a journal of mathematics

Jacobian varieties of Hurwitz curves with automorphism
group PSL(2, g)

Allison Fischer, Mouchen Liu and Jennifer Paulhus

:-msp

2016 vol. 9, no. 4






INVOLVE 9:4 (2016)
dx.doi.org/10.2140/involve.2016.9.639

Jacobian varieties of Hurwitz curves with
automorphism group PSL(2, g)

Allison Fischer, Mouchen Liu and Jennifer Paulhus

(Communicated by Nigel Boston)

The size of the automorphism group of a compact Riemann surface of genus g > 1
is bounded by 84(g — 1). Curves with automorphism group of size equal to this
bound are called Hurwitz curves. In many cases the automorphism group of
these curves is the projective special linear group PSL(2, g). We present a
decomposition of the Jacobian varieties for all curves of this type and prove that
no such Jacobian variety is simple.

1. Introduction

Let X be a compact Riemann surface of genus g (henceforth called a “curve”),
and G its automorphism group with identity element denoted idg. A result of
Wedderburn gives the decomposition of the group ring QG,

QG = P My, (M),

where M, (A;) denotes n; x n; matrices with coefficients in a division ring A;.
It is possible to decompose the Jacobian variety, JX, of the curve X into abelian
varieties, up to isogeny ~, as

JX ~ @ (e; (JX))" (1)

where ¢; are certain idempotents in End(J/X) ®z Q. More details about this de-
composition may be found in [Paulhus 2008]. It is important to note here that this
decomposition may not be the finest possible decomposition. Some of the abelian
variety factors e; (JX) could decompose further.

Decomposable Jacobian varieties have applications to rank and torsion questions
in number theory [Howe et al. 2000; Rubin and Silverberg 2001]. In genus 2,
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the elliptic curve factors appearing in these decompositions have interesting arith-
metic properties (see [Cardona 2004; Earle 2006; Magaard et al. 2009], among
many others).

The dimension, as an abelian variety, of the factor e;(Jx) in (1) is %(g[/,-, x),
where (y;, x) denotes the inner product of v;, the i-th irreducible @-character
labeled according to the Wedderburn decomposition, with x, a character we define
below called the Hurwitz character. To define the character x, we consider the
covering from X to its quotient ¥ = X/G, a curve with genus denoted gy. Let
hy, ..., hs € G be the monodromy of this covering. For any subgroup H of G,
define the character y g to be the trivial character of H induced to G, and 14 to be
the trivial character of G. In this paper H is a cyclic subgroup generated by one
element of the monodromy, which we write as (4;). Note that with this notation
X(idg) 18 the character associated to the regular representation. Define the Hurwitz
character as

S
x=2-1¢ +2(gy — Dxdg) + Z(X(idm = Xhj)) (2)
j=1

which is the character of the representation of G on Helt(X , Q) [Milne 1980,
Chapter V, §2]. To determine the dimensions of factors of JX from (1), we must
know the automorphism group of X, the irreducible Q-characters for that particular
group, and the monodromy of the covering X — Y.

The upper bound on the size of the automorphism group of a curve of genus g > 1
is given by 84(g — 1). Curves whose automorphism groups attain this bound are
called Hurwitz curves and the groups themselves are called Hurwitz groups. Hurwitz
groups have a long history in the study of triangle groups, Riemann surfaces, and
hyperbolic geometry. See [Conder 1990] for a nice survey of these groups and
their significance.

For all Hurwitz curves, the quotient curve Y is the projective line, so gy = 0.
Since the quotient curve has genus 0, the monodromy of the covering is a set of
elements {Ay, ..., hs}in G suchthat i - - - hy =1d; and the set of all i; generates G.
The monodromy for Hurwitz curves is always of type (2, 3, 7), meaning it consists
of an element of order 2, an element of order 3, and an element of order 7, denoted
in this paper by &, hs, and h7, respectively. (Equivalently, a Hurwitz group is a
finite, nontrivial quotient of the (2, 3, 7)-triangle group.) For Hurwitz curves, (2)
may be simplified to

X =216+ Xido) = Xtha) = X(hs) = Xhn)- 3)

Let PSL(2, g) denote the projective special linear group with coefficients in the
finite field of order ¢g. In this paper we will use (1) to decompose the Jacobian
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varieties of all Hurwitz curves with automorphism group PSL(2, ¢). This decom-
position may be found in Theorem 10 and, in particular, in Corollary 9 we prove
that the Jacobian variety of these curves is never simple.

While there is an infinite family of Hurwitz curves with automorphism group
PSL(2, g) (as we will see immediately below), there are many Hurwitz curves with
other automorphism groups. For example, the alternating group A, is a Hurwitz
group for all n > 168 as well as for many smaller n [Conder 1990]. It is likely that
a similar analysis would yield results about the decomposition of the Jacobians of
these families of curves too.

Macbeath determines for which g the group PSL(2, ¢) is a Hurwitz group.

Theorem 1 [Macbeath 1969]. The group PSL(2, q) is a Hurwitz group if and only if

) g=7,
(i1) q is a prime and congruent to =1 mod 7, or
(iii) ¢ = p> for a prime p =42 or £3 mod 7.

Note that in both cases (ii) and (iii), we have ¢ = £1 mod 7. Case (i) occurs for
a Hurwitz curve of genus 3, and the Jacobian is known to decompose as JX ~ E3,
where E is an elliptic curve [Kuwata 2005]. In case (ii), when ¢ = 13 (and g = 14),
the technique above may be used to show that JX ~ E'4, again for E some elliptic
curve. Case (iii) includes the special case where ¢ = 8. This corresponds to a
genus 7 curve sometimes called the Macbeath curve. It has long been known that
JX ~ E7 [Wolfart 2002].

For odd g, PSL(2, g) has a well understood and relatively straightforward char-
acter table. Additionally, the monodromy of the coverings is not hard to find as (3)
only requires knowledge of the monodromy up fo conjugation. It turns out that, as
we show below in Proposition 2, for almost all g satisfying Theorem 1, PSL(2, q)
has only one conjugacy class of elements of order 2, one of elements of order 3, and
three conjugacy classes of elements of order 7. This then allows us to compute the
inner product (v;, x) in all such examples and prove very general results about the
Jacobian decompositions of curves with these groups as automorphism groups. The
few exceptional g are either discussed above or at the end of the paper in Section 6.

We begin in Section 2 by reviewing known results about G = PSL(2, ¢g). In
particular, in Section 2.3 we determine the irreducible Q-characters, a key piece in
our determination of the dimension of the factors in the Jacobian decompositions.
In Section 3 we compute the Hurwitz character x, and in Section 4 we compute
the inner products. Finally we put the pieces together and present the Jacobian
decomposition in Section 5.

Using a different set of idempotents in QG and the fact that PSL(2, ¢) has a
partition (a set of subsets of G whose pairwise intersection is the identity and



642 ALLISON FISCHER, MOUCHEN LIU AND JENNIFER PAULHUS

whose union is the whole group), Kani and Rosen [1989, Example 2] describe a
decomposition of a power of the Jacobian variety of curves with such automorphisms.
The factors are themselves Jacobians of quotients of the curve by p-Sylow subgroups
or Cartan subgroups of G.

2. Properties of PSL(2, q)

Here we collect the relevant information about the group G = PSL(2, ¢). More
details may be found in [Karpilovsky 1994] and we follow the notation in that
book. For the rest of the paper, assume ¢g is odd, g > 27, and g satisfies case (ii) or
case (iii) in Theorem 1. All cases not covered by this are discussed above, except
for ¢ = 27, which we cover in Section 6.

First, the size of PSL(2, ¢) is

Lqg+D(g—1D.

To describe the character table of PSL(2, g) we need several special elements of
SL(2, g). Let « be a generator of the group of units of the finite field with g2
elements, let 8 = «9+!, and define b as the element of SL(2, ¢) determined by the
map x — a9 !x for x € F,2. Additionally define elements of SL(2, q)

B o 10 1o
o=[b 2] =1 9] e a=[3 0]

The images of the elements a, b, ¢, and d in the quotient PSL(2, ¢g) are denoted
asa, b, ¢, and d. The element a has order %(q —1), the element b has order %(q +1)
and the elements ¢ and d each have order ¢.

2.1. Conjugacy classes. To determine the monodromy of the covering, we need
to understand the conjugacy classes of elements of orders 2, 3, and 7. The rep-
resentatives of the conjugacy classes of PSL(2, ¢) are 1,¢, d, a", and b™, where
l<n,m<}g—1)ifg=1mod4, whilel <n<3(g—3)and 1 <m < j(g+1)
if g = —1 mod 4. We will write the conjugacy class of an element 4 € G as [A].

Conjugacy classes with a representative a” have size g(g 4 1), and conjugacy
classes with a representative b” have size (g — 1), with the exception of the
conjugacy class containing elements of order 2 which has order half that size, (or
%q(q — 1)) [Karpilovsky 1994]. We will see in the proof of Proposition 2 that the
conjugacy class of elements of order 2 is [a9~D/4] if ¢ = 1 mod 4 and [4+D/4]
if g =—1 mod 4.

It turns out that x as defined in (3) is O outside of the conjugacy classes of
elements of orders 1, 2, 3, and 7, as we will see in Section 3. So it will be sufficient
to only study these conjugacy classes of PSL(2, g) since any other conjugacy
class will not contribute to our goal of computing the inner product of x with the
irreducible @-characters. But how many such conjugacy classes are there?
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Proposition 2. If G =PSL(2, q) for q odd, greater than 27, and satisfying case (ii)
or case (iii) in Theorem 1, then G has three distinct conjugacy classes of elements
of order 7, and one each of elements of orders 2 and 3.

Proof. When ¢ is as in the proposition, since elements of the conjugacy classes
represented by ¢ and d have order ¢, the elements of order 7 can only lie in conjugacy
classes represented by some power of @ or b. (For ¢ =7 this need not be true as ¢
and d both have order ¢ = 7.)

Recall for a finite group G, the order of g* for any g € G and positive integer k
is 0(g") = o(g)/ ged(k, o(g)). Thus, 7 must divide the order of a or the order of b
but not both, else it divides %(q +1)— %(q — 1) = 1. Thus the conjugacy class(es)
of order 7 are either represented by some power(s) of a or some power(s) of b.

First consider the case where ¢ = 1 mod 4. Suppose that the conjugacy classes of
elements of order 7 are represented by powers of a (so ¢ = 1 mod 7). The number
of conjugacy classes will be the number of i such that 7=o0(a)/ gcd(o(a), i), where
1<i< }f(q —1). Since 7 divides the order of a, we let o(a) =7 for some positive
integer j. Then the number of i such that 7 =7/ gcd(7j, i) is the number of i
that satisfy ged(7j,i) = jand 1 <i < %j. Since o(a) = %(q — 1) and g > 13,
there are always three of them: i = j (or £;(g — 1)), i =2j (or 1(¢ — 1)), and
i=3j (or 13—4(q — 1)). Hence the elements of order 7 are in the conjugacy classes
represented by @@~ D/14 3@=D/7 and g3@—D/14 A similar argument works if these
classes are represented by powers of b (or ¢ = —1 mod 7). The elements of order 7
are in the conjugacy classes represented by h@ /14 pa+D/7 and p3a+D/14,

Now, when ¢ = —1 mod 4, the argument is identical except the bounds on i
changeto 1 <i <1(¢—3)ifg=1mod7and1<i<1(g—1)ifg=—1 mod 7. The
rest of the argument does not change and so there are three conjugacy classes of ele-
ments of order 7, again defined as aa—b/N4 ga=b/7 and g3a-D/14 ifg=1 mod7
or batD/14  p@+D/7 and p3a+D/14 if g = —1 mod 7.

The cases with orders 2 and 3 follow similarly. When ¢ =1 mod 4, the elements
of order 2 are in the conjugacy class [a~1/4]; when ¢ = —1 mod 4, the elements
of order 2 are in the conjugacy class [6+D/4]. For elements of order 3, the
conjugacy class is [a4~D/0] if g = 1 mod 3 and [p9+V/6] if g = —1 mod 3. (If
q = 27 there are two conjugacy classes of elements of order 3. See Section 6 for
this special case.) U

2.2. Character tables. Let ¢ be a primitive (¢ —1)-th root of unity and let § be a prim-
itive (¢+1)-th root of unity, where g, = £2*" 472" and §,,,, = — (8" 4+-82™).
When ¢ = 1 mod 4, the character table of G = PSL(2, g) is given in Table 1 for
1<m,n,t <}g—1) and 1 <k < (g —5) [Karpilovsky 1994, Theorem 8.9].
When g = —1 mod 4, the character table of G = PSL(2, g) is given in Table 2
for1 <n,k,t <1(g—3)and 1 <m < (g +1) [Karpilovsky 1994, Theorem 8.11].
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[1] @] [b™] [¢] [d]
1g 1 1 1 1
A q 1 -1 0 0
Me | g+1 Ekn 1 1
et 6]—1 O (Stm -1 —1
xi | 3@+D (=" TA+yq) $(1—yq)
x2 | 3(@+1D) (=D)" 10—yq) $(1+q)
Table 1. The character table of G =PSL(2, g) for ¢ =1 mod 4.
(1 @ wm [cl [d]
lg 1 1 1 1 1
A q 1 —1 0 0
wi | q+1 ek 0 1 1
91 q_l 0 3tm —1 —1
v | 2g=1 0 (D"t L-1+/=q) i(-1-y/=9)
vl ig-D 0 (D"t L-1-=¢9) I(-1+/=9)

Table 2. The character table of G = PSL(2, ¢g) for ¢ = —1 mod 4.

2.3. Irreducible Q-characters. The character tables above give the irreducible
C-characters of PSL(2, ¢) but we need Q-characters to compute the dimensions
of the factors of the Jacobian decompositions. Since all irreducible C-characters
of PSL(2, g) have Schur index 1 [Janusz 1974], it is sufficient to find the Galois
conjugates of all C-characters.

The characters 15 and A are already Q-characters, and it is clear that x; + x»
and y; + y» are Q-characters as their noninteger entries are Galois conjugates. This
leaves the w; and 6, characters.

Proposition 3. (a) Let r be a divisor of %(q — 1) and define the set
Vo {wil1<i<i(qg—5) and ged(i, 3(g — 1)) =r} if g=1mod4,
T Hmil1<i<lg—3) and ged(i, Lg 1) =r) if g=—1mod4.
The sum of the characters in each M, is an irreducible Q-character of PSL(2, g).
(b) Let s be a divisor of %(q + 1) and define the set

_ o1 =i=3@—1) and ged(i, 3 = 1)) =s} if g=1mod4,
U {ei11=i < 3@ —3) and ged(i, 1(g - 1)) =s} if g=—1mod4.

The sum of the characters in each Oy is an irreducible Q-character of PSL(2, ¢).
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[a] [a?] o [a—D/4
I73) p-’_p*l p2+p72 Cen p(qfl)/4+p7(q*1)/4
U2 p2+p72 p4+p74 ce p(qfl)/2+p7(q*1)/2
H(g—5)/4 p(q—S)/4+p—<q—5)/4 p(fI—S)/2+p—(q—5)/2 p(q—S)(fi—1)/16+p—(l]—5)((]—1)/16

Table 3. Values of ©; on conjugacy classes of elements a” when
g =1 mod 4.

Proof. We prove (a) below. The argument for (b) is almost identical. Since the only
nonrational values of the u; characters are their values on the [a"], we only need
to consider the values on these conjugacy classes. For simplicity of notation, we
define p to be &2, so p is a primitive %(q— 1)-th root of unity. Then the values of
the uy on the conjugacy classes [a@"] in the case where ¢ = 1 mod 4 are given in
Table 3. (For g = —1 mod 4, replace }L(q —5) in the last row with }L(q —3) and
change the exponent in the last column from %(q —1)to zlt(q — 3).)

Fix a particular p; with gcd(k, %(q — 1)) = r. The Galois orbit is completely
determined by u ([a]) since the values of w; on the conjugacy classes with represen-
tative powers of a are sums of powers of the summand of u ([a]) (as seen in Table 3).
So it is enough to find the Galois conjugates of i ([a]). Now ug([a]) = ok + pk,
where pX is a primitive 217(q—1)—th root of unity. The Galois conjugates of this
will be sums of the other primitive %(q—l)—th roots of unity. By a simple or-
der argument, we determine that p' is a primitive (%(q -1/ gcd(i , %(q — 1)))—th
root of unity. So the other primitive %(q—l)—th roots of unity appear for ex-
actly those u; such that gcd(i, %(q — 1)) = r. So the irreducible Q-character
associated with p; will be the sum of p; with the other characters u; such that
ged(i, 3(g — D)) = ged(k, 3(g — 1)) =r. O
Example. We demonstrate the previous proposition with an example. Consider
g=29=1 mod 4. Here (¢ —1)=14, 1(¢+1)=15, ;1(g—5)=6,and ;(¢—1)=7
and so there are 6 p; characters and 7 6; characters. The only divisors of %(q -1
less than 6 are 1 and 2. From Proposition 3(a) we have two distinct sets

My = {p; | ged(i, 14) = 1} = {u1, u3, psh,
My = {p; | ged(i, 14) =2} = {2, w4, (e}

The divisors of %(q + 1) less than 7 are 1, 3, and 5, so from Proposition 3(b) there
are three distinct sets
©1=1{06; | ged(i, 15) = 1} = {01, 62, 64, 07},

O3 = {0; | gcd(i, 15) = 3} = {63, O},
Os5 = {0; | ged(i, 15) =5} = {6s}.
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Therefore when g = 29, there are two irreducible Q-characters of degree g + 1
(1 4 3 + us and po + pa + e) and three irreducible Q-characters of degree g — 1
(01 + 6 + 04 + 67, 63+ 06, and 6s).

We also need the values of the irreducible Q-characters from Proposition 3 for
the inner product computation of the dimensions of the factors in (1). In the rest of
the paper, for any character uy, we denote by r the gcd(k, %(q — 1)), and for any
character 6,, we denote by s the gcd(t, %(q + 1)). Thus M, from Proposition 3(a)
will contain the character u; and ®; from Proposition 3(b) will contain 6,. The value
of the characters in Proposition 3 will be the value of uy (or ;) times the number of
irreducible C-characters in the set M, (or ®;). The size of M, is half the number of i
such that gcd(i, %(q — 1)) =r, or half the number of i such that gcd(i, zl—r(q — l)) =1.
This is %(b(z]—r(q — 1)), where ¢ (x) is the Euler phi function. Similarly, the size of
Oy is equal to %q&(%(q + 1)). Additionally for our computations, we will only need
the values of the characters on conjugacy classes of orders 1, 2, 3, and 7, as it turns
out that the Hurwitz character y is O outside these conjugacy classes. This means
the inner product we use to compute the dimension of the factors of the Jacobian
will not be impacted by the values outside of these conjugacy classes. Again, see
Section 3 and (5).

Determining the value of each w; or 6; on the relevant conjugacy classes boils
down to whether elements of that order are powers of @ or b. The next three
propositions give the values of these characters on conjugacy classes of elements
of orders 2, 3, and 7, respectively.

Proposition 4. Consider the conjugacy class of elements of order 2 in PSL(2, q)
for q satisfying the conditions in Proposition 2.

(a) When g = 1 mod 4, the irreducible Q-characters from Proposition 3(a) evaluate
to (—l)kqﬁ(%(q — 1)), while the irreducible Q-characters from Proposition 3(b)
evaluate to 0.

(b) When g = —1 mod 4, the irreducible Q-characters from Proposition 3(a) eval-
uate to 0, while the irreducible Q-characters from Proposition 3(b) evaluate to

(=D 1¢(5 (@ + D).

Proof. (a) As we saw in the proof of Proposition 2, the conjugacy class of elements
of order 2 is represented by a power of either @ or b, depending on whether
g = %=1 mod 4. In the first case, it is [a9—D/4]. Consider the value of one u; on
this conjugacy class:

Ek(g—1)/4 = gha=0/2 4 o=kg=1)/2,

Since ¢ is a primitive (g—1)-th root of unity, £~1/2 is a primitive second root
of unity, i.e., —1. Thus gr—1)/4 = (—=D¥ + (=1)7*. When k is odd, this value
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is —2, and when £ is even, this value is 2. Combining this value with the number
of characters in the set M, yields the value of

k(41
(=1 ¢<T)

The (D-characters which are sums of the characters in ®; (as in Proposition 3(b))
are 0 on this class in this case. From the character table for this case, it is clear that
each 6, has a value of 0 on any conjugacy class of the form [a@"] and hence the sum
of such characters also has a value of 0.

(b) When ¢ = —1 mod 4, the conjugacy class is represented by 5@+1/# and so the
(D-characters in Proposition 3(a) are 0 on that class since each uy evaluates to 0. A
similar argument as for ¢ = 1 mod 4 gives that 6, will be 2 when ¢ is odd and —2
when ¢ is even. Then the irreducible Q-characters in Proposition 3(b) evaluate to
this value multiplied by the size of ®;. This gives

(—1)’“¢<—q2+1>. O
A

Proposition 5. Consider the conjugacy class of elements of order 3 in PSL(2, q)
for q satisfying the conditions in Proposition 2.

(a) When g = 1 mod 3 the irreducible Q-characters in Proposition 3(a) evaluate to

¢(L(g—1) if k=0mod3,
—1¢(=(g— 1) otherwise,
while the irreducible Q-characters from Proposition 3(b) evaluate to 0.

(b) When g = —1 mod 3, the characters described in Proposition 3(a) evaluate to 0,
while the irreducible Q-characters in Proposition 3(b) evaluate to

—¢(L(g+1) ift=0mod3,
%qﬁ(%(q + 1)) otherwise.

Proof. As was discussed in the proof of Proposition 2, the conjugacy class of
elements of order 3 is represented by a¢—1/6 or p@+1D/6,

(a) Consider the value of :

Skt = £K07D/3 1 gmka=D/3,

Since ¢ is a primitive (¢—1)-th root of unity, £~D/3 is a third root of unity, which
we call w. Thus, exy—1)/4 = o* + o *. When 3 | k, this is 2 and when 31k, this is
Ekig—1)/4 = @+ w? = —1. This value, together with the size of M, gives the value
of the irreducible (-characters in Proposition 3(a) on elements of order 3. Since
each 6, evaluates to 0 on the conjugacy classes represented by powers of a, the
irreducible @-characters from Proposition 3(b) also evaluate to 0.
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(b) A similar argument may be used when g = —1 mod 3 (or the elements of order 3
are in the conjugacy class represented by b T1D/6), O

Proposition 6. Consider the conjugacy classes of elements of order 7 in PSL(2, q)
for q satisfying the conditions in Proposition 2.

(a) When g = 1 mod 7, the characters in Proposition 3(b) evaluate to 0, while the
irreducible Q)-characters from Proposition 3(a) evaluate to

¢(1(g—1) ifk=0mod7,
—%qﬁ(%(q — 1)) otherwise.

(b) When g = —1 mod 7, the irreducible Q-characters in Proposition 3(a) evaluate
to 0, while the irreducible Q-characters from Proposition 3(b) evaluate to

—¢(5(g+1) ift=0mod7,
%(P(%(q + 1)) otherwise.
Proof. From the proof of Proposition 2 we know that the three conjugacy classes of

order 7 are represented by @@ ~D/14 g@=D/7 "and g3@—D/14 or pla+/14 pa+D/7
and p3@+D/14.

(a) If g =1 mod 7 (equivalently the conjugacy classes of elements of order 7 are
represented by powers of @) then 11, evaluates to ¢¥+¢ % on these conjugacy classes,
where ¢ is a primitive 7th root of unity. If 7| k, then ¢¥ + ¢ =% is 2 and if 71k, then
¢k 4 ¢7% is —1. Combining this with the size of the set M, or ®; gives the result.

(b) A similar argument follows for ¢ = —1 mod 7 except we are considering
conjugacy classes represented by powers of b. U

3. Computation of the Hurwitz character

Recall from (3) that in order to compute x, we need to determine x(idg), X (ha)s X(h3)s
and x(,). Let H be a subgroup of G. By the definition of x, the induced character
of the trivial character of H is

1 ifgeH,

_ 1 0 —1 0 _
xn(®) = 3 x"(xgx™"),  where <g>—{0 fogH

xeG
Note that x4, is just the regular representation
|G| if g =idg,
0 ifg#idg.

To compute the remaining three characters, we need several facts from Section 2.1

X(idg)(8) = {

and a lemma, which is an immediate consequence of the orbit-stabilizer theorem
considering the group action of conjugation.
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Lemma 7. Let G be a group and g, h € G with g not the identity. The number
of x € G such that xgx~' = h is the size of the centralizer of h if g € [h] and 0
otherwise.

Consider x(,). We know

X(h2)(8) = % > xxgxh. 4
xeG

For each g € G, we must determine the number of x € G such that xgx~! =idg
or hy, since (hy) = {idg, h»}. The case of xgx_1 = 1idg follows from the fact that,
for any group G and g € G not the identity, there is no x € G so that xgx~! = idg.
Thus the number of x € G such that xgx ~! =idg or A, is the size of G when g is the
identity and O otherwise. For x,)(g) when g #idg, if g ¢ [h2] then this number is 0,
else we must determine the number of x € G so that xgx ! = h,. By Lemma 7, this
is the size of the centralizer of /5. Recall that under the action of conjugation, orbits
are conjugacy classes. By the orbit-stabilizer theorem, |Cs(hy)| = |G|/|[h2]]. For
h, of order 2, we have |[h;]| = %q(q +1) when g =1 mod 4, and |[h,]| = %q(q -1
when ¢ = —1 mod 4, hence |Cg(hy)|=g—1ifg=1 mod4 and |Cg(hy)|=qg+1
if g = —1 mod 4. Plugging these values into (4) gives

51G| if ¢ = idg,
lig—1) ifgelh]andg=1mod4,

1g+1) ifge[h]andg=—1mod4,
0 otherwise.

X(hs)(8) =

Now, we calculate y .. As before, for each ¢ € G, we need to find the number
of x € G so that xgx~!' € (h3) = {1, hs, h%}, and the formula in this case is

Xins)(8) = % > xxgxh.

xeG

When g = idg, we have x4 (idg) = %|G|. Else by Lemma 7 and the fact that
h% € [h3], we have xp,)(g) = %|C(;(h3)| if g € [h3] and O otherwise. From
Section 2.1 we know |[h3]] = g(qg — 1) if 3| %(q + 1) and |[h3]| = g(g + 1)
if 3] 3(¢ —1). Then |Cg (h3)| = 3(g + 1) if 3] 3(¢ +1) and | C (h3)| = 3(g — D) if
311(g—1),and

1G] if g =idg,
3(@—1) ifge[hs]andg=1mod3,
3(@+1) ifge[hs]and g =2 mod3,

0 otherwise.

X (&) =
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g mod 84 Value for elements of order

+1 | 5IGl =3@FD —3@FD —i@FD
+13 | 5IGl —3@FD —3@FD —i@=£D
+29 | 5IGl —iqFD -ig+D) -i@gFD
+43 | 5G] -1+ -i@FD -i@gFD

Table 4. Values of x’ on conjugacy classes of elements of orders 1,
2,3,and 7.

For x (1), as with the proof of the other characters, x ) (idg) = %|G |. To compute
the value on other elements, observe that for any g of order 7, we know that g and g~
are in the same conjugacy class [Karpilovsky 1994, Corollary 8.3] but g, g2, and g3
are all in distinct conjugacy classes. Combining Lemma 7 with this information
gives us that x,)(g) = %lCG (h7)|, and we know the sizes of the conjugacy classes
by Section 2.1. Putting all this information together, the value of x,)(g) is

el if g =idg,
%(q—l) if ge[h7]and g =1 mod 7,
Hq+1) ifgelhslandg=—1mod7,

0 otherwise.

Xy (&) =

Note that the values of x are invariant under the three conjugacy classes of elements
of order 7. This means we do not have to find in which conjugacy class of elements
of order 7 the monodromy exists in order to compute (3) (i.e., we do not have to
explicitly find A7, we can just use the formula above for any element of order 7).

We will use x to calculate inner products with irreducible Q-characters to find the
dimensions of the factors in the Jacobian variety decomposition. To simplify later
calculations, we rewrite x as x =2-1g+ x’, where x' = x(15) = X(h2) = X(h3) — X(h7)-
Then, the inner product of an irreducible Q-character v; and x will be (;, x) =
2(¥i, 1g) + (¥i, x'). But since ¥; and 1¢ are orthogonal when v/; # 1, we have
that (v, x) is simply (v, x’) in all cases except for the trivial character.

Table 4 gives the values of x on the conjugacy classes of elements of orders
1, 2, 3, and 7, computed by combining all the data in this section. Additionally,
x'(g) =0 if g is not in one of these conjugacy classes.

4. Inner product computations

Our next goal is to use our computation of x’ in Section 3 and the irreducible
Q-characters in Section 2.3 to compute the inner products (;, x’). Consider
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(¥, x'), where ¥; is an irreducible @-character of PSL(2, ¢). The formula for the
inner product is
1 _
Wi x) =157 D o vi@x' .
geG

Since g and g~! are in the same conjugacy class and x’ is O for all elements that

are not of order 1, 2, 3, or 7, we have the formula

1

(Wi, x') = @(1//1' (idg) x'(idg) + |[A2119i (h2) ' (h2)
+ 1lh3llvi (h3) X' (h3) + 31711 (h7) X (h7)).

In Section 3 we saw that
2]l X' (h2) = —31GI.  lh3ll x"(h3) = —3|Gl, 3|[h7]lx'(h7) = —8|G|.

The formula for the inner product reduces to
(Wi, x) = 5¥i(d6) — 39 (ha) — 3 (h3) — Sy (hy). ®)

Since the values of the irreducible Q-characters are based on whether the con-
jugacy classes of elements of orders 2, 3 and 7 are represented by a or b (which
depends on the residue of ¢ modulo 3, 4, or 7), the values of these characters, and
the subsequent inner products, will depend on what ¢ is modulo 3 -4 -7 = 84.

4.1. Trivial character. Recall that x is the Hurwitz character, and x =21 + x/'.
Proposition 8. (1g, x) =0.

Proof. By the calculation of x, we have that (1, x) =2(1g, lg) + (lg, x') and
(lg, 1g) = 1. Consider (15, x’). We use (5) to get

(le. XV = 1c()—5-16(h2) = 3-16(h) = §-lg(hn) = s — 3 — 5 —§ = —2.
Thus, (1, x')=2-2=0. O

All other irreducible Q-characters of PSL(2, ¢) have degree greater than 1. Hence
by (1), where the n; correspond to the degree of the i-th irreducible Q-character,
the decomposition of JX must have more than one factor.

Corollary 9. No Hurwitz curve with automorphism group PSL(2, q) has a simple
Jacobian variety.

4.2. Character of degree q. Recall A is the character of degree g. We again
apply (5). Since the value of A is either 1 or —1 depending on whether the element
is in a conjugacy class represented by powers of a or b, we get that (A, ') =
ﬁ(q — u), where u is given in Table 5 and the positive u-values correspond to
positive ¢ mod 84 values and the same holds for the negative values.
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q mod 84 | Value of u
+1 +85
+13 +13
+29 +29
+43 +43

Table 5. Values for u in (A, x').

4.3. Characters of degree %(q:l:l). For g =1 mod 4, this irreducible Q-character
is 1+ x2 and evaluates to g +1 on the identity, 2(—1)" on the conjugacy classes [a”" ],
and 0 on the conjugacy classes [»™]. Furthermore, the conjugacy class of elements
of order 2 will always be in the set of conjugacy classes [a"]. We use (5) again,
which becomes

(1 + h=1 +1 Cu+x)hr) 200+ x2)(hs) 601 + x2)(h7)
T XTE T 2 3 7

Determining these values depends on whether ¢ = £1 mod 3 and whether g =
41 mod 7 (as we have discussed above, this distinguishes the cases where the
elements of orders 3 and 7 are in conjugacy classes represented by powers of a
or b). But additionally we need to determine if 7 is even or odd to determine the
sign of x4+ x». Recall n is given by %(q — 1) for elements of order 3 and ﬁ(q -1
for elements of order 7. This requires us to consider values modulo 3-4-7-2 = 168.

Similar arguments will give us the values for y; + ¢, when ¢ = —1 mod 4. In
all cases, the inner product is given by %(q —v), where v is given in Table 6. In
the table, the positive values of ¢ mod 168 correspond to the positive v-values and
the same holds for the negative values.

4.4. Characters of degree ¢ £ 1. The computations for the inner products of x’
with sums of u; or 6; are similar. We recall the values of these (Q-characters

g mod 168 | Values of v
+1 +169
+13 +13
+29 +29
+41 +41
+43 +43
+85 +85
+97 +97

+113 +113

Table 6. Values for v in (x1 + x2, x') or (y1 + 2, x').
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g=1mod4 ¢g=-—1mod4

me | 2 H(f=1)-84  z—f-84
6 | z+f-84  z—(f—1)-84

Table 7. Values of w for the inner products of x’ with characters
of degree g +1.

on the conjugacy classes of orders 1, 2, 3, and 7 from Section 2.3. The values
depend on whether the conjugacy classes are powers of @ or b. To describe the
value in all cases, we define two additional values. For r = gcd(k, %(q — 1)) and
s =ged(t, 3(g + 1)), define f to be the number of 2, 3, and 7 which divide r (or s).
Also define z to be the least residue of ¢ modulo 84. Then the inner product with
irreducible @-characters from Proposition 3(a) is

1 (fg—1\qg—w
§¢( 2r ) 42
and the inner product with irreducible Q-characters from Proposition 3(b) is

1¢ g+1\g—w
2 2s 42 7

Example. Continuing from the example in Section 2.3, let ¢ = 29, so z also
is 29. Whenr =1 (or s =1 or 5) then f = 0 and when r = 2 (or s = 3)
we have f = 1. In this case (since ¢ = z) if f = 1, then the value of the inner

where w is given in Table 7.

product on the corresponding irreducible (D-character which is the sum of characters
in M, (r = 2) will be 0 and if f = 0, the value on the inner product of the
corresponding irreducible QQ-character which is the sum of characters in ®; (s = 1
or 5) will also be 0. This just leaves two nonzero values to compute (r = 1
and s = 3),

(i +us+us, x)=30(3) - (B52)=5-2=6

and

05406, 1) = 20 (0) - (22) =4 2 =4

5. Decomposition of Jacobian varieties

As described in the introduction, Jacobian varieties may be factored into the direct
product of abelian varieties as in (1). The dimension of the factors is half of the
inner product computed in Section 4. Collecting the information in the previous
section we get the following result.
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Theorem 10. Let X be a Hurwitz curve with full automorphism group PSL(2, q),
where q is odd and g > 27. Let u, v, and w be as given in Tables 5, 6, and 7,
respectively.

When g = 1 mod 4, the Jacobian variety of X is isogenous to

rl(g—1)/2 sl(g+1)/2
r<(g—5)/4 s<(g—1)/4
and when g = —1 mod 4, the Jacobian variety of X is isogenous to
AY@ BU-D/2g l_[ citl g l_[ pi—1
r s ’
rlig—1/2 sl(g+1)/2
r<(qg—3)/4 s<(g—3)/4

where the factors in the decomposition are abelian varieties and
e A has dimension 8l4(q —u),
o B has dimension 81—4(61 —v),
e each C, has dimension 1é—8¢(%(q — 1)) (g —w),
o and each Dy has dimension ﬁ¢(%(q + 1)) - (g —w).

As mentioned in the introduction, the decomposition technique does not guarantee
that the factors are indecomposable. Also, when determining w, note that the
product indexed by r corresponds to inner products of characters which are sums
of uy characters, and the product indexed by s corresponds to inner products of
characters which are sums of the 6, characters.

6. Special case

In the special case when ¢ = 27 = 33, there are still three conjugacy classes of
elements of order 7 and one of elements of order 2; however, there are now two
conjugacy classes of elements of order 3. When we apply the decomposition
technique to this special case we find

JX ~ E} x A3® x EY’,

where the E; are elliptic curves and As is a dimension-3 abelian variety. These
factors correspond to nonzero inner products of x with the character y; + y», a sum
of 6;, and A, respectively.
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