273

301

311

323

333

345

369


http://dx.doi.org/10.2140/involve.2013.6.261
http://dx.doi.org/10.2140/involve.2013.6.273
http://dx.doi.org/10.2140/involve.2013.6.301
http://dx.doi.org/10.2140/involve.2013.6.311
http://dx.doi.org/10.2140/involve.2013.6.323
http://dx.doi.org/10.2140/involve.2013.6.333
http://dx.doi.org/10.2140/involve.2013.6.345
http://dx.doi.org/10.2140/involve.2013.6.345

	1. Introduction
	2. Flower graphs
	3. Lollipop graphs
	4. Star-flower graphs
	5. Spider-flower graphs
	6. Conclusion and future directions
	References
	
	

