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James classified the simple modules over the group algebra k%,, using modules
denoted D*, where A is a partition of n. In particular, he showed that D* is
simple or zero for every partition A and, furthermore, that for every simple
kX,-module S there exists a partition A such that D* = S. This paper is an
extension of a paper of Dodge and Ellers in which they studied analogous modules
D™ over the centralizer algebra kX, where 2 is a partition of n and u a
partition of /. For every positive prime p we find counterexamples to their
conjecture that the k=, -modules D) are always simple or zero, where k is
a field of characteristic p. We also study the relationship between D**) and
Homys, (D", resé;’ D*) in special cases.

1. Introduction

Let n be a positive integer and k an algebraically closed field of characteristic p.
James [1978] studied simple modules over the group algebra k%,, where X, is the
symmetric group on n letters. He defined for each partition A - n the permutation
module M* with basis consisting of all A-tabloids. The Specht module S* is defined
to be the submodule of M* generated by polytabloids. The kernel intersection
theorem can be used to characterize S* as

S§h = ﬂ{keup lg: M* - MY, V> 1),

where < is the dominance order on partitions [James 1998, p. 97]. He also defined
a bilinear form on M* using the set of tabloids as an orthonormal basis and proved
in [James 1998, 2.2] using the characterization of S* above that

sht :Z{imga lg: MY > M*, ) > A).
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James then defined the module D* by

and proved that D* is always zero or simple, that D* # 0 if and only if A is p-regular,
and that all simple kX, -modules occur exactly once as A runs through all p-regular
partitions.

Dodge and Ellers applied similar ideas to study representations of centralizer
algebras of the symmetric group. In general, let G be a finite group, let H be a
subgroup of G, and let k be an algebraically closed field of characteristic p. The
centralizer algebra kG is defined by

kG" ={a € kG | ah = ha, Vh € H}.

Given a kG-module M and a kH-module N we can construct a k<G -module in a
very natural way. The space

Homy (N, res$ M)
can be given a natural action by kG in the following manner:

(ap)(t) = a(p(1))

foralla e kG, t € N and ¢ € Homyy (N, resg M).

Dodge and Ellers [2016] studied the representation theory of kX, % where X, is
the symmetric group on n letters, / < n, and ¥, is identified with a subgroup of X,
permuting the first / letters. Here we review the notation and definitions they used.
Let w1 and A - n. Define a dominance relation on such partition pairs (A, i) by

W, > (A, p) ifAM>Aor (W =Aand u' > p).
Define the kX>'-module
MB0 = (M*, M™).

This module is designed to be analogous to the permutation modules of the sym-
metric group. They then define the modules
8™ =M{kerg | ¢ : MO — MPH) (W, 1) > G W),

§HIL =3 {ime | @ : MAHD — MEW, G, 1) > (1, ),
PR — S(A,u)/(g(k,u) QS(LM)L)_

In the above definitions ¢ is a k¥ -module homomorphism. Note that a bilinear
form on M**# has not been defined; the notation for the module $**1 was chosen
to highlight its similarity to S** in [James 1978]. Paralleling the approach to the
representation theory of kX, in [James 1978], Dodge and Ellers [2016] proved that
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if \nand w1, and I < p, then D™ is either simple or zero, in agreement
with James’ result. In addition, they showed that

~ 271
D* I = Homys, (D", resy; DY)

under the same conditions. They conjectured that these facts hold in general when
A and p are p-regular. In this paper we compute explicit examples to test their
conjectures.

For all positive prime p, we explicitly compute the structures of

Homgp(D(p), resgiﬁ D(p+2,1))

in Sections 3, 4, and 5 and the structures of D(P+2D-(P) in Sections 6 and 7. In
x
particular, we show that the space Homy, (D7) , resy.” 3 DP+2.Dy is neither simple

nor zero and prove the following characterizations of D((P+21D.(p)

Proposition 1.1. Let k be a field of characteristic p, where p # 3. Then

DP+2D.(0) = Hom,y, (DP), resy’™ DPH2D)
P ’ p

as k2p+3 -modules and therefore DP+2D-(P)) s neither simple nor zero.

Proposition 1.2. Let k be a field of characteristic 3. Then
DD = Homyg, (DD, resz® DEV) /L

as k262 *-modules, where L is a submodule isomorphic to M©-C) - Moreover,
DGD.G) s neither simple nor zero.

Thus neither is simple nor zero for any characteristic p, contrary to the conjectures
of Dodge and Ellers. In addition, this shows that the isomorphism conjectured
above does not hold in characteristic 3. Finally, in Section 9 we show that in
characteristic 2 there is no ordering on pairs of partitions for which the conjectures
hold whenn =5 and [ = 2.

2. MUP+3-1) in arbitrary characteristic p

We consider the relationship between the spaces Homyy, (D), res?ﬁ”D(””’l))
and D(P+2.1.(P)) when p is a positive prime. Since the pairs of partitions (A, ) such
that (A, w) > ((p + 2, 1), (p)) are those of the form ((p + 3), u), where u p, we
first study the modules corresponding to such pairs.

Proposition 2.1. Let k be a field of characteristic p. Then all modules of the

form MUPHD) “ywhere i - p, are one-dimensional and mutually isomorphic as
k%, > 3-modules.
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Proof. Fix a partition u F p and a nonzero tabloid yg € M*. From [James 1978,
Theorem 13.19] we know that M(P+3)-1) is nonzero, so we may choose a nonzero
feMP+t)1W_ Since f(yy) € MPT =k, we have

f o) =of (o) = f(oyo)

for all o € ¥, and since M* is a cyclic kX ,-module generated by any nonzero
tabloid, it follows that f(y) = f (yo) for any tabloid y € M*. Thus if f e M((P+3)-1)
is defined by fo(yo) = 1 then M(P3-1) = gpan{ fy} as a k=
ular, it is one-dimensional.

We now describe a generating set for kEfj;T From [Kleshchev 2005, Proposi-
tion 2.1.1] we have

» 3-module. In partic-

kzp.ﬁ,_} _<Z(k2p)7 (p+1 p+2)7 (p+1 p+2 p+3)a Lp+1’ Lp+29 L[J+3>a

where Z (kX)) is the center of kX, and Ly is the Jucys—Murphy element defined as

Ly = Z (m k).

1<m<k

It is well known that Z (kX)) is spanned by elements s, € kX, for T a partition
of p, where s; denotes the sum of all elements in ¥, with cycle type corre-
sponding to the partition t. Let K; denote the conjugacy class corresponding
to the partition t. Smce any element of X,,3 acts trivially on the codomain
of Homyy, (D", res, 23 D3y = MP+3.1) we deduce that the action of the
module is descrlbed by the table

Jo
St |K; |f 0

(p+1 p+2) Jo

(p+1 p+2 p+3) | o

Lyt 0

Lpio Jo

Lpys 2o
Since our choice of p was arbitrary, it follows that all modules of the form
MUP+3.1 are mutually isomorphic, as claimed. O

3. Hom;x, (D@, resgi D®D) jn characteristic 2

Next we determine the structure of Homkzz(D(Q), resgz D®D) In this and all fol-
lowing sections, when D* = $* we will identify a coset in D* with its corresponding
element in S* as an abuse of notation. We first note that D® is trivial by definition.
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We have that M is spanned by

2345 1345 1245 1235 1234
1 T2 "3 T4 'S '
We will denote these tabloids by x1, x2, x3, x4, X5, respectively. Since x», ..., x5

correspond to the standard tableau in M @D we know from [James 1978, Theo-
rem 8.4] that the Specht module S@D has basis {xp —x1, x3—Xx1, X4—Xx1, X5—Xx1}.
For simplicity we denote each element in this basis by ¢; = x; — x| for 2 <i <S5.
To compute S VL, note that since the map M(©®-@) — M(*D-@) defined by
l—x14+x2+x3+x4+x51s8 a kESE 2-module homomorphism, it follows that
X1+ x2 4+ x3+ x4 + x5 € SDL Moreover, since SV is four-dimensional we can
conclude from [James 1978, 1.3] that S* 1L has dimension 1 and hence that §¢* D+
has basis {x; + x2 + x3 + x4 + x5}. Notice that $* N $*+ =0, so D@D = §&D)
Now, fix z € D@ with z # 0, and let

f:D?¥ - resgi DD
be defined by

f(2) =aycyr +ascs + ascq + ascs.

Observe that since D® = k and k is a field of characteristic 2, we have f €
Hom;y, (D®, res§; D™Dy if and only if [(1) 4+ (12)] f = 0. Therefore, we need

[(1) + (12)] f(z) = azc2 +azc3 +ascs +ascs —axen
+az(c3 — c2) +ag(cs — c2) +as(cs —c2)
= —a3Ccy — a4y — asC
= —(a3 +as+as)c; =0.

Thus f is a k¥>-module homomorphism exactly when a3 4 a4 + as = 0. Hence f
has the form

(@) =axcr +azes +ases + (—az — as)cs

= acy +az(c3 —¢s5) +as(cs — cs).
Therefore a basis for Homys, (D@, resgz D®Dy s
a(z)=c2=x1+x2, B@=c3—cs=x3—x5, Y(2)=cs4—C5=2x4—Xs.

Next we examine how k2522 acts on {«, 8, y}. As our generators for kESEZ, we
will be using the generating set from Proposition 2.1, namely

k=2 =((1), (12), (34), (345), Ls, Ly, Ls).



The action of the module is described by the table

CRAIG DODGE, HARALD ELLERS, YUKIHIDE NAKADA AND KELLY POHLAND

o p Y

(12) | « B Y

(34) | « Y B

G4 |« y—-B B

Ls o o 0
Ly | O 14 a+p
Ls 0O —a—y —a-—28

Thus we can see that span{«} is a submodule of Homkgz(D(Z), resg5 D@Dy,
Comparing this table with that on page 880 describing M(®-®) we see that
span{a} Z M(®-@) The quotient by this one-dimensional submodule has basis
{B, 7}, and the action of the module is described by the table

B y
(12 | B y
G4 | 7 B
(345 |y —B —B
L; 0 0
Ly Y B
Ls | —y —B

We will show that this is a simple two-dimensional module. If this is not
simple, it must contain a one-dimensional submodule. We leave to the reader
the easy confirmation that span{A} and span{y} are not submodules. So suppose
ap, a; # 0 and assume for contradiction that the one-dimensional k-vector space
span{aoB + a1y} is a submodule. It follows then that

((34) + (345))(aoB + a1 y) € spanfaoB + a17},
so we have
((34) + (345)) (aoB + a17) = ap(3H) B + a1 (34)y + ao(345) B + a1 (345)y
=aoy +ai1f+aoy —aoB —aB
— —ab.

Thus, it must be that @y = 0, a contradiction. Thus, for all ag, a; € k, we have that
span{agf + a1y} is not a submodule of Homkzz(D(z), res%ZD(“’l))/ span{a}, so
the quotient is a two-dimensional simple module.
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4. Homyyx, (DY, resgg D®:D) in characteristic 3
Let k be a field of characteristic 3. We now determine the structure of
Homk23(D(3), resgg DOy,

Notice that D® is trivial. We have that M-V is spanned by

23456 13456 12456 12356 12346 12345
1 2 3 4 S 6 '

We will again denote these standard tabloids by xi, x3, x3, x4, X5, X6, respectively.
Since x3, ..., x¢ correspond to the standard tableau in M 6D we know from [James
1978, Theorem 8.4] that the Specht module S G s spanned by {x; —x, x3—x1,

X4—X1, Xs—Xx1, Xx¢—Xx1}. For simplicity we denote each element in this basis
by ¢; = x; —x; for 2 < i < 6. To compute S®DL note that since the map
M©-@) 5 M(G.D-@) defined by 1 x;+x2+x34+x4+x5+x61sa k2623-rnodule
homomorphism, it follows that x| 4 x5 +x3 +x4 4 x5+x6 € SO VL. Moreover, since
SGD is five-dimensional, we can conclude from [James 1978, 1.3] that S© DL has
dimension 1 and hence that S® D~ has basis {x; + x2 + x3 4+ x4 + x5 + x¢}. From
this, it is clear that G- D N §G-DL =0, 50 DOV = §6.D We now fix z € D@ with
7z # 0 and let

f:D® - resgj DO
be defined by
f (@) =axcr +azcz +ascs + ascs + asce.

Since ¥ is generated by (12) and (13), we have f € Homyyx,(D®), resgg’ DG
exactly when f(z) = (12) f(z) and f(z) = (13) f(z). Thus we must have

(12) f(z) = az(—c2) +az(c3 — c2) +as(cq — c2) +as(cs — ¢2) +ag(ce — 2)
= (—apy — a3 — a4 — as — ag)cy + azcz + ascq4 + ascs + agce,
SO dp = —ay —Ad3z — a4 —as — deg. Similarly,
(13) f(z) = az(c2 — ¢3) +az(—c3) +as(cy — c3) +as(cs — c3) +ag(ce — ¢3)
=aycy + (—az —asz — ag — as — ag)C3 + asC4 + ascs + aeCe,

SO a3 = —ap —a3z—das—as—dag. Thus ap = a3, and since a, = —ar —asz —as —as —ag
and k has characteristic 3, we get that 0 = a4 + a5 + a¢. Consequently,

f (@) =axcr +azcz +ascs +ascs +agce = ax(cr +c3) +as(cs — ce) +as(cs —ce).
Therefore, we get that Homkg3(D(3), resgg D(S'l)) is spanned by {«, 8, ¥}, where

a(z) =crte3 =x1+x2+x3, P(2)=ca—ce=x4—xs, Vy(2)=C5—C6=X5—Xe.
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o p 14
(12) + (13) + (23) 0 0
(123) + (132) 200 28 2y
(45) o Y p
(456) a 28+vy 28
L4 200 o 0
Ls 0 14 o+ p
Lg o 2042y 2a+28

From this table we can deduce that span{«} and span{o 4+ 8 + '} are submodules

of Homyx,(D®), resgg’ D). The table describing the action on span{a + 8 + '}

18

a+pB+y

(12) + (13) + (23) 0
(123)+(132) | 2@+ B+7)
(45) a+B+y
(456) o+ B+y

Ly 0
Ls a+p+y
Le 2(@+B+y)

Comparing these tables to that on page 880, we see that span{a} 2 M(©-G) and
span{a + B + y} = M©-3)) The corresponding quotient

Homys, (D), resyt DOD) /(span{er} @ span{a + B + v })

is one-dimensional with basis {8} and the table describing the action on this basis is

B

(12)+(13)+@23)| 0
(123) 4 (132) 2B
(45) 2B

(456) B

Ly 0

Ls 28

Lg B

Note that {8} is isomorphic to neither span{a} nor M((©-3),
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5. Homk);p(D(l’), res;’; + p(P+2.1) jn characteristic )/

Let p > 5 be prime, and let k be a field of characteristic p. We determine the
structure of

Homys, (DP), resgi+3 DP+2y,

Notice that D is trivial. Using notation similar to that in Sections 3 and 4,

M@P*2D 5 spanned by {xi, ..., Xp+3}. From computations entirely analogous
to those in characteristics 2 and 3, we know that the Specht module S®*21) has
basis {cy, ..., cpy3}, where ¢; = x; — xy for 2 <i < p+3, and that S(P+2DL hag

dimension 1 with basis {x; +x2+- - -+x,;3}. Consequently S¥+2DNgP+2DL —q
and DP*2D = §(p+2.1)

Fix z € D'P) with 7 #0. Let f : D) — resgi“D(l’”’l) be defined by f(z) =
axcy +azcs + - - - +ap43cp43. Notice that

z
fe HOHlkzp(D(p), reSEZH D(P+2,l))

if and only if f(z) = (12) f(z2) =(13) f(z2) =---= (1 p) f(2) since ¥, is generated
by (12), ..., (1 p). Since

(1)) f(z) =ax(ca—ci)+az(cz—ci)+---+ai(—c;)+- - +apy3(cpiz — i)
and
f@) =acr+azcz+- - +api3¢p43,

it follows that for all 2 <i < p we must have

ax(cz—c¢i)taz(es—ci) +- - +ai(—ci))+- - +apt3(cpt3 —¢i)

=axcrtazcz+ -+ ap13Cpy3.

Simplifying, we have

p+3
aici = (-z)

k=2
S0 a; = —ay —az — - - - — ap43. Since this holds for arbitrary 2 <i < p, we get
that ap = a3 = - - - = a,,. In particular, substituting this into the above equality with

i =2 we have
apy1tappptapz=—a—a—az—---—a,=—pay =0
since k has characteristic p. Hence f must have the form

f@)=acr+azes+ - +api3cpis

=a(ca+c3+ - +Cp) +ap+l(cp+l - Cp+3) +ap+2(cp+2 - Cp+3)-
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. . s .
From this, we can see that a basis for Homz, (D7), resEZ”D(””’l)) is {«, B, v},
where

a@=cr+ -+, =x1+x2+ - +x,,

B(2) = Cp+1 — Cp43 = Xpt1 — Xp43,

y() = Cp+2 — Cp43 = Xp42 — Xp43.
Recall from Proposition 2.1 that for a partition 7, we let s, denote the sum of all
elements in X, with cycle type corresponding to T and let K, denote the conjugacy
class corresponding to 7. Notice that since each element of X, permutes {1, ..., p},

we can conclude that oo =, o = B, and oy = y for any o € ;. From this we
can derive the action of kX7, on this basis, and the table describing this is

p+1
o B 14
St |Kele  |K: B [K:ly
(p+1 p+2) o Y B
(p+1 p+2 p+3) o y—B —B
L,y —a o 0
LP+2 0 Y a+ﬁ
Lpys « —a—y -—a—B

Notice that span{a} is a submodule. Comparing its action to the action described
in the table on page 880 we see that span{a} 2 M(P+3-(P)) The table describing
the action on the corresponding quotient module is

B Y

St |K:|B |KI_|J7
(p+1 p+2) Y B
(p+1 p+2 p+3) | v -8B =B
Ly 0 0
Lp+2 14 /?
Lpys —V —p

We now show that this quotient is simple. Since the quotient is two-dimensional,
we can show that it is simple by showing that there are no one-dimensional sub-
modules. We leave it to the reader to confirm that span{A} and span{y} are not
submodules. So let ag, a; # 0 and suppose for contradiction that span{agB + a7}
is a submodule. Then

((p+1 p+2)+(p+1 p+2 p+3))(aoB+a17) = aoy+aiB+ao(7 —B)+ai(—p)
= 2apy —aop,
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so for some ¢ € k, we have cay = —ag and ca; = 2ag. Thus, c = —1 and a; = —2ay.
Similarly,

((p+1 p+2)—(p+1 p+2 p+3))(aoB+a1y) = apy +aiB—ao(y —B)—ai(—B)
= (ap+2ay)p,

80 agp+2a; =0 since a; # 0. Thus, ag = —2a1, and since a; = —2ay, we must have
a; = 4a,. For char k # 3 this is a contradiction. Hence, span{agf8 + @y} is not a
submodule for all ag, a; € k and the quotient is a two-dimensional simple module.

6. D(P+2,1,(P) jn characteristic p # 3

In this section we compute the structure of D(P+21D.(P) gver a field of charac-
teristic p when p # 3 and prove Proposition 1.1. To compute the structure of
D(P+2.D.(P) we will need the following lemma.

Lemma 6.1. Let A be a finite-dimensional k-algebra, let Sy, ..., S, be simple
A-modules, and suppose K and L are A-modules with L having no S; as a compo-
sition factor and K having every S; as a composition factor. Let ¢ : K — L be an
A-module homomorphism, and let M be minimal among submodules of K having
every S; as a composition factor. Then M C ker .

Proof. Suppose, for contradiction, that M Z ker ¢. Then the inclusion M D ker N M
is strict. Refine the filtration M D (ker g M) D 0 into a composition series. Since M
is minimal among submodules of K having every S; as a composition factor, they
cannot all belong to the composition series of ker ¢ N M. Thus S}, without loss of
generality, is a composition factor of M /(ker¢o N M). But

M/(kerpNM)=p(M)C L,
so S is a composition factor of L, a contradiction. U

The remainder of this section will be devoted to the proof of Proposition 1.1.

Suppose k has characteristic p # 3. We first compute a basis for M((P+2:D.(P)),
Foreach 1 <i < p+ 3, let¢; be the (p + 2, 1)-tableau with i in the second row,
and let x; = {t;}. Then {xy, ..., x,43} forms a basis for MP+2D,

LetO#zeMP andlet f: MP — msii+3 MP+2D be defined by
p+3

f2)= Zanxn.
n=1

Since the transpositions (1 i) for 1 <i < p generate the group X, for f to be a
X p-homomorphism it is sufficient that [(1) — (1 i)]f =0forall2 <i < p. Fix
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one such i. Then

p+3
(D= DIf(2) = (Zanxn) - (a,-xl taxi+ ) anxn>
n=1

n#l,i
=a1x]+a;x; —a;x; — a1 x;
= (a1 —a;)(x1 — x;).

Thus we must have a; = a;. Since this must be true for all 2 <i < p, we deduce

that M((P+2:1.(P) has a basis {a, B/ }, where

p+1° 'Bp+2’ 'Bp+3
a(z) =x1+---+xp, ,3;,+2(z) = Xp42,
:3;)+1(Z) = Xp+1s ,3;+3 (2) = xp43.
From this it is easy to check that
a@)=x1+-+xp,  Bp2(2) =xpr2 —Xpy3,
Bp+1(2) = Xpr1 —Xp3,  Bp3(@ =x1+ -+ xpy3

is also a basis for M((P+2:D:(") The set {a, B,+1, Bp+2} can be identified with the
basis of Homyy, (DD, resy. Zp “D(I’Jr2 'Y found in Section 5, so we can deduce that

N = spanfa, Bp+1, Bpi2}

. . . z
is a subspace of M(p+2.D.(p)) isomorphic to Homys, (DD, resEZ”D(P”’])). Fur-
thermore, the table describing the action on B3 is

:3p+3
St |Kr|,3p+3
(p+1 p+2) Bp+3
(p+1 p+2 p+3) | Bp+s
L,y 0
Lp+2 ﬂp+3
Lp+3 2,8p+3

so K = span{f,3} is a submodule of M(P+2D:(") and comparing this table to
that on page 880 we see that it is isomorphic to M((?+3).(P) Hence we have the
direct sum decomposition

MPH2D.(7) — N p K.

We now compute DP+2.D.(P)_Since we know from Section 5 that the com-
position factors of Homyy, (D, DP*+2D)Y consist of simple modules not iso-
morphic to M(P+3.(P) it follows from Lemma 6.1 that N C ker¢ for every
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@ : MPF2D.(P) 5 N((pH3).(P) g0 that N € §(P+2.D-(P) The reverse inclusion
follows from the fact that N is the kernel of the projection of M((?+2:1.(P)) onto
K = M{@»+3).(P). Hence

S2D.00) _

We can deduce that K € §((P+2D.(P) L gince K is the image of the map
MP+3.(P) _y N((p+2,D,(p))

consisting of the isomorphism to K followed by injection. For the reverse inclusion,

let @ : MPHD) 5 M(P+2.D.(P) be nonzero. Since im¢p = M(PFT3):.(P) py

Schur’s lemma and K is the only composition factor of M((?*2.D-(P) jsomorphic

to M{P+3:(P) we must have img = K. Consequently K C §((P+2D.(P)L by

definition. Thus
S22t _

Since K NN = {0}, we have
~ ~ E
D00 = §(PH2D:0) {0} = N = Homy, (D, resy!** DP21)

as claimed. We showed in Sections 3 and 5 that Hom, x (D(F’) resy, Zpi3 D@21y was
neither simple nor zero for p # 3, and so the same must be true of DUP+2.1).(p)),

7. DG:D,3) in characteristic 3

In this section we compute the structure of D13 over a field of characteris-
tic 3 and prove Proposition 1.2. This module has a structure different from the
analogous modules DP*2.D-(”) in other characteristics because the spanning set
{a, Bp+1, Bp+2, Bpy3}in M((P+2.D:(P) fails to be linearly independent in character-
istic 3. The remainder of this section will be devoted to the proof of Proposition 1.2.

The method used in the proof of Proposition 1.1 to find a basis for M((P+21D.(P)
works when p = 3, so we have a basis

a(z) =x1+x2+x3, Bi()=x4, PBi(2)=xs5, Pgz)=x6
for M(G-D-G) However, since

(x1 + x2 +x3) + (x4 — x6) + (x5 — X6) = X1 + X2 + X3 + X4 + X5 — 2X¢
=x1+Xx2+x3+ X4+ X5+ X6

in characteristic 3, the set {&, By+1, Bp+2, Bp+3} used for the characteristic p # 3
case in Section 6 fails to be independent. Thus we use the basis

a(z) =x1+x2+x3, PBa(@)=x4—x6, Ps(z)=x5—x6, V6(2)=Xe.
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The set {«, B4, B5} can be identified with the basis of Homk23(D(3), resgg DO-D)
found in Section 4. Thus we can deduce that N = span{c, B4, B5} is a submodule of
MGD-6G) jsomorphic to Homys, (D, resgg’ D®:D). The corresponding quotient
has basis {)5s} and the table describing the action on this basis is

Y6
(12)+(13)+(23) | 0
(123)+(132) | 2%

(45) 76

(456) Y6
Ly 0
Ls Yo
Le 2%

Comparing this table with that on page 880 we see that

span{Bs} = M(©-3),

We now compute DG.D.3) - Recall that Homkg3(D(3), resgiD(s’U) has two
composition factors S; and S» not isomorphic to M(©®-3) 5o that the same is true
of N. Since N is the kernel of the projection

MOGDB) _y pG DG/ = (6.3
we have 8§(-D-3) C N. To show the reverse inclusion, fix a homomorphism

0 : MGD-0) _, (©.40

where u - 3; by Proposition 2.1 we know that M((©#) 2 resk Eak. Suppose

¢(B}) = a. Then ke
@(a) =@(Lax) = Lsa =0,
©(Bs) = p((1 — (46))B}) = (1 — (46))a = 0,
@(Bs) = ¢(((45) — (46))B;) = ((45) — (46))a =0,

so ¢(N) =0. Thus N C ker ¢, and since our choice of ¢ was arbitrary, it follows
that N € 8(G:1D:3)_ Consequently

§(G:D,G) — N

From Section 4 we know that Homk23(D(3), resgiD(S’l)) has a submodule L
isomorphic to M(©-®), Since

N = Homyz, (D, resy® DOD),
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it follows that N also has a corresponding submodule K isomorphic to M((©-3),
We can deduce that K € §(G:1D-3)Lgince K is the image of the map

S QAC N V(CRE))

consisting of the isomorphism to K followed by injection. Since the image of any
homomorphism M(©®-3) — MDD myst be isomorphic to M(©-3) and the
only composition factor of N isomorphic to M(©-®) is K. it follows that

8((5,D,3) g D.GNL — g

Thus
DED-G) = N/K = Homyx, (DD, ress® DEV)/L

as claimed.

8. M™M for A5, w2

The above computations show that in every positive characteristic there are pairs
of partitions (A, u) for which D*# is neither simple nor zero, as conjectured in
[Dodge and Ellers 2016]. However, it may be the case that this may be fixed by
choosing a different ordering on pairs of partitions; that is, it may be the case that
there exists a different ordering on pairs of partitions for which D*-*) is always
simple or zero. In this section we use the computer algebra system Magma [Bosma
et al. 1997] to generate the structure of the kZSX 2-module M** when A -5 and
i 2, and in the next section use this information to show that there does not exist
any such ordering in characteristic 2.
We will treat the cases when i = (2) and p = (1%) separately.

Case 1: ;= (12). Since M1 = kX, as kX,-modules, we have
M*1 — Homyy, (k%5, resgi MY = resgz M*

so we may compute in M*. This can be defined in Magma as a k ¥5-module through
the command

K := PERMUTATIONMODULE(SYM(5), YOUNGSUBGROUP(A : FULL :=5),GF(2));

However, we wish to define M®!”) as a k£X*-module. To do this we will find
the matrices of the action of the generators of kESE 2 on the basis of M*, and then
create a module over the matrix algebra that they generate.

Given an x € kESE 2 we may find the matrix of x acting on the basis of M*
through the function

mapmatrix := func<x | MATRIX(GF(2), DIMENSION(K ), DIMENSION(K),
[(VECTORSPACE(GF(2), DIMENSION(K)) ! (K.i * x)) : i in {1..DIMENSION(K)}])>;
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This function simply creates the matrix of x in the natural way. Magma has a
default basis for K, namely the elements K.i for 1 <i < dim K. Thus, for the i-th
basis vector K.i of K, we find K.i % x in terms of the basis of K and set it as the
i-th row of the matrix.

We will be using the generating set for kESE * given in Section 3, namely

k=2 =((12), (34), (345), L3, Ly, Ls).

Using the function mapmatrix we can create the matrix algebra generated by the
matrices of the actions of these generators through the command

A := MATRIXALGEBRA<GF(2), DIVENSION(K) |

mapmatrix ((Sym(5) ! (1,2))),

mapmatrix((SYm(5) ! (3,4))),

mapmatrix((Sym(5) ! (3,4,5))),

mapmatrix ((SYm(5) ! (1,3))) + mapmatrix((Sym(5) ! (2,3))),

mapmatrix((Sym(5) ! (1,4))) +
mapmatrix((SYm(5) ! (2,4))) + mapmatrix((Sym(5) ! (3,4))),

mapmatrix((SYm(5) ! (1,5))) + mapmatrix((Sym(5) ! (2,5))) +
mapmatrix((SYm(5) ! (3,5))) + mapmatrix((Sym(5) ! (4,5))) >;

We can then generate M*1) as a kESE *-module through the command
M := RMODULE(A);
and find its constituents with multiplicities via

CONSTITUENTSWITHMULTIPLICITIES(M) ;

Case 2: 1 = (2). We first find a basis for M©* @),

Proposition 8.1. Suppose k is a field of characteristic 2, let A -5, and fix a nonzero
z € M® = k. Then the functions defined by

x4+ (12)x  if x # (12)x,

f@) = {x if x = (12)x,

where x is a A-tabloid, constitute a basis for M @),

Proof. The independence of the functions f; follows immediately from the inde-
pendence of the tableau in M”*. Fix a nonzero z € M® =k and let

YY) Bs g sh
fiM? —>resg M

2

be defined by

f@)= Z axx.

x a A-tabloid
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To have f € M*®) it is necessary and sufficient that [(1) — (12)] f(z) = 0. Thus
we need

0=[-UDIf@= ) awx— Y  a:(12x

x a A-tabloid x a A-tabloid
= E ayx — E a2)xx = E (ay _a(12)x)x-
x a A-tabloid x a A-tabloid x a A-tabloid

Thus we must have ay = a(i12), for all x. This means that f(z) is a linear combination
of the functions fy(z), as needed. O

As before, we generate K = M” as a permutation module over kXs. To find a
basis for M* @) we first create a list consisting of sums of elements which are
mapped to each other via the transposition (12). We accomplish this through the
procedure below:

BASISSET :=[];
BASISGEN := procedure(~BASISSET, K)
for i in {1.. DIMENSION(K)} do
if K.i+ K.i * (Sym(5) ! (1,2)) eq ZERO(K) then
APPEND(~BASISSET, K.i);
elif K.i + K.i % (Sym(5) ! (1,2)) in BASISSET then

print “Skip”;
else
APPEND(~BASISSET, K.i + K.i * (SYm(5) ! (1,2)));
end if;
end for;

end procedure;
BASISGEN(~BASISSET, K);

For every basis element K.i of K, we add K.i((1) 4 (1, 2)) to the list BasisGen of
basis elements if K.i((1) + (1, 2)) is nonzero and K.i if it is zero. This constitutes
a basis for M* ) by Proposition 8.1. The elif statement excludes duplicate basis
elements.

Having created a list of basis elements for M*(®)_ we create the space spanned
by them as a subspace of the vector space of appropriate dimension. We can do
this through

W := sub<VECTORSPACE(GF(2), DIMENSION(K)) | [ELTSEQ(S) : s in BASISSET]>;

The Eltseq command coerces each basis element into a tuple so that it can be
embedded into the vector space.

Although our basis vectors are now elements of a vector space and not a permu-
tation module, we can still act on them by elements of kX5 by coercing vectors
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in W back into M*. We exploit this property to find the matrix of the action of
generators of k22> on M*® as follows:

A := MATRIXALGEBRA<GF(2), DIMENSION( W) |

MATRIX(GF(2), DIMENSION( W), DIMENSION( W), [COORDINATES(W, W ! (
(K ! Basis(W)[i]) % (Sym(5) ! (1,2))))
21 in {1..DIMENSION(W)}]),

MATRIX(GF(2), DIMENSION( W), DIMENSION( W), [ COORDINATES(W, W ! (
(K ! Basis(W)[i]) x (Sym(5) ! (3,4))))
i in {1..DiMENSION(W)}]),

MATRIX(GF(2), DIMENSION( W), DIMENSION( W), [ COORDINATES(W, W ! (
(K ! Basis(W)[i]) % (SYym(5) ! (8,4,5))))
2iin {1..DIMENSION(W)}]),

MATRIX(GF(2), DIMENSION( W), DIMENSION(W), [COORDINATES(W, W ! (
(K ! Basis(W)[i]) % (Sym(5) ! (1,3)) +
(K ! Basis(W)[i]) « (SYym(5) ! (2,3))))
2 iin {1..DIMENSION(W)}]),

MATRIX(GF(2), DIMENSION( W), DIMENSION( W), [COORDINATES(W, W ! (
(K ! Basis(W)[i]) = (Sym(5) ! (1,4)) +
(K ! Basis(W)[i]) % (Sym(5) ! (2,4)) +
(K ! Basis(W)[i]) * (Sym(5) ! (3,4))))
2iin{1..DIMENSION(W)}]) >;

MATRIX(GF(2), DIMENSION( W), DIMENSION( W), [COORDINATES(W, W ! (
(K ! Basis(W)[i]) % (Sym(5) ! (1,5)) +
(K ! Basis(W)[i]) % (Sym(5) ! (2,5)) +
(K ! Basis(W)[i]) % (Sym(5) ! (3,5)) +
(K ! Basis(W)[i]) x (Sym(5) ! (4,5))))
2iin {1..DIMENSION(W)}]) >;

The principle is identical to the algorithm used in the case u = (1?). The only
difference is that we are working in the intermediary vector space W rather than
directly in M”.

Having generated the algebra, we can define the desired module and find its
constituents with multiplicities as before.

9. Alternative partial orders

The structures of M**) when A -5 and - 2 are compiled in the Appendix. The
key piece of information we will use is that M**) has at least three composition
factors, except when (A, u) = ((5), (2)) or (A, u) = ((5), (1%)), in which case
we have M(®-@) = \((5.(") and both are one-dimensional. In particular, when
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(A, w) is neither ((5), (2)) nor ((5), (1%)), we know that M**) has two composition
factors nonisomorphic to M (-2,
Using this fact, we prove the following:

Proposition 9.1. In characteristic 2, there exists no ordering on pairs of partitions
(A, ) for which D™ is always simple or zero.

Proof. Let > be an arbitrary total order on pairs of partitions and let (Ag, (o) be the
most dominant partition such that (Ag, o) is not ((5), (2)) or ((5), (1%)). If (Ao, o)
is the most dominant partition then by definition D*0:#0) = §(*0:10) = [(*0:10) g0
DR is neither simple nor zero. Otherwise (Ag, (o) is dominated by ((5),(2)) or
((5), (1%)) or both. Then since M*0-40) has two composition factors not isomorphic
to M(®-@) = M- it follows from [Dodge and Ellers 2016, 1.2] that D Co-#0)
has two composition factors not isomorphic to M(®®) = (.0 1n particular
it is neither simple nor zero, as claimed. U

10. Concluding remarks

In Sections 6 and 7 we showed that the conjecture that D**) is always simple or
zero fails in every positive characteristic p, while Section 9 shows that in general a
different choice of partial orders will not correct the conjecture. However, in every
example computed in this paper D*+*) has had at most two composition factors,
and they have always been distinct. This suggests that there may still be a bound
on the composition length of D™**), even if it is not one as conjectured by Dodge
and Ellers.

In [Danz et al. 2013], Danz, Ellers, and Murray answered in the negative the
question of whether the F' G -module Hompy (S, resg T) is always simple or zero
for G a finite group and H a subgroup, F a field of positive characteristic, S
a simple FH-module, and T a simple FG-module. However, it was still open
whether there were counterexamples when FG and FH were symmetric group
algebras. Our computations in Sections 3, 4, and 5 provided examples of spaces
of the form Homyy, (D, resgj D*) which were neither simple nor zero, answering
this question in the negative as well. The space described in Section 4 has also
provided a counterexample to the conjecture that D**) = Homyx, (DH, resg’ D%)
when p 1 and A n, as demonstrated in Section 7. However, unlike the conjecture
on the simplicity of D**) we have only been able to provide a counterexample in
characteristic 3: the computations in Section 6 are in agreement with the conjecture.
Although we have shown that isomorphism cannot hold in general, it may be the case
that D*# is always isomorphic to a quotient of Homyy, (D*, resgl" D).

Finally, Dodge and Ellers [2016] established that every simple k¥ -module
appears as a composition factor of some D™ »). Though we have shown that those
simple modules are not the modules D**) themselves, our calculations may give
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hints as to how the simple modules appear as composition factors of the D™,
In particular, in our calculations the modules D**) always have a simple head.
Thus it is possible that the simple modules appear as simple heads of the D™, in
the same way that the simple kX,-modules D* appear as the simple heads of the
Specht module S* when A is p-regular.

Appendix: M*#) when A -5 and p 2

M* d Multiplicity M d Multiplicity
M. (2) 1 1 1 4
MG 1 @2an.ay 1 6
2 8
1 1 5 5
MED.@) 1
2 2 1 4
1 2 M@l 1 7
MDA 1 2 3
1 3 p@nin.ay 1 12
MELD.@ ) ) 4
2 o) 2 16
1 4 1 12
1 8
@.an.a2y 1 4 A(19.2)
M 2 2 2 16
2 4 2 4
1 2 1 16
1 4 5y (12 1 24
(@.2.1).2)) ((19),(12))
M 2 4 M 2 8
2 2 2 32

Table 1. The constituents of M™**) are modules of dimension d
(given in the middle column) over GF(2) with corresponding mul-
tiplicities given in the third column.
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