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In a recent paper, Frechette and Locus examined and found expressions for the
infinite product D,, (q) :=[],2,(1—¢™)/(1—g") in terms of products of g-series
of the Rogers—Ramanujan type coming from Hall-Littlewood polynomials, when
m=0, 1,2 (mod 4). These g-series were originally discovered in 2014 by Griffin,
Ono, and Warnaar in their work on the framework of the Rogers—Ramanujan
identities. Extending this framework, Rains and Warnaar also recently discovered
more g-series and their corresponding infinite products. Frechette and Locus left
open the case where m = 3 (mod 4). Here we find such an expression for the
infinite products for m = 3 (mod 4) by making use of the new g-series obtained
by Rains and Warnaar.

1. Introduction

The Rogers—Ramanujan identities [Andrews 1971]
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have inspired research and discoveries in many areas of mathematics and physics,
such as modular forms and elliptic curves, conformal field theory, knot theory,
probability, and statistical mechanics. (See next citation for some discussion.)
Given the importance of these identities, it had been an open problem for nearly a
century to build a theory suggested by these two Rogers—Ramanujan identities. In
2014 Griffin, Ono, and Warnaar [Griffin et al. 2016] discovered' a more general
framework for identities similar to that of Rogers—Ramanujan, where an infinite
sum, defined using Hall-Littlewood polynomials P, (x; g), is equal to an infinite
product with periodic exponents.
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In order to define the Hall-Littlewood polynomials, we recall the definition of an
integer partition and the following notation. A partition is a nonincreasing sequence
of nonnegative integers with finitely many nonzero terms. For a partition A =
(A1, A2, ..., Ay), we define the weight of the partition to be |A| :=A;+ X2+ -+ X,
and the length of the partition A to be n. In addition, we let 21 := (211, 245, ..., 2A,).
Let m; denote the multiplicity of size i parts. Also, let (¢)x = (¢; q)x denote the
g-Pochhammer symbol, which is defined as follows:

(1-a)(1—aq)(1 —ag?®) ---(1—ag*") ifk >0,
@i :=(a; k=

[ToZo(1 —ag™) if k = oo.
If A has length n, the Hall-Littlewood polynomial is a symmetric function in n
variables, namely x, x3, ..., x,, defined as
1 Xi —qx;
Puriq) = =5 > w(xkl_[%), (1-3)
v g wES, i<j X=X
A A Ao A3

where x* = x{" x5 x3" .. .x,’}”, v (q) == ]_[;’:O(q)ml./(l —q)™, and the symmetric
group S, acts on x by permuting all the x;.

For ordered pairs v = (¢, d) € {(1, —1), (2, —1), (1, 0), (2, —2)} and arbitrary
a, b > 1, Griffin, Ono, and Warnaar [Griffin et al. 2016], and more recently Rains
and Warnaar [2015], defined the g-series

Ry(a.biq)= Y q™MPu(l.q.q* ...: """, (1-4)
MA1<a
Sa.bigy= > ¢"’Pi(l.q.4% ...: ¢ (1-5)
MA1<a
and
T(a,b;q) ui
=) 4" ( [T=a"""% 4", (M)Pm, 4.q%.:¢"7. (1-6)
AAi<a i=1
Here the Pi(1,q, g%, ...;q") are Hall-Littlewood g-series in infinitely many
parameters. To define these Hall-Littlewood g-series, we must first express the
Hall-Littlewood polynomial P, (x1, X2, ..., Xu; g") in terms of the r-th power sum

symmetric function, xj +x3+- - -+x,,. This is possible due to a well-known fact in ab-
stract algebra which states that every symmetric polynomial can be written as a sum
of products of r-th power sum symmetric functions with rational coefficients [Mac-
donald 1995]. Now we obtain the Hall-Littlewood polynomial P (1, ¢, qz, cols qT)
by replacing (x] +x5 +---+x;) with 1" +¢" +q¢¥ 4+ =1/1—¢").

To motivate our work, consider another interesting property of the Roger—
Ramanujan identities. When we take the product of both Rogers—Ramanujan
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identities, we can see that

ad 1 i 1

G(q)-H(q) = " T n "
g (l_qs +1)(1_q5 +4) rg) (1_q5 +2)(1_q5 +3)
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Inspired by this emergence of this infinite product, Frechette and Locus [2016]

explored the natural question of more generalized products of g-series of the Rogers—
Ramanujan type that result in an infinite product of the form

= (1—g™)
Du(q)=]]—+—+" (1-7)
E (I—4q")

Making use of the Rogers—Ramanujan framework of [Griffin et al. 2016], Frechette
and Locus obtained explicit formulas for D,,(g) when m =0, 1, 2 (mod 4). When
m > 8 and is even, they found that

_ Rao(2.%3—3:9) Re.—2(3.2:9)

Dn(q) = (1-8)
! Ro-2(%-3.3:9)
They also found for m =1 (mod 4) and m > 1,
Ro-n("7 =1 1;q)-Re—n("3 "4
Du(q) = (3 ) Sratiernil') S

Ro—n(Zt + 1,21 — 1; q)

However, they were unable to construct D,,(g) for positive integers m = 3
(mod 4). Their difficulty arose from the fact that the Rogers—Ramanujan framework
of [Griffin et al. 2016]. Rains and Warnaar [2015] recently found this extension. In
this paper, we address this case and provide such a formula.

Theorem 1.1. Ifm =3 (mod 4) and m > 7, we have

T(mE ) s(mE mH — 1 g) R, (%5 — 1. 15 q)
T ("3 42,2~ Lg) (" —2, "1 q) '

In Section 2, we cover preliminaries on ¢g-series and state the results of [Griffin
et al. 2016; Rains and Warnaar 2015; Frechette and Locus 2016]. In Section 3, we
use these results to prove Theorem 1.1.
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2. Preliminaries

In order to simplify the products involved in writing R, (a, b; q), S(a, b; q), and
T (a, b; q), we use a modified theta function

0(a; q) == (a; Q)o(q/a; ) oo, (2-1)

where (a; q)oo denotes the g-Pochhammer symbol we previously defined. We then
define

O(ar, az, ...,a,;q) =0(ar; q)-60(az; q)---0(an; q). (2-2)

Theorem 2.1 [Griffin et al. 2016, Theorem 1.1]. If a and b are positive integers
and k :=2a +2b + 1, we have

Ra-n@big):= Y ¢"Pul.q.q4°...:¢°""

MA1<a
(4" 9% i i
== H 0 g JT 6@ ™.a" g
I<i<j<b
_(a*:4%)3 i i g
(q)a N 9 Voo 1_[ (q +1 1_[ Q(C]J i+j+1. i q )
i=1 1<i<j<a

This result has generalizations to the functions S and 7'

Theorem 2.2 [Rains and Warnaar 2015, Theorem 5.10]. If a and b are positive
integers and k := a +2b + 1, we have

Sa,biq):== Y ¢"’*Pi(l.q.4° ...:4°)

MA1<a
b
(ql(; qK)l;gl(qK/z; qk/z)oo ) ) . L
= - 0(q"; g/ 0(q’ ", ¢ ¢").
@55 (g% 4" E 1<E<b

Theorem 2.3 [Rains and Warnaar 2015, Remark 5.13]. If a and b are positive
integers and k := a + 2b — 1, we have

T(a,b;q) =) |A(]‘[( q""12q" Py, (A))Px(l q4.9%..:q”"™")

AAi<a i=1

(q*; 4)5 i o
= - 1_[9(‘117 24" 1_[ 0(q’ ™", q'" 71 q").

(@3 (g2 g1 i=1 1<i<j<b

To prove our result, we combine Theorem 2.3 with the following proposition.
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Proposition 2.4. Ifi € 7", we have
0(4'sq"?) =0(q"s ™0 "> g™
Proof. Using the definition of the modified theta function, we have
0(q": 4" = (g 4" Moo(@" > 4" )

00 00
— 1_[(1 —q _qmn/Z) l_[(l _qm/27t .qmn/Z).
n=0 n=0

Separating terms in the infinite product on the right-hand side based on the parity
of n, we have

00 [e¢]
0@a’sq"? = ]a=d"q" A= 2g™) [TA=g"*"q" (1=g""-q"")
n=0

n=0

00
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0

=754 c@" 4™ (@™ 75 400 (@™ ¢ o
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3. Proof of Theorem 1.1

We shall now prove Theorem 1.1. By Theorem 2.3, when m = a +2b — 1, we have

T(m—l—l m+1 )
2 ) 4 7q
(m+1)/4 (m+1)/4
@q@"; 9™ oo i—1/2.
T mtDAST G 1) 1_[ o +q")
(@)oo (R ) IS
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I<i<j<(m+1)/4
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T( 5 +2, 1 1;¢q
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= 0(q'" "% g™
7 I
@8 G1 2 12

[ @ .d% " g™ G2
I<i<j<(m-3)/4
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which gives

("3, " q)
+1 1

1
T( _+_2 m+l _ 1.

)
m. m (m+1)/4—1
= Mg(q(mfl)/ﬁ g™ l_[ Q(q(m+l)/4fi’q(m+l)/471+i; ™)
(@)oo e
(q™; g"™) (m+1)/4—1 (m+1)/2-2
= ’—Oog(q(m—l)/4; g™ l_[ 0(q';: g™ 1_[ 0(q': g™
(9)
* i=1 i=(m+1)/4
@"; g™ n D72
_T‘X’ (q (m— 1)/4,qm) l_[ Q(q qm. (3-3)
o

Using Theorem 2.2 and Proposition 2.4, we have
m+1 m+1 )
) .
( 2 a1
1)/4-1 (m+1)/4
_ (@ g™t @ ") ml—[ 0(q': g™O(q"™> " g™)
o ( m+1)/4=1 12, 172 7:4 9 ' 4
9o G'7% 4" i=1

[T o« .qd":q™. 34
I<i<j<(m+1)/4
and

m-+1 m+1_ )
S( 2 4 bd

m. mym+1)/4=2 m/2. ,m/2 (m+1)/4-1 . .
_ @™ 9" (@™ 9™ oo l—[ 0(g': g™O (g™ g™

i=1

1)/4-2
(@)U (q112; 4112

[T 6@ .d":qm. 35

I<i<j<(m+1)/4—1

Now, we evaluate the following quotient:

S(m -2, ) g)
S(’"T“,— 161)

_ @™ q )009( (nt /4, myg (g m=D/A, gy
(@)oo (m41)/4—1
l—[ G(q(m+1)/4—i, q(m+1)/4+i; q™)
i=1
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m. m
=(‘1 4 )009 (m+1)/4, gmyg (g n=D/4, o my

(g
(9) oo
(m+1)/4-1 (m+1)/2—-1
[T o@sam ] o@sia™
i=1 i=(m+1)/4+1
(@ q™) 2
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Dividing (3-3) by (3-6), we obtain

T(m;—l’ mi—l’q)S(m-H mi—l l;q)
(%5 42,20 = L )S("+ =2, q)

_ @q@": 9™ oo/ (@)oo 9(61(’"_1)/4 q™) ]_[(m 3)/2‘9(qi§ q™) (3-7)
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B 1
©O(gmD2 gmy’

By Theorem 2.1, we have the identity

Ron("5H =1, 10) = (q(q#)“ @"V%gm. ()

Multiplying (3-8) and (3-7) gives us our desired result:

T(2H 41,2 q) S (5, o 1, )Ru—l)( L—1,1;q)
+1

T("543,2 —1iq) ("3 - ,’";”»q)
_ (q 4 )oo ( (m—1)/2. q ) 1
(@)oo T 0(gmT D2 gmy
4" 4™ _ 7 (1=¢"™)
(q)oo D (=4
Acknowledgements

I would like to thank Ken Ono for introducing me to this problem and for his
guidance throughout this project. I would also like to thank Tessa Cotron, Sarah
Fleming, and Robert Dicks for proofreading this paper and checking my work.

References

[Andrews 1971] G. E. Andrews, Number theory, Saunders, Philadelphia, 1971. Corrected reprint by
Dover, New York, 1994. MR Zbl


http://msp.org/idx/mr/1298627
http://msp.org/idx/zbl/0221.10001

900 CHENTHURAN ABEYAKARAN

[Frechette and Locus 2016] C. Frechette and M. Locus, “Combinatorial properties of Rogers—Rama-
nujan type identities arising from Hall-Littlewood polynomials”, Ann. Comb. 20:2 (2016), 345-360.
MR Zbl

[Griffin et al. 2016] M. J. Griffin, K. Ono, and S. O. Warnaar, “A framework of Rogers—Ramanujan
identities and their arithmetic properties”, Duke Math. J. 165:8 (2016), 1475-1527. MR Zbl

[Macdonald 1995] 1. G. Macdonald, Symmetric functions and Hall polynomials, 2nd ed., Oxford
University Press, New York, 1995. MR Zbl

[Rains and Warnaar 2015] E. M. Rains and S. O. Warnaar, “Bounded Littlewood identities”, preprint,
2015. arXiv

Received: 2016-07-29 Revised: 2016-08-18 Accepted: 2016-08-21

ChenthuranJA@gmail.com Chamblee Charter High School, 3688 Chamblee Dunwoody Rd,
Chamblee, GA 30341, United States

:'msp

mathematical sciences publishers


http://dx.doi.org/10.1007/s00026-016-0302-4
http://dx.doi.org/10.1007/s00026-016-0302-4
http://msp.org/idx/mr/3505323
http://msp.org/idx/zbl/06592715
http://dx.doi.org/10.1215/00127094-3449994
http://dx.doi.org/10.1215/00127094-3449994
http://msp.org/idx/mr/3504177
http://msp.org/idx/zbl/06603536
http://msp.org/idx/mr/1354144
http://msp.org/idx/zbl/0824.05059
http://msp.org/idx/arx/1506.02755
mailto:ChenthuranJA@gmail.com
http://msp.org

Colin Adams

John V. Baxley
Arthur T. Benjamin
Martin Bohner
Nigel Boston
Amarjit S. Budhiraja
Pietro Cerone
Scott Chapman
Joshua N. Cooper
Jem N. Corcoran
Toka Diagana
Michael Dorff
Sever S. Dragomir
Behrouz Emamizadeh
Joel Foisy

Errin W. Fulp
Joseph Gallian
Stephan R. Garcia
Anant Godbole
Ron Gould
Andrew Granville
Jerrold Griggs

Sat Gupta

Jim Haglund
Johnny Henderson
Jim Hoste

Natalia Hritonenko
Glenn H. Hurlbert
Charles R. Johnson
K. B. Kulasekera
Gerry Ladas

involve

msp.org/involve

INVOLVE YOUR STUDENTS IN RESEARCH

Involve showcases and encourages high-quality mathematical research involving students from all
academic levels. The editorial board consists of mathematical scientists committed to nurturing
student participation in research. Bridging the gap between the extremes of purely undergraduate
research journals and mainstream research journals, Involve provides a venue to mathematicians
wishing to encourage the creative involvement of students.

MANAGING EDITOR

Kenneth S. Berenhaut

BOARD OF EDITORS

Williams College, USA
Wake Forest University, NC, USA
Harvey Mudd College, USA

Missouri U of Science and Technology, USA

University of Wisconsin, USA

U of North Carolina, Chapel Hill, USA
La Trobe University, Australia

Sam Houston State University, USA
University of South Carolina, USA
University of Colorado, USA

Howard University, USA

Brigham Young University, USA
Victoria University, Australia

The Petroleum Institute, UAE

SUNY Potsdam, USA

Wake Forest University, USA
University of Minnesota Duluth, USA
Pomona College, USA

East Tennessee State University, USA
Emory University, USA

Université Montréal, Canada
University of South Carolina, USA

U of North Carolina, Greensboro, USA
University of Pennsylvania, USA
Baylor University, USA

Pitzer College, USA

Prairie View A&M University, USA
Arizona State University, USA
College of William and Mary, USA
Clemson University, USA

University of Rhode Island, USA

Suzanne Lenhart
Chi-Kwong Li
Robert B. Lund
Gaven J. Martin
Mary Meyer
Emil Minchev
Frank Morgan

Mohammad Sal Moslehian

Zuhair Nashed

Ken Ono

Timothy E. O’Brien
Joseph O’Rourke
Yuval Peres

Y.-F. S. Pétermann
Robert J. Plemmons
Carl B. Pomerance
Vadim Ponomarenko
Bjorn Poonen
James Propp
Jozeph H. Przytycki
Richard Rebarber
Robert W. Robinson
Filip Saidak

James A. Sellers
Andrew J. Sterge
Ann Trenk

Ravi Vakil

Antonia Vecchio
Ram U. Verma
John C. Wierman
Michael E. Zieve

PRODUCTION
Silvio Levy, Scientific Editor

Wake Forest University, USA

University of Tennessee, USA
College of William and Mary, USA
Clemson University, USA

Massey University, New Zealand
Colorado State University, USA
Ruse, Bulgaria

Williams College, USA

Ferdowsi University of Mashhad, Iran
University of Central Florida, USA
Emory University, USA

Loyola University Chicago, USA
Smith College, USA

Microsoft Research, USA

Université de Geneve, Switzerland
Wake Forest University, USA
Dartmouth College, USA

San Diego State University, USA

UC Berkeley, USA

U Mass Lowell, USA

George Washington University, USA
University of Nebraska, USA
University of Georgia, USA

U of North Carolina, Greensboro, USA
Penn State University, USA
Honorary Editor

Wellesley College, USA

Stanford University, USA

Consiglio Nazionale delle Ricerche, Italy
University of Toledo, USA
Johns Hopkins University, USA
University of Michigan, USA

Cover: Alex Scorpan

See inside back cover or msp.org/involve for submission instructions. The subscription price for 2017 is US $175/year for the electronic
version, and $235/year (4$35, if shipping outside the US) for print and electronic. Subscriptions, requests for back issues and changes of
subscriber address should be sent to MSP.

Involve (ISSN 1944-4184 electronic, 1944-4176 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o University of
California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional

mailing offices.

Involve peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY

:l mathematical sciences publishers

nonprofit scientific publishing
http://msp.org/
© 2017 Mathematical Sciences Publishers


http://msp.org/involve
http://msp.org/involve
http://msp.org/
http://msp.org/

Algorithms for finding knight’s tours on Aztec diamonds
SAMANTHA DAVIES, CHENXIAO XUE AND CARL R. YERGER
Optimal aggression in kleptoparasitic interactions
DAVID G. SYKES AND JAN RYCHTAR
Domination with decay in triangular matchstick arrangement graphs
JILL COCHRAN, TERRY HENDERSON, AARON OSTRANDER AND RON
TAYLOR

On the tree cover number of a graph
CHASSIDY BOZEMAN, MINERVA CATRAL, BRENDAN COOK, OSCAR E.
GONZALEZ AND CAROLYN REINHART
Matrix completions for linear matrix equations
GEOFFREY BUHL, ELIJAH CRONK, ROSA MORENO, KIRSTEN MORRIS,
DIANNE PEDROZA AND JACK RYAN
The Hamiltonian problem and ¢-path traceable graphs
KASHIF BARTI AND MICHAEL E. O’SULLIVAN
Relations between the conditions of admitting cycles in Boolean and ODE
network systems
YUNJIAO WANG, BAMIDELE OMIDIRAN, FRANKLIN KIGWE AND KIRAN
CHILAKAMARRI
Weak and strong solutions to the inverse-square brachistochrone problem on
circular and annular domains
CHRISTOPHER GRIMM AND JOHN A. GEMMER
Numerical existence and stability of steady state solutions to the distributed spruce
budworm model
HALA AL-KHALIL, CATHERINE BRENNAN, ROBERT DECKER, ASLIHAN
DEMIRKAYA AND JAMIE NAGODE
Integer solutions to x? + y* = z> — k for a fixed integer value k
WANDA BOYER, GARY MACGILLIVRAY, LAURA MORRISON, C. M.
(KIEKA) MYNHARDT AND SHAHLA NASSERASR
A solution to a problem of Frechette and Locus
CHENTHURAN ABEYAKARAN

721

735

749

767

781

801

813

833

857

881

893


http://dx.doi.org/10.2140/involve.2017.10.721
http://dx.doi.org/10.2140/involve.2017.10.735
http://dx.doi.org/10.2140/involve.2017.10.749
http://dx.doi.org/10.2140/involve.2017.10.767
http://dx.doi.org/10.2140/involve.2017.10.781
http://dx.doi.org/10.2140/involve.2017.10.801
http://dx.doi.org/10.2140/involve.2017.10.813
http://dx.doi.org/10.2140/involve.2017.10.813
http://dx.doi.org/10.2140/involve.2017.10.833
http://dx.doi.org/10.2140/involve.2017.10.833
http://dx.doi.org/10.2140/involve.2017.10.857
http://dx.doi.org/10.2140/involve.2017.10.857
http://dx.doi.org/10.2140/involve.2017.10.881
http://dx.doi.org/10.2140/involve.2017.10.893

	1. Introduction
	2. Preliminaries
	3. Proof of 0=thm.121=Theorem 1.1
	Acknowledgements
	References
	
	

