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We provide a generalization of the classical Cantor function. One characterization
of the Cantor function is generated by a sequence of real numbers that starts
with a seed value and at each step randomly applies one of two different linear
functions. The Cantor function is defined as the probability that this sequence
approaches infinity. We generalize the Cantor function to instead use a set of any
number of linear functions with integer coefficients. We completely describe the
resulting probability function and give a full explanation of which intervals of
seed values lead to a constant probability function value.

Generalizing the Cantor function

Most analysis books include a discussion of the Cantor set (or Cantor middle-thirds
set) as a closed subset of the interval [0, 1] whose complement has total length 1 but
has an uncountably infinite number of points; see, for example, [Royden 1988]. The
classical Cantor function is defined on the complement of the Cantor set. There are
many different descriptions of the Cantor function; for a very complete overview,
see [Dovgoshey et al. 2006]. In its simplest form, it can be described iteratively as
the function f(x) that has height 5 on the interval ( ) height . 4 on the interval
(3. 2) (which is the middle third of the interval (O )) height 2 on the middle-
third of the interval (3, 1), or equivalently height 2 on interval (3, 8) Continue in
this manner, defining the height of f(x) on the mlddle third of a remaining interval
to be the average of the heights on either side. So for example, since f(x) has a
height of 4 3 on (; 3) and a height of on (g, g), it must have a height of % on the
middle third of the interval (2 7) or the interval (%, %) Continue this process
indefinitely to get a function that has steps of height y /2* for any integer y < 2F
and k € N. See Figure 1 for a graph of the Cantor function.
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Figure 1. Original Cantor function from [Stankewitz and Rolf
2012] computed using f1(x) = 3x and fr(x) =3x —2.

An alternative description of the Cantor function is found in [Stankewitz and
Rolf 2012], in which the function arises from a random iterative process. We recall
the fundamentals of single function iteration: Starting with a seed value xy, compute
x1 = f(xo) and x3 = f(x1) = f(f(x0)), and so forth, so that

xp = f(f(- f(x0))).
NN
We can then examine the long-term behavior of the sequence {x,}. To get to the
description of the Cantor function found in [Stankewitz and Rolf 2012], we instead
start with a seed value xg, randomly choose a function from a finite set of functions,
apply that function to xg to find x;, and then repeat the process indefinitely. In
particular, for the Cantor function, at each step we choose to compute either fi(x;)
or f>(xj), with f1(x) =3x and f>(x) = 3x — 2. This is diagrammed in the figure
below, where the tree would continue to the right:

X
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/3§3x /
-2 x
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Now we determine, out of all possible branches on the tree, what proportion of
them will diverge to positive infinity. Equivalently, what is the probability of picking
a sequence of functions such that {x;} — 00? We describe this process formally.
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Definition 1 (Cantor function). Let f;(x) = 3x and f>(x) = 3x — 2. Given a seed
value xo, let x; = fi, (x0), x2 = fi,(x1), and so forth, so that x; = fkj (xj—1), where
k; € {1, 2} is chosen with equal probability. For each initial value xo, we define
P (x) as the probability that the sequence {x;} diverges to 0o using the seed value xo.

In this work, we generalize Definition 1 to n linear functions instead of the two
functions fi(x) =3x and f>(x) = 3x — 2. We begin with a concrete example and
the computation of a few values of P (xp).

Example 2. Consider the functions fj(x) =20x —1, f>(x) =6x —3, and f3(x) =
10x — 8. We evaluate P (xg) for various values of xg.

(a) Suppose xg > 1. Then fi(xg) > 19, f2(x0) >3, and f3(xg) > 2. No matter which
fr we choose, we have x; = fx(xo) > 2. At the next step, if xo = f1(x1), then xp >
20(2) —1 =139, if x, = fa(x1), then x, > 6(2) —3 =09, and if xo, = f3(x}), then x3 >
10(2) —8 =12. Each successive x; is larger than x;_1, thus {x;} — oo and P (x¢) = I.

(b) Suppose xo = 0.25. If x; = f1(x9) = 20x9 — 1, then x; =4 > 1, and the rest
of the sequence will diverge to infinity as in part (a) of this example. However,
if x; = f2(xp) then x; = —1.5 and if x; = f3(xg) then x; = —5.5. We note that
all of the functions fi, f», and f3 have a negative y-intercept and a positive slope,
meaning that a negative input into each of these functions will result in a negative
output. Thus if x; = £>(0.25) or if x; = f3(0.25), there is no way for the sequence
{x;} to have any positive values after xo, and thus the sequence cannot diverge to
infinity. Combining the three different choices for x;, we see that one of the choices
leads to {x;} — oo, while the other two do not, so P(0.25) = %

For this set of functions, the graph of P (xg) is shown in Figure 2 (see next page).
In the figure, we can see long intervals of constancy for P(xp) at heights of % and
%, and shorter intervals of constancy at heights of /9 for y e Nand y < 9.

We note that in Example 2, the three functions were chosen such that any x; > 1
would result in that sequence diverging to infinity, and any x; < 0 would result in
the remainder of that sequence being negative. Thus the interval of interest for those
three functions is the interval [0, 1], since the probability function is P(xg) = 1 for
all xo > 1 and P (xg) = 0 for all x9 < 0. Furthermore, if the input of the function
is xg € [0, 1], then the outputs are ordered such that f3(xp) < fa(xg) < f1(x0),
as can be seen in Example 2(b) with xo = 0.25. That is, there is some ordering
to our functions over the interval [0, 1]. The following definition does not quite
have the same consequence of having f3(xg) < fa(xg) < fi(xo) for all xg € [0, 1],
but applies a restriction on the functions that forces an order in which sequences
involving the different functions diverge to infinity.
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Figure 2. P(xp) over the interval [0, 1] given fj(x) = 20x — 1,
fo(x) =6x —3,and f3(x) = 10x — 8.

Definition 3. Define the functions f;(x) = axx — by for k € {1,2, ..., n}, with
ar, b e NU{0}, a; > by, and

bi+1  bryr
<_

23 k41

(1)
forallke{l1,2,...,n—1}.

In much of the work that follows, the notions of preimages and of fixed points
will be critical.

Definition 4. Let f; be a function as in Definition 3:

(a) The preimage of a number y € R is the value x such that f;(x) = y, and is
denoted by x = fk_1 (y).

(b) For a given function fi(x), a fixed point of the function is a point p; such that
f(pe) = pr-

The following lemma formalizes the consequences of the restrictions on a; and by
in Definition 3.

Lemma 5. Let fi be given as in Definition 3. Then f,;l( 1) < fkjrll (0) and conse-
quently, if 0 < fr(x) < 1then fry1(x) <0< fr(x) <1 < fr—1(x).

Proof. Given fi(x) = ayx — by, we compute fk_l(O) by solving 0 = axx — by
to get x = by/ax. Thus fk_l(O) = by/ai. A similar computation where we
solve 1 = ayx — by gives fk_l(l) = (b + 1)/ar. Thus condition (1) ensures
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Figure 3. The ordering the preimages of 0 and 1 for three functions
in Definition 3.

that f,:l (1 < f,;ll (0). Figure 3 illustrates these observations for three functions.
The condition that 0 < fi(x) < 1 is equivalent to £ '(0) < x < f'(1). Fur-
thermore, the condition that fk_l( 1) < f,;ll (0) ensures that

FM < 710 <x < 7N < £50).

The left-hand part of the equation ensures that fkill (1) < x, or equivalently, that
1 < fr—1(x). The right-hand part of the equation ensures that x < fk_+11 (0) or that
Jfre1(x) < 0 as desired. O

The following definition mimics the definition of the Cantor function, but gives
the definition of a sequence and a probability function P (xg) for the more general
case of n functions described in Definition 3.

Definition 6. Let f; be given as in Definition 3. Given a seed value xg, let x| =
Ji (x0), x2 = fi,(x1), and so forth, so that x; = fkj (xj—1), where k; € {1,2,...,n}
is chosen with equal probability. For each initial value xq, we define P (xp) as the
probability that the sequence {x;} diverges to oo using the seed value xo.

The following lemma formalizes the behavior of P(x() as seen in the examples
above. In particular, part (c) of Lemma 7 is particularly useful when we want to find
P (xp), since it permits us to find the largest m for which the sequence { f,,, (x;_1)}
diverges to infinity, and then draw conclusions about the behavior of sequences
where the index of the function is restricted to the set {1, 2, ..., m}.

Lemma 7. Let fi be given as in Definition 3 and the sequence {x;} be given as in
Definition 6. Then the following are true:

(@) If xo <0, then P(xg) =0.

®) If xo =1, then P(xo) = 1.

(c) Suppose a seed value xo has the property that if the sequence {x;} is formed
by xj = fiu(xj_1) for a fixed value of m, then lim;_,, x; = 00. Then any
sequence {x;} formed by x; = fkj (xj—1), where k; € {1,2, ..., m}, will also
have lim;_, o, x; = 00.

Proof. We prove each part individually.

Proof of (a): Suppose xo < 0. By Definition 3, x| < —b; < 0, so any sequence {x;}
will have all negative terms. Thus P (xg) = 0.
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Proof of (b): Suppose xo > 1. By definition, x; > ax, — by, > 1. Applying
Definition 3 gives x; > 1 for all j. We now show that x;_; < x;, or equiva-
lently that x;_1 < ak,xj—1 — by;. By way of contradiction, suppose instead that
Xj—1 > ak;Xj—1 — by;, which is equivalent to x;_; < by;/(ax; — 1) < 1, and this
contradicts the assumption of x;_; > 1. Thus the sequence {x;} is increasing. Since
the functions are linear with positive integer slope, the sequence increases without
bound, and P (xy) = 1.

Proof of (c): Suppose that xq has the property that if the sequence {x;} is formed by
Xj = fm(xj_1) for a fixed value of m, then lim;_, », x; = 00. By part (a), we know
that all terms of the sequence are positive. Since f;,;(xg) > 0, we have fi(xg) > 1
forall k € {1,2,...,m — 1} by Lemma 5. Thus any sequence {x;} = { fi; (xj—1)}
with k; € {1,2, ..., m} would have lim;_, o x; = 00. O

Finally, the notion of a fixed point in Definition 4 will be important in determining
for which values of xq the function P (xg) will have intervals of constancy, as seen
in Figures 1 and 2. Since the fixed points of f; result in the output being equal to
the input, if x;_; = py, then x; = p; as long as the same function has been chosen
for the next iteration. Thus if we had only one function f; in Definition 6, then for
Xj—1 > pr we would have x; > x;_; and thus P(xo) =1 (because the x; sequence
relies on linear functions with integer coefficients, so if it is increasing it must
be increasing without bound); similarly for x;_; < p; we would have x; < x;_4
and thus P (xg) = 0. Of course, our situation is more complicated, since we will
randomly choose from among n different functions at each x;_.

Example 8. Consider the same functions from Example 2:
fikx) =20x -1, frlx)=6x-3, f3(x)=3x-2.

We calculate their fixed points. Since the general form of the fixed points for the
functions in Definition 3 is py = b /(ar — 1), we have p; = %, p2= %, and p3 = g.
We also note that in Figure 2, the step at height O ends at the fixed point p; = %,
and the step at height 1 begins at p3 = g. As we shall see in Theorems 11 and 12,
this is not a coincidence.

Figure 4 illustrates how the values of pj are related to fk_1 (0) and fk_1 (1) for
three functions. Since each f; is an increasing function and fk_1 (pr) = px, we see

that £71(0) < pr < 7' (D).
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Figure 4. The ordering of the preimages of 0 and 1 and fixed
points for three functions.
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Probabilities for three functions

In this section, we completely describe the function P (x¢) when n =3 in Definition 3.
We first prove that the function P (x() is nondecreasing. This proof does not rely
on the number of functions and is valid for any set of n functions.

Theorem 9. The function P(xy) given in Definition 6 is nondecreasing. That is, if
Yo < 20, then P(yo) < P(zo).

Proof. By Lemma 7, we only need to consider the case where 0 < yp < zo < 1.
Consider a particular sequence of functions {fi,} for a fixed sequence {k;} with
each k; € {1,2,...,n}. Let the sequence given in Definition 6 be identified as
{y;} if the seed value is yg and {z;} if the seed value is zo. If lim;_, o {y;} = 00,
then the same is true for lim;_, oo {z;} by Lemma 7. If lim;_, .o {y;} # 00, we only
need to consider the case where lim;_, o {z;} # 0o (because if lim;_, {z;} = 00,
then lim; _, oo {y;} <lim;_, o {z;}). In the case where both limits are finite, we know
via Definition 3 that f;(y9) < fr(zo) for all f;. Thus in this case, we have that
lim;_, oo{y;} <lim;_, o {z;}, because limits preserve inequalities.

For any one fixed sequence of functions {f;}, we have that lim;_{y;} <
lim;_, o{z;}. This is true for all sequences of functions; thus P(yo) < P(z9). [

The following theorem provides the foundation for the results in Theorem 13.

Theorem 10. Consider three linear functions fi defined by Definition 3 and P (x)
defined by Definition 6:

(a) Forxp e R, P(xp) = % if and only if xo € I} = [fl_l(p3), fz_l(Pl)]-
(b) Forxo € R, P(xo) =3 ifand only if xo € L=1f; ' (p3). f5 ' (p1)]
We will prove part (a), as the proof of part (b) is similar.

Proof. Let xy € R. First, suppose xg € I} = fl_l(p3), fz_l( p1)]. We consider three
cases.

Case 1: x; = fi(xg). Consider the lower bound of /1, which is xo > fl_1 (p3). Thus,

x1 = fixo) = fi(f7 (p3) = ps.

Since all elements in f;(/;) are greater than or equal to p3, consider the sequence
defined by x; = f3(x;_1). When x;_; > p3, we have x; = f3(x;_1) > x;_1, and the
sequence increases without bound due to the restrictions on a; and b;. By Lemma 7,
if the sequence is defined by x; = f, (x;-1), with x; € {1, 2, 3}, this sequence also
increases without bound and P (xg) = 1. In the particular case where xg = ffl (p3)
and x; = f1(x0) = ps3, the only sequence that does not diverge to infinity is the one
where x; = f3(x;j_y) for all j > 2. But if at any point one element of the sequence
is xj = fa(xj—1) or x; = fi(xj_1), then x; > p3 and the sequence will diverge to
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infinity. But the sequence where x| = p3 and x; = f3(x;_1) for all j > 2 occurs
with O probability, so P(xg) =1 if xg = fl_l(p3) and x| = f1(xg).

Case 2: x1 = f2(xp). Consider the upper bound of Iy, that is, xg < fz_l (p1). We have

Hxo) < LU (D) = pi.

Since all elements of the interval f,(I;) are less than or equal to p;, we know that
if xo = f1(x1), the sequence {x;} cannot diverge to infinity. By Lemma 5, we know
that f>(xy) and f3(x;) are negative, so no sequence of functions will cause {x;} to
diverge to infinity. Thus P (x¢) = O for this case.

Case 3: x; = f3(xp). Since the probability of the sequence {x;} diverging to infinity
is 0 for any element of I if x; = f>(xg), the same is true for x; = f3(xg) by
Lemma 7. Thus P (x¢) = 0 in this case.

Since each of the cases has a probability of % of occurring, the resultant probability
is $(1+0+40) = 1. We conclude that if xo € I; = [f;"'(p3), f5 ' (p1)] then
P(xp) = 1.

To show that if P(xg) = % then xg € I, we instead show the contrapositive. To
that end, we consider xg ¢ 1, s0 xg < ffl(p3) or xp > f{l(pl).

Case 1: 0 < xg < ffl(p3). For 0 < xp < ffl(p3), we know that if x| = f»(xq)
or x; = f3(xo), then the limit of the sequence {x;} is finite, by Cases 2 and 3
above, and P(xg) = O for those two cases. Now if x; = f(xg), we have that
f10) <xy < fi(f; ' (p3) = pa.

If the rest of the sequence is defined by x; = f3(x;_1) for j > 2, then the sequence
would be bounded above by p3. Thus P(xg) < 1 in this case. Putting together the
three different scenarios for x|, we see that P(xg) < %(1 +0+40), so P(xg) < %

Case 2: fz_l (p1) <xp < 1. We first recall that by Definitions 3 and 4 and Lemma 5,
we have

FO<pi<fTfO<H' O <m<f D)< 0 <ps< 571, 2

as illustrated in Figure 4.
If fz_l( p1) < xo < 1, we consider the three different possibilities for x;. If
x1 = fi(xo), then

xi> filfs p)) = ACTHO) > AT =1,

so by Lemma 7, {x;} — oo. If x; = f2(xo) > fz(fzfl(pl)) = pi1, then x; > py.
If xo = f1(x1), then x, > f1(p1) = p1 and the function is increasing; hence the
sequence would diverge to oo if we continued to apply fi. Thus P (xp) is strictly
positive. So we have determined that for one of the cases P(xp) = 1 and for one of
the cases P (xp) > 0. Regardless of the outcome of the third case (where x| = f3(xo)),
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we know that P(xg) > 1(1+40). Therefore if xg > f, ' (p1) then P (xg) > 1. We
have shown the contrapositive is true, so if P(xg) = %, then x € I, as desired.

The proof of part (b) of the theorem uses similar reasoning to that in part (a). [J

The following two theorems combine to prove for which xg-values P (xg) is
either O or 1.

Theorem 11. Consider three linear functions fi defined by Definition 3 and P (x)
defined by Definition 6. For xo € R, P(xo) =0 if and only if xo < p1.

Proof. First, assume that xg < p;. We note that by (2),

Fr(x0) < falp) < fa(fy (D) < fa(fy ' (0)) =0.

The same would be true if we replaced f> with f3, so by Lemma 7 we have
P (xg) =0 in these cases. So we only need to consider what happens if x; = f(xg).
Since f] is an increasing function, we have f1(xo) < fi1(p1) = p1. Thus all terms
in the sequence {x;} are bounded above by pi, so P(xo) =0.

To show that if P(xp) = O then x¢o < p;, we instead show the contrapositive.
Suppose that xo > p;. The sequence { fi (x;_1)} will have the property that x; > x;_;
forall j. Since fi(x) is a linear function with positive integer slope, the fact that {x;}
is increasing and positive means that it is increasing without bound, so P(xp) > 0.
Thus if P(xg) =0, we know that xg < p;. U

Theorem 12. Consider three linear functions fi defined by Definition 3 and P (x)
defined by Definition 6. For xo € R, P(xg) = 1 if and only if xo > ps.

Proof. We first assume that xo > p3. Consider the sequence {x;} defined by
xj = f3(xj—1) forall j > 1. Since f3(xo) > f3(p3) = p3, we know that each term of
the sequence is greater than ps, except in the situation where xg = p3. Furthermore,
by the restrictions of the coefficients of f3, the sequence {x;} increases without
bound. By Lemma 7, any sequence with initial value xo will increase without bound
since { f3(x;)} is unbounded so P(xo) = 1. If xo = p3, the sequence { f3(x;_1)}
will remain as ps, but if any one of the fkj (xj—1) of the sequence is f, or fi, the
sequence will once again increase without bound. Since the probability of the
sequence of functions having all k; =3 is 0, P(xo) = 1 when xo = ps.

Now we prove the other direction of the biconditional by proving the contra-
positive. Suppose that xg < p3 and write xo = p3 — &, where ¢ > 0. We consider
the sequence of {x;} where the first several terms are found by applying f3 to the
previous term. Observe that

x1 = f3(x0) =a3(p3 —¢&) — b3 = p3 —aze,

x2 = a3(p3 — aze) — by = p3 — a3e.
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The general term is x; = p3 — a§8, which will be negative for a finite value of k.
Such a sequence will be bounded above, and so will not diverge to infinity. These

bounded sequences occur with nonzero probability; thus P (xp) < 1. (]
Now that we have established for which intervals the probability P(xg) €

{0, % % 1}, we provide a theorem which demonstrates how to recursively find

intervals for where P (xo) = y/3* for all nonnegative integer choices of y and k.

Theorem 13. Consider three linear functions fi defined by Definition 3 and P (x)
defined by Definition 6. Assume

J = {x:P(xo)Z;/—k},

where y € NU{0} and 31y. Then

« D, a=0,
{)’03P()’0)=§+W}: fzj(-]), a=1,
. a=2.
Example 14. Suppose we wanted to find which x¢-values give rise to P (xg) = %
We write 52 127 4 29 4 203) , 1) _ 1, 25
8T = 81 T BT "W TR —3 T80
1, 12 1, 1(2, 7
=3+3(3)=3+3G+7)
1, 12 1(2 11
=3+3G+3G+33))

Then P (xo) = 32 if and only if xo € f5 '(f5 ' (f5' (11))), where we have built the
interval recursively from /; via Theorem 13.

Proof. We assume that J is as stated in Theorem 13. We need to show

fl_l(‘])a a=07
PO =2t b= 1! =1
Yo: ()’0)—54‘@ =3/ (J), a=1,
LD, a=2.
We start with the set containment of
« 1, a=0,
!)’OIP(}’O)=§+W}2 fz_l(J)» a=1,
), a=2.

We proceed with proof by cases.
Case 1: xq € ffl(J). Since xg € ffl(J) and J C [0, 1], we have

xo € f71(JI) € £710, 1) < [0, 1],

Now x1 = fg(xo) for B € {1, 2, 3}. We examine each -value in subcases.
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Subcase 1.1: x; = f1(xp). Since xg € ffl(J), we apply fi to both sides to get
x1 = fi1(x9) € fi (fl_l(J)) =J. Since x| € J, we have P(x;) = P(y) forany y € J;
thus P(x;) =y /3%

Subcase 1.2: x; = f>(xp). Since xg is bounded above by fl_l(l), we have x| =
Fr(x0) < fz(fl_l(l)). By Lemma 5, fl_l(l) < f2_1(0), so we conclude that

x1 = fl) < LU D) < folfs () =0.
Since x; < 0, we conclude by Lemma 7 that the probability of the sequence {x;}
diverging to oo is 0.

Subcase 1.3: x; = f3(xp). As in Subcase 1.2, we conclude that

x = f3xo) < (7)) < f5(f5 1 ©O) =0,
and the probability that {x;} — oo is 0.

We determined the probability that {x;} — oo for each of the three possible
values of x1, and we know each of these values has a probability of % of being
chosen. The value of P(xg) when x( € fl_l(J ) is

1(Vv 14
Case 2: xo € f; '(J). Once again, we have xo € f5 '(J) € f; ([0, 1]) € [0, 1].
Again, x; could come from applying any of the three functions to xg, so we proceed
with examining each subcase individually.

Subcase 2.1: x; = f1(x0). Since xg € fz_l(J), and J is bounded below by 0, we
know that in this case xg > fz_l(O). Hence, by Lemma 5, fz_l(O) > fl_l(l); thus
Xxo > fl’l(l). Therefore, x; = fi1(xg) > 1 and we conclude the probability that
{xj} —> o0is 1.

Subcase 2.2: x; = fa2(xp). Using the same reasoning from Subcase 1.1, we see
x1 = folxp) € fz(fz_l(J)) = J. We conclude P(x;) = y/3k.

Subcase 2.3: x; = f3(xg). Asdemonstrated in Subcases 1.2 and 1.3, here P (x;) =0.

Combining the three subcases, we have
1 14 1 Y
P(xo) = §<l+3_k+0) = §+%

Case 3: xp € f;l(J). We use the methods of Cases 1 and 2 and get P(x;) =1
when x1 = fi(xo) and x| = f>(x0), and P(x;) = y /3% when x; = f3(xo). Thus

1 v 2 v
P(XO):§(1+1+3—k>=§ FYan)
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when x( € f;l(J).

Now we prove that

), a=0,

o y 1
{yo:P(y0)=§+W}§ fHr (), a=1,
L), a=2.

We proceed with proof by contrapositive, which is if

x¢ 7N DU DU

then

PO0) # 5 + 507 3)

We define J =[r, s] C [0, 1], where r, s € R and 0 <r < s < 1. The assumption that

x ¢ UL, £71(J) is equivalent to xg € (—o0, f;1(r)) or xo € (f; (), f51(r))
or xo € (fzfl(s), f;l(r)) or xp € (f;l(s), o0). We examine each piece of this
statement individually.

Case 1: xp € (—o0, fl_] (r)). We examine x1 = fg(xo) for B € {1, 2, 3} by subcases.
Subcase 1.1: x; = fi(x9). We have

x1 = filxo) < A(fT ) =1

However, J = [r, 5] so the fact that f](x¢) < r indicates that P (xp) < P(y), where
y € J so P(xp) < y/3%. As the probability is a nondecreasing function, we have
for any xg € (—o0, fl_l(r)) that 0 < P(xg) < y/3k.

Subcase 1.2: x; = f»(xp). Similarly to Subcase 1.1, we have

x1 = frlxo) < Hr(f7H) < f2(f5 1 (0) =0.

Thus, x; < 0 and we conclude P (x() = 0 for the upper bound of this interval. Since
our probability function is a nondecreasing function, we conclude that P (xp) =0
for any x¢ in this interval by Lemma 7.

Subcase 1.3: x; = f3(xg). The argument for this subcase is similar to that of
Subcase 1.2, for

x = faxo) < LU0 < (S5 10) =0,
so P(xg) =0.
Now since each case represents a possible x; that all have an equal probability

of %, we can multiply each case’s probability by % and sum them to get P (xo) for
X0 € (—oo, f; ' (r)). This gives

1 1(V 4
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Thus for x¢ € (—o0, fl_1 (r)), we have shown (3).

Case 2: xg € (f; ' (s), f5 '(r)). We will examine x; = f3(xo) for B € {1,2, 3} by
subcases.

Subcase 2.1: x; = fi(xg). We examine the lower bound of our interval f1_1 (s) < xo.
Since x; = f1(xp), we apply the function f to both sides of our inequality to get

= fixo) > filf7 () =>s.
However, J =[r, 5] so fi(xg) > s indicates for any y € J that P(xp) > P(y) = y/3k.
As our probability function is nondecreasing, we have y /3% < P(xo) < I.

Subcase 2.2: x| = f>(xg). We examine the upper bound of our interval x¢ < f2_1 (r).
Again, we apply f> to both sides of the inequality to get

H(xo) < L) =r.
Since J = [r, s] and f3(xo) < r, we know for any y € J, P(x¢) < P(y) = y/3%
Thus, for any xo € (f; ' (s), f5 ' (r)), we have 0 < P(xo) < y /3~

Subcase 2.3: x; = f3(xg). We have x¢ < fz_l(r), and we apply f3 to both sides of

the inequality to get x; = f3(xp) < fg(fz_l(r)) < f3(f3_1 (0)) =0. Thus P(xg9) =0
by Lemma 7.

As in Case 1, we multiply each of the subcases by % and sum them to see

1 1 v
3<3k+0+0><P(x0)<§(3k+1+0> or g <P(x0)<§+W
Thus for x € (f;'(5), £5 ' (r)), we have shown (3).

Case 3: xg € ( f[l(s), f;l(r)). The proof reduces to the subcases examined in
Case 2, therefore again, we have

1 14 1 14 2
3(l—i—3k+0)<P(x0)<3<1—i—1—|—3k> or 3+3k+1<P(X0)< + —

Thus for xo € (f; ' (5), f3 '(r)), we have shown (3).

Case 4: xg € (f;l(s), 00). As before, we examine x; = fg(xo) for B € {1, 2, 3}
by subcases.

3k+1

Subcase 4.1: x; = f1(xp). We examine the lower bound of the interval: x> f;l(s).
Since f3_1(s) > p1, we know xg > pp; therefore P(xp) = 1 for the lower bound.

Subcase 4.2: x| = f(xp). By the same reasoning as Subcase 4.1, since f3_l (s) > p2,
we know P (xo) = 1 for the lower bound.

Subcase 4.3: x; = f3(xp). We examine the lower bound of the interval: xg >
f3_1(s). Since x; = f3(xp), we apply f3 to both sides of the inequality to get
= f3(xg) > f3(f3_1(s)) = 5. However, J = [r, s] so the fact that f3(xg) > s
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indicates for any y € J that P(xo) > P(y), which means v /3K < P(xp). Thus for
this xq, for xg € (f3_1(s), 00), we have y /3% < P (xp).

Now since each case represents a possible x; that all have an equal probability
1
of 3>
1

3 < P(xg).

(l+1+ )<P(x0) or %

Y
3k 3k+1

Thus for xq € (fl_l(s), 00), we have shown (3).

Thus we have shown (3) for each of the four cases of x ¢ U?Zl fi_1 (J). O

We end this section with a corollary to Theorem 13 that helps describe the
intervals of constant height, as seen in Figure 2.

Corollary 15. Consider three linear functions f; defined by Definition 3 and P (xg)
defined by Definition 6. For any value of y /3%, with y, k € N and y < 3, there is
some interval of xo-values such that P(xo) =y / 3k for all xq in that interval.

Probabilities for n functions

The situation for n functions is quite similar to that of three functions. We begin
this section by first generalizing Theorem 10 and then generalizing Theorem 13.

Theorem 16. Consider the linear functions fi defined by Definition 3 and P (x)
as in Definition 6, and let n be the number of functions. For xog € R, P(xg) = /n

if and only if xo € Is = [ f5 ' (pa), f5,(P1)), where B € {1,2,...,n —1}.

Proof. Let B € {1,2,...,n—1} and let n be the number of functions. We assume
xo€lg=1fz"(pn), f,;jl(pl)] We examine x; = fj(xo) for A € {1,2, ..., n}.

Case 1: L = 8. Consider the lower bound of /g, which is xo > fﬂ (pn) Since
A= B, we have f;(xo) > fp( fﬁ (pn)) = py. Since the lower bound of the interval
is greater than or equal to p,, we know that iteration through f;, will result in a
sequence where {x;} — oo. Therefore, due to Lemma 7, iteration using the set of
all possible functions results in {x;} — oo. Thus, P(xo) = 1 for this case.

Case 2: L < . By Lemma 7, since P(xg) = 1 for Case 1 when x| = f3(xg), we
know that P (xg) = 1 for this case as well.

Case 3: A > B. Consider the upper bound of /g, which is xp < fﬁ_ﬁ](pl). The
smallest value for A in this case is § + 1. Let A = B+ 1. We apply f;. to the upper
bound to get f; (xp) < f,3+1(fﬁjl(p1)) = p1. Thus x; < p; and {x;} is bounded
above by p;. By Lemma 7, since P(xo) =0 for A = 8 + 1, which is the smallest
value for A in this case, P(xg) =0 for all A > 8. Therefore, for Case 3, we conclude
that P(xp) =
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Each function has a probability of 1/n of being chosen on each iteration; thus
P (x¢) for any xo € Ig is

1
P(X0)=;(1+1+--~—|—1+0+0+...+0):g

B-times n—p-times

Assume P (xg) = B/n. Since the probability is of the form P (x¢) = §/n, we
know that only B choices of x; can cause {x;} — oo. This means that n — 8
choices for x; will lead to {x;} - oo. Thus the lower bound for xo must be greater
than fﬂ_l(pn), to ensure that when x; = fg(xo), we have fg(xo) > p,. Since x;
is greater than the fixed point of f,, we know {x;} — 0o. By Lemma 7, since
x1 = fpg(xp) leads to {x;} — 00, all choices of x; = f; (xg) where A < B will lead to
{x;j} — oo. However, to ensure that n — 8 choices for x; lead to the sequence {x;}
not diverging to infinity, the upper bound for xo must be £, 5+1(p1). This is because
forall xo < f +1(P1) it is true that f,3+1(fﬁ+1(p1)) = p1, and for any A > 41,
we will have f,\(fﬂH(pl)) < 0, so all choices of f(xg) w111 lead to {x]} - 00.
Therefore, we conclude that if P(xo) =p/n then xg € Ig = fﬂ (pn), fﬁJrl (pp]. O

Theorem 17. Consider the linear functions fi defined by Definition 3 and P (xg)
as in Definition 6, and let n be the number of functions. Assume

J = {XOZP(XQ)Z%},

where y e NU{0} and nty. Then fora € {0, 1, ..., n — 1} we have

{)’0 :P(yo) = g-l-kL} = fih (D).
n nk+1 a+l1

Example 18. Assume that we have n functions, and we want to know for which
xp-values P(xp) = v /nk, where v /nk is fully reduced. The value of k — 1 is the
number of preimages of the n functions you take to find this P (xp). We can express
vasv=cr_n* T cp_on® 24 +con’ where cj € ZN[0, n]. The coefficient ¢;
is the number of functions that cause {x;} — oo under iteration using j preimages.
We next give a numerical example.

Example 19. Suppose we have five functions, and we wish to see for which xg-
values P (xg) = 427 We know that 625 = 5% Thus, we would need to take three

625"
427

preimages using our five functions to find this P(xo). We rewrite ¢5= as

i e R R R e )
=1+5G+3)=3+:5G+58+%)

Therefore, we have P(x) = 2z if and only if xo € £, ' (f; ' (f;'(12))). This is
the same method for finding the interval of constant P (xo) as used in Example 14.
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Proof. We assume
14
J= {Xoi P(x0) = ﬁ}’

where y € {NUO} andnty. Leta € {0, 1, ...,n — 1}. Since we are proving set
equality, we start with proving that

f”cncme@w=9+JL}
a+l1 = gkl

Let xo € fajrll(J). Since x| = fg(xp) for any B € {1,2, ..., n}, we proceed with

proof by cases.
Case 1: B <a+ 1. Since xg € £, (J), we know that xo > £, ! (0) > f; (1) by
Lemma 5. Thus x; > f,g(fﬂ_l(l)) =1l and {x;} — 00, so P(xp) = 1.

Case2: f=a+1. Asxg e fajrll(]), when x| = fg(xo), we have x| = fg(xo) €

fﬂ(fajrll(f)) but since « + 1 = B, this is
x1= fp(x0) € far1(f (J)) =J.

Thus, P(xg) = P(y) forany y € J, so P(xg) = y/nk.

Case3: B>a+1. Asxoefo;l](J) and 8 > a +1,

x1 < fp(f i (D) < fp(f5 () =0;
thus {x;} is bounded above by 0 and P (x¢) =0by Lemma 7. Sincex {0, 1...,n—1}
and 8 € {1, 2,...,n}, we know this case will occur n — (o + 1) times.

Since each function has the probability of 1/n of being chosen on the first
iteration, we have

1 o
Peo)=—(141++1+1+2 4040+ +0) =54 L.
n nk  ——— n  nktl
a—times n—a—1-times

We have accounted for all n cases because x +1+(n —a —1) =n.
We now show the set containment of

me@w=5+JL}Cf*u>
n nk+l — Ja+l

We proceed with proof by contrapositive; that is, if xo ¢ UZ;%) ajrll (J) then

P(xo) # = + ——. )
n nk-‘rl

We examine all cases, using the convention that J = [r, s].
Case 1: xg € (—o0, fl_l(r)). There are two subcases.

Subcase 1.1: x; = fi(xp). Consider the upper bound of the interval, xy < fl_l(r).
When xo = f1(x0), we get xo = f1(x0) < fi (fl_l (r)) =r. However, since J =[r, 5]
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and x; < r, we know that P(xy) < P(y), where y € J. Since the lower bound of
P(x0) is 0, we have 0 < P(xq) < y/n*.

Subcase 1.2: x; = f;(xg), where T € ZN[2, n]. We know xg < fl_l(r); thus since
ffl(r) < f;l(O), we have fr(xg) < fz( f;l(O)) = 0. Therefore, by Lemma 7, we
conclude P (xp) = O for this subcase.

Since each function has a probability of 1/n of being chosen, the probability for
Case 1 is

—(0+0)<P(x0)<1<+ ) or O§P(x0)<kL+1.
n

Hence, we have shown (4).

Case 2: xoe(f_ (s), fa_—i-l (r)). We examine x| = fg(xo). Note Be{l,2,. n} and
ae{0,1,...,n—1}. We proceed with proof by cases, letting xo € (f,, L(s), f atr1(T)).
Subcase 2.1: /3 < «. When we have 8 < «, the xp-value is greater than flg (1),
SO X1 > f/g(f/3 (1)) = 1. Therefore, by Lemma 7, we have P(xy) = 1 for these
o — 1 cases.

Subcase 2.2: B =«a. Since x| = fy(x9) > f(,,(fa_1 (s))=s,and J =[r, s], we know
that P (xq) > y/n*. Thus for this one instance of 8 = «, we have y /n* < P(xo) < 1.

Subcase 2.3: B =a + 1. Let x; = fy+1(x0). Now
fas1(x0) < fur1(frh () =1,

so P(xg) < y/n" for this case.

Subcase 2.4: B> a4 1. Since x1 = fg(x0) < fp(f,};(r) and f, .} (r) < f5'(0)
by Definition 3, we have x; < 0 and P(xg) =0. Therearen — (¢ +1)=n—a —1
instances where 8 > « + 1 would be true.

Since each function has a probability of 1/#n of being chosen, P (x¢) is bounded by

1 1

(1+ +1+ - +H0+- +0><P(xo)< (1+ +1+ +0+- +0>

n ———— —
a—1-times n—o-times «-times n—a—1-times

which simplifies to

o—1 y o y

P Y <P(x0)<n+ﬁ'

Therefore, for Case 2 we have shown (4).

Case 3: xp € ( f,jl(s), 00). There are two subcases, where we consider the lower
bound of xo > f,1(s).

Subcase 3.1: B <n. Weknow £, !(s) > fﬂ_l (1) by Lemma 5. Thus P(f,'(s)) =1,
and P(xo) is nondecreasing, so we conclude P(xo) = 1 in this subcase.
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Subcase 3.2: B =n. We apply f, to our xp-value to get f,(x) > f,,(fn_l(s)) =s.
However, since J = [r, s] and the lower bound of the interval is greater than the
upper bound of J, we know that P(xg) > P(y) where y € J. Thus P(xg) > y /nk.
Therefore, we conclude that y /nk < P(xg) < 1.

From Subcase 3.1, we have shown that the probability of every function except
for f, iterating our xo-value toward oo is 1. Since the probability of each function
being chosen on the first iteration is 1/x, we have

1 1
—(1+1+---+1+1k)<P<xo)5—(1+1+---+1+1),
n\—m————n n

n—1-times n-times

which simplifies to

n—1 y
" +W<P(XO)§1-

Therefore, for Case 3 we have shown (4). U

Finally, we can apply Theorem 17 to see that the function P(xp) can have
intervals of constant height for any value of y /n*.

Corollary 20. Consider the linear functions f; as in Definition 3 and P(xg) as
in Definition 6, and let n be the number of functions. For any value of y /n*, with
v,k € Nand y < n*, there is some interval of xo-values such that P(xg) =y /n*
for all xq in that interval.

Future directions

The functions studied here are sets of linear functions where we restrict the co-
efficients of f;(x) = arx — by such that ai, by are whole numbers with a; > by.
There are numerous natural extensions to this work. One such extension would be
to remove the whole number restrictions on a; and b;. Even further, one might
explore the possibility of ai, by being complex numbers. Additionally, we can
expand this research into higher-order functions, such as taking a set of functions
of the form F = {fi(x) = agx? + bgx + cx). The interesting thing to note with
quadratic functions is that each function can have zero, one, or two fixed points.
Lastly, another natural extension is to consider what behavior P (xg) would have if
the functions f;(x) were not chosen with equal probability at each iteration.
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