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The focus of this note is to learn more about the Kolmogorov equation describing
the dynamics of a randomly accelerated particle. We first explore some existing
results of the Kolmogorov equation from the stochastic and differential equation
points of view and discuss its solvability with and without boundary conditions.
More specifically, we introduce stochastic processes and Brownian motion and
we present a connection between a stochastic process and a differential equation.
After looking at stochastic processes, we introduce generalized functions and
derive the fundamental solution to the heat equation and to the Fokker-Planck
equation. The problem with a reflecting boundary condition is also studied by
using various methods such as separation of variables, self-similarity, and the
reflection method.

1. Introduction

In our studies of mathematics, we will often come across different types of pro-
cesses, including the stochastic process. A stochastic process is one that changes
randomly with time. Even if one starts at the same point, one cannot predict how
the process will evolve in the future. We can use stochastic processes to model
random fluctuations. The best known example of a stochastic process is Brownian
motion, which is the continuous, random movement of particles. It derives its name
from Robert Brown’s study [1828] of pollen floating on water; he noticed that the
pollen grains moved continuously, but he could not find a pattern to their movement.
Brownian motion is also a Markov process, in which future behavior depends only
on the current or previous state, and all other states are irrelevant [Ibe 2013].

Later, Einstein [1905; 1926] derived a diffusion equation for the density of
Brownian particles, whereas Smoluchowski [1906] created a kinetic model to
represent the collision of the particles.

When dealing with stochastic processes, in particular Markov processes, a useful
tool is the Chapman—Kolmogorov equation. This equation is used to determine the
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transition density function for moving from one state to another. The Chapman—
Kolmogorov equation is

+o00
p(x,t|y,s):/ px,t|z,r)p(z,r|y,s)dz fors<r<t. (1-1)

—00

This equation considers the fact that if you go from y at time s to x at time ¢,
you must go through an intermediate point z at time r [van Kampen 1981]. In many
stochastic processes, the Chapman—Kolmogorov equation is very helpful because
again, stochastic processes are random processes. We cannot predict exactly where
a particle will be at a given time; we can only predict the probability that the particle
will be at a certain point in a given time. This applies directly when we look at
Brownian motion. In the case of Brownian motion, the transition probability density
function is

1 2
plx,t]y) = ——e &M/CO for > 0. (1-2)
V2t

It is easy to see that p satisfies the partial differential equation (the heat equation)

2
8_p = l8_p (1-3)
dt 2 0x2
and the initial condition p(x,0]|y) = é(x — »). Here § is a generalized function,
which we will discuss more in detail in Section 3.1. This example illustrates the
connection between Brownian motion (stochastic process) and the heat equation
(differential equation) via the Chapman—Kolmogorov equation.

A wider range of diffusion processes can yield diffusion equations, which are
often called the Fokker—Planck equations. The Fokker—Planck equations have many
different applications such as modeling Brownian motion in drift, finance, and
physics [Risken 1984]. For this reason, it is worthwhile to learn about their many
properties and characteristics. The focus of this note is to investigate some properties
of the simplest kinetic Fokker—Planck equation, also known as the Kolmogorov
equation, given by

ap ap 9%p

N S R 1-4
0 = Vax Tha (1-4)

where
p=pt,x,v) forxeR veR, >0, and k> 0.

Here k is a diffusion coefficient. In the Kolmogorov equation, we have ¢, x, and v
as single variables, whereas the more complicated forms of the Fokker—Planck
equation consist of vectors in both x and v. It is important to look at the Kolmogorov
equation first because once the simplest form has been studied, similar techniques
may be applied to other forms of the equation.
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Because the Fokker—Planck equation is used to model the movement of particles,
it is necessary to look at some of the ways in which particles behave. In this note
we will look at the case in which a particle moves randomly in a given space. The
particle is not free to move as it pleases though; there is a wall, and once the particle
hits the wall it is bounced back to the original space. In previous works, researchers
(such as Skorohod [1961]) solved similar problems using approximation methods.
In this work, we attempt to do so using separation of variables, self-similarity, and
the reflection method.

2. Stochastic process of Fokker—Planck equation

We start out by determining if, like Brownian motion, the Fokker—Planck equation
(1-4) comes from a stochastic process. For simplicity, we will take k = 1. A general
form of the Fokker—Planck equation is

—=—Z—(b,p)+ Z - E)x(”p) 1

i,j=1

where 7 is a positive integer, b; is the drift coefficient and a;; is the diffusion
coefficient.

Let us first consider n = 2. Letting x = x; and v = X, we see that in (1-4), v

is the same as b;. Since x is not included in this term, we will form a vector b such
that b = [x5, 0]7. Notice also that in (2-1),

n=2 32

52

(alj P)

is nonzero only when both i and j are equal to 2. Therefore a1; = a1y =az; =0
and a;, = 2, so we have a matrix

Az(aij)zoaT = |:g g:|

A stochastic differential equation for X = [x1.x2]7 has the form
dX = b(X,t)dt +o(X,¢)dB. (2-2)
Plugging in our values, we have
dxq 0 0
= dt
an] =[] [o ]2
Multiplying these out, we obtain

dx; = x,df and dx, = +2dB,.
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Recalling that x = x, v = X,, and letting d B = £(¢) d¢ (white noise), we obtain
dx =vdr, dv=2&(r)dr.

We have found the stochastic differential equation for the Fokker—Planck equation.
Looking at the solution above, we see that

Therefore, the Kolmogorov equation models a randomly accelerated particle.
We can do the same with the multidimensional Kolmogorov equation with no
external forces. For instance, (1-4) can be generalized as

d
a—’; = —v-Vyep+Ayp. (2-3)

where p = p(t,x,v) and x € R3, v € R?. Recall that
V- Vi p =010x, p +020x, P + 03055 p. (2-4)

Similar to the previous case, we will let x = (x1, X2, x3) and v = (x4, X5, X¢).
Notice n = 6 in this case. We see in (2-1), v; is the same as b;. Let

B = [X4, X5, X¢, 0, 0, O]T
Notice that in (2-3), the term

2

0
0x;0x;

1 n=6
5 > (aijp)
i,j=1

only exists when both i and j are equal to 4, 5, and 6. Therefore, we have a matrix A
in which a44 = ass5 = ag¢ = 2 and all other terms are equal to 0. This gives us
degenerate diffusion, which is different from Brownian motion. Here, “degenerate”
means that the diffusion coefficient matrix is nonnegative, but not positive definite.
We also know that our vector X = [x1, X2, X3, X4, X5, x6]T. Recalling the general
form of a stochastic process (2-2) and plugging in our vectors and multiplying them
out, we obtain

dx; = x4 dt, dx, = x5 dt, dx; = x¢ dt,
dxs = v2dB,, dxs=+/2dBs, dxg=~2dBs.
We have once again found the stochastic differential equations, so we know that
the kinetic Fokker—Planck equation (2-4) comes from a stochastic process. The

result of this section is well-known and we refer to [van Kampen 1981] for more
discussion on the stochastic processes and the Fokker—Planck equation.
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For the rest of the note, we will study the properties of the solutions to (1-4) and
(2-3) by using various methods.

3. Fundamental solutions of the Fokker—Planck equation

The fundamental solution is the solution of a particular equation with initial data
at a single, concentrated point. The idea behind this is that if we have enough
information about the solution of an equation at this infinitely dense point, we can
draw enough information about the behavior of the equation at other points.

3.1. Delta function and fundamental solutions. We use the delta function (which
is referred to as a generalized function) to represent the infinitely dense point. The
delta function is formally defined by

I

such that 5
/ d(x—&)dx =1 aslongasa<§& <b.
a

An interesting and very helpful property is that for any function f(x),

b
/f(x)S(x—E)dxzf(é) ifa<é&<b.

The above properties hold even if ¢ = —o0 and b = +o00. Because of the
information it yields, we often use the delta function as the initial condition when
searching for fundamental solutions.

The definition of a fundamental solution for a linear differential operator L is

LF =0, Fy=g) =38. (3-D

3.2. Heat equation. In the introduction, we presented an example of the probability
density function for Brownian motion when looking at stochastic processes. In this
section, we show that we can also find a solution without considering a stochastic
process. For instance, we can use the Fourier transform method to give rise to the
fundamental solution of the heat equation [Olver 2014]. We denote the solution as
u(t,x) = F(t, x; &) and set the initial condition to be F(0, x; &) = §(x —&). This
must satisfy the heat equation (1-3), so we know
OF _9°F
o ax2
We must now reconstruct the equation using the properties of linearity and the

Fourier transform method. After solving this, we take the inverse Fourier transform
to obtain the fundamental solution of the heat equation (1-3).
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We find that
Pl =—— [ T ekeo kg,
,X,8) = —— e
1 2
_ —(x—§)7/(41)
= —c° fort > 0.
2/t

Recall the probability density function (1-2). In this section we obtained the
same result, except we are off by a multiple of % The reason for this is that here,
we started with the diffusion coefficient k = 1 instead of k = %

Once we have the fundamental solution of a differential equation, we can find
other solutions using the convolution

u(t,x)=(Fx* f)(,x), (3-3)

where
(F % f)(t.x) = / F.x.6) /€)
EeR

and with the initial condition #(0, x) = f(x).

3.3. Kolmogorov equation. In this section, we are interested in constructing the
fundamental solution to the Fokker—Planck equation (1-4) and (2-3). In fact,
Kolmogoroff [1934] provided the formula for the fundamental solution to the
Fokker—Planck equation, but did not give any details on the construction. After
finding the solution for the Fokker—Planck equation, we will consider the case of
the Kolmogorov equation.
Tanski [2004] found the fundamental solution of the Fokker—Planck equation

on on an an

+v +vya +v282_

0 0 i
LN oG + G+ ()

=k &n +32_n+82_n (3-4)
Bv sz dv2

He used the method of characteristics to come up with the fundamental solution of
the form

1 T\ | 20
=(2n)6(k«/5) {‘”‘_D[( T

2 1 A " n nn
— (;(1 —e %) — ﬁ(l —e_“’)) (X0x + 0y + 207)

t 2 —at 1 —2at
+(;—a—3(1—e )+2a—3(1—e ))(v + 1, +v)}}, (3-5)
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where
£ =x—(x0+ (vyxo/@)(1 —e™*)),
P =y—(o+ (vyo/a)(1—e™*)),
2=1z—(z0+ (vzo/a)(1 —e™ ")),
_ det(A4)
==
and A is a matrix with
(1= —2at —2(1 = —at\2
det(d) = 2% =)~ 20— )7

a4

This matches the results of [Kolmogoroff 1934].
In our case, we would like to look at a slightly more specific equation. We look
at the Fokker—Planck equation of the form

0 p+v-Vyp=Ayp, (3-6)

which can be rewritten as

8,p+v18xlp+v28pr+v3 x3P = (8 p—i-a 2p+3 ;p)

We follow Tanski’s method in order to find the fundamental solution of our equa-
tion. The result does not follow directly from [Tanski 2004]. We have that
X = X1,y = X2,z = X3, and vx = V1,V = V3,V; = v3, and k = 1. We let
N = N(, p1, p2, P3.491.92,¢3) be the Fourier transformation in (x,v). It is
equivalent to

1
(2m)°

/ e TH P X2 Py X3 Py FVI1 +020240343) gy dix, s dog du, dos.
RO

In terms of N, the Fourier transform equals
3tN—P13q1N—P23q2N _P3aq3N = (ql +Q2 +Q3)N

We then come up with

0 0 0 —p1 —p2 —pP3 (g7 +4q5+43)

Solving this we find

P1 = Pio, D2 = P20, P3 = P3o,
q1 = —p1t +q10, 492 =—p2t +4q20, 43 =—p3t+q3o,

N = Noe—%((p1+p2+p3) t3—(pltho+pzqzo+paqso)t2+(q10+t120+q30)t)



406 MICHELLE NUNO AND JUHI JANG

Plugging in our values for g1¢, 29, and ¢3¢, we obtain
N =N, eXp{—%((pf + 3+ p3)30°
— (p1(q1 + p1t) + p2(q2 + pat) + p3(qs + p3t))*
+ (g1 + p10)* + (g2 + p2t)* + (g3 + P31)2)f)}

which leaves us with

N = Noe—%((p%+p§+p§)%t3—(plql +pzqz+p3q3)t2+(q%+q§+q§)t)'

We take the initial density value as
ng = 8(x1 —x10)8(x2 — x20)8(x3 — x30)8(v1 — X10)3(v2 — X20)8(v3 — X30).

The Fourier transform of the initial density becomes

No = e~ (X10 P1+X20 P2+X30 P3 V1041 +02092+V3093)

Plugging in the initial values we obtain

]/VB — o~ i(x10P1+X20P2+X30P3+V10(P124+4G10)+v20(P21+420)+v30(P37+430))

which is the Fourier transform of

1o = 8(x1 — (x10 + v107))8(x2 — (X20 + V201))
8(x3 — (x30 + v307))8(v1 —v10)8(v2 — V20)8(V3 — V39).

In our example, we get the matrix A to be

1.3 1.2
A:|:§t _§I:|

1,2 ’

—5t t

This matrix is created from the terms related to N, where a1 is the term coming
from piz, and the a1, and a,; terms are obtained by dividing the term for p;g; in
half. Finally, a;, is the term associated with ql.z. Its determinant is

1.4
det(A) = ﬁl

and
det(4)
)

D=-2L* since D= and k=1.

12

The inverse is given by
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We now combine 77y with 47! to obtain

1 T 3 R 3
G = W(m) 7 exp{—z—4(t(xf+x§+x§)—zz(x1v1 4+ X303 +X303)

+102 (v} +v3 403 )}

which gives us

1 7\ 3 a2 ~2 2y 2~ o~ ~
G = expy—— (F(X17+x2"+Xx37) =17 (X101 + X202 +X30
(2n)6(k /—D) P{ [4((1 2 37)—17(X101 + X202 +X303)
+§z3(a2+@2+f32))}.

Plugging in D = %t“, we have

1(@

- Qm)e\ 2

~

3
3, 2 o . e~ o
) exp{—[—4(t(x12+x22+x32)—12(x1vl+ 202 +X303)
HE@ R ). |
where

=x1 —(X10 +vi0t), X2 =x2—(X20 +v20t), X3 =x3—(x30+ V300),

) 5

= V1 — V10, U = V3 — V2o, U3 = v3 — V30.
The same procedure can be performed for the Kolmogorov equation (1-4):
0rp+vixp = aﬁp.
We obtain the fundamental solution

_ 1 2V/37 — 3 (122—1220+41392) ]
em\2 )¢ ’ G

where X = x — (xg + vot) and U = v — vy.
If we want to solve a problem with general initial conditions, we can do so using

P(Z,X,U)Z/ G(t, x, v, X9, Vo) p(Xg, o) dxo dvg. (3-8)

This gives a representation formula for a solution to the Kolmogorov equation in
the whole space.

Remark 3.1. After this work had been performed, we found out that Tanski [2008]
solved the problem. We refer to [Tanski 2004; 2008] for more details on the
construction of the fundamental solution of the general Fokker—Planck equations.
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4. Reflecting boundary conditions

Oftentimes, particles are not free to move around as they please; they are influenced
by their surroundings. This is the focus of this section. In particular, we are
interested in the case where the particle is reflected back to the plane once it hits
the boundary (or wall). Consider, for example, that {x = 0} is the wall of the
domain {x > 0, v € R}. We represent this behavior with the boundary condition

p(0,—v) = p(0,v) for all v. 4-1)

The first natural question is: are there any “simple solutions” of (1-4) satisfying
this boundary condition? We first consider the possible stationary solutions. The
equation to solve is

vdxp =3, p, (4-2)

with the condition (4-1).
4.1. Stationary solutions. Suppose the solution to (4-1)—(4-2) takes the form
p(x.v) = X(X)V(v). (4-3)
Plugging this into (4-2), we get
v X'V =XV".
Dividing both sides by vX'V and letting this equal —A, we get

X/ Vl/

Y ~w o

Solving for X we find
X(x) = Xoge ™,

where X is some constant.
We now try to solve for V. Because of the boundary condition, we know that V'
must satisfy

V() = V(-v).

It will also satisfy
V"(v) = V"(-v).

Replacing these values we find
=2V (v) = AV (—v).
Using our boundary condition, we obtain

AV (v) = AV (v).
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Moving everything to one side we see that
=2AvV(v) = 0.

We do not want v or V(v) to equal 0; therefore A = 0 must be true. This also means
that V" = 0. Integrating leads us to the solution V(v) = av + b. We need this
equation to satisfy the boundary condition, which in turn leads us to the conclusion
that V(v) = b.

Now that we know A, let us solve for X. Plugging in our value of A, we find
that X' (x) = Xj. Recall the form from (4-3). Therefore we get p(x, v) = C, where
C = Xyb. Hence we see that only constants will solve the problem.

In many cases, the total mass of particles is positive. If we view p as a probability

density, then
/ / p(x,v)dxdv=1.
x>0 JveR

Since the domain is infinite, no constant will satisfy this criterion. There is no other
interesting solution to the stationary problem by using separation of variables.

4.2. Kummer functions. We will try again to find a solution to (4-1)-(4-2)- by a
different method. Because of the scaling invariance property of the equation, we
want a solution of the form

p(x,v) = x%¢(—v*/(9x)).
When done this way, we get
0xp = ax*" ¢+ (7 /(Ox%)x"¢/.
0y p = x%(=302/(9x))*¢" + x* (=6v/ (9x))¢'.
After some calculations, we obtain
z¢" + (3 —2)¢' +agp =0, (4-4)

where z = —v3/(9x). This form satisfies the Kummer equations. Equation (4-4)
has two independent solutions: M and U [Abramowitz and Stegun 1965].

We now examine the asymptotic behavior of the solutions to see whether the
boundary conditions are satisfied by these solutions. Our boundary condition is
given in (4-1): p(0,v) = p(0, —v).

Taking the boundary condition into account, when x approaches 0 and v > 0,
we notice z approaches +o00, and when x approaches 0 and v < 0, we notice z
approaches —oo. Therefore, we will study the asymptotic behavior of the solution of
(4-4) as z approaches 400 and —oo to match the boundary condition. We start with
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the first kind of solution M. From [Abramowitz and Stegun 1965, 13.1.5], we obtain

(2
M (-0, 3.—z2) ~ (—3)2“ as z — 400, (4-5)

2
L@ +a)
and from [Abramowitz and Stegun 1965, 13.1.4],

2
r (g)ez z7%73
M—a,z,z ~—3 " a5 z— +oo. 4-6
The behavior as z approaches +oo differs from when z approaches —oo. There-
fore, the first kind of solution does not satisfy the boundary condition.
Now we will look at our second independent solution, U(—c, 2. 7). Recall the

3 ’
solution from [Abramowitz and Stegun 1965, 13.5.2]:

R1 (o) (1— o — 2
U(ada) == {3 = U-o 3)"(—z>—"+0(|z|‘R)},

n=0

where —%n <arg(z) < %n.
As z approaches 400, the defining behavior becomes

U(—a, %, Z) ~ z%.
Let us define a new variable S so that
z=—v}/9x)=-83=(-S)® where S €R, —%J‘[ <arg(—S) < %J‘[.
Therefore, we obtain
U(—a, %,—53) ~|SPP*  as § — —oo.

In order to examine the behavior as z approaches —oo, we look at [Abramowitz
and Stegun 1965, 13.1.3]:

M(—a,2,2) o M(1—a-2,2-2,2)
U(—a, 2,2)= T { 3 1 3 3 } 47
S L (= T R YT N M

Recall that z = —S? and the previously obtained formula (4-5). Plugging this
into (4-7), we obtain

/4 1 1
U, 3.-8%) = { + } >,
(@3 ) sin(%n) F(%—a)F(% +a) T(=o)l(1+a)
We now use the following identity from [Abramowitz and Stegun 1965]:

r—x)rd+x)=-—

sin(rx)’
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which gives us

al T
n(r(Era) N4 TCOTEFO=S

F(% _O‘)F(% + a) = sin(rra)’

Recall the trigonometric identity

sin(n (a + %)) —sin(ra)

sin(%n)

= 2cos(m(a + 1)).
As aresult,
U(-a. 3,-8%) ~2cos(n(a+1))S* as S — +oo.
If our boundary conditions are satisfied, then we have

2cos(71(oz + %))|S|3“ =|S3%;
hence,
2cos(m (o + %)) = 1.

Solving for o, we find that ¢ = 0 or o = —%.

In the case that @« = 0, we would obtain a constant, which has been already found
in the previous section by separation of variables. In the case of o = —%, there is a
singularity near the origin. However, it turns out that it is positive and integrable
near the origin. The solution

p(x,v) = x_%U(%, 2, —v’/(9x))

to the stationary problem (4-1)—(4-2) could be useful in studying the behavior of
the solution with the boundary condition near the boundary. We refer to [Hwang
et al. 2015a] for more discussion on the Kummer functions and their applications
to the Kolmogorov equation (1-4).

5. Reflection method
We will now try to solve (1-4),
3, p+vdxp=0d;p,

where x > 0, v € R and ¢ > 0. We also require that p(z, x, v) satisfies p(¢,0,v) =
p(t,0,—v) and initial data p(0, x, v) = po(x, v) satisfies the compatibility condi-
tion po(0,v) = po(0, —v).

Although we do not know the solution of this problem yet, we do know the
solution on the whole real line (when x € R). Therefore, we will attempt to use the
reflection method to solve our problem.

The main result of this section is the following.
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Theorem 5.1. Define

+o0 p+4o00
p(t, x, v)=[ / [G(t, x,v,x0,v0)+G(t, X, v, —Xq, —Vo)] po (X0, Vo) dxo dvg
—o0 JO

fort>0,x>0,veR. Here G is the fundamental solution obtained in Section 3.3
and py is the given initial data for our problem. Then p(t, x, v) satisfies:

(1) pr+vpx = pyp fort >0,x>0,veER.
(2) lim; 0 p(t, x,v) = po(x,v) forx >0,v €R.
(3) p(t,0,v) = p(t,0,—v) fort>0,veR.

Proof. In order to prove the theorem, we first assume that p solves our problem
and extend p to the whole space.

We let
p(t, x,v), x>0,

q t’ 9 =
q(t,x,v) {p(z,—x,—v), x <0,

and let

Ppo(x,v), x>0,

do(x0,v0) =¢(0,x,v) =
po(—x,—v), x<0.

We see that g (¢, x, v) satisfies our boundary conditions: plugging in 0 for x, we
have
p,0,v)=p( 0,—v) ifg(¢, x,v)is continuous.

First, we check that g solves the problem in the whole space. We know that
the equation satisfies the problem when x > 0, since this is our original problem.
However, we must check that the second half of our solution also satisfies the
problem.

When x < 0, we find that ¢ = p(¢, —x, —v) satisfies

d:q(t, x,v) = s p(t, —x, —V),
0xq(t,x,v) = —0x p(t,—x, —V),
8%(]([, X,v) = —8%17(1, —X,—V).
On the other hand, since —x > 0, we have that p(¢, —x, —v) satisfies the equation
3¢ p(t, —x, —v) + (=) (dx p(t, —x, —v)) — 33 p(t, —x, —v) = 0,
which is the same as
3 p(t, —x, —v) + (V)(=dx p(t, —x, —v)) — 32 p(t, —x, —v) = 0.
Now by using the above relations for the derivatives of g, we see that

3:q(t, x,v) +v(0xG(t, x,v)) — 02G(t, x,v) =0
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for x < 0. Since we have seen that ¢ solves the whole space problem, we can
obtain the solution g (¢, x, v) with the extended initial data ggo(x¢, vo) by using
G(t, x, v, Xg, Vo), where G is the fundamental solution we obtained earlier in (3-7),

—+o00 —+o00
q(t,x,v) :/ / G(t, x,v,Xg, V9)o(x0, Vo) dxg dvg
—00 —00
+o00 +o0
Z/ / G(t,x,v, X9, Vo) po(xo, vo) dxo dvg
—00 0

+oo 0
+/ / G(t,x,v,Xg, Vg) po(—x0, —vg) dxgo dvg.
- —00

o0

Let X = —x¢ and ¥ = —vy. We get
‘oo p+o0
g, x,v) = / / G (2, x, v, X0, Vo) po(xo, Vo) dxo dvg
—00 0

+oo ptoo
—l—/ / G(t,x,v,—X,—0) po(X, v) dx dv.
—00 0
We can now add the two parts and we obtain

+o00 p+00
Cf(t,X,v)=/ / [G(t,x,v,x0.,v0)+G (. X, v, —X0., —Vo)] po (X0, Vo) dx¢ dvg.
—o0 JO

This is a solution to the whole space problem, but we are only looking for the
solution to the half line. Therefore, we restrict the solution to x > 0, v € R, ¢ > 0.
It is now clear that the first two conditions in the theorem are satisfied. We must
now check the third condition.

Recall our solution

q(t,x,v)
:/+OO/+OOPO(XO v0) V3 e—{%(t(x—xo—vot)z—tz(x—xo—vot)(v—vo)—i-%(v—vo)z)
—00 JO ’ 2mt?

\/§ —‘1(t(x—l—xo+v0t)2—t2(x+x0+v0t)(v+v0)+’33(v+v0)2):|dxo dvg.

+ e
2mt?

Let us check if our boundary conditions are satisfied:
q(t.0,v)

. too poo (X0, Vo) \/ge—t%(t(xo+v0t)2—t2(xo+v0t)(vo—v)+%13(v—v0)2)

n V3 e—t‘z(t(xo+v0t)2—t2(x0+v0t)(v+vo)+§t3(v+v0)2):| dxg dvp.

2mt?
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q(,0,—
oo oo J3 3 2_42 1,3 2
/ / Po(xo, v0)|:2 t2 4(t(xo+v0t) t*(xo+vot)(vo+v)+32° (v+vo) )

+ dXO dl)() .

V3 e—ti(t(xo+U0t)2—t2(xo+vot)(vo—v)+§t3(v—v0)2):|
2mt?

As we can see, both of these are equal and therefore our solution meets all three
conditions. We see that ¢ = p and find that when ¢ is restricted to the half line, it
is p defined in the statement of the theorem. O

6. Conclusion

Our note focuses on the Kolmogorov equation and teaches us some of its important
properties. We first introduced stochastic processes including Brownian motion.
Next, we searched for stationary solutions to our equation. We started off by looking
for a solution of the form p(x, v) = X (x)V(v). When looking at this case, we found
that the result is a constant. Next, we searched for a solution of self-similar type,
but this time one of the form p(x,v) = x%¢(—v3/(9x)), because of the scaling
invariant property of the equation. In our attempt to solve this we found that with a
reflecting boundary condition, a nonconstant solution exists when o = —5. We also
found the fundamental solution to the heat equation and the Kolmogorov equation.
Once we had the fundamental solution, we were able to solve the differential
equation with reflecting boundary condition. We first solved the problem on the
whole space and then restricted it to the half line. Now that we have completed
our investigations, it would be worthwhile to see the behavior of the Kolmogorov
equation with different boundary conditions. In the case of absorbing boundary
conditions, we refer to [Hwang et al. 2014; 2015b]. It would be interesting to
investigate the long term behavior of the solutions, particularly whether the solution
to the evolution problem would converge to the stationary solution. We leave this
study for future projects. In addition, it would be useful to look at some of the many
applications of this multifaceted equation. These investigations would be beneficial
for many fields and could provide insight to some of the more obscure areas.
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