a journal of mathematics

Factor posets of frames and dual frames
in finite dimensions

Kileen Berry, Martin S. Copenhaver, Eric Evert, Yeon Hyang Kim,
Troy Klingler, Sivaram K. Narayan and Son T. Nghiem

:-msp

2016 vol. 9, no. 2



INVOLVE 9:2(2016)
dx.doi.org/10.2140/involve.2016.9.237

Factor posets of frames and dual frames
in finite dimensions

Kileen Berry, Martin S. Copenhaver, Eric Evert, Yeon Hyang Kim,
Troy Klingler, Sivaram K. Narayan and Son T. Nghiem

(Communicated by David Royal Larson)

We consider frames in a finite-dimensional Hilbert space, where frames are
exactly the spanning sets of the vector space. A factor poset of a frame is defined
to be a collection of subsets of 1, the index set of our vectors, ordered by inclusion
so that nonempty J C [ is in the factor poset if and only if { f;};c, is a tight frame.
We first study when a poset P C 2/ is a factor poset of a frame and then relate the
two topics by discussing the connections between the factor posets of frames and
their duals. Additionally we discuss duals with regard to £”-minimization.

1. Introduction

A frame for a finite-dimensional Hilbert space is a possibly redundant spanning set.
The concept of frames was introduced by Duffin and Schaeffer [1952]. Daubechies
[1992] popularized the use of frames. Many of the modern signal processing
algorithms used in mobile phones or digital televisions are developed using the
concept of frames. Redundancy in frames plays a pivotal role in the construction of
stable signal representations and in mitigating the effect of losses in transmission
of signals through communication channels [Goyal et al. 2001; 1998]. A tight
frame is a special case of a frame, which has a reconstruction formula similar to
that of an orthonormal basis. Because of this simple formulation of reconstruction,
tight frames are employed in a variety of applications such as sampling, signal
processing, filtering, smoothing, denoising, compression, and image processing.
A factor poset Fr of a frame F = { f;};<s is the collection of subsets J C I such
that { f;};cs is a tight frame for a finite-dimensional Hilbert space H". We find
necessary conditions for a given poset to be a factor poset of a frame. We show
that a factor poset is determined entirely by its empty cover (the sets J € Fr that
have no proper subset in ). Moreover, we show that if P is the factor poset of

MSC2010: 42C15, 05B20, 15A03.
Keywords: frames, tight frames, factor poset, £-norm.
Research supported by NSF-REU Grant DMS 11-56890.

237


http://msp.org
http://msp.org/involve/
http://dx.doi.org/10.2140/involve.2016.9-2

238 BERRY, COPENHAVER, EVERT, KIM, KLINGER, NARAYAN AND NGHIEM

a frame F C R? then it is also the factor poset of another frame G C R? whose
vectors are multiples of the standard orthonormal basis vectors e; and e.

We study the relationship among the factor posets of dual frame pairs. Also we
study when the dual frame could be tight and when a dual frame can be scaled
to be a tight frame. Finally we consider the group structure among all duals of a
frame. It is known that a dual is a canonical dual frame if and only if the £2-sum of
the frame coefficients is a minimizer among £2-sums of frame coefficients of all
dual frames. We find new inequalities among ¢”-sums of these frame coefficients
when p=1and p > 2.

2. Preliminaries

Throughout this paper 7" denotes either R” or C". A sequence F = {f; i.‘: | CEH!
is called a frame for #" with frame bounds A, B > 0 if for any f € H",

k
AllfI? Z I(f, )P < BIFIP. )

When A = B = A, we say that F is a A-tight frame. For a sequence F ={f; f.‘zl CH",
define the analysis operator 65 from #" to H* by

k

OFpx = Z(X, filei,

i=1

where {ei}i.‘zl is an orthonormal basis for H*. The adjoint of 6, denoted by
07 H* — H", is defined by 05 (e;) = fi and is called the synthesis operator. The
frame operator oy : H" — H" associated to F is defined by o =650, is a positive
definite, self-adjoint, invertible operator and all of its eigenvalues belong to the
interval [A, B].

Given a frame F, another frame G = {gi}f.‘:1 C H" is said to be a dual frame
of F if the following reconstruction formula holds:

k
f=Y _(f fgi forall feH".
i=1

The canonical dual frame F associated with F = { f,-}f.‘: | is given by F={o F ! fi}f.‘: |

Definition 2.1. For any vector
F
=1 : | R,
f(n)
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we define the diagram vector of f, denoted f. by
TROEN )

1| Pe=-1) = o)

Rn(n—l)
1| Vaurfe |7

| V2nf(n—1)f(n) |
where the difference of squares f2(i) — f2(j) and the product f(i)f(j) occur
exactly once fori < j, withi=1,...,n—1.

Definition 2.2. For any vector f € C", we define the diagram vector f of f to be

IFDE =1

|f (=D =1 f )
1 v f(Df©2) c C3ntn=D/2
n—1| VnfhfQ ’

h
Il

Vi f(n=1fn)
| VA f(n=Dfm)

where the difference of the form | f(i)|> — | £ (j)|* occurs exactly once for i < j,
withi =1,2,...,n—1, and the product of the form f (i)]Tj) occurs exactly once
fori # j.

Using these definitions, a characterization of tight frames in " is given in
[Copenhaver et al. 2014].

Theorem 2.3 [Copenhaver et al. 2014]. Let { f;}icr be a sequence of vectors in H",
not all of which are zero. Then { f;}ic; is a tight frame if and only if )", ., f; =0.
Moreover, for any f, g € H", we have (n — 1)(f, &) =n|(f. &)I* — | fI* gl

3. Factor posets

In [Lemvig et al. 2014], a tight frame F = { f;}ic; in ‘H" is said to be prime if no
proper subset of F is a tight frame for H". One of the main results in [loc. cit.] is
that for k > n, every tight frame of k£ vectors in ‘H" is a finite union of prime tight
frames called prime factors of F. Thus to study the structure of prime factors, we
use a well-known combinatorial object, the poset. A nonempty set P with a partial
ordering is called a partially ordered set, or poset. A poset can be represented by a
Hasse diagram. We define a poset related to frames as follows:

Definition 3.1. Let F = {f;}ic; € H" \ {0} be a finite frame, where I = {1, ..., k}.
The factor poset of F, denoted [, is defined to be a collection of subsets of
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ordered by set inclusion so that nonempty J C I is in [ if and only if {f;};cs is a
tight frame for H". We always assume & € Fr.

Example 3.2. Let F={e|, e2, e} CR*and I={1,2,3}. Then Fr={2, {1,2}, {1, 3}}
and the Hasse diagram is
{1,2} {1,3}

NS

{}

Example 3.3. Let F ={ey, e3, —e1, —e2} C R2 and I ={1, 2, 3, 4}. Then the Hasse
diagram of Fp is
{17 2’ ’4}

(1,2} {2,3} (3,4} 4,1}

(98]

The next lemma gives us three equivalent conditions for when the union of
elements of [z is an element of Fp.

Proposition 3.4. Let F = {fi}ic; € H" \ {0} be a tight frame. Suppose Fp is the
factor poset and let C, D € Fg. Then the following are equivalent:

(i) CUD eFp.
(i) CND eFp.
(iii) CAD € Fp.
(iv) C\ D e Fp.

Proof. By the inclusion-exclusion principle, it is easy to verify that for diagram
vectors of F', the following hold:

@ > yecup fo= 2 otec fe+ 2 teD fo— 2_tecnp fe.
(b) ZEECUD fe= ZEEC\D fe+ ZEED\C fe+ ZZECQD fe.
© 2pec fe=2vec\p fe+ 2iecnp fe-

Since C, D € FF, using Theorem 2.3 we have ) , fg = teD fg = 0. Hence,
from (a) we see that (i) <= (ii). By the definition of symmetric difference CAD,
the implication (i) <= (ii) and (b) above, it follows that (i) => (iii). Conversely, if
(iii) holds, then from (b) we have Y",.cup ft = Y rccnp fe- But from (a), when
C,DeFrwehave Y ,cup fo=— Y secnp Je- Hence (iii) = (ii). Thus (i)—(iii)
are equivalent. Using (c) above, we conclude that (iv) <= (ii). O

The above proposition gives some necessary conditions for a given poset to be a
factor poset of a frame.
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Proposition 3.5. Let F = {f;}ic; € H" \ {0} be a finite frame with corresponding
factor poset Fp. Then for any m € Nwithm > |I| =k, there exists a frame sequence
G ={gj}jes SH"\ {0}, where J ={1, ..., m}, such that Fp = Fg.

Proof. We show that there exists some gr41 € H" \ {0} so that G = F U {gg+1}
satisfies Fr = [F. Consider

T:{—Zﬁ:@ngl}.

lel

This is a finite collection of vectors in R""~D or C¥*=D/2 Now select gy, €
H" \ {0} so that g4 ¢ T. This completes the proof. O

Definition 3.6. For a frame F = {f;};c; € H" and its factor poset [ 7, we define the
empty cover of Fg, denoted EC(F ), to be the set of J € Fr which cover & € [p;
that is,

EC(Fp)={Je€Fr:J#@and AJ eFpwitha CJ CJ}
Example 3.7. Let F = {e1, 3, —e1, —e2} C R2. As seen from Example 3.3,
EC(Fr) = {{1, 2}, {2, 3}, {3, 4}, {4, 1}}.
We now show that a factor poset is entirely determined by its empty cover.

Proposition 3.8. Let F = {f;}ic; C H" be a finite frame. If FF is the factor poset
of F, then for any nonempty J in Fr \ EC(FF), there exists J1, Jo € Fp with J1 T J
and J, C J sothat JiNJr, =D and J1UJ,=J.

Proof. Let J € Fp \ EC(FF) be a nonempty set. There must exist some nonempty
J1 € Fr so that J; € J, otherwise J € EC(Ffg). Using Proposition 3.4, it is easy
to see that J, := J \ J; € Fr. By the assumption on J and J;, we see that J, is
nonempty. Hence J = J; U Js. (]

Corollary 3.9. Let F = {f;}ic1, G = {gi}ici be finite frames in H" with factor
posets Fr and Fg, respectively. Then EC(Fr) = EC(Fg) if and only if Fr = [Fg.

Proof. It is obvious that if Fr = F¢ then the empty covers are equal, so we restrict
our attention to the other direction. It suffices to show that the factor poset of
the frame is entirely determined by its empty cover. Let T = EC(Fr) U {&} for
a frame F = {f;}ie; € H" with Fp as its factor poset. For every Ji, J» € T, if
JiNJy eT then append J; U J, to T. Repeat this process until no more unions can
be added. This process must terminate after finitely many iterations since / is finite.
Clearly the new collection of sets, which we again denote by T, is contained in Fp.
From Proposition 3.8, the reverse inclusion holds. Therefore the factor poset Fr is
determined by EC(Fr) U {&}. The desired result follows. O
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As a consequence of Corollary 3.9, we get an alternate proof of the following
result from [Lemvig et al. 2014].

Corollary 3.10. Every tight frame F = { f;i}ic; € H" \ {0} can be written as a union
of prime tight frames.

The proof of Corollary 3.10 follows from observing that if / € EC(Ff) then
{fj}jes is a prime tight frame. An important case of factor posets occurs when we
consider a tight frame F = {f;};c; € H" \ {0}. Note that when F is tight, we have
that @, I € Fp.

Definition 3.11. Suppose F = {f;}ic; € H" \ {0} is a frame. Let x (F) denote the
sequence indexed by I, where x (F)(i) is the number of times i occurs in EC(F )
for each i € I. We call x (F) the characteristic of F. If x (F)(i) =m foralli € I
then F is said to have uniform characteristic.

Example 3.12. Let F = {e|, e;, 2} € R%. Then EC(Fr) = {{1, 3}, {2,3}} and
x(F)=(1,1,2). Hence x (F) need not be uniform.

Proposition 3.13. If F = {f;}ie;1 € H" \ {0} has positive uniform characteristic,
then F is a tight frame.

Proof. Suppose that F has uniform characteristic m > 0. Let T1, ..., Ty be the
elements of EC(Fr). Then } ;. fi=0forg=1,...,h. So Zq 1Z,€T fi=0.
Since j € I occurs in EC(Fg) m tlmes it follows that f j occurs m times in the sum

2 Zlequ, = 0. Hence
~ 1 ~
S =X )=
Jel q €Ty
Hence F is a tight frame. (|

Remark 3.14. The condition in Proposition 3.13 is sufficient but not necessary.
Consider the frame F = {ey, ey, €2, €2, e| + €2, €] — e2}, which is a tight frame, but
x(F)=2,2,2,2,1, D).

The following theorem states that given a factor poset P of a frame in R?, we
can find another frame with vectors parallel to e; and e; (the standard orthonormal
basis vectors) whose factor poset is also P.

Theorem 3.15. Let F = {fi}ic; € R\ {0} be a finite frame with I = {1, ..., k).
Then there exists a frame G = {g;}ic; whose vectors are scaled multiples of the
standard orthonormal basis vectors ey and ey such that Fgp = Fg.

Proof. Let {J;: 1 <€ < 2%} be an enumeration of 2/ and let

21\[Fp={Jgr:Zfi;é0}.

iEJ/ér
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Consider a projection P of rank 1 on R? such that range(P) # (span{}_,,, fi })
for any J,. Let V= {P( fl) 1 <i <k} and V be the set of vectors of cardinality £
in R? whose diagram vectors are equal to the set V.

We now claim that ), fi =0 if and only if died, P(f;) =0. The forward
implication is clear. Now assume Zze] P(f,) = 0. Then Zle] f, € ker(P). By
the choice of P, we have that ker(P) N (span{ZleLZ f, }) {0} for all J, € 2.
Therefore, ., f; € ker(P) if and only if 2 _icy, Ji =0. This proves the claim.

Now assume that s contains something other than the empty set. Then F has a
tight subframe. Hence there exists some J' € 2/ such that 3", _,, f; =0. This implies

Yier P(f;) =0. Because f; #0 for each i € J/, we know P(f;) # 0. By assump-
tion, range(P) = span{v}, where v is a unit vector. Then there exist nonzero scalars
{a;}iey such that ojv = f; for each i € J'. Since 0 = Zjej, P(fj) = Zje] ojv
and o # 0, we have s, r € J' such that sgn(a,) = — sgn(«,). Since f; = azv and
f, = v, we must have corresponding vectors in V that are nonzero and orthogonal.
Since any two nonzero orthogonal vectors span R?, the vectors in V must span R?
and hence form a frame.

Suppose Je € Fr. Then Zleh fi =0. From the claim, Z,EJ[ fi =0if and only if
Zl el P( f,) =0. Hence J; € Fy. The reverse direction is similar, and thus Fr =[Fy .

Since rank(P) = 1, there exists a unitary operator U such that Uv = e;. Hence

~ N
UP(f;) = M
for some A; € R. Define g as

{m—,- 0" A =0,
8 ‘=

[0 v=x1" % <0,
Let G ={gi}ier. It eas11y follows that UP( f;) = &;. Moreover ZIEJ P(f)=0if
and only if } ;. UP(f;) =0. Therefore Fg = Fy = Fp. O

Remark 3.16. Based on the above Theorem 3.15, we propose the following inverse
factor poset problem: given a poset P C 2/, does there exist a frame F C R" such
that Fp = P?

4. Dual frames
For a given frame F, we define the set Wy as
<~ wp —
WFzz{W=|: : i|:zb,~eker(0;§)}.
— w, —

Then, by the result in [Li 1995; Christensen et al. 2012], we have the following
observation.
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Observation 4.1. Let F' be a frame for #". Then any dual frame to a frame F can
be expressed as columns of the matrix

o0+ W 2
for some W € Wr.
For a given frame F, let G = {0;19; + W : W € Wz} be the set of all matrices
whose columns form duals of F. Define the operation & : G X G — G by
(0705 + W) @ (0705 + Wa) i= 0 05 + Wy + Wa.
Proposition 4.2. Let F be a frame and let G = {0;19}? + W : W e Wgz}. Then
(G, ®) defines an abelian group.

Proof. For any Wi, W> € W, since ker(6}) is a vector space, Wi + Wr € W,
which implies that G is closed under &. Associativity and commutativity follow
from associativity and commutativity of matrix addition, and the identity is given
by 0;191’?. Each element 0;18;‘; + W € G has an inverse 0;19;‘; —W. O

Proposition 4.3. Let F be a tight frame. Suppose that G € {0 : Or+W:WeWr}
is a matrix whose columns form a tight frame. Then the subgroup generated by G is
contained in the set of matrices whose columns form tight duals of F.

Proof. Let o = AI,. Then G = 103 + W for some W € Wp, where WW* = al,
for some o € R. If H = 10*4—mW for some m € N, then H*H = (} +m?*a)1,,
which completes the proof ([

The following example shows that in general, it is not true that the set of matrices
in G whose columns form a tight frame is a subgroup of (G, ®).

Example 4.4. Let F be the frame where the synthesis operator 6}. is given by

o — 1000
F7lo100}|"

Then the set of all matrices whose columns form a dual of F is

10abd
o= {[10 M ccacnl

We consider the two matrices

1001 1010
Az[ouo]’ B=[0101]

Then A, B € G, and the columns of A and B form a tight dual of F. However, the

columns of
1011
A®B_[Ol 1 1}

do not form a tight dual of F.
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We study the relationship between the factor posets for a tight frame and its
canonical dual. Recall that an isomorphism on posets (P, <), (P2, <p) is a
bijection ¢ : P| — P, so that ¢ (a) <, ¢(b) if and only if a <; b for all a, b € P;.
We define a stronger notion of order isomorphism. We let S, denote the symmetric
group on m elements.

Definition 4.5. We say that two factor posets Fr and F corresponding to frames
F ={fi}ie; and G = {g;};cy are strongly isomorphic if there exists some m € N
and some 7 € §,, such that n(Fr) = n(Fg), where n(Fr) = {n(J') : J' € Fr} and
n(J)={n@):jeJ'

If F; is a tight subframe of a A-tight frame F' = {f;};<; for some J C I, then
> s Ji =0 s0 that we have

1% 1 -
2 0r fi=2_ 53li=0.
ieJ ieJ
This implies that {U;l fi}ies is a tight frame. Thus we have the following result.
Proposition 4.6. A tight frame F and its associated canonical dual frame {0;1 fi }f.‘:]
have the same factor posets.

This result does not hold true for nontight frames and their canonical duals. For
example, the factor poset of the following frame F and its canonical dual are not
strongly isomorphic:

1 0 3989415912321 0
F= [][:| 100 ’|:3989] .

Proposition 4.7. There exist a frame F such that no dual G of F has a factor poset
structure that is strongly isomorphic to Fp.

Proof. Let F = {ey, e, e} be a frame for R2, where {e, e2} is the standard
orthonormal basis of R?. Let G be an arbitrary dual of F; then by Observation 4.1,
o — %—I—a % —a 0
G b —b 1
for some a, b € R. We consider the poset Fr = {&, {1, 3}, {2, 3}}. We know that
two vectors in R? form a tight frame if and only the vectors are orthogonal and are
of equal norm. If F and G have strongly isomorphic poset structures, then two of

the vectors of G must be orthogonal to the remaining vector in G, and all three
vectors have equal norms. This is impossible. ]

From the dual expression given in (2), we obtain a characterization of tight duals
of a tight frame. The following result is remarked in [Krahmer et al. 2013]; the
proof given here is different.
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Theorem 4.8. Let F be a A-tight frame with k frame elements for H". If k < 2n,
then the canonical dual is the only tight dual of F. If k > 2n then F has an alternate
dual that is tight.

Proof. Let G be a dual frame of F. Since 6", = %9; + W for some W € W, we have
that 656, = %I,, + WW*. This implies that G is tight if and only if WW* = «l,
for some a € R. If k < 2n, since dim(ker(0y)) < n, we have o = 0. This implies
that if k < 2n, then the canonical dual is the only tight dual of F. Let k > 2n and let

{w j}’;;']’ be an orthonormal basis for ker(8*). Then for any o € H\{0}, we consider

<~ w; —
W=« : .
<~ w, —

Since W € W, we have (165 + W) (165 + W)" = (£ + ||?),,, which implies that
the columns of %9;‘7 + W form a tight dual frame of F. O
Remark 4.9. We close this section with a simple and well-known construction for

dual frames. Suppose F' = { f;}i¢ is a frame for H" and H = { f;}c; is a subframe
of F.If K ={g;}icsis adual of H, then G = {g;};cs, where

& ified,
5= o ifieny

is a dual of F. Because any frame has a basis subframe, we have that if F = { f; }i.‘: |
is a frame for 7", then there exists a dual of F consisting of n basis vectors for H"
and (k — n) zero vectors. Likewise, if a frame in H" has a tight subframe, then it
has a tight dual.

5. £P-norm of the frame coefficients

It is well known that the £2-norm of the frame coefficients with respect to the canoni-
cal dual is smaller that the ¢£2-norm of the frame coefficients with respect to any other
dual. Moreover, this £2-minimization characterizes the canonical dual of a frame.

Proposition 5.1 [Han et al. 2007]. Let { f;}*_, be a frame for H" and let {g;}*_, be
a dual frame of{f,-}f;l. Then {g,-}f.;l is the canonical dual if and only if

k k
Y UL <Y f k)P forall feH"
i=1 i=1

for all frames {h;}s_, which are duals of { f}*_,.

i=1
Using Newton’s generalized binomial theorem and Holder’s inequality, for any
two sequences x = {xi}ile and y = {yi}ile and p € (1, c0), we have

Ixll, < llxlls < &=YP)x ), 3)
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where [lx]|, = (XX, |x;17)"/”. The right-side inequality in (3) with p = 2 and
Proposition 5.1 gives us the following result:
Proposition 5.2. Let {f;}*_, be a frame for H" and let {h;}*_, be a dual frame
of {ﬁ}le. If {gi}f.‘:1 is the canonical dual, then

k k

DN <VEY W) forall f e

i=1 i=1
From the inequalities (3) and Proposition 5.2, for any p € (1, co), we obtain

k k

D OUL P IEPPTIN k)P forall f e

i=1 i=1
If p > 2, we have a better estimation.

Theorem 5.3. Let {f;}*_, be a frame for H" and let {h;}_, be a dual frame
of {ﬁ}le. If {g,-}f.‘:1 is the canonical dual, then for any p € (2, 00), we have

k k
YIS KPP L h)IP forall f e
i i=1

i=1

Proof. First observe that the right-side inequality with p/2 implies that

k k k p/2
Z|<f,hi>|f’=Z<|<f,hi>|2)f’/2zkl—Pﬂ(Zuﬁh»F) :

i=1 i=1 i=1

By Proposition 5.1 and the left-side inequality with p/2, we have that

k k p/2 k
Z|<f,hi>|Pzkl—f’ﬂ(Zuﬁginz) kPR (g O

i=1 i=1 i=1
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