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We calculate full asymptotic expansions of prime-independent multiplicative
functions on additive arithmetic semigroups that satisfy a strong form of
Knopfmacher’s axioms. When applied to the semigroup of unlabeled graphs,
our method yields detailed asymptotic information on how graphs decompose
into connected components. As a second class of examples, we discuss polyno-
mials in several variables over a finite field.

1. Introduction

Let G, be the number of unlabeled graphs with n vertices and let G, be the number
of connected unlabeled graphs with n vertices. Using the fact that the sequences
{G,} and {G;''} are related by the identity

o0 o0
Y Gux" =T ]a—x")"%n, (1)
n=0 m=1

Wright [1967] proved that G, ~ G;'; i.e., almost all graphs are connected. As
observed in that paper and further clarified in [Warlimont 2001], this asymptotic
result is intimately related to the fact that the power series at the right-hand side
of (1) has trivial convergence radius. Armed with a full asymptotic expansion
for G, [Wright 1969], Wright [1970] further improved this result by constructing
a sequence {ws} of polynomials such that, for any fixed positive integer R, the
asymptotic relation
R-1
Gy =Gu+ ) o(m)Gus+ 00 Gup) @
s=1
holds in the limit n — oo.
In the context of abstract analytic number theory [Knopfmacher 1975], Knopf-
macher [1976] (see also [Flajolet and Sedgewick 2009; Burris 2001] for the more
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general setting of weighted decomposable combinatorial structures) observed that
(1) is a particular case of an Euler product type of identity which holds for arbitrary
additive arithmetical semigroups and that the methods of [Wright 1967] can be used
to study the distribution of certain arithmetical functions on additive arithmetical
semigroups in which almost all elements are prime. For instance, if d; is the divisor
function that to each unlabeled graph g assigns the number of ways to write g as a
disjoint union of an ordered pair of graphs then

m =2 ad lm oY@ -27=0 ()
where both sums are taken over all graphs g with n vertices.

The goal of the present paper is to investigate Knopfmacher’s suggestion [1976]
that restricting to arithmetical semigroups in which the total number of elements
is related to the number of prime elements by a formula analogous to (2) might
lead to a strengthening of (3). To illustrate our results with an example, consider
again the divisor function d; on the semigroup of graphs. We prove that for every
positive integer M, there exists a sequence {t3(n)} of polynomials such that, for
any fixed positive integer R, the asymptotic relation

R—1
Gi D (dr(g) =M =2" Y " r ()27 + 027k )

s=1

holds in the limit n — oco. Clearly, (3) can be recovered by setting M = 1 and
M =2 in (4) and taking the limit as n — oco. More generally, we show that (4) is a
particular case of a formula that holds if d, is replaced by an arbitrary Warlimont
function, i.e., a multiplicative prime-independent function whose restriction to
power of primes grows in a prescribed way. Even more generally, the semigroup of
graphs can be replaced by any Wright semigroup, which we define to be an additive
arithmetical semigroup subject to a growth condition introduced in [Wright 1970].
Examples of Wright semigroups include the semigroup of unlabeled graphs with an
even number of edges and the semigroup of polynomials in at least two variables
over a finite field.

The paper is organized as follows. Section 2 contains the main technical results
used in the rest of the paper. We work with triples of sequences related by a
generalization of (1) that were introduced in [Warlimont 1993]. The main result is
Theorem 5 which can be thought of as a generalization of [Wright 1970], modeled
after the way in which [Warlimont 1993] generalizes [Wright 1967]. In Section 3,
after introducing the key notions of Wright semigroup and of Warlimont function,
we provide asymptotic formulas for moments of Warlimont functions in terms
of the number of elements of given degree in the underlying (not necessarily
Wright) semigroup. In the special case of Wright semigroup, we construct full
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asymptotic expansions generalizing (4). We illustrate our results in Section 4 by
calculating asymptotic expansion of some of the arithmetical functions considered
in [Knopfmacher 1976] on three examples of Wright semigroups: the semigroup
of all unlabeled graphs, the semigroup of unlabeled graphs with an even number
of edges and the semigroup of nonzero polynomials (up to scaling) in at least two
variables over a finite field.

2. Warlimont triples

Definition 1. A Warlimont triple is a triple ({7}, {t,}, {a,}) of sequences of non-
negative real numbers related by the identity

00 00 00 tm
> 1" = [T(L ') ®
n=0 m=1 k=0
of formal power series and such that
i) To=ap=1,
(ii) a; > 0,
(iii) t,, € Z for all m and t,, > 0O for all but finitely many m.
In order for the three sequences to be all indexed by nonnegative integers, we set
to =0.

Lemma 2. Let ({T,}, {t,}, {a.}) be a Warlimont triple and consider the sequences
{v,}, {Bn} and {b,} defined the recursion formulas

n—1
v, =1, — Xl: :‘_lvs T, (6)
n—1
,Bn = - Z ,BsTn—Sv (7)
s=0
n—1
by =na, — Y _ by s, ®)
s=1

with initial conditions vi =T\, Bo =1, by = a,. Then for all n:

1 v, = Zdln(d/n)tdbn/d, where the sum is over all integers 1 < d < n that
divide n.

(11) ,Bn = Z?;] (s/n)vsﬂn—s.

(iii) For every positive integer R

R—1 1 R—1 n—R
2(; BsTh—s =v, + ; ZO Br Z svsTy—r—s.
§= r

= s=R—r
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Proof. Using formal term-by-term differentiation it is easy to show that (6) and (7)
are equivalent to the formal identities

oo oo

log (Z Tnx"> = Z Upx™, 9)
no:OO m;] ,

log(z anx"> = Z ?sxs, (10)
n=0 s=1

respectively. Taking the formal logarithm of (5) and substituting (9), (10), we obtain

o0 o0 b
S N
E Upx™ = E t,—x"*
s
m=1

r,s=1

from which (i) easily follows. Since (7) is equivalent to the identity

(2 ﬂsxs> <,§ Tnx") =1

of formal power series, taking formal logarithms yields

o0 o0
log(z ﬁsxs) =— Z U x™.
s=0 m=1

Comparing with (6) and (9) proves (ii). It follows from (ii) that

R-1 u R—1
Z Z Br((n —w)vy—yTy—r + (U —r)vy—r Ty—y) = vy — Z uByTy—u
u=0 r=0 u=0

and thus

R-1
Z BsTh—s — vy
s=0

1 R—1 u n—r
= ,Br( Ty —(m—wvy_ Ty — (U —r)v,_, Tnu)
n R—r
u=0 r=0
1 R—1 R—r—1 R—r—1
= ; Z Br <(I’l =) Ty — Z n—r—s)Tv,_r—s+ Z SUsans)
r=0 s=0 s=0
1 R—1 n—R
= n Br Z SVsTy—r—s,
r=0 s=R—r

where the last line follows from applying (6) to 7,,_, foreachr€{0, 1, ..., R—1}. U



ASYMPTOTIC EXPANSION OF WARLIMONT FUNCTIONS 1085

Lemma 3. Let ({T,}, {t,}, {a,}) be a Warlimont triple. Then
[n/2]
aj Z Iity—s <T,
s=0

for all n.

Proof. Since
o

00 t"l
l_[ ( akka) e 1+ xVTIR[x]
m=N+1 k=0

for every integer N > 0, we have

N N 0 Im
Z T,x" € l_[ (Z akka) +xVIR[x]]
n=0 m=1 “k

=0
and thus
N LN /2] N o0 .
Z T,x" € (Z TSxS> 1_[ (Z akka) +xNIR[xT. (11)
n=0 s=0 m=|N/2]+1 “k=0

On the other hand, by assumption #,, is a nonnegative integer for all m and thus by
the binomial theorem

00 tm
<Z akxk’"> € 1+at,x™ + x*"R[x]. (12)
k=0

Since the sequences {ax}, {t,,} and {7, } are nonnegative, the lemma follows by
substituting (12) into (11) and comparing coefficients. (]

Lemma 4. Ler ({T,}, {t,}, {a,}) be a Warlimont triple such that log(a,) = O(n).
Then for every nonnegative integer R

O(T,—r) if Tho1 =o0(Ty),

O(th—gr) 1f ty1 = 0(ty).

Proof. Assume T,,_1 = o(T},). Since log(a,) = O(n), there exists r > 1 such that
a, <r" for all n. By induction on the definition of {b,}, we obtain |b,| < (3r)"
for all n. Moreover, since T,,_; = o(T,) and condition (iii) in the definition of
Warlimont triple implies 7,, > O for all but finitely many n, there exists a positive
integer N such that 0 < T,, < (3r) 27,4 foralln > N. If

Gr)*"Ty Gr)*T (3r)*N Ty
Ty

v, —aity| = {

C=maxi], oo
Tyt Ton-1

then for any n > 0 and for any m > N we obtain

T, <CBr)y Ny <CON 2N v < <CGBP) " Ty
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Therefore, using Lemmas 2 and 3
d _
vn—arta| <Y “talbujal <) TaBr)"'* <CT,_g Y J(3r) "= 0(T,_p).
d/n d/n d/n
The proof for the case 7,1 = o(t,) is similar and left to the reader. O

Theorem 5. Let ({T,}, {t.}, {an}) be a Warlimont triple such that log(a,) = O(n)
and let R be a fixed positive integer. Then the following are equivalent:

(1) Ty—1=o0(Ty) and
n—R

Z LT, = O(Tn—R)-
s=R

(1) T,—1 =o(T,) and

R—1
ayty = Z ﬁsTn—s + O(Ty—R)-
s=0
(ii1) t,—1 =o(t,) and
R—1
T, =a Z Tsty—s + O(th—R).
s=0
(v) t,—1 =o(t,) and
n—R
Z Isth—s = O(tn—R)-
s=R

Proof. Assume (i) holds. Using Lemmas 3 and 4 and 7,,_; = o(7},), we obtain
[va| < vy — a1ty +art, = O(Ty).

Therefore, there exist an integer N > R and a constant C > 0 such that |v,| < CT, <
CT,4, foralln > N and for all r € {0, ..., R — 1}. Combining this observation
with Lemma 2 yields

R-1
- Z IBS Tn—s
s=0

n—

= Zﬁr Z _|vs|Tn—s

r=0 YRr

<Zﬁr< Z v T s S+CZTTn - )

r

N—
<Zﬁr< Z Vs T A+CZZTTH )

s=R—r
= O(Ty—R),
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and thus
R—1 R—1
ayty — Z BsTu—s| < laity — vu| + v, — Z BsTh—s| = O(T,—R).
s=0 s=0
Hence, (i) implies (ii) Assume (ii) holds. Then
— R—1-s
alZTtn ‘_ZT Z BrTy—s—r + O(Ty_R)
R—1R-1
= Z Z Tsﬁu—sTn—u + O(Tn—R)
s=0 u=s
R—1 u
= Z Tn—u Z Tsﬁu—s + O(Tn—R)
u=0 s=0
=T, + O(TnfR)’

where the last equality is obtained using the definition of the sequence {8,}. In
particular, setting R = 1 we obtain a;t, — T, = O(T,—1) = o(T,), which implies
ait, ~ T, and hence o(t,—1) = O(T,—1) = o(T,)) = o(t,). Therefore, (ii) implies (iii).
Assume (iii) holds. By Lemma 3

ln/2] ln/2]

Ztstn s =aj ZTtn SET _althn s—O(tn R)

This proves (iv) since
[n/2]

Ztstn Y—zztstn s+0(tn R)

Finally, assume (iv) holds. Lemma 4 implies |v, —a;t,| = O (t,—r) = o(t,) and thus
v, ~ art,. This implies that there exist an integer N > R and constants ¢, C > 0
such that

O<ct, <v, <Ct, (13)

for all n > N. As a consequence,

Un—1 = O(ty—1) = 0(ty) = 0(vy) (14)
and
n— n—R
D vajv; <CPY e jtj = O(ta—g) = O(va_p). (15)
=N j=R

For each n > N, let

{
j

N<J<n}
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By Lemma 2, we obtain

n—1 N—-1 n—N n—1
|Tn_Un|§Z|Un—j|Tj§Zvn—jTj+Mn—1< Up—jUj+ Z |vn_j|vj>
=1 j=1 j=N j=n—N+1

=o()(14+M,_1),

where (14) and (15) were used to obtain the last equality. Hence there exists N; > N

such that for all n > N
Tn 3+ Mn—l
e
[ 2
and thus

T,
M, = max:Mn_l, —"} < max{M,_, 3}.

Un

This shows that the sequence {M,,} is bounded; i.e., there exists a constant K > 0
such that 7, < Kv, for all n > N. Therefore, using (13) and Lemma 3, we obtain

Th—1 = O(Vy—1) = O(ty-1) = 0(ty) = o(Ty).

Moreover (14) yields

n—R N n—N

Z Tn—sTs =< 2 Z TsTn—s + K2 Z Up—sVUs = O(Tn—R) + O(vn—R) = O(Tn—R)-
s=R s=R s=N

This concludes the proof that (iv) implies (i) and the theorem is proved. O

Remark 6. Let ({7,}, {t,}, {a,}) be a Warlimont triple that satisfies the equivalent
conditions of Theorem 5 for some R > 2. Then
n—R+1 n—R

Z IiT,—s= Z T Tn—s+2TR—1 Tn—R—H = O(Tn—R)+0(Tn—R+1) = O(Tn—R—H)
s=R—1 s=R

and thus ({7,,}, {t,}, {a.}) satisfies the equivalent conditions of Theorem 5 for any
fixed positive integer less than or equal to R. In particular, ¢,_; =o(¢,) and T,, ~a; t,.

3. Warlimont functions and Wright semigroups

Definition 7. An additive arithmetical semigroup is a pair (G, +, d) consisting
of an abelian semigroup (G, +) with identity and a semigroup homomorphism
9:(G,+) > (Z>0, +) such that

(i) the cardinality G, of the preimage 8~ (n) is finite for all n,
(i) G is freely generated by GT C G.
We denote by G the cardinality of the set 3~!(n) N G .
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Remark 8. Let (G, +, 9) be an additive arithmetical semigroup. As pointed out in
[Knopfmacher 1976; Warlimont 1993], ({G,}, {G;F}, {1}) is a Warlimont triple.

Definition 9. A Wright semigroup is an additive arithmetical semigroup (G, +, 9)
satisfying
log(G,) = an®*! + Bnlog(n) + yn+ O (") (16)

for some real numbers «, 8, ¥, a, b suchthato > 0and 0 < b < a.

Definition 10. Let R be a positive integer. We say that an additive arithmetical
semigroup (G, +, d) satisfies axiom Wy if G,_1 = 0(G,) and

n—R

Z GiGps= O(anR)-

s=R
Remark 11. Let (G, +, 0) be an additive arithmetical semigroup that satisfies
axiom Wk for some positive integer R. Combining Remarks 6 and 8, we conclude
that (G, +, 9) satisfies axiom Wg for any positive integer R’ < R. In particular,
G, ~ G, and G_| = 0(G})); i.e., the additive arithmetical semigroup (G, +, 9)
satisfies both axiom G; and axiom G, as defined in [Knopfmacher 1976]. Notice
that the combination of Axioms G; and G is slightly weaker than axiom W since
" GGy = 0(G,) does not necessarily imply Y"_| G,G,_; = O(G,_1).

Proposition 12. Every Wright semigroup satisfies axiom Wy for every positive
integer R.

Proof. This is a straightforward consequence of the definitions and Theorem 7 of
[Wright 1970]. U

Definition 13. Let (G, 4, 0) be an additive arithmetical semigroup. A function
F : G — Ris multiplicative if F(g1+g2) = F(g1)F (g2) for all g1, g2 € G coprime.
We say that F is prime-independent if there exists a sequence {F,"} such that
Ft = F(np) for every p € G and every positive integer n. For every function
F : G — R, we denote by {F},} the sequence defined by setting

d(g)=n

for each nonnegative integer n. A Warlimont function is a nonnegative multiplicative
prime-independent function such that log(FnJr )=0(n) and F 1+ > 0. The normal-
ization of a Warlimont function F is the (not necessarily multiplicative) function
F:G — Rsuch that F(g) = F(g)/F; forall g € G.

Example 14. Let (G, +, 0) be an additive arithmetical semigroup and let F': G — R
be such that F(g) =1 for all g € G. Then F is a Warlimont function and F,, =
F,, = G, for all n.
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Example 15. Let (G, +, d) be an additive arithmetical semigroup and, for each
k > 2, consider the generalized divisor function dy, : G — R that to each g € G
assigns the number dj (g) of k-tuples (g, ..., gx) € G* such that g = g; +- - - + gx.
Then dy. is multiplicative, prime-independent and (dj);} = (*}*7") for each integer
n > 1. Therefore, d; is Warlimont.

Example 16. Let (G, +, 9) be an additive arithmetical semigroup and consider the
unitary divisor function d, : G — R that to each g € G assigns the number d,(g)
of coprime pairs (g, g2) such that g = g + g». Then d, is multiplicative, prime-
independent and (d,),;} = 2 for each integer n > 1. Therefore d, is Warlimont.

Example 17. Let (G, +, d) be an additive arithmetical semigroup and consider
the prime divisor function B : G — R such that B(kip1 + kopr+ -+ k- p,) =
kiky - - -k, for any py, ..., p, € G primes and ky, . .., k, positive integers. Then B
is multiplicative, prime-independent and B,” = n for each integer n > 1. Therefore,
B is Warlimont.

Remark 18. Let F' be a Warlimont function on an additive arithmetical semigroup
(G, 4+, 3). Then the function F™ : G — R such that F"(g) = (F(g))" forallge G
is again a Warlimont function for every integer m > 1 since

log((F™)}) = mlog(F,") = O (n).
Moreover, Fm = (f )"

Remark 19. Let F be a Warlimont function on an additive arithmetical semi-
group (G, +, d). Then, as observed in [Warlimont 1993], ({F},}, {G,J{}, {Fn+}) isa
Warlimont triple.

Theorem 20. Let (G, +, 0) be an additive arithmetical semigroup that satisfies
axiom Wpg and let F be a Warlimont function on G. Then for every positive

integer M there exist constants &1, ..., Er_1 such that
R—1
Y (F@-DY"=> &Gy s+ 0(Gup). (17)
a(g)=n s=1

Proof. By Remark 19 and Example 14, ({G,}, {G;'}, {1}) and ({F,}, {G '}, {F, D
are both Warlimont triples. Since {G,} satisfies axiom Wk, it follows from
Theorem 5 applied to the Warlimont triple ({G,}, {G,J{}, {1) that G+, = 0(G,J{),

n—1 "~

n—R
D> GHG = 0(G_p. (18)
s=R
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Moreover, if {8,} is the sequence defined recursively by setting Sy = 1 and

n—1
Bi=—2 BGns (19)
s=0
for every positive integer n, then
R—1
Gl =) BGnsr+0(Gusr) (20)
r=0

for all s > 0. In particular, we can apply Theorem 5 to the Warlimont triple
({F.}, {G}, {F;}}) and obtain
R—1
Fi=F) FGI_ +0(G p. 1)
s=0

Since by definition G;’ <G, forall n and G,,_s_gr = 0(G,_g) for all s > O,
substituting (20) into (21) yields

R—-1 s
Fo=)" (Z Br FH) Gus+ O(Gu_g). (22)
s=0 “r=0
Using the binomial theorem and Remark 18 we obtain

M
> Fe-0 =" 3 S (h) e

d(g)=n d(g)=n m=0
M
M\ ~
=DM (G ) F 23)
m=0

Applying (22) to the Warlimont function F™ and substituting into the last line of
(23) (after an obvious rearrangement) yields

R—1
D (F@@ =DM = &Gu s+ 0(Gup). (24)
d(g)=n s=0
with
M M s
&= DY 0" () B E,
m=0 r=0
M M s
= DY D" () DB 25)
m=1 r=0
for all s € {0,..., R — 1} where the second equality follows from (19) and

Example 14. This implies (17) since, combining Remarks 18 and 19, (F")y =1
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for all m and thus
U M
go= (D" Y (=1)"(,, )Bo(F"0 = 0. 0
m=0

Definition 21. Let F be a Warlimont function on an additive arithmetical semigroup
(G, +, 9) and let M be a positive integer. We define the normalized M -th moments
of F to be the functions ur y : Z>9 — R defined by

1 ~
pEm = 3 (F@)—1" (26)

" 9(g)=n
for all n > 0.
Remark 22. Let F' be a Warlimont function on an additive arithmetical semigroup
(G, +, 3). The average value of F on d~!(n) is given by

F, n

— =F"(+pur1(n)).
G
The higher normalized moments can be thought of as capturing the deviation of F
from F 1+. For instance, if pf 1 (n) = o(1), then

1
o 2 (F@—F)?=(Furam)
" a(g)=n
can be thought of as an asymptotic measure of the variance of F on 3~ (n).

Corollary 23. Let F be a Warlimont function on an additive arithmetical semigroup
(G, +, 0) that satisfies axiom W,. Then

Fy

lim —* = F',
n—00 G”
1
lim — (F(g)— FH)?=0.
n—>c0 G, %;n !

Proof. Combining Remark 22 and Theorem 20 (with R = M = 1), we obtain

F,
o = Fr Ut mpam) = FF +o(1).
n

Similarly,

L 2 2 e Gnot Gu1\) _

Remark 24. A slightly stronger (see Remark 11) version of Corollary 23 is proved
in [Knopfmacher 1976] for particular choices of F. A sharper result is given in
[Warlimont 1993] where it is shown that the assumption G,_; = O(G,,) (which is
part of axiom W) is unnecessary.
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Theorem 25. Let F' be a Warlimont function on a Wright semigroup (G, +, 9) with

o, a, b as in Definition 9 and let g = e*@FD:

(1) For every positive integer M there exists a sequence {As} of functions As:Z>0— R
such that log(As(n)) = Om* ' +nb) and, for every fixed positive integer R, the
asymptotic relation
R—1
pEm() =Y A(m)g ™" + 0Ormg*") 27)
s=1

holds in the limit n — o0.

(i) Assume further that there exist constants 0 < d, < dy and a sequence {¥;} of
polynomials such that deg(V) < dys — d; for all s > 1 and, for every fixed positive
integer R, the asymptotic relation

Gn—l
G,

R—1
= Usmg ™" + 0N Egm R (28)
s=1

holds in the limit n — oco. Then there exists a sequence {13} of polynomials such
that deg(ty) < ds — d, and, for every positive integer R, the asymptotic relation
R-1
wEm(n) =Y 1 (n)g " + 0 (R -%gFn) (29)
s=1

holds in the limit n — oo.

Proof. Let & be defined by (25) for all s > 1. By Proposition 12 and Theorem 20,
we obtain

R—1
Gn—s G’n—R
MF,M(n)=§ss G +0( G ) (30)

for every fixed integer R > 0. Since

Gy
log( G ) =a((n—9)"T =Y+ 0’ = —a(a+ Dsn* + 0 +nb),

n
in order to prove (i) it suffices to choose A, such that
Gn—s
G

for all n > s > 1. Using (28) repeatedly and induction on ¢, for every fixed positive
integer R, we obtain

As(n) = &g

R-1

Gl’l*l‘ anl ant — DR _—R
— = v (g + 0m” g™, 31
Gn Gn ant+l Z o

s=t
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where

) = D Vi MY — 1), (=1 gD (39)
i1+-+i;=s
is a polynomial in n of degree at most dys — dt for all 1 <¢ <s. Substituting (31)
into (30) yields, for every fixed positive integer R,
R—1 R-1
wEM) =Y &Y v (g + 0@ Rg)

t=1 s=t

R—1 s
= Z(Z ézvs,z(n))q_“” +0nPRg),
s=1 “t=1

which proves (ii) upon setting

S
To(n) =Y &y, (n) (33)
=1
for all s, n. O
Remark 26. Comparison of (28) and (16) shows that the assumptions of (ii) in
Theorem 25 require in particular that (16) holds with a = 1.

4. Examples

4.1. Graphs. Let (G, +) be the semigroup of (simple, unlabeled) graphs with
semigroup operation + given by disjoint union. If 9 is the map that to each graph g
assigns the cardinality of its set of vertices, then (G, 4+, d) is an additive arithmetical
semigroup and g € G™ if and only if the graph g is connected. As proved in [Wright
1969], there exists a sequence {¢,} of polynomials such that ¢, has degree 2s for
every s and, for every fixed positive integer R, the asymptotic relation

*)
G =2 (Z 0 (M2 " + 02 R")) (34)

holds in the limit n — co. The polynomials ¢, can be calculated explicitly, the first
few being

@o(n) =1,

1(n) =2n*> —2n,

() = 8n* — @rﬁ +72n% — llen,

@3(n) = 2050 _ 37125 4 206724 342723 4 9195242 — 9600n.

In particular,

log(G,) = log(v/2)n* — nlog(n) + (1 — log(v/2))n + O (n?)
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for any b > 0 and thus (G, 4+, 9) is a Wright semigroup. Moreover, using (34) and
expanding the denominator as a geometric series we obtain, for every fixed R > 0,

G R—1 R—1 R—1
(’;—‘ =252 " (Z 205 (n— 1)2—”’)
s=0

Z <_ Z s (”)2_5n) +0(n2R+12—(R+1)s)

r=0 s=1

R—1
=D U270 @12,
s=1
where the 1/, are polynomials of degree deg(y;) = 2s — 1 which can be explicitly
calculated in terms of the polynomials ¢; in (34). For instance

Y1(n)=n,
Vo (n) =4n>—20n>+16n,
V3 (n) =40n° —464n*+1768n> —2624n>+1280n,

Ya(n) = Z8n"—24176n°4-83%% 9084961+ 213792 225024017 +-925696n.

Substitution into (32) yields vy 1(n) = ¥¢(n) for all s and
v22(n) = 8n” — 8n,
v3.2(n) = 48n* — 352n° + 688n> — 384n,
v3.3(n) = 64n> — 192n% + 128n,
v42(n) = 864n° — 13472n° 4 77216n* — 203488n> + 245376n> — 106496n,
v43(n) = 896n° —9728n* + 352001 — 50944n> + 24576n,
v44(n) = 1024n* — 6144n> 4 11264n> — 6144n.

Inspection of graphs with up to four vertices shows that G; =1, G, =2, G3 =4
and G4 = 11. Substitution into (19) yields g; = B, = 3 = —1 and B4 = —4.

Example 27. Consider the Warlimont function d, from Example 15. When special-
ized to the semigroup of graphs, d, counts the number of ways of writing a given
graph as the disjoint union of two graphs. The order is taken into account, so that if
g1 is not isomorphic to g, then g = g + g» and g = g» + g1 count as two distinct
decompositions. Moreover, decompositions in which one of the components is the
empty graph are allowed. Combining Remark 22 and Theorem 25 we obtain (4).
In particular, setting M = 1 yields a full asymptotic expansion for the average of
d, of the form
1 = —sn 2R—1~—Rn
G D d(e) =242 2"+ om* 2R,
da(g)=n s=1

valid for every fixed positive integer R, where the 7,(n) are polynomials of degree
2s — 1. For instance, direct inspection of graphs with up to four vertices yields
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(d2)1 =2, (d2)2 =35, (dr)3 =12 and (d»)4 = 34. Substituting into (25) and then
into (33) we obtain

71(n) =2n,

7(n) = 4n®—4n?,

13(n) = 40n° —368n*+1320n>—2016n>+1024n,

4 (n) = 28572044855+ 3028 57817120+ 3138512 3 183936017 +743424n.

4.2. Graphs with an even number of edges. Let (G, +) be the semigroup of (sim-
ple, unlabeled) graphs with an even number of edges and semigroup operation +
given by disjoint union. If 9 is the map that to each graph g assigns the cardinality
of its set of vertices, then (G, +, 3) is an additive arithmetical semigroup. G*
consists of graphs g with an even number of edges that cannot be written as the
disjoint union of two nonempty graphs with an even number of edges. While G
is a subsemigroup of the semigroup of all unlabeled graphs, not all graphs in G*
are connected. For instance, while 2K is not connected, it is nevertheless prime in
the semigroup of graphs with even edges. As pointed out in [Aldi 2019], for every
fixed positive integer R, the asymptotic relation

2(2)

Gy = <Z 0 (m27" + 0(n*F2” R"))

holds in the n — oo limit, where the polynomials ¢ (n) coincide with those of
Section 4.1. In particular, (G, +, d) is a Wright semigroup and, for every fixed
positive integer R,

R—-1

G—
n—1 — Zws(n)z—sn_ko(an—lz—Rn)’
s=1

where the polynomials v (n) coincide with those calculated in Section 4.1. Inspec-
tion of graphs with up to four vertices shows that G| =G, =1, Gz =2 and G4 =6.
Substitution into (19) yields g1 = —1, 8, =0, 3= —1 and 4 = —3.

Example 28. Consider the Warlimont function d, from Example 16. Combining
Remark 22 and Theorem 25 we obtain a full asymptotic expansion for the second
moment of d, about 2:

R—1
Gin | Y (du(®) =2 =4) 1, (27" + 0n**127Fm
a(g)=n s=1
for every fixed positive integer R, where the t,(n) are polynomials of degree
2s — 1. To calculate these explicitly for small values of s, we first observe by direct
calculation that (dy)| =2, (dy)2 =2, (d«)3 =4, (dy)s = 14 as well as (df)l =4,
(d?)y =4, (d?)3 =8, (d?)4 = 36. Substitution into (25) (upon setting M = 2) and
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then into (33) yields

71(n) =2n,

T (n) = 4n*—20n>+16n,

13(n) = 40n° —464n*+1832n> —2816n>+1408n,

t4(n) = 8072417604832 15 -906960n*+- 8249940 ;1321772801 +-882688n.

4.3. Polynomials over a finite field. Consider the field F, with g elements and let
G be the set of nonzero polynomials in [y [xy, ..., xx] modulo the equivalence
relation such that f ~ g if and only if f = Ag for some A € F,. G has a natural
structure of additive semigroup with semigroup operation + given by multiplication
of polynomials. If 9 is the semigroup homomorphism that to each polynomial f € G
assigns its total degree, then (G, +, ) is an additive arithmetical semigroup and G*

is the set of equivalent classes of irreducible polynomials in [, [x1, ..., xx]. Since
(n+k) (n 1+k
G, = 9" =q £ 7 (35)
q—1
for every n,

k
10g(G,) = log(cn% +Oo@ Y

for every k > 2. On the other hand if £ = 1, then log(G,) = log(q)n for every n.
Hence (G, -, 9) is a Wright semigroup if and only if k > 2. If kK = 2 then for every
fixed positive integer R

Zws(mq 0@ R,

where 1 (n) = ¢~ ! and ¥, (n) = ¢~*(1 — q) for all s > 2. By Theorem 25, each
wr pm admits an asymptotic expansion as a power series in g "
coefficients. For instance, substitution into (32) yields

mim)y=q 2 —q~ ', wmam)=q"",

) =g —q7% wvam)=q =1, viz(n)=1.

Example 29. We further specialize to the case where G is the semigroup of nonzero

polynomials in two variables over the field with two elements. By Theorem 25,

there exist constants 7, such that for every fixed positive integer R the average of

the Warlimont function B (as defined in Example 17) on polynomials of degree n is
B, R-1

_ —sn —Rn
G—n_1+;m2 + 0@ k. (36)

with constant

Since By =6, B, =62 and B3 = 1002, substituting (35) into (19) and then into
(25) shows that in particular 11 =0, 7o =3 and 13 = %



1098 MARCO ALDI AND HANQIU TAN

Example 30. If £ > 2, then by Remark 26 we are in the second part of Theorem 25.
Nevertheless, the asymptotic behavior of Warlimont functions can be described
using (27) as follows. Consider for instance the Warlimont function B of Example 17
on the semigroup of polynomials in three variables with coefficients in [,. Since

Gi=—-p1=(B")
for all m, substitution in (25) yields £, = 0 and thus
1 Gn—2 a2
— B(e)—-HM =0 =0(q" ™"
= 2 B@-D < G ) (q )

" 9(g)=n "

for all M.
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