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In recent work with Lins and Nussbaum, the first author gave an algorithm that can
detect the existence of a positive eigenvector for order-preserving homogeneous
maps on the standard positive cone. The main goal of this paper is to determine
the minimum number of iterations this algorithm requires. It is known that this
number is equal to the illumination number of the unit ball B, of the variation
norm, ||x||y := max; x; — min; x; on Vy := {x € R" : x, = 0}. In this paper we
show that the illumination number of By, is equal to ( " ), and hence provide a

[n/2]
sharp lower bound for the running time of the algorithm.

1. Introduction

Classical Perron—Frobenius theory concerns the spectral properties of square non-
negative matrices. In recent decades this theory has been extended to a variety of
nonlinear maps that preserve a partial ordering induced by a cone (see [Lemmens
and Nussbaum 2012] for an up-to-date account).

Of particular interest are order-preserving homogeneous maps f : RL ) — RZ,
where

to={xeR":x;>0foralli=1,...,n}

is the standard positive cone. Recall that f : RY, — RZ, is order-preserving
if f(x) < f(y) whenever x < y and x,y € [RR';O._ Here, w < zifz —w € RZ,.
Furthermore, f is said to be homogeneous if f(ix) = Af(x) for all A > 0 and
x € RZ,. Such maps arise in mathematical biology [Nussbaum 1989; Schoen 1986]
and in optimal control and game theory [Bewley and Kohlberg 1976; Rosenberg
and Sorin 2001].
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It is known [Lemmens and Nussbaum 2012, Corollary 5.4.2] that if f : [R{’éo —
RZ is a continuous, order-preserving, homogeneous map, then there exists v € RY
such that

f)=r(fiv,
where
= li Kk
r(f) = Jim PN
is the cone spectral radius of f and
gl :=sup{llg(x)l : x € RZ, and [lx|| < 1}.

Thus, as in the case of nonnegative matrices, continuous order-preserving homoge-
neous maps on RZ ) have an eigenvector in the cone corresponding to the spectral
radius. -

In many applications it is important to know if the map has a positive eigenvector,
i.e., an eigenvector that lies in the interior of RZ ), that is, R, := {x € RZ, :
x; >0 fori=1,...,n}. This appears to be a much more subtle problem. There
exists a variety of sufficient conditions in the literature; see [Cavazos-Cadena
2012; Gaubert and Gunawardena 2004; Lemmens and Nussbaum 2012, Chapter 6;
Nussbaum 1988]. Recently, Lemmens, Lins and Nussbaum [Lemmens et al. > 2019,
§5] gave an algorithm that can confirm the existence of a positive eigenvector for
continuous, order-preserving, homogeneous maps f : RZ, — RZ,. The main goal
of this paper is to determine the minimum number of iterations this algorithm needs
to perform.

2. Preliminaries

Given a set S in a finite-dimensional vector space V we write S° to denote the
interior of S, and we write 05 to denote the boundary of S with respect to the norm
topology on V.

It is known that if f: RZ ) — RZ is an order-preserving homogeneous map and
there exists z € R? ; such that f (zj € 8R’£0, then f(R”,) C 8R’£O; see [Lemmens
and Nussbaum 2012, Lemma 1.2.2]. Thus to analyse the existence of a positive
eigenvector one may as well consider order-preserving homogeneous maps f :

R”, — RZ,. Moreover, on R” ; we have Hilbert’s metric dy, which is given by

dy(x,y) = log<max ﬁ) — log(min ﬁ) forx,y e RZ,.
iy i Yi
Note that dy is not a genuine metric, as dp (Ax, ux) = 0 for all x € R? ) and
A, > 0. In fact, dg (x, y) =0 if and only if x = Ly for some A > 0. However, dy
is a metric on the set of rays in RZ .
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o n . . .
If f:RY, — RY, is order-preserving and homogeneous, then f is nonexpansive
under dy, i.e.,

dH(f(-x)af(y))de(-x’y) forallxvyERi();

see for example [Lemmens and Nussbaum 2012, Proposition 2.1.1]. In particular,
order-preserving homogeneous maps f : R?, — R, are continuous on R” .
Moreover, if x and y are eigenvectors of f : R?, — R”, with f(x) = Ax and
f(y) =y, then A = u; see [Lemmens and Nussbaum 2012, Corollary 5.2.2].

In [Lemmens et al. > 2019, Theorem 5.1] the following necessary and sufficient
conditions were obtained for an order-preserving homogeneous map f : R, — RZ,
to have a nonempty set of eigenvectors, E(f) := {x € R : x eigenvector of [},
which is bounded under Hilbert’s metric.

Theorem 2.1. If f : R” ; — R is an order-preserving homogeneous map, then

E(f) is nonempty and bounded under dg if and only if for each nonempty proper
subset J of {1, ..., n} there exists x’ e [RR';O such that
fx7); . f(x7);

max +— < min Y

jeJ 1 jeJe f
J XJ J xJ

2-1

Note that the assertion is trivial in the case n = 1, as each order-preserving
homogeneous map f : R.¢o — R.¢ has a nonempty bounded set of eigenvectors.
In case n > 2, Theorem 2.1 yields the following simple algorithm for detecting
positive eigenvectors:

Algorithm 2.2. Let f : R, — RY be an order-preserving homogeneous map.
Repeat the following steps until every nonempty proper subset J of {1, ..., n} has
been recorded:

Step 1 Randomly select x, with x; =1 and 0 < x; < 1 forall j € {2,...,n}, and
compute f(x);/x; forall j €{l,...,n}.

Step 2 Record all nonempty proper subsets J C {1, ..., n} such that inequality
(2-1) holds.

So, if this algorithm halts, then f has an eigenvector in R” ; and E( f) is bounded
under Hilbert’s metric. If E( f) is empty or unbounded under dy, then the algorithm
does not halt. This can happen even if the map is linear. Consider for example the
linear map x — Ax on R? |, where

>0’
11
A= ,
01
which has no eigenvector in [F\R2>0. At present no algorithm is known that can decide
if an order-preserving homogeneous map on R” ;, has an empty or an unbounded
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set of eigenvectors. It is also unknown if there is an efficient way to generate the
vectors x in Step 1.

Note that a randomly chosen x in Step 1 can eliminate multiple subsets J in
Step 2. So, it is natural to ask for the least number of vectors required to fulfil the
2" — 2 inequalities in (2-1). This number corresponds to the minimum number of
times the algorithm has to perform Steps 1 and 2. In this paper we show that one

( )
é

vectors and this lower bound is sharp. Here [a] is the smallest integer n > a.
Likewise we write |a] to denote the largest integer n < a.

3. Connection with the illumination number

Recall that given a compact convex set C with nonempty interior in V, a vector
v €V illuminates z € 0C if z+ Av € C° for all A > O sufficiently small. A set S is
said to illuminate C if for each z € dC there exists v € S such that v illuminates z.
The minimal size of illuminating set for C is called the illumination number of C
and is denoted by i (C). There is a long-standing open conjecture which asserts that
i(C) < 2" for every compact convex body in an n-dimensional vector space; see
[Boltyanski et al. 1997, Chapter VI] for further details. It is easy to show, see for
example [Lemmens et al. > 2019, Lemma 4.1], that if S illuminates every extreme
point of C, then S illuminates C.

To proceed we need to discuss the connection between illumination numbers and
Theorem 2.1. Firstly, we note that if we let X := {x € R, : x, = 1}, then (X, dy)
is a metric space. Given an order-preserving homogeneous map f : R”, — R”,
we can consider the normalised map gy : X9 — X given by

S @)
J
The map g is nonexpansive under dy on X. Moreover, x € X is a fixed point
of g if and only if x is an eigenvector of f. Thus, if we let Fix(g) :={x € ¢ :
gr(x) =x}, then Fix(g ) is nonempty and bounded in (X, dy) if and only if E(f)
is nonempty and bounded in (RZ ), dg).

It not hard to verify that the map Log: ¥¢9 — Vj given by

gr(x):= for x € X.

Log(x) := (logxy, ...,logx,) for x=(x1,...,x,) € %o
is an isometry from (X, dg) onto (Vy, || - |lv), where V :={x € R" : x,, =0} and
lx|lv := max x; — minx;
L 1

18 the variation norm.
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It follows that the map & : Vo — V) satisfying hoLog = Log og s is nonexpansive
under the variation norm, and Fix (%) is nonempty and bounded in (Vy, || - ||v) if and
only if Fix(gs) is nonempty and bounded in (X, dp).

In [Lemmens et al. > 2019, Theorem 3.4] the following result concerning fixed
point sets of nonexpansive maps on finite-dimensional normed spaces was proved.

Theorem 3.1. If h : V — V is a nonexpansive map on a finite-dimensional
normed space V, then Fix(h) is nonempty and bounded if and only if there exist
w', ..., w" eV such that {f(w’.)—w’~ :i=1, ..., m} illuminates the unit ball of V.

For n > 2, the unit ball B, of (Vy, || - |lv) has 2" — 2 extreme points, which are
given by
ext(By):={vl:@#I1c{l,....n—1Jufl:o#I1C{l,....n—1}}, 3-D

where (vi)i =1ifi e I and 0 otherwise, and (v’); = —1if i € I and 0 otherwise.
See [Nussbaum 1994, §2] for details.

In [Lemmens et al. > 2019] the equivalence in Theorem 2.1 was obtained by
using Theorem 3.1 and showing that there exists x!, ..., x" R” , that fulfil the
2" —2 inequalities in (2-1) if and only if there exist y!, ..., y" € V; that illuminate
the 2" — 2 extreme points of the unit ball B,. Thus, i (By) provides a sharp lower
bound for the number of times one needs to repeat Steps 1 and 2 in Algorithm 2.2.
In the next section we show the following result concerning i (By):

Theorem 3.2. If By is the unit ball of (Vy, || - |lv) and n > 2, then

50=(1j)

4. Proof of Theorem 3.2

Note that the map (x1, ..., x,) € Vo (x1, ..., x,—1) € R""! is an isometry from
(Vo. Il - lv) onto (R, || - || &), where

x|z = (m_axx,-) v0— (minx,-) A Q.
1 1

Here a A b := min(a, b) and a v b := max(a, b). Note also that if By is the unit
ball in (R"~1, || - || ), then

ext(By) = ({0, 1)1 U {0, —=1}" 1)\ {(0, ..., 0)}
and
i(By) =1i(By).

For notational simplicity we work with By instead of B,.
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The two subsets
E.:={0,1}"""\{(0,...,0)} and E_:={0,—1}"""\{(0,...,0)}

of ext(By) play a key role in the argument. On ext(By) we have the usual partial
ordering x <yif y —x € RZBI, which gives rise to two finite partially ordered sets
(Ey,)and (E_,5).

Recall that subset A of a partially ordered set (P, <) is called an antichain if
x,y € Aand x <y implies x = y. A chain C in (P, <) is a totally ordered subset
if for each x, y € C we have that either x < y or y < x. The length of a chain C is
the number of distinct elements in C.

Lemma 4.1. Let A be an antichain in (E1, <) orin (E_, <). If x #y in A are
illuminated by v and w, respectively, then v # w.

Proof. Suppose that A is an antichain in (£, <) and x # y are in .A. Then there
existi # j suchthat 0 =x; <y; =1and 0 =y; < x; = 1. Now suppose by way of
contradiction that z illuminates x and y. So, ||x +Az||g < 1 and ||y + Az|lg < 1
for all A > O sufficiently small. Suppose first that z; < z;. Then for A > 0 small,

I+Aizj=xj+Az; <|x+2zllw <1,
and hence z; < 0. So, z; < z; < 0. But then
1+A(zj—z)=xj+rz; —Az; < lx +Azllm < 1,

which is impossible. On the other hand, if z; < z;, then 1 +iz; < |y +Azllg <1,
so that z; < z; < 0. But then

1+ AMzi—z))=yi+Azi —Az; < ly+Azllg <1,

which again is impossible. Thus, z cannot illuminate both x and y.
The argument for the case where A is an antichain in (E_, <) is similar. U

Lemma 4.2. If x, y € ext(By) are such that x; = 1 and y; = —1 for some i, then
one needs two distinct vectors to illuminate x and y.

Proof. Suppose w illuminates x and y. Then 1+ w; = x; +Aw; < ||x +Awlg <1
for all A > 0 sufficiently small, and hence w; < 0. Butalso 1 —Aw; = —(y; +Aw;) <
ly +Aw|lg < 1 for all A > 0 sufficiently small. This implies that w; > 0, which is
impossible. Thus, one needs at least two vectors to illuminate x and y. (]

Corollary 4.3. If By is the unit ball of (R"™, || - | i) and n > 2, then

i(By) = ((%’”‘n]).



ON THE COMPLEXITY OF DETECTING POSITIVE EIGENVECTORS 147

Proof. For 1 <k, m <n—1 define the antichains A4 (k) :={x € E; :) ; x; =k} and
A_(m):={xeE_:) ,x;=—m}. If n > 1is odd, then we can take k := %(n -1
and m := %(n + 1) and conclude from Lemmas 4.1 and 4.2 that we need at least

(%?n_—ln) +( n_+11>> ([2,11)

distinct vectors to illuminate the extreme points in A, (k) U A_(m), as for each
x € Ay (k) and y € A_(m) there exists an i such that x; =1 and y; = —1.

Likewise if n > 1 is even, we can take k =m = [%(n — 1)], and deduce from
Lemmas 4.1 and 4.2 that we need at least

(1) * (e 17) = (et ) * (o) = (20)

distinct vectors to illuminate the extreme points in A4 (k) U A_(m). O

Lemma 4.4. If C is a chain in (E4, <) or in (E_, <), then there exists w that
illuminates each element of C.

Proof. LetC be achainin (E, <)orin (E_, <). Wecallachainc; <cy; <...<cp
in (E4, <)orin (E_, <) maximal if it has length n — 1. The chain C is contained in
a maximal chain. As each coordinate permutation is an isometry of (R"~!, |- | 5)
and the map x — —x is an isometry of (R"~!, || - || ), we may assume without loss
of generality that C is contained in the maximal chain,

C*:(1,0,0,...,00<(1,1,0,...,00) <---<(1,1,...,L,LO) < (1,1, I,..., D).

Let w € R"~! be such that w; < wy < - -+ < w,_; <0. Now if x is the k-th element
in the maximal chain and k < n — 1, then for all A > 0 sufficiently small

lx +Awll g = (maxx; +Aw;) VO — (minx; +Aw;) A0 =14 Awg — Awgyy < L.
1 L

On the other hand, if x = (1, 1, ..., 1), then clearly ||x + Aw|g =1 +Aw,—; < 1
for all A > 0 small. Thus w illuminates each element of C* and we are done. [

To proceed we need to recall a few classical results in the combinatorics of finite
partially ordered sets; see [Jukna 2001, §9.1 and 9.2]. Firstly, we recall Dilworth’s
theorem, which says that if the maximum size of an antichain in a finite partially
ordered set (P, <) is r, then P can be partitioned into r disjoint chains. In the case
where the partially ordered set is ({0, 1}¢, <), one can combine this result with
Sperner’s theorem, which says that the maximum size of an antichain in ({0, 1}d , <)
18 (r d[jﬂ ) Thus, ({0, l}d, <) can be partitioned into (T d‘;ﬂ) disjoint chains.

To obtain our result we need some more detailed information about the partitions.
In particular, we need a result by De Bruijn, Tengbergen, and Kruyswijk [de Bruijn



148 BAS LEMMENS AND LEWIS WHITE

et al. 1951] concerning symmetric chains; see also [Jukna 2001, Theorem 9.3]. A
chain x' <. <xKin ({0, 1}¢, <) is said to be symmetric if

(a) (Zj 1 X )—l—l = Zj 1x’"+1 forall 1 <m <k, ie., x™*! is an immediate
successor of x”, and

d d
(b) Yo xs=d =35 x}.

Theorem 4.5 [de Bruijn et al. 1951]. The poset ({0, 1}4, <) can be partitioned into
( (d(;zw ) disjoint symmetric chains.

Let us now prove the main result of the paper.

Proof of Theorem 3.2. First recall that by Corollary 4.3 it suffices to show that
i(By) < (rn%), as i(By) = i(By). In other words, we only need to show that
ext(By) can be illuminated by (rn721) vectors.

There are two cases to consider: n > 2 even, and n > 2 odd.

Let us first consider the case where n > 2 is even. By Dilworth’s theorem and
Sperner’s theorem we know that the partially ordered set ({0, 1}*~!, <) can be
partitioned into ( ) /21) disjoint chains. This implies that each of the partially
ordered sets (E, <) and (E_, <) can be partitioned into ( ) disjoint chains.
It now follows from Lemma 4.4 that we need at most

([%?n_—llﬂ) " ([%?n_—ll)]) B (L%?n_—lnj) " ([%?n_—llﬂ) - (‘nn>

distinct vectors to illuminate ext(By). This implies that i (By) =i(By) < (n /2)
Now suppose n > 2 is odd. By Theorem 4.5 we know that ({0, 1}"~ 1. <) can be
partitioned into ((n I /2) disjoint symmetric chains.
Let us consider such a symmetric chain decomposition, and let

[(n— 1)/2W

Ap={xe{0, 1) Y x =k},

which is an antichain of size (”;1). Each element of A1) is contained in a
distinct symmetric chain, and each of these chains contains an x € {0, 1}"~! with
dYoixi= %(n — 1). Thus, the symmetric chain decomposition of ({0, 1}*~!, <)

chains containing a vector x with ) . x; = %(n + 1), and

( n—1 )_( n—1 )
-1 Tn+1

chains consisting of a single vector x with ) . x; = %(n —1).
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By deleting (0,0, ..., 0) from {0, 1}”_1 we obtain a partition of (£, <) into
disjoint chains. Let S be the set of vectors x € E; which form a singleton chain
and 3, x; = 2(n — 1). So,

|S|—< n—1 )_( n—1 )
~\Um-1 fm+1)

Now pair each x € E with x" € E_, where x{ = 0if x; = 1, and x/ = —1 if
x; = 0. In this way we obtain a partition of (E_, <) into disjoint chains with |S]|
chains consisting of a single vector. In other words, for each x € S we have that
x" € E_ forms a singleton chain in the chain decomposition of (E_, <).

We know from Lemma 4.4 that we can illuminate the ((n ) /2) chains in (E4, <)
containing a vector x with Z Xi = 2(n—i—l) using ((n H)l /2) vectors. Likewise, we
can illuminate the corresponding (( ) /2) chains in (E_, <) with (( ’_’H)l /2) vectors.
So, it remains to illuminate the singleton chains in (£, <) and (E_, <).

Note that if we can illuminate each pair {x, x’}, with x € S and x’ the corre-
sponding vector in E_, by a single vector, then we need at most

2(yt)* (o)~ (oen) = (o) () = (i)
tn+n) " Ua-1) Ula+n) Ua-1) " \La+1)  \[in]

vectors to illuminate ext(Bg), and hence i (By) =i (By) < (rn’;ﬂ) if n > 2 is odd.

To see how this can be done we consider such a pair {x, x'} with x € S and let
I'={i:x;=1}and J:={i:x; =0}. So, I ={i :x; =0} and J = {i : x] = —1}.
Now let w € R*~! be such that w; <0 forall i € I and w; > 0 for all i € J. Then
for all A > O sufficiently small,

lx +Awl| g =malx(1 +Aw;))—0<1
e

and
lx" 4+ Awl g :0—mijn(—1 +Aw;) < 1.
S

This shows that w illuminates x and x’, which completes the proof. ([

References

[Bewley and Kohlberg 1976] T. Bewley and E. Kohlberg, “The asymptotic theory of stochastic
games”, Math. Oper. Res. 1:3 (1976), 197-208. MR Zbl

[Boltyanski et al. 1997] V. Boltyanski, H. Martini, and P. S. Soltan, Excursions into combinatorial
geometry, Springer, 1997. MR Zbl

[de Bruijn et al. 1951] N. G. de Bruijn, C. van Ebbenhorst Tengbergen, and D. Kruyswijk, “On the
set of divisors of a number”, Nieuw Arch. Wiskunde (2) 23 (1951), 191-193. MR Zbl

[Cavazos-Cadena 2012] R. Cavazos-Cadena, “Equivalence of communication and projective bound-

edness properties for monotone and homogeneous functions”, Nonlinear Anal. 75:2 (2012), 775-785.
MR Zbl


http://dx.doi.org/10.1287/moor.1.3.197
http://dx.doi.org/10.1287/moor.1.3.197
http://msp.org/idx/mr/0529119
http://msp.org/idx/zbl/0364.93031
https://doi.org/10.1007/978-3-642-59237-9
https://doi.org/10.1007/978-3-642-59237-9
http://msp.org/idx/mr/1439963
http://msp.org/idx/zbl/0877.52001
http://msp.org/idx/mr/0043115
http://msp.org/idx/zbl/0043.04301
http://dx.doi.org/10.1016/j.na.2011.09.010
http://dx.doi.org/10.1016/j.na.2011.09.010
http://msp.org/idx/mr/2847457
http://msp.org/idx/zbl/1256.47038

150 BAS LEMMENS AND LEWIS WHITE

[Gaubert and Gunawardena 2004] S. Gaubert and J. Gunawardena, “The Perron—-Frobenius theorem
for homogeneous, monotone functions”, Trans. Amer. Math. Soc. 356:12 (2004), 4931-4950. MR
Zbl

[Jukna 2001] S. Jukna, Extremal combinatorics, Springer, 2001. MR Zbl

[Lemmens and Nussbaum 2012] B. Lemmens and R. Nussbaum, Nonlinear Perron—Frobenius theory,
Cambridge Tracts in Mathematics 189, Cambridge University Press, 2012. MR Zbl

[Lemmens et al. > 2019] B. Lemmens, B. Lins, and R. Nussbaum, “Detecting fixed points of
nonexpansive maps by illuminating the unit ball”, preprint. To appear in Israel J. Math. arXiv

[Nussbaum 1988] R. D. Nussbaum, Hilbert’s projective metric and iterated nonlinear maps, Mem.
Amer. Math. Soc. 391, Amer. Math. Soc., Providence, RI, 1988. MR Zbl

[Nussbaum 1989] R. D. Nussbaum, Iterated nonlinear maps and Hilbert’s projective metric, II, Mem.
Amer. Math. Soc. 401, Amer. Math. Soc., Providence, RI, 1989. MR Zbl

[Nussbaum 1994] R. D. Nussbaum, “Finsler structures for the part metric and Hilbert’s projective
metric and applications to ordinary differential equations”, Differential Integral Equations 7:5-6
(1994), 1649-1707. MR Zbl

[Rosenberg and Sorin 2001] D. Rosenberg and S. Sorin, “An operator approach to zero-sum repeated
games”, Israel J. Math. 121 (2001), 221-246. MR Zbl

[Schoen 1986] R. Schoen, “The two-sex multiethnic stable population model”, Theoret. Population
Biol. 29:3 (1986), 343-364. MR Zbl

Received: 2017-08-29 Revised: 2017-11-21 Accepted: 2017-12-14

b.lemmens@kent.ac.uk School of Mathematics, Statistics & Actuarial Science,
University of Kent, Canterbury, United Kingdom

lcw32@kent.ac.uk School of Mathematics, Statistics & Actuarial Science,
University of Kent, Canterbury, United Kingdom

mathematical sciences publishers :.msp


http://dx.doi.org/10.1090/S0002-9947-04-03470-1
http://dx.doi.org/10.1090/S0002-9947-04-03470-1
http://msp.org/idx/mr/2084406
http://msp.org/idx/zbl/1067.47064
https://doi.org/10.1007/978-3-662-04650-0
http://msp.org/idx/mr/1931142
http://msp.org/idx/zbl/0978.05001
https://doi.org/10.1017/CBO9781139026079
http://msp.org/idx/mr/2953648
http://msp.org/idx/zbl/1246.47001
http://msp.org/idx/arx/1607.01602
https://doi.org/10.1090/memo/0391
http://msp.org/idx/mr/961211
http://msp.org/idx/zbl/0666.47028
https://doi.org/10.1090/memo/0401
http://msp.org/idx/mr/963567
http://msp.org/idx/zbl/0669.47031
http://msp.org/idx/mr/1269677
http://msp.org/idx/zbl/0844.58010
http://dx.doi.org/10.1007/BF02802505
http://dx.doi.org/10.1007/BF02802505
http://msp.org/idx/mr/1818389
http://msp.org/idx/zbl/1054.91014
http://dx.doi.org/10.1016/0040-5809(86)90014-6
http://msp.org/idx/mr/846176
http://msp.org/idx/zbl/0597.92019
mailto:b.lemmens@kent.ac.uk
mailto:lcw32@kent.ac.uk
http://msp.org

Colin Adams

John V. Baxley
Arthur T. Benjamin
Martin Bohner
Nigel Boston
Amarjit S. Budhiraja
Pietro Cerone
Scott Chapman
Joshua N. Cooper
Jem N. Corcoran
Toka Diagana
Michael Dorff
Sever S. Dragomir
Behrouz Emamizadeh
Joel Foisy

Errin W. Fulp
Joseph Gallian
Stephan R. Garcia
Anant Godbole
Ron Gould
Andrew Granville
Jerrold Griggs

Sat Gupta

Jim Haglund
Johnny Henderson
Jim Hoste

Natalia Hritonenko
Glenn H. Hurlbert
Charles R. Johnson
K. B. Kulasekera
Gerry Ladas

involve

msp.org/involve

INVOLVE YOUR STUDENTS IN RESEARCH

Involve showcases and encourages high-quality mathematical research involving students from all
academic levels. The editorial board consists of mathematical scientists committed to nurturing
student participation in research. Bridging the gap between the extremes of purely undergraduate
research journals and mainstream research journals, Involve provides a venue to mathematicians
wishing to encourage the creative involvement of students.

MANAGING EDITOR

Kenneth S. Berenhaut

BOARD OF EDITORS

Williams College, USA
Wake Forest University, NC, USA
Harvey Mudd College, USA

Missouri U of Science and Technology, USA

University of Wisconsin, USA

U of North Carolina, Chapel Hill, USA
La Trobe University, Australia

Sam Houston State University, USA
University of South Carolina, USA
University of Colorado, USA

Howard University, USA

Brigham Young University, USA
Victoria University, Australia

The Petroleum Institute, UAE

SUNY Potsdam, USA

Wake Forest University, USA
University of Minnesota Duluth, USA
Pomona College, USA

East Tennessee State University, USA
Emory University, USA

Université Montréal, Canada
University of South Carolina, USA

U of North Carolina, Greensboro, USA
University of Pennsylvania, USA
Baylor University, USA

Pitzer College, USA

Prairie View A&M University, USA
Arizona State University, USA
College of William and Mary, USA
Clemson University, USA

University of Rhode Island, USA

Suzanne Lenhart
Chi-Kwong Li
Robert B. Lund
Gaven J. Martin
Mary Meyer
Emil Minchev
Frank Morgan

Mohammad Sal Moslehian

Zuhair Nashed

Ken Ono

Timothy E. O’Brien
Joseph O’Rourke
Yuval Peres

Y.-F. S. Pétermann
Robert J. Plemmons
Carl B. Pomerance
Vadim Ponomarenko
Bjorn Poonen
James Propp
Jozeph H. Przytycki
Richard Rebarber
Robert W. Robinson
Filip Saidak

James A. Sellers
Andrew J. Sterge
Ann Trenk

Ravi Vakil

Antonia Vecchio
Ram U. Verma
John C. Wierman
Michael E. Zieve

PRODUCTION
Silvio Levy, Scientific Editor

Wake Forest University, USA

University of Tennessee, USA
College of William and Mary, USA
Clemson University, USA

Massey University, New Zealand
Colorado State University, USA
Ruse, Bulgaria

Williams College, USA

Ferdowsi University of Mashhad, Iran
University of Central Florida, USA
Emory University, USA

Loyola University Chicago, USA
Smith College, USA

Microsoft Research, USA

Université de Geneve, Switzerland
Wake Forest University, USA
Dartmouth College, USA

San Diego State University, USA

UC Berkeley, USA

U Mass Lowell, USA

George Washington University, USA
University of Nebraska, USA
University of Georgia, USA

U of North Carolina, Greensboro, USA
Penn State University, USA
Honorary Editor

Wellesley College, USA

Stanford University, USA

Consiglio Nazionale delle Ricerche, Italy
University of Toledo, USA
Johns Hopkins University, USA
University of Michigan, USA

Cover: Alex Scorpan

See inside back cover or msp.org/involve for submission instructions. The subscription price for 2019 is US $/year for the electronic
version, and $/year (+$, if shipping outside the US) for print and electronic. Subscriptions, requests for back issues and changes of
subscriber address should be sent to MSP.

Involve (ISSN 1944-4184 electronic, 1944-4176 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o University of
California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional

mailing offices.

Involve peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY

:l mathematical sciences publishers

nonprofit scientific publishing
http://msp.org/
© 2019 Mathematical Sciences Publishers


http://msp.org/involve
http://msp.org/involve
http://msp.org/
http://msp.org/

Optimal transportation with constant constraint

WYATT BOYER, BRYAN BROWN, ALYSSA LOVING AND SARAH TAMMEN
Fair choice sequences

WILLIAM J. KEITH AND SEAN GRINDATTI

Intersecting geodesics and centrality in graphs
EMILY CARTER, BRYAN EK, DANIELLE GONZALEZ, RIGOBERTO FLOREZ
AND DARREN A. NARAYAN
The length spectrum of the sub-Riemannian three-sphere
DAVID KLAPHECK AND MICHAEL VANVALKENBURGH
Statistics for fixed points of the self-power map
MATTHEW FRIEDRICHSEN AND JOSHUA HOLDEN
Analytical solution of a one-dimensional thermistor problem with Robin boundary
condition
VOLODYMYR HRYNKIV AND ALICE TURCHANINOVA
On the covering number of Sy4
RYAN OPPENHEIM AND ERIC SWARTZ
Upper and lower bounds on the speed of a one-dimensional excited random walk
ERIN MADDEN, BRIAN KIDD, OWEN LEVIN, JONATHON PETERSON,
JACOB SMITH AND KEVIN M. STANGL
Classifying linear operators over the octonions
ALEX PUTNAM AND TEVIAN DRAY
Spectrum of the Kohn Laplacian on the Rossi sphere
TAWFIK ABBAS, MADELYNE M. BROWN, RAVIKUMAR RAMASAMI AND
YUNUS E. ZEYTUNCU
On the complexity of detecting positive eigenvectors of nonlinear cone maps
BAS LEMMENS AND LEWIS WHITE
Antiderivatives and linear differential equations using matrices
YOTSANAN MEEMARK AND SONGPON SRIWONGSA
Patterns in colored circular permutations
DANIEL GRAY, CHARLES LANNING AND HUA WANG
Solutions of boundary value problems at resonance with periodic and antiperiodic
boundary conditions
ALDO E. GARCIA AND JEFFREY T. NEUGEBAUER

117

125

141

151

157

171


http://dx.doi.org/10.2140/involve.2019.12.1
http://dx.doi.org/10.2140/involve.2019.12.13
http://dx.doi.org/10.2140/involve.2019.12.31
http://dx.doi.org/10.2140/involve.2019.12.45
http://dx.doi.org/10.2140/involve.2019.12.63
http://dx.doi.org/10.2140/involve.2019.12.79
http://dx.doi.org/10.2140/involve.2019.12.79
http://dx.doi.org/10.2140/involve.2019.12.89
http://dx.doi.org/10.2140/involve.2019.12.97
http://dx.doi.org/10.2140/involve.2019.12.117
http://dx.doi.org/10.2140/involve.2019.12.125
http://dx.doi.org/10.2140/involve.2019.12.141
http://dx.doi.org/10.2140/involve.2019.12.151
http://dx.doi.org/10.2140/involve.2019.12.157
http://dx.doi.org/10.2140/involve.2019.12.171
http://dx.doi.org/10.2140/involve.2019.12.171

	1. Introduction
	2. Preliminaries
	3. Connection with the illumination number
	4. Proof of Theorem 3.2
	References
	
	

