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We show for n, k > 1, and an n-dimensional complex vector space V that if an
element A € End(V)[[z]] has constant term similar to a Jordan block, then there
exists a polynomial gauge transformation g such that the first k£ coefficients of
gAg~! have a controlled normal form. Furthermore, we show that this normal
form is unique by demonstrating explicit relationships between the first nk coeffi-
cients of the Puiseux series expansion of the eigenvalues of A and the entries of
the first k coefficients of gAg ™.

Introduction

From Galois theory, we know that polynomials of degree greater than 4 are not
solvable by radicals. So finding the eigenvalues of a companion matrix of the form

0O 1 0 --- 0
0 0 1 -0
o o0 0 .
0 0 0 -1

Bt Bu2 Buz -+ Bo

algebraically in terms of the B; is not possible. If, however, the §; have expansions
Bi(2) in terms of some other variable z with §;(0) = 0, we may then ask to find the
coefficients in the series expansions of these eigenvalues in terms of these 8;(z).
In this paper, we work with a formal power series A € End(V)[[z]] whose constant
term is a regular nilpotent endomorphism. We want to compute the coefficients
of the Puiseux expansion of the eigenvalues of A, but since this is not possible
algebraically we search for some normal form obtained via conjugating by an
invertible transformation. Clearly, conjugating does not modify the eigenvalues
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of A, and our aim is to conjugate A(z) to a simple shape that allows us to compute
explicit relationships between coefficients of the series expansion of the eigenvalues
and the coefficients of the conjugate.

In [Ivanics et al. 2016], this problem arose in taking an endomorphism of a
vector bundle with some fixed local behavior and searching for the base locus
of its corresponding spectral curves. They work with the special case of rank-2
vector bundles E and irregular Higgs fields 6(z), i.e., meromorphic sections of
the endomorphism bundle of E tensored by the canonical bundle. Specifically,
the endomorphism 6 is assumed to have a single pole of order 4 at z = 0 with
leading-order term having nontrivial nilpotent part, and the authors show that its
polar part may be brought to a simple form up to applying some holomorphic gauge
transformations. The authors also note that the case of endomorphisms having two
distinct eigenvalues is much simpler. Let us point out that the rank-2 cases can be
tackled algebraically due to the existence of the quadratic formula, but that method
breaks down in higher-rank cases for the Galois-theoretic reason alluded to above.
Another observation is that up to a shift of the index of summation, it is equivalent
to consider power series or Laurent series with a fixed finite pole order. Therefore,
in this paper we content ourselves with working with power series, however the
role of the pole order (the number of terms in the normal form to be controlled) is
played by our parameter k.

We cover the general rank-n case for endomorphism-valued power series where
the leading-order term is a regular nilpotent endomorphism. That is, we maintain the
assumptions of [Ivanics et al. 2016], aside from the pole of order 4 and the rank being
equal to 2, extending their results to vector bundles of arbitrary rank and an arbitrary
number of terms in the expansion of the endomorphism by presenting existence and
uniqueness statements for the normal form of endomorphism-valued power series.
This has the same consequence as in [Ivanics et al. 2016] concerning the base locus
of generic irregular Higgs bundles with a regular nilpotent leading-order term.

This question is significantly more involved if the constant coefficient of A is
a regular matrix with more than one eigenvalue, and even more so if the constant
coefficient of A is not regular. The next step we would take to obtain future results
would be to examine the case of the constant term of A being regular with more
than one eigenvalue.

1. Preliminaries: endomorphisms, gauge transformations, Puiseux series

In this section we describe what kinds of endomorphisms and gauge transformations
we plan to examine.

1A. Constraints on endomorphisms. We begin by putting constraints on the endo-
morphisms we want to examine. We remark that the results in this paper hold over
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any algebraically closed field of characteristic zero, but we will only be considering
vector spaces over C. Let V be a vector space over C of dimension n. Suppose that
z is a complex variable, and let A € End(V)[z]], that is, A has the form

o0
AR)=)_ Anz", with Ay, € M, ,(C).

m=0
We observe Ag = A(0). We also place the following condition of regularity on Ag.

Definition 1.1. For a vector space V over an algebraically closed field, an n x n
matrix Ag is regular if and only if its Jordan normal form is of the form

Jo,O00) @ -+ @ Jg, (),

with i # j = A; # A, and where each J; (%;) is a Jordan block of size d; with
corresponding eigenvalue ;.

More abstractly, this is equivalent to considering the space of complex n x n
matrices as a Lie algebra and requiring that the centralizer of Ap has minimal
dimension. The importance of this will become clearer later with the discussion of
the transformation applied to A.

1B. Constraints on gauge transformations. Consider g € Aut(V)[z]l, supposing
that g has a power series expansion

o0

g() = gnz", with gy € M, ,(C), g € GL,(C).

m=0

We call g an “analytic/formal gauge transformation” (according to whether the
radius of convergence of the power-series is 0 or positive), and require that gg be
invertible because we intend to conjugate A by g. It is a well-known fact about
rings of formal power series that an element is invertible if and only if its constant
term is invertible. Since g is a power series of matrices, this means we must have
go € GL,,(C) for g to be invertible.

We turn our attention to the conjugation of A by g, and rename it B:

2DARE '@ =BR@) =) Bu" (1-1)
m=0

Our first goal is to design g such that we may control any finite number of the matrix
coefficients in the conjugation. Because eigenvalues are invariant under conjugation,
transforming A into B will make computation of the eigenvalues of A simpler. We
obtain the following theorem, which will be restated later as Theorem 2.1.
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Theorem 1.2. Suppose k,n > 1, V is an n-dimensional vector space over C, and
A € End(V)[[z]l. If A is such that Ag is similar to a Jordan block with eigenvalue 0,
then we may construct a polynomial gauge transformation g such that By is an
upper triangular Jordan block of dimension n and the first k coefficients By, ..., By
of gAg™" = B are matrices with nonzero coefficients only in their n-th row.

The series B will be referred to as “the normal form” from now on. With the
existence of this established, we move towards our second goal of determining
explicit relationships between the eigenvalues of A and the entries of the coefficients
of B. Let us enumerate the possibly nonzero entries of B, from left to right as
bmn—n+1s - - - » bmn. We obtain the following result, which will be restated later as
Theorem 3.2.

Theorem 1.3. Let B be the normal form of A as described in Theorem 1.2, and
suppose that the bottom left coefficient by of B, determined by the normal form is
nonzero. The eigenvalues of A have a Puiseux expansion

(@)=Y an"'",

m=1

and for fixed s > 1, the first s coefficients ay, ..., as of the Puiseux expansion
explicitly determine and are determined by the first s entries by, ..., bs of the
matrices making up the normal form B.

In particular, this theorem tells us that for fixed k& the normal form B of A is
uniquely determined. In all cases we assume A(z) = Y -, A,2™ is such that Ay
is similar to a Jordan block. Thus we may define gy € GL,,(C) such that

By = goAog,

has the desired Jordan block form. This is a constant transformation, which is
notable since the final g will be a finite product of polynomials. Specifically, we will
build g as a product of g¢ introduced above and nonconstant factors 4, of the form

he(z) = I, + gez",

where I, is the n x n identity matrix and 1 < ¢ < k € Z*. This is an important point,
because it means that g will be a polynomial, hence everywhere convergent, so
applying them to A will not affect the convergence radius of A. This means that the
portion of our results concerning gauge transformations will apply to rings of power
series where convergence is a relevant concern. Furthermore, since we only consider
the terms of A up to the k-th degree we will be applying k of these &, transformations,
so instead of computing an explicit form for g~!, we will only need that h[l (z) =
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I, — gozt + O(z't!). Then conjugation of A by one of the factors &, looks like

he(2)A@h; (@) = (I, + gezz)< ZAmz'"> (I, — gz )+ 0" )

m=0

-1
= (Z Amz’") + (A~ [Ao, geD)z' + 0,
m=0

where [Ag, g¢] = Aoge — g¢ Ao represents the commutator. In this manipulation we
see that g affects the ¢-th term of A without changing the first £ — 1 terms. This is
important because we apply the transformations I, — g,z iteratively for 1 < £ <k
for ¢ increasing, ultimately obtaining a polynomial transformation of the form

8(@) =h(Dhi—1(z) ... h1(2)go

k k—1 (1-2)
= (In+ 8k ) Un + gk—12" ) ... (In + 812) 0.
Specifically, considering the map
ada, : My n(C) > My n(C),  ge > [Ao, g1 = Aoge — 8¢ Ao, (1-3)

will tell us how to construct g to generate a normal form for the conjugated series.

1C. Factorization of the characteristic polynomial of A. We consider the eigen-
values of endomorphisms in the variable ¢. Let A(z) = anozo A,;,z™ be an element
of End(V)[[z]. We have that the characteristic polynomial of A(z) has the form

XA (@) = xa ) =detCI —A@) =" +a1@¢" ™+ +an@), (1-4)

with ay, ..., a, € C[lz]. We then recall the following particular case of a result
attributed to Puiseux and Newton.

Theorem 1.4 (Newton—Puiseux). The characteristic polynomial (1-4) factors as

n
xa@", ) =[] —&w), with ¢ eClwl.
i=1

This version of the theorem is taken from [Abhyankar 1990, Lecture 12], except
for identifying the ramification index as n instead of some unspecified divisor of n!;
this latter identification in turn follows from [Serre 1979, Chapter I, Proposition 17].
Indeed, according to the assumption b # 0 the z-adic valuation of g, is 1, on the
other hand the coefficients a;(0), ..., a,—1(0) clearly vanish as Ay is a nilpotent
endomorphism. These conditions mean that x4(;) is an Eisenstein polynomial in ¢,
thus it is totally ramified, i.e., of ramification index n.

For us, the above theorem means that we may decompose the characteristic
polynomial of A into linear factors, with the roots being represented by Puiseux
series. Furthermore, we will be able to obtain each root of the polynomial by



86 CHRISTOPHER KEANE AND SZILARD SZABO

considering all of the conjugates (in the Galois-theory sense) of a single root by
multiplying w = z!/” by some power of a primitive n-th root of unity . Specifically,
after a branch cut we may fix a choice z'/" of n-th root of z, and then all the roots
of the characteristic polynomial are expressible in the form

o¢]
G() =) an(@'z'/"" (1-5)
m=1
fori =0,...,n— 1. Different choices of z!/" only amount to a permutation of the

n roots ¢g;.

2. Existence of the normal form

In this section we present the construction of a normal form for A where the
dimension of the ambient vector space V is an arbitrary integer n > 2. Furthermore,
we fix an arbitrary k € Z™.

Theorem 2.1. Take V to be a vector space over C of dimension n, and suppose
that A(z) =Y oo Amz™ is an endomorphism of V such that Ay is similar to a
Jordan matrix with a single eigenvalue. Then for fixed k > 1 we may construct a
gauge transformation g of the form (1-2) such that the coefficient By of gAg ™ (z) =
B(z) =Y o Buz™ has the form

0100---0
0010---0
0001---0
Bo=1..... .|
0000 ---1
0000 ---0
and the subsequent coefficients have the form
0 0 -+ 0 0
0 0 -« 0 0
By = : : R :
0 0 -+ 0 0
bne—1y+1 bne—1y42 -+ bne—1 bne

forl <t <k.

Proof. We want to find a way to conjugate A into B such that Ag = By and the
subsequent B, for 1 < ¢ < k have the indicated form. So we consider the map
ady, : V — V for an arbitrary matrix G given by G — [A¢, G], with the bracket
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representing the commutator of Ag and G. To examine the image of this map, label
the entries of G in the usual way and expand:

0100 ---0
00100 _
0001 - &ln

o
e

0000 --- 1 8nl * &nn
0000 ---

821 822 — 811 823 — 812 -+ 82.n— 81,n—1
831 832 — 8§21 833 —822 - 83n— 82.n-1

(=)

8n,1 8n,2 — 8n—1,1 8n,3 — 8n—1,2 *°° 8n,nn — 8n—1,n—1
0 —&n,1 —8n,2 t —8n,n—1

Name the above matrix C, and name the entries in the usual way. Then see that we
may write each entry in the last row as

t—1
Cpnyt = — E Cn—jt—j»
j=1

as t ranges from 1 to n. That is, each entry in the last row is the negative of the
sum of entries along the diagonal up and to the left of ¢, ;. We set ¢, 1 =0 by
convention. Now although we considered the matrix G to be arbitrary, we may pick
the entries of G so that we can make Ay —[Ag, G] have a desired form. Specifically,
the dependence of the last row of C on the first n — 1 rows ensures that we can
eliminate the first n — 1 rows of A,. This almost certainly affects the last row of Ay,
but this does not matter to us. Thus from the iterative process described at the end
of Section 1B, we may find a polynomial of the form (1-2) that we may conjugate
A by to turn the £th coefficient of B(z) into the form

0 0 0 0
0 0 -0 0
By = : : P I
0 0 0 0
Dne—1y+1 bne—1)+2 =+ bne—1 Dbne

for 1 < ¢ <k. Turning Ag into By is much easier, since it is achieved by a constant
transformation, and we are assuming that Ag is similar to a matrix of the form Bj.
This is the desired normal form for the first k£ coefficients of B. O
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3. Uniqueness of the normal form

In this section we again fix an arbitrary k € Z* and show that the coefficients b;
for 1 <i < kn are uniquely determined by the shape of the normal form B and
the coefficients ay, . .., ai, of the Puiseux expansion of the eigenvalues of A. We
begin the search for relationships between the series of eigenvalues and the entries
of the By with a lemma. For the remainder of this section we now suppose that
Ag = By is as in Theorem 2.1 and that the first k coefficients of B(z) may have
nonzero entries only in the n-th row.

Lemma 3.1. Let t be an integer withn >t > 1, and wy, ..., w,y1 € Z be such that
t+1
—n<w; <0, O<wy,...,wy <n, ngzo.
=1

Define w to be a primitive n-th root of unity. Then we have that

l' § : wu}151+"'+w1+151+1 — (—l)ln.
t!

1<s1,.00s81415n
sjF#Sse,VeE]
Proof. First, note the following basic identity regarding sums of powers of primitive
n-th roots of unity: for any w € Z such that n { w we have

wn _

n—1 w
Y ot=———=0 (3-1)
j=0

¥ —1

For our application below, let us point out that in the sum of the left-hand side the
summation index j may equally be chosen to range from 1 to n without changing
the value of the sum, because w”” = "”. Then we proceed by induction on 7.
Starting with + = 1, we see that we must have wy = —wy, since w; < 0, and
w; + wy = 0. Then see that

1 wi(s1—s2)
oo e

1<s1, s2<n

S1782

and relabeling u = (s; — s2) mod n gives

1 1
n-FZa)w‘”=n-F-(—1)=(—1)1-n,

u=1

using (3-1) and observing each u is obtained in n possible ways. So the base case
is proven.
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Now suppose that the claim holds for t — 1 > 1. For ¢, we then have

n
l' § wwlsl+"'+wz+151+1 — l‘ § wwzsz+---+w/+1sl+| ( E wwm)
t t

TSt S <0 T 1<s2,. 84150 s1=1
5j#Se, VEFE ] §j#Se, YEFE] S1¢{s2,....81+1}
and since w; # 0 mod n, we may rewrite the inner sum using (3-1):
1 n
_' E a)w232+'“+w1+151+1 < E wwlsl)
t!
1<s2,....85t41=n s1=1
sjFEse, YL#£] S1€{52,.081 41}
— l’ § a)w252+“'+wt+151+1 (_a)wwz . ww|S1+|)
t!
1<s2,....5t4+15n
5j#Se, YEFE]
— _l § w(w2+w1)sz+w353+~-+w,+1s,+1 _
t!
1<s1,...851415n
sj#se,VU#£]
_ l § : W2s2H(Witws)sstwasate Wi
t!
1<si,...,541=n
sj#Ese,VU#£]
_ l § wszV2+w3S3+~-+war+(w1+wz+1)Sz+1.
t!
1<s1,....81+1=n
5j#Se,VLFE]
In each of the ¢ terms in the final sum, we may relabel the indices w/, wj, ..., w; +1
such that w] = w; +wg for £ =1, ..., 14 1. The remaining w; are assigned lexico-

graphically according to what is left; that is, if w takes the £-th spot in the list, then
WHy=wy, W3=W3,..., Wy =We—l, Wp=Weil,...,W;_| =W, W, =W].

These relabeled terms still satisfy 2221 w, = 0 since the original w terms satisfy
this relation. They also satisfy —n < w] <0and 0 < w), ..., w; < n. This is clear
for w;. with j > 1, and also holds for w/ since we have

141

w) = w; + wy <ij =0.

j=1
So we may apply the induction assumption to each of these sums to turn the last
expression in the above manipulation to

—1<L(—1)’—1<t DLty n
t\ (-1 ’ @ —1! ’

1 t—1 t
-+m(—1) (t—l)!-n):(—l) -n. O
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This lemma is crucial in determining the coefficients we’re ultimately looking for.
We now present the argument for the coefficient relationships of the rank-n case.

Letk > 1, A € End(V)[z]] have Ay similar to a Jordan block and have normal
form B as in Theorem 2.1 with by # 0. Letting

(@)=Y an""

m=1

denote the Puiseux expansion of the eigenvalues of A, our aim is to show that the
coefficients {ay, ..., a;} determine and are determined by {by, ..., by} for arbitrary
1 <s < kn. More precisely, writing

s=nl—t (3-2)
for aunique 1 < ¢ <k and 0 <t <n — 1, we have the following.

Theorem 3.2. With the above assumptions, there exist polynomials P; ,, € C[xy, . ..,
Xs—1] only depending on s, n such that we have

bs = (_l)tnaias + Psp(ay, ..., a5-1).
Conversely, there exist rational functions of the form Q; , € C[xfcl, ee., Xg—1] Such
that
(=1°

as = Tbl_S/nbs + Qs,n(b;/ns ooy bgq).

In particular, for any given A € End(V)[[z] and fixed k, the parameters {by, . . .,
bin} appearing in Theorem 2.1 are uniquely determined.

Proof. Let w be a primitive n-th root of unity and recall our notation (1-5) for the
eigenvalues of A. The key idea is to compare two different representations for the
characteristic polynomial

XB(Z)(C) = XA(Z)(C)'
Namely, up to order k with respect to the variable z, the polynomial xp;) can be
read off directly from the form of the matrices By, By, ..., By given in Theorem 2.1.

On the other hand, as we have seen in Theorem 1.4 we may expand x4(;) into linear
factors (¢ — ¢&;(z)). This provides us the identity

k k
¢! (Z buezt + O(Zk+l)> +-+ (Z bro—m-1z" + 0(zk+1)> (3-3)

(=1 (=1

n—1
= 1_[(; — & (z))
i=0
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00 00
_ m/n 1/n\m
=\¢{— ) amz ¢— ) am(wz )" |-
m=1 m=1
00
n—1_1/n\m
{— ) an(@ "z ). (3-4)
m=1

The generic term of (3-3) is

k
¢ < Z b1zt + 0(zk+1))-

(=1

We proceed now by comparing coefficients of (3-3) and (3-4), and to do this we
apply induction on s.

Before starting the induction, we do some preliminary work in computing the
coefficient in (3-4) of ¢~ 17/z¢, that is, the coefficient that corresponds to by,
in (3-3). We exclude the case where £ =1 and t =n — 1 (i.e., by), since this first
nonzero term has simpler combinatorial structure than subsequent ones. We would
like to have a general form for the subsequent terms.

To this end, we know that the coefficient of ¢"~!~"z¢ in (3-4) will be a complex

linear combination of the products a,, ...a,,,, such that Ztii m; = nt, with

1
constants given in terms of a sum of powers of w. This is equivalent to noticing that
the indices m; partition n¥ into ¢ + 1 nonempty parts. To explain why there are £ + 1
parts, we first see that n — 1 —t =n — (¢ 4+ 1), and in the expansion (3-4), each term
will have n components. These components are formed by picking one term from
each of the n factors in (3-4), and are thus split into those that are just { and those
that come from the ;. In the particular case of ¢”~!~' we can imagine that we use
n —1—t choices on ¢, and the remaining ¢ 41 choices on various a,,,. The correct
coefficient in (3-4) to compare to b,—; will be then those combinations of a,,, such
that the indices m; sum to n times the exponent of z multiplying b,,_;, that is, the
m; sum to nf. We see that the parts must be nonempty since any m; = 0 would
give us a factor of ap = 0 in the product of all a,,,, thus annihilating the product.

So we need to consider the set of all partitions of the integer n¢ as a sum of 7 + 1
positive integers, say in decreasing order:

Pei={mi>...>2m 1 >1|my+---+mpy =nt}.

With this notation, we can produce an initial expression for the general coefficient:
buo—r = Z Amy - Amy By, omy s (3-5)
Pt

where [, ... .m,,, denotes a yet undetermined linear combination of powers of @
with rational coefficients that depends on the partition (m, ..., m;41).
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The expression in (3-5) can be refined by noticing that we care only about the
partitions with m| = nf —t = s, since this will be the highest possible index for a
given s and given ¢, and the products coming from all partitions with m; < nf —¢
will be absorbed in the polynomial Ps,n(atl1 / " ..., as_1). This assignment of m
then necessarily forces my = - - - =m;41 = 1, since we still require that the partition

contains ¢t + 1 nonempty parts and that the m; sum to n¢. Let us now introduce
0
Poy={(m1,...,muy1) € Pey | nl—t >my}.

This P?t captures all of the partitions whose m index we do not need to keep track
of, allowing us to rewrite (3-5). In rewriting, we suppress the m; in the first term,
instead presenting their actual values which we knowtobe m; =nl—t,my=---=
mep = 1t

t
ayang—tne—t,1,...,1 + E Amy - - Am  Mmy,...,myy - (3-6)
0
P

Again, as the indices m; of each term in the sum are all strictly less than n¢ — ¢, the
second term in this formula only contributes to Ps ,, hence we only need to specify
the constants f4ue—s.1,..1-

To gain a better understanding of the structure of the constant p,¢—; 1.1 appear-
ing in the above expression, we describe a way of visualizing each partition that
will give more structure to the enumeration of the constant’s summands. Consider
the partition of n¢ into parts n —t, 1, ..., 1 with 1 appearing ¢ times. We align this
partition with the combinatorial choice of picking a term out of each of the n factors
of (3-4) by considering the m; to be distributed among n boxes, not necessarily in
increasing order. We label the positions of these m; amongst the n boxes by the
labels s; fori =1, ...,1+1, such that s; # s; for i # j. Observe however that since
my =---=my41, any fixed set {s, ..., s;41} of ¢ distinct positions in {1, ..., n}
and any further position s1 ¢ {s2, ..., s;4+1} give rise to a single term in (3-6) of
the form a)saian ¢—; for some integer s (to be specified below), independently of
the order of {sp, ..., s;+1}. So we may (and from now on, will) assume that the
positions {sy, ..., s;1+1} are in increasing order:

§p < 0 < Sr41s

however, we have no restriction about the position of s; relative to the above
increasing sequence. This gives us a way of picturing all possible configurations of
the m;. An example of one of these configurations is

Sl x| | C|x; | C || S| xt | & oo X | X1 C |- ] C | ¢

1 2 s ... s K3 R R ...n—1 n
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with x; = —ay, (w*i~1z)™i forall 1 < j <t+1. We note that the — 1 attached to each
s; in the exponents occurs since the expansion in (3-4) is indexed from 0 to n —1, but
we were considering the s; as elements of {1, ..., n}. This is a minor adjustment.

Computing fim,,...m,,, involves writing an expression for w that reflects the
fixing of 51, the position of m1, outside of the strict ordering of the other labels.

We express this now, adopting the standard notation [n] = {1, ..., n}:
Pnt—tl.. 1 = Z PR N G el Z w1~ Dnt=n) (3-7)
824.00sS, ,HeZ+ s1€[n]\
1<sp<--<s;41<n {s2,...,814+1}

Now we manipulate (3-7) as follows, recognizing that since w is an n-th root of
unity, we may work with any of the sums in the exponents modulo 7:

2 : 2 : a)sz—imn—l—s,“—t+s1€n—s1t—Zn+t

Sz,...,St+1€Z+ s1€[n]\
I1<sy<--<sp1<n {82,841}

— E § ws2+-"+st+] —s1t

$2,.nSip1€Zt s1€IN\{s2,00s8141}
1<sry<--<si41<n

= > ot Yo e (39)

8§28 1€Z7T s1elnl\{s2,....,81+1}
I<sy<-<si11=n

We may recognize (3-8) as an ordered version of the sum examined by Lemma 3.1.
Indeed, we have bounded weights that sum to zero and an exponent sum in ¢ + 1
terms, namely w; = —f, wp, = --- = w;4; = 1. In Lemma 3.1 we have ¢ + 1
unordered terms, but here we have ¢ ordered terms and one independent term.
Multiplying (3-8) by ¢! allows us to rewrite it without the ordering and allows us
to apply the lemma, since we obtain sums over ¢ + 1 unordered terms. But then
the lemma gives that dividing by #! again allows us to compute the sum, and so the
sum from the lemma and the sum in (3-8) are equivalent. So we find

Z @S2 Z wS = (—l)tn.

§2,0 8141 €2 s €[n]\
I<sy<--<s§i41<n {52,8141}
We conclude that the leading-index term for b,¢—; is (—1)'naane—;.

Now we can start the induction on s, which will actually be a double induction,
firston £ € {1, ..., k} in increasing order then on ¢ € {0, ..., n — 1} in decreasing
order; see (3-2). We determine b; by inspection, and apply the above argument for
by, ..., b,. So we have

bi=d}, by=(—1)"*nal%ay, ..., by=(~1)""na} a,, ..., b,=nay.
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We note that each of these b; relations matches that in the theorem statement,
depending on a; and a;. These relationships are certainly invertible in terms of the a;:

—1)21p —1)P~p
a :\,,/bT’ _ ( ) 2 _ ( ) )4

a; = eee,  Ap= eeey, ap=by,/n.
1-2 ’ ’ P 1— ’ s n n
nb, /n nb, p/n

We fix an n-th root of b; here so that everything is uniquely determined. Changing
the choice of the root is equivalent to multiplying a; by a primitive n-th root of
unity, which then affects all subsequent coefficients a; in the same way, eventually
leading to a permutation of the roots ¢;(z) in (3-4); thus, fixing an n-th root of b,
18 not a restrictive choice. Furthermore, we note that in one direction we have the
desired polynomial relations, and in the other direction we have the desired rational
relations. Thus, the statement holds for £ = 1 and all ¢.

Then supposing that the claim holds for 2, ..., s —1, we consider general s. From
the earlier partition argument we also know that any terms a; in the full expression
for by that do not contain a,,_, will have indices at mosti <nf —t—1=s5—1,
so applying the induction hypothesis gives

bp—s = (_l)tnaianﬂ—t +Ps,n(a1’ ceyOs—1),

since we have invertible relationships for the expressions contained in Py ,(ay, .. .,
as—1). This new set of relationships will also be invertible since the only new term
is (—=1)! naﬁang,,, which is a nonzero multiple of a,,—, since we are working over a
field of characteristic zero with a; # 0. So b,,—, is determined explicitly by this ex-
pression, and vice versa. Thus we have shown that the claim holds for general s. [J
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