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The Hausdorff metric 4 is used to define the distance between two elements of
H(R"), the hyperspace of all nonempty compact subsets of R”. The geometry
this metric imposes on #(R") is an interesting one — it is filled with unexpected
results and fascinating connections to number theory and graph theory. Circles and
lines are defined in this geometry to make it an extension of the standard Euclidean
geometry. However, the behavior of lines and segments in this extended geometry
is much different from that of lines and segments in Euclidean geometry. This
paper presents surprising results about rays in the geometry of #(R"), with a focus
on attempting to find well-defined notions of angle and angle measure in H(R").

1. Background

In this section we provide the definition of the Hausdorff metric and some known
results about lines and segments of compact sets. The Hausdorff metric & was
introduced by Felix Hausdorff in the early twentieth century as a way to measure
the distance between compact sets. The space R" will be our underlying space, and
we will denote by H(R") the hyperspace of all nonempty compact subsets of R".
The standard Euclidean metric on R" will be denoted by dg. The Hausdorff metric
on H(R") is defined as follows.

Definition 1.1. The Hausdorff distance h(A, B) between sets A and B in H(R") is
h(A, B) =max{d(A, B),d(B, A)},
where
d(a, B) = min{dg(a, b)}

beB

for a € A and
d(A, B) =max{dg(a, B)}.

acA
Example 1.2. Let A be the closed interval [0, 2] and B be the closed interval [3, 4]
in H(R). Then d(A, B) =10—3| =3 and d(B, A) = |4 — 2| = 2. This example
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illustrates that it is possible to have d(A, B) # d(B, A), which necessitates using
the maximum of d(A, B) and d(B, A) as the Hausdorff distance between A and B.
Thus we have that h(A, B) =d(A, B) =3.

The proof that 4 is a metric can be found in many topology texts; see [Barnsley
1993; Edgar 1990] for example.

Line segments, lines, and rays in #(R") can be defined in a way that makes them
analogous to segments, lines, and rays in R". In R” we can think of the line segment
ab as the set of all points ¢ that lie between a and b, that is, the points c that satisfy
dp(a,b) =dg(a,c) +dg(c, b). We follow the convention in [Blument@l 1953]
and write acb to indicate that c lies between a and b. Similarly, the ray ab can be
thought of as all points ¢ such that acb or abc, and the line ab is the set of all
points ¢ such that cab, acbh, or abc. We can naturally extend these notions to define
segments, lines, and rays in H(R").

Definition 1.3. The set C € H(R") lies between the sets A and B in H(R") if
h(A,C)+h(C, B)=h(A, B).

We write ACB to signify that C lies between A and B.
The definition of betweenness in H (R") then allows us to define segments, lines,
and rays in H(R").

Definition 1.4. Let A and B be distinct sets in H(R"):
(1) The segment AB is the collection of all sets C € #(R") that satisfy ACB.
(2) The ray ﬁ is the collection of all sets C € H(R") that satisfy ACB or ABC.

(3) The line 1(4_I§ is the collection of all sets C € H(R") that satisfy CAB, ACB,
or ABC.

Example 1.5. Let A be the circle of radius 1 and B be the circle of radius 2 in
H(R?), both centered at the origin. Then h(A, B) = d(A,B) =d(B,A) = 1.
Figure 1 (left image) illustrates a set C satisfying CAB (the shaded set), a set C
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Figure 1. Sets C satisfying CAB, ACB, and ABC.
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Figure 2. A dilation of a circle.

(middle image) satisfying ACB (the circle C centered at the origin of radius 1+
for any 0 < s < 1), and a set C (right image) satisfying ABC (the shaded set).

It is reasonable to ask how one goes about finding a set C that satisfies CAB,
ACB, or ABC. The key lies in the dilation of a set.

Definition 1.6. Given A € H(R") and s € R with s > 0, the s-dilation of A is the
set
(A)s ={x eR" | d(x, A) <s}.

As an example, the 0.7-dilation of the circle of radius 2 in H(R?) is the shaded
region shown in Figure 2.

Dilations are useful mainly because #(A, (A)y;) = s and any set C that satisfies
h(A, C)=sis asubset of (A), [Braun et al. 2005, Theorem 4]. Thus when we want
to find a set C that satisfies ACB with h(A, C) = s, for example, we can restrict
our search to subsets of (A); N (B)na,B)—s. In fact, the set X = (A)s N (B)k(a,B)—s
itself satisfies AXB with h(A, X) = s for any 0 < s < h(A, B), as the following
lemma attests.

Lemma 1.7 [Bogdewicz 2000, Lemma 3.6]. Let A, C € H(R"), h(A, C) =q and
let
W= (A)Y N (C)q—s

foreachs €0, ql. Then h(A, W) =s and h(W,C) =q —s.

If we restrict ourselves to the subspace of single point sets, then the Hausdorff
metric is just the Euclidean metric. In this way, the standard Euclidean geometry
can be embedded in the geometry of H(R"). In general, though, lines and segments
behave quite differently in H(R") than they do in Euclidean geometry. For example,
in Euclidean geometry, given two points a and b, for any s > 0 there is exactly one
point ¢ on ab (and ba) with dg(a, c¢) =s. It is demonstrated in [Bay et al. 2005] that,
under certain circumstances, there are no sets C that satisfy BAC with h(A, C) ==
for all s larger than some real number sg. Hence some lines in 7 (R") are actually
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just halflines. On the other hand, if there exists a € A such that d(a, B) # h(A, B)
or b € B such that d(b, A) # h(A, B), then there are infinitely many sets C that
satisfy ACB and h(A, C) = s for any O < s < h(A, B) [Blackburn et al. 2009,
Lemma 2.3]. This prompts the following definition:

Definition lﬁ) Let A # B € H(R™). The elements C, C’ € H(R") are at the same
location on AB if C and C’ satisfy

e ACB and AC'B,
e CAB and C'AB, or
e ABC and ABC/,
with 2(A, C) = h(A, C’) = s for some s.

2. Some results about rays in H(R")

The discussion in the previous section indicates that the geometry of the Hausdorff
metric is often surprising and counterintuitive. To develop the geometry more fully,
we are interested in defining and measuring angles in H(R"). As in Euclidean
geometry, we can consider an angle as being formed by two rays with 12 common
endpoint. In Euclidean geometry, however, if the point ¢ is on the ray ab, then the
rays ac¢ and ;l; are the same. There is no guarantee that the same result is true in
H(R™). In this section we examine some behavior of rays in H(R") that will be
pertinent if we want to define angle measure.
One result that we will use comes from [Montague 2008].

Lemma 2.1. Let A, B € H(R"). Fixs,t €e Rwiths,t >0, and s+t =h(A, B).
Then, for C € H(R"), the following statements are equivalent:

(1) The set C is a subset of (A); N (B);, A C (C)s,and B < (C),.
(2) The set C is between A and B, and h(A, C) = s.

Proof. (1) = (2). Suppose C € (A)s N (B);, A < (C)s, and B C (C),. Since
C C (A)y, we know d(C, A) < s, and since A C (C);, we know d(A,C) < s.
Similarly, d(B, C) <t and d(C, B) <t. Thus h(A, C) <s and h(C, B) <t. Since
s+t =h(A,B) <h(A,C)+ h(C, B), and h(A,C) < s and h(C, B) < t, we
conclude that #(A, C) =s and h(C, B) =t. Therefore, C is between A and B and
h(A,C)=s.

(2) = (1). Suppose C is between A and B, and h(A, C) =s. Since C is a distance s
from A, by [Braun et al. 2005, Theorem 2], we know that C C (A),. Given ACB
and h(A, C) = s, we also have that h(C, B) =t = h(A, B) — s. Then, we know
that C € (B);, by [Braun et al. 2005, Theorem 2]. Thus, C C (A); N (B);. Also,
we know d(a, C) <d(A,C) <h(A,C)=sforalla € A, so A C (C),. Likewise,
db,C)<h(B,C)=tforallbe B,soBC (C),. O
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Figure 3. D in AC.

Our first result addresses the qlﬁtion of whether rays A—C) and A—D> must be the
same if C and D both lie on ray AB.

Proposition 2.2. For A, B,C, D € H(R"), if C € AB with ABC, and D € AC
with ACD, then D € AB with ABD and BCD.

Proof. 1t is not difficult to show that AB D is equivalent to BC D, so we focus on
the latter. Let s = h(A, B) and t = h(B, C). Then ABC implies h(A,C) =s +1t.
Lemma 2.1 tells us that
B < (A)s;N(C), ACS(B)s, and CC<(B).
Similarly, since we have AC D, for some fixed x, y e Rwithx,y >0, x4+ y=
h(A, D),and h(A, C) = x, it follows that
CC(A),N(D)y, AC(C), and D C(C)y.
Thus C must be a subset of both (B); and (A),N(D),, from which it follows that
C < (B): N (A)xN(D)y.
Hence we have C C (B); N (D),, B € (C);,and D € (C),. We conclude that C
is between B and D by Lemma 2.1. ([

One consequence of Proposition 2.2 is the following corollary, whose proof is
left to the reader.

Corollary 2.3. For A, B,C, D € H(R"), if C € AB with ACB, and D € AC with
ADC, then D € AB.

It is not always true that AB contains the same sets as AC The following
example demons_tr)ates that C € AB with ABC and D € AB does not necessarily
imply that D € AC.

Example 2.4. Let A ={(0,0)}, B={(1, 0)}, C be the circle of radius 2 centered at
(4, 0), and D be the unit circle centered at (7, 0) in H(R?) as illustrated in Figure 3.
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Note that #(A, B) =1, h(B,C) = S,gd h(A,C)=6,s0C € ﬁ Similaﬂ;r,
h(B,D) =1, anifz(A, D) =28,s0 D € AB. However, hg, D)=4,s0 D ¢ AC.
Therefore, D € AB does not necessarily imply that D € AC.

3. Pythagorean triples in H(R")

The results in the previous section about rays provide some caution about the idea
of defining angle measure. We can define an angle to be a union of two rays
that emanate from a given point, but we might expect the measure of an angle, if
possible, to be more complicated than in Euclidean geometry.

To consider angle measure in H(R"), we are motivated by an approach used by
Wildberger [2005], who presents an alternative to classical trigonometry that does
not rely on the general notion of angle. The concept of spread, or proportion of
distance, utilizes the idea of orthogonality. In order to use this approach in H(R"),
we will need to define and understand orthogonality. We define orthogonality in
‘H(R") as Pythagorean orthogonality.

Definition 3.1. The sets A, B, and Q in H(R") form a Pythagorean triple (or right
triangle with AQ as hypotenuse) if

h(A, B>+ h(B, 0)> = h(A, 0)°.

Example 3.2. Leta, b, g > 0 with g> =a®+b?, and let A = {(a, 0)}, B={(0,0)},
and Q = {(0, b)}. Note that h(A, B) =a, h(B, Q) =b, and h(A, Q) =gq. In this
case the sets A, B, and Q form a Pythagorean triple, and we can see that the idea of
Pythagorean triples in H(R") is really a generalization of the concept of Pythagorean
orthogonality in R". An example of infinite sets that form a Pythagorean triple is
the collection A, B, and Q, where A is the circle centered at the origin of radius 1,
B is the circle centered at the origin of radius 4, and Q is the disk centered at the
origin of radius 6. In this case we have h(A, B) =3, h(B, Q) =d(Q, B) =4, and
h(A, Q) =d(Q,A) =5.

The question we want to address now is, given sets A, B € H(R"), must there
exist a set (or sets) Q that forms a Pythagorean triple with AB as hypotenuse such
that 1(A, Q) = s? In fact, we will prove that there are infinitely many such Q
at a fixed location s from A. It is important to note that any such set Q must lie
within the intersection (A); N (B) /2. For the remainder of this section we set
the conditions that

e A and B are in H(R") withr = h(A, B) =d(A, B) > 0;

e 5 and ¢ are positive numbers with r> = 52 + ¢> (note that this implies r > s,
r>t,and s+t > r); and

* Oy =(A)sN(B).
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We will refer to these conditions as our Pythagorean conditions. We present several

lemmas that we will use to establish our first result about Pythagorean triples

in H(R"). By N¢(q) we mean the open e-neighborhood {x € R" : dp(x, q) < €}

centered at point ¢. We denote the closure of a set S as S and the boundary of S as 3.
We state the first lemma, which is [Blackburn et al. 2009, Lemma 2.3].

Lemma 3.3. Let A and B be elements of H(R"). If d(B, A) > 0, then there exist
be Banda € 0A such that dg(b,a) =d(b, A) =d(B, A).

Lemma 3.4. Let B € H(R") and lett > 0. If y € 0(B);, thend(y, B) =t.

The proof of Lemma 3.4 is straightforward and is left to the reader.

We know that if h(A, B) =r and u +v = r, then h(A, (A), N (B),) = u and
h(B, (A), N (B),) = v. However, in the case where r> = s>+ (so that s +¢ #£r),
we cannot conclude that 2(A, Q;) = s and h(B, Q5) = t, but we do have the
inequalities.

Lemma 3.5. Given the Pythagorean conditions,
h(A, Qs;)<s and h(B,Q;) =<t.

Proof. We will demonstrate that 7(A, Q) <s. The argument that 2(B, Q5) <t is
similar and is left to the reader. We first show that d(A, Q;) <s. Leta € A, and let
b € B such that dg(a, b) =d(a, B) <d(A, B) =r. Let x € ab with dg(a, x) =s.
If dg(a, x) > dg(a,b),then b € (A)y and so b € Q. If dg(a, x) < dg(a, b), then
x €ab. Sodg(b,x)=dg(a,b)—s <r—s <t and x € (A); N (B),. In either case
we have d(a, Q) < s, which demonstrates that d(A, Q;) <.

The fact that Q; € (A),; implies that d(Q;, A) < s. Therefore, we have
h(A, Qs) <s. 0

To demonstrate that there are infinitely many sets Q such that A, B, and Q form
a Pythagorean triple with A B as hypotenuse, we will next show that we can remove
a small neighborhood from Q; without affecting the inequalities in Lemma 3.5.

Lemma 3.6. Given the Pythagorean conditions, let a € A and b € B such that
dgp(a,b) =r. Then N.(q) is in the interior of Q, where € = %(s+t —r)and q €ab
withdg(q,b) =t —e.

Proof. 1t is not difficult to show that » > t — € > 0 and so g exists. Let x € Ne(q).
Then

dep(x,b) <dg(x,q)+deg(q,b) <e+(t—€)=t.
Now
dp(a,q) =dg(a,b) —dg(b,q) =s —€,

so it follows that dg(x, a) < s. O
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49)
Q5 =05 — Ns(q)

Figure 4. Left: Q5 = O, \ Ns(g). Right: Q = O, \ Ne(q).

Lemma 3.7. Given the Pythagorean conditions, let a € A and b € B such that
dp(a,b)=r,lete = %(s +t—r),andlet q € ab with dg(g,b)=t. Let0<§ <e€
and let Qs = Qy \ Ns(q). Then h(A, Q%) < s and h(B, Q%) <t.

Proof. A picture illustrating the theorem is shown in Figure 4, left (where A is
the disk centered at (—3, 0) of radius 2 and B is the disk centered at (2, 0) with
radius 1 in R?). First note that € > 0. Also note that Qj is closed and a subset of Q;
(that is, Qf is just Qg with a neighborhood around a point in its interior removed),
so it is an element in H(R"). We know that 7(A, Q5) < s by Lemma 3.5. Since
Q5 € Q, and d(x, A) < s for every x € Q,, we have d(x, A) < s for every x € Q5.
So d(Q%, A) <d(Qy, A) <s. Now we show that d(A, Qf) <s.

Let x € A. We consider two cases. First, suppose that x € Ns(g). Let g’ be
the point on the boundary of Ns(g) closest to x. Since Qj is closed, it follows
that dN;(q) < Q5. So q' € Qf and dp(x,q') <8 < s (note that < r and so
s > %(s +1t—r) =¢€). Thus, d(x, Q) < s. For the second case, assume that
x & Ns(q). Let g, € Qg such that dg(x, gy) = d(x, Qy) < h(A, Q) <s. If
gx & Ns5(q), then g, € Qf and d(x, Qf) <s. If g, € Ns(q), let ¢’ be the point
on dNs(q) Nxqy. Then de(x, q") < de(x, q,) <s and d(x, Q%) <s. Therefore,
d(x, Q5) < s for every x € A and d(A, Qf) < s. A similar argument shows
h(B, Q%) <t. O

Theorem 3.8 will demonstrate that, under certain conditions, we have infinitely
many Pythagorean triples with AB as hypotenuse.

Theorem 3.8. Given the Pythagorean conditions, let a € A and b € B such that
dp(a,b) =r,lete = %(s +t—r),andlet q € ab with dg(g,b)=t. Let0<§ <e€
and let Qf; =0\ Ns(q). If OsNI(A)y # T and Q;NI(B), # I, then A, B, and
Qj form a Pythagorean triple with h(A, Q%) =s.

Proof. An illustration of Theorem 3.8 is shown in Figure 4. Lemma 3.7 shows
that 1(A, Q%) < s. To verify that (A, Q%) = s we use the hypothesis that Q
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contains a point z € d(A);. Lemma 3.4 shows that d(z, A) = s. The proof of
Lemma 3.7 demonstrated that if x € Ns(g), then d(x, A) < s. Therefore, z € Qf
and d(Qj%, A) = s. A similar argument shows that 2(Qj, B) =1. O

Theorem 3.8 shows that under certain conditions, there are infinitely many sets
Qj such that A, B, and Qf form a Pythagorean triple with (A, Qf) the same for
every §. In other words, there can be infinitely many different Pythagorean triples
with a fixed AB as hypotenuse. The next question we address is if this is always
the case. In other words, can we find Pythagorean triples with AB as hypotenuse if
Q; does not contain boundary points of (A); or (B),?

Lemma 3.9 shows that we cannot have Q; N d(B); = &, and helps us understand
when Q; NJ(A)s # .

Lemma 3.9. Assume the Pythagorean conditions:
(1) If0<s <d(B, A), then Qs NA(A), # D.
(2) QsNI(B); # 2.

Proof. Assume 0 <s <d(B, A). Letbe B anda € A suchthatdg(b,a)=d (b, A) =
d(B, A) > s. Let x € ba such that dg(a, x) = 5. Thus, x € (A), and x € (B);, and
x € Q. Now let z € bx with dg(z, x) > 0. We will show that z ¢ (A),. Suppose to
the contrary that z € (A),. Then there is an a, € A with dg(z, a;) <s. Applying the
triangle inequality along with the fact that dg (b, x) =dg(b,a) —s =d(b, A) —s
shows that

dp(b,a;) <d(b,A) —s+s=d(b, A),

which is impossible. We conclude that z ¢ (A), and so every neighborhood around
x contains a point in (A), and a point not in (A);. Therefore, x € 9(A), and
Qs NA(A)s # 2.

The proof of the second assertion follows the same argument as part (1), noting
that ¢ is always between 0 and r = d(A, B). [l

Note that we cannot draw any conclusions about Q; Nd(A), if s > d(B, A), as
the next examples illustrate.

Example 3.10. Let A be an annulus centered at the origin with inner radius r4 and
outer radius R4 and let B be the single point set consisting of the point at the origin,
as shown in Figure 5, left. Then 0 < d(B, A) =rs <d(A, B) = R4. In this case,
if s >d(B, A), then Q; = (B); and Q;Nd(A); = Q.

Example 3.11. Let A = {(0,0), (1,0)} and B = {(—1,0)} in R?, as shown in
Figure 5, right. Then 0 < d(B, A) =1 <d(A, B) = 2. In this case, s > d(B, A)
does not imply Qs N3d(A); = &. In fact, here we will have Q; Nd(A); = & only
when 1 +s > 1.
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Figure 5. Left: O, N9d(A); = &. Right: Q;NJ(A); # 2.

As a consequence of Theorem 3.8 and Lemma 3.9, to determine if we can always
find a Pythagorean triple with AB as hypotenuse we only have to consider the
remaining case when s > d(B, A) and Q; N d(A); = &. The next theorem shows
what happens when Qg does not contain a boundary point of (A);.

Theorem 3.12. Assume the Pythagorean conditions. If s > d(B, A) and Qg does
not contain a boundary point of (A)s, then (B); C (A)s.

Proof. Assume that s > d(A, B) and that QO does not contain a boundary point
of (A);. Now suppose to the contrary that (B); € (A),. Then there is a point
y € (B);—(A),. Since y € (B),, there exists b € B such that dg (y, b) =d(y, B) <t.
Also, b € B implies there is a point a € A such that dg (b, a) =d(b, A) <d(B, A).
Since y ¢ (A),, we know that dg(y, a) > s. Let x € ay with dg(a, x) =s.

Claim. xy € ({b})a,z,y)-

Proof of the claim. Let z € Xy and construct the triangles Aayb and Aazb as shown
in Figure 6. Let 6 be the angle formed at point a. The law of cosines shows that

dg(b, y)* =dp(b, a)* +dg(a, y)* —2dg (b, a)dg(a, y) cos 6.

Substituting dg(a, z) +dg(z, y) for de(a, y) and using the law of cosines again
yields

dg(b, y)* =dp(b, 2)* +de(z, y)(2de(a, z) + dg(z, y) — 2dg (b, a) cos 0).
Now dg(a,z) > s > d(B, A) > dg(b, a), so
2dg(a, z)+dg(z,y) —2dg(b,a)cos@ > 2s +dgp(z,y) —2dg(b, a) cos 6

>2dp(b,a)+dg(z,y) —2dg(b, a) cosf
— dp(z, y) +2dg (b, a)(1 — cos 6) > 0.
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Figure 6. Showing dg (b, x) <t.

Therefore,
dp(b, y)* > dg(b, 2)°

and dg (b, 7) < dg(b, y) as desired, completing the proof of the claim. U

We proceed with the proof of Theorem 3.12. The set G = (A); N xy is the
intersection of two compact sets and so is compact. Moreover, since x € (A);, the
set G is nonempty. Now let w € G such that dg(a, w) = maxgeg{de(a, g)}. In
other words, w is the point on xy in (A); closest to y. Since y ¢ (A); we know that
w # y. Therefore, no point in yw other than w can be in (A),. Thus, we have that
w € d(A)s. Since w € ({b})a, v,y as well, we have found a pointin Q; N d(A), a
contradiction. We conclude that (B), C (A);,. Ul

Theorem 3.8, Lemma 3.9, and Theorem 3.12 combine to leave one remaining
case to consider to determine if we can always find a Pythagorean triple with AB as
hypotenuse: when Q; does not contain a boundary point of (A)s, or (B); € (A);.

Theorem 3.13. Assume the Pythagorean conditions. Let a € A and b € B such that
dp(a,b) =d(a, B) =d(A, B) =r. Let Q = (B); \ Ns(a). If (B); € (A)s, then
h(A, Q) =s and h(B, Q) =t and the sets A, B, and Q form a Pythagorean triple
with AB as hypotenuse.

Proof. To show that A, B, and Q form a Pythagorean triple we need to know that
Q is not empty, h(A, Q) = s, and h(B, Q) = t. First we show that Q is not empty.

Since r > s there exists a ¢ € ab such that dg(a, ¢) =s. Then ¢ ¢ Ns(a). We
also have

dp(b,c)=r—s <t,

and ¢ € (B),. Therefore, Q # @.
Next we prove that #(A, Q) = s. The fact that Q C (B); € (A), implies that
d(Q,A) <s.
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Now we demonstrate that d(A, Q) < s. Let a’ € A. There exists b’ € B
such that dg(a’,b') = d(a’, B) < maxyeca{d(x, B)} = d(a, B) = r. Note that
deg(a’,b') <r=d(a, B) <dg(a,b). Since d(a, B) =r and Ns(a) C N,(a), we
know that " ¢ Ns(a) and b’ € Q. If dg(a’, b') < s, then d(da’, Q) <s. Now assume
that dg(a’, b') > s. Let ¢/ € a’b’ such that dg(a’, ¢’) = s. Then

de(a,b’) <dg(a,c’)+dg(c,b)

)
dg(a,c’) >dg(a, b)) —dg(c',b") >dpa', b)) —de(,b') =dg(d', ') = s.
Thus, ¢’ ¢ Ny(a). Also,
dp(',)=dg(@',b)—deg(d,c)<r—s<t

and so ¢’ € Q. Therefore, d(a’, Q) <s. We conclude that d(A, Q) <s.

Now, we show that d(a, Q) =s. Since Q = (B),\ Ns(a), we see thatd(a, Q) > .
Recall c € Q withdg(a,c)=s. Sod(a, Q) =dg(a,c) =s. Therefore d(A, Q) =s
and h(A, Q) =s.

Next we prove that £(B, Q) =t¢. Recall that Q C (B); C (A)s, so it follows that
d(Q, B) <t.

Now we demonstrate that d(B, Q) <t. Let b* € B. There exists a* € A such
that dg (b*, a*) = d(b*, A) <r. Note that dg (b*, a*) <r =dg(a, b) <dg(a, b*).
Since Ns(a) C N,(a), we know that b* ¢ Ns(a) and b* € Q. So d(b*, Q) =0 and
d(B,Q)=0<t. N

Finally, we show that d(Q, B) =t. Let W = ab N (B), and letﬂ)e W such
that dg(a, w) is a maximum. By definition, w € (B);. Let x € bw such that
dp (b, x) =t. (Note that dg(b, x) < dg(b, w).) Then x € W and so dE(gw) >
dpg(a,b) +dg(b,x) =r+1t > s. Thus, w ¢ N;(a) and w € Q. If w’ € ab with
de(a, w') >dg(a, w), then w’ ¢ W and so w’ ¢ (B),. Thus, w € d(B),. Lemma 3.4
shows that d(w, B) =t and so d(Q, B) =t. U

Corollary 3.14. Assume the Pythagorean conditions. If (B); C (A)s, then there
are infinitely many sets Q € H(R") that form a Pythagorean triple with A and B
with AB as hypotenuse and h(A, Q) = s.

Proof. Figure 7 will be a useful reference for this proof. Leta € A and b € B
such that dg(a,b) = d(A, B) = h(A, B) =r. Let C = (B); \ Ny(a). Let u =
min{1(s+7—r),r —s} and g € ab such that dg(a, q) = s + p. Thus, g & Ny(a).
Since dg(a, q) +de(q,b) =dg(a, b) =r and dg(a, g) = s + 1, we have that

dg(b,q) =dg(a,b) —dg(a,q) =r—(s+pn) <t —pu <t.
We conclude that g € N,(b) C (B); and g & N;(a). It follows g € (B); \ Ny(a) = C.
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Ns(a)) — Ne(q)

Figure 7. The shaded setis Q = C — N.(q).

Now we demonstrate that N, (g) € N;(b) € (B);. Let z € N, (q). Two applica-
tions of the triangle inequality show that dg(a, z) > s and dg (b, z) < t. It follows
that z € Ns(a) and N, (g)NNg(a) =2, and that z € N, (b) and N,,(q) S N,(b) C (B);.
Now let 0 < € < p and let Q = C — N.(q). We will demonstrate that A, B, and Q
form a Pythagorean triple.

Because Q is a closed subset of C, it is an element of H(R"). Theorem 3.13 shows
that h(A,C) =s and h(B,C)=t. Letx € C. Since Q C C and d(x, A) <5, we
have that d(Q, A) <d(C, A) <s. Likewise, d(x, B) <t,sod(Q, B) <d(C, B) <t.

Let x € A. As in the proof of Lemma 3.7, we can show that d(x, Q) < s and
d(A, Q) <s. We proceed to prove that #(A, Q) = s. Theorem 3.13 shows that for
c € ab with dg(a, ¢) = s, we have dg(a, ¢) = d(a, C) = s. Now

dp(c,q) =dp(a,q) —dp(a,c) =(s+un) —s = > €,

soce Qandd(A, Q) =s.
The proof that 2(B, Q) =t is similar and is left to the reader. O

In summary, in this section we have demonstrated that for any distinct sets A
and B in H(R") and any 0 < s < h(A, B) = d(A, B), there are infinitely many
sets Q such that A, B, and Q form a Pythagorean triple with AB as hypotenuse
and h(A, Q) =s.

4. Projections

To continue our attempt to develop angle measure in H(R"), we return to Wild-
b_e_r)ger S a‘p_Eroach To measure spread, we will need to determine if, given two rays
AB and AC in H(R"), we can find a set P on the ray AC that creates a Pythagorgl
triple with AB as hypotenuse. We will call such a set P a projection of B onto AC.
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The previous section shows that there are infinitely many Pythagorean triples to con-
sider, but we need to know if there is a specific one that can be found on a given ray.

Unfortunately, Example 4.1 will demonstrate that our quest for projections will
not always be successful.

Example 4.1. Let A = {a}, B = {b} with h(a, b) = dg(a,b) = r > 0, and let
¢ be a point such that ab 1 ac. Let q = dg(a, c¢). Choose c; so that bac; and
Vri4+qg%*—r <dg(a, cy) < q (since g > \/r? + g* —r we can find many such c),
and let C = {c, c1}. We will show that there is no set P that lies on ;1_6)' and forms
a Pythagorean triple with A and B.

Observe that (A, B) =dg(a,b)=r and that h(A, C)=d(C, A) =dg(c,a)=q.
Note that

h(B,C)=dg(c1,b)=r+dg(a,cy) >V r? +q2

so A, B, and C themselves do not form a Pythagorean triple. Suppose to the
contrary that there is a set P such that P € AC and P forms a Pythagorean triple
with A and B with hypotenuse AB. Let h(A, P) =s, where 0 < s < r. Then since
P forms a Pythagorean triple with A and B, h(B, P) =t = +/r? — s2. First, we
consider the case when P is between A and C, implying that #(P, C) =q — s and
g > s. We note that P C (A); N (B); N (C)4—s. It follows that P C (A)s N (C)y—s.
Let W = (A);N(C)y—s. Lemma 1.7 shows that W is between A and C. Let w € ac
such that dg(a, w) =s. Then dp(w, ¢) =dg(a,c) —dg(a,w) =q—sand w e W.

Now we will show that w € P. Since (A), is a disk of radius s, the only point of
(A), that lies on ac that is a distance s from a is w. Let ay; € (A), such that a; # w.
Then dg (ag, a) < s and the triangle inequality shows that

dg(c,as) =2 dg(a, c) —de(as,a) = q —s.

Since a; # w, we must have dg (c, a;) > qg—s. Now d(C, P) >d(c, P) and d(c, P)
is achieved at some point p € P C (A),. If p # w, then

q—s=h(C,P)=d(C, P)=dg(c, p)>q—s.

We conclude that p = w and w € P.

Since w € P, we must have that w € (B), = ({b}); as well. The points a, b, and
w form a right triangle as in Figure 8, with dg (b, w) = +/r2 + s2. Since w € (B); it
follows that dg (b, w) < t. Recall that t = +/r? — 52, so dg (b, w) < +/r? —s2. But
this makes +/72 — s2 > +/r2 + 52, which is impossible since s > 0. Thus, no set P
exists such that P forms a Pythagorean triple with A and B, and P is between A
and C.

For the second case, suppose that such a P exists such that A is between P and C
and h(A, P)=s. Inthis case we have h(C, P)=gqg+s and P C (A);N(B);N(C)y+s.
Again, we begin by examining the characteristics of (A); N (C)gys.
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Figure 8. A right triangle with vertices a, b, and w.

Let a; € (A)s. Then dg(a, a;) <s. Since dg(c, a) = g, by the triangle inequality
we have

dg(c,as) <dg(c,a)+dg(a,as) <q+s.

It follows that a; € (C)445 and (A)s € (C)gqs, 80 P S (A)s N (B);.

Let w € ¢ with wac and dp(a, w) =s. Now we will show that w € P. Note
that d(A, C) =dg(a, c1) <dg(a,c) =q. Let w’ € P. Since P C (A); we know
that w’ € (A), and we must have dg(w’, a) < s. By the triangle inequality,

dp(w', 1) <dg(a,c1)+deg(a,w') <q+s.

Thus, d(w’, C) < g +s and d(P, C) < g +s. Now let us turn to d(C, P).
The above argument shows that dg(c1, w’) < g + s, from which it follows that
d(cy, P) < g +s. From the triangle inequality we can see that

dp(c,w') <dg(c,a)+dp(a, w') <q+s.

Note that if dg (c, w') =g +s then w’ € a¢, dg(a, w') =s, and w'ac. This forces
w’ = w. So in order to have h(P, C) = g + s we must have w € P.

Since w € P and P C (B);, we have that w € (B),; as well. The points a, b, w
form a right triangle as in Figure 8. We can see that dg (b, w) = +/r? + s2, but
dp (b, w) <t = +/r? —s2. This forces v/r2 — s2 > +/r? 4 52, which is impossible
since s > 0. Therefore, there does not exist a set P that forms a Pythagorean triple
with A and B such that A is between P and C.

The remaining case where P satisﬁg AC P is similar and is left to the reader.

Therefore, there exists no set P € AC that forms a Pythagorean triple with A
and B such that AB is a hypotenuse.

Example 4.1 illustrates the extreme case that there is no set P that lies on ;l_B>
that makes a Pythagorean triple with A and B with AB as hypotenuse. We now
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(C)es

(B):

(A)s
N t

—b 0 %a a c

3(=b+~/b?+4ab+24?)

Figure 9. Infinitely many sets P.

show that the other extreme is possible — that there can be infinitely many sets P
that satisfy both the betweenness and Pythagorean triple conditions.

Example 4.2. Let A = {0, a}, B ={—b}, and C = {c} in H(R), where a, b,c > 0
and ¢ > a. First we note that h(A, B)=d(A, B)=a+band h(A, C)=d(A, C) =c.
Since a, b > 0, a little algebra shows that

la < 1(=b++/b?+4ab +24?).

So for any a, b > 0 the interval between %a and %(—b ++/b% +4ab +2a?) is

not empty. Let
la <5 < 3(—b++b>+4ab+2a?)

and assume in addition that ¢ > s + %a. Lett =+/h(A, B2 —s2=+/(a+b)>—s2.
It follows that

(A)s=[-s,a+s], (B);=[-b—t,t—>b], and (C)._s=1Is,2c—ys].

See Figure 9 for an illustration. Now let us determine (A;) N (C).—s. The fact that
c>s+ %a implies that 2c — s > s 4+ a, and so

(A)s N (C)e—s =1[5,a+s].

Now let Py = (A); N (B); N (C)e—s. We will show that s <t —b < a +s, which
means that P; = [s, t — b].

Let y =252 4 2bs — (2ab + a?). Using the quadratic formula and the fact that
$(=b—+/b?+4ab +2a?) <0 < 1a, we have 1a <s < 1 (—b+ /b2 + 4ab +2a?)
and

s<t—>b (D)

when 1a <s < J(—b+ Vb2 +4ab+2a?). Since s <t —b it follows that [s, t — b]
is not empty.

The fact that t = \/(a + b)? — s < a + b implies that
t—b<a, (2)
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and since s > 0, we have t — b < a +s. Thus we can conclude that P; = [s, t — b]
when $a <5 < 1(=b+ Vb2 +4ab +242).

Now we check that the set P, satisfies h(A, B)? = h(B, Py)®> + h(A, P;)* and
h(A, Py)+h(Ps,C)=h(A, C).

First, we calculate 2(A, Py). We know P; C (A),, which implies d(P;, A) <.
Inequalities (1) and (2) show that d(A, Ps) = max{dg(0, s),dg(a,t — b)}. We
know dg (0, s) =s and dg(a, t —b) = a — (t — b). Inequality (1) implies

s>a—s>a—(t—D>),

and sodg(a,t —b) <s =dg(0,s). Thus, h(A, P,) =s.

Now we determine h(Py, B). Note that since t — b > s we have d(B, Py) =
dg(—=b,s) <d(Py, B) =dg(t — b, —b) =t. Therefore h(B, Py) =t.

Next, we find h2(C, P;). Here we have d(C, P;) =dg(c,t —b) <d(Py,C) =
dg (s, c) = c —s. Therefore, h(C, P;) =c —s.

Because h(A, Py) + h(C, P;) = s+ (c —s) = c = h(A, C), we have AP,C.
Additionally, notice that h(A, Py)?> 4+ h(B, P)?> =s>+t*> =5’ + (a +b)*> — s> =
(a+b)*=h(A, B)2. Therefore, P, € (A);N(B),;N(C)._; lies between A and C and
forms a Pythagorean triple with A and B for 1a <s < (—b++/b* +4ab +24?).

Example 4.2 shows us that there are infinitely many sets A, B, C such that there
exists an infinite number of sets Py that lie between A and C and form a Pythagorean
triple with A and B. It turns out that each of the sets P; from Example 4.2 lies on
the same ray AC (the proof is left to the reader).

The previous examples demonstrate that the behavior of Pythagorean triples in
H(R™) is quite different than from those in R". The situation in H(R") is even
stranger than we have already seen, as our final example illustrates.

Example 4.3. Let A = {0}, B ={—b}, C = {c}, for some b, ¢ > 0. It is straightfor-
ward to see that BAC. For 0 < s < b, let t = +/b? — 52 such that (A); = [—s, 5],
(B);=[-b—t,—b+1t],and (C)cys = [—s, 2c + s]. Calculations similar to those
in Example 4.2 show that P; = (A); N (B); N (C)exs = [—s, —b + 1], that P
satisfies P;AC, and that P; forms a Pythagorean triple with A and B. Unlike in
Example 4.2 where P; was defined only in a restricted subinterval of (0, 4(A, B)),
in this situation we can use any value for s from O up to h(A, B). Thus not only
can we form a projection from a line to itself, we can do so for every value in the
interval [0, h(A, B)].

5. Conclusions

While Euclidean geometry is embedded in the Hausdorff metric geometry as single
point sets, the Hausdorff metric geometry is quite different. As we have seen, there
can be infinitely many different sets at the same location that form a Pythagorean
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triple with given sets A and B and hypotenuse AB. Unfortunately, our attempt
to measure angles in #(R") using Pythagorean orthogonality to determine spread
does not work in general since we cannot always project a given set onto a given ray
(even though we can do this in infinitely many different ways in other cases). It may
be that a different notion of orthogonality will allow us to proceed. For example, in
Euclidean geometry the segment ab is orthogonal to the line £ that contains b if the
distance from a to any point on £ is a minimum. Defining orthogonality in H(R")
in terms of minimum distances might provide different results.

References
[Barnsley 1993] M. F. Barnsley, Fractals everywhere, 2nd ed., Academic Press Professional, Boston,
1993. MR Zbl

[Bay et al. 2005] C. Bay, A. Lembcke, and S. Schlicker, “When lines go bad in hyperspace”,
Demonstratio Math. 38:3 (2005), 689-701. MR Zbl

[Blackburn et al. 2009] C. C. Blackburn, K. Lund, S. Schlicker, P. Sigmon, and A. Zupan, “A missing
prime configuration in the Hausdorff metric geometry”, J. Geom. 92:1-2 (2009), 28-59. MR Zbl

[Blumenthal 1953] L. M. Blumenthal, Theory and applications of distance geometry, Oxford Uni-
veristy Press, 1953. MR Zbl

[Bogdewicz 2000] A. Bogdewicz, “Some metric properties of hyperspaces”, Demonstratio Math.
33:1 (2000), 135-149. MR Zbl

[Braun et al. 2005] D. Braun, J. Mayberry, A. Powers, and S. Schlicker, “A singular introduction to
the Hausdorff metric geometry”, Pi Mu Epsilon Journal 12:3 (2005), 129-138.

[Edgar 1990] G. A. Edgar, Measure, topology, and fractal geometry, Springer, 1990. MR Zbl
[Montague 2008] D. Montague, “Finite betweenness under the Hausdorff metric”’, REU report, 2008.

[Wildberger 2005] N.J. Wildberger, Divine proportions: rational trigonometry to universal geometry,
Wild Egg, Sydney, 2005. MR Zbl

Received: 2015-09-17 Revised: 2017-03-02 Accepted: 2017-12-03

pallavi054@yahoo.com California Institute of Technology, Pasadena, CA,
United States

schlicks@gvsu.edu Department of Mathematics, Grand Valley State University,
Allendale, MI, United States

rdswartzentruber@gmail.com Eastern Mennonite University, Harrisonburg, VA, United States

mathematical sciences publishers :.msp


http://msp.org/idx/mr/1231795
http://msp.org/idx/zbl/0691.58001
http://msp.org/idx/mr/2161372
http://msp.org/idx/zbl/1079.51506
http://dx.doi.org/10.1007/s00022-008-1955-x
http://dx.doi.org/10.1007/s00022-008-1955-x
http://msp.org/idx/mr/2481517
http://msp.org/idx/zbl/1171.54008
http://msp.org/idx/mr/0054981
http://msp.org/idx/zbl/0050.38502
http://msp.org/idx/mr/1759874
http://msp.org/idx/zbl/0948.54015
http://www.jstor.org/stable/24345256
http://www.jstor.org/stable/24345256
https://doi.org/10.1007/978-1-4757-4134-6
http://msp.org/idx/mr/1065392
http://msp.org/idx/zbl/0727.28003
http://msp.org/idx/mr/2223227
http://msp.org/idx/zbl/1192.00004
mailto:pallavi054@yahoo.com
mailto:schlicks@gvsu.edu
mailto:rdswartzentruber@gmail.com
http://msp.org

Colin Adams

John V. Baxley
Arthur T. Benjamin
Martin Bohner
Nigel Boston
Amarjit S. Budhiraja
Pietro Cerone
Scott Chapman
Joshua N. Cooper
Jem N. Corcoran
Toka Diagana
Michael Dorff
Sever S. Dragomir
Behrouz Emamizadeh
Joel Foisy

Errin W. Fulp
Joseph Gallian
Stephan R. Garcia
Anant Godbole
Ron Gould
Andrew Granville
Jerrold Griggs

Sat Gupta

Jim Haglund
Johnny Henderson
Jim Hoste

Natalia Hritonenko
Glenn H. Hurlbert
Charles R. Johnson
K. B. Kulasekera
Gerry Ladas

involve

msp.org/involve

INVOLVE YOUR STUDENTS IN RESEARCH

Involve showcases and encourages high-quality mathematical research involving students from all
academic levels. The editorial board consists of mathematical scientists committed to nurturing
student participation in research. Bridging the gap between the extremes of purely undergraduate
research journals and mainstream research journals, Involve provides a venue to mathematicians
wishing to encourage the creative involvement of students.

MANAGING EDITOR

Kenneth S. Berenhaut

BOARD OF EDITORS

Williams College, USA
Wake Forest University, NC, USA
Harvey Mudd College, USA

Missouri U of Science and Technology, USA

University of Wisconsin, USA

U of North Carolina, Chapel Hill, USA
La Trobe University, Australia

Sam Houston State University, USA
University of South Carolina, USA
University of Colorado, USA

Howard University, USA

Brigham Young University, USA
Victoria University, Australia

The Petroleum Institute, UAE

SUNY Potsdam, USA

Wake Forest University, USA
University of Minnesota Duluth, USA
Pomona College, USA

East Tennessee State University, USA
Emory University, USA

Université Montréal, Canada
University of South Carolina, USA

U of North Carolina, Greensboro, USA
University of Pennsylvania, USA
Baylor University, USA

Pitzer College, USA

Prairie View A&M University, USA
Arizona State University, USA
College of William and Mary, USA
Clemson University, USA

University of Rhode Island, USA

Suzanne Lenhart
Chi-Kwong Li
Robert B. Lund
Gaven J. Martin
Mary Meyer
Emil Minchev
Frank Morgan

Mohammad Sal Moslehian

Zuhair Nashed

Ken Ono

Timothy E. O’Brien
Joseph O’Rourke
Yuval Peres

Y.-F. S. Pétermann
Robert J. Plemmons
Carl B. Pomerance
Vadim Ponomarenko
Bjorn Poonen
James Propp
Jozeph H. Przytycki
Richard Rebarber
Robert W. Robinson
Filip Saidak

James A. Sellers
Andrew J. Sterge
Ann Trenk

Ravi Vakil

Antonia Vecchio
Ram U. Verma
John C. Wierman
Michael E. Zieve

PRODUCTION
Silvio Levy, Scientific Editor

Wake Forest University, USA

University of Tennessee, USA
College of William and Mary, USA
Clemson University, USA

Massey University, New Zealand
Colorado State University, USA
Ruse, Bulgaria

Williams College, USA

Ferdowsi University of Mashhad, Iran
University of Central Florida, USA
Emory University, USA

Loyola University Chicago, USA
Smith College, USA

Microsoft Research, USA

Université de Geneve, Switzerland
Wake Forest University, USA
Dartmouth College, USA

San Diego State University, USA

UC Berkeley, USA

U Mass Lowell, USA

George Washington University, USA
University of Nebraska, USA
University of Georgia, USA

U of North Carolina, Greensboro, USA
Penn State University, USA
Honorary Editor

Wellesley College, USA

Stanford University, USA

Consiglio Nazionale delle Ricerche, Italy
University of Toledo, USA
Johns Hopkins University, USA
University of Michigan, USA

Cover: Alex Scorpan

See inside back cover or msp.org/involve for submission instructions. The subscription price for 2018 is US $190/year for the electronic
version, and $250/year (4$35, if shipping outside the US) for print and electronic. Subscriptions, requests for back issues and changes of
subscriber address should be sent to MSP.

Involve (ISSN 1944-4184 electronic, 1944-4176 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o University of
California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional

mailing offices.

Involve peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY

:l mathematical sciences publishers

nonprofit scientific publishing
http://msp.org/
© 2018 Mathematical Sciences Publishers


http://msp.org/involve
http://msp.org/involve
http://msp.org/
http://msp.org/

On the minuscule representation of type B,
WILLIAM J. COOK AND NOAH A. HUGHES
Pythagorean orthogonality of compact sets
PALLAVI AGGARWAL, STEVEN SCHLICKER AND RYAN
SWARTZENTRUBER
Different definitions of conic sections in hyperbolic geometry
PATRICK CHAO AND JONATHAN ROSENBERG
The Fibonacci sequence under a modulus: computing all moduli that produce a
given period
ALEX DISHONG AND MARC S. RENAULT
On the faithfulness of the representation of GL(n) on the space of curvature
tensors
COREY DUNN, DARIEN ELDERFIELD AND RORY MARTIN-HAGEMEYER
Quasipositive curvature on a biquotient of Sp(3)
JASON DEVITO AND WESLEY MARTIN
Symmetric numerical ranges of four-by-four matrices
SHELBY L. BURNETT, ASHLEY CHANDLER AND LINDA J. PATTON
Counting eta-quotients of prime level
ALLISON ARNOLD-ROKSANDICH, KEVIN JAMES AND RODNEY KEATON
The k-diameter component edge connectivity parameter
NATHAN SHANK AND ADAM BUZZARD
Time stopping for Tsirelson’s norm
KEVIN BEANLAND, NOAH DUNCAN AND MICHAEL HOLT
Enumeration of stacks of spheres
LAUREN ENDICOTT, RUSSELL MAY AND SIENNA SHACKLETTE
Rings isomorphic to their nontrivial subrings
JACOB LOJEWSKI AND GREG OMAN
On generalized MacDonald codes
PADMAPANI SENEVIRATNE AND LAUREN MELCHER
A simple proof characterizing interval orders with interval lengths between 1 and &
SIMONA BOYADZHIYSKA, GARTH ISAAK AND ANN N. TRENK

721

735

753

769

775

787

803

827

845

857

867

877

885

893


http://dx.doi.org/10.2140/involve.2018.11.721
http://dx.doi.org/10.2140/involve.2018.11.735
http://dx.doi.org/10.2140/involve.2018.11.753
http://dx.doi.org/10.2140/involve.2018.11.769
http://dx.doi.org/10.2140/involve.2018.11.769
http://dx.doi.org/10.2140/involve.2018.11.775
http://dx.doi.org/10.2140/involve.2018.11.775
http://dx.doi.org/10.2140/involve.2018.11.787
http://dx.doi.org/10.2140/involve.2018.11.803
http://dx.doi.org/10.2140/involve.2018.11.827
http://dx.doi.org/10.2140/involve.2018.11.845
http://dx.doi.org/10.2140/involve.2018.11.857
http://dx.doi.org/10.2140/involve.2018.11.867
http://dx.doi.org/10.2140/involve.2018.11.877
http://dx.doi.org/10.2140/involve.2018.11.885
http://dx.doi.org/10.2140/involve.2018.11.893

	1. Background
	2. Some results about rays in H(Rn)
	3. Pythagorean triples in H(Rn)
	4. Projections
	5. Conclusions
	References
	
	

