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We present a simple mathematical model of the development and progression
of breast cancer based on evolutionary game theory. Four types of cellular
populations are considered: stromal (native) cells, macrophages, benign tumor
cells, and motile (malignant) tumor cells. Despite the relative simplicity of the
model, it provides a way to explore the interactions between the various cell types
and suggests potential approaches to managing and treating cancer.

1. Introduction

The third most common cancer in the world is breast cancer, succeeding lung and
stomach cancer [Ford et al. 1998]. In women worldwide it is the leading cancer
and there are more than 106 new cases each year. There are many genes associated
with an increased probability of a person developing breast cancer, more commonly
known amongst which are the BRCA1 and BRCA2 genes [Ford et al. 1998; Slamon
et al. 1987].

There has been a substantial amount of research which makes use of mathematical
models based on evolutionary game theory (EGT) and attempts to gain insight
into the principal mechanisms that govern the development of cancer; see for
example [Basanta et al. 2012; Orlando et al. 2012; Bach et al. 2001; Tomlinson
and Bodmer 1997]. EGT, introduced in the 1970s by John Maynard Smith, was
first used to analyze contests between rival species, competing for an important
resource (e.g., food, territory, etc.). If one takes the view of tumor and stromal
(native) cells as species, the same type of mathematical techniques, previously
used in an ecological context, can be applied to study the progression of cancer.
In recent years this approach has been applied to study various aspects of cancer.
For example, [Basanta et al. 2012] uses a three cell species model to investigate
prostate cancer tumor-stroma interaction; [Bach et al. 2001] and [Liu and Liu 2012]
develop respectively two and three species models to study the synergistic effects of
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interactions between stromal cells and tumor cells, which often result in malignancy.
Gatenby and Vincent [2003] conducted a study on tumor cells and used game theory
to improve an existing linear model. In other studies, Mansury et al. [2006] and
Basanta et al. [2008] employed game theory to model tumor growth in the brain.

Our proposed game-theoretical model of breast cancer builds on the model of
[Liu and Liu 2012]. As in that paper, our model incorporates the growth-factor
secreting stromal cells (native cells), motile tumor cells and proliferative cells
(benign tumor cells). However, our model also incorporates macrophages, which
play an important role in the development of breast cancer [Qian and Pollard 2012;
Lamagna et al. 2006; Qian et al. 2009; Chen et al. 2011]. Macrophages have been
shown to have a complex interaction with tumor cells and act in a dual role — in
the beginning stages of cancer, they act as a defense mechanism against cancer
by attacking tumor cells; however, they also produce growth factor, which in later
stages can actually promote tumor growth [Lamagna et al. 2006; Chen et al. 2011].

Macrophages are large blood cells, produced as a result of the differentiation
of monocytes. Monocytes travel through the blood stream and are produced in
bone marrow. Once monocytes leave the blood stream, they turn into macrophages.
These cells travel the body ingesting and destroying bacteria, cleaning up cellular
debris, other harmful particles, dead cells and microbes [Børresen-Dale 2003].
Macrophages play an important role in the development of tumor cells. They
ingest and destroy the cells. After they ingest the tumor cells, they use some of the
materials in the cell for survival. They produce a growth factor that the macrophages
and the tumor cells both benefit from [Mansury et al. 2006].

2. Model

We will assume there are four different types of cells in the body:

(a) the native cells (NC), which are the healthy stromal cells;

(b) the macrophages (M8), which are part of the immune system;

(c) the benign tumor cells (BTC), lump-forming cancer cells that lack the ability
to metastasize;

(d) the motile tumor cells (MTC), metastatic cancer cells that can invade neigh-
boring tissues.

The concentrations of the various types of cells are denoted by %NC, %M8, %BTC

and %MTC respectively. The concentrations are between 0 and 1 and satisfy %NC+

%M8+ %BTC+ %MTC = 1.
We will now set up costs and benefits for each type of cell. Both the native cells

and macrophages produce growth factor, which benefits all types of cells. As in
[Archetti 2013], the cost of producing the growth factor, cG, and the benefits of the
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symbol meaning

%NC concentration of native cells
%M8 concentration of macrophages
%BTC concentration of benign tumor cells
%MTC concentration of motile tumor cells
cG cost of producing the growth factor
bG benefits of receiving the growth factor
cS cost of sharing the spaces
cM,M8 cost of the ability to move for M8

cM,MTC cost of the ability to move for MTC
bR benefits of reproducing quickly
cD cost of being destroyed by macrophages
WX net benefit for a given type of cells X ∈ {NC, M8, BTC, MTC}

Table 1. Model parameters and notation.

growth factor, bG, will be assumed to be the same for all types of the cells. The
macrophages and motile tumor cells can move and we will assume that the ability
comes at the costs cM,M8, and cM,MTC respectively. The native cells and benign
tumor cells stay in place and thus have to share the resources with other native and
benign tumor cells, which comes at the cost cS. The cancer cells can reproduce
faster than native cells or macrophages, which we model by additional benefit bR to
the cancer cells, but the cancer cells can be destroyed by macrophages, which we
model by additional cost cD to the cancer cells. Overall, when the concentrations of
the cells are %NC, %M8, %BTC and %MTC, the net benefits (benefits minus the costs)
to each type of the cells are

WNC = bG(%NC+ %M8)− cG− cS(%NC+ %BTC), (1)

WM8 = bG(%NC+ %M8)− cG− cM,M8, (2)

WBTC = bR+ bG(%NC+ %M8)− cS(%NC+ %BTC)− cD%M8, (3)

WMTC = bR+ bG(%NC+ %M8)− cM,MTC− cD%M8. (4)

For example, (1) reads that a native cell (a) benefits from the growth factor produced
by (other) native cells and the macrophages, shown by the term bG(%NC+ %M8),
(b) pays the cost of producing the growth factor itself, shown by the term cG, and
(c) pays the cost of sharing the space with other native cells and benign tumor cells,
shown by the term cS(%NC+ %BTC).

The notation and model parameters are summarized in Table 1.
Similarly to the models presented in [Basanta et al. 2008; Liu and Liu 2012;

Bach et al. 2001], the situation described by (1)–(4) could be modeled as a matrix
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game when the interactions between individual cells are assumed to be pairwise
and the payoff matrix is given by

encounter with→payoff to↓ MTC M8 NC BTC
MTC bR−cM,MTC bR−cM,MTC−cD+bG bR−cM,MTC+bG bR−cM,MTC

M8 −cG−cM,M8 bG−cG−cM,M8 bG−cG−cM,M8 −cG−cM,M8

NC −cG bG−cG bG−cG−cS bG−cG−cS

BTC bR bR+bG−cD bR+bG−cS bR−cS

(5)

To make sure that the entries of matrix (5) are nonnegative, it is customary to
add a fixed number (for example 1) to all of them.

3. Results

We are interested in deriving conditions which ensure that the cancer cells (or at
least the metastatic tumor cells) eventually die out.

3.1. Coexistence of native cells and macrophages. We first derive conditions on
the parameters which ensure a healthy organism; i.e., the coexistence of native cells
and macrophages (with no tumor cells) is an evolutionarily stable state (ESS). The
assumption that there are only native cells and macrophages requires that %BTC = 0
and %MTC = 0 and consequently %NC+ %M8 = 1. Subtracting (2) from (1) yields

WNC−WM8 = cM,M8− cS%NC. (6)

Recall that the net benefit from interaction (fitness) for the native cells is denoted
by WNC and for the macrophages, by WM8. It follows from (6) that

WNC T WM8 if and only if %NC S
cM,M8

cS

(in other words, native cells do better than macrophages if there are too many
macrophages, and vice versa). Consequently, the only candidates for the stable
healthy proportion of the cells are %NC = cM,M8/cS and %M8 = (cS− cM,M8)/cS.

Since, in this scenario, we would like for the ESS to include no tumor cells, we
need to derive the conditions which ensure that tumor cells (in tiny amounts) still
do worse than the native cells. Subtracting (1) from (3) yields

WBTC−WNC = bR+ cG− cD%M8, (7)

while subtracting (2) from (4) yields

WMTC−WM8 = bR+ cG+ (cM,M8− cM,MTC)− cD%M8. (8)
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Figure 1. If (9) is satisfied, then the tumor cells eventually extinct.
In this figure the values of the parameters are as follows: bR = 1,
cG = 2, bG = 4, cD = 7, cM,MTC = cM,M8 = 1, cS = 2.

It follows that, in a healthy body where %M8 = (cS− cM,M8)/cS, both the benign
tumor cells and the motile tumor cells do worse than healthy cells if and only if

bR+ cG+max{0, cM,M8− cM,MTC}< cD
cS− cM,M8

cS
. (9)

In particular, increasing the value of cD (or the ability of macrophages to destroy
tumor cells) or decreasing the value of bR (the reproductive advantage of the tumor
cells) ensures that the fitness of both types of tumor cells is smaller than the fitness
of the native cells and the macrophages and that the body will stay healthy.

Moreover, when condition (9) is satisfied, and the initial state of the system
involves relatively small amounts of tumor cells, the tumor cells eventually go
extinct; see for example Figure 1, which shows the evolution of the four cell types
under the replicator dynamics [Hofbauer and Sigmund 1998]

d
dt

%cell type = %cell type(Wcell type−W ), (10)

where W is the average fitness, given by

W =
∑

i

%i Wi .

The summation index i varies over all four cell types.

3.2. Coexistence of native cells, macrophages, and benign tumor cells. We note
that if cM,M8 ≤ cM,MTC, then by (7) and (8), motile tumor cells do worse than
benign tumor cells in a healthy body. It is thus possible that the body will be able to
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Figure 2. If (13) holds, then the motile tumor cells eventually
extinct even when the benign tumor cells can stay in the body.
The parameters are as follows: bR = 1, cG = 2, bG = 4, cD = 7,
cM,MTC = 1, cM,M8 = 0.8, cS = 1.2

get rid of the dangerous motile tumor cells even if it is not able to get rid of the less
dangerous benign tumor cells. This is the situation that we will investigate now.

More precisely, we will want to see under what conditions it is possible to have
%MTC = 0 as a stable condition. As in Section 3.1, subtracting (2) from (1) yields

WNC−WM8 = cM,M8− cS(%NC+ %BTC). (11)

An ESS requires that the fitnesses of each of the coexisting types of cells be
equal to each other. In particular, WNC = WM8 and since %MTC = 0, we also get
%NC+ %BTC = 1− %M8. Thus, it follows from (11) that, as in Section 3.1,

%M8 =
cS− cM,M8

cS
. (12)

Since subtracting (2) from (4) still yields (8), we get that no motile tumor cells
are possible only if

bR+ cG+ cM,M8− cM,MTC < cD
cS− cM,M8

cS
. (13)

Thus, if it is difficult to ensure that condition (9) is satisfied for a patient, one can
still attempt to satisfy (13), for example by increasing the value of cM,MTC (the cost
of movement for the tumor cells) or decreasing the value of cM,M8 (the cost of move-
ment for the macrophages), and thus prevent the development of metastatic cancer.

Figure 2 shows the evolution of the concentrations of the four cell types as a
function of time under the replicator dynamics (10) when (9) is not satisfied but
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(13) still holds. We can see that the benign tumor cells stay in the body but the
motile tumor cells die out.

Note that in the case when cM,MTC < cM,M8, the motile tumor cells can thrive in
the body whenever benign tumor cells can.

4. Conclusions and discussion

In this paper we presented and analyzed a game-theoretical model of breast cancer.
We have extended the model of [Liu and Liu 2012] by explicitly incorporating
the macrophages. As observed in [Qian and Pollard 2012; Lamagna et al. 2006;
Qian et al. 2009; Chen et al. 2011] and confirmed by the analysis of our model, the
macrophages indeed play a crucial role in the development and prevention of cancer.

Our model suggests at least three possible ways of cancer treatment. One is
to increase the damage to the tumor cells caused by macrophages (or in a similar
fashion, increase the ability of macrophages to destroy tumor cells). Another way
is to decrease the reproductive advantage of the tumor cells, i.e., their ability to
reproduce much more quickly than healthy cells. And a third way is to increase the
cost of mobility for the tumor cells. The last scenario may not completely prevent
the cancer from developing in the body, but it may prevent dangerous metastatic
tumors.
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[Ford et al. 1998] D. Ford, D. Easton, M. Stratton, S. Narod, D. Goldgar, P. Devilee, D. Bishop, B.
Weber, G. Lenoir, J. Chang-Claude, H. Sobol, M. Teare, J. Struewing, A. Arason, S. Scherneck,
J. Peto, T. Rebbeck, P. Tonin, S. Neuhausen, R. Barkardottir, J. Eyfjord, H. Lynch, B. Ponder, S.
Gayther, J. Birch, A. Lindblom, D. Stoppa-Lyonnet, Y. Bignon, A. Borg, U. Hamann, N. Haites, R.
Scott, C. Maugard, H. Vasen, S. Seitz, L. Cannon-Albright, A. Schofield, and M. Zelada-Hedman,
“Genetic heterogeneity and penetrance analysis of the BRCA1 and BRCA2 genes in breast cancer
families”, Amer. J. Human Genetics 62:3 (1998), 676–689.

[Gatenby and Vincent 2003] R. A. Gatenby and T. L. Vincent, “Application of quantitative models
from population biology and evolutionary game theory to tumor therapeutic strategies”, Molecular
Cancer Therapeutics 2:9 (2003), 919–927.

[Hofbauer and Sigmund 1998] J. Hofbauer and K. Sigmund, Evolutionary games and population
dynamics, Cambridge University Press, 1998. MR Zbl

[Lamagna et al. 2006] C. Lamagna, M. Aurrand-Lions, and B. A. Imhof, “Dual role of macrophages
in tumor growth and angiogenesis”, J. Leukocyte Biol. 80:4 (2006), 705–713.

[Liu and Liu 2012] Q. Liu and Z. Liu, “Malignancy through cooperation: an evolutionary game
theory approach”, Cell Proliferation 45:4 (2012), 365–377.

[Mansury et al. 2006] Y. Mansury, M. Diggory, and T. S. Deisboeck, “Evolutionary game theory in
an agent-based brain tumor model: exploring the ‘genotype-phenotype’ link”, J. Theoret. Biol. 238:1
(2006), 146–156. MR

[Orlando et al. 2012] P. A. Orlando, R. A. Gattenby, and J. S. Brown, “Cancer treatment as a game:
integrating evolutionary game theory into the optimal control of chemotherapy”, Phys. Biol. 9:6
(2012), art. id. 065007.

[Qian and Pollard 2012] B.-Z. Qian and J. W. Pollard, “New tricks for metastasis-associated
macrophages”, Breast Cancer Research 14 (2012), art. id. 316.

[Qian et al. 2009] B. Qian, Y. Deng, J. H. Im, R. J. Muschel, Y. Zou, J. Li, R. A. Lang, and J. W.
Pollard, “A distinct macrophage population mediates metastatic breast cancer cell extravasation,
establishment and growth”, PLoS One 4:8 (2009), art. id. e6562.

[Slamon et al. 1987] D. J. Slamon, G. M. Clark, S. G. Wong, W. J. Levin, A. Ullrich, and W. L.
McGuire, “Human breast cancer: correlation of relapse and survival with amplification of the
HER-2/neu oncogene”, Science 235:4785 (1987), 177–182.

[Tomlinson and Bodmer 1997] I. P. M. Tomlinson and W. F. Bodmer, “Modelling the consequences
of interactions between tumour cells”, Brit. J. Cancer 75:2 (1997), 157–160.

Received: 2015-01-13 Revised: 2017-07-08 Accepted: 2017-07-20

keyona.barton@bennett.edu Bennett College, Greensboro, NC, United States

corbin.smith@bennett.edu Bennett College, Greensboro, NC, United States

rychtar@uncg.edu Department of Mathematics and Statistics, The University of
North Carolina at Greensboro, Greensboro, NC, United States

tsendova@math.msu.edu Department of Mathematics, Michigan State University,
East Lansing, MI, United States

mathematical sciences publishers msp

http://dx.doi.org/10.1086/301749
http://dx.doi.org/10.1086/301749
http://mct.aacrjournals.org/content/2/9/919
http://mct.aacrjournals.org/content/2/9/919
http://dx.doi.org/10.1017/CBO9781139173179
http://dx.doi.org/10.1017/CBO9781139173179
http://msp.org/idx/mr/1635735
http://msp.org/idx/zbl/0914.90287
http://dx.doi.org/10.1189/jlb.1105656
http://dx.doi.org/10.1189/jlb.1105656
http://dx.doi.org/10.1111/j.1365-2184.2012.00824.x
http://dx.doi.org/10.1111/j.1365-2184.2012.00824.x
http://dx.doi.org/10.1016/j.jtbi.2005.05.027
http://dx.doi.org/10.1016/j.jtbi.2005.05.027
http://msp.org/idx/mr/2206587
http://dx.doi.org/10.1088/1478-3975/9/6/065007
http://dx.doi.org/10.1088/1478-3975/9/6/065007
http://dx.doi.org/10.1186/bcr3143
http://dx.doi.org/10.1186/bcr3143
http://dx.doi.org/10.1371/journal.pone.0006562
http://dx.doi.org/10.1371/journal.pone.0006562
http://dx.doi.org/10.1126/science.3798106
http://dx.doi.org/10.1126/science.3798106
http://dx.doi.org/10.1038/bjc.1997.26
http://dx.doi.org/10.1038/bjc.1997.26
mailto:keyona.barton@bennett.edu
mailto:corbin.smith@bennett.edu
mailto:rychtar@uncg.edu
mailto:tsendova@math.msu.edu
http://msp.org


involve
msp.org/ involve

INVOLVE YOUR STUDENTS IN RESEARCH
Involve showcases and encourages high-quality mathematical research involving students from all
academic levels. The editorial board consists of mathematical scientists committed to nurturing
student participation in research. Bridging the gap between the extremes of purely undergraduate
research journals and mainstream research journals, Involve provides a venue to mathematicians
wishing to encourage the creative involvement of students.

MANAGING EDITOR
Kenneth S. Berenhaut Wake Forest University, USA

BOARD OF EDITORS
Colin Adams Williams College, USA

John V. Baxley Wake Forest University, NC, USA
Arthur T. Benjamin Harvey Mudd College, USA

Martin Bohner Missouri U of Science and Technology, USA
Nigel Boston University of Wisconsin, USA

Amarjit S. Budhiraja U of North Carolina, Chapel Hill, USA
Pietro Cerone La Trobe University, Australia

Scott Chapman Sam Houston State University, USA
Joshua N. Cooper University of South Carolina, USA
Jem N. Corcoran University of Colorado, USA

Toka Diagana Howard University, USA
Michael Dorff Brigham Young University, USA

Sever S. Dragomir Victoria University, Australia
Behrouz Emamizadeh The Petroleum Institute, UAE

Joel Foisy SUNY Potsdam, USA
Errin W. Fulp Wake Forest University, USA

Joseph Gallian University of Minnesota Duluth, USA
Stephan R. Garcia Pomona College, USA

Anant Godbole East Tennessee State University, USA
Ron Gould Emory University, USA

Andrew Granville Université Montréal, Canada
Jerrold Griggs University of South Carolina, USA

Sat Gupta U of North Carolina, Greensboro, USA
Jim Haglund University of Pennsylvania, USA

Johnny Henderson Baylor University, USA
Jim Hoste Pitzer College, USA

Natalia Hritonenko Prairie View A&M University, USA
Glenn H. Hurlbert Arizona State University,USA

Charles R. Johnson College of William and Mary, USA
K. B. Kulasekera Clemson University, USA

Gerry Ladas University of Rhode Island, USA

Suzanne Lenhart University of Tennessee, USA
Chi-Kwong Li College of William and Mary, USA

Robert B. Lund Clemson University, USA
Gaven J. Martin Massey University, New Zealand

Mary Meyer Colorado State University, USA
Emil Minchev Ruse, Bulgaria
Frank Morgan Williams College, USA

Mohammad Sal Moslehian Ferdowsi University of Mashhad, Iran
Zuhair Nashed University of Central Florida, USA

Ken Ono Emory University, USA
Timothy E. O’Brien Loyola University Chicago, USA

Joseph O’Rourke Smith College, USA
Yuval Peres Microsoft Research, USA

Y.-F. S. Pétermann Université de Genève, Switzerland
Robert J. Plemmons Wake Forest University, USA

Carl B. Pomerance Dartmouth College, USA
Vadim Ponomarenko San Diego State University, USA

Bjorn Poonen UC Berkeley, USA
James Propp U Mass Lowell, USA

Józeph H. Przytycki George Washington University, USA
Richard Rebarber University of Nebraska, USA

Robert W. Robinson University of Georgia, USA
Filip Saidak U of North Carolina, Greensboro, USA

James A. Sellers Penn State University, USA
Andrew J. Sterge Honorary Editor

Ann Trenk Wellesley College, USA
Ravi Vakil Stanford University, USA

Antonia Vecchio Consiglio Nazionale delle Ricerche, Italy
Ram U. Verma University of Toledo, USA

John C. Wierman Johns Hopkins University, USA
Michael E. Zieve University of Michigan, USA

PRODUCTION
Silvio Levy, Scientific Editor

Cover: Alex Scorpan

See inside back cover or msp.org/involve for submission instructions. The subscription price for 2018 is US $190/year for the electronic
version, and $250/year (+$35, if shipping outside the US) for print and electronic. Subscriptions, requests for back issues and changes of
subscriber address should be sent to MSP.

Involve (ISSN 1944-4184 electronic, 1944-4176 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o University of
California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices.

Involve peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2018 Mathematical Sciences Publishers

http://msp.org/involve
http://msp.org/involve
http://msp.org/
http://msp.org/


inv lve
a journal of mathematics

involve
2018 vol. 11 no. 4

541Modeling of breast cancer through evolutionary game theory
KE’YONA BARTON, CORBIN SMITH, JAN RYCHTÁŘ AND TSVETANKA
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