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The link of the A, singularity, L4, C C* admits a natural contact structure &
coming from the set of complex tangencies. The canonical contact form o
associated to & is degenerate and thus has no isolated Reeb orbits. We show that
there is a nondegenerate contact form for a contact structure equivalent to & that
has two isolated simple periodic Reeb orbits. We compute the Conley—Zehnder
index of these simple orbits and their iterates. From these calculations we compute
the positive S!-equivariant symplectic homology groups for (L 4,, &). In addition,
we prove that (L 4,, &) is contactomorphic to the lens space L(n+1, n), equipped
with its canonical contact structure £gq.

1. Introduction and main results

The classical topological theory of isolated critical points of complex polynomials
relates the topology of the link of the singularity to the algebraic properties of the
singularity [Milnor 1968]. More generally, the link of an irreducible affine variety
A" C CV with an isolated singularity at O is defined by L4 = AN SSZN *1 For
sufficiently small 8, the link L 4 is a manifold of real dimension 2n — 1, which is
an invariant of the germ of A at 0. The links of Brieskorn varieties can sometimes
be homeomorphic but not always diffeomorphic to spheres (see [Brieskorn 1966],
a preliminary result which further motivated the study of such objects). Recent
developments in symplectic and contact geometry have shown that the algebraic
properties of a singularity are strongly connected to the contact topology of the link
and symplectic topology of (the resolution of) the variety. A wide range of results
demonstrating the power of investigating the symplectic and contact perspective
of singularities include [Keating 2015; Kwon and van Koert 2016; McLean 2016;
Ritter 2010; Seidel 2008b; Ustilovsky 1999].

In this paper we study the contact topology of the link of the A, singularity,
providing a computation of positive S'-equivariant symplectic homology. This
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is done via our construction of an explicit nondegenerate contact form and the
computation of the Conley—Zehnder indices of the associated simple Reeb orbits
and their iterates. Our computations show that positive S'-equivariant symplectic
homology is a free (D[«#] module of rank equal to the number of conjugacy classes
of the finite subgroup A, of SL(2; C). This provides a concrete example of the
relationship between the cohomological McKay correspondence and symplectic
homology, which is work in progress by McLean and Ritter [> 2017]. As a result,
the topological nature of the singularity is reflected by qualitative aspects of the
Reeb dynamics associated to the link of the A,, singularity.
The link of the A,, singularity is defined by

La,=f'ONS*CC  fa, =20 +2z12. (1-1)
It admits a natural contact structure coming from the set of complex tangencies,
:‘;:0 = TLA,, N JO(TLAH)-

The contact structure can be expressed as the kernel of the canonically defined

contact form,
X m
i S
% =3 <2(:)(Zdej — Zdej))
]:

The contact form « is degenerate and hence not appropriate for computing Floer-
theoretic invariants as the periodic orbits of the Reeb vector field defined by

La,

O{o(RaO) = 1, LRaOd(XO =0

are not isolated.

Our first result is the construction of a nondegenerate contact form « such that
(La,,kerag) and (L4, , ker oe) are contactomorphic. Define the Hamiltonian on
C> by

n?

H:C >R,
(20, 21, 22) > |27 +e(lz1]* = |z21),

where € is chosen so that H > 0 on S° We will show
_ 1 1(m+Di
e = H[ 8
is a nondegenerate contact form. We also find the simple Reeb orbits of R,
and compute the associated Conley—Zehnder index with respect to the canonical
trivialization of C? of their iterates.

(zodZo — Zodz0) + i(zldzl —z1dzy +720d70 — zzdzz)] (1-2)

Theorem 1.1. The 1-form o, is a nondegenerate contact form for L 4, such that

(La,,kerag) and (La,, kera.) are contactomorphic. The Reeb orbits of R, are

n?
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defined by
ya(t) = (0,20 0y 0<t<m/(1+e),

y_(t) =(0,0,e%179 0<t<m/(1—e).

The Conley-Zehnder index fory =y in0 <t < Nmw/(1%e) is

w (yN)zzq 2N J+LN(1$€)J—L2N J)+2N+1 (1-3)
RS n+ D1 +e) 1+e l+e '

Remark 1.2. If € is chosen such that 0 < € < 1/N then (1-3) can be simplified to

=2 |
pezr== wxna-eo]

pez(vi) = 2L2—NJ +1

* (n+1)(1+e) ‘

The proof of Theorem 1.1 is obtained by adapting methods of Ustilovsky [1999]

to obtain a and to compute the Conley—Zehnder indices. The Conley—Zehnder

index is a Maslov index for arcs of symplectic matrices and is defined in Section 2D.

These paths of matrices are obtained by linearizing the flow of the Reeb vector field

along the Reeb orbit and restricting to &y. To better understand the spread of the
Reeb orbits and their iterates in various indices, we have the following example.

(1-4)

Example 1.3. Letn =2 and 0 < e K %. Then

ncez(y-) =1, pczlys) =1,

pez(v?) =3, nczy}) =3,

pez() =5, ncz(vi) =3,

pez(v) =5, nczlyi) =5,

nez(y) =1, pez(y)) =1,

nez(v® =9, nczyd) =1,

pez(yD =9, nez(y)) =9.
It is interesting to note that the spread of integers is not uniform between ¢z (yY)
and pucz(y frv ), and where these jumps in index occur. However, we see that there

are n = 2 Reeb orbits with Conley—Zehnder index 1 and n + 1 = 3 orbits with
Conley—Zehnder index 2k + 1 for each k > 1.

Remark 1.4. Extrapolating this to all values of n and N demonstrates that the
numerology of the Conley—Zehnder index realizes the number of free homotopy
classes of L4, Recall [XL4,] = mo(XLy,) = m1(La,)/{conjugacy classes} and
Hi(La,,Z) = Z,+:. The information that the (n + 1)-th iterate of y4 is the first
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contractible Reeb orbit is also encoded in the above formulas. Qualitative aspects of
the Reeb dynamics reflect this topological information in the following computation
of a Floer-theoretic invariant of the contact structure &.

Theorem 1.1 allows us to easily compute positive S!-equivariant symplectic
homology SH,;S : Symplectic homology is a Floer-type invariant of symplectic
manifolds with contact-type boundary; see [Seidel 2008a]. Under additional as-
sumptions, one can prove that the positive S'-equivariant symplectic homology
S H*Jr :$" is in fact an invariant of the contact structure; see [Gutt 2015, Theorems 1.2
and 1.3; Bourgeois and Oancea 2012, Section 4.1.2]. Because of the behavior of the
Conley—Zehnder index in Theorem 1.1, we can directly compute S H~5 (L A,» £0)
and conclude that it is a contact invariant. As a result, the underlying topology of
the manifold determines qualitative aspects of any Reeb vector field associated to a
contact form defining &.

Theorem 1.5. The positive S'-equivariant symplectic homology of (L A, §0) IS

Q" *x=1,
SH S (L4, &)= 0", %> 3andodd,
0, * else.

Proof. To obtain a contact invariant from S H5 ' we need to show in dimension 3
that all contractible Reeb orbits y satisfy ucz(y) > 3; see [Gutt 2015, Theorems 1.2
and 1.3; Bourgeois and Oancea 2012, Section 4.1.2]. The first iterate of y+ which
is contractible is the (n + 1)-th iterate, and by Theorem 1.1, will always satisfy
pmcz(y+) = 3.

If « is a nondegenerate contact form such that the Conley—Zehnder indices of
all periodic Reeb orbits are lacunary, meaning they contain no two consecutive
numbers, then we can appeal to [Gutt 2015, Theorem 1.1]. This result of Gutt
allows us to conclude that over Q-coefficients the differential for SHS'+ vanishes.
In light of Theorem 1.1 we obtain the above result. (]

Remark 1.4 yields the following corollary of Theorem 1.5, indicating a Floer-
theoretic interpretation of the McKay correspondence [Ito and Reid 1996] via the
Reeb dynamics of the link of the A, singularity. The A,, singularity is the singularity
of fA_n1 (0), where f4, is described as (1-1). This is equivalent to its characterization
as the absolutely isolated double point quotient singularity of C>/A,, where A, is
the cyclic subgroup of SL(2; C); see Section 4A. The cyclic group A, acts on C?
by (u, v) — (62711'/(114»1)”’ eZm’n/(rH»l)U)‘

Corollary 1.6. The positive S'-equivariant symplectic homology S HF 5! (La,,é0)
is a free Qu] module of rank equal to the number of conjugacy classes of the finite
subgroup A, of SL(2; C).
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Remark 1.7. The ongoing work of Nelson [2015; > 2017] and Hutchings and
Nelson [2014; >2017] is needed in order to work under the assumption that a related
Floer-theoretic invariant, cylindrical contact homology is a well-defined contact
invariant of (L4, , &). Once this is complete, the index calculations provided in
Theorem 1.1 show that positive S'-equivariant symplectic homology and cylindrical
contact homology agree up to a degree shift.

Bourgeois and Oancea [2012] prove that there are restricted classes of contact
manifolds for which one can prove that cylindrical contact homology (with a degree
shift) is isomorphic to the positive part of S!-equivariant symplectic homology
when both are defined over Q-coefficients. Their isomorphism relies on having
transversality for a generic choice of J, which is presently the case for unit cotangent
bundles DT *L such that dim L > 5 or when L is Riemannian manifold which admits
no contractible closed geodesics [Bourgeois and Oancea 2015]. Our computations
confirm that their results should hold for many more closed contact manifolds.

Our final result is an explicit proof that the singularity (L4, , &) and the lens
space (L(n+ 1, n), £xq) are contactomorphic. The lens space

Lin+1,n)= S3/((u, V) ~ (62ni/(n+l)u’ eZnni/(n+1)v))

admits a contact structure, which is induced by the one on S* and can be expressed
as the kernel of the contact form

A = 3i(udii — iidu + vdv — Bdv).

Theorem 1.8. The link of the A, singularity (L4, , &0 = ker o) and the lens space
(L(n+1,n), Egq = ker Agq) are contactomorphic.

Theorems 1.5 and 1.8 allow us to reprove the following result of Kwon and
van Koert [2016]. Since (L4, , &) and (L(n+ 1, n), £4q) are contactomorphic and
SHS'* is a contact invariant, SHS F(L(n+ 1, n), &) = SHS (L, &).

Theorem 1.9 [Kwon and van Koert 2016, Appendix A]. The positive S'-equivariant
symplectic homology of (L(n+ 1, n), &4q) is

Q" * =1,
SHI S (L(n+1,n), &) = { @, %> 3 and odd,
0, * else.

Their proof relies on the nondegenerate contact form on (L(n + 1, n), &q).
If ay, ay are any rationally independent positive real numbers then

Aay,a, =

N~

2
Zaj(Zdej —z;dz;)
=1
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is a nondegenerate contact form for (L(n + 1, n), £xq). The simple Reeb orbits on
L(n+1, n) are given by

yi=("",0), 0<t=<Qam)/(n+1),
y2=(0,€""), 0<t<Qam)/(n+1),
which descend from the simple isolated Reeb orbits on S3. Again, the n+-1 different

free homotopy classes associated to this lens space are realized by covers of the
isolated Reeb orbits y; for i = 1 or 2. The Conley—Zehnder index for le is

Ny N Na; )
Her )—2<Ln+1J+Ln+l)a2J>+l, (1-5)

with a similar formula holding for yzN .

Outline. The necessary background is given in Section 2. The construction of a
nondegenerate contact form and the proof of Theorem 1.1 is given in Section 3.
The proof of Theorem 1.8 is given in Section 4.

2. Background

In this section we recall all the necessary symplectic and contact background which
is needed to prove Theorems 1.1 and 1.8.

2A. Contact structures. First we recall some notions from contact geometry.

Definition 2.1. Let M be a manifold of dimension 2n + 1. A contact structure is a
maximally nonintegrable hyperplane field £ =keroe C TM.

Remark 2.2. The kernel of a 1-form o on M?*t1, € =kera, is a contact structure
whenever
a A (da) #£0,

which is equivalent to the condition that do be nondegenerate on §.

Note that the contact structure is unaffected when we multiply the contact form «
by any positive or negative function on M. We say that two contact structures
&y = ker g and &; = ker @y on a manifold M are contactomorphic whenever there
is a diffeomorphism v : M — M such that i sends &j to &1,

Vs (§0) = &1

If a diffeomorphism v : M — M is in fact a contactomorphism then there exists a
nonzero function g : M — R such that ¥ *«; = gay. Finding an explicit contacto-
morphism often proves to be a rather difficult and messy task, but an application of
Moser’s argument yields Gray’s stability theorem, which essentially states that there
are no nontrivial deformations of contact structures on a fixed closed manifold.
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First we give the statement of Moser’s theorem, which says that one cannot vary
a symplectic structure by perturbing it within its cohomology class. Recall that a
symplectic structure on a smooth manifold W?" is a nondegenerate closed 2-form
w € QXW).

Theorem 2.3 (Moser’s theorem, [McDuff and Salamon 1998, Theorem 3.17]). Let
W be a closed manifold and suppose that w, is a smooth family of cohomologous
symplectic forms on W. Then there is a family of diffeomorphisms V, of W such that

Uy =id, ¢ o, = wp.

The aforementioned contact analogue of Moser’s theorem is Gray’s stability
theorem, stated formally below.

Theorem 2.4 (Gray’s stability theorem, [Geiges 2008, Theorem 2.2.2]). Let &,
t € [0, 11, be a smooth family of contact structures on a closed manifold V. Then
there is an isotopy (Y;)ief0,1] of V such that

Vis(80) =& foreacht €0, 1].
Next we give the most basic example of a contact structure.
Example 2.5. Consider R2"*+1with coordinates (X1,Y15++-sXn,¥n,z) and the 1-form
n
o= dZ + Z]deyj.
j=l1

Then « is a contact form for R¥"*!. The contact structure £ = ker « is called the
standard contact structure on R?*+1.

As in symplectic geometry, a variant of Darboux’s theorem holds. This states
that locally all contact structures are diffeomorphic to the standard contact structure
on R2n+l.

A contact form gives rise to a unique Hamiltonian-like vector field as follows.

Definition 2.6. For any contact manifold (M, & = ker «) the Reeb vector field Ry
is defined to be the unique vector field determined by o,

t(Ry)da =0, «a(Ry)=1.
We define the Reeb flow of R, by ¢, : M — M, ¢; = R, (¢;).

The first condition says that R, points along the unique null direction of the
form do and the second condition normalizes R,. Because

Lr,a=dig,a+ig,do,
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the flow of R, preserves the form « and hence the contact structure £. Note that
if one chooses a different contact form f o, the corresponding vector field R, is
very different from R, and its flow may have quite different properties.

A Reeb orbit y of period T associated to R, is definedtobeapathy :R/TZ— M
given by an integral curve of R,. That is,

d
d_); =Ryoy(t), y(0)=y(T).

Two Reeb orbits
v, o R/ TZ - M

are considered equivalent if they differ by reparametrization, i.e., precomposition
with a translation of R/ TZ.

The N-fold cover y” is defined to be the composition of y+ with R/NTZ —
R/TZ. A simple Reeb orbit is one such that y : R/TZ — M is injective.

Remark 2.7. Since Reeb vector fields are autonomous, the terminology “simple
Reeb orbit y” refers to the entire equivalence class of orbits, and likewise for its
iterates.

A Reeb orbit y is said to be nondegenerate whenever the linearized return map

d(er)y©) &y 0) = Ey()=y0)

has no eigenvalue equal to 1. A nondegenerate contact form is one whose Reeb
orbits are all nondegenerate and hence isolated. Note that since the Reeb flow
preserves the contact structure, the linearized return map is symplectic.

Next we briefly review the canonical contact form on S* and its Reeb dynamics.

Example 2.8 (canonical Reeb dynamics on the 3-sphere). If we define the function
f:R* >R,

FOe, y1, %2, 32) = X+ 37 65 433,
then S3 = f~!(1). Recall that the canonical contact form on S> C R* is given to be

A= —3df oJ = (xidy| — yidx; + x2dy; — y2dx2)| 2. (2-1)

The Reeb vector field is given by
R d 0 4 0 0
=l X1— — _ Xy —— — RN
2o 1 o Y1 ax1 2 3y, 2 o

= (=y1, X1, = )2, X2). (2-2)
Equivalently we may reformulate these using complex coordinates by identifying
R* with C? via

u=x1+iy;, v=x2+iy.
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We obtain
Ao = 3i(udii — iidu + vdv — vdv)| s,

PO R R
=ilu——u—+v——v—
*o du 9@ v ob

= (iu,iv).

and

(2-3)

The second expression for R;, follows from (2-2) since iu = (—y1, x1) and iv =
(_)’2» )CQ).

To see that the orbits of R,, define the fibers of the Hopf fibration, recall that a
fiber through a point

(u,v) = (x| +iyr, x2+iy) € §* C C?
can be parameterized as
o) = ("u, e'v), teR. (2-4)
We compute the time derivative of the fiber
@(0) = (iu, iv) = (ix; — y1, ix2 — y2).

Expressed as a real vector field on R*, which is tangent to S3, this is the Reeb
vector field R, as it appears in (2-3), so the Reeb flow does indeed define the Hopf
fibration.

2B. Hypersurfaces of contact type. Another notion that we need from symplectic
and contact geometry is that of a hypersurface of contact type in a symplectic
manifold. The following notion of a Liouville vector field allows us to define
hypersurfaces of contact type. Liouville vector fields will be used to understand the
Reeb dynamics of the nondegenerate contact form o as well as to construct the
contactomorphism between (L 4,, &) and (L(n + 1, n), &qa).

Definition 2.9. A Liouville vector field Y on a symplectic manifold (W, w) is a
vector field satisfying
Lyw=w.

The flow ¥, of such a vector field is conformal symplectic, i.e., ¥;*(w) = e’ w. The
flow of these fields is volume expanding, so such fields may only exist locally on
compact manifolds.

Whenever there exists a Liouville vector field Y defined in a neighborhood of
a compact hypersurface Q of (W, w), which is transverse to 0, we can define a
contact 1-form on Q by
ai=Llyw.
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Proposition 2.10 [McDuff and Salamon 1998, Proposition 3.58]. Let (W, w) be a
symplectic manifold and Q C W a compact hypersurface. Then the following are
equivalent:

(i) There exists a contact form o on Q such that da = w| .

(ii) There exists a Liouville vector field Y : U — T W defined in a neighborhood U
of Q, which is transverse to Q.

If these conditions are satisfied then Q is said to be of contact type.

We will need the following application of Gray’s stability theorem to hypersur-
faces of contact type to prove Theorem 1.8 in Section 4.

Lemma 2.11 [Geiges 2008, Lemma 2.1.5]. Let Y be a Liouville vector field on a
symplectic manifold (W, w). Suppose that M| and M, are hypersurfaces of contact
type in W. Assume that there is a smooth function

h:W—R (2-5)

such that the time-1 map of the flow of hY is a diffeomorphism from M| to M.
Then this diffeomorphism is in fact a contactomorphism from (M1, ker tyw|ry,) to
(M, ker tyw|r,)-

2C. Symplectization. The symplectization of a contact manifold is an important
notion in defining Floer-theoretic theories like symplectic and contact homology. It
will also be used in our calculation of the Conley—Zehnder index. Let (M, & =ker «)
be a contact manifold. The symplectization of (M, & = ker«) is given by the
manifold R x M and symplectic form

w=-¢(da—andt)=dEa).

Here ¢ is the coordinate on R, and it should be noted that « is interpreted as a 1-form
on R x M, as we identify o with its pullback under the projection R x M — M.
Any contact structure £ may be equipped with a complex structure J such that
(&, J) is a complex vector bundle. This set is nonempty and contractible. There is a
unique canonical extension of the almost complex structure J on & to an R-invariant
almost complex structure J on T (R x M), whose existence is due to the splitting,

9
TRx M) =R ®RR, ®F. (2-6)

Definition 2.12 (canonical extension of J to J on TR x M)). Let [a, b; v] be
a tangent vector where a,b € Rand v € £&. Wecanextend J : £ — £ to J :
T(Rx M)— TR x M) by

Jla,b; v]=[-b,a, Jv).
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Thus J| ¢ =J and J acts on R3/3r ® RR,, in the same manner as multiplication
by i acts on C, namely J9d/dt = R,.

2D. The Conley—Zehnder index. The Conley—Zehnder index ucz is a Maslov
index for arcs of symplectic matrices which assigns an integer pcz(P) to every
path of symplectic matrices ® : [0, T] — Sp(n), with ®(0) = 1. In order to ensure
that the Conley—Zehnder index assigns the same integer to homotopic arcs, one must
also stipulate that 1 is not an eigenvalue of the endpoint of this path of matrices, i.e.,
det(1 — ®(T)) # 0. We define the following set of continuous paths of symplectic
matrices that start at the identity and end on a symplectic matrix that does not have
1 as an eigenvalue:

Y*(n)={®:[0, T]— Sp(2n): ® is continuous, ®(0)=1, and det(1—D(T))#0}.

The Conley—Zehnder index is a functor satisfying the following properties, and
is uniquely determined by the homotopy, loop, and signature properties.

Theorem 2.13 [Robbin and Salamon 1993, Theorem 2.3, Remark 5.4; Gutt 2014,
Theorem 2, Propositions 8 and 9]. There exists a unique functor ucz called the
Conley—Zehnder index that assigns the same integer to all homotopic paths WV
in ¥*(n),

pcz X (n) - Z,

such that the following hold:

(1) Homotopy: The Conley—Zehnder index is constant on the connected compo-
nents of X*(n).

(2) Naturalization: For any paths ®, W : [0, 1] — Sp(2n),
ez (@UOT) = ez (P).
(3) Zero: If W(t) € X*(n) has no eigenvalues on the unit circle for t > 0, then
mcz(W) =0.
(4) Product: If n=n'+n", identify Sp(2n’) ® Sp(2n"") with a subgroup of Sp(2n)
in the obvious way. For V' € X*(n') and W' € *(n"), we have pucz (V' ®
V") =pcz(W) + pucz(¥").

(5) Loop: If ® isaloop at 1, then pucz(PV) = ez (W) +2u(P), where 1 is the
Maslov Index.

(6) Signature: If S € M (2n) is a symmetric matrix with ||S|| < 2w and V(t) =
exp(JoSt), then 1oz (W) = 1 sgn(S).

The linearized Reeb flow of y yields a path of symplectic matrices

d(@)y©) : §y©0) = v =y ©)
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for t € [0, T'], where T is the period of y.

Thus we can compute the Conley—Zehnder index of dg;, t € [0, T]. This index
is typically dependent on the choice of trivialization 7 of £ along y which was used
in linearizing the Reeb flow. However, if ¢1(&; Z) = 0 we can use the existence of
an (almost) complex volume form on the symplectization to obtain a global means
of linearizing the flow of the Reeb vector field. The choice of a complex volume
form is parametrized by H'(R x M; Z), so an absolute integral grading is only
determined up to the choice of volume form. See [Nelson > 2017, §1.1.1].

We define

ez (v) = ucz({deiticro,1)-

In the case at hand we will be able to work in the ambient space of (C3, Jy), and
use a canonical trivialization of C3.

2E. The canonical contact structure on Brieskorn manifolds. The A, link is an
example of a Brieskorn manifold, which are defined generally by

Y(a) = {(Zo,...,z,m) eC’"“‘f::Zz?j =0,a; € Z-¢ and Z|zj|2= 1}.
j=0 j=0

The link of the A, singularity after a linear change of variables is X (n + 1, 2, 2)
for n > 3; see (3-1). Brieskorn gave a necessary and sufficient condition on a
for X (a) to be a topological sphere, and means to show when these yield exotic
differentiable structures on the topological (2n — 1)-sphere in [Brieskorn 1966]. A
standard calculus argument [Geiges 2008, Lemma 7.1.1] shows that X (a) is always
a smooth manifold.

In the mid 1970s, Brieskorn manifolds were found to admit a canonical contact
structure, given by their set of complex tangencies,

§o=TXENJ(TY),

where Jj is the standard complex structure on C"*!. The contact structure & can
be expressed as &y = ker «g for the canonical 1-form

’

z

. m
ap := (—dpo o)l = i(Z(Zdej - Zjdz/))
=0

where p = (||z||> — 1)/4. A proof of this fact may be found in [Geiges 2008,
Theorem 7.1.2]. The Reeb dynamics associated to o are difficult to understand.
There is a more convenient contact form ¢ constructed by Ustilovsky [1999,
Lemma 4.1.2] via the following family.



REEB DYNAMICS OF THE LINK OF THE A, SINGULARITY 429

Proposition 2.14 [Geiges 2008, Proposition 7.1.4]. The 1-form
. m
_t Z (z:d7 5.d7
zjdzj —Zz;dzj)
= l—t+t/a;
is a contact form on X.(a) for each t € [0, 1].
Via Gray’s stability theorem we obtain the following corollary.

Corollary 2.15. For all t € (0, 1], the contact manifold (X(a), Ker ag) is contacto-
morphic to (X (a), ker «;).

Next, the Reeb dynamics associated to oy = 3i Y a;(z;d%; — Z;dz;) are
computed.

Remark 2.16. While «; is degenerate, one can still easily check that the Reeb
vector field associated to «; is given by

" 9 9 Z z

. _ . 0 m
R, =2i —\zi——z,— ) =2 —,...,— ).
: Jg(:) aj ( Toz; 3Zj) (ao a,,,)

Indeed, one computes

df(Ry,) = f(z) and dp(Ry)=0

This shows that Ry, is tangent to X (a). The defining equations for the Reeb vector
field are satisfied since

a1(Ry,)) =1 and LRy, day = —dp,

with the latter form being zero on the 7}, X (a). The flow of Ry, is given by

0205 ooy Zm) = (eZi’/“O, e, eZi’/“’").
All the orbits of the Reeb flow are closed, and the flow defines an effective S!-action
on X(a).

In the next section we perturb «; to a nondegenerate contact form.

3. Proof of Theorem 1.1

3A. Constructing a nondegenerate contact form. Here, we adapt a method used
by Ustilovsky [1999, §4] to obtain a nondegenerate contact form o on L4, whose
kernel is contactomorphic to &§y. Ustilovsky’s methods yielded a nondegenerate
contact form on Brieskorn manifolds of the form X(p, 2, ..., 2), which are diffeo-
morphic to $¥"+1,
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We define the change of coordinates to go from X (n + 1, 2, 2) with defining

function f = zi ' 422 + 23 to L4, with defining function fa, = wi™" + 2wjwy:

W (wo, wi, wy) = ( wo , 2wy + w2), Y2 (—iw, +iw2)>. (3-1)
~——
=20 =21 =22
We obtain
W* f (20, 21, 22) = w4 2wy wy. (3-2)

Then the pull-back of

o . _ _
?lzlgzaj(Zdej—Zdej)

j=0
is given by

* : 1
‘-Ilzot] = (l’l—gl)l (wodwy — wodwg) + jz(undﬂ)] —widw; + wrdwy — wrdwy).

We now construct the Hamiltonian function
H(w) = |w]® +e(wi > = wal?).
We choose 0 < € < 1 such that H (w) is positive on S, and define the contact form
ae =V /2H). (3-3)

Remark 3.1. The above shows that (X(n + 1, 2, 2), ker «1) is contactomorphic to
W(XMn+1,2,2)), kerae). Moreover Ly, = V(2 (n+1, 2, 2)), where L4, was
defined in (1-1).

Proposition 3.2. The Reeb vector field for o, is

4i ad 4i

9 . a  _ 9
R, = _ 2i(1 ANy, P
a = 19wy~ a1 O Fwp T ¢ +€)<wlaw1 wlaw1>
+2i(l —¢) wzi—ﬂ)z _8
dwy 0wy
=( o, 2i(1+e)w1,2i(1—e)w2). (3-4)
n+1

Remark 3.3. The second formulation of the Reeb vector field is equivalent to
the first in the above proposition via the standard identification of R* with C?, as
explained in Example 2.8, (2-3).

Before proving Proposition 3.2 we need the following lemma.
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Lemma 3.4. On C3, the vector field
(. @ 5
]:

is a Liouville vector field for the symplectic form

_d(Wray)  in+1)
2 4

L2
o) dwo/\dzT)0+%Zdwj/\dtT)j.
j=1

The Hamiltonian vector field X g of H with respect to w; is —Ry,_, as in (3-4).

Proof. Recall that the condition to be a Liouville vector field is Lxw; = w;. We
show this with Cartan’s formula, given as

Lxw) =txdw; +d(txwy)

= d(txa)l).

We do the explicit calculation for the first term and the rest easily follows:

i(n+1) _ (1 a _ 9
d d d = —_— —, -
< g den w0<2(woawo+woaﬂ)0) ))
] 1
:d(l(n;_ )wodﬁ)o—ﬁ)odwo)

_i(n+1)

(dwo/\dﬁ)o—dﬁ)o/\dwo)

_i(n+D)

dwoAdwy,

so X (w) is indeed a Liouville vector field for w.
Next we prove that w1 (—Ry,, -) =dH(-). First we calculate d H:

2
dH = (Z wjdzT)j + IT)jde) +e(widw) + widw) — wadwy — wordwy).
j=0
Then we compare the coefficients of d H to the coefficients of w1 (—R,,, -) associ-
ated to each term, (dw; Adw;). The (dwg A dwg) term is
iln+1) _ 4i ] 4 _ 0
dwoAd - -
wo wo( n 1w T a1 5w, )
inm+1) 4i _ 4i _
= — dwgy — d
4 ( I e I wo)

= wodwg + wodwy.
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The (dwy Adw) term is

9 d
lidwy Adwy | —2i(1+€)wi— +2i(1 + €)W —
dw 0w
= 1i(=2i(1 + e)widw; — 2i(1 + €)w1dwy)
={(l4+e)widw; + {1 +e)widw,.

The (dwy A dw,) term is obtained in a similar way. Summing the terms yields
w1(—Rq,, ) =dH(-). 0
Proof of Proposition 3.2. First we show that Xy = —R,,_ is tangent to the link
Y(X(n+1,2,2)). We compute
(Widf)(Ry,) = (n + Dwydwo + 2widws + 2wadw) (Ry, )

=4 w"Jrl +4i(1 —e)wiwr +4i(1 +e)wiwy

=4i(W* f)

=0.
The last equality is because W* f is constant along V(X (n + 1, 2, 2)). Now we
have to show that %llf*al(XH) = —H. We have

V() =xo1() =o1(X (W), ) = —o(-, X(w)),
sV a1 (Xp) = —o(Xy, X(w)) = —dH (X (w))

= —lw]’ —e(lwi]* = w2 )

=—H.
From these, we conclude

1
Xg)=—>-H=-1,
oe(Xp) T
1 1
GX s =075 H \IJ* X , " —\IJ* X , -
dae(Xp, ) =—5rm (@H NV )Xy, )+omdV e Xy, -)

1 1 1
szH(XH)"IJ*al( )+—‘I’*a1(XH)dH( )+ CO(XH, )

2
1 . 1 1
= 2H2w1(XH,XH)‘I’ o (- )——dH( )+— dH( )
=0.
By Lemma 3.4, we know —X g = R, so the result follows. O

3B. Isolated Reeb orbits. In this short section, we prove the following proposition.
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Proposition 3.5. The only simple periodic Reeb orbits of R, are nondegenerate
and defined by

ya(®) =0, X 0), 0<r<m/(1+e),
y_(t) =(0,0,*179 0<t<m/(1+e).

Proof. The flow of

"
Re, = <nJ:1w°’ 2i(1+e)wy, 2i(1 —e)w2>
is given by
(pt(w07 wi, wz) — <e4i’/(”+1)w0, €2i(1+€)tU)], eZi(l—e)th)‘

Since € is small and irrational, the only possible periodic trajectories are

yo(t) = (e*/0 D 0, 0),
Y () = (0, 20T ),
y_(t) = (0,0, 1790,

It is important to note that the first trajectory does not lie in ¥ (X (n + 1, 2, 2)),
but rather on the total space C3. This is because the point y,(0) = (1, 0, 0) is not a
zero of fa, = w6‘+1 + 2w ws.

Next we need to check that the linearized return maps d¢|¢ associated to y4 and
y_ have no eigenvalues equal to 1. We consider the first orbit y of period w/(1+¢€),
as a similar argument applies to the return flow associated to y_. The differential
of its total return map is

e4iT/(n+l) 0 0
dor = 0 1 0

2i(1—e)T
0 0Oe T=r/(1+€)

Since € is a small irrational number, the total return map only has one eigenvalue
which is 1. The eigenvector associated to the eigenvalue which is 1 is in the
direction of the Reeb orbit ', but since we are restricting the return map to &, we
can conclude that y; is nondegenerate. O

3C. Computation of the Conley—Zehnder index. To compute the Conley—Zehnder
indices of the Reeb orbits in Theorem 1.1 we use the same method as shown in
[Ustilovsky 1999], extending the Reeb flow to give rise to a symplectomorphism
of C3\ {0}. This permits us to do the computations in C3, equipped with the
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symplectic form

_d(Wray)  i(n+1)
2 4

2
o) dwo/\dIT)0+%Zdwj/\d17)j.
j=1

We may equip the contact structure &y with the symplectic form w = do; instead
of dae when computing the Conley—Zehnder indices. This is because kera, =
kera = &p, as ae = (1/H)a; with H > 0 and because w|s = Hdac|s and H is
constant along Reeb trajectories.

Our first proposition shows that we can construct a standard symplectic basis for
the symplectic complement

E°={veC’:w,w)=0forall w e &}

of £ in C3. As a result, ¢; () = 0. Since ¢;(C?) = 0, we know ¢;(§) = 0. Thus
we may compute the Conley—Zehnder indices in the ambient space C* and use
additivity of the Conley—Zehnder index under direct sums of symplectic paths to
compute it in &.

Proposition 3.6. There exists a standard symplectic basis for the symplectic com-
plement £“ with respect to w = do.

Proof. Notice that £ = span(X1, Y, X», Y>), where
X1 = (wg, wy, w2), Y1 =iXi,

X2:R€, Yzzw.

We make this into a symplectic standard basis for £ via a Gram—Schmidt process.
The new basis is given by

- Xi - Y) S
| = Y| = —==iXy,
VX1, Y2) Vo (X, Y1)
~ ~ X, )Y —ow, )X
%2 = Xo. Y2=Y2—w( 1, Y2)Y1 —w (X, Y2) X
w(X1,Y)

n—

1
=Y,— withw(X 1, YD) X1
This is a standard basis for the symplectic vector space £¢; i.e., the form w in this
basis is given by
(1)
o . O
01
(1)

Now we are ready to prove the Conley—Zehnder index formula in Theorem 1.1.
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Proposition 3.7. The Conley—Zehnder index for y =y in0 <t < Nn/(1%e€)is

Ny _ 2N N(dFxe) | | 2N i
MCZ(Vi)_Z(L(n+1)(1ie)J+L 1 te J LieD”NH' (3-6)

Proof. The Reeb flow ¢ which we introduced in the previous section can be extended
to a flow on C3, which we also denote by ¢. The action of the extended Reeb flow
on C? is given by

do/(w) X1 ="' X1 (g (w)), de,(w)¥1 ="' Y (g (w)),
do(w) Xy = Xa (g, (w)), do,(w)Ys = Yo (g (w)).
Define

1) ::d(pt|([j3 — diag(e4i/(”+1)t, eZi(l—i—e)l, eZi(l—e)t).

We can now use the additivity of the Conley—Zehnder index under direct sums of
symplectic paths, Theorem 2.13(4) to get

mcz (V) = ez(P) — ez (Pew),
where
Beo 1= dg;|eo = diag(e*’, 1). (3-7)

The right-hand side of (3-7) is easily computed via the crossing form; see [Robbin
and Salamon 1993, Remark 5.4]. In particular we have
T/m, T e2nZ,

it —
rcz({e e, ) = {2LT/27TJ +1, otherwise.

Thus for {® (1)} = {e¥/ D @ 2t (146) gy 2i1(1-)} with 0 < ¢t < T we obtain

AT /((n + D), Tein+rnz,
202T/((n+ D) |+1, T ¢ln+nZz,
2T(14+¢€)/m, Terxn/(1+e),
{2|_T(1 +e)/n|+1, Té¢n/(l+e)Z,
2T (1 —e¢)/m, Ten/(1—¢€),
{2|_T(1 —e)/n|+1, T¢n/(1-eZ

Likewise for &z with 0 <t < T we obtain

mcz(®) = {

4T /T, Ten/27,

wez(®er) = {ZLZT/nJ +1, T¢n)2Z.

Hence we get that the Conley—Zehnder index for y in 0 <t < Nz /(1% ¢€) is
given by

Ny _ 2N N(Fe) | | 2N i
nezr =2 | s |+ |22 - [ ) + o+ e
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This completes the proof. (]

4. Proof of Theorem 1.8

This section proves that (L4, , &) and (L(n+1, n), &xq) are contactomorphic. This
is done by constructing a 1-parameter family of contact manifolds via a canonically
defined Liouville vector field and applying Gray’s stability theorem.

4A. Contact geometry of (L(n + 1, n), Eq). The lens space L(n + 1, n) is ob-
tained via the quotient of S> by the binary cyclic subgroup A, C SL(2, C). The
subgroup A, is given by the action of Z,; | on C? defined by

u oI/ (n+1) 0 u
v = 0 e2nmi/n+1) |\ )

The following exercise shows that L(n 4 1, n) is homeomorphic to Ly4,. This
construction will be needed later in another proof, so we explain it here to set up
the notation.

The origin is the only fixed point of the A, action on C? and hence is an isolated
quotient singularity of C?/A,. We can represent C>/A,, as a hypersurface of C* as
follows. Consider the monomials

20 =Uv, z]:= \%iu”“, 7= \%iv”“.
These are invariant under the action of A, and satisfy the equation ng 422120 =0.

Recall that

fanzo,21,2) =20 +22120 and  La, = SN {f; ' 0)}.

Moreover,
O C? - C?,
4-1
(u, v) = (uv, \%iu”“, \%iv”“), -1
descends to the map
¢ :C%/A, — C,

which sends ¢(C?/A,,) homeomorphically onto the hypersurface f;nl 0).

Rescaling away from the origin of C? yields a homeomorphism between ¢(S3/A,,)
and L 4,. As 3-manifolds which are homeomorphic are also diffeomorphic [Moise
1952], we obtain the following proposition.

Proposition 4.1. L(n+ 1, n) is diffeomorphic to Ly, .

Remark 4.2. In order to prove that two manifolds are contactomorphic, one must
either construct an explicit diffeomorphism or make use of Gray’s stability theorem.
Sadly, ¢ is not a diffeomorphism onto its image when u = 0 or v = (. As the above
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diffeomorphism is only known to exist abstractly, we will need to appeal the latter
method to prove that (L4,, &) and (L(n+ 1, n), &yq) are contactomorphic. As a
result, this proof is rather involved.

Our application of Gray’s stability theorem uses the flow of a Liouville vector
field to construct a 1-parameter family of contactomorphisms. First we prove that
L(n+1, n) is a contact manifold whose contact structure descends from the quotient
of §3.

Consider the standard symplectic form on C? given by

we2 = dAg2
C N c?, o o 4-2)
Acz = 5i(udu —udu +vdv — vdv).

The following proposition shows that A restricts to a contact form on L(n + 1, n).
We define ker A = &gq on L(n+ 1, n).

Proposition 4.3. The vector field

R VRN I
=-|\u—+u-+v—+v=-
=\ T T o

is a Liouville vector field on (C*/A,, wc2) away from the origin and transverse to
L(n+1,n).

Proof. We have that C2/A,, is a smooth manifold away from the origin because 0
is the only fixed point by the action of A,. Write

S3/Ap = {(u, v) € C¥ /A, : ul* + [v]* =1}

Then L(n+1,n) = S3/An is a regular level set of g(u, v) = |u|? + |v|? Choose a
Riemannian metric on C2 /A, and note that

Yo=1Vg.
Thus Y is transverse to L(n + 1, n). Since
LYOwc2 = d(iyod)x([:z) = w¢2,

we may conclude that Y is indeed a Liouville vector field on (C?/A,, wc2) away
from the origin. Thus by Proposition 2.10, L(n + 1, n) is a hypersurface of contact
type in C2/A,. O

4B. The proof that (L 4,, &) and (L(n+1, n), &xq) are contactomorphic. First
we setup L4, and ¢(L(n+1, n)) as hypersurfaces of contact type in { fA_n1 (O)}\{0}.
Define p : C? — R by

p(2)=glzl* — 1= 2020+ -+ 2222 — 1.
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The standard symplectic structure on C is given by

wes = 5i(dzo AdZo+ -+ +dza AdZ).
Moreover,

2
1 0 _ 0
Y:V,OZEZZ]'E-FZ]'F (4-3)

is a Liouville vector field for (C3, wc3). We define
)L@S = lywgs.

A standard calculation analogous to the proof of Proposition 4.3 shows that Y is a
Liouville vector field on ({f, " (0)}\ {0}, wcs).

Remark 4.4. Both ¢(L(n 4+ 1,n)) and L4, are hypersurfaces of contact type in
{ fA_n1 (0)}\ {0}, wc3). Note that ¢ (L(n+ 1, n)) is in fact transverse to the Liouville
vector field Y because
@(L(n+1,n) = p({lul*+[v]> = 1}/A,)

= o{lul*+2lul* o] +v|* = 1}/A,)

We will want ¢(L(n+1,n)) and L4, to be disjoint in { fA_n1 (0)}. This is easily
accomplished by rescaling r in the definition of the link.

Definition 4.5. Define
L, = f,'0)ns,

with the assumption that » has been chosen so that ¢(L(n + 1, n)) and Lgn are
disjoint in { fA_n1 (0)} and so that the flow of the Liouville vector field Y ‘“hits”
@o(L(n—+1,n)) before L;‘”.

The first result is the following lemma, which provides a 1-parameter family of
diffeomorphic manifolds starting on ¢(L(n + 1, n)) and ending on L', . First we
set up some notation. Let

Y Rx X —> X

be the flow of Y and ¥,(z) = y,(¢) the unique integral curve passing through
z€ @(L(n+1,n)) at time t = 0. For any integral curve y of ¥ we consider the
initial value problem

Y@ =Y @®) and y(0)=ze@p(Ln+1,n). (4-4)

By means of the implicit function theorem and the properties of the Liouville vector
field Y we can prove the following claim.
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Lemma 4.6. For every y,, there exists a T(z) € R-q such that y,(1(z)) € Ly . The
choice of T (z) varies smoothly for each z € p(L(n + 1, n)).

Proof. In order to apply the implicit function theorem, we must show for all (¢, z)
with p oy =0 that
d(poy)

0.
ot 7
Note that p o y is smooth. By the chain rule,
d(poy) — orad i
o | =eadplyep Viep

(s,p)

where )'/|(S,p) = 8y/8t|(s,,,).

If grad ply (s, p) V| (s, p) =0, then grad p is not transverse along {(poy) (s, p) =0}
or y|s,p) =0, since grad p # 0. By construction, grad p = Vp is a Liouville vector
field transverse to L', . Furthermore, the conformal symplectic nature of a Liouville
vector field implies that for any integral curve y satisfying the initial value problem
given by (4-4), ¥|(s,p) 7 0. Thus we see that the conditions for the implicit function
theorem are satisfied and our claim is proven. O

Remark 4.7. The time 7(z) can be normalized to 1 for each z, yielding a 1-
parameter family of diffeomorphic contact manifolds (M,, ¢;) for 0 <¢ <1 given by

M, =y, ((p(L(n +1, n))), & =TM; N Je3(TM,),
where
Mo=vo(p(L(n+1,n)) =¢(L(n+1,n), M =vi(p(L(n+1,n)))=La,.

Moreover, we can relate the standard contact structure on L(n + 1, n) under the
image of ¢. To avoid excessive parentheses, we use S°/A,, in place of L(n + 1, n)
in this lemma.

Lemma 4.8. On ¢(S3/A,),
@Eaa) = T (9(S*/A) N Jes (T (0(S?/ Ap))).
Proof. Since A,, C SL(2, C), we have
G2 TS) = Jes(TG(SY)).
Examining ¢, (&sq) yields
P(T(S*/A) NI T (S /Ap)) = G (TS* N T2 (TS?)) = G, (TS*) N G (Je2 (TSY))
= @(TS) N I3 @ (TS) = TG(S*) N Jes (TG(SY))
=T(@(S*/AD) N Jcs(To(S*/Ay)). O
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Lemmas 4.6 and 4.8 in conjunction with Remark 4.7 and Lemma 2.11 yield the
following proposition.

Proposition 4.9. The image of the lens space (p(L(n + 1, n)), .&qq) is contacto-
morphic to (L 4,, ).

It remains to show that (¢ (L(n+ 1, n)), ¢«&xq) and (L(n + 1, n), &yq) are con-
tactomorphic. To accomplish this, we use Moser’s lemma to prove the following
lemma.

Lemma 4.10. The manifolds (C*\ {0}, dic2) and (C*\ {0}, d@*Lcs) are contacto-
morphic.

Proof. Consider the family of 2-forms
o = (1 —t)wez + 1@  wes

for 0 <t < 1. Then w;, is exact because Y, and Y are Liouville vector fields for
C?\ 0 equipped with the symplectic forms w2 and w¢s respectively; thus di; = w;
for

A==z +1¢* (Ac3)

for 0 <t < 1. We claim that A, is a family of contact forms for each ¢ € [0, 1].
We compute
%@*dlcs = dwv) Ad @) +d " THYAd@TH +d Y Ad (")
= ((n+D*ul* +v|®)du Adit + 2R (utdv Adir)
+((n+ D2 |*" +u)*)dv Adb.
Since w; is exact for each r € [0, 1], we know d(w,;) =0 for each r € [0, 1]. Moreover,
a simple calculation reveals that w; A @, is a volume form on C? for each 1 € [0, 1].

Thus we may conclude that w; is a symplectic form for each ¢ € [0, 1]. Applying
Moser’s argument, Theorem 2.3, yields the desired result. U

This yields the desired corollary.

Corollary 4.11. The manifolds (L(n+ 1, n), ker Ac2) and (L(n+ 1, n), ker p*A¢3)
are contactomorphic.

Proof. Let ¢ : (C%\ {0}, dAc2) and (C?\ {0}, d@*A3) be the symplectomorphism,
which exists by Lemma 4.10. It induces the desired contactomorphism. On C?\ {0},

¢*d((0*)\03) = d)xcz;
thus,
d(ﬁ*((p*)\CS) = d)\CZ.

Soon L(n+1,n),

s (Estd) = Pu(ker Ag2) = Ker gy Az = @i
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Proposition 4.9 and Corollary 4.11 complete the proof of Theorem 1.8. U
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