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Let ny, n,, n3 be positive integers with ged(n, ny, n3) = 1. For § = (n, ny, n3)
nonsymmetric, we give an alternative description, using elementary techniques, of
a minimal presentation of its homogenization S= ((1,0), (1, ny), (1, ny), (1, n3)).
As a consequence, we show that this minimal presentation is unique. We recover
Bresinsky’s characterization of the Cohen-Macaulay property of S and present a
procedure to compute all possible catenary degrees of the elements of S.

Introduction

An affine semigroup is a finitely generated submonoid of N¥ for some positive
integer k, where N stands for the set of nonnegative integers. Every affine semigroup
admits a unique minimal generating system (see Exercise 6 in [Rosales and Garcia-
Sanchez 1999, Chapter 3]). Let S be an affine semigroup and let A = {n1, ..., n.}
be its unique minimal generating system. Then the monoid morphism ¢: N° — S
induced by e; — n; (e; stands for the i-th row of the e x e identity matrix) is
an epimorphism. Therefore S is isomorphic as a monoid to N°¢/ker ¢, where
kerp ={(a, b) e N* xN° | p(a) = ¢(b)} is the kernel congruence of S. A generating
set for ker ¢ is known as a presentation for S, and it is a minimal presentation if
it is minimal with respect to set inclusion (or equivalently, if it is minimal with
respect to cardinality in view of [Rosales and Garcia-Sanchez 1999, Corollary 9.5],
which is finite). The monoid S is said to be uniquely presented if it has a unique
minimal presentation (see [Garcia-Sanchez and Ojeda 2010]).

The monoid morphism ¢ is sometimes called the factorization morphism as-
sociated to S. This is because for s € S, the set Z(s) = (p_l(s) corresponds with

MSC2010: 20M14, 20M25.

Keywords: numerical semigroup, catenary degree, projective monomial curve, homogeneous
catenary degree.

Taha is supported by the Spanish AECID program. Garcia-Sdnchez is supported by the projects

MTM2010-15595, FQM-343 and FQM-5849, and FEDER funds. The authors would like to thank

Ignacio Ojeda, Aureliano M. Robles-Pérez and the referee for their comments and suggestions. This

manuscript will be part of Taha’s master’s thesis.

7


http://msp.org
http://msp.org/involve/
http://dx.doi.org/10.2140/involve.2014.7-1
http://dx.doi.org/10.2140/involve.2014.7.77

78 SEHAM ABDELNABY TAHA AND PEDRO A. GARCIA-SANCHEZ

the set of factorizations of s if we identify the free monoid on A with N° (the
elements in A are sometimes called the atoms or irreducible elements of §). The
set of factorizations of s has finitely many elements (see, for instance, [Rosales
and Garcia-Sanchez 1999, Lemma 9.1]), and corresponds to the set of nonnegative
integer solutions of a system of linear Diophantine equations x B = s (where B
denotes the matrix whose rows are ny, ..., n.). An element s € § is said to have
unique expression if the cardinality of Z(s) is one. If every element has unique
expression, the monoid is factorial; in this case, ker ¢ is trivial and S is isomorphic
to N,
For a factorization x = (x1, ..., x.) € Z(s), its support is the set

supp(x) = {n; | x; # 0},

that is, it is the set of atoms involved in the factorization x. For a given factorization
x=(x1,...,x.) € Z(s), its length is |x| = x; + - - - + x.. The set of lengths of s is
L(s) ={|x| | x € Z(s)}. When the set of lengths of all the elements have cardinality
one, then the monoid is said to be half-factorial.

A minimal presentation of S can be computed as described in [Rosales and
Garcia-Sanchez 1999, Chapter 9]. We briefly explain this procedure. For s € S,
define the graph G whose vertices are

VGy)={acA|s—aeS}
(the atoms “dividing” s), and edges
E(Gy)={ab|a,be Aands— (a+b) € S}.

On Z(s) define the relation R as follows: x R y if there exists x, ..., xx € Z(s)
such that

e X| =X, X, =1Y,and

o foreveryie{l,..., k—1}, x;-x;+1 # 0 (or equivalently, supp(x;) Nsupp(x;+1)
is not empty).

Proposition 9.7 in [Rosales and Garcia-Sanchez 1999] states that there is a bijective
map between the set of R-classes of Z(s) and the set of nonconnected components
of Gy: for every connected component C of Gy, there exists x € Z(s) whose support
is contained in the vertices of C; the map sends C to the %R-class containing x.
Let Ry, ..., R, be the different R-classes of Z(s), and take x; € R; for every i.
Define p; = {(x1, x2), ..., (x;—1, x;)} (actually, one can choose any set of pairs
corresponding to the edges of a spanning tree of the complete graph with vertices
{x1,...,x:};if t =1, then p; = &). Then

p=nos

seS
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is a minimal presentation of S. This union in fact ranges only over the elements
s € S such that G; is not connected. These elements are called Betti elements of S,
and the set of Betti elements of § will be denoted by Betti(S).

Let k be a field. The semigroup ring associated to S is k[S] = @, ¢ kt*, where
t is an indeterminate. Addition is performed componentwise, while the product is
defined by distributivity and the rule 515" = ¥+, The monoid morphism ¢ has a

ring analog ¢ : k[xy, ..., x.] = k[S], which is the morphism induced by x; — t"*,
ie{l,..., e}, where xq, ..., x, are unknowns. Its kernel /g is generated by
{)cf1 e xge —xfl ~--xfe ((al, coa), (b, ..., be)) € kergo}.

Indeed, o is a minimal presentation if and only if

((ar, ..., ac), (by, ..., b)) €c}

is a minimal generating system of /g (see [Herzog 1970]).
Let S be a numerical semigroup, that is, a submonoid of N with finite complement

ay a by b,
{xl ...xef_xl ...xe

in N (or equivalently, gcd(S) = 1). It is easy to show that S admits a unique minimal
generating set with finitely many elements, and thus every numerical semigroup is
an affine semigroup. The cardinality of the minimal generating set of S is known
as the embedding dimension of S. The largest integer not belonging to § is the
Frobenius number of S, denoted F(S). The numerical semigroup S is symmetric if
for every integer z not in S, F(§) —z € S.

Let S be a numerical semigroup minimally generated by {n, n,, n3}, where
ni < np < n3. Define

c; =min{k € N\ {0} | kn; € (nj, ni)},
where {i, j, k} = {1, 2, 3}. Thus there exists r;; € N such that
Cinj =7rijn; + rigng-

Also, we have Betti(S) = {cin1, cony, c3ns} [Rosales and Garcia-Sanchez 20009,
Example 8.23]. If § is not symmetric, then these r;; are unique (see [Herzog 1970])
and

o ={((c1,0,0), (0, r12,713)), ((0, €2, 0), (r21, 0, 23)), (€0, 0, €3), (r31, 32, 0)) }

is essentially the unique minimal presentation of S (that is, if T is any other minimal
presentation and (a, b) € t, then either (a, b) € o or (b, a) € o). Moreover, we

have
Z(cin1) ={(c1,0,0), (0, r12, r13)},

Z(cona) =1{(0, c2,0), (121, 0, r23)},
Z(c3n3) ={(0, 0, c3), (r31, 732, 0)}.
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We also have the following relations.

e Since cyny = riany + rizns, we have cyny > rion; + rizng. Hence
c1 >ri2+ris3,

and we set A =c| —ri2 — r13.

o Since c3n3 = r3in; + rizny, we have c3ns < rynz +rans. Hence
€3 <131 +132,

and we set v =r3| +r3 — c3.

e ¢; =rji +ry forevery {i, j, k} = {1, 2, 3} [Rosales and Garcia-Sanchez 2009,
Lemma 10.19].

Define n; = (1, n;),i € {1, 2, 3} and ng = (1, 0). Set S= (no, n1, ny, n3), which
we call the homogenization of S since /5 corresponds with the homogenization of
Ig (see [Cox et al. 2007, Chapter 8]; with the notation introduced there, I5 =/ _é’).
The ring k[S] is the coordinate ring of a monomial curve on [P3.

We start with an example that illustrates Bresinsky’s algorithm [1984] for com-
puting a minimal presentation (and thus the Betti elements) of S. We are going
to make use of the Apéry set associated to an element in S. Let m € S\ {0}. The
Apéry set of m in S is defined as

Ap(S,m)={seS|s—m¢gS},

and has exactly m elements, one for each congruent class modulo m. (See [Rosales
and Garcia-Sanchez 2009, Chapter 1]; clearly, this definition applies to any monoid.
We will use it later for S, though in the general case this set might have infinitely
many elements.)

Example 1. Let S; be the numerical semigroup minimally generated by
(10,17 4+ 10k, 194+ 10k), ke N.

In this setting, n; = 10, np, = 174 10k, and n3 = 19 4 10k. This semigroup is not
symmetric since its minimal generators are pairwise coprime (see [Rosales and
Garcia-Sanchez 2009, Chapter 9]).

First, we compute the values of ¢y, ¢z, ¢3, A, 8, v and r;; for all k. Let us denote
them with the superindex k. A minimal presentation for S = Sy is

{((4,1,0),(0,0,3)),((3,0,2), (0,4,0)), ((7,0,0), (0,3, 1)) },
and thus we know these values for k = 0. Also it is easy to check that

Ap(S, 10) = {0, n2, 2ny, 3nz, n3, 2n3, no +n3, 2ny +n3, ny +2n3, 2ns 4 2ny4)
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(one can use the package numericalsgps [Delgado et al. 2013] to do these com-
putations).
Now let k > 1.

. c’l‘ =7+ k4. Observe that (74 4k)10 =3(17 + 10k) + (19 + 10k), which gives
us c’l‘ <T7+4k. If x10 =a(17 + 10k) + b(19 + 10k), with 0 # x, a, b € N, then
we have x10 =al7 +b19 + (a + b)k10. We can deduce that if x < (a + b)k, then
al7+4+b19+4 (ak+bk—x)10=0, and this implies that a =0, b =0 and x =0, and this
is impossible. If x > (a + b)k, then (x — (a +b)k)10 =al7+ b19. This shows that
x—(a+b)k > c(l) =7. Hence x > 7+ (a + b)k, so it remains to show that a +b > 4.
So assume to the contrary that a +b < 3. Clearly al7 + 519 = (x — (a + b)k)10
and x — (a +b)k > 0 imply that al7 4519 & Ap(S, 10). According to the shape of
Ap(S, 10), this forces a = 0 and b = 3. However 3 x 19 # (x — 3k)10 for any k.
This proves that x > 7 4 4k, and consequently c’l‘ =7+ k4. Since S¥ is uniquely
presented, we also have r{‘z =3 and r{‘3 =1, whence A = 3 4 4k.

. c'2C = 4. Note that 4(17 4+ 10k) = (3 +2k)10 +2(19 + 10k). Assume that y(17 +
10k) =a10+b(19410k) forsome 0~ y, a, beN. Then y17 = (a+bk—yk)10+b19.
If a 4+ bk — yk > 0, this implies that y > cg = 4. For a + bk — yk < 0, we get
b19 = y17+4 (yk —a —bk)10. Thus b > cg =3. Itfollowsthaty >a/k+b > b >3,
and thus y > 4. Hence c’z‘ = 4. Also we obtain that ré‘l =342k, r§3 =2 and
8 =1+42k.

. cé‘ = 3. We already know that c’3‘ = r{‘3 + r§3 =1+2=3.

Hence, we have
(7T+4k)n; =3ny+ns3, 4n, =GB +2k)n1 +2n3, 3n3=@4+2k)n;+ny,
and a minimal presentation for S¥ is
{((7+4k,0,0), (0,3, 1), ((0,4,0), 3+2%,0,2)), ((0,0,3), (4+2k, 1,0))}.

If we apply Bresinsky’s algorithm to these equalities, from 3n3 = (4 4 2k)n; +no
and 4np, = (34 2k)n; +2n3 (4 + 2k > 3 4+ 3k) we obtain Sn3 = n; + Sn,. We now
proceed with 4ny = (3 4 2k)n; + 2n3 and Snz = ny + Sn,p, getting

5+DHny = B +2k—Dny + (5+2)ns.

Then we continue with (5+4)n, = 3+2k — 1)n; + (54 2)n3 and Sn3 = ny + Sno,
obtaining (2 x 5+4)ny = 3+ 2k —2)n1 + (2 x 54 2)n3. By repeating these steps
we obtain the general term (5i +4)ny = 3+ 2k —i)ny + (5i 4+ 2)n3, and we must
stop whenever 5i +4 > 3 4+ 2k —i 4 5i + 2, or equivalently i > 2k 4+ 1. Hence
we need 2k + 1 steps to end after the initial step Snz = n; 4+ 5n;, which together
with the three initial relations yield 2k + 5 relators in a minimal presentation of Sk.



82 SEHAM ABDELNABY TAHA AND PEDRO A. GARCIA-SANCHEZ

Observe that each of these relations come from a different element in Sy, and thus
we also deduce that # Betti(S;) = 2k + 5 for all k € N.

In particular this also shows that even if the cardinality of a minimal presentation
of a nonsymmetric embedding-dimension-three numerical semigroup S is always
three, the cardinality of a minimal presentation of S can be arbitrarily large.

Alternatively, we can use Theorem 4 in [Cox et al. 2007, Chapter 8] to compute
a presentation of § from a minimal presentation of S.

Example 2. Let S = (10, 17, 19). A minimal presentation for S is
{((4.1,0),(0,0,3)),((3,0,2), (0,4,0)), ((7,0,0), (0,3, 1)) }.

Hence, a minimal generating system of /g is

4 3 .3.2 4 7 3

We compute a Grobner basis of /g with respect to the graded lexicographic ordering
and obtain

4 3 .3.2 4 7 3 5 5 2.7 9 14 12
{xl)Cz—X3,XIX3 _xZ,xl —XZX3,X1)C2—X3,X1X3 _XZ,XZ —X1X3 }.

Hence

4 2.3 3.2 4 7 3.3 5 5 2.7 9 .14 12
{XIXQ—XOX3,XIX3 _XOXZ,XI _x0x2x3,x]x2 _XOX3,.X1X3 _Xz,X2 —XOX1X3 }

is a generating system for /5. By Herzog’s correspondence,

{((0,4,1,0),(2,0,0,3)),((0,3,0,2), (1,0,4,0)), ((0,7,0,0), (3,0, 3, 1)),
((0,1,5,0),(1,0,0,5), ((0,2,0,7), (0,0,9,0)), (0,0, 14, 0), (1, 1,0, 12)) }
is a presentation of S, though not a minimal presentation, since we saw in Example 1

that the cardinality of a minimal presentation is 5.
If we use the graded inverse lexicographic ordering instead, we obtain

{xfxz —xg, x13x32 — xé’, x17 —x%m, xlxg —xg, x12x37 —xg},
which yields a minimal presentation for S:
[((0,4,1,0), 2,0,0,3)), ((0,3,0,2), (1,0,4,0)), ((0,7,0,0), (3, 0,3, 1)),
((05 1’ 57 0)’ (1’ 07 05 5))7 ((0’ 2’ 05 7)’ (0’ 0’ 9’ 0))}'

The Grobner basis computations in this example have been performed with Maxima
(http://maxima.sourceforge.net).


http://maxima.sourceforge.net
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In the first section we describe the Betti elements of S and its unique minimal
presentation. The second section recovers a test due to Bresinsky for the Cohen—
Macaulay property of S. Section 3 shows how the catenary degree of S (and thus
the homogeneous catenary degree of §) can be computed.

1. Determining the set of Betti elements

In this section we depict Betti(S), the set of elements 71 € S such that G; is not
connected, or equivalently, Z(n) has more than one R-class. Theorems 2.7 and
2.9 in [Li et al. 2012] determine Betti(S) just by imposing that gcd{ny, na, n3} =1
(notice that S is isomorphic to ((n3, 0), (n3 — ny, ny), (n3 —n — 2, ny), (0, n3))
[Rosales et al. 1998, Example 1.4]). Here we present an alternative description for
the case S = (ny, ny, n3) is a nonsymmetric embedding-three numerical semigroup,
and we obtain that in this setting S is uniquely presented.

Lemma 3. Z(cin;) = {(0, c1,0,0), (&, 0, 12, r13)}. In particular, the graph G,
is not connected.

Proof. We already know that {(0, c1, 0, 0), (%, 0, r12, r13)} € Z(c1n1). So assume
that (ag, ay, az, az) € Z(cin1). Then

apng +ainy + axny +aznz = ciny = Aig +righy +ri3nz,
and in particular c;ny = a1n| + azny + aznz, which means that
(a1, a2, a3) € Z(ciny) = {(c1, 0, 0), (0, r12, r13)}.

It follows that if (a;, az, a3) = (cq, 0, 0), then (ag, a1, az, az) = (0, ¢y, 0, 0), and if
(a1, az, a3) = (0, r12, r13), we get (ao, ai, az, az) = (A, 0, ryz, r13). O

Lemmad. Let n =agng+ain; #ciny, ag, a; € N. Then the graph Gy, is connected.

Proof. Notice that if a; = ¢y, then
apng~+ aing = agng+ ciny = (A4 ag)ng + ra1ny + rizns.

As n # ciny, ap > 0, and we get that V(Gj;) = {no, n1, n2, n3}, and non,, nons,
non; € E(Gj;), and thus Gj is connected.
If a; < c1, then n has unique expression, since if

aopng +ajng = bong + biny + bany + b3ns

for some by, by, by, b3 € N, then ayn; = byn| + bany + b3nz. By the minimality of
c1, we deduce that b > a;. But then 0 = (b — aj)n + byny + b3ns, which leads
to a; = by, by = b3 = 0. Since n has unique expression, the graph Gj;; is connected.
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Finally, if a; > ¢y, then apng +ayny = (ag + A)ng + (a; — c1)ny +rang +rizns.
In this setting, the graph Gj; is K4, the complete graph on four vertices, whence
connected. (]

Lemma 5. Z(vng + c3n3) = {(r31, r32,0,0), (v, 0,0, c3)}. In particular, the graph
Gyjig+csii; IS not connected.

Proof. The proof goes as in Lemma 3. ([
Lemma 6. For every positive integer k, we have kns & (ng, ni, nz).

Proof. This is because 23 is not in the cone spanned by {ng, n1, n2} (which is the
cone spanned by {ng, n,}). ([

Let
¢h = min{k € N\ {0} | k2 € (fig, 711, 713)}.
Assume that
C/217l2 = yngy +r£17’_ll +r£3ﬁ31

with y, r),, 5, € N.

Lemma 7. Z(cjnz) = {(0,0, ¢}, 0), (v, 73,,0,753)}. In particular, G, is not
connected. Moreover,

(1) ry3 #0,

(2) ifry; =0, then
A N— O . S—

2 ged(ng, n3) 27 gedfng, n3)

Proof. Assume that Clz”_lZ = apng + ajny + axny + aznjy for some ag, ay, az, az € N.
The minimality of ¢ forces ax = 0. If (ag, ar, a3) # (y,r},,r};), then assume
without loss of generality that ag < y. Then (y —ag)iig+ry i1 +rysii3 =aiin+asns.
Notice that (ay, a3) £ (r},, r}3), since otherwise we would obtain

(y —aop)ing + (ry; —aniy + (ry3 — az)in3 =0,

and consequently (ag, a, az) = (y, r5,, ')3), a contradiction. Hence either a; > r},
and a3z < r);, or a; < r}; and a3 > r);. By Lemma 6, we have a; £ r},. This
leads to a3 < r); and (a; —ry)it; = (y —ap)ng + (rj; —az)inz. Hence a; > cy, and
consequently C/Zflz = (agp+ Mno+ (a1 —c1)ny +ripny + (a3 +ri3)ns. Butriz #0,
and we have that 1 # 0, and this forces c’2 > r12. Hence

(¢ — rio)iia = (ap + Mg + (a1 — 1)ty +riang + ri3is,
contradicting once more the minimality of c/z. This shows that

Z(chi2) ={(0,0, ¢, 0), (v, 15y, 0, r33)}.
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Observe that )5 # 0, since otherwise on the one hand ¢, =y +r}, > r},, while
on the other ¢/ny = r},n; <rjny, which leads to ¢, < r7,, a contradiction.

If r5, =0, then cjny = rj;n3. Whenever axny = azn3 for some as, az € N, we
get apny = aznz > azny, whence ap > asz. So c/znz is the least multiple of n; that is
a multiple of n3, and we obtain c’2 = n3/gcd{ny, n3}. O
Lemma 8. Let ag, ax € N, with ay > c. Then Gyiigtarii, s connected.

Proof. Set n = apng + axn;.

Observe that agiig 4 axiiy = (ag + y)itg + ry i1 + (az — ¢4y +rj;n3, and thus
no, no and n3 are in the same connected component (and so is 7 if ré | #0).

We distinguish two cases.

o If n1 € V(Gj), then "51 must be zero and Gj; is connected with set of vertices

{no, n2, n3}.

o If n; € V(Gj), then there must exist by, by, by, b3 € N, by # 0, such that
n = bong + biny + brny + byns. If by + by + b3 # 0, then n; is in the same
component as 719, 71 and 713, and thus Gy, is connected. If by = b, =b3 =0, then
biny = agno + axn,, which is clearly different from cy7(, and thus Lemma 4
asserts that G;; is connected. |

Lemma 9. The only k € N for which Gy, is not connected is k = ¢},

Proof. If k < ¢, then by the minimality of ¢}, ki1, has unique expression, whence
G, 1s connected. If k > c/z, then Lemma 8 with ap =0 and a, = k asserts that Gy,
is connected. Finally, for k = c/z, Lemma 7 ensures that G, is not connected. [l

For the rest of the discussion we need to distinguish between ¢, > r,; + 23 and
€y <121 +123.
1.1. The case ¢z > rz; + r23. Under the standing hypothesis, we have
ciny = Ang +riany + ri3ns,
cong = 8ng +r1ny +ra3na,
vng +c3nz =r3ng +ryng,
and all the coefficients appearing in these equations are nonzero, except eventually §.

Lemma 10. Z(can2) ={(8, r21, 0, r23), (0, 0, 2, 0)}. In particular, the graph G,
is not connected.

Proof. In this setting, ¢, = ¢, and the proof follows from Lemma 7. ([l

Lemma 11. Let ag, a, € N, and let n = agng + an,. Assume that n # cony. Then
the graph Gy, is connected.

Proof. The proof goes as in Lemma 4, except for the case ay > ¢, = ¢}, for which
we use Lemma 8. O
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Lemma 12. Let ay, as € N. Assume that apno+azns # ving~+canz. Then Gyiig+asis
is connected.

Proof. Let n = apng + azns, and assume to the contrary that G; is not connected.
Hence n admits at least another expression with support disjoint to the support of
aong + azns. This in particular means that ag # 0 by Lemma 6. Hence there exists
ay, ap € N such that agng + azny = ajny + axns.

Since apng+aznz = ajn| +axny, we get azny = ajn| +axn,. By the minimality
of ¢3, we have a3 > c¢3. If az = c3, since Z(c3n3) = {(0, 0, ¢3), (r31, r32, 0)}, we
deduce a; = r3; and ap = r3p. If follows that ag = v, contradicting n # ving + c3ns.
Hence a3 > c3.

If ay > ¢y, then apng +aznsy = ainy +axny = (a) —c)ny + (ax +ri2)n +ri3n3.
For a; > ¢; we get that Gj; is connected. If a; = ¢y, then a; cannot be zero, since
otherwise cin| =asznjz, and ¢ n; does not admit a factorization of the form (0, 0, a3).
Again, in this setting we obtain that G; is connected, a contradiction.

In the same way we obtain a contradiction if a; > ¢5. Hence a; < ¢| and a3 < ¢».
As asn3 = ajn| + axny and o is the unique minimal presentation of S, it can be
deduced that (r31, r32) < (aj, az) (with the usual partial order; the equality does
not hold since otherwise we would obtain c3 = a3). Hence

apng + asnsy = ajny +axny = viag + (a1 —r3))ny + (ay — r3p)ng + c3ns.
This forces Gy to be connected (even if ag = 0; recall that {n(} is not a connected
component), a contradiction. O

Theorem 13. Let S be a nonsymmetric embedding-dimension-three numerical
semigroup, with ¢y > ry| +r2s. Let i € S. The graph G; is not connected if and

only if
n € {ciny, c2na, vig + c3n3}.
Proof. The proof follows from Lemmas 3 to 12. ([

Notice also that this result follows as a consequence of Bresinsky’s algorithm,
since in this setting, as ¢y > ro| 4 123, the procedure stops in the first step, and then
we only have to homogenize the relations.

Example 14. Let S = (10, 13, 19). The unique minimal presentation for § is
{(2,0,1),(0,3,0)),((7,0,0), (0, 1, 3)), ((5,2,0), (0,0,4)) }.

In this example, ¢; = 3 = rp; + r3. The Betti elements of S are 39, 70 and 76,
while the Betti elements of S are (3, 39), (7, 76) and (7, 70).

Remark 15. Notice that if ¢, > rp; + ro3, then, by using Buchberger’s criterion
(see, for instance, [Cox et al. 2007, Chapter 3]), it is not hard to show that

_[yC1 2 i3 Cr  T21 P23 T3 TR €3
G_{xl Xy X3 7 Xpm — X T X3, XT Xy x3}
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is a reduced Grobner basis with respect to any total degree ordering. Hence, in view
of Theorem 4 in [Cox et al. 2007, Chapter 8], the homogenization of G

ALT12 . T13 8,121 123 131132 v.,.C3
{xl —xgX 2o, X7 — xpx g, X x0x3}

would contain a minimal generating set for /5. None of the elements in this set
are redundant, since they correspond to binomials associated to factorizations of
different Betti elements of S (Lemmas 3, 10 and 5). This gives an alternative proof
to Theorem 13 without using Lemmas 4, 6, 9, 8, 11 and 12.

Since all the elements in Betti(S) have two factorizations, we get the following
as a consequence of [Garcia-Sdnchez and Ojeda 2010, Corollary 5].

Corollary 16. Let S be a nonsymmetric embedding-dimension-three numerical
semigroup, with ¢y > rp; + r23. Then

{((0,¢1,0,0), (1,0, r12,713)). ((0, 0, ¢2, 0), (8, 21, 0, r31)),
((Os 07 0’ 63)9 (V, r3i1, r3z, O))}

is the unique minimal presentation of S.

1.2. The case c; < r31 + r3. Recall that in this setting we have
ciny = Ang + riano +rizns,
dng + cong = a1y +rp3ns,
Vng + c3ny = r3ing +rypns.

Lemma 17. Z(6ng+canz) =1{(0, r21, 0, r23), (8, 0, ¢, 0)}. In particular, the graph
Gsiig+caiiy 1S HOt connected.

Proof. Similar to the proof of Lemma 3. (]
Remark 18. Observe that

dony =diny +dzns,

with d; = (n; —ny)/ ged{nz —ny, np —ny}, {i, k < j} ={1, 2, 3}. Notice that the set
of rational solutions of 721x| — x> +n3x3 =0 is spanned by (d1, d>, d3). And since
gcd(dy, da, d3) = 1, every integer solution (xy, xo, xp) is a multiple of (dy, d, d3).
Observe also that
n3 no
ny = ns,
ged{na,n3} © ged{na, ns)

and thus
na

n3 o _
2=t ged{ny, n3}n3

— N
ged{ng, n3}
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for some positive integer n. Hence

! < i ns
2= mm{dz, ged{na, n3} }

Lemma 19. Let ay, ay, az, az € N. Assume that
i = apiy + axity = ayiny +asiny & {ci, 8ig + cain}
vields a nonconnected graph. Then (ay, as, az) belongs to

nixy —nyxy +n3x3 =0,
Co=1(x1. 20 X3)€N3 X2 < X1+ x3 <x3+4 8,
T 0<xy <rp, c3<xs,

€ <xp<C)
Moreover,

(1) (a1, a3) € M := Minimals<{(x1, x3) | (x1, x2, x3) € C2 for some x, € N},
(2) Z(n) ={(ao, 0, a2, 0), (0, a1, 0, az)}.

Proof. If ap =0, we know by Lemma 9 that the only nonconnected graph Gy, 7, is
GC/Z,;Z. Hence ag # 0.
From

apng + axny = ayn + azns,

we deduce

ag+ay =a; +az and ayny, =ain; +azns.

The minimality of ¢, yields a; > ¢;. If ¢, = a», then we get § = ag, which is not
possible by hypothesis. Hence (ay, as, a3) is a solution of

nix; —naxp+n3x3 =0, cp<xy<xi+x3.

If a1 > ¢y, then apno +axny = ayny +asnz = (ay — cy)ny +ripng + (a3 +riz)ns.
If a; > c1, we easily derive that G; is connected. If a; = ¢y, then a3 cannot be zero,
since otherwise c1n] = axny, contradicting that Z(ciny) = {(c1, 0, 0), (r12, 0, r13)}.
Again, the connectedness of G;; follows easily. Hence a; < c;.

If a; = 0, then ag + a; = a3, and this implies that a, < a3. However, we have
any = azns > asny, which yields a, > as, a contradiction.

Assume that a3 < ¢3. As apny = ajn; + azns, and o is a minimal presentation
for S, we can deduce that r,; < a; and ry3 < a3. Note that both equalities cannot
hold, since a; # c;. Hence

aphg +axny = ainy +aznz = (ay — ra1)ng + (az — r3)n3 +dag + cono,
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which leads once more to the connectedness of G;. This proves that az > c3. As
c3 =113+ a3 > ry3, if a; > ryy, then we have
aong + axny = ajny +aznz = (ay — ra)ny + (az — ry3)nz + ng + cana,

obtaining once more a connected graph. This shows that a; < r;.
Hence for the rest of the proof we may assume that apa;arasz # 0.
We now focus on (2), which will be used later. If

(ag, @y, ay, a3) € Z(n) \ {(a0, 0, a2, 0), (0, a1, 0, a3)},

then as Gj is not connected and apajazaz # 0, either aj =a), =0 ora; = a5 =0.

o If a6 = aé = 0, then agng + arny = ajny + aznz = aiﬁ/l + agflé. This in
particular means that (a; — a})in + (a3 — aj)in3 = 0. Since 711 and 713 are
linearly independent, a; —aj = 0 and a3 —a} =0, that is, a; = a) and a3 = aj,
a contradiction.

e The case a; = aj = 0 follows analogously, since 79 and 72, are also linearly
independent.

Now, if ag > 8, as a > ¢, we get
apng + axny = (ag — 8)no + (ax — c2)ny + a1y +ry3n3 = aing +azns,

obtaining again three different factorizations of 7, a contradiction. Hence ap < §.
This also implies that a; + a3z = ap +az < § + a».
If a; > ¢}, then

~ ~ ~ ~ ~ /= /NS /=
aoho + axny = arny +aznz = (y +ap)ng +ry iy + (a2 — ¢3)ny +ryzns,

which yields three factorizations of 7, in contradiction with (2).

To prove (1), assume there exists (b1, by, b3) € C; such that (by, b3) < (a1, a2).
Then agng + axny, = ayny +azny = (a1 — by)ny + (az — b3)nz + apng + axn,. Thus
we get three different expressions of 7, a contradiction. ([
Lemma 20. Let (ay, a3) € My, and let n = ayn| +azns. Then Gy is not connected.

Proof. As (a1, az) € M», there exists positive integers ag and a, such that n =
apng+azna, ag <6 and ¢p < ap < c/z. Assume to the contrary that G; is connected.
Then there exists (bg, b1, b2, b3) € Z(n) \ {(ao, 0, a2, 0), (0, a1, 0, a3z)}.

From agng + axny = bong + biny + byno + bzns we deduce the following.

e Asay < c’z, we have by < ag, and consequently by < §.

» Since ag # 0, we have b, < ap. We obtain b, < c’2.

Now, from a n; + azns = bong + biny + byny + b3nz and Lemma 6, we deduce
that ay > b;. If a3 > b3, then (a1 — by)n| + (a3 — bz)n3 = bong + byn,. Notice that
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0 <aj; — by <ay <y, and that by > ¢, because byny = (a1 — by)n + (a3 — b3)ns,
and if by = ¢, this forces a; — by = rp1, which is impossible. Hence ¢; < by < c/z.
Arguing as in the proof of Lemma 19 we get that ¢3 < a; — b3. This means that
(a1 — by, by, az — b3) € C,, but this contradicts (a;, b1) € M5.

Thus a3 > b3 and (a; — by)n| = bong + bono + (b3 — az)nz. But this contradicts
the minimality of ¢, because

a;—by <ay<mi<c; and (a; —by)ny = byny + (b3 — asz)ns. |
Lemma 21. Let ag, ay, az, a3 € N. Assume that
il = aong + asiis = aing + axina € {china, ving + c3n3}
vields a nonconnected graph. Then (ay, az, az) belongs to

nixy +naxy —n3zxz =0,
3] X3 <X1+x2<x3+V
C3=q (x1,x2,x3) €N '
O<)C1 <r3, €3 <X3,

<X <)
Moreover,
(1) (a1, a2) € M3 := Minimals<{(x1, x2) | (x1, x2, x3) € C3 for some x3 € N},
(2) Z(n) ={(ao, 0,0, a3), (0, a1, az, 0)}.

Proof. From Lemma 6, we know that ag # 0. Assume that a; = 0. Then an, is a
nonconnected graph, which according to Lemma 9 means that a, = ¢, which is
excluded in the hypothesis. Hence a; is also not zero. The rest of the proof goes as
in Lemma 19. (]

Lemma 22. Let (a;, ap) € M3, and let n = ajny + arny. Then Gj; is not connected.

Proof. According to Lemma 21, there exists positive integers ag and a3 such that
n = apng + aznsz, agp < v and c3 < az. We argue as in Lemma 20. Assume that
there exists an expression boiig + by711+byit, + b3is other than apig + asznz and
ainy +axny. Then ayny + axny = bong + biny + bany + bsns. From a; < ¢q, we
deduce that ay > by, and from as < ¢} that a; > by. Thus

0 # (a1 — bi)ny + (a2 — by)ny = bong + b3ns.

Hence b3ns = (a; — by)n1 + (ap — by)ny, which implies that b3 > ¢3, and if ¢c3 = b3
we would get a; — by = r31, contradicting that a; < r3;. Therefore b3 > ¢3. Also
a; — by < r31, and from this it is not difficult to deduce that a; — b, must be greater
than or equal to c;, since otherwise there will be no way by using the relations in
o to get from (a; — by, ay — b>, 0) to (0, 0, b3). Gathering all this information, we
obtain that (a; — by, ap —b>, b3) € C3 and (a1 — by, ay—by) < (ay, a2), contradicting
(a 1s az) eM 3. O



HOMOGENIZATION OF A NONSYMMETRIC NUMERICAL SEMIGROUP 91

Example 23. Let S = (11, 18,21). A minimal presentation for § is
{(3,0,1),(0,3,0)), ((6, 1, 0), (0,0,4)), (9,0, 0, (0,2, 3)) }.
The Betti elements of S are {54, 84, 99}, while those of S are
{(4,54), (7, 84),(9,99), (7, 126), (7, 105) }.

In this example C, is empty, and C3 = {(3, 4, 5), (3, 8, 7), (3, 25, 23)}. The mini-
mality condition imposed to the first two coordinates reduces this set to {(3, 4, 5)}.
A minimal presentation for S is

[(0,3,0,1),(1,0,3,0)), (0,6, 1,0), (3,0,0,4)), (0,9, 0,0), 4,0,2,3)),
((1,0,0,6), (0,0,7,0)), (0,3, 4,0), (2,0,0,5))}.

Notice that this semigroup is no longer generic (in all relations all atoms occur),

but it is uniquely presented. The set of integers belonging to C, and C3 can be

computed by using [Wolfram Alpha 2013] by simply typing in the search field “find
integer solutions to” and then the set of inequalities separated by “and.”

Theorem 24. Let S be a nonsymmetric embedding-dimension-three numerical
semigroup, with ¢y < rp1 + 3. Then

Betti(S) = {c1it1, 8itg + cafia, chita, Vitg + 3713}

Ulainy +asns|(ar, az) € MayUl{aing +axnz|(ar, ax) € M3}.

Moreover, S is uniquely presented.

Proof. If in € Betti(S), then at least Z(77) has two ®R-classes. Thus in one of them
there are at most two atoms of S, and neither 7y nor 73 (Lemma 6) are alone. So
we have that the set of atoms involved in one of the R-classes is any of these sets:
{ng, n1}, {no, n2}, {no, n3}, {n1} and {n,}. Lemmas 3 to 9, 17, 19, 20, 21 and 22
cover all possibilities. Moreover, in all cases #Z(n) = 2, and thus according to
[Garcfa-Sanchez and Ojeda 2010, Corollary 5], S is uniquely presented. (]

Example 25. Recall that a minimal presentation for § = (10, 17, 19) is

{(4,1,0), 0,0,3)), (3,0,2), (0, 4,0)), ((7,0,0), 0,3, 1)) }

(Example 2). Moreover, C, = @ and C3 ={(1, 5, 5)}. Thus the set of Betti elements
of Sis

{7ﬁ1 = (7,70), no +4ny = (5, 68), 2no 4+ 3n3 = (5, 57),
Ony, = (9, 153), no + 5n3 = (6, 95)}.
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Example 26. Let S = (10, 27, 29). In view of Example 1 with k = 1, a minimal
presentation for S is

{(¢6,1,0),(0,0,3)), ((5,0,2), (0,4,0)), ((11,0,0), (0,3, 1)) }.

Here, C> = {(3, 14, 12), (4,9, 7)} and C3 = {(1, 5, 5)}. Thus

Betti(S) = {117, = (11, 110), 37ip + 471> = (7, 108),
4iig+ 3ii3 = (7, 87), 197, = (19, 513),
i+ 1471y = (15, 378), 2719 + 9712 = (11, 243)}.

Remark 27. The uniqueness of the minimal presentation can be derived in a
different way. As a consequence of Bresinsky’s algorithm the cardinality of Betti(S)
equals the cardinality of a minimal presentation for S (this is also stated in [Li
et al. 2012, Lemma 2.2] without using Bresinsky’s procedure; there are no two
relations in a minimal presentation corresponding to the same element in S). Thus
forevery b € Betti(S), Z(b) has two R-classes. This does not show that the minimal
presentation is unique, because some of these RR-classes could have more than one
element (see, for instance, [Li et al. 2012, Example 2.5]). However it can be shown
that in our setting (b — b’) & S for every b, b’ € Betti(S), that is to say, all Betti
elements of S are Betti-minimal. Hence in view of [Garcia-Sdnchez and Ojeda
2010, Proposition 3] every %R-class of Z(b) for every b € Betti(S) is a singleton
(see also [Charalambous et al. 2007, Theorem 3.4]).

2. The Cohen—Macaulay property

We say that an affine semigroup is Cohen—Macaulay if the semigroup ring k[S] is
Cohen—Macaulay. The corollary on page 127 of [Bresinsky 1984] gives a charac-
terization of the Cohen—Macaulay property. Also Remark 2.17 in [Li et al. 2012]
offers another characterization of the Cohen—Macaulay property. We will use the
test proposed in [Rosales et al. 1998] for affine subsemigroups of N? to give an
alternative proof of Bresinsky’s characterization in our scope (S is not symmetric).

Observe that the (rational) cone spanned by {ng, 13} equals the cone spanned
by S. Thus a; in [Rosales et al. 1998, Section 1] is n3. Also  in [Rosales et al.
1998, Lemma 1.1.3] corresponds with p(s) = min L(s) for every s € S.

Let G be a reduced Grobner basis of /g with respect to any total degree ordering
and (a1, a», a3) € Z(s) (observe that G consists also of binomial ideals). For a
polynomial f € k[x;, x2, x3], denote by NF5 (f) the remainder of the division of
f by G. It follows that for s € S and (a1, a2, a3) € Z(s), NFg(x{'x5°x3*) is a
monomial, and if

ay ay a3\ __ by by b3
NFg (x] xy"x37) = x ' x,°x37,
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then p(s) = by + by + b3, the total degree of NFg (x1 x2 x3 ).

Proposition 28. Let S be a nonsymmetric embedding-dimension-three numerical
semigroup. Then S is Cohen—Macaulay if and only if ¢2 > ray + 2.

Proof. Notice that if ¢, > rp1 + 123, then by Remark 15,

G = {x xglzxgm’ X; x;zlxgzz’ xi’%lx;ﬂ x;’}}
is a reduced Grobner basis with respect to any total degree ordering. Let B =
Ap(S, iig) NAp(S, 713). We are going to show that B = {(u(s), s) | s € Ap(S, n3)}
and thus by [Rosales et al. 1998, Theorem 1.2], S is Cohen—Macaulay (in particular
the cardinality of B is n3 and the Cohen—-Macaulayness of S also follows from
[Li et al. 2012, Theorem 1.2]). It is easy to see that if (n,s) € Ap(S‘, ng), then
n = u(s), and thus the inclusion {(u(s), s) | s € Ap(S, n3)} € B is clear. Now
assume that there exists (u(s), s) € B with s ¢ Ap(S, n3). Then s =n3 +¢ for some
teSand (u(s)—1,1) &8S. Itis easy to see that this can only occur if and only if
(1) > u(s) — 1. Let (b1, ba, b3) € Z(1) be such that NFg (x7'x22x2%) = x> x22x2.
Hence

u()=by+by+bs and (by,by,b3+1)€”Z(s).

As u(t) = by + by + b3z > u(s) — 1, this means that u(s) < by + b, +b3+ 1, and
consequently
NFG(xbl by h3+1) ;éxblxgsz3+1.

.. ) ) b batl
This implies that either x;' or x5* or x;*'x,* divide x1 x22x3‘+ As x3 does not
occur in {x", x5 ,x{“xzn} thls means that elther xi' or x3? or x*'x5” divide

b1 by b3
X)X, x3 , yielding NFgs (x1 x2 xX3') # xl x2 x3 , a contradiction.

If ¢y < ry1+r23, then u(cong)=cy (recall that Z(cony) = {(0, c2,0), (ry, 0, }’23)}).
Notice that rp1 11 has unique expression, and consequently ry1n; € Ap(S, n3). Hence

2 = p(can) = pu(rang +ryn3) and  w(ryng) +rpu(nz) =ryp +ra3.

Since ¢y # ro1 + 123, Proposition 1.6 in [Rosales et al. 1998] states that S cannot be
Cohen—Macaulay. U

Corollary 29. Let S be a nonsymmetric embedding-dimension-three numerical
semigroup. Then S is Cohen—Macaulay if and only if the cardinality of the minimal
presentation of S coincides with the cardinality of the minimal presentation of S.

3. The catenary degree of S
Let S ¢ N* be an affine semigroup. Let s € S, and let

a=(ay,...,ar),b=(by,...,by) € ZL(s).
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The distance between a and b is d(a, b) = max{|la — (a A b)|, |b — (a A b)|}, where

a Ab = (min(ay, by), ..., min(ay, b)), the common part to the factorizations a
and b. For N € N, an N-chain of factorizations joining a and b is a sequence
ai,...,a; € Z(s) such thatd(a;, a;+1) < N foralli € {1, ..., t — 1}. The catenary

degree of s, c(s), is the minimum N such for any a, b € Z(s), there exists an N-chain
of factorizations joining a and b. The catenary degree of § is defined as

c(S) = sup,gc(s).

As a consequence of [Chapman et al. 2006, Section 3], this supremum is a maximum
and indeed
c(S) = maxyeBeti(s) €(s).

If S is a numerical semigroup, as S is half-factorial, [Garcfa-Sanchez et al. 2013,
Theorem 2.3] states that for every s € S, there exists b € Betti(S) such that c(s) =c(b).
Hence in our setting we get the following corollary.

Corollary 30. Let S be a nonsymmetric embedding-dimension-three numerical
semigroup and let s € S.

o If ¢y > a1 4123, then c(s) € {c1, c2, v +c3}.

e Ifca < a1+ 123, then
c(s) efcr,ca+8,ch, v+t U{(x+y) | (x,y) € My UM;).

The catenary degree of S corresponds with the homogeneous catenary degree
of § ([Garcia-Séanchez et al. 2013, Proposition 3.5]; the concept of homogeneous
catenary degree is introduced in that paper). Hence this result gives a description
also of the homogeneous catenary degree of S. Also, the homogeneous catenary
degree is a lower bound for the monotone catenary degree [Garcia-Sanchez et al.
2013, Proposition 3.9].

Example 31. We apply the above corollary to the semigroups in Example 1. Recall
that S¥ = (10, 17 4+ 10k, 19 + 10k) and that the minimal presentation for S is

[((7+4k,0,0), (0,3, 1)), ((0,4,0), 3+2k,0,2)), ((0,0,3), 4+2k,1,0))}.

Hence the catenary degree of S is c(S) = 7+ 4k (the catenary degree of an element
with two factorizations with disjoint support is just the maximum of the lengths of
these factorizations). The minimal presentation of S is

{((0,7+4k,0,0), 3+4k,0,3, 1)), ((1+2k,0,4,0), (0,3+2k,0,2)),
((0,1,5,0),(1,0,0,5)}
U{(Qk+1—1i,0,5+4,0),(0,3+2k—i,0,5+2)) | i €{0,...,2k+1}}.

Hence c(S) = 9 + 10k.
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4. The nonsymmetric case

If S is not symmetric, then we know (see, for instance, [Rosales and Garcia-Sanchez
2009, Example 8.23]) that some of the following cases can occur (these also include
the possibility that {n, n, n3} is not a minimal generating system, that is, some of
the ¢; are equal to one):

(1) ciny = canp = cang,

(2) ciny =ripny +ri3ns # canp = c3nz (rizriz # 0),

(3) ciny = cang # canz =r3ny +rng (r3r2 #0),

(4) ciny = c3n3 # cony =rany +r3n3 (rarz #0) and ¢ > 121 + 123,
(5) ciny = c3n3 # cony =rany +ran3 (rair3 #0) and ¢ < rp1 +r23.

For the cases (1), (2) and (4), Bresinsky’s algorithm stops in the first step, and thus
both S and S have a minimal presentation with two elements.

For (3) and (5), the discussion follows as in the similar case in the nonsymmetric
setting.

Observe that the uniqueness of a minimal presentation for S is not ensured since
S might have more than two minimal presentations.
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