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Edge-flip distance between triangulations of polygons is equivalent to rotation
distance between rooted binary trees. Both distances measure the extent of
similarity of configurations. There are no known polynomial-time algorithms for
computing edge-flip distance. The best known exact universal upper bounds on
rotation distance arise from measuring the maximum total valence of a vertex in
the corresponding triangulation pair obtained by a duality construction. Here we
describe some properties of the distribution of maximum vertex valences of pairs
of triangulations related to such upper bounds.

1. Introduction
Binary trees are widely used in a broad spectrum of computational settings. Binary
search trees underlie many modern structures devoted to efficient searching, for
example. Shapes of binary trees affect the performance of searches, and there
have been a wide variety of approaches to ensure such efficiency. Natural dual
structures to rooted ordered binary trees are triangulations of polygons with a
marked edge or vertex. Rotations in binary trees correspond to edge-flip moves
in such triangulations of polygons, so the rotation distance between two rooted
ordered binary trees corresponds exactly to the edge-flip distance between the two
corresponding triangulations of marked polygons.
Properties of rotations have been widely studied; see Knuth [1973] for background
and fundamental algorithms. There is no known polynomial-time algorithm for
computing rotation (or equivalently, edge-flip) distance, though there are a variety
of efficient approximation algorithms [Baril and Pallo 2006; Cleary and St. John
2010; 2009]. A straightforward argument of Culik and Wood [1982] shows that for
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Figure 1. Rotation at a node N . Right rotation at N transforms
the left tree to the right one, and left rotation at N is the inverse
operation which transforms the right tree to the left one. A, B, and
C represent leaves or subtrees, and the node N could be at the root
or any other position in the tree.
any two trees with n internal nodes, there is always a path of length at most 2n − 2.
Sleator, Tarjan and Thurston [Sleator et al. 1988] showed that the distance is never
more than 2n −6 using an argument described below based upon maximum summed
vertex valence in the pair of triangulations, and furthermore that for all very large n,
that bound is achieved. Recently, Pournin [2014] showed that, in fact, the upper
bound is achieved for all n ≥ 11.
A rotation move in a rooted binary tree relative to a fixed node N is a promotion
of one grandchild node of N to a child node of N , a demotion of a child of N to a
grandchild of N , and a switch of parent node for one grandchild of N , preserving
order. This occurs in the vicinity of a single node, as pictured in Figure 1. The
corresponding edge-flip move in a triangulation occurs in a single quadrilateral
formed by two triangles which share an edge. The common edge between two
adjacent triangles is exchanged for the opposite diagonal in that quadrilateral, as
shown in Figure 2. If the edge-flip distance between two triangulations of a regular
polygon is k, that means that there is a sequence of k edge flips transforming the
first triangulation to the second and there is no shorter sequence accomplishing the
same transformation.

Q

Figure 2. An edge flip across a quadrilateral Q. The four peripheral
quadrilaterals denote (possibly empty) triangulated polygons whose
triangulations are unchanged by the edge flip in quadrilateral Q.
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Figure 3. A triangulation of the octagon and the corresponding
dual tree, with sides numbered to match the leaves. Pulling up on
the edge from the marked side of the octagon (marked as leaf 0)
gives the tree on the right.
2. Triangular subdivisions of polygons
Here, by a triangulation of size n, we mean a triangulation of n − 1 interior edges
subdividing a regular (n+2)-gon, where we choose to label vertices from 0 to n + 1.
Such a triangulation is dual to a tree with n + 1 leaves and n internal nodes, with
leaves labeled from 0 to n. See Figure 3.
The number of triangulations of size n is the n-th Catalan number, Cn , and since
Cn grows exponentially at rate of 4n n −3/2 , the number of pairs of trees of size n
grows on the order of 16n n −3 . Because of the rapid growth of the number of tree
pairs (or equivalently, triangulation pairs), computing these quantities exhaustively
via complete enumeration is not feasible beyond small n. To explore this exponentially growing space, we use sampling techniques to characterize the expected
behavior of randomly selected triangulation pairs. We experiment computationally
by choosing pairs of triangulations of size n uniformly at random, computing the relevant vertex sums and tabulating the results. As in [Chu and Cleary 2013], we use the
linear-time random tree-generation procedure of Rémy [1985] to generate efficiently
ordered trees uniformly at random, rather than considering the Yule distribution on
tree pairs studied by Cleary, Passaro and Toruno [Cleary et al. 2015]. The quantities
studied here are the maximum valence sums of vertices, described in the next section.
3. Vertex valence sums
Vertex valence sums play a role in the upper bounds for edge-flip distance. Given
a pair of triangulations S and T , we count the number of interior edges si and ti
incident to each vertex i in the polygon and form the vertex valence sum for vertex i
as si + ti . See Figure 4. The bound of 2n − 6 for n ≥ 11 from [Sleator et al. 1988]
is obtained by the following argument. There are a total of n − 1 edges in each
triangulation, each with 2 endpoints, giving 4n − 4 total endpoints of interior edges
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Figure 4. Two superimposed triangulations, one drawn in dashed
red and one in solid blue. The vertices are numbered and the
total valences are given in purple for each vertex. For example,
the total valence of vertex 0 is five, with 3 red edges and 2 blue
edges incident there. In this example, the summed vertex valences
range from a low of 0 (at vertex 2, indicating a common peripheral
triangle) to a high of 8, which occurs at vertex 3.
for the pair of triangulations. Each endpoint occurs at one of the n + 2 vertices,
so the average valence of a vertex is merely (4n − 4)/(n + 2) = 4 − 12/(n + 2).
For n ≥ 11, this gives average valence larger than 3 (approaching 4 in the limit
of large n). Since the summed valences can only be integers, if the sum is more
than 3, there must be a vertex j of total valence 4 or more. We consider a path of
triangulations from S to T by way of a fan triangulation F j , which is the fan from
vertex j (that is, a triangulation of the polygon where every triangle has an edge
incident on vertex j). Transforming S to F j takes exactly n − 1 − s j edge flips, as
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Figure 5. Two superimposed zigzag triangulations, one drawn in
dotted blue and one in dashed red, with common segments in solid
purple. Each red dashed edge can be directly flipped to the corresponding blue one, giving an edge-flip distance of 4 between the two
triangulations, despite the vertex valence sums commonly being 4.
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there is always an edge flip which increases the valence of vertex j by one and
there are exactly that many edges to flip. Similarly, from T to F j there is a path
of length n − 1 − t j and such a path is minimal. So there is a path from S to F j
to T of length no more than 2n − 2 − s j − t j , giving the 2n − 6 bound in the case
that the maximum vertex valence s j + t j is exactly 4. In cases where the maximal
vertex valence is higher, the upper bound is correspondingly decreased.
We note that for a triangulation pair, the vertex sums need to be quite evenly
distributed around the polygon to have a chance of being maximally distant for that
size. The average valence sum is between 3 and 4 for n ≥ 11 and no maximally distant pair of triangulations can have any vertex sums of 5 or larger. Note that having a
maximal vertex sum of 4 is necessary but not sufficient for being a maximally distant
triangulation pair, as can be easily seen by considering a zigzag triangulation of a
regular n-gon beginning at vertex 0 and a reflected zigzag triangulation beginning
at vertex 2, as shown in Figure 5. The maximal vertex sum is 4 but the edge-flip
distance between these two is less than n/2 (flipping the red edges to the blue edges
in the figure), far less than that of the maximum possible. There are many other
configurations with maximal vertex 4 which are not remotely close to the 2n − 6
upper bound as well. Nevertheless, if there is even a single vertex with summed
valence 5 or more, the two triangulations cannot be at the maximal 2n − 6 distance.
4. Discussion
There is an obviously increasing relationship between triangulation size and expected
maximum observed summed valence across the vertices. However, the growth rate
appears slow, as the relationship appears to be either straightening or slightly
convex downward in log-scaled Figure 6, where a straight line would indicate
logarithmic growth. The experimental evidence suggests that the relationship is at
most logarithmic. Figure 7 shows an example of a distribution of maximum summed
valence for a particular size, n = 950, showing the shape of typical distributions
that arise in these computations.
A combing triangulation with respect to v is a triangulation where every edge
is incident with the vertex v. Using the argument of [Sleator et al. 1988], an
upper bound on rotation distance from S to T comes from the path which first flips
successively edges in S to be incident with v, a vertex of maximum summed valence,
to obtain the combing triangulation for v. Then the path goes from that combing
triangulation to T , successively flipping to edges in T which are not incident on v.
At each step of the resulting path, there is at least one edge in S which can be
flipped to be incident to v or one edge incident to v which can be flipped to an edge
in T . The resulting length of the path is the number of edges in S and T which are
not incident on v. Combinatorial arguments give that there is always a vertex of
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Figure 6. Maximum valence increases with triangulation size.
Here we show average maximum summed vertex valence vertically, against the size of triangulations plotted horizontally on a
logarithmic scale. For each size, the number of triangulation pairs
sample to estimate the average maximum vertex valence ranges
from 100,000 to 10 million depending upon size.
summed degree 4, giving the universal (for n ≥ 11) bound of 2n − 6. For larger
summed valence k for a particular pair of trees, the same arguments show that an
upper bound for distance for that pair is 2n −k −2. The experimental data in Table 1
shows that though it is common for randomly selected tree pairs to have higher
summed valence than the minimum of 4, it is often not markedly higher than 4. In
the case of randomly selected tree pairs, we know from the asymptotic analysis of
Cleary, Rechnitzer and Wong [Cleary et al. 2013] that for large n, two randomly
selected triangulations of size n are likely to have about (16/π − 5)n ∼
= 0.093n
common edges. Thus, the upper bounds for rotation distance arising from common
edges, edges which are a single rotation from a common edge, and from common
components of small size are generally much stronger than those upper bounds
arising from the path through a fan on a vertex of maximum summed valence.
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Figure 7. An example of the distribution of maximum vertex valence for one million triangulation pairs, for size 950, with average
17.8 and standard deviation 2.26.
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triangulation size average max vertex sum σ max vertex sum
15
20
30
40
50
75
100
200
500
1000
2000
3000
5000
7500
10000
12000
15000

8.03203
8.96568
10.1791
10.9805
11.5674
12.5759
13.2461
14.7589
16.5983
17.9277
19.184
19.9369
20.8352
21.5392
22.0527
22.3505
22.7512

1.55756
1.70762
1.87928
1.97628
2.03815
2.12531
2.16791
2.23289
2.26295
2.27465
2.24797
2.2556
2.24551
2.23559
2.2108
2.20521
2.20811

Table 1. Observed averages and standard deviations of maximum
vertex sums via experiments involving 10 million (n ≤ 30), 1 million
(n < 1000) or 100,000 (for n ≥ 10000) runs depending upon the
triangulation sizes.

n
11
12
13
14
15
16
17
18
19
20+

fraction with max vertex sum 4
0.0050032
0.0015352
0.0004462
0.0001232
0.000035
8.1 · 10−6
2.4 · 10−6
5.0 · 10−7
1.0 · 10−7
none observed

Table 2. Fractions of triangulations with maximum vertex sum
exactly 4. Hundreds of millions were considered for n ≥ 20, finding
none selected at random.
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The work of Pournin [2014] constructs carefully very specific examples of
triangulations which are at maximal distance 2n − 6 for all n ≥ 11. One question
is how common such maximally distant pairs are. The experimental evidence
in Table 2 shows that examples with this extremal behavior are quite rare. In the
language of associahedra, used in [Pournin 2014], pairs of triangulations at maximal
2n − 6 distance correspond to antipodal points, which have many long geodesics
between them, with typically many of those passing through the distinguished
“fan” triangulations. But from the analysis here, it appears quite rare that a pair of
triangulations will have a geodesic which passes through a fan point, indicating
further the rarity of these extremal antipodal pairs.
References
[Baril and Pallo 2006] J.-L. Baril and J.-M. Pallo, “Efficient lower and upper bounds of the diagonalflip distance between triangulations”, Inform. Process. Lett. 100:4 (2006), 131–136. MR 2007e:68070
Zbl 1185.68845
[Chu and Cleary 2013] T. Chu and S. Cleary, “Expected conflicts in pairs of rooted binary trees”,
Involve 6:3 (2013), 323–332. MR 3101764 Zbl 1274.05066
[Cleary and St. John 2009] S. Cleary and K. St. John, “Rotation distance is fixed-parameter tractable”,
Inform. Process. Lett. 109:16 (2009), 918–922. MR 2010g:68114 Zbl 1205.68531
[Cleary and St. John 2010] S. Cleary and K. St. John, “A linear-time approximation for rotation
distance”, J. Graph Algorithms Appl. 14:2 (2010), 385–390. MR 2011m:68205 Zbl 1215.68271
[Cleary et al. 2013] S. Cleary, A. Rechnitzer, and T. Wong, “Common edges in rooted trees and
polygonal triangulations”, Electron. J. Combin. 20:1 (2013), Paper 39. MR 3035049 Zbl 1267.05249
[Cleary et al. 2015] S. Cleary, J. Passaro, and Y. Toruno, “Average reductions between random tree
pairs”, Involve 8:1 (2015), 63–69. MR 3321710 Zbl 1309.05158
[Culik and Wood 1982] K. Culik, II and D. Wood, “A note on some tree similarity measures”, Inform.
Process. Lett. 15:1 (1982), 39–42. MR 83k:68059 Zbl 0489.68058
[Knuth 1973] D. E. Knuth, The art of computer programming, 3: Sorting and searching, AddisonWesley, Reading, MA, 1973. 2nd ed. in 1997. MR 56 #4281 Zbl 0302.68010
[Pournin 2014] L. Pournin, “The diameter of associahedra”, Adv. Math. 259 (2014), 13–42. MR
3197650 Zbl 1292.52011
[Rémy 1985] J.-L. Rémy, “Un procédé itératif de dénombrement d’arbres binaires et son application à leur génération aléatoire”, RAIRO Inform. Théor. 19:2 (1985), 179–195. MR 87h:68132
Zbl 0565.05037
[Sleator et al. 1988] D. D. Sleator, R. E. Tarjan, and W. P. Thurston, “Rotation distance, triangulations,
and hyperbolic geometry”, J. Amer. Math. Soc. 1:3 (1988), 647–681. MR 90h:68026 Zbl 0653.51017
Received: 2014-03-06

Revised: 2014-10-17

Accepted: 2014-11-22

timchu100@gmail.com

Department of Computer Science,
The City College of New York, City University of New York,
New York, NY 10031, United States

cleary@sci.ccny.cuny.edu

Department of Mathematics,
The City College of New York and the CUNY Graduate Center,
City University of New York, NAC R8133,
160 Convent Avenue, New York, NY 10031, United States

mathematical sciences publishers

msp

involve
msp.org/involve
MANAGING EDITOR
Kenneth S. Berenhaut, Wake Forest University, USA, berenhks@wfu.edu
BOARD OF EDITORS
Colin Adams
John V. Baxley
Arthur T. Benjamin
Martin Bohner
Nigel Boston
Amarjit S. Budhiraja
Pietro Cerone
Scott Chapman
Joshua N. Cooper
Jem N. Corcoran
Toka Diagana
Michael Dorff
Sever S. Dragomir
Behrouz Emamizadeh
Joel Foisy
Errin W. Fulp
Joseph Gallian
Stephan R. Garcia
Anant Godbole
Ron Gould
Andrew Granville
Jerrold Griggs
Sat Gupta
Jim Haglund
Johnny Henderson
Jim Hoste
Natalia Hritonenko
Glenn H. Hurlbert
Charles R. Johnson
K. B. Kulasekera
Gerry Ladas

Williams College, USA
colin.c.adams@williams.edu
Wake Forest University, NC, USA
baxley@wfu.edu
Harvey Mudd College, USA
benjamin@hmc.edu
Missouri U of Science and Technology, USA
bohner@mst.edu
University of Wisconsin, USA
boston@math.wisc.edu
U of North Carolina, Chapel Hill, USA
budhiraj@email.unc.edu
La Trobe University, Australia
P.Cerone@latrobe.edu.au
Sam Houston State University, USA
scott.chapman@shsu.edu
University of South Carolina, USA
cooper@math.sc.edu
University of Colorado, USA
corcoran@colorado.edu
Howard University, USA
tdiagana@howard.edu
Brigham Young University, USA
mdorff@math.byu.edu
Victoria University, Australia
sever@matilda.vu.edu.au
The Petroleum Institute, UAE
bemamizadeh@pi.ac.ae
SUNY Potsdam
foisyjs@potsdam.edu
Wake Forest University, USA
fulp@wfu.edu
University of Minnesota Duluth, USA
jgallian@d.umn.edu
Pomona College, USA
stephan.garcia@pomona.edu
East Tennessee State University, USA
godbole@etsu.edu
Emory University, USA
rg@mathcs.emory.edu
Université Montréal, Canada
andrew@dms.umontreal.ca
University of South Carolina, USA
griggs@math.sc.edu
U of North Carolina, Greensboro, USA
sngupta@uncg.edu
University of Pennsylvania, USA
jhaglund@math.upenn.edu
Baylor University, USA
johnny_henderson@baylor.edu
Pitzer College
jhoste@pitzer.edu
Prairie View A&M University, USA
nahritonenko@pvamu.edu
Arizona State University,USA
hurlbert@asu.edu
College of William and Mary, USA
crjohnso@math.wm.edu
Clemson University, USA
kk@ces.clemson.edu
University of Rhode Island, USA
gladas@math.uri.edu

David Larson
Suzanne Lenhart
Chi-Kwong Li
Robert B. Lund
Gaven J. Martin
Mary Meyer
Emil Minchev
Frank Morgan
Mohammad Sal Moslehian
Zuhair Nashed
Ken Ono
Timothy E. O’Brien
Joseph O’Rourke
Yuval Peres
Y.-F. S. Pétermann
Robert J. Plemmons
Carl B. Pomerance
Vadim Ponomarenko
Bjorn Poonen
James Propp
Józeph H. Przytycki
Richard Rebarber
Robert W. Robinson
Filip Saidak
James A. Sellers
Andrew J. Sterge
Ann Trenk
Ravi Vakil
Antonia Vecchio
Ram U. Verma
John C. Wierman
Michael E. Zieve

Texas A&M University, USA
larson@math.tamu.edu
University of Tennessee, USA
lenhart@math.utk.edu
College of William and Mary, USA
ckli@math.wm.edu
Clemson University, USA
lund@clemson.edu
Massey University, New Zealand
g.j.martin@massey.ac.nz
Colorado State University, USA
meyer@stat.colostate.edu
Ruse, Bulgaria
eminchev@hotmail.com
Williams College, USA
frank.morgan@williams.edu
Ferdowsi University of Mashhad, Iran
moslehian@ferdowsi.um.ac.ir
University of Central Florida, USA
znashed@mail.ucf.edu
Emory University, USA
ono@mathcs.emory.edu
Loyola University Chicago, USA
tobrie1@luc.edu
Smith College, USA
orourke@cs.smith.edu
Microsoft Research, USA
peres@microsoft.com
Université de Genève, Switzerland
petermann@math.unige.ch
Wake Forest University, USA
plemmons@wfu.edu
Dartmouth College, USA
carl.pomerance@dartmouth.edu
San Diego State University, USA
vadim@sciences.sdsu.edu
UC Berkeley, USA
poonen@math.berkeley.edu
U Mass Lowell, USA
jpropp@cs.uml.edu
George Washington University, USA
przytyck@gwu.edu
University of Nebraska, USA
rrebarbe@math.unl.edu
University of Georgia, USA
rwr@cs.uga.edu
U of North Carolina, Greensboro, USA
f_saidak@uncg.edu
Penn State University, USA
sellersj@math.psu.edu
Honorary Editor
andy@ajsterge.com
Wellesley College, USA
atrenk@wellesley.edu
Stanford University, USA
vakil@math.stanford.edu
Consiglio Nazionale delle Ricerche, Italy
antonia.vecchio@cnr.it
University of Toledo, USA
verma99@msn.com
Johns Hopkins University, USA
wierman@jhu.edu
University of Michigan, USA
zieve@umich.edu

PRODUCTION
Silvio Levy, Scientific Editor

Cover: Alex Scorpan

See inside back cover or msp.org/involve for submission instructions. The subscription price for 2015 is US $140/year for the electronic version, and
$190/year (+$35, if shipping outside the US) for print and electronic. Subscriptions, requests for back issues from the last three years and changes
of subscribers address should be sent to MSP.
Involve (ISSN 1944-4184 electronic, 1944-4176 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o University of California,
Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional mailing offices.
Involve peer review and production are managed by EditF LOW® from Mathematical Sciences Publishers.
PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2015 Mathematical Sciences Publishers

involve
2015

vol. 8

no. 5

A simplification of grid equivalence
NANCY S CHERICH
A permutation test for three-dimensional rotation data
DANIEL B ERO AND M ELISSA B INGHAM
Power values of the product of the Euler function and the sum of divisors function
L UIS E LESBAN S ANTOS C RUZ AND F LORIAN L UCA
On the cardinality of infinite symmetric groups
M ATT G ETZEN
Adjacency matrices of zero-divisor graphs of integers modulo n
M ATTHEW YOUNG
Expected maximum vertex valence in pairs of polygonal triangulations
T IMOTHY C HU AND S EAN C LEARY
Generalizations of Pappus’ centroid theorem via Stokes’ theorem
C OLE A DAMS , S TEPHEN L OVETT AND M ATTHEW M C M ILLAN
A numerical investigation of level sets of extremal Sobolev functions
S TEFAN J UHNKE AND J ESSE R ATZKIN
Coalitions and cliques in the school choice problem
S INAN A KSOY , A DAM A ZZAM , C HAYA C OPPERSMITH , J ULIE G LASS ,
G IZEM K ARAALI , X UEYING Z HAO AND X INJING Z HU
The chromatic polynomials of signed Petersen graphs
M ATTHIAS B ECK , E RIKA M EZA , B RYAN N EVAREZ , A LANA S HINE AND
M ICHAEL YOUNG
Domino tilings of Aztec diamonds, Baxter permutations, and snow leopard
permutations
B ENJAMIN C AFFREY , E RIC S. E GGE , G REGORY M ICHEL , K AILEE RUBIN
AND J ONATHAN V ER S TEEGH
The Weibull distribution and Benford’s law
V ICTORIA C UFF , A LLISON L EWIS AND S TEVEN J. M ILLER
Differentiation properties of the perimeter-to-area ratio for finitely many
overlapped unit squares
PAUL D. H UMKE , C AMERON M ARCOTT , B JORN M ELLEM AND C OLE
S TIEGLER
On the Levi graph of point-line configurations
J ESSICA H AUSCHILD , JAZMIN O RTIZ AND O SCAR V EGA

1944-4176(2015)8:5;1-2

721
735
745
749
753
763
771
787
801

825

833

859
875

893

