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Let T be a complete local ring of Krull dimension at least one, and let Cy,Ca, ...,Cyy,
each be countable sets of prime ideals of 7. We find necessary and sufficient
conditions for 7" to be the completion of a reduced local ring A such that A

has exactly m minimal prime ideals Q1, Q», ..., O, and such that, for every
i =1,2,...,m,the set of maximal elements of {P € Spec(T) | PN A= Q;}is
the set C;.

1. Introduction and preliminaries

As rings in general have a poorly understood structure but complete local rings
are fully characterized, the relationship between local rings and their completions
is an important area of study. Instead of beginning with a ring and examining its
completion, we work backwards. In other words, we ask the question: when is a
complete local ring 7' the completion of a local subring A if some restriction is
placed on A? Certain restrictions have produced answers to this question. Notably,
Lech [1986] gives necessary and sufficient conditions for 7" to be the completion
of a local integral domain, and Heitmann [1993] does the same when A is required
to be a local unique factorization domain.

Charters and Loepp [2004] address the question when A is a local integral
domain whose generic formal fiber has finitely many maximal elements. For this
paper, we define the generic formal fiber of an integral domain A to be the set
{P € Spec(T) | PNA=(0)}, where T is the completion of A with respect to its
maximal ideal. Charters and Loepp show that for any complete local ring 7" with
maximal ideal M and collection G of prime ideals of 7', where G has finitely many
maximal elements, there exists a local integral domain A whose completion is T’
and whose generic formal fiber is precisely G if and only if G contains only the
zero ideal and T is a field, or the following conditions are true:
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(1) M ¢ G, and Ass(T) C G.
(2) If P €Spec(T) and Q € G with P € Q, then P € G.
(3) If Q € G, then the intersection of Q with the prime subring of T is (0).

The techniques employed in [Charters and Loepp 2004] also apply when A is
required to be an excellent ring. In particular, the authors show that their main
theorem holds for A excellent if two conditions are added to the three listed above:
(1) T is equidimensional, and (2) for any P that is maximal in G, Tp is a regular
local ring.

Suppose A is a local ring, T is the completion of A with respect to its maximal
ideal, and Q is a prime ideal of A. We define the formal fiber of 4 at Q to be the set
{P €Spec(T) | PNA= Q}. If the number of maximal elements of this set is finite,
then we say that the formal fiber of A at Q is semilocal. In [Arnosti et al. 2012], the
authors generalize the work of Charters and Loepp to the case where A is reduced
with semilocal formal fibers at each of its minimal prime ideals, showing that such
aring A exists if T contains the rationals. Furthermore, they allow for control over
the minimal prime ideals of A as follows: let C be a finite collection of prime ideals
of T, and let P = {Cy,...,Cm} be a partition of C that simultaneously partitions all
of the associated prime ideals of T (called a feasible partition). As A is constructed
so that for any C; and P, P’ € C;, we have P N A = P’ N A, it is sensible to write
Ci N A to denote P N A for any P € C;. Then the set of minimal prime ideals
of A is precisely {C1 N A4, ...,Cm N A}. Moreover, for each i, the formal fiber of A
at C; N A has maximal elements exactly the elements of C;. Defining Q; as the
intersection of all minimal prime ideals contained within any P € C;, Arnosti et al.
also show that 4 can be made excellent whenever

(1) T is reduced;
(2) for each Q; and each P € C;, (T/Q;)p is a regular local ring;
(3) for each Q;, we have T/ Q; is equidimensional.
The method employed in [Arnosti et al. 2012] resembles that of [Loepp 2003] and

[Heitmann 1994]. To ensure that T is the completion of A, Arnosti et al. construct A
step by step so that it satisfies the conditions on R stated below:

Proposition 1.1 [Heitmann 1994, Proposition 1]. Let T be a complete local ring
with maximal ideal M. Suppose R is a quasilocal subring of T, R N\ M is the
maximal ideal of R, the map R — T /M? is onto, and IT N R = I for every finitely
generated ideal I of R. Then R is Noetherian and the natural homomorphism
R— T isan isomorphism.

They begin with Q, which is a subring of 7" by assumption, and repeatedly adjoin
elements of 7 to build up A until it satisfies the conditions of Proposition 1.1. In
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order for the minimal prime ideals of A to have the desired properties, several
constraints are enforced on each intermediate subring, the most important of which
is that for any C;, it is the case that each prime ideal in C;, and every associated
prime ideal contained within a prime ideal in C;, intersects identically with A, and
that for each i this intersection is distinct. A subring satisfying these constraints is
called an intersection-preserving subring, or IP subring (see Definition 1.4).

In this paper, we extend the work of Arnosti et al. by weakening several restric-
tions on 7. First, we permit the collection C of prime ideals of T to be countably
infinite, where previously it was required to be finite. This is a relatively simple task,
as only one step in their construction needs to be fixed, and a lemma of Aiello, Loepp,
and Vu [Aiello et al. 2015] appropriately extends the one lemma used in [Arnosti
et al. 2012] that assumes C is finite. Second, we show that 7" need not contain the
rationals. However, for the main theorem to hold in this case, 7" must satisfy a set of
new conditions, detailed in our main theorem (Theorem 2.14), which we state here:

Theorem 2.14. Let T be a complete local ring of dimension at least one, M be the
maximal ideal of T, and P = (C,{C;}/,) be a feasible partition. Then T is the
completion of a reduced local subring A such that Min(A) ={C1 N A4,...,Cp, N A}
and the formal fiber of A at each C; N A has countably many maximal elements,
which are precisely the elements of C;, if and only if T has either zero or prime

characteristic and at least one of the following is true:

(1) char(T) # 0.

(2) char(T) =0and M NZ = {0).

(3) char(T) =0 and, forall P € C, we have M NZ L P.

(4) char(T) =0, M NZ = (p) for some prime integer p, and the following three
conditions hold:

(a) For each P € C and for each Q € Ass(T) with Q € P, we have p € Q
whenever p € P.

(b) For each subcollection C; and for any P, P’ € C;, we have p € P if and
only if p e P’.

(¢) Foreach Q € Ass(T), if p € Q, then Annt(p) € Q.

Furthermore, when one of the above four conditions is true, if J is an ideal of T
such that J € P for every P € C, A can be constructed so that the natural map
A —T/J is onto.

We additionally prove that these conditions are necessary for the desired subring A
of T to exist. While the work of [Arnosti et al. 2012] focuses on the excellent
case, ours does not, as we suspect that it is very difficult to construct A to be
excellent unless 7" contains the rationals. Only two lemmas in [loc. cit.] depend
on T containing the rationals: Lemma 3.7, which allows A to be built up while
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remaining an intersection-preserving subring, and Lemma 3.11, which establishes
the existence of an initial IP subring of 7. Our approach is therefore to extend these
two lemmas; our main result, Theorem 2.14, then follows.

We assume throughout this paper that all rings are commutative rings with unity
and that local rings are Noetherian. The term quasilocal ring, on the other hand,
denotes a ring that has one maximal ideal but is not necessarily Noetherian. The
notation (R, M) indicates a quasilocal ring R with maximal ideal M .

For any complete local ring 7" containing the rationals and set of prime ideals
C < Spec(T), Arnosti et al. obtain a high degree of control over the minimal prime
ideals of the reduced local subring A whose completion is 7" and over the formal
fibers of Min(A). To achieve this control, C must be partitioned in such a way that
the set of associated prime ideals of 7 is partitioned as well. The following definition
formalizes this notion; we change it slightly so that C is allowed to be countable.

Definition 1.2 [Arnosti et al. 2012, Definition 2.2]. Let T be a complete local ring.
Let C = {P;}72, be a countable collection of incomparable nonmaximal prime
ideals of 7', and let C be partitioned into m > 2 subcollections Cy, ..., Cy,. We call
P = (C.{C;i}/,) a feasible partition on C (or simply a feasible partition) if, for
each Q in Ass(T), P satisfies the following conditions:

(1) Q C P; for at least one P; € C.

(2) There exists exactly one £ such that whenever Q C P;, we have P; € (.

Example 1.3. Let
_ Q[lx,y.z]

(xyz)
and let P = (C, {C1,C2}), where C; = {{(x)} and C» = {(y, z)}. Then P is a feasible
partition because each element of Ass(7) = {(x), (y), (z)} is a subset of some
P €C and no element of Ass(7') is contained within more than one subcollection C;.

T

Central to the construction of A in [Arnosti et al. 2012] is the concept of an
intersection-preserving subring, or IP subring. Following the approach of Heitmann
[1994] and Loepp [2003], Arnosti et al. establish the existence of an IP subring of T,
and then adjoin elements of 7" to build the ring A. Since A is constructed according
to the feasible partition P, it is essential that, for any i, the intersection of A with
any P € (;, or any associated prime ideal contained in any such P, is the same.
Moreover, Arnosti et al. ensure that for every prime ideal P of T not contained
within any prime ideal in C, P N A does not consist only of zerodivisors, so that
only those prime ideals of T in C may be in the formal fiber of A at any minimal
prime ideal of A. These requirements inspire their definition of an IP subring. We
reproduce this definition below, with the only significant alteration again being
that C may be countable.
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Definition 1.4 [Arnosti et al. 2012, Definition 2.6]. Let (T, M) be a complete
local ring, C a countable set of incomparable nonmaximal prime ideals of 7" and
P = (C.{C;i}/L,) a feasible partition on C. A quasilocal subring (R, M N R)
of T is called an intersection-preserving subring (IP subring) if the following
conditions hold:

(1) R is infinite.

(2) Forany P €C,wehave PNR = Q NR forany Q € Ass(T) satisfying Q C P.
(3) For P, P’ €C, we have P, P’ € C; ifand only if PN R = P'NR.

(4) For each P € C, we have r € P N R implies Ann7(r) € P.

The ring R is called small intersection preserving (abbreviated SIP) if, additionally,
IR <|T|.

We note here that in [Arnosti et al. 2012, Definition 2.6], Min(7) is used in part (2)
instead of Ass(7"). Using Ass(7") simply helps us keep track of the zerodivisors
of T, and it is a minor change in the definition.

The following result, based on [Lee et al. 2001, Lemma 5], implies that an
IP subring is reduced. Consequently, since the ring we construct in our main theorem
is an IP subring, we know it is reduced. In [Arnosti et al. 2012, Lemma 2.8], more
conditions were assumed, but were not needed in their proof. So we state the result
here with only the needed conditions.

Lemma 1.5 [Arnosti et al. 2012, Lemma 2.8]. Let T be a ring, C be a countable set
of incomparable nonmaximal prime ideals of T, and P be a feasible partition on C.
Let R be a subring of T such that, for each P € C, ifr € P N R, then Annt(r) € P.
Then R is reduced.

Throughout their paper, Arnosti et al. use the assumptions stated in the following
remark.

Remark 1.6. Let (7T, M) be a complete local ring of dimension at least one which
contains the rationals. Let C be a finite set of incomparable nonmaximal prime
ideals of 7. Let P = (C, {C; }7L ) be a feasible partition, and let R be an IP subring
of T. Let P €C; then P N R is a prime ideal of R, and P € C; for some i. Abusing
notation, we denote P N R by C; N R. This abuse of notation makes sense because

if P, P €Ci,then PNR =P NR.

Our assumptions closely follow those printed above, but with two substantial
changes. First, C is permitted to be countable, not only finite. Second, we allow T to
not contain the rationals, but add conditions that are necessary for the construction
of A to be possible. If T contains the rationals, then every integer is a unit, so
condition (2) of the following remark holds.
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Remark 1.7. Hereafter, let (7, M) be a complete local ring of dimension at least
one such that T has either zero or prime characteristic. Assume that at least one of
the following is true:

(1) char(T) # 0.
(2) char(T) =0and M NZ = {(0).
(3) char(T) =0 and, forall P € C, wehave M NZ L P.

(4) char(T)=0, M NZ = pZ for some prime p, and the following three conditions
hold:

(a) For each P € C and for every Q € Ass(7T') with Q € P, we have p € O
whenever p € P.
(b) For each subcollection C; and any P, P’ € C;, we have p € P if and only
if pe P'.
(¢) Foreach Q € Ass(T), if p € Q, then Anny(p) € Q.
Let C be a countable set of incomparable nonmaximal prime ideals of 7', and let
P = (C.{C;i}L,) be a feasible partition. Suppose R is an IP subring of 7. If
P € (;, then we denote P N R by C; N R, a reasonable abuse of notation as we
have guaranteed P N R = P’ N R for any P, P’ € ;.

2. Results

In [Arnosti et al. 2012, Definition 2.2], the collection C of nonmaximal prime ideals
of T is required to be finite. Only Lemma 3.5 of their paper, however, uses the fact
that C is finite and not merely countable. We therefore make a small modification
to this lemma using the result below. This result generalizes [Arnosti et al. 2012,
Lemma 3.4] (and, in fact, generalizes the prime avoidance theorem for complete
local rings).

Lemma 2.1 [Aiello et al. 2015, Lemma 2.7]. Let (T, M) be a complete local ring
such that dim(T') > 1, let C be a countable set of incomparable nonmaximal prime
ideals of T, and let D be a subset of T such that |D| < |T|. Let I be an ideal of T
such that I € P forall P €C. Then I £\ J{r + P |r e D, P €C}.

The following result (both the statement and the proof) is taken almost exactly
from [Arnosti et al. 2012, Lemma 3.5]. The statement of the result, however, has
two minor changes. First, we state and prove, with the use of Lemma 2.1, that C can
be countable instead of just finite. Second, for [Arnosti et al. 2012, Lemma 3.5], it
is assumed that 7' contains the rationals. As that is not a necessary assumption in
the proof, we need not assume 7" contains the rationals for our Lemma 2.2.

Lemma 2.2. Let (T, M) and P = (C,{C;}/-,) be as in Remark 1.7. Let R be

an infinite subring of T such that |R| < |T|. Let J be an ideal of T such that
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J & P forevery P €C. Lett,q € T. Then there exists an element t' € J such that
for every P € C withq ¢ P, we have that t + qt' + P € T/ P is transcendental
over R/(P N R). If, in addition, Q € Ass(T), P e Cwith Q C P,q & P, and
PNR=QNR,thent+qt' + Q € T/Q is transcendental over R/(Q N R).

Proof. Let G ={P €C|q ¢ P}. Then G is a countable set of incomparable
nonmaximal prime ideals of 7. Suppose that t + qt’ + P =t + gs’ + P for some
P eGandsomet’,s’eT. Then (t +qt')—(t +¢qs')=q(t'—s')e P.Butq & P,
so (1’ —s’) € P. These steps are reversible, sot + gt + P =1t + ¢gs’ + P if and
onlyift/+ P =s"+ P.

For each P € G, let D( P) be a full set of coset representatives of the cosets ¢’ + P
that make ¢ + g1’ 4+ P € T/ P algebraic over R/(P N R). Let D = Jpg D(p)-
Then [Dpy| = |R/(P NR)| < |R| <|T| for every P € G, and noting that D is the
countable union of sets with cardinality no greater than | R|, we have |D| < |T|. Now
use Lemma 2.1 with / = J and C = G to conclude that there exists an element ¢’ € J
such thatz4+qt'+ P € T/ P is transcendental over R /(P NR) for every P €G. Then
we have that, for every P € C withg & P, t +qt'+ P € T/ P is transcendental over
R/(P N R). Now suppose Q € Ass(T), PeCwithQ C P,ggP,and PNR =
QONR. Then,t+qt’+ P € T/ P is transcendental over R/(P N R). Since PNR =
ONR,wehavet +qt'+ Q € T/Q is transcendental over R/(Q N R) as well. O

We now work to show that 7" need not contain the rationals. In [Arnosti et al.
2012], only Lemma 3.7, which allows the step-by-step construction of the IP sub-
ring A whose completion is 7', and Lemma 3.11, which proves the existence of an
initial IP subring of 7', rely on T containing the rationals. Therefore, only these
lemmas need to be modified in order for their results to hold when @ € T'. We
handle these modifications in our Lemmas 2.8 and 2.13.

The following three technical lemmas are presented without proof.

Lemma 2.3 [Arnosti et al. 2012, Lemma 3.1]. Let (T, M) and P = (C.{C;}L,
be as in Remark 1.7. Let B be a well-ordered index set and let Rg, B € Bbea
family of SIP subrings such that if B,y € B such that B <y, then Rg C Ry,. Then
R= UBGB Rg is an IP subring. Moreover, if there exists some A < |T | such that

|Rg| <A forall B, and |B| <|T|, then |R| <max{A, |B|}, and R is an SIP subring.

Lemma 2.4 [Arnosti et al. 2012, Lemma 3.2]. Let (T, M) and P = (C,{C; }"L,) be
as in Remark 1.6. Let R be a subring of T satisfying all conditions for an IP subring
except that it need not be quasilocal. Then RpnRy is an IP subring of T with
|R(mnr)| = |R|. Additionally, if |R| < |T |, then RprnR) is an SIP subring of T.

Lemma 2.5 [Arnosti et al. 2012, Lemma 3.3]. Let R be a subring of a complete
local ring T. Let Py, P, be prime ideals of T such that P1 N R = P> N R. Suppose
that, fori = 1,2, we have that u + P; € T/ P; is transcendental over R/(P; N R).
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Then P; N R[u] = P> N R[u). Furthermore, if Annt(p) € Py forall p € P1N R,
then Annt (p) € P1 forall p € P1 N R[u].

To apply Proposition 1.1, we need to construct a subring A of 7" such that the
map A — T/M? is onto. The following lemma is a starting point for that. In
addition, we will use it in the proof of Lemma 2.8. The statement and proof are
taken almost exactly from [Arnosti et al. 2012, Corollary 3.6], but the proof is short
and so we include it here.

Lemma 2.6 [Arnosti et al. 2012, Corollary 3.6]. Let (T, M) and P = (C,{C; }"L,
be as in Remark 1.7, and let J be an ideal of T such that J € P for every P €C.
Let R be an SIP subring of T andt + J € T/J. Then there exists an SIP subring S
of T suchthat RC S CT,t+J isinthe image of themap S — T/ J,and |S|=|R|.
Moreover, ift € J, then S N J contains a non-zerodivisor of T

Proof. Apply Lemma 2.2 with ¢ = 1. Then g & P for every P € Spec(T), and so it is
possible to choose ¢’ € J such that¢t+¢'+ P € T/ P is transcendental over R /(RN P)
for every P € C U Ass(T). Consider the ring S = R[t + t'](mnR[r++7)- BY
Lemma 2.5, Rt + '] satisfies conditions (2), (3), and (4) of Definition 1.4. Further,
t+t’eSand (t+t')+J =t+J,and so ¢+ J is in the image of the map S — T/ J.

Suppose ¢ € J and 7 4’ is a zerodivisor. Then ¢ +¢" € Q for some Q € Ass(T).
However, Q C P for some P € C, and so (t +t) + P = 0 + P. Hence,
t+t + P eT/P is algebraic over R/(R N P), a contradiction. Thus, ¢ + ¢’
is a non-zerodivisor contained in S N J. O

Lemma 2.7 is an elementary result that will help us prove Lemma 2.8, a key
lemma in this paper.

Lemma 2.7. Let R be a ring and let P be a prime ideal of R. Let a,b € R, and
suppose a ¢ P. If { and ' are units such that b + {a € P and b + {'a € P then
{+P={+P.

Proof. Suppose £ and ¢’ are units such that b + £a € P and b + {'a € P. Then
(b+ta)y—(b+4la)=U—{")aec P,andsince a ¢ P, we have { —{' € P. That
is, £+ P ={' + P, completing the proof. O

The next lemma is analogous to [Arnosti et al. 2012, Lemma 3.7], which, given
an SIP subring R, demonstrates the existence of an SIP subring S such that S
contains R and, if [ is a finitely generated ideal of R and c is an element of /T N R
then ¢ € IS. The proof is by induction on the number of generators of the ideal /
of R. The only section requiring major modification for our result is the second
part of the inductive step, in which it is proven that it is always possible to find
generators for [ satisfying the condition (%) defined in the proof of the lemma.
The portion of the proof of the lemma preceding the symbol <> is therefore quoted
almost verbatim from the proof of [Arnosti et al. 2012, Lemma 3.7].
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Lemma 2.8. Let (T, M) and P = (C,{C;}7L,) be as in Remark 1.7. Let R be an

SIP subring of T. Then, for any finitely generated ideal I of R and any c € IT N R,
there exists a subring S of T with the following properties:

(1) RCS.

(2) S is an SIP subring of T.
3) [S|=R].

4) celS.

Proof. We shall proceed inductively on the number of generators of /. First suppose
I =aR.If a =0, then S = R is the desired subring. Assume a # 0, and let ¢ = at
for some ¢ € T. Note that, because a € R, a is in some P € (; if and only if a is in
every P € C;. If this is the case, then, abusing notation, we shall refer to a as being
contained in C;.

By condition (4) of Definition 1.4, Anny(a) € P for all P € C such that
a € P. By Lemma 2.1 with D = {0} and I = Annr(a), this means that Annt (a)
UaeP,Pec P. Thus, we can choose some g € Ann7(a) such thatg ¢ P forall P €C
such thata € P. If a ¢ P forevery P € C, we let ¢ = 0. By Lemma 2.2, there exists
some ¢’ € T such that, for each P € C witha € P, the cosett+qt’+ P € T/ P is tran-
scendental over R/(P NR). Letu =t4qt’. We claim that S = R[u](r[u]nm) is the
desired subring. By Lemma 2.4, it suffices to show that R[u] satisfies conditions (1),
(2), (3), and (4) of being an SIP subring, and that | R[u]| = |R|. Condition (1) of
Definition 1.4 follows immediately. We now show that condition (3) holds for R[u].

For any C; containing a, if P, P’ € C;, then P N R[u] = P’ N R[u] by Lemma 2.5.
Next, consider any C; not containing a. Let P, P’ € C;, and f € P N R[u]. Then

f=ru"+---+riu+ro
for some r; € R. Multiplying both sides by a”, we get
a"f =rpc"+---+a" tric+a"roe PNR

since au =at =c € R. Because R is an SIP subring, a” f € PN R implies a” f € P'.
However, by hypothesis, a ¢ P’ and so f mustbe in P’. Consequently '€ P'NR[u].
The reverse inclusion follows by a similar argument, and so P N R[u] = P’ N R[u].
Condition (2) of Definition 1.4 follows for R[u] by a similar argument.

We will now show that condition (4) holds for R[u]. For each P € C, consider
f € PNR[u],sothat f =rpu” +---+riu+rg. fac P,u+ P eT/Pis
transcendental over R/(P N R), so each r; is in P N R. By assumption, for each r;
there exists a ¢; ¢ P such that rig; =0. Let ¢ = [[¢; ¢ P, and note that fg = 0.
Thus, Anng(f) € P. If a ¢ P, recall that a” f € P N R. By assumption, there
exists a ¢ ¢ P such that ga” f = 0. Note that ga" ¢ P, so Annp(f) £ P, and
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condition (4) holds. Hence, R[u](arnR[u]) is an SIP subring. Finally, observe that
|R[u](mRrpy| = |R| and ¢ € aR[u](pnR[u])- as desired, so the lemma holds if /
is generated by a single element.

Continuing inductively, suppose that the lemma holds when [ is generated by k—1
elements, where k >2. Let I = (ay,...,ar)Rand c =at;+aztr+---+aity € R
for some t; € T. We will first show that the lemma follows in the case where

{Cilay €Ci} ={Cj|az €Cj}. (*)

We will then prove that it is always possible to define a generating set for / such
that () holds, completing the proof.

Assume that (x) holds. Taking @ = ay, define ¢ as in the principal case, and
note that a;q = 0. Thus, ¢ can be rewritten as

c=ai(t1 + ql/ +a2t”) +ax(tp —alt”) +aztz +---+agtg

for any t’,t” € T. Let u = t; + qt’ + axt”. We will choose t’,t” such that
u+ P € T/P is transcendental over R/(P N R) for all P € C, allowing us to create
an SIP subring R[u](arnR[u])-

Use Lemma 2.2 to find ¢’ such that, foreach P e C withg & P,t;+qt'+ P €T/P
is transcendental over R/(P N R). If g € P for all P €C, lett' = 0. By our choice
of ¢ and the assumption that (x) holds, each P € C contains precisely one of ¢ and
ap. Thus, if P €C is such that g ¢ P, then

u+P=t1+qt' +a"+P=t1+qt' +PeT/P

is transcendental over R /(P N R) regardless of the choice of t”. Now, if P € C is
such that ¢ € P, then a € P, and so we can use Lemma 2.2 to find t”” € T such that
t1 +axt” + P is transcendental over R /(P N R) for all P € C satisfying a, ¢ P. If
az € P forall P €C, then let t”” = 0. By our choice of t" and ¢”, we have that u + P
is transcendental over R/(P N R) for all P € C. By Lemma 2.5, R[u] satisfies con-
dition (3) of Definition 1.4. Using an identical argument to the principal case, R[u]
satisfies condition (4). It clearly satisfies conditions (1) and (2), and |R[u]| = |R].
By Lemma 2.4, R" = R[u](pnR[u]) is an SIP subring of T with |R'| = |R].
Now let J = (as,as,...,ar) R and

c*=c—ayu=ax(tr—ait")+astz +---+agty.

We have ¢c € R € R’ and aju € R’, so ¢* € JT N R’. By our inductive hypothesis,
there exists an SIP subring S of T containing R’ such that ¢* € JS, and so ¢* =
assy+---+aysy for some s; € S. It follows that c = aju+azsy +---+agsg € 1S,
so S is the desired SIP subring.

<& We will now show that, given a set of generators (a1, as,...,a) for I, we
can reduce to the case that [ satisfies (x).
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We first use Lemma 2.6 with J = M and ¢ = 0 to find an SIP subring Rp of T
such that R C Rg C T, |Rg| = |R|, and Ro N M contains a non-zerodivisor, which
we call mg, of T'. By condition (2) of Definition 1.4, if P € C, then RoN P contains
only zerodivisors of 7. It follows that for every i, mo &€ C; N Ryp.

Next, for each P € C, let D(p) be a full set of coset representatives of the cosets
t + P € T/P that are algebraic over Ro/(Ro N P). Let D' = Jpc D(p)- Use
Lemma 2.1 with I = M and D = D" U {m} to find an element m, of M such that,
for all P € C, we have m1 + P #mqo+ P and m; 4+ P € T/ P is transcendental
over Ro/(Ro N P). If Q € Ass(T), then Q € P for some P € C. Since Ry is
an SIP subring, we have P N Rg = Q N Ry. It follows that m; + Q € T/Q is
transcendental over Ro/(Ro N Q). Let Ry = Ro[m1](r,na)- By Lemmas 2.4
and 2.5, R; satisfies conditions (2), (3), and (4) of being an IP subring. Clearly R
is infinite, and |R1| = |Ro| < |T'|. Thus, R; is an SIP subring of T.

Now, repeat the above procedure with Rg replaced by R; and D replaced by
D’ U {mg, m1} to obtain an element m, of M and an SIP subring R, of T such that
R1 C R, and, forevery P € C, we have my + P #mo+ P andmo+ P #mq1+ P.
Continue so that for every n € {1,2,...}, we find m, € M and R, such that
Ry—1 € Ry, |Ry| = |Ru—1], Ry is an SIP subring of T, and, for every P € C and
every i <n,wehave m, + P #m; + P. Let R" =J;72; R;. Thenif P €C, we
have m; + P =mj + P if and only if i = j. In addition, by Lemma 2.3, R’ is an
SIP subring and |R’| = |R|. Since mg € R" N M, and my ¢ P for all P € C, we
have C; N R'# M N R’ foralli =1,2,...,m. Also note that, for every i, in the
ring R'/(C; N R’), we have my + (C; N R’) =m; + (C; N R’) if and only if k = j.
It follows that (1 +myg)+ (C;NR') = (1+m;)+ (C; N R’) ifand only if k = j.

Now, mo € M N R’ is not a zerodivisor of T and C; N R’ only contains zerodivisors
of T, and so mg € C; N R’ for every i. Since mg is a nonunit, mg + 1 is a unit.

We will consider an ideal of R’ of the form (moa + uas,a; —uas,as,...,a;),
where u is a unit we will choose later so that (x) holds. This ideal is equal to
((mo + Day, (mg + uas,as, ...,a;) R’ and therefore also equal to IR’.

For each C;, we know that C; N R’ is a nonmaximal prime ideal of R’. Therefore,
since neither mq nor u is in any C; N R’, we have that for each C;, moa; € C; N R’
if and only if a1 € C; N R’, and ua, € C; N R’ if and only if ap € C; N R’. Tt follows
that if a1, a2 € C; N R’, then moa; 4+ uas,a; —uas € C; N R’. On the other hand,
ifa; € CiNR butay ¢ C; N R, then moay +uaz,ay —uas ¢ C; N R’. The same
holds if ay ¢ C; N R buta, € C; N R’.

Finally, consider the case where aj,as ¢ C; N R'. As moa; ¢ C; N R, by
Lemma 2.7, every unit £ € R’ such that moa; + £a, € C; N R’ is in the same coset
of R'/(C; N R’). Similarly, every unit £ such that a; —£'a; € C; N R’ is in the
same coset of R'/(C; N R'). For each i, let {; be a representative of the coset of
R’/(C; N R’) containing all units £ such that moa; +£€a € C; N R’, and let £;_ be a
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representative of the coset containing all units £’ such that ay —¢’a; € C; N R’. Since
L =i {li,.¢;}, is a finite set of elements of R’ and G = {C; N R’} is a
finite set of prime ideals of R’, the set {{+ P |£ € L, P € G} is a finite set. Suppose
forsomer #Zk,f € L,and P € G,wehavem, +1€f+ Pandmy +1€f+ P.
Then m, + P = my + P, a contradiction. As the set {m; + 1}72, is infinite, there
must be a positive integer r such that m, +1¢{ + P forall{ € L and all P € G.
So there exists a unit u = m, +1 € R" such that u ¢ | Jyey pegil + P}. It follows
that, for all i, we have moa; +uaz ¢ C; VR’ and a; —ua, ¢ C; N R'.

We have now shown that, for every i, either moa; + uas and a; — ua, are both
in C; N R’ or moay + uas and a; — ua, are both not in C; N R’. Thus

{Ci | moay +uaz € Ci} =1{C; | a1 —uaz € C;},

and so we have (x), and the previous argument applies with R replaced by R’ and
I replaced by IR’. Hence we can find an SIP subring S of T containing R’ so that
ce(IR)S =18S. O

We use the following lemma to construct our ring to satisfy the hypotheses of
Proposition 1.1.

Lemma 2.9 [Arnosti et al. 2012, Lemma 3.8]. Let (T, M) and P = (C.{C; }/*,
be as in Remark 1.7. Let J be an ideal of T such that J € P for all P € C, and let
u+J eT/J. Suppose R is an SIP subring of T. Then there exists an SIP subring S

of T with the following properties:
(1) RCS.
(2) Ifu € J, then S N J contains a non-zerodivisor.
(3) u+ J is in the image of the map S — T/ J.
4) [S|=[R]|.
(5) For every finitely generated ideal I of S, we have ITNS = 1.

Proof. The proof follows from the proof of [Arnosti et al. 2012, Lemma 3.8], using
our Lemma 2.8 where they used their Lemma 3.7. ([l

Lemma 2.13 demonstrates the existence of an SIP subring of T that serves as
the starting point for the construction of A. Before building an SIP subring, we first
find a ring in which every condition of the definition of an SIP subring is satisfied,
except that each C; N R need not be distinct. Such a ring is called semi-SIP and is
formally defined below. Lemma 2.12 establishes a semi-SIP subring of 7', making
use of Lemma 2.11 in the case where T has prime characteristic.

Definition 2.10 [Arnosti et al. 2012, Definition 3.9]. Let (7', M) and P=(C, {C; }'"

i=1
be as in Remark 1.7. We say that a quasilocal subring (R, M N R) is a semi-SIP
subring of T if the following conditions hold:
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(1) R is infinite.

(2) Forany P €C,wehave PNR = Q NR forany Q € Ass(T) satisfying Q C P.
(3) For any C;, if P, P’ €Cj,then PN R = P'NR.

(4) For each P €C, we have r € P N R implies Annr(r) € P.

5) IR <IT|.

The following lemma is based on [Arnosti et al. 2012, Lemma 3.10]. Since the
statement of that lemma requires a semi-SIP subring R of T but their proof does
not use the fact that R is infinite, we weaken their requirement accordingly, and our
lemma holds using their original proof. It is important to note that in their proof,
the ring R[up;](R[up;1nM) is infinite regardless of whether or not R is infinite.

Lemma 2.11 [Arnosti et al. 2012, Lemma 3.10]. Let (T, M) and P = (C.{C; }L,
be as in Remark 1.7, and fix C;. Let R be a semi-SIP subring of T except that R need
not be infinite, and let p; € T be given such that p; € Q for every minimal prime
ideal Q contained within some P € C;, but p; ¢ P for any P € Cj, where j #1i.
Suppose further that Anng (p;) € P for any P € C;. Then there exists a unitu in T

such that R[up;|(R[up;1nM) is a semi-SIP subring of T.

In the proof of [Arnosti et al. 2012, Lemma 3.10], the authors define S = R[p;],
and they note that, in their case, |S| = |R| < |T'|. If R is finite, then the equality
|S| = |R| may not hold, but S is at most countable. Since complete local rings
of positive dimension have cardinality greater than or equal to the cardinality of
the real numbers (by, for example, [Charters and Loepp 2004, Lemma 2.3]), the
inequality |S| < |T| still holds.

Lemma 2.12. Let (T, M) and P = (C,{C;}/—,) be as in Remark 1.7. Then there
exists a semi-SIP subring of T'.

Proof. By the assumptions of Remark 1.7, the characteristic of T is either O or
some prime p. In both cases, we will construct a semi-SIP subring of T'.

Characteristic 0: First assume that the characteristic of T is zero. We examine
three subcases, each assuming that only one of conditions (2), (3), and (4) of
Remark 1.7 hold.

To begin, assume only condition (2) of Remark 1.7 is true: that is, M N Z = (0).
Since M contains no integers, every integer in 7" is a unit, so 7' contains the rationals.
By [Arnosti et al. 2012, Lemma 3.11], there exists a semi-SIP subring of 7.

Now assume that only condition (3) holds. Here M NZ # (0), and so M NZ = pZ
for some prime integer p, but p is not in any of the prime ideals P € C. Choose
any P € C. Since p ¢ P, wehave PNZ # pZ,andas PNZ C M NZ, we
have P NZ = (0). Let Ry = Z(,z), so that Ry is a local subring of 7. Then
P N Ry = (0). Furthermore, for any Q € Ass(T"), we know that Q € P for some
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P €C, and so Q N Ry = (0). Conditions (2), (3), and (4) of Definition 2.10 follow
easily from these results. As Ry is countably infinite and 7" has cardinality greater
than or equal to the cardinality of the real numbers (by [Charters and Loepp 2004,
Lemma 2.3]), |Ro| < |T'| and so Ry is a semi-SIP subring of 7.

Finally, assume that only condition (4) of Remark 1.7 holds. Again, given
M NZ = pZ,let Ry = Z(pz), so that Ry is an infinite local subring of 7" with
|Ro| < |T|. For any prime ideal P of T, P NZ is either pZ, if p € P, or {0), if
p ¢ P. Conditions (2) and (3) of Definition 2.10 follow respectively from conditions
(4a) and (4b) of Remark 1.7. It remains to show that condition (4c) of Remark 1.7
implies condition (4) of Definition 2.10.

Recall that condition (4¢c) of Remark 1.7 ensures that for each Q € Ass(T),
if p € O, then Anny(p) € Q. For contradiction, suppose that condition (4) of
Definition 2.10 does not hold, so that there exists some P € C and r € P N Ry with
Anny(r) € P. It must be that p € P; if p ¢ P, then P N Ry = (0) and clearly
Annt(0) € P. As P N Ry = pZ and Annt(p) € Annt(kp) for any integer k,
we may assume that r = p and Ann7(p) € P. The set of zerodivisors of Tp
is equal to [ J{OQTp : O € Ass(T), Q € P}. Since Annr, (p) consists entirely
of zerodivisors, by the prime avoidance theorem, Annz, (p) € QTp for some
QO € Ass(T) with Q € P. Choose any a € Anny(p), so thatap = 0. In Tp, we
have (a/1)(p/1) =0/1; thus a/1 € Annr, (p) and by above a/1 € QTp. It follows
that @ € Q and so Anny(p) € Q. By condition (4c) of Remark 1.7, p ¢ O, but
by condition (4a) of Remark 1.7, because p € P, we have p € Q, a contradiction.
Therefore, condition (4) of Definition 2.10 holds, and Ry is a semi-SIP subring of T'.

Characteristic p: We now assume that the characteristic of T is p for some prime
integer p. In this case, let Rg = Z. Since Ry is a field, no prime ideal of T
contains a nonzero element of Ry. Therefore,

PNRy={0)=P' NRy=0NRy

forany P, P’ €C and Q € Ass(T'). Furthermore, it is trivially true that Annz (r) € P
for any P € C and r € P N Ry, and clearly |Ry| < |T|. Thus Ry satisfies every
condition of being semi-SIP except for being infinite. By adjoining a carefully
chosen element to R, we will create a ring that is semi-SIP. We will choose this
element using the following method from [Arnosti et al. 2012, Lemma 3.11].

Let Min(T) = {Q1,..., On}. For each minimal prime ideal Q;, by Lemma 2.1
we can pick some ¢; € Q; such that g; ¢ \J{P €C| Q; € P}. Letq =[]/—, i
As ¢ is nilpotent, we may choose £ to be the smallest positive integer such that
g® = 0. Choose any Cy, let & be the set of minimal prime ideals of T' con-
tained within Cg, and let px = []g, e, qig and sx = [[g,¢c, qf. As prsy =

[T, ql-e = ([Ti=, qi)e = g% = 0, we have Anny(pg) € P for every P € Cy.
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Apply Lemma 2.11, setting R = Ry and p; = pi as chosen above, to find a unit
u € T such that Ro[upg](Ro[upx]nm) is the desired semi-SIP subring. O

Lemma 2.13. Let (T, M) and P = (C,{C;}/L,) be as in Remark 1.7. Then there
exists an SIP subring of T. On the other hand, if char(T) is neither zero nor a
prime p, or if none of the conditions in Remark 1.7 holds, then there does not exist
an IP subring of T whose completion is T .

Proof. By Lemma 2.12, there exists a semi-SIP subring of 7', which we call Ry. Now
use the proof of [Arnosti et al. 2012, Lemma 3.11], in which elements pq, ..., pm
are adjoined to Rp in such a way that the resulting ring is an SIP subring of 7'. The
process is similar to the method we used in the characteristic p part of the proof of
Lemma 2.12. So if (7, M) and P = (C, {C; }.,) are as in Remark 1.7, then there
exists an SIP subring of T'.

Next, we show that the characteristic of 7" must be either zero or prime in order to
construct an IP subring. We claim that if this condition does not hold, then char(7T")
must be a prime power pk, where k > 1. Suppose otherwise, so that R has nonzero
characteristic n, where n can be written as n = ab for some relatively prime integers
1 <a,b <n. Then a and b are zerodivisors and consequently nonunits, and we
have a,b € M. Therefore (a,b) € M. By Bezout’s identity, there exist integers r
and s such that ra +sb = 1, implying 1 € M, a contradiction since M consists only
of nonunits. Therefore a and b cannot be relatively prime, and char(7) must be a
prime power. This implies that the prime subring of 7" is Z,« for some prime p
and k > 1. Then, however, p is nilpotent in every subring of 7', so no subring of T
is reduced. As every IP subring is reduced, 7' has no IP subring.

Second, to prove that for the construction of an IP subring it is necessary to have
at least one of the four conditions in Remark 1.7, we will show that if conditions (1),
(2), and (3) do not hold and any one of conditions (4a), (4b), and (4c) does not
hold, then an IP subring cannot exist. As A must be an IP subring in order for us to
control its minimal prime ideals, the conditions of Remark 1.7 are necessary for
Theorem 2.14.

Suppose that an IP subring R of T exists when conditions (1), (2), (3), and (4a)
fail. Thus char(7) =0, M N Z = pZ for some prime p, and there exists some
P € C and some Q € Ass(T) contained in P such that p € P but p ¢ Q. By
condition (2) of Definition 1.4, PN R = Q N R, so p ¢ R, but this is impossible
as any subring of 7" must contain the integers. Thus condition (4a) of Remark 1.7
is necessary in the absence of conditions (1), (2), and (3). Now suppose that there
exists an IP subring R of T" and conditions (1), (2), (3), and (4b) of Remark 1.7 do
not hold, so PNZ # P’ NZ for some C; and P, P’ € C;. As R contains the integers,
PN R# P'NR, but this contradicts condition (3) of Definition 1.4, and we conclude
that condition (4b) of Remark 1.7 is also necessary if we do not have conditions
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(1), (2), and (3). Finally, suppose condition (4c) of Remark 1.7 fails, so for some
0 € Ass(T), p € Q but Annt(p) C Q (where again M NZ = pZ). Then, by [Lee
et al. 2001, Theorem 1], T is not the completion of a reduced local subring. [

The following theorem extends the main result, Theorem 3.12, of [Arnosti et al.
2012].

Theorem 2.14. Let (T, M) be a complete local ring of dimension at least one and
let P = (C,{C; }/L,) be a feasible partition. Then T is the completion of a reduced
local subring A such that Min(A) = {C1 N A, ...,Cyn N A} and the formal fiber
of A at each C; N A has countably many maximal elements, which are precisely the
elements of C;, if and only if T has either zero or prime characteristic and at least
one of the following is true:

(1) char(T) # 0.
(2) char(T) =0and M NZ = (0).
(3) char(T)=0and forall P eC,MNZ L P.

(4) char(T) =0, we have M NZ = (p) for some prime p, and the following three
conditions hold:

(a) For each P € C and for each Q € Ass(T) with Q C P, we have p € Q
whenever p € P.
(b) For each subcollection C; and for any P, P’ € C;, we have p € P if and
only if p € P’
(c) Foreach Q € Ass(T), if p € Q, then Annt(p) € Q.
Furthermore, when one of these conditions is true, if J is an ideal of T such that
J & P forevery P €C, then the natural map A — T/ J is onto.

Proof. The proof is taken almost exactly from the proof of [Arnosti et al. 2012,
Theorem 3.12]. Let

Q={u+J|ueT,JZPforall PeC}

equipped with a well-ordering <, such that every element has strictly fewer than
|2| predecessors. Note that

!{J | J is an ideal of T with J & P for every P € C}‘ <|T]|.

For each o € Q, we let |a| = |{B € 2 | B < «}|, by abuse of notation.

Let 0 denote the first element of €2, and let Rg be the SIP subring of 7" constructed
in Lemma 2.13.

For each A € 2 after the first, we define R, recursively as follows: assume Rg is
defined for all 8 <A such that Rg is an SIP subring, and |Rg| < [B||Ro| forall B <A.
Let y(A) = u + J denote the least upper bound of the set of predecessors of A. If
Y(A) <A, we use Lemma 2.9 with R = R,,(3) to find an SIP subring R, such that
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() Ryy S RACT;

(2) if u € J, then J N R, contains a non-zerodivisor:

(3) the coset u + J is in the image of the map Ry — T/J;
(4) for all finitely generated ideals / of Ry, ITN Ry =1.

In this case,
|RAl = [Ryy)| = ly(D)]|Rol
< [A[|Ro-

On the other hand, if y(1) = A, we let Ry = Uﬂ<)L Rg. We note that forall 8 <A,

|Rg| =< |BllRol
=< |A[[Rol
<|T].

The last inequality holds since |A| < |2| = |T'| and |Ro| < |T'|. By Lemma 2.3, it
follows that R is an SIP subring of T and |Rj| < |A||Ro]|-

Let A = Jyeq Ra. and define 4 = A/(A’mM)' Then A is an IP subring of 7.

Note that M2 ¢ P for every P € C so, since every o = u + M? € Q has a
successor A (where y(A) = &), our construction guarantees that ¢ is in the image
of A— T/M?. Hence this map is onto. Next, let / = (ay,...,a,)A be a finitely
generated ideal of A and ¢ € IT N A. Then for some § € Q, with y(§) < 6,
{c,ai,...,an} C Rs. Itfollowsthatc € ITNRs =1IRs CI.Hence ITNA=1
for all finitely generated ideals / of A. Since A is a quasilocal subring of 7,
Proposition 1.1 implies that A is Noetherian and A=T.

Now, since T is faithfully flat over A, the ideals C; N A are the minimal prime
ideals of A, so that Min(A4) has m elements. Furthermore, by our construction, the
natural map A — T/ J is onto for any ideal J such that J £ P forall P €C. By con-
struction, the formal fiber of C; N A has maximal ideals precisely the elements of C;.

By Lemma 2.13, unless the conditions of the above theorem are satisfied, no
IP subring of T exists whose completion is 7. As A must be an IP subring in order
for us to control its minimal prime ideals, if the conditions do not hold, then neither
does this theorem. O

Arnosti et al. [2012] note that, for their ring A, not only are the formal fibers
of the minimal prime ideals of A known, but so are the formal fibers at all prime
ideals of A. The same holds for our A of Theorem 2.14. Specifically, let A be as
in Theorem 2.14, and suppose that P is any nonminimal prime ideal of A. Then
by the theorem, A — T/PT is an onto map. As T is the completion of 4, T is a
faithfully flat extension of A and so PT N A = P. It follows that A/P =~ T/PT,
and so the only element in the formal fiber of A at P is PT.
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To demonstrate that this result is not trivial, we examine a complete ring 7" for
which this theorem, but not previous work, allows us to find the desired subring A.

Example 2.15. Let e
7= Lsllx.y. 20l
{5xy)

and let P = (C,{C1,C2}), where C1 = {{(5)} and C2 = {{x,y)}. Then T is a
complete local ring with dimension at least one and characteristic zero, and P is a
feasible partition. Furthermore, T satisfies every subcondition of condition (4) of
Theorem 2.14. Therefore, by that theorem, there exists a reduced local subring A
of T having the desired properties. As 7' does not contain the rationals and is not
of one of the previously characterized categories of complete rings, Theorem 2.14
is necessary to establish the existence of A.
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